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1 Introduction

In this paper, we study existence and local uniqueness of periodic solutions of nonlinear delay
first-order equation

#(f) = f(x(t—e),t), tER (1.1)

where ¢ is a positive parameter, f : R> — R and f satisfies assumptions fully specified in
Theorems 3.1 and 3.2 below. We use classical methods such as Leray—Schauder degree and a
priori estimates to prove that for sufficiently small parameters ¢ and under certain assump-
tions to right-hand-side function f, there is a locally unique periodic solution that depends
continuously on ¢. Similar methods were used e.g., in [7,8] where more complicated neutral
differential equations were studied. Bifurcation theory is applied for perturbed second order
case of (1.1) to get existence and non-existence results for periodic and bounded solutions with
examples in Section 4. Related results to this paper are derived in [1]. We refer the reader
to [2] for more papers dealing with the effects of small delays on the dynamical behaviors of
systems compared with differential equations without delays.
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2 Preliminaries

As we already mentioned our paper deals with periodic solutions of equation (1.1). Such
equations are usually equipped with initial condition x(t) = ¢(t) for t € [—¢, 0] where func-
tion ¢ is given. To avoid defining an initial condition for periodic solutions we introduce the
following new problem. We see that a function x is a T-periodic solution of (1.1) and ¢ € (0, T)
if and only if it is a solution of the problem

x(t)=f(x(t—¢),t), te€][0,T],

(2.1)
x(t) =x(T+1t), t € [—e0].
The corresponding problem (when ¢ = 0) is then
t) = t),t), tel0,T],
K1) = £ (x(0),1), t€[0,T] 02

x(0) = x(T).

Here we introduce some notation we will use in the rest of our paper. Let X be the
space of continuous, T-periodic functions defined on R equipped with the maximum norm
|| %] := maxer |x(f)|. We define the closed ball in X as

B(y) = {x € X; [[x = yllo <7}

and let I : X — X be the identical operator. For the Leray-Schauder degree of function f
on domain () at point 0, we will use the standard notation deg(f,(,0). Properties of Leray—
Schauder degree can be found in e.g., in [4].

3 Existence results

Theorem 3.1. Let f : RXx R — R, f = f(x,t) be a uniformly Lipschitz continuous function with
respect to x, T-periodic in variable t. Let there exist 6,11, K,L > 0 such that —L +n < K — 1 and
either

f(x,t) > 6 for (x,t) € [-L—n,—L+n] x[0,T]
and f(x,t) < =6 for (x,t) € [K—n,K+y] x[0,T], (3.1)
or
f(x,t) < =6 for (x,t) € [-L—n,—L+n] x[0,T]
and  f(x,t) > for (x,t) € [K—n,K+15] x[0,T] (3.2)

is satisfied. Then there exists g > 0 such that for every € € (0,¢€], there exists a solution of problem
(2.1) that is bounded by K and —L.

Proof. Denote
Q={xeX; x([0,T]) C (-L,K)}.

First, we assume that the condition (3.1) is valid. We define the following operator

F:[0,T| x X = X, F(s,x)(t):x(T)—I—/Otf(f(s—s),s) ds (3.3)



Periodic and bounded solutions of FDEs with small delays 3

where X(t) = x(t) if t € [0,T], and xX(t) = x(T +t) if t € [—¢,0). Clearly, the operator F is
well defined. Note that F is also continuous and compact due to the local boundedness and
continuity of f. In the following, we will use the notation F; := F(¢,.) whenever ¢ > 0 is fixed.
Our goal is to prove that if &g > 0 is sufficiently small then for the Leray-Schauder degree,
there holds
deg(I — F,,Q,0) = deg(I — F,0,0) =1

for e € (0, &o].
We will prove that (I — 6F)x # 0 for every x € 0Q) and 6 € [0,1]. This is clearly true for
6 = 0. Assume that there exists some 6 € (0,1) and a solution x € 9Q) of problem

x(t) =0f (x(t),t) forte|0,T],

x(0) = 6x(T). G4

This means that x is a fixed point of the operator 6F,. Since x € d(), there exists either
to € [0, T] and x(tp) = K, or t; € [0, T] and x(t1) = —L. We will deal with the first case that x
attains maximum K > 0 at some ty, since the proof is similar in the second case.

Due to the assumption (3.1), we see that x¢(fp) < —d and hence x is decreasing in some
neighbourhood of 5. Then necessarily fy = 0, otherwise x would attain higher values for
some t < fy. The solution x satisfies the problem (3.4), hence x(T) > K. This is not possible,
since x is decreasing in some neighbourhood of 0 and decreases whenever x reaches value K
due to (3.1). Thus, we proved deg(I — 6F), (},0) = deg(I,Q,0) = 1.

Finally, we will prove that (I — 0Fy) — (1 — 0)F.)x # 0 for every x € dQ) and 6 € [0,1]. This
means we have to show that there are no solutions of problem

X()=0f(x(t),t)+(1—0)f (x(t—¢),t), te]0,T],

x(t) =x(T+1t), te[—g0] (3-5)

that lie on the boundary of (). Let there exist a solution x of (3.5) that attains its maximum
K at some ty € [0,T] (the case when x attains minimum —L would be treated similarly).
This solution can be periodically extended to the whole real line. Moreover, x is Lipschitz
continuous with some Lipschitz constant M that is a bound for f on set Q. For some gy > 0
sufficiently small and dependent on x, there holds x(ty —¢) € [K —#,K] for ¢ € (0, €] and so
%(tp) < —4. This is a contradiction, since x is periodic and attains maximum at fo.

The next step is to remove the dependence of ¢ on solution x. For every x € (), there
holds

|x(to) — x(tg —€)| < Meg forall € € [0, ¢).

If we choose ¢y = 7; then both values x(fy) and x(fo — €) stay in the interval [K — 77, K] for
€ € [0, o). Therefore since x satisies the problem (3.5), we get x(tp) < —¢ what contradicts the
fact that x attains its maximum at t. Thus we proved deg(I — F;,Q),0) = deg(I — F, (,0) =1
for e € (0, o).

Next, we assume that the condition (3.2) is valid. In this case, our goal is to prove the
existence of T-periodic solution of problem

y(t) = —f(y(t+e),—t), t€[0,T],

y(t) =y(T +1), e 0. (3.6)

for all € > 0 sufficiently small, since then we just set s = —t and x(s) := y(—s). Then x will be
a T-periodic solution of the original problem (2.1).
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We define the following operator
t
G:[0,T] x X = X, G(s,x)(t):x(T)—/f()?(s+£),—s) ds
0

where X(t) = x(t) if t € [0, T], and x(t) = x(t — T) if t € (T, T + ¢]. Note that the right-hand-
side function in problem (3.6) satisfies the assumption (3.1). Using the notation G, := G(g, .)
for ¢ > 0 fixed and using similar arguments as in the previous part of the proof, we come to
conclusion

deg(I — G, 0,0) = deg(I — Gy, 0,0) =1

for e € (0, 0] with g9 > 0 sufficiently small. O

Theorem 3.2. Let f : RxR — R, f = f(x,t) be a bounded continuous function, T-periodic in
variable t and there exist K, L,0 > 0 such that either

/OTf(x,t)dtch forx > K and /OTf(x,t)dtg—é for x < —L (3.7)

or
/OTf(x,t)dt§—5 forx > K and /OTf(x,t)dtZ(S for x < —L. (3.8)

Then for every e > 0 there exists a solution of problem (2.1).

Proof. In our proof, we will proceed under the case (3.7) only since the case (3.8) would be
dealt with similarly as in the proof of Theorem 3.1 under the assumption (3.2). We define the
following operators

H: X=X, T:RxX-—=>RxX,
t t T
HEW) = [ f(xs—e),s)ds— 7 [ flxs—e)s) ds,
T
T(r,x)(t) = (/0 f(x(s—¢),s)ds,x(t) —r— H(x)(t)> .

Observe that T(r,x) = 0 for some r € R and x € X if and only if x is a solution of (2.1) and
x(0) =r.

As in the proof of Theorem 3.1, we will use the Leray—Schauder degree to prove the
assertion. Let M > 0 be a global bound of right-hand-side function f and let &« = max{K, L} +
2MT +1, B = a +2MT + 1. We define the domain

Q:={(r,x) eRxX; |r| <uw, ||x||, < B}

and the homotopy

T
To(r,x) = (/0 f(r+6H(x)(s —¢),s) ds,x(t) —0(r + H(x)(t)))
where 6 € [0,1]. Our goal is to prove that
deg(Ty,Q),0) = deg(To, 1,0) =1

which means that there exist (r,x) € Q such that T;(r,x) = 0. One can easily prove that
Ty(r,x) = 0 if and only if T(r,x) = 0.
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Now, we prove that Ty(r,x) # 0 for (r,x) € dQ and 6 € [0,1]. Note that H(x)(0) = 0 and
H(x) € X for every x € X. Since

H(x) ()] = | f(x(t—¢), /f x(s—¢),5) ds| < 2M

due to the boundedness of f, we have |H(x)(t)| < 2MT for every x € X and t € R. Next,
assume by contradiction that there is some (r,x) € 0Q) and 6 € [0,1] such that Ty(r,x) = 0.
Then it holds

|x(t)] =0lr +H(x)(t)| <a+2MT < B, teR

for every r € [—a, «]. Then necessarily r = ta, otherwise (7, x) ¢ 0Q). For the case r = a, we
obtain

r+60H(x)(s—¢) >a—2MT > K,

so due to the assumption (3.7), it holds

/OTf(r+9H(x)(s—£),s) ds > 4.

This means that Typ(a,x) # 0 and this is a contradiction. For the case r = —a, we obtain a
similar estimate

r+0H(x)(s—¢) < —a+2MT < —L

and using (3.7) leads to a contradiction. Thus deg(T;,),0) = deg(Tp, Q2,0).

The identity deg(Ty, 2,0) = 1 follows from the basic properties of the Leray-Schauder
degree. In fact, the domain () can be represented as a Cartesian product of interval and a ball
in the maximum norm. Hence

deg(Ty, 2,0) = deg ((g,I),Q2,0) = deg(g, (—a,«),0)

where ¢ = g(r fo (r,5) ds. Since g(—a) < 0 < g(«) due to the assumption (3.7), we can
define homotopy go(r) = 0g(r) + (1 — 0)r and we conclude that deg(g, (—«,«),0) = 1. O

Lemma 3.3. Let f : RxR — R, f = f(x,t) be a uniformly Lipschitz continuous function with
respect to x, T-periodic in variable t. Denote by M a Lipschitz constant for function f and let L > M
be a given constant. Then for any € > 0 such that

e LT, (3.9)

(periodic) solutions of problem (2.1) do not intersect each other.

Proof. Let x,y be two (periodic) solutions of (2.1) that intersect at some ty € [0, T]. Introduce
the norm ||x||, := maxuc, s, mye “¢ ) [x(t)]. Letz =t x —y and t € [to,to + T]. Using
standard estimates, the Lipschitz continuity of f (and M denotes the Lipschitz constant), the
periodicity of function z and the equality

2(t) = /ﬂf(x _§)(s)ds = /t:f(x(s —6),5) — fy(s—e),5) ds,
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we obtain the following estimation
t
efL(tfto)’Z(t)’ < M/ efL(tfs+£)efL(sfsft0)’Z(S —S)| ds
to

<M (/t e_L(_s—i-e—i-t)e—L(S—g_tO)‘Z(S —¢)|ds
to+e

+ fote efL(ferert)efL(sfsftO) ’Z(S _ 8)’ dS)
to
M/ _; (-
< - & _ (t t0+€)
< (eti—e ) Il
to+e
+ eL(s+T—t—e)e—L(s—s+T—to)‘Z(S — e+ T)| ds
to
< <AL/I +8€LT) |zl -
Hence z = 0 due to the assumption (3.9) and this concludes the proof of the lemma. O

Now, we are ready to prove the following Theorem 3.4. The proof relies on Theorem 3.1,
however, Theorem 3.4 can be proven also using Theorem 3.2.

Theorem 3.4. Let f : RxR — R, f = f(x,t) be a uniformly Lipschitz continuous function with
respect to x, T-periodic in variable t and let xo be a (T-periodic) solution of problem (2.2). Assume
that there exists a constant 7 > 0 such that function f is either increasing, or decreasing in variable
x for every t € [0,T] and x € [xo(t) —n,x0(t) +n]. Then there exists eg > 0 such that for every
e € (0, o], there exists a locally unique solution x, of problem (2.1) and x, depends continuously on «.

Proof. Assume that f is increasing in variable x for every t € [0, T] and x € [xo(t) — 1, xo(t) + 77].
We define a new right-hand-side function

flxo(t) =, t) +x—xo(t) +17, (x,t) € (=00, x0(t) —17) x [0, T],
g(x,t) == { f(x,1), (x,t) € [xo(t) — 1, x0(t) +17] x [0,T],
flxo(t) +n,t) +x—x0(t) =1y, (x,t) € (x0(t) +1,00) % [0,T].

Since g is increasing in variable x, the function xy € X is the only periodic solution of equation
x(t) =g(xt), tel0,T]. (3.10)

In fact, since xg is the periodic solution of (3.10) then necessarily fOT g(xo(t),t) dt = 0. Due
to the Lipschitz continuity of g, we know that any other solution y does not cross xq, hence
either y(t) > xo(t) or y(t) < xo(t) for all t € [0, T]. In both cases due to the strict monotonicity
of g, we get fOTg(y(t), t) dt # 0 so y cannot be periodic.

The new right-hand-side function g satisfies the assumptions of Theorem 3.1 and thus
there exists 9 > 0 such that for every ¢ € (0, g9}, there exists at least one (periodic) solution x,
of problem

x(t)=g(x(t—e¢),t), t€]0,T],

x(t) =x(T+1), te[—e0]. (3.11)

Moreover, all such solutions are uniformly bounded independently of e. We need to verify that
for some ¢y > 0 sufficiently small, the solution x, of (3.11) is also a solution of original problem
(2.2). More precisely, we prove that there exists some ¢y > 0 such that for every ¢ € (0, ¢o],
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there holds x. € B, (xp). Assume that this is not true, i.e. there exists a sequence of positive
parameters {¢, }, . such that ¢, — 0 and for every n € IN, it holds x., & B;(xo). Recall that
the solutions x;, are fixed points of the operator F defined by (3.3) and due to the compactness
of F and the uniform boundedness of functions x,, the set {x, },o is relatively compact in
X. Hence some subsequence converges uniformly to a periodic solution of equation (3.10)
(since e, — 0) that is not equal to x¢. This contradicts the uniqueness of periodic solution xo.

Next, we will prove the local uniqueness of periodic solutions of original problem (2.2).
More precisely, the solution x, is unique in the ball B, (xo) In fact, let y be a periodic solution
that lies in B, (xo) and is not equal to x,. Then necessarily, there exists some ty € [0, T]

such that y(ty) = x.(tp), otherwise we would come to fOT f(y(t),t) dt # 0 due to the strict
monotonicity of f. We choose some L > M and gy > 0 sufficiently small so the inequality
(3.9) is valid for all € € [0, &9]. Hence the uniqueness follows from Lemma 3.3. This completes
the proof of the local uniqueness of periodic solutions of problem (2.1) for small € > 0.

The continuous dependence of solution x. on parameter ¢ is a consequence of uniform
boundedness of these solutions and compactness of the operator F defined by (3.3). O

Remark 3.5. Lemma 3.3 need not to be true if the inequality (3.9) is not valid. In fact, consider

the equation
w(t) = x(t= 0
= > )

This equation possesses infinitely many 27r-periodic solutions of form asin(x + b) for 2 € R
and b € [0, 1) and every two of these solutions intersect each other.

4 Bifurcations

We consider the perturbed equation

2(t) + g(x(t —eu)) + epah(t) =0 (4.1)
where g, h € C3(R,R), y1, 42 € R and k(t) is T-periodic.
Theorem 4.1. Assume that there is a T-periodic solution u(t) of equation

ii+g(u)=0 (4.2)
such that v(t) = u(t) is the only T-periodic solution up to a scalar multiple of
0+ ¢ (u(t))v =0.
If the function
M(a) = 1 /OTh(t + ) (t)dt — iy /()Tg/(u(t))uz(t)dt

has a simple zero wy, i.e., M (o) = 0 and M'(ag) # 0, then for any € # 0 small, the equation (4.1)
has the unique T-periodic solution x.(t) that satisfies

sup |xe(t) — u(t —ao)| + |xe(t) — 1 (t — ao)| = O(e). (4.3)

Proof. Note that the equation (4.1) can be written in the form

#(t) +g(x(1)) — gug (x(1))x(t) + euah(t) = O(%).
Hence we can apply the well-known Melnikov theory (see [3,5]) to obtain the result. O
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Remark 4.2. 1. Note that M(«) is T-periodic and

M(a) = —in; /OT 2 (1) dt — /OTh(t—l—zx)u(t)dt. (4.4)

2. The function u(t) is embedded into a 1-parametric family of periodic solutions u,(t),
a € (a1,a2) C R of (4.2) with minimal periods T(a). So ug,(t) = u(t). If T'(ap) # 0 then the
assumption of Theorem 4.1 holds.

3. The existence part of Theorem 4.1 holds if

max M (a) min M(«) < 0.
x€R a€R

4. If M(«) # 0,Va € R then there is no bifurcation.
5. If x(t) is a solution of (4.1) then x(t + kT), k € Z is also a solution. So we consider in
Theorem 4.1 just ag € [0, T7.

To illustrate the theory, we consider the following example
X(t) + x(t —epr) + x3(t — epy) + epo cos 2t = 0. (4.5)
So (4.2) is the Duffing equation
u'()y+Uu)+u(t) =0
possessing a family of periodic solutions

us(t) = acn(v/1+ a2t)

for a > 0 with periods T(a) = jﬁku)z' = \/212112. Note 1,(0) = a and u},(0) = 0. Here cn is
the Jacobi elliptic function, K(k) is the complete elliptic function of the first kind and k is the

elliptic modulus, see [6]. Moreover, we have

8(E(k) — K(k)) — 4a?K(k)
av'1+a? (24 a?)
since E(k) < K(k), where E(k) is the complete elliptic function of the second kind. So T(a) is

decreasing from T(0) = 27 to 0, and hence Remark 4.2 2 can be applied. Now T = 7, so we
numerically solve T(a) = 7t to get a9 = 2.03284 and then (4.4) has the form

T'(a) = <0,

M(a) = —105.817p1 + 6.17466}15 sin 2a. (4.6)
Applying Theorem 4.1 we get the following result.

Theorem 4.3. If |p1| < 0.058352|pz| and € # 0 is small, then (4.5) has precisely two rt-periodic
solutions orbitally near u,,(t) = 2.03284 cn(2.26549¢), i.e., (4.3) holds just for two a1, %92 € [0, ),
namely for roots of (4.6). If |p1| > 17.1374|uz| then (4.5) has no rt-periodic solutions orbitally near
U, (t) for any e # 0 small, i.e., (4.3) does not hold for any « € R.

We end this paper with extending the above bifurcation results of periodic solutions to
bounded ones.
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Theorem 4.4. Assume that there are xo and x1 such that g(xo) = g(x1) = 0 and g'(x0) < 0,
¢'(x1) < 0. Suppose there is a solution u(t) of (4.2) such that lim;_, _o u(t) = xo and lim_,co u(t) =
x1. If the function

M(&) = — i /_i 2 (4)dt + 2 /_o;h(t+uc)u(t)dt 47)

has a simple zero ag then for any € # 0 small, the equation (4.1) has the unique solution x.(t) that
satisfies (4.3).

Remark 4.5. The points 3, 4 and 5 of Remark 4.2 remain valid for this case.
To illustrate the theory, we consider
X(t) — x(t —eur) + x> (t — epy) + epo cos 2t = 0. (4.8)
So (4.2) is the Duffing equation
u’(t) —u)+u(t) =0

possessing a homoclinic solution

u(t) = V2secht
to xp = x1 = 0. Again h(t) = cos2t. Then the Melnikov function (4.7) is now

2
M(x) = 8;11 + 2v/27 sech 7ty sin 2a. (4.9)

Applying Theorem 4.1 we get the following result.

Theorem 4.6. If |y1| < %| ua| and ¢ # 0 is small, then (4.8) has precisely two bounded

solutions orbitally near /2 secht, i.e., (4.3) holds just for two agy, a0 € [0, 77), namely for roots of
(4.9). If |uq| > LZSENT )| then (4.8) has no bounded solutions orbitally near /2secht for any

72
. 15rsechm ~
e # 0 small, i.e., (4.3) does not hold for any « € R. Note 1455} T =~ (.41065.
Finally, we consider
X(t) + x(t —euy) — x> (t — epy) + epo cos 2t = 0. (4.10)

So (4.2) is the Duffing equation
u’(t)+u) —us(t) =0
possessing a heteroclinic solution
u(t) = tanh(t/v?2).
to xo = —1 and x; = 1. Again h(t) = cos2t. Then the Melnikov function (4.7) is now

M(a) = 4f;41 + 2V/271 esch V275 cos 2a. (4.11)

Applying Theorem 4.1 we get the following result.

Theorem 4.7. If |y1| < B 7 csch V27| pa| and e # 0 is small, then (4.10) has precisely two bounded
solutions orbztally near tanh(t/ \V/2), ie., (4.3) holds just for two ag 1, o € [0, 77), namely for roots of
(4.11). If |u1| > L7 esch V27| pa| then (4.10) has no bolunded solutzons orbztally near tanh(t/+/2)
forany e #0 small i.e., (4.3) does not hold for any & € R. Note 271 csch /271 =2 0.554347.
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