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The photon impact factor for the BFKL pomeron is calculated in the next-to-leading
order (NLO) approximation using the operator expansion in Wilson lines. The result
is represented as a NLO kp-factorization formula for the structure functions of small-x
deep inelastic scattering.

Keywords: High energy; conformal invariance; wilson lines.

PACS numbers: 12.38.Bx, 12.38.Cy

1. Introduction

It is well known that the small-z behavior of structure functions of deep inelastic
scattering is determined by the hard pomeron contribution. In the leading order
the pomeron intercept is determined by the BFKL equation' and the pomeron
residue (the v*v*-pomeron vertex) is given by the so-called impact factor. To find
the small-x structure functions in the next-to-leading order, one needs to know
both the pomeron intercept and the impact factor. The NLO pomeron intercept
was found many years ago? but the analytic expression for the NLO impact factor
is obtained for the first time in the present paper.

We calculate the NLO impact factor using the high-energy operator expansion
of T-product of two vector currents in Wilson lines (see e.g the reviews [3, 4]). As a
first step, we integrate over gluons with rapidities Y > n and leave the integration
over Y < 7 for the later time. It is convenient to use the background field formal-
ism: we integrate over gluons with a@ > ¢ = €” and leave gluons with o < o as a
background field, to be integrated over later. Since the rapidities of the background
gluons are very different from the rapidities of gluons in our Feynman diagrams,
the background field can be taken in the form of a shock wave due to the Lorentz
contraction. To derive the expression of a quark (or gluon) propagator in this shock-
wave background we represent the propagator as a path integral over various trajec-
tories, each of them weighed with the gauge factor Pexp(ig | dx, A*) ordered along
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188 I. Balitsky

the propagation path. Now, since the shock wave is very thin, quarks (or gluons) do
not have time to deviate in transverse direction so their trajectory inside the shock
wave can be approximated by a segment of the straight line. Moreover, since there
is no external field outside the shock wave, the integral over the segment of straight
line can be formally extended to oo limits yielding the Wilson-line gauge factor

Ul = Pexp [zg/ dupy AT (upy +x1 )|,
- (1)
e / AR — |ap )™ A (),

where the Sudakov variable «y, is defined as usual, k = agp1 + Bixp2 + k1. We define

the light-like vectors p; and po such that ¢ = p1 — xpp2 and p = ps + ms—?vpl where

q is the virtual photon momentum, p is the momentum of the target particle, and
B = Q?/s < 1 is the Bjorken variable (at large energies s ~ 2p - q). The structure

of the propagator in a shock-wave background looks as follows:

[Free propagation from initial point x to the point of intersection with the shock

wave z]

X [Interaction with the shock wave described by the Wilson-line operator UZ]

X [Free propagation from point of interaction z to the final point y]

The explicit form of quark propagator in a shock-wave background can be taken

from Ref. [5]
T V) (4= 4)
TN "~ [ o) s i b

As usual, we label operators by hats and (@) A means the vacuum average of the
operator O in the presence of an external field A. Hereafter use the notations x, =
phx, = %xﬂ Te = pia, = éx* (and our metric is (1,—1,—1,—1)). Note that
the Regge limit in the coordinate space can be achieved by rescaling

7 H2U: (2)

2 2 2 2
T — pri=p1+ Te—D2+TL, Y— PYi—D1+ Ye—p2 + YL (3)
S sp S sp

with p — oo, see the discussion in Refs. [6, 7].

The result of the integration over gluons with rapidities Y > 7 gives the impact
factor — the amplitude of the transition of virtual photon in two-Wilson-lines oper-
ators (sometimes called “color dipole”). The LO impact factor is a product of two
propagators (2),

) M) ) 2 2 tr{U, U},
(T{D ()" ()0 ()7 D)) 4 W / P20 d L%
X %fiayy [2(k - Q1) (k- G2) — K2(C1 - G2)] + Ofas) (4)

Here we introduced the conformal vectors® ?

Ny

224

K=Ky — Ky, FKg= (ﬂ—xpz-i-xL) Ciz(%—l—zipg—i—zu) (5)
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2
and the notation R = % The above equation is explicitly Mobius invari-

ant. In addition, it is easy to check that 57— (r h.s)=0.

Our goal is the NLO contribution to the r.h.s. of Eq. (4), but first let us briefly
discuss the three remaining steps of the high-energy OPE. The evolution equation
for color dipoles has the form® 19

d 22 N
—t U" UTn - d? L Un gin
G801} = 5% [ e (01,08

x tr{U2 UI"} — N tr{U UI"}] + NLOcontribution ~ (6)

(To save space, hereafter z; stand for z;; so 23, = 23, etc.) The explicit form of
the NLO contributions can be found in Refs. [11, 12, 4] while the agrument of the
coupling constant in the above equation (following from the NLO calculations) is
discussed in Refs. [13, 14].

It is worth noting that we performed the OPE program outlined above for scat-
tering of scalar “particles” in A/ = 4 SYM and obtained the explicit expression for
the four-point correlator of scalar operators at high energies in the next-to-leading
order.” In QCD the analytic solution of the evolution equation for color dipoles with
running coupling constant is not known at present. This prevents us from getting
the explicit NLO amplitude as in A/ = 4 case. We can, however, perform the first
two steps in our OPE program discussed in the Introduction: calculate the coef-
ficient function (impact factor) and find the evolution equation for color dipoles.
The next two steps, solution of the evolution equation (6) with appropriate initial
conditions and the eventual comparison with experimental DIS data are discussed
in many papers (see e.g. Ref. [15]). It is worth noting that, contrary to the evolution
equation, the NLO correction to the impact factor has nothing to do with running
of the coupling constant - it starts at the NNLO level. Thus, the argument of the
coupling constant at the NLO level is determined solely by the evolution equation
for color dipoles. For numerical estimates involving the impact factor one can take
as(]z — y|) as the first approximation since the characteristic transverse distances
in the impact factor are ~ |x — y|.

2. Calculation of the NLO Impact Factor

Now we would like to repeat the steps of operator expansion discussed above to the
NLO accuracy. A general form of the expansion of T-product of the electromagnetic
currents in color dipoles looks as follows:

_ _ 2
(z =)' T (@ b))y ()} = / L {150 (a1, 22)r{ U U7} [1 4+ 2]
z12 ™
+/ @22y INEO (21, 2, 205 m) [0 {02, UT e { U201y = Nan{ 00N} (1)

Unfortunately, in terms of Wilson-line approach there is no direct way to get the
NLO impact factor for the BFKL pomeron. One needs first to find the coefficient
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in front of the four-Wilson-line operator (which we will also call the NLO impact
factor) and then linearize it.

The structure of the NLO contribution is clear from the topology of diagrams
in the shock-wave background, see Fig. 1 below. Also, the term ~ 1+ %= can be
restored from the requirement that at U = 1 (no shock wave) one should get the
perturbative series for the polarization operator 1 + 2= 4+ O(a2).

In our notations

R? 02
T8 (k - C1) (k- G2) OxHdy”
which corresponds to the well-known expression for the LO impact factor in the
momentum space.

The NLO impact factor is given by the diagrams shown in Fig. 1. The calculation
of these diagrams is performed in Ref. [16] (see also Ref.[12]) and the result is

1;0(21,22) =

(5 Q) &) = %G @) )

IO (21, 20, 233m) = I (21, 22, 233m) + IV (21, 22, 23),

2 [ee} o
« z da — da
my : : s 1LO 12 iasZ
I (w,y; 21, 22, 23, 1) 21#1/ (21, 22) 5 / — 343 _/ -
2 Z13%233 Jo @ 0 «

a 22 gs T
=20 _"2_ gz, — 4 C 9
22T 22,22, R e ©)

where C' is the Euler constant and

s R?
(I2)uw (21, 22, 23) = 1g7r8 (k-C1) (k- C2)

X{W@ 0 l_(nrnq(n-cn(n-@) (k5 Q) - G3) (G- &)

) omdy | (GG (@) (@G
n2(<1~<2>]+<n~<2>2x o lw-cl)(m-cg) K61 Go)

(C2-¢3) (k-C3)*  Oxrdy” (&G 2¢ G

+ (G« C2)}
(10)

(recall that zfjl =2(¢ - ¢j) and Z; = \/ig(m - ¢i)). The « integration in the NLO
impact factor is cut from above by o = e in accordance with the definition of
operators U", see Eq. (1). Note that one should expect the NLO impact factor to
be conformally invariant since it is determined by tree diagrams in Fig. 1. However,
as discussed in Refs. 4, 7, 11, formally the light-like Wilson lines are conformally
(Mobius) invariant but the longitudinal cutoff @ < o in Eq. (1) violates this property

Fig. 1. Impact factor in the next-to-leading order.
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so the term ~ InoZ;3 in the r.h.s. of Eq. (9) is not invariant. As was demonstrated
in these papers, one can define a composite operator in the form

2
T Fro 1o Qs 4 Fro Frio
({0 0L, = (0501} + 5 [ a2 (07,017
13723

4azl,

x tr{UZ UI7} — Netr{UZ U7} In = +0(a?), (11

02527325, ’
where a is an arbitrary constant. It is convenien‘fu to choose the rapidity-dependent
constant a — ae~?" so that the [tr{UZ, U;fz"}]zon does not depend on n = Ino and
all the rapidity dependfence is encoded into a—depe?dence. Indeed, it is easy to see
kel 2 con 2 kel conr . .

that dii][tr{Ule;L2 }, =0and L 1tr{U., U}, }], is determined by the NLO BK
kernel which is a sum of the conformal part and the running-coupling part with our
O(a?) accuracy.® 12

Rewritten in terms of composite dipoles (11), the operator expansion (7) takes
the form:

N ~ = 22; z ~ ~
(2 — 9 T @) @) D) D)} = / T s e, ) 0, U

2 as 212 (Cl - (3)(C1 - (3) v ”
/d lar? 2 13323 <1n 2(k - (3)%(C1 - ¢2) - 20)150 N 15 }

x [tr{U., U;}tr{UzBUZQ} — Netr {02, U8, Hao }- (12)

Here the composite dipole [tr{Ugl U;Lg}}ao is given by Eq. (11) with
ag = —54;“13’*2 + ie while If'{(z1,22) and I)”(z1, 22, 23) are given by Egs. (8) and
(10), respectively. The “new rapidity cutoff” ag is chosen in such a way that all the
energy dependence is included in the matrix element(s) of Wilson-line operators so

the impact factor should not depend on energy.

3. NLO Impact Factor for the BFKL Pomeron

For the studies of DIS with the linear NLO BFKL equation (up to two-gluon accu-
racy) we need the linearized version of Eq. (12). If we define

N 1 ~ A
ua(zl7z2) =1- F[tr{UmU;Ha (13)
and consider the linearization
~ 1 ~ ~
N2tr{UZIUT }tr{U 3UL} — Ftr{Uz1 }} (zh z9) — U(zl,zg) —U(z2,23)

one of the integrals over z; in the r.h.s. of Eq. (12) can be performed. The result is

NLC@; — ) T @)D @)d ) D))
OK® OrKP / dz1dz

T NLO
~ Ozt Oy¥ s Uao (21, 22) [Z55 (1+ ) Zog°]: (14)
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where
Iaﬁ(x i 21 22):RQQQE(CI'CQ)—CfCQB—Cﬁ"Clﬁ (15)
Lo (k- Q) (k- Go)
(see Eq. (8)) and
o B 2
ap . _asNe o) PG +a <= Q. v oy 20 2InR
INro (@, Y321, 22) = 1 R { TRACES) {4L12(1 R) 3 + =)
InR 1 11 20
o — AR+ o —242(In %+%—2)(ln%+20)—40—§}
¢y mR 20 WR 1
+<(K'CI)2+C1(—>CQ>X[R ® TR 272}
CRRP + ¢ R ,ImR IR 3 .5 20"
{ (k- 1)K +<1H<2H ToR T R TMRoggtatAOH R}
2 KOKP gaﬁ(gl - G) o2 _
2 (o8 _ o _
el Gl >+(K.gl)(m.@) 610 R + =5~ —4Lis(1 - R)
1 1 1 1 2 3
In — In—= +2C) — = +2 1
gt tagr (g +20) -5+ +2R2}} (16)

where Lig(z) is the dilogarithm. Here one easily recognizes five conformal tensor
structures discussed in Ref. [19].

4. Photon Impact factor in the Mellin representation

In preparation for Fourier transformation we calculated the Mellin transform of
the photon impact factor (16). We project the impact factor on the conformal
eigenfunctions of the BFKL equation®’

Zig (3tivtEr Z, (3tiv—3
E, (210, 220) = | 2

= 17
210220 a7)

Z10%20

(here Z = 2z, + 12y, 2 = 2z, — 12y, 210 = 21 — 20 etc.). Since electromagnetic cur-
rents are vectors, the only non-vanishing contribution comes from projection on the
eigenfunctions with spin 0 and spin 2. In this paper we will present only spin-0
results. The spin-0 projection has the form?? (throughout the paper we reserve the
notation ~ for  + iv):

s

(1+ ?)j({ff?(x’y;zm v) + jNLO(x,y;zo,u)
—/Lzld%?a_’&%[(
- 2y O OyP

2

NLO . 212 \”
I (x,y,zl,zg)]( 2 .2 )
210%20

a
+ ?S)Ik,?(x,ywl,@)
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s Ne

O]

5 F1(7)

QSWNC F3(’Y)}

_ B A 4 1ype - n{- ?(251 S |14+ 22+

s  agN,

F2(7)} + 27(S — SB);W [1 + % +

as N,
2

2

cSi+ S+ E+ R0 Gis) . 09)

™

y 2 Qg
+7)(—§S1—§SQ+S3—2S4)MU[1+?+

F4(7)}

whereyz%—!—imizl—y:%—iyand

X 1 X
Fi(y)=F(y)+ %,Fz(v) =F(y) -1+ Eo + Xy, F3(7) = F(y) + 77

6 3 2x 377xy +1-27y
F4’7 :F’Y—_‘F 7_—:/aF5,7_F = =
() =F() Sl e b () =F{) YV(2+77)
272 272
Fly) =" +1- T 90y, + 22 (19)
3 sin” 7wy
and
{L,Ea?hm?’ 5,£81nn281nn27 (20)
0x,0y, Oz, Oy,
g — Olnk?d0lnk - (o n Olnk -y 0lnk? g — Olnk-(dInk-(
57 Oz, oy, oz, dy, Tt T oz, Oy,
The contribution of spin 2 in the t-channel has the form
Qg
(1 + 7)32385(33,?;; z0,V) + «721\,%;?(%21; 20,V)
d22’1d222 8&0‘ 8&5 as L.O NLO
= /TM oy [(1 + ?)Iag (x,y; 21, 22) +Z,3 (x,y,zhzg)]
< 22, )’Y Z12  Z10720
22,22,/ Zi0Z20 Zi2
1 oo yreaorE o)1+ g GlNep )}S“”
- 27T4($ — y)g v v v v T o0 6l 5
(21)
where
°20 2 2 T+xy— 2= x
Fs(M)=FW)+———+55+3 7 (22)
Ao B 2+ Y
and

vt iy Oy AP (e )y G0) D e
Sk _{gu ig"® —2(x zo)ﬂago Ink <0+\/§ (5 o) 3501nf€y'C0]

ﬁ(ﬁz'CO)(’%'CO)ilnﬁm'CO}

0
ul_'l/2_2 — v—1 .
[ o -2t - g o e R e

0%
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Using the decomposition of the product of the transverse §-functions in confor-
mal 3-point functions (17)

dv V? + n’
5(2)(2’1 — 2’3)5( zZ9 — 24 / -4
Z ™ 2iy23,

n=—oo

/d 20Ey,n(210, 220) B 1, (230, 240) (23)

we obtain
d N
Uz, 22) / V/d2 le { U(zo,v)
210320
. 1){2122102202/{(2)(2 V) + 212210220u(2 (20, )} }’
210220712 210%220%12
(24)
where
- d>nd?z 234 \T -
U (v, 20) E/ ( ) 0o (21, 22)
7722%2 Z%OZEO ’
2 (2) BPodPzy 22 NV D, -
U, (v, 20) E/ 2.4 < T ) Uy (21, 22)
T=Z12  N210%20 210220
2 (2) d?z1d? 2 22, N\~ Z2
U, (v, 70) E/ 3 2( 7 o ) 5 2-Ua(21, 22) (25)
T=Z12  N210%20 210Z20

is a composite dipole (11) in the Mellin representation.
Substituting the decomposition (23)) in Eq. (14) we get the high-energy OPE
in the form

=D T W)

d s ~
= [ [ @1+ %) 88 @i 20,) + TN ,155000) |ty (0 50)
+ (2 +1) [{ (1+ %)Jgjgﬁ(x,y; 20,V) + Ja b e 9 (x,y; 20, u)}ilao(y, 20) + c.c.] }
(26)

This equation (26) and its Fourier transform (30) are the main results of this paper.

5. Photon Impact Factor in the Momentum Space

In general, the rapidity evolution of color dipoles is non-linear but in this paper we
assume that we can linearize it to the dipole form of the BFKL equation, like in
the case of scattering of two virtual photons. Moreover, we will consider only the
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forward case which corresponds to deep inelastic scattering. In this case, one may
write down the high-energy OPE in the form of kp-factorization formula

[ e BT GO = § [ P k) GlEDR) @D
where

W(kL) = / dry e B0 @z, 0)),

q=p+ §p2 and p = pa + mT2p1 is the target’s momentum. The reduced matrix
element ((p|U(k)|p)) is defined as

(plU(K)|p + Bp2) = 2m6(B){(plUU (k)|p))

(28)
(Pl (k) D)) = / @ 2e= D (pltd (2, 0)|p))

where the factor 2m6(3) reflects the fact that the forward matrix element of the
operator UIUJ contains an unrestricted integration along the p;. Our goal in this
Section is to find the impact factor I,, (g, k1) in the next-to-leading order.

Since our “energy scale” ay = —k~2 for color dipoles depends on z and y, to
perform the Fourier transformation of the OPE (26) one should express U,, in
terms of U,, with a,, independent of coordinates x and y. A suitable choice is
ay, = 1/xp. With this choice, the impact factor does not scale with s and all the
energy dependence is included in martix elements of color dipoles. This is similar
to the choice u? = @Q? for the DGLAP evolution: the coefficient functions in front
of the light-ray operators will not depend on Q? (except for as(Q?) of course) and
all the Q? dependence is shifted to parton densities. The leading-order evolution of
a color dipole U, is given by

~ ~ w(¥)

uao(yvzo):uam(V»ZO)(aoxB) 2

w(2,v)

L?C(Lﬁ)(u,zo):ﬁ§33(u7zo)(aox3) 2

(29)
so the Fourier transform of Eq. (26) yields?3

Nic / d4xd4y§(y.)eiq'(w7‘y)T{JWM/J(QU)JJ%#J(?/)}

54 YN\T2(9 _ w) _
™ F(4—-2y+w@)I'(2+~+ “’T”)) 2v+1

asN,
2

v Qg ach y
+ 377+ DB (14 22+ S0 0)) [t (20, )

x|+ P (1+ % + 250 ))
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CATE=0(F + 252 (2 — 4 254
(4 — 29+ w(2, )0 (2 + 7+ 222)

~(2) _ 2(2) ~
o Pt

as  asN. (%) (Q*)'T(2+7)
14+ % 2 ) :
(14T S RO) }F(27) R (30)
where
y b Gy s 1 PN, PP
R =g = (e - )
2 q-p2
p,uu _ (gpl _ Z-g,uQ) (gul _ igy2), p,uu _ (gpl _|_Zg,u2) (gul + Z-gl/2) (31)
and
3 25 11 7 10
i (v) = + - 4= +
1) =FO) + 577 182—7) 27 27 18(1+4) @ 3(1+7)?
1 7 1+3
Da(v) = F(9) Xy xoll+37) (32)

— — +
29y 2(2+43¥y) 1+~ 2+ 3%y

The last step is to rewrite Eq. (30) in the kp-factorized form (27). After some
algebra we get

o iiuﬁ%hﬁlhzw(@zV {6

" (q, k1) =

L /11 s | asNe v
x[i+2 ()| P + (Z + 37 [+ 242 Fav)| Pf
1 V2 Qg asNe uv
+(5+7) [1+—+ S A P (33)
where (as usual, y = § +iv)
1
Fin(v) = 1 () 43, W), Fol) = Fo) + (= == ) ¥(0),
V() =¢(7) +2¢(2 —7) = 2¢(4 = 29) = P(2+7) (34)
and
g e Kt kY
Py = = (k2P 4 k2P = 2—22 = — g
1 1

The structures P; and P, correspond to unpolarized structure functions Fy(zp) and
F5(zp). The third term vanishes for nucleon structure function but contributes to
polarized structure functions of a vector meson (or photon).
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6. Conclusions

Let us present again the kp factorization formula for DIS in the next-to-leading
order:

[ s T G0 O =5 [ S b Vaes () (39

where I,,,, (¢, k1) is given by Eq. (33) and the evolution equation for V,(k, ) has the

form?3
d _aule Valk') (e, K)Valk)
204% /d2 k’ k’/) k/2(k _ k/)2:|
ash I N. 67 72 10n
( [IEJFT(?_?_gNCf)D
_ bas [ Va(k") 1q k)2 kVa(k) 1 K~ k")Q}
(k— k)2 k2 k’z(k: — k)2 L2
2012 /1.02 a2N?
Sl [ - SR F k) + 00 K VAl ) + 355 (3R

(36)

The analytic NLO photon impact factor in momentum space for the pomeron
contribution (33) and the NLO kv factorization formula (35) for the deep inelastic
scattering are the main results of this paper. Previously, the impact factor was
known only as a combination of analytic and numerical results.?* It should be
noted, however, that our final NLO result (33) is defined as a coefficient function in
front of a composite operator (11) rather than in front of a usual dipole (with the
rapidity cutoff) which corresponds to the impact factor defined in Ref. [24] papers.

It would be also instructive to compare our result (12) for the coefficient in
front of the four-Wilson-line operator (relevant for the structure functions of DIS
off a large nucleus) to similar result for the NLO impact factor obtained recently
in Ref. [25] using the dipole model. However, as we already mentioned our final
NLO result (33]) is defined as a coefficient function in front of composite operator
(11) defined with a counterterm which restores the conformal invariance in N' = 4
amplitudes and in our case leads to the conformal impact factor (since the impact
factor is given by tree diagrams it should be conformally invariant even in QCD).
As a consequence, the impact factor depends on a new parameter a (an analog of
the factorization scale p in usual OPE) which we chose in such a way that all the
energy dependence is shifted in to the matrix element, leaving the impact factor
energy-scale invariant. To compare with the result of Ref. [25] representing the
coefficient function of a usual dipole (without counterterm subtraction) we should
trace one step back and look at the impact factor I3-C (21, 22, z3; 1) given by (9). One
should then perform Fourier transformation to momentum space with respect to the
positions x and y of the two electromagnetic currents in formula (7) and compare
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it to the result (58) from Ref. [25] integrated over z; (and z2 when appropriate).
Hopefully, after these integrations the two results will coincide.

This work was supported by contract DE-AC05-060R23177 under which the Jef-

ferson Science Associates, LLC operate the Thomas Jefferson National Accelerator
Facility.
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