Yale University

EliScholar — A Digital Platform for Scholarly Publishing at Yale

Yale Graduate School of Arts and Sciences Dissertations

Fall 10-1-2021

The Wordline Effective Field Theory of Spinning Gravitational
Sources

Jingping Li
Yale University Graduate School of Arts and Sciences, li.jingping@caschina.org

Follow this and additional works at: https://elischolar.library.yale.edu/gsas_dissertations

Recommended Citation

Li, Jingping, "The Wordline Effective Field Theory of Spinning Gravitational Sources" (2021). Yale Graduate
School of Arts and Sciences Dissertations. 370.

https://elischolar.library.yale.edu/gsas_dissertations/370

This Dissertation is brought to you for free and open access by EliScholar — A Digital Platform for Scholarly
Publishing at Yale. It has been accepted for inclusion in Yale Graduate School of Arts and Sciences Dissertations
by an authorized administrator of EliScholar — A Digital Platform for Scholarly Publishing at Yale. For more
information, please contact elischolar@yale.edu.


https://elischolar.library.yale.edu/
https://elischolar.library.yale.edu/gsas_dissertations
https://elischolar.library.yale.edu/gsas_dissertations?utm_source=elischolar.library.yale.edu%2Fgsas_dissertations%2F370&utm_medium=PDF&utm_campaign=PDFCoverPages
https://elischolar.library.yale.edu/gsas_dissertations/370?utm_source=elischolar.library.yale.edu%2Fgsas_dissertations%2F370&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:elischolar@yale.edu

Abstract

The Wordline Effective Field Theory of Spinning Gravitational Sources

Jingping Li
2021

The advent of gravitational wave physics has raised great interest in efficient calculations
of gravitational dynamics. In particular, the worldline effective field theory (EFT) has
proven to be powerful for describing the dynamics of compact binary inspirals. In this
thesis, we report on progress in this method on including rotating gravitational sources.
It has been shown that a connection exists between the radiative amplitudes from spinless
classical sources in Yang-Mills theory and dilaton-gravity theory, inspired by the double
copy construction in the scattering amplitude community. We generalize this result to
spinning sources and find that an additional axion channel is necessary for the connection
to be established. The spectrum coincides with that of the low energy limit of string gravity,
and we deduce that the worldline EFT's correspond to the low energy limit of classical string
theories. Furthermore, we show that tidal effects also admit a double copy structure. On
the other hand, there has been new progress on incorporating dissipative effects into the
worldline EFT. We generalize this construction to describe rotating objects and apply it
to describe the absorptive effects of Kerr black holes by matching with graviton absorption
probabilities calculated by Teukolsky equations. Using the resulting EFT, we reproduce
the correct mass and spin absorption rates under general backgrounds. We demonstrate
the utility of this EFT by computing new results for the dissipative equation of motion and
power transfer in non-relativistic black hole binaries, starting at 5 and 2.5 post-Newtonian

orders respectively.
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Introduction

The first direct detection of gravitational waves by Advanced LIGO [1] on the centennial
of general relativity marks the beginning of a new era of multi-messenger astronomy and
possibly explorations into fundamental questions of gravity. At the moment, the detectable
signals primarily come from compact binaries of black holes and neutron stars. While these
are extremely energetic events, their astronomical distance from us significantly weakens
the signals. Therefore, accurate waveform templates are required in the searches. Unfor-
tunately, as the problem is two-body in nature and highly dynamical, the full Einstein
equation is extremely difficult if not impossible to solve due to the lack of symmetries.
While recent developments in numerical relativity have enabled the full-detailed treat-
ment of the later stages (known as the merger and ringdown phases, Fig. [I]) of the binary
evolution where the gravitational field is strong [2-4], these numerical methods are not de-
signed for the long inspiral phase (Fig. [I) and running them for the long timescales in this
phase can be expensive [5]. Fortunately, the full solutions to the Einstein field equation are
not always relevant. In this regime, as the bodies are still moving non-relativistically, sim-
plification can be made by neglecting contributions at high orders of the ratio between the
characteristic velocity and the speed of light v/c < 1. This is known as the post-Newtonian
(PN) approximation and the expansion at (v/c)?"® power is usually called nPN order (for a
comprehensive review on various approaches to PN waveform templates, see Blanchet [6]).
This idea traces back to the pioneers in the early days of general relativity [7], but the
progress has been relatively slow. Therefore, an efficient framework would be very helpful.
A major breakthrough was made by the seminal work of Goldberger and Rothstein

[8,9] where they realized that the problem in this regime can be solved systematically
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Figure 1: The stages of binary merger (source: aps.org)

by using effective field theory (EFT) methodologies. EFT is a powerful framework for
precision calculations of long-distance observables in problems with separation of scales,
where the short-distance dynamics is decoupled . The framework emerged in the
context of chiral perturbation theory in particle physics , where the short-distance gluon
and quark degrees of freedom of quantum chromodynamics (QCD) are decoupled and one
can focus on the simpler long-distance hadronic degrees of freedom. Throughout the years,
this framework has seen many successful applications in particle phenomenology and many
comprehensive reviews and seminars exist for this broad topic.

Their crucial realization for the binary inspiral is that the PN expansion parameter
v/c < 1 provides the separation of scales in this problem. Specifically, the characteristic
sizes of the compact bodies a (bounded by their Schwarzschild radii a > 2GM/c?), the

orbital radius r, and the wavelength of gravitational waves A are related by

where the first comes from the virial theorem and the second from the multipole expanding

a non-relativistic system. They used the first hierarchy a < r to replace the full theory at
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scale a by a point-particle model at scale r and constructed an EFT on the particle worldline.
Using the second r < A, they separated the gravitational field into short-distance potential
modes and long-distance radiation modes and obtained the effective Lagrangian for long-
distance dynamics by integrating out the former using Feynman diagrams. Their results
were in agreement with direct PN calculations in full general relativity. Although these
calculations were strictly dealing with point particles, they demonstrated that the worldline
EFT framework also allows the inclusion of finite-size corrections corresponding to tidal
deformations of the underlying extended objects. This method reduced the complicated
general relativity of many-body systems into systematic calculations in perturbative field
theory and quickly led to extensive generalizations and higher PN order calculations (for
comprehensive reviews, see Porto [16] and Levi [17]). In particular, ref. [18] established the
worldline EFT with spinning degrees of freedom. This is important as angular momentum
plays crucial roles in many theoretically and phenomenologically interesting systems, such
as black holes [19].

In this thesis, we describe recent work on the spinning worldline EFT along two parallel
directions. The one, outlined in Section revolves around developing the so-called double
copy theory, originally discovered in the study of scattering amplitude, for the worldline
EFT calculations. The results presented here are based on Refs. [20-22]. In Section
we summarize the second direction, which involves incorporating dissipative effects in the
worldline EFTs. The extension of this framework to spinning black holes that is discussed

in this thesis is based on Ref. [23].

0.1 Developments in the spinning classical double copy

While the EFT computations have been proven to be efficient, higher-order calculations
are still expected to get troublesome due to the proliferation of graviton Feynman rules,
so a goal is to simplify them. To this end, it was noticed that the modern scattering
amplitude community has been developing a large toolbox for this purpose over the last
20 years (for an introductory review, see Elvang and Huang [24]). In particular, Bern,

Carrasco, and Johansson (BCJ) conjectured the so-called BCJ relations, which imply the
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color-kinematic duality of Yang-Mills scattering amplitudes [25]. It has also been shown
that the duality enables perturbative gravity amplitudes to be constructed by replacing
the color factors in Yang-Mills amplitudes with any kinematic numerators that satisfy the
duality [26]. Therefore, perturbative gravity calculations are simplified in this way due to
the much nicer Feynman rules in Yang-Mills theory (for a broad review, see [28]).

Naturally, one might ask whether these conclusions in scattering amplitudes have analogs
in classical observables that can simplify computations therein. It was first discovered that,
by similar replacements, stationary solutions to the Einstein field equation in Kerr-Schild
form can be generated from stationary solutions to Yang-Mills equation [27]. Since then,
various advances were made on expanding the boundaries of the Kerr-Schild double copy (see
the later part of the review |28]). More recently, there has also been important progress on
integrating various techniques from scattering amplitudes to obtain the conservative part
of the potential of a two-body system [29] based on the ideas from [30]. Following this
method, Bern et al. [31,/32] obtained results higher-order in the gravitational coupling for
the first time. This was also generalized in various other ways, such as to systems with tidal
effects [33}34].

The discussions above could not consider radiation, since radiating systems are nei-
ther stationary nor conservative. For this purpose, Goldberger and Ridgway [35] studied
radiative solutions in Yang-Mills theory resulting from the scattering of classical charges
described by worldline EFTs. They found that a set of color-kinematic mappings pertur-
batively relate them to the radiative solutions from classical scattering in a dilaton-gravity
theory. The dilaton is a scalar field that is necessary to balance the degrees of freedom on
both sides of the double copy mapping.

We generalize the classical double copy to spinning classical sources using the construc-
tion introduced in [18] and find that the same set of rules apply only when an additional
Kalb-Ramond radiation channel is included [20] with the Lagrangians fixed in specific
forms [21]. The Kalb-Ramond field is a 2-form gauge field with anti-symmetric indices,
which we call an axion for short. The axion is also needed to balance the degrees of freedom
but was decoupled previously as index anti-symmetry was disallowed in the absence of spin.

The axion-dilaton-graviton theory with fixed couplings matches the low energy spectrum

xiil



of string theory. Furthermore, the worldline coupling of spin and Yang-Mills field strength
allows the interpretation of the worldline theory as an EF'T of a rotating classical string with
charges attached at the endpoints. Thus, it is natural to ask if the worldline theory fixed
on the gravitational side has a similar interpretation. However, it is well known that closed
strings have two spinning sectors and they couple to the axion (graviton) with opposite
(same) sign. In contrast, there is no such distinction in the worldline EFT.

Fortunately, by examining the underlying structure of the bi-adjoint scalar radiation,
it was discovered that the classical radiation amplitude also exhibits color-kinematic du-
ality [36]. Therefore, we are allowed to use the kinematic factors with different spinning
sectors as long as color-kinematic duality is obeyed [22]. In this method, the worldline the-
ory we fixed in the old method is interpreted as setting one of the spinning sectors to zero.
Furthermore, when we set the two sectors equal to each other, the axion once again decou-
ples as the opposite signs cancel each other out. In the stringy interpretation, we notice that
this theory is equivalent to an unoriented string theory where the axion channel is known
to decouple. This provides a potential way to eliminate the unwanted axion for the pur-
pose of phenomenological applications. In addition, we find that using different kinematic
numerators in the mappings also allows us to establish the double copy when tidal effects
are included, although the resulting gravitational theory requires the corrections from the

three channels to be fixed to specific ratios.

0.2 Dissipative worldline theory of compact spinning objects

The worldline EFTs above consisting of long-distance degrees of freedom only describe
elastic processes. Intuitively, there is no degree of freedom left to transfer the mechanical
energy and angular momentum to. However, dissipative effects are an important part
of the full theory. They include processes such as the emission and absorption by black
hole horizons and neutron stars. In particular, for the most phenomenologically relevant
case of black holes, these effects are associated with distortions of their horizons and can
lead to significant effect on the dynamics. Specifically, absorption effects have been found

to appear at 4PN order (relative to the well-known quadrupole radiation [39]) for non-
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spinning black holes [37,138] and 2.5PN for near extremally spinning ones [38]. The results
are obtained by solving the Teukolsky-Press [40] or Regge-Wheeler-Zerilli [41] equation in
black hole perturbation theory. These methods are devised for single black hole systems
and generalizations to interacting many-body cases are not straightforward. Therefore, an
EFT framework is desirable for fulfilling this role.

To achieve this goal, worldline operators depending on internal dynamics were intro-
duced [42] (in the spinning case, by [43}44] and with tidal corrections, by [45]). Including
short-distance degrees of freedom in the EFT would seem to defeat the purpose. It was
shown that only some easily extractable long-distance properties of the internal dynamics
are necessary to calculate other long-distance properties. Recently, ref. [46] further extended
this method, using the Schwinger-Keldysh or “in-in” formalism [47], to describe Hawking
radiation [48]. The same method was used to compute the scattering from virtual Hawking
radiation [49] and calculate the reaction force from the horizon absorption [50].

These latest efforts have been focusing on non-spinning setups. We extend the spinning
construction to the reaction force computations [23|. By introducing a convenient basis for
the spin-dependent (in-in) correlation function, we are able to extract the correlator and
hence the retarded Green’s function for the worldline graviton quadrupole operator in a
low-frequency expansion but to all orders in the spin parameter. Using this information, we
derive the spin and mass dissipation equation under background fields at the lowest order in
curvature and found agreements with results derived using black hole perturbation theory.
The conclusions are also consistent with the recent proofs of the vanishing static tidal
response of Kerr black holes [52-54]. Finally, as an application, we derive the rate of power
and spin absorption rate in a PN system by considering the case where the background
is generated dynamically by an orbiting partner. We find that for binaries near extremal
black holes, the leading PN expansion for the power transfer is of 2.5PN order, which is
enhanced from the non-spinning 4PN results from non-spinning worldline EFT [50], both

agreeing with the black hole perturbation theory calculations.
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Outline of the thesis

The rest of the thesis is organized in the following manner. In Chapter (0.2 we briefly review
the basics of perturbative general relativity as well as the application of worldline EFT
methods which lays the groundwork for the remaining chapters. For the latter purpose, we
start with the point-particle action coupled to gravity and then we survey the generalization
to spinning degrees of freedom which is essential to the description of rotating bodies, finite-
size corrections relevant to tidal effects of extended objects, and dissipation in the worldline
theory which characterizes the internal dynamics of the gravitating sources.

The remaining chapters are devoted to reporting on the recent progress. Chapter [0.4.4]
describes the classical double copy in systems with spinning sources. We motivate the dis-
cussion by a brief introduction to the color-kinematic duality and the double copy construc-
tion of scattering amplitudes as well as the latter’s counterpart in the context of classical
radiation from non-rotating sources. We then give a more detailed description of the calcu-
lations and results in the spinning case. In Chapter we discuss the interpretation of
the worldline EFT with spin in terms of classical strings and generalize the framework to
deformable extended objects. In Chapter we shift our focus to progress on construct-
ing worldline EFTs for the dissipative effects of Kerr black holes and demonstrate their
applications in various scenarios. Finally, Chapter [0.13] concludes the thesis and discusses
the outlook of these projects.

The appendices supplement the main text with some lengthier results that are not crucial

but might be useful as references to check the validity of the main calculations.

Notations and conventions

In this thesis, we use the mostly minus metric convention. The Minkowski metric is denoted
by n, while the curved coordinate counterpart is denoted by g. We choose the Levi-Civita
tensor convention as €p1o3 = 1. The covariant derivative of general coordinate transforma-

tions is denoted by V. Overhead dots represent total (covariant) derivative, e.g. & = dfl()\)‘)

(or DE(AA) for the covariant one). Indices in the middle of the Greek alphabet (u,v,...)

label components in spacetime coordinate basis and Latin ones (a,b,...) label the local
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frame Lorentz indices. Round brackets (...) over the indices denote symmetrizations while
square ones |...| are anti-symmetrizations, and we assume the Einstein summation conven-
tion whenever indices are repeated. On a separate note, in Chapter where we also
encounter gauge theory, it should be clear from the context that the Latin labels (a, b, ...) on
gauge theory variables denote the adjoint indices of the gauge group. Other than in Chapter
we assume that the spacetime dimension is 4, and the Planck mass is m%, = 1/327Gy

Finally, we use natural units where h = ¢ = 1.

Xvii



The Worldline Effective Field

Theory of Gravity

In this chapter, we briefly describe the general framework of the worldline EFT applied to
calculations in perturbative gravity. In Section we start with an introduction to the
key ideas in general relativity, including gravitational waves and perturbative gravity as
a massless spin-2 field theory. Section reviews the construction of worldline EFT to
describe generic gravitational sources including spin, finite-size corrections, and dissipative

effects.

0.3 Gravitational waves and perturbative gravity

0.3.1 General relativity and gravitational waves

The central equation in general relativity is the Einstein field equation
1
Ry — §R9W = 87GNT, (1)

where T}, is the energy-momentum tensor of the gravitating matter, R = R,,¢"" and
R, = R,,u09"° are the Ricci curvature scalar and tensor respectively, defined through the

Riemann curvature tensor

Rt ., =0T, —9,I", +T" /\F’\po - AFAW, (2)

14
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where I'¥,; is the metric compactible Levi-Civita connection which is expressed in terms of

the metric as

1
Fupa = §gu>\(apg)\0' + 609)@ - a)\gpcr)- (3)

Therefore, this is a second-order non-linear partial differential equation of the g, (z) which
is sourced by T}, (x). In principle, if we are given the matter distribution described by 7},,,
we could solve for a curved spacetime g,,,. For later convenience, another useful curvature

is the Weyl tensor which is the traceless version of the Riemann tensor

1 1

C,uypo’ = Ruupa - §(gu[pRcr}1/ - gl/[pRU],u) + 3Rg,u[pg0']z/' (4)

In the region where the field is weak, the metric can be decomposed as

g;w(x) = N + huu($)> (5)
so that |h,,| < 1. The inverse g"” is an infinite series in A* = hyen*’n*?, leading to an

infinite expansion of the field equation

1 9+ 1 - 1 - -
50 = 50" 0uhuy + 5100 by = 87GN T + O(h?), (6)

where i_LW = hu — %h/\/\nw, and (9(1_13) denotes all the higher-order terms. The central
symmetry principle of general relativity is general covariance or diffeomorphism which is
the invariance of physics under the change of coordinate systems x — 2/(z). To see that

this is a gauge symmetry, since the metric transforms as
OxP 0x°
G () — @nga(x)v (7)
under infinitesimal transformation x — x + £(z), the perturbed field transforms as

Py — hyw + 0,60 + 00, (8)

This is essentially the gauge transformation for this field which we can use to impose gauge
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conditions. The relevant gauge condition in this thesis is the deDonder gauge 8“71W =0,

under which Eq. @ becomes
Loz 73

On earth, in a galaxy far, far away from the source, where gravity is weak and the matter

is not dense, we have a wave equation
?hy = 0. (10)

These are the gravitational waves that we are observing.
By solving the leading-order equation for A field, it is possible to show that the time-

averaged leading-order radiative power is given by the celebrated quadrupole formula [39]

(P) = —=(QyQy;), (11)

where the mass quadrupole is Q;;(t) = [ d*TToo(t, T)z'z? or Q;;(t). The textbook derivation
can be found in any standard reference, e.g. [56].
0.3.2 Perturbative gravity as a massless spin-2 field theory

In field theory applications, it is more convenient to use Lagrangian formalism. For general

relativity, we have the Einstein-Hilbert action

_ 1 4
Ser = ~{grcin /d z\/gR. (12)

The expanded Lagrangian is essentially a self-interacting classical field theory. The terms
quadratic in h are the kinetic terms leading to the propagator which in momentum space
is given by

16miG N
D/M/,pﬂ(k) = T(nupnua + NpoMvp — 77;11/7];)0), (13)



and the higher-order-in-h terms give an infinite tower of vertices whose vertex rules can be

derived by taking an arbitrary number of variational derivatives

6?’L
Ser___ (14)
Oh(z1)...0h(xy)
Given the matter action Sys, the energy-momentum tensor is calculated using
2 45
T (x) = 7 (15)

VG 0hu(x)

The gauge invariance under Eq. signals redundancies arising from the masslessness of
the field. Furthermore, it can be shown that the deDonder gauge does not exhaust the gauge
freedom and the remaining gauge redundancies can set the trace to zero. Therefore, we
have a symmetric-traceless tensor field which in the Language of irreducible representations
of Lorentz group, is a spin-2 representation. This massless spin-2 field described by the
Einstein-Hilbert action is the graviton. In fact, the classic results [55,57] tell us that the
classical Lagrangian for any massless spin-2 field theory is uniquely given by the Einstein-

Hilbert action.

0.4 The worldline effective field theory

In this thesis, we focus on the first hierarchy a < r, i.e. the worldline EFT description of an
isolated body at a longer-distance scale r (e.g. the background curvature radius, the radia-
tion wavelength, the orbital scale, or the impact parameter) compared to its characteristic
size a. The central idea is that in the full theory of general relativity, the energy-momentum
tensor describing a compact object is a localized distribution over spacetime and highly
curved gravitational background in the vicinity whose dynamical perturbations are difficult
to solve. However, these details are happening at a short-distance (or high-energy) scale,
relative to the (long-distance or low-energy) scale at which the object interacts with the
environment. By the old wisdom, they are well approximated by point particles.

The modern incarnation of this ancient idea is the method of EFT. By the cornerstones

of EFT, high-energy physics decouples from the low-energy dynamics and observables. Its
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effects are systematically encoded by the non-dynamical Wilson coefficients ¢; of an infinite
tower of operators O;(x, g(x)) consisting of the low-energy dynamical variables x = x(\)

and the field g(z) in the effective action

Seff D Zci/d)\oi(x,g(x)), (16)

where )\ parametrizes the worldline of the particle. The choices of these operators are
only restricted by the symmetries of the low energy description and redundancies due to
operators which vanish under the free theory equation of motionlﬂ

By dimensional analysis, these operators usually have positive mass dimensions. To
compensate, the Wilson coeflicients have positive powers of the characteristic size a, which
has a negative mass dimension in natural units. Consequently, the contributions are or-
ganized by powers of a/r where r is the characteristic long-distance scale in this problem.
Therefore, we can calculate results to arbitrary accuracy by truncating the infinite tower at
appropriate finite orders. The advantage of this method is that we can obtain the EFTs of
the isolated bodies relative easily sweeping the short-distance physics under the rug com-
pletely, and systematically apply only the EFTs to many-body interactions without having
to worry about the difficult dynamics of the strong field regions.

Finally, we obtain the Wilson coefficients by matching observables, such as correlation
functions, calculated using these operators in the effective interaction with the ones obtained
from the full theory, under the same background field in both cases [8]. The process is greatly
simplified by choosing a convenient setup, for instance, where the worldline is staying at
rest at the coordinate origin and arbitrary background field configuration. The reason is

that these coefficients are independent of the setups being considered.

1. In an interacting theory, the free equation of motion equals higher-order interactions. We can use field
redefinitions and the full equations of motion to trade the operators with higher-order ones which are readily
included in the infinite tower. The result is only a shift in the higher-order Wilson coefficients which are
unknown at this stage anyway. Therefore, we can assume that this was done beforehand and directly set to
zero the vanishing operators under the free equation [654/66].
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0.4.1 Point particles in the first-order formalism

To construct the operators, we need to identify the low-energy degrees of freedom first.
A systematic way of doing this is to consider them as spontaneously breaking the full
symmetry and identify the degrees of freedom with the corresponding Goldstones using the
coset construction [59]. However, we take a more pedestrian route here by starting from
well-known results. The relevant symmetries are Lorentz and parity invariance, worldline
reparametrization invariance, plus possible internal symmetries. The simplest worldline

Lagrangian is the traditional integral over the proper time

S = —m [ dr = —m [ i\ /i (17)

for some differentiable parameter A along the particle worldline. The square root makes it
harder to handle and we note that by introducing an auxiliary field e(\) called the einbein,

we have an equivalent quadratic formulation
Spp = — / d\e  tnuata? 4+ em?], (18)

which generates Eq. by back substituting the solution to its own equation of motion
5?% = 0. The einbein varies covariantly with reparametrization, thereby serving to guaran-
tee worldline reparametrization. In constructing the Lagrangian, worldline reparametriza-
tion is always guaranteed as long as we balance the powers of dA and e.

The action Eq. is in the second-order formalism. Expecting to introduce spin

angular momentum in the following, which is a first-order dynamical variable, we compute

the canonical momentum and Legendre transform into the first-order Lagrangian

S == [ AN+ p = Jel? — m)). (19)

We notice that now the einbein also serves as a Lagrange multiplier that imposes the
mass-shell constraint as the Hamiltonian in the Legendre transformation. In fact, this is
classified by Dirac [58,/60] as a first-class constraint whose Poisson bracket with all other

constraints vanish, and it has been argued that first-class constraints usually generate local
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transformations [61,62] which is worldline reparametrization in the present case.

0.4.2 Spinning degrees of freedom of the free Lagrangian

Spin is the canonical conjugate to rotation which is a subgroup of Lorentz transformation.

Therefore, to incorporate rotation, we introduce worldline frame fields ef;(A) which are

similar to their usual spacetime cousins in that they satisfy the property

nabBZ()‘>eg()‘) = Ny, (20)

and el (\) are their inverses

ehen =0, ehey =0y (21)

Its first derivative is defined as
Qab MV a deg 29
— ety (2)

We note that by %(n‘“’eﬁeg) =0, Q% is antisymmetric and the associated canonical mo-
mentum is the spin Sy, which is also anti-symmetric. Thus, the first two terms in the

Lagrangian are

1
/ AN =i elp, + 5sabfza,,}. (23)

By counting the degrees of freedom, we see an overcount. A generic rank-2 anti-
symmetric tensor in 4 dimensions has 6 degrees of freedom while we are expecting 3 which
are conjugate to 3 spatial rotations parametrized by Euler angles. The resolution to this
problem is to impose constraints. While various choices are possible, we choose the covariant

constraints

S%p, =0, (24)

where we see that in the rest frame where the spatial components of the momentum vanish,
they are proportional to S%° = 0, eliminating the 3 redundant components with a being

spatial indices. Again, they are imposed as a Hamiltonian term

/ dXeAaS™py, (25)
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where )\, is the Lagrange multiplier. They have non-vanishing Poisson brackets among
themselves and are second-class. Thus, they are not associated with any local symmetry
but only serve to eliminate redundant generalized coordinates.

With the kinematics settled, we would like to write down the EFT for an isolated
rotating body. Following the principles of EFT and traditional Hamiltonian formalism,
we construct all terms using the canonical momenta, namely p, and S, and due to the
constraint, the only non-vanishing Lorentz invariant combinations are their quadratics. It
was shown by Hanson and Regge [64] that the constraint always reduces to a mass-shell

constraint p? = M?(S?) and the general spinning free Lagrangian is therefore given by
1 1
Spp = /d/\{—x'”eZpa + 55‘“’9@1) + eXaS%py, + §e(p2 — M?*(S%))}. (26)

M?(S?) is the so-called Regge function that encodes the deformation of the underlying
object under its own spin. The detailed form does not affect the low-energy dynamics, so
we leave it as it is. We note that while the mass shell constraint is not the unique choice,
by non-linear redefinitions of the variables, it is possible to cast the other possibilities into

this form, which results in a simple momentum equation of motion.

0.4.3 Interactions, finite-size corrections

To couple to gravity, in addition to Lorentz invariance, we also require general covariance.
This is achieved simply by replacing the Minkowski metric with generic ones 1, — g ()
(the local metric 7,, remains unchanged since by the equivalence principle, it is always
locally Minkowskian), derivatives by covariant ones d, — V. The worldline derivative also

gets covariantized as

d D d

562 — ﬁez = aez — x"jffweg. (27)

The covariantized free Lagrangian naturally generates the mass monopole and spin dipole
couplings.
Now the most general operators that we should consider should be constructed out of

Pa, S, the covariant gradients V,, the Levi-Civita tensors €gpqq (in d dimensions this has
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to be modified to having d indices) and the gravito-electric and magnetic fields defined from

the Weyl tensor

1
E® = — Ccadbpcpd, (28)
1 b
ab — 52 26“Cd€C’Cd fpepf. (29)

The symmetry principle requires that all these indices are in the corotating frame [59]. The

Ricci curvatures are redundant as discussed previously due to the vacuum Einstein equation
R,, =0. (30)

At linear order in curvature and time derivatives, the parity invariant possibilities are

an infinite set of operators of the form

> / dhe{cES™ ... 5%V . .. Vg Fayas
n=1

+cB 8™ .. StV b Vg Bayas b (31)

where S¢ = €ISy .py/ \/]? (They are the higher-spin multipoles whose effects were in-
vestigated by Levi and Steinhoff [67].) They are the only possibilities as using the vacuum
equations of motion, any other contraction would either vanish or lead to higher-order time
derivatives.

At the quadratic order in curvature, the possible curvature terms are [8]
/ d\e{cgEuE™ + ¢ By, BYY, (32)

where by parity invariance, terms like [ d\eEq4,B® are not considered. They lead to devi-
ations from the point-particle geodesic in general relativity implying tidal forces in action.
Thus, the Wilson coefficients cg p encode the leading order tidal deformations which are

finite-size corrections.

XXV1



0.4.4 Internal dynamics and dissipative effects

Using these Lagrangians, it can be verified by examining the resulting equations of motion
that S? and hence M2(S?) do not change over time. This means that there cannot be any
dissipative effects such as absorption and emission which should affect the mass shell.

To cope with this shortcoming, it is assumed that there exist some internal dynamics
which are gapless modes described by the worldline variables X (\) and X (\) [42,46]. Their
most generic coupling to the external background, similar to Eq. , are composite

multipole operators classified by the symmetry group

Z / d)\e{Q“b‘“ (X, e ' X:p, SV, ... Va, Eap

+Qaba1 .Qn (X e X’p’ S)val ... vanBab}v (33)

where Q%b/aé a; are symmetric-traceless representations that are parity even/odd [42-44]
and they depend on the momenta (p,S) through the choice of reference frame and the
spinning axis. The reason that this form takes care of all possibility is that no specific
form of these objects is being assumed, so all operators in the same representations can be
defined into the same operator.

The detailed dynamics of Qp/p is determined by the full theory of X, and it is expected
to be dependent on the actual physics such as the strong nuclear coupling in neutron stars.

Fortunately, it turns out that the only information we need is the correlation functions.

Therefore, we leave its Lagrangian unknown
/dAe{LX(X, e 1 X) + Lint(X, e71X, 5%}, (34)
The effect of this term is to make the mass shell constraint X-dependent as well

% / dre{p? — M2(S?) + Ly (X, e~ X) + Ling(X, -1 X, $2)}

1 X
= [ el - MR(sE xR, (35)
which indeed grants the possibility of dissipation.
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The Classical Double Copy and the

Spinning Generalization

In this chapter, we report on the classical double copy construction of radiation amplitudes
from spinning worldline EFTs. To motivate the discussion, Section starts with a brief
review on the original double copy in the context of scattering amplitudes. In Section
we describe the setups of classical double copy in the original work which would become
useful when we consider the spinning generalizations. Finally, in Section we outline the

important steps in the spinning calculations. This chapter is based on [20,21].

0.5 The double copy in scattering amplitudes

We describe the central idea of the BCJ color-kinematic duality and the double copy con-
struction in their original context of scattering amplitudes. We normalize the Yang-Mills

action as

1
Sy =7 / d*zF,FI", (36)

where F}, = 0, A% — 9, A% — g Ab A¢ is the Yang-Mills field strength with A% the compo-
nents of the gauge connection A, = AjT. T and f¢ are the generators and the structure
constants associated with the Lie algebra of the gauge group. ¢ is the coupling constant.
The field is usually also called a gluon due to its association with QCD, and the theory is

gauge-invariant under the non-abelian gauge transformations

A, — GAG + é(auG)G*, (37)
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Figure 2: The s, t, u channel graphs of a 4-point scattering

which represents the fact that gluons are massless, at least in the weak coupling limit.
Expanding out the field strength, we have terms cubic and quartic in A}, which generate
3- and 4-point interaction Feynman vertex rules and the vertices depend on one and two
factors of the structure constants fo.

For any tree-level scattering amplitude in Yang-Mills theory, the scattering amplitude

can be expressed in terms of [25]

(tree) _ c(g)n(g)

. gem%a:lent d ’ )
where ¢(g)’s are, due to QCD, called color numerators, consisting of group theoretic ob-
jects such as the structure constants f%°, n(g)’s are kinematic numerators depending on
polarizations €”(k;) and momenta k; of the particles being scattered and 1/d(g)’s are the
propagator pole structures which guarantees the theory is described by a local Lagrangian.
The argument g labels all the trivalent diagrams corresponding to this scattering process.
The reason tetravalent graphs corresponding to the quartic vertices are not considered is
that they contain the same set of color numerators as the trivalent graphs and they can be
absorbed into trivalent ones by modifying the definitions of n(g).

The c(g)’s satisfy some algebraic relations since the structure constants obey anti-

symmetry under the exchange of color indices

c(g) = —c(9), (39)
where g represents graphs with any two color states exchanged and Jacobi identities

fabefecd + faCEfebd + fadefebc = 0. (40)
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For example, in 4-point processes, the trivalent graphs are the traditional s, ¢, v channel

graphs Fig. 2| and this translates to the relations

c(gs) + c(gt) + c(gu) = 0. (41)

the trivalent graphs are for the It has been shown that the so-called BCJ relations of these
amplitudes imply that the n(g)s satisfy an identical set of algebraic relations [25] which in

the 4-point example are

n(g) = —n(g), (42)
n(gs) +n(gt) +n(gu) = 0. (43)

This property is known as the color-kinematic duality of gauge theory scattering amplitudes.
The surprising duality is well-established at tree level since the BCJ relations have been
proven in various ways.

To understand the consequence of this duality, we first note that gauge invariance
Eq. is manifest in the Yang-Mills amplitude A("¢®) as the invariance under the shift
e’ (k;) — e(k;) + k% in n(g)s. The establishment of this property crucially depends on the

algebraic relations of ¢(g)s. Color-kinematic duality tells us that by the replacement

c(g) = n(g), (44)

where n(g)s are duality-satisfying kinematic numerators with polarizations €, we obtain a

new local tree-level amplitude

n(g)n(g)

M(tree) _ T 45

> y
g€E€trivalent

There is always a symmetric traceless part of the direct product ¥ (k;) C e*(k;)€” (k;). The

color-kinematic duality then guarantees that e*”(k;) — a*k} + kI'b”, for arbitrary vectors

a* and b”, which is essentially the gauge invariance in Eq. in momentum space. As

discussed in Section this local spin-2 massless field theory could only be the graviton.



0.6 The classical double copy

In this section, we quickly review the setups of classical double copy construction introduced
in [35]. We neglect some of the details since many will be covered in the next section on

spinning generalization.

0.6.1 The actions and equations of motion
The Yang-Mills theory

When the Yang-Mills is coupled to some charges described by the action S, the sourced

Yang-Mills equation is given by
D, F*(z) = gJi (x), (46)

where D, = 0,,+ig A} T" is the gauge covariant derivative and the current on the right-hand

side is given by
5Swl
(5AZ($)

i) = (47)

The simplest Lagrangian is constructed by introducing a worldline color charge c%(\), as

given by
Sut > Zﬁmm% 2, (18)

where from here on, the subindices («, 3, ...) label different particles. Strictly speaking,
there should also be kinetic terms for the charge ¢*(\) that controls its dynamicsﬂ How-
ever, it is possible to obtain the same information model-independently from the covariant
conservation of charge ©4D,c% = 0 which leads to

¢ = gfreat Ab (vq)cs,. (49)

(67

2. For instance,we can have a gauge-invariant action f )\ij:“szDuw, and the color charge is identified as
¢ =iy (68].
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Therefore, the kinetic term is left implicit. From this action, the current is given by

JH(x) ::jgzu/mdAcgfgéd(x:xa). (50)

The other two equations of motion are

Pa = 96 Fo (Ta)ie, (51)
h = eph. (52)

Lastly, in Lorenz gauge 0" A}, = 0, Eq. reduces to
O*Al = gJl!, (53)

where the non-linear terms in Aﬁ are also absorbed into the definition of .J and the effective

gluon propagator is given in momentum space by

Ny
D, (k) =— kg : (54)

The dilaton-gravity theory

In general dimensions, we introduce a scalar field called dilaton in addition to the Einstein-

Hilbert action

S — —omd? / 'z /LR — (d — 2)g" 0,00, 6}, (55)

where the Planck mass is defined as mp; = (327rG)7ﬁ. The graviton propagator now
become
i 2
D,uzz,po'(k) = m(’lup%o + NpoMvp — ﬁnm/npa)a (56)
and the scalar propagator is

i
C4mS2(d - 2)k?

D(k) (57)

Xxxii



Of course, the coupling in Eq. is arbitrary. This specific value is the one that establishes
the double copy. In fact, the motivation of working in general dimensions and adding the
dilaton is to subtract away the d dependence introduced by graviton propagators. The

corresponding field equations are

1
VAN p=————F——J, 58
H0 T i d—2) o
1 1
v 5 v T a5 T, v T v)-
R;L 2Rgu 4m61l3?2( v Lo ) (59)
where the dilaton energy-momentum tensor isgiven by
v _ 1
Ty = 4(d = 2)mip {0,600 + 590/(06)"}. (60)
These equations can be recasted as
1 ~
Pp=—— ], 61
S Ty oy
1,97 1 - 1 . 1 -
56 h,uu — §ap8(uhl,)p + 577,“,8'”8 hpa' = WTMV (62)

where all the terms containing higher orders in the fields are absorbed into the modified

sources J and T, wv - Similarly, the dilaton source is given by

5Swl
J(x) = , 63
@)= oS (63)
where the worldline action is
) s a 1 a 2
Swi = | dse®{—ite}p, + ie(p Pa —m°)}. (64)

xxxiil



Again, the coupling to dilaton could have been arbitrary, but this choice of e? is the one

that works in the end. The equations of motion are

pg = - [ani‘p =+ (;)’3”80 - iaay)ﬂ 7, (65)

it = eph. (66)

0.6.2 Radiation amplitude from scattering

The radiation is the solution to the field equation at asymptotic null infinity. From the
equations of motions Eqgs. , , , we notice that any one of the fields abstracted

by ¥(zx) is schematically solved by
W(x) o / de”**D(k) T (k), (67)

where D(k) is the propagator and J (k) is the redefined currents. Since the propagators are

all D(k) o< 1/k?, at asymptotic spatial infinity, we have (in 4 dimensions)

lim Up(z) é/dwe_thp(k), (68)

|Z| =00

where Ap(k) = gep(k)J (k)|s2—o is the radiation amplitude in the polarization channel of
ep, defined as being proportional to the on-shell current [35]. In addition, it also gives the

radiated power spectrum in phase space

APH = / 0(k°)5 (k)] Ap (k) 2, (69)
k

where fk =/ (gjrl)“d is the phase space integral. Therefore, the radiation amplitude captures
all the information about the radiative fields. It is also an amplitude in the sense that
interpreting ¥(z) = (¥(z)) as a 1-point function, it can be obtained in a standard LSZ

reduction way

Ap(k) = Tim ep(D7 (k) [ 7 (¥(a). (70)
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At this point, there is a caveat that the boundary conditions on the propagators are not
specified. In this classical system, they are expected to be retarded due to classical causality.
However, in this section, the boundary condition does not play any role, so we leave it

ambiguous. Specifically, we define the Yang-Mills radiation amplitude as

epu(k) AL (k) = gepu(k)Th (k) (71)

where J4 (k) = [ d%re=*% Ji(x) and similarly, the dilaton and graviton radiation ampli-

tudes as

Aa(k) = — (d—2)/2 J(k), (72)
l

respectively.

While the standard Feynman rules take good care of the non-linear interactions, a
problem remains that in the original currents such as Eq. also depend on dynamical
variables which have to satisfy the equations of motion. For generic orbits, it is not obvious
how to solve them, so the simpler case with particles coming from infinity scattering and

flying off to infinity. For this setup, the dynamical variables are written as

Th(X) = bt + ephd + 2h(N), (73)
Pa(A) = 1o + Pa(N), (74)
(X)) =%+ 2(N). (75)

where the time independent factors are the initial data at A — oo. In particular, b, is
the impact parameter of the scattering particle. We can use the lower-order deflections to
calculate the fields (¥(x)) and substitute them into the equations of motion to solve for
higher-order deflections and reiterate. In this way, the dynamical variables and hence the
source currents become perturbative as well. For the Yang-Mills equations of motion, the

expansion parameter is roughly

9262

s <L (76)

XXXV



[o} @]

™
\’t‘/l/’(#’a

(a)

Figure 3: The leading order gluon radiation diagrams, excerpted from [35]. The straight
lines with arrow always represent the classical particle worldlines, while the curved lines are
gluons.

while the expansion parameter for the field equation is

g2ebt ™4 <« 1, (77)

where c is the typical size of the color charges, b the impact parameters, and E the scattering
energy scale. Therefore, we can identify the two when ¢ ~ Eb, in which case the problem

is identical to an expansion in g. In the gravitational case, the expansion parameter is

E
— <1 (78)
d—21d— ’
4m‘p, “bd=3
so it is equivalent to an expansion in
1
K= d—2 (79)
2
2mpy

Yang-Mills radiation

The formal solution to the field equation Eq. is

Z'efik-ac -
(At(@) = g | ST, (50)

from this, we normalize the radiation amplitude as A4 (k) = gJ& (k), such that the

,L'e—ik-x
(At@)) = - [ At (81)
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For Yang-Mills radiation, [35] found the two diagrams in Fig. [3| at the leading non-
trivial order. The straight lines represent the particle worldlines and the vertices on them
are therefore the source currents. Due to the perturbative expansion described above, the
currents are an infinite series organized by powers of ¢2. In Fig. (&)7 the contribution
comes from leading-order deflections while in Fig. [3(b) the leading order results arise from
interactions between the fields sourced by undeflected charges. The result is given by

k-t
a 12 6
Ca<— (o - B) {55— k_papéi}

2

—it' Y [ s tcaren)
a,B 7 retp
2

, ¢
+ k- paply — k -pﬁp5> + i(pa -p,a)f“”ccgcgﬁpg
«

A ()

(67

O(g3)

+ [cas cp]” [2(k - pp)pe — (Pa - PB)CG] S (82)

where the first two lines come from Fig. [3(a) and the last from Fig. [3(b). The commutator

C

means the combination [cq,cg]* = i f“bccgcﬂ. In this expression, we have introduced the

shorthand notations

eila-ba oilsbs e
1) = [ (2800 ) =] [@m03Ca ) S 5+ 63— (89
o B
Dilaton-gravity radiation
The formal solution to Eq. is given by
ha) = 20 [ S [T = a0 en
nv & ,IC2 yi% d - 2 y22%4 o )

so we define the graviton radiation amplitude by A, (k) = —re,, T (k), such that

e*lk-l‘

" (hyw (z)) = _2H/k 7.,49(14:).

The diagrams contributing to the leading order are summarized in Fig. 4 Fig. (a) results
from radiations caused by deflections of the worldline variables. Fig. [|(b), (c) are due to
higher (than linear) field dependence in the worldline EFT. Finally, Fig. [i{(d), (e) are the

consequence of field interactions in spacetime.
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Figure 4: The leading order graviton radiation diagrams, excerpted from [35]. The dashed
lines are dilatons and the coiled lines represent gravitons.

a
k\'\\\ g k\:\\
~ ~
8

b)

e --—-——-————-# 0D

—
2
=
—
—
o
-

‘| E
fﬁ[ g
8
(d)

Figure 5: The leading order dilaton radiation diagrams, excerpted from [35].
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Similarly, the formal solution to Eq. is given by

K2 e~ kT _
- A 1
o) = 75 [ I (55)
and we define the dilaton radiation amplitude as Agy(k) = —Wj (k). The relevant

diagrams are summarized in Fig. |5| which are also very similar to the graviton diagrams in
nature. The results are not particularly relevant to the discussions at hand and are omitted.
They appear as Egs. (50), (55) in Section III of [35].

0.6.3 The classical double copy

The conjectured mapping rules are

Co +r DPh (86)
fobe s THYP(—k by, Lp), (87)
g — K, (88)

where I'*P(—Fk, £, £g) is the kinematic factor of the 3-point vertex rule in Yang-Mills theory,

given by

DHP(=k, bay g) = 5 [(lg — L)' 0™ + (b + K)'0 — (Ls + k) 0"7] .

1
2
The mappings convert the radiation amplitude Eq. into a new one A (k) which has
to satisfy Ward identities on both indices k, A" (k) = k, A" (k) = 0 to guarantee the gauge
invariance of the resulting theory. Unfortunately, it does not work out naively. However, as
radiation amplitude is only defined on-shell, we may add to Eq. any gauge terms that
vanish on-shell. Therefore, there is a freedom of adding any term proportional to k* since
it always vanishes when contracted to k, due to the k? = 0 on-shell condition. By adding
the term

1 . 1 a 6121
A0 =" Y [ a3 caes)ei o (pa pal, (%9)
ap /tarts P

(67
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one can check that the resulting amplitude
AL (k) + A (k) = A (k) (90)

indeed satisfies the Ward identities.
To see how this relates to the gravitational radiation, it shall be decomposed into po-
larization channels. The direct product of the two copies of vector polarizations

- €€
€n€v = €uv + Ay + mﬂ"uy, (91)

is decomposed into the symmetric traceless channel ¢, = %(euéy + eyéﬂ) — %W#W the
anti-symmetric channel a, = %(euéj — €,€,), and the trace 7, =, — W where
qu is an arbitrary reference vector that is not parallel to k,. It was verified that A" (k)

is in fact symmetric, and the non-vanishing symmetric traceless and trace channels match

with the graviton and dilaton amplitudes on-shell [35]

epun A (k) = Ag(), (92)
%WWAW(@ — A(k). (93)

0.7 The spinning generalization

In this section, we report on generalizing this construction to spinning sources [20,21].

0.7.1 The spinning setup and equations of motion
Yang-Mills theory

As discussed in the previous section, there are an infinite number of operators that can be
constructed with spins which are not higher-order in g or s coupling. To avoid this issue, we
focus on the regime where the object is rotating slowly so that we could expand in powers

of spin and truncate the results to linear-order in spin. At this order in spin, there is only

pdl



one possible operator in the Yang-Mills worldline EFT
5= / dAectSHY FS (). (94)

While the coefficient is again arbitrary in principle, this is the value that allows a consistent

double copy. Incidentally, in d = 4, this can be written as
g aa Sa
/dtcs.B, (95)
m

which is the non-abelian analog to the Dirac gyromagnetic ratio gp = 2.

The field equation remains the same, but the gauge current becomes

) =~ e S (96)

_Z/dmﬂc 0%z — o) + /dAeSéf”Dy [cgéd(m - xa)]' (97)

Using the covariant continuity equation DuJéf = 0, we find the new conservation equation
for the charges

(jja : D) efabcs;w /,Ll/ Z (98)

The energy-momentum tensor is given by

)
T (2) = —2—-+—Su1
) = 2@,
= Z / dePp) 6%z — x4) + /dac(“S”)"ag(Sd(x — Tq) (99)
+g / AN (2 — 4) 2 FO, GV (100)

Given the Yang-Mills energy-momentum tensor 73, a corollary of Noether’s theorem is
that under arbitrary support X , [ dd;chaﬂ (T’“’ + T;l]'w) = 0 is true when equations of

motion are satisfied. From this fact, we can extract the equations of motion

Pl = 9sCa 18" o + eSh7 o DI Fy,, (101)
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SV = il — ihpl + gecaFy 1SLT — gec Fy VSKC. (102)
The remaining equation for the position variable is most conveniently obtained by requiring
the constraint to hold along the worldline

d
o (SH pay) =0, (103)

and substitute in the equations above to solve for 4. In solving these problems, we assume

that the spin also separates into the initial data and the deflections
SEY(N) = SHY 4 SHV()\). (104)

String-gravity theory

In this case, we include the previously ignored anti-symmetric gauge field channel denoted

by B,, = —B,, which has an anti-symmetric gauge transformation
Buy — B;u/ + 8M€l/ - 8V§M' (105)

The complete action that works for the double copy is given by

Sy = —2m%,;> / d?z\/g [R — (d —2)g" 0,p0, ¢ + %HWUH“”“ , (106)

where H,,,c = 60, B, is the gauge-invariant field strength tensor. We call this the string-
gravity action since it is precisely the low-energy effective action of the massless common
sector of oriented string theories. In that context, the B, field is called the Kalb-Ramond 2-
form field, which we will call an axion since in 4 dimensions, the field strength is equivalent to
an odd-parity scalar field H,,o = €.10p0”¢ known by the same name [69]. We note that this
is somewhat expected due to its roles in the double copy of gauge theory amplitudes [70] as
well as in Kerr-Schild double copy [71]. For the worldline theory, we also have one additional
possibility

1
St D ZZ / ANSH 3% H ype 2. (107)
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Incidentally, this coupling together with the graviton coupling term has a simpler geometric

interpretation in terms of the “string frame” spin SW = 62‘755“,,, which is given by

St D % / dzPCt,,,, 5. (108)

The symmetric part CT7 = =T7 wv corresponds to the Levi-Civita connection compatible

() —
with string frame metric g, = 62¢gm, and the torsion 1%, = C’+p[w,] = 6_2¢HPW = }NIPW
corresponds to the axion field strength.

The field equations arising from these actions are given by

]‘ 14 v

RNV - §Rguy = T(TMV + Tg + Tg ), (109)
1 e~ 10
VAV b = — J+ H?, (110)
" -2 6d-2)
— 1% 1 v
V)\(e 4¢HU A) ﬁju N (111)
Mpy

where the currents latter two currents are given by

d(y _
J=> / ds (a'cgpwe‘f’ + Sg”a;«gHWez‘f’) 5(“@[%), (112)
— g

1 54
=g / ds(SH! ik, + SEAEh 4+ SV iR )V [e2¢> @ (113)

]

The energy-momentum tensors are given by

8z — x4) 0z — x4)
w Z / dx&#pz)iay + [ axtesviey, [a]
V9 V9
1

= 2/daz H,\o9 Alegy) pe*%& (\/§ ), (114)

1
— <H?¢"}, (115)

Th = —m%b2e 4‘75{171T“’”H” 5

and T g ” remains unchanged. Using the covariant conservation [ d%z,/gX,V,, (Tzﬁfn’j +T5" +
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Tq’; V) = 0, we obtain the full equations of motion for the momentum and spin

1
Pl =Pavo 0" — P00 d — T, opl + S RV 5 0 Sete™?

vica~a

1 1
+19'ca -V (g" HyppSIPe™2%)e ™% — 553%3}1@(,6—%3%, (116)

SUV BV P VA, TGPV 50 TV QRP 5O
SEY = phage” — prahe I‘JPSQ xg, FUpSa Ty,

1 1
—inngg%ge—% + 5m{,pgk"Sgpg;«ge—%. (117)

The position equation is again obtained by requiring the spin constraint Eq. (103]).
For the axion field equation (111)), we choose the gauge d,B"" = 0 and the equation
becomes

O’BM () = 4r2 T (z), (118)
and correspondingly, we define the axion radiation amplitude by

Ay = 2ka,, " (k). (119)

0.7.2 Yang-Mills radiation from spinning charges

To shorten the writings, we introduce the notations
S py = (Sa A D), (120)

kuSEpy = (kA p)a. (121)

The leading order current corresponds to the Feynman diagrams in Figs. [6|(a), (b) which is
given by

Tl o = 2 [ N i i AR (122)
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i, a

(b)

Figure 6: The O(x3, S!) gluon radiation diagrams
It sources the field at the intermediate order

ddf e—ié-x _
o _ H
“”)‘O<gl>—g/(zﬂ)d 2 T Ology

Y e—if~(z—:1:a)

dd
—9y a iy p
g ) /d)\e(27r)d 1z cs [ph 4+ ik (Sa A OH], (123)

which by the equations of motion, leads to deflections: for colors

- 2 _742( aﬁ+e>\pa) abe b
eloge,s0) = Z/QW” 0 —— /" (Pa - pp), (124)
B
B 2 716 (ba5+6)\pa) abe b i ,
65‘0(92,51 = —ig Z/QW(SE ps) 72 — /G Paply Sy + ppulSEY),  (125)
BFo
for momenta
- . 9 e—i€~(ba5+e)\pa) , ”
pg‘o(9275’0) =19 Z(Ca . Cﬁ)pau A2W5(€ pﬁ)g—Q(eupﬂ — g p5)7 (126)
B
B efif-(ba5+6/\pa) o , o U
pg‘(’)(g2’sl = Z Cq Cﬁ /27T5(€p6)£2[pa11(€u€05/3 _E €O'S/5 )_I_Sg pﬁo—fpf'u]
B

(127)
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for positions

B — epgyo(ml) =0, (128)

(we note that this would be non-zero if gp # 2) and for spins

Z . . u .9 e_ie'(baﬁ‘i‘e}\pa)
St | oy = Zapls — Zhpl +ig” Yy /l27r5(€ )
B
X (e~ ) (Lot — O'psol S — [loth — CpsolSE). (129)

Substituting these deflections into the lower order amplitude, we find

_ ik-Tqo i .a . a . k - i'oz
Ag(k)‘Fig [la)+(b);0(g%,51) — Z/d)\e k-d. [caacg T Ca {mg kv UZH
o “ “ O(g3,51)
(130)
1 . ol e k-Zq
+k-;b 2 (Sa Nk)+ ¢ (Sa/\k:)—k_ —(Sa N k) , (131)
“ ° 0(g5,5")

where the explicit results are given by Egs. (316]), (317) in Appendix At this order
O(g?) in perturbation, there are two contributions from diagrams without deflections in the

particle trajectories. The first of these is from Fig. []c),

AL i, Bc):0(g%.51) = ig2 Y /Naﬁ(k)[caa%]“@i(sa A pp). (132)
a,B

aB
The second of the zero deflection contributions is from the diagram with the triple vertex
in Fig. [6{(d),
Ag(k)’Fig. B(a);0(g3,51) — —ig’ Z /Maﬁ(k)[cm cg)*{2(k - pg)(Sa A La)"
a,8
a#p

+ (éa /\pﬁ)a(za - ZB)M + Q(Ea A Kﬂ)apg}' (133)

Combining them together, we find the results in terms of a sum of two different color
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structures

R ogge.s1) =i93Z/duaﬁ<k) [(Ca'CB)CZA5+[Ca,CB]aAZLdj ) (134)
b
with
Al = = [(la Apg)alls — La) — fo (0 /\p)p“—i(ﬁ A pg)ably + L2 (Sa A pg)*
adj — «a B)o\tp o paﬁ B)aPa k'pga B)alp a\Ma B
(kA Lly)a ] 02
+9(k - {SQMQN— Hl b —2 (py - pg)(Sa A k), 135
(k- pa) |( ) kops U5 k_pa(p ps)( ) (135)
and

Al =+ [(Sﬁ/\fﬂ)” %pa]
N %ﬂa [(k '28) {(S“ M) = wp‘é} — (k- ) {(Sa A ps) — w%}]
o {5 izt s ] gt [
HC .%a)z(poz -pg) (k- £5)(Sa A k)M 136)

0.7.3 String-gravity radiation from spinning particles

As we are focusing on linear-order in spin, there is no need to consider the deflection from
the axion field. The reason is that it is always sourced at one order in spin by Eq.
and couples to the equations of motion Egs. , at another which is already second
order in spin.

The graviton and dilaton fields at the lowest order are given by

dde e —il-(z—2a) gé . i , ,
N =20 [ o - = asn st
(137)

K2 ddy 671'4-(967:13&)
Moo = 7og L7 | G —— (139)
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which in the equations of motion upto linear order in spin

pg’()(sO)Jro(sq) Pt 0l — phig0sd — Fo’p'apa+ R vt ;SgA a (139)

S| ooy oty = Phihe? — phitie® — Th SIVaT — T4 Skou, (140)

leads to deflections in momentum

—iZ~(ba5+e)\pa) p2
[ (€ pa)pls + 2(Pa - pp) (L - )P — (Pa - P5)* "

pa‘o(f# 50) = =ik Z/ZW(SE Pg) 7 72
B#a

(141)

_M'(baﬁ“'E)\Pa)

p
oy =2 X [2000 -5 | 25 (0 n 0
bra

+ (¢ Apgla = (LA Pa)sl[(£ - Pa)pls — (Pa - Pa)H] + (£ Pa)(Pa - P5)(Ss A O

(142)
in position
. ~ —zﬁ (bap+erpa)
Zh— epZ’O(T]2,Sl =— d 2) Zmﬁ/%ré (¢-pg) 7 ————(Sa N O)H,
and in spin
) fzé (bap+erpa) . i .
!O 2 51y = =K Z /27r(5 (¢-pp) —m [(E-pa){pﬁ(sa A pg)tt —pB(Sa A pg) }
B#a
+(Pa -pg){pE(Sa ANO! = plg(Sa A" +0(Sa Apg)” — £7(Sa /\pﬁ)“}
P
—i—d 52 {pa(S ALY — Pl (Sa NP — 4 (Sq A pa)” + €7 (Sa Apa)t —2(¢ 'pa)S}j”}} :
(143)
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(d)

Figure 7: The O(x?,S') axion radiation diagrams. The coiled lines here are now axions
and the thin curved lines represent the gravitons.

The axion channel

The leading order radiation has contributions from Figs. [f[(a)-(d). The contribution from

Fig. ( ) is due to deflections induced by the leading order fields. It is given by

_ i3 ikaa KA k-Za qap.v A
k)‘Fig.a);(’)(niS’Sl) - 5’% aM”Z/dTae k- iy |: L - an M +S Hw (144)

+ SMgY + cyclic permutations (u, v, )\)} (145)

O(n?,81)

We can explicitly evaluate these expressions by substituting deflections derived previously.

The resulting expressions are given by Eqgs. (318)]), (319)) in Appendix
The other contributions to the axion amplitude, at this order in perturbation, come
from diagrams with no deflections in the trajectories of the particles. Fig. m(b), with an

intermediate dilaton, corresponds to

ik3a,, y
()| ig. o005 = ~37g — 31 Zmﬁ/dﬂaﬂ [kpa)s“ 2(Sak)!p—(p <> v) |-
a#ﬂ

(146)
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(b)

Figure 8: The O(x3, S!) graviton radiation diagrams

The two 3-point vertex diagrams in Figs. [7|(c), (d) contribute

2m Qpw y
Aa(k)’Fig. [(c);0(n2,8") =0 Zpﬂ/ﬂaﬂ |:{(k ’ ea)(SOé /\Za)“pa

a#ﬁ

(kDo) (S0 A ) + (A Ca)aphth ) — ( u)], (147)

() pig. o,y = —0° 0w D / Has (k) [(m-m){(k‘ea)(wea)“pg—<k-pﬁ><SaA6a>“ez
a,B
a#B

— (kA €a)al5p}§} + (k- pg)*(Sa A la)'p = (k- pa)(k - pg)(Sa A la)Pj

+ (k- pg)(k A la)aphph + (k- pg)(la A Dg)alhpe — (k- pa)(la A Dpp)alhp
2

2
0 £2) (Sa A L)~ (- pa)(Sa o)

+ (kA za)apge;} (o u)]. (148)

+ (k : Ea)(ﬁa /\pﬁ)apgpg

The graviton channel

Similarly, the gravitational radiation receives contributions from Fig. [§(a)-(d). The contri-

bution from Figs. [§|a), (b) come from deflections to the particle spin and trajectory due to



the leading order fields. This comes out to be

ik-x —1 k xa TRy
’Flg Bla)+(b);O(x3,51) = —KR€uw Z/d)\e htta |:k‘l‘a{ k- g gzpa - vupa Cﬂgpa}
a
(149)
k k : "a . .
_k-; {k:i :cgsgﬂ—xgsgp}ﬂw—w)} .
“ “ O(k3,81)
(150)

These contributions are explicitly given by Eqs. (320)), (321]) in Appendix
There are two contributions from emission off bulk vertices with the particles not suf-
fering any deflections. The first of these is from Fig. [§fc) with an intermediate graviton.

This contributes

Ea v v
Blisg Boror.sn) =~ X [ nash) g [(va 25 {(Sa 7 2)"85 = (Sa 10505}
o,B
a#p

2

T 2(5 NLg)lpe, + (1 1/)} (151)

— (k- pa)(Sa A pg)i'ps +

The final contribution is from the graviton triple vertex diagram in Fig. [§(d). As in [?],
in computing this contribution, we use the background field gauge 3-point vertex. This

gives

}Flg Bld);0(n2,81) = —2K€u Z /Maﬁ(k) [(Poz 'pﬁ){(fa Lp)(Sa N a)!'D + (k- p)(Sa A la)! Ly,
B

1
+ (la A gﬁ)apﬁla + (ba A pg)alols — 5@(% A pﬁ)an“”} —(k 'pﬁ)Q(Sa AN la )Py,

+ (k- pa)(k - pg)(Sa A la)'h + (k- pa)(la A pp)apile — (k- pg)(la A ps)aPals

— (k- pg)(la Ng)aphph + (k- pa)(la Ng)apps — (Lo - £)(ba A P)aPhP
2

p
5 (Sa M) P+ (1 )] (152)
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(a)
Figure 9: The O(x3, S!) dilaton radiation diagrams
The dilaton channel

Lastly, the leading order dilaton radiation amplitude is summarized in Fig. [0] The first

gives contributions to the dilaton amplitude from trajectory deflections,

ik-xq { k- -;E.oz . . . .
‘Ad(k)‘Fig. Bfa);0(x3,81) = Z / dAee m |:k Eg Lo Pa — Lo Pa — Ta - poz:|

O(n?,81)
(153)

We substitute in the momentum deflections and find the result in Appendix |.2] Eq. (322]).
The other two contributions are calculated at zero deflections in the particle trajectories.

Fig. [9[(b) involving an intermediate graviton contributes

2ir?
Ad(k)’Fig. Blb);O(k3,51) — (d— 2)1/2 Z /Maﬁ(k)ei(pa -p3) (s A\ pa)s- (154)
a,B

ap

Finally, we have Fig. |§|(C) involving the 3-point graviton-dilaton vertex in the bulk,

contributing
2ix3 9
Ad(k)|pig, Bfc);0(k3,51) = —m Zpa ta,5(k) (K - pg)(La A €g)p- (155)
af
aB

0.7.4 The spinning classical double copy

Applying the same set of mapping rules in Eqgs. , , and leaving the spin

unchanged, we find that once again, it is necessary to include an additional gauge term
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1 02
=383 [ st [<ca-cﬁ>cg (o A pada (€ A B} (150

«

so that the mapped amplitude

— A
o(s1)

Al A8

) (157)
o(s")

is gauge-invariant. Decomposing by the polarization tensors, we have therefore successfully

confirmed that the predictions match with each channel directly calculated from string-

gravity
au A" (k) = Aq(k , (158)
o(st) o(st)
e A (k) = Ay(k) : (159)
o(sh) o(sh)
S A (k) = Aq(k) , (160)
d—2 o(sh) o(sh)

at linear order in spin expansion [21].
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Classical strings and extended

objects

While the leading order calculations are surely successful, the color-kinematic mapping
rules proposed above are not applied to the radiation amplitudes. The problem is that,
unlike their scattering amplitude cousins in Section these rules cannot guarantee gauge
invariance by construction and there is a possibility of failure at higher orders.

The issue was resolved by Shen [36]. By examining the radiation amplitudes in the so-
called cubic bi-adjoint scalar theory [72], it was discovered that color-kinematic duality also
exists for these classical radiation amplitudes. Exploiting the duality, an updated version of
classical double copy was constructed, and was verified to hold at the next-to-leading order.

In this chapter, we re-analyze the results derived in the previous chapter, using this
revised version of classical double copy as described in Section In Section we
discuss how the generalization to the spinning case has a possible interpretation in terms
of classical strings. Furthermore, in Section we apply the new classical double copy to
worldline EFT with finite-size corrections and show that it works under specific conditions.

This chapter is a modified version of [22].

0.8 The color-kinematic duality of radiation amplitudes

To facilitate the duality for radiation amplitudes, we begin with reviewing the classical
bi-adjoint scalar radiation and its mapping to the Yang-Mills radiation amplitude. From
this result, we describe how the color-kinematic duality can be established for radiation

amplitudes.
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0.8.1 Bi-adjoint scalar radiation

Inspired by the works on scattering amplitudes 73] and Kerr-Schild double copy [71], Ref.

[72] considered the massless bi-adjoint scalar field theory with a cubic interaction
) _% /ddl,fabcf(zl;Egba(ngblagbc&7 (161)

that is invariant under two independent G x G global symmetry groups acting on ¢% in
their respective adjoint representation. In this theory, there are also two copies of color
charges ¢, ¢@, respectively transforming in the adjoint representations of G' and G. Given
these variables, the simplest worldline term that is consistent with the symmetries is given

by (suppressing particle labels)

Swi D y/d/\e(c ¢ C), (162)

where we have introduced the shorthand notation c-¢-é = (c-¢)%% = c¢%(¢-&)* = c*¢*3¢?,

The field equation is
82¢a(’i . yfabcfa55¢b5¢c5 — _yja& (163)
where the source from the worldline action is given by

T (z) = Z / dhec? 6% (z — x4). (164)

P= —ec oM, (165)
it = eph, (166)
& =~y o, (167)
& = —y fIeE b . (168)

Similarly to the Yang-Mills calculations, in the regime ¢ ~ ¢ ~ Eb, the expansion is orga-
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(a)
Figure 10: The leading order bi-adjoint scalar radiation diagrams
nized by a single parameter proportional to the coupling constant y.

The calculations are entirely analogous to the other cases, and the two leading order

diagrams in Fig. lead to the total amplitude in the form

ad . a k-t ~ .~ \x \a a AL
AR =1 Y [ )] (- 3)ca " G (G 606 e (1) ]
a,B - B ( : pa)
2 . 2 .
) “ ~o¢'~ ~aa o’ aa7a~a’~a' 1
+[cas el 'pa((c €6)Ca)” + ((ca - cg)ca)” o [Ca; 6] (169)
By using a similar set of mappings
Co ™ Do (170)
Fe s THP(— Ly, L), (171)
y = g (172)
the Yang-Mills amplitude is retrieved
A% (E) = A%M(EK). (173)

0.8.2 The classical color-kinematic duality

The key observation is that the bi-adjoint radiation amplitude Eq. (169)) is factorizable in

a matrix form

A% () = 3 / (Ca)T PCs, (174)
a,B
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where the two copies of the “color numerators” written as column vectors are

oo — (ca - ca)cg G — (Ca - 65)6(3 (175)
[ca ca]” [Caus 5]
and the “propagator matrix”
€2 k-s E?x
- k fe% 2 k %
P = —ipgp(k) | "0l e (176)
k';a _1

consisting of a mixture of poles from both the worldline and spacetime propagators. Using
these results, the Yang-Mills radiation amplitude Eq. is also found to be factorizable

as

Ay = g* S / (C)TPN®, (177)
a,B

where the kinematic numerators are now written as

1
Pa - Pp )P
Nt = (P - s) . (178)

(k- pa)ply — (k- pp)pe + 3 (Pa - p)lA — 5 (Pa - P3)Y
Now we can see that the second components both enjoy anti-symmetry under the
exchange o < 3, which is the manifestation of color-kinematic duality in the classical
case. The mappings from bi-adjoint to Yang-Mills and from Yang-Mills to dilaton-graviton

straightforwardly become

C%— NF,  C% N”. (179)
Indeed, the resulting prediction

A (k) =g > / (NYYTPNH, (180)
B

corresponds to the dilaton gravity amplitude. Now we understand that the role of the extra
gauge term Eq. is to equip the numerators with algebraic properties dual to the color

factors.
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The proposal further generalizes to the n-th order perturbative amplitude. We organize

the bi-adjoint theory amplitude into
A (k) = >y CpPice. (181)
ij
from which we could extract P%(k). For the gauge theory, we construct all possible N (k)
that obey similar particle interchange symmetries and kinematic Jacobi identities as the
corresponding color objects C' do, and we make the first replacement C% — NH to obtain

a Yang-Mills amplitude
Al (k) = g*"t1 Y " CoPUNE, (182)

ij
such that Ward identity k,AL" (k) = 0 is satisfied. This then automatically guarantees that

a second replacement C'* — NV generates a consistent radiation amplitude
AP (k) = g2t Z N!(k)PY (k)N (k), (183)

whose spectrum contains a graviton by the color-kinematic duality. By explicit calculations,

this conjecture was verified to be valid at the next-to-leading order [36].

0.9 The spinning worldline theory and classical strings

0.9.1 The color-kinematic dual radiation amplitude with spin

We combine the two Yang-Mills radiation amplitude Eq. , (1134) together with the extra

gauge terms Egs. (89), (156) result can be put into the form

A =g* 3 [(€)T PN (184)
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where the effects of spin are encoded in the new numerator structure Ng = N + Ng, with

N* as in Eq. (178) and

(U5 A pa) P — (£g A pg)aba — (Pa - PB)(Sa A k) + (k- pa)(Sa A pg)
(k- p3)(Sa Al + (ba Nlg)aph — 5(la ADg)a(ls — la) — (v <+ B).

Ngt =i

(185)
Remarkably, the propagator matrix is identical to Eq. found in the absence of spin
and the second kinematic numerator satisfies the correct anti-symmetry condition. Now we
understand that the specific choice of gyromagnetic ratio of gp = 2 and the extra gauge

terms conspire to provide a color-kinematic dual factorizable amplitude.

Then substitution C* — N* in Eq. (184) gives an amplitude
A (k) =52 / (NI PNgH, (186)
a,

which is consistent with the results for string-gravity radiation in the spacetime theory
defined by Eq. .

We further notice that this construction allows a generalization to a wider class of spin-
ning extended objects. We recall that as described in Section the kinematic numerator
structure in the original double copy construction replacements need not be the one in the
original one, but any one that possesses color-kinematic duality. In the present case, we can
use the mapping C% — N/, where in general the consistent numerators Nz* do not coincide
with Ng", but are instead taken from a different gauge theory radiation amplitude. The

gravitational radiation field in this more general situation is given by
A (k) =) / (NL")TPNgH. (187)
a75

The duality once again guarantees gauge invariance k, A" = k, A" = 0.

In particular, we can take Nj and N} to possess two independent sets of spin degrees
of freedom S%” and S}” but identical otherwise (same color charges and momenta). The
result in Eq. is recovered by taking S7” = 0 and Sg’j = SH, while taking S}" = S*

and S%” = 0 flips the order of ¢ and ¢ leading to a sign change in the axion channel. This
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corresponds to Coupling he SpiIl to a different connection
wl 2 2 &z urp ) ( 88)

where C—° . =T, v and torsion 17, = c—*

() = —I;TPW. On the other hand, the choice

(1]
Sp = s = L5, (189)

yields an amplitude A" (k) = A"*(k) corresponding to spinning particles with vanishing

axion couplings.

0.9.2 Classical strings

The form of the string-gravity action radiation in Eq. (106 is clearly alluding to certain
connections to string theory. As it turns out, the more general situation with independent

spins S7” and S]’%V coupled to gravitational fields via a term
1
Sui > / da (S — S1) Hyne ™2, (190)

also has a similar interpretation. Namely, the form of this coupling and the gp = 2 chro-
momagnetic coupling in Eq. suggests that they are in fact a classical closed string
interacting with the string-gravity background and a classical open string coupled to a

gauge field.

Open strings

To provide evidence for this claim, we consider first an open string which is in a “semi-
classical” configuration (i.e. a state where a large portion of the stringy oscillator spectrum
are highly occupied and the string invariant mass Mj is large in string units). If this object
is placed in an external field Af, whose typical time and distance scales are large compared
to the string length [, we can describe it systematically as a point source carrying gauge-
invariant interactions with the gauge field. We focus on the interactions linear in A, and

consider for simplicity the case of abelian gauge symmetry.
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In the full theory of the extended string, we couple the gauge field by attaching Chan-
Paton charges ¢, localized at the string endpoints o = 0,7 (g, is the open string coupling

constant)

St =90 Y 4o [ dXP(r,0)4,(X (. 0)). (191)

o=0,m
In the Polyakov gauge in which the free string equations of motion are simply (92 —92) X* =
0, subject to Virasoro constraints 9, X - 9,X = 0, and (9, X)? = —(9,X)?, we may expand

the solution in terms of oscillator modes

XH(r,0) = a" + Pp'r + ZM(1,0), (192)

~inT cosno, and expanding about the center-

with oscillator contribution Z# = il Znaﬁo %e

of-mass coordinate z#(7) = x* + [?ptr. In particular, the current induced by the moving

string is the “vertex operator”

JH(k) = /ddxeik'xj“(a:) = go Z qg/dTaTX“(a, T)eik'X("’T), (193)

o=0,7

and the multipole limit corresponds to the formal expansion in powers of k# — 0 and Z*.

Choosing coordinates with x* = 0, the leading order term in this expansion is
TE(k = 0) = g0y o / dre F PP £ O(Z) k- Z2Y) = g,Q2m)S(k - p)pt,  (194)
lea

which is of course the current of a static point particle with total charge @ =" ¢o-
At the next order in the expansion, the string motion generates an electric dipole moment

of the form
Tk = 0)|p ~ ~igo Y o / dre M (k- pZt — (k- Z)p*) + O(Z% k- Z%)  (195)

after integration by parts. Inserting the mode expansion for Z*, this is a sum of delta
functions §(I%k-p—n) with n # 0 and therefore vanishes at frequencies w = k-v < M; 12,

So there is no permanent (time-independent) electric dipole moment, as expected from time-
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reversal symmetry. At the same order in the multipole expansion but next order in powers

of Z*, we also have a term
Tk = 0)p ~ go Y 4o / dre ik . 707" + O(k - Z2) (196)
~ —%goky > / dre’FPT (710,20 — 770, 2") + O(k - Z?) (197)

Here we have discarded a term which, upon integration by parts, acquires a factor of (k- p)

and is suppressed in the static limit w < M 172, Given that

. 1
VAl 0= —il? Z ﬁaga'in + time dependent terms, (198)
n n#0

the part of the moment that remains after rapid oscillations of order the string scale are
averaged out is proportional to the angular momentum of the string about the center of
mass zH = 0,

JH(k = 0)| 5 = igoQ(2m)5(k - p)k, S* (199)

with intrinsic spin S# > h given in terms of the oscillator modes by [75|
™ o 1
SHY = / do (20, 2" — 2°0,2") = —i Y _ — (a0l — " ,ak) . (200)
0 n=1 n

To summarize, we have found the current induced by the open string in the long-
wavelength limit

JEE) = goQ(2m)0 (K - p) [1 + iky SH] + -+ - . (201)

This is precisely the form one finds for a pointlike startic particle with current JH(z) =

3Spp/0A,(x) and
1
Spp = gOQ/d:c“A#(a:) + 2goQ/dTS‘“’FW(a:). (202)

In particular, in d = 4 dimensions, if we make the identification g, = ¢, the spin-dependent
terms corresponds to a magnetic moment interaction with gyromagnetic ratio equal to

Dirac’s value gp = 2, consistent with earlier classical [76] and quantum mechanical [77]
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string theory results. The non-abelian generalization of this calculation should proceed
along the same lines, with a Wilson line inserted between the string endpoints in order to
ensure gauge invariance, and the effective description, in that case, is then the chromomag-

netic interaction in Eq. (94)).

Closed strings

Since the bulk action on the gravity side is related to closed strings, we would naturally
expect that the worldline action is also somehow related. Following the notations in [75],

In the background field action, the closed string coupling to axion is given by

1 s
S =gy [ dr || 4 B0, X095 (203)
™ 0

where [ is the string length. From Eq. (338) in Appendix [.3] we see that the low energy

effective vertex generated by this action can be written as
v T v v v
T (k) = So(k - pkalp? (SPY = S + (7" = S (204)

where we have denoted the two sets of closed string angular momentum generators by

oo
1
S = —i Z g(a’inaz —a¥,al), (205)
n=1
=1
Si=—i)y ;(di‘ndg —av,ak, (206)
n=1
this vertex corresponds to the worldline action
1 A 124 nv
Sy = 1 da™ (ST — SR )V Huwx. (207)

This agrees with Eq. (190) apart from the dilaton factor. But the discrepancy arises only
because this expression is in the string frame and it is related to the previous result by a
Weyl rescaling. This is expected since the spacetime action Eq. ((106]) is also in this so-called

Einstein frame metric. Similarly, as shown in Appendix [4] the low energy contribution to
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Figure 11: The diagrams containing internal axion lines

the energy-momentum tensor correspond to the correct coupling to gravity.

We note that although S; cannot be set to exactly zero when Sg is not due to the
Virasoro constraints arising from the string worldsheet conformal symmetry, states where
Sr < Sr, do exist. The construction is also very reminiscent of Kawai-Lewellen-Tye (KLT)
relations [79], in that the spin-2 radiation amplitude can be obtained from the product of
two independent spin-1 radiation amplitudes. In fact, the KLT relations are the source of
inspiration for BCJ. Thus, this provides another parallel between the classical and quantum

field theory results.

0.9.3 Unoriented strings and the decoupling of axion

In addition to the generic description above, there is also the interesting special case
1
S, =S8gr = 55. (208)

In this setting, the two kinematic numerators are identical and hence axion radiation is
absent.

We speculate that by imposing the constraint Eq. , we might be able to consistently
remove axion radiation. The axion is sourced by spins and only has spacetime interaction
vertices with two axion insertions. To linear order in spin, the decoupling of axion is then
trivial, since these Feynman rules do not allow internal axion lines to interfere with graviton
and dilaton radiation. At the next order O(S?), internal axion lines start to enter through

diagrams such as Fig. start to enter as well as through equations of motion, but this is
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somewhat expected, since

Eep A =3 (NV(S°) + NY(S") + NY(5%)) Py (N(S°) + N(S") + N(52)) + O(5?)

]

= ...+ Y [N/(SHPN!(SY) + Ny (S*) PNt (S%) + Ny (S°) PNt (S%)] + O(S?).
(209)

It is easy to see that N;(S')P,;N;(S') gives a new contribution at O(S?) comparing to the
results if we were to construct the double copy using a single sector of spin. It is possible
that there are cancellations among these additional contributions at the next order.

In fact, one might consider the parity transformation operator on these classical quan-
tities, defined as

Q SRHSL, (210)

and construct the projection operator
1
pP= 5(1+Q). (211)

Acting with this on the two sets of Lorentz generators yields Eq. (208]). This is analogous to
the projection which yields unoriented strings. If this correspondence to unoriented strings
holds at all orders, axion radiation would indeed be absent, as is the case for unoriented

string spectrum.

0.10 The classical double copy of extended objects

The classical double copy based on color-kinematic duality is also applicable to worldline
EFTs containing finite-size corrections [22]. We explore its feasibility in the following.

At leading (quadratic in fields) order, the finite-size operators determine the linear
response, namely the multipole moments induced on the finite-size object by an external

field configuration. In the bi-adjoint theory, the linear response operators consistent with
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(a) (b)

Figure 12: The Leading order diagrams for bi-adjoint and Yang-Mills radiation amplitudes
induced by finite-size worldline operators.

G x G symmetry arise at zeroth order in spacetime derivatives, and consist of the four terms

QZA / dreOy, (212)

where

OFF = 0%, OFF = (c+0)(c- )", O = (c- ) (c- 9", O = (c-6- 2, (213)

and A{" are set of dimensionless coupling constants. For clarity, we have suppressed the
particle label & on the coupling constants and action. We have also introduced the shorthand
notation (c-¢)% = c,¢, (¢-¢)% = ¢*¢5, and c-¢-¢ = c4E;¢*®. We normalize these operators
with prefactor 2 and impose the coupling constant mapping rules y — g — & under the
double copy.

It is straightforward to compute the contribution to long-distance radiation from the
terms in Eq. . We work to linear order in the parameters \; and consider a scattering
event where the field generated by a second point source deforms the extended object. The
time-dependence of the induced moments then sources scalar radiation. Diagrammatically,
the situation is depicted in Fig. a). To linear order in the finite-size couplings, the

amplitude is given by

AT =N / cTacy,, (214)
o,
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where we have defined the color numerators as

c% - &
co = ? , O = 7 : (215)

(Ca - 05)03 (Ca- 5,3)524

as well as the 2 x 2 matrix A, of Wilson coefficients and a propagator prefactor for particle

(07

A = 1o 5 ()2 (216)

A3 G
Likewise, in gauge theory, the linear response of a (spinless) extended color sources in

the long-wavelength limit can be described by including the operators
1
S = 192 in/dxeog)M, (217)
where now

Oy = Fu Fl, O = (c- F)u(c- F)*,

(’)éﬁ\/[ = p'p" F, Fy° (’)Zé\/[ =p'p"(c: Fluo(c- F),’. (218)

pot v

These operators induce contributions to radiation in scattering as shown in Fig. (b) By
explicit calculations, we find that the result exhibits a factorization property which parallels

that found in the bi-adjoint case,
A =gy / CTA N, (219)
a?ﬁ

where C?, i = 1,2 is the set of color factors given in Eq. (215]) while the kinematic numer-

ators are defined to be

(k- pp)lly — (k- Lg)pls
5 (Do p) (K - pa)tly — (k- L)p6] + 5 (k - pa) [(k - pp)pe — (K - pa)Ply)

NH = (220)

In order to account for the full finite-size effects in gravity (including all the axionic
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operators), it is also necessary to consider the radiation induced by the interactions of the
spin of the probe particle 8 with the extended object a. Working to linear order in spin
EL the amplitude is represented by diagrams of the same topology as in Fig. b) where
the off-shell gluon is emitted from the chromomagnetic coupling of particle 5. The result
is then of the same form as Eq. , but the kinematic factor is shifted by a term linear

in Sg”, NH — NH + Ng*, where

(k- £5)(Sg A Lg)" — (o N Lg)pl

Y65 A pa)sl(k - pa)h — (k- £)p] + 3k - pa) (k- Pa)(Ss A L) — (b A L) aph]
(221)

Ngt =i

The respective results in Eqgs. suggest a set of mapping rules between finite-
size objects in bi-adjoint scalar and Yang-Mills theory. Namely, making the replacement
C® — N* maps the finite-size amplitude A% of bi-adjoint theory to the radiation field A%
in gauge theorylﬂ We note that the Wilson coefficients in Egs. are in principle
different. However, this mapping relation gives a direct correspondence between the two
sets \; — )\ZYM = )\;. Given this, it is then natural to take a further step A% — A*" while

demanding A; unchanged, where
A =53 / (NLY)TANgRH, (222)
a76

with Np g" = Ng, p". Because k, A" = k, A" = 0 this defines a consistent radiation field
in a theory of finite-size sources coupled to massless fields (¢, g, By )-

Given the structure of the mapping A% +— A%, which takes finite-size operators in
bi-adjoint theory with no derivatives to two-derivative operators in gauge theory, we expect

that the double copy amplitude A*” encodes finite-size effects corresponding to a total of

3. We ignore finite-size operators built out of spin at this order in gauge or finite-size couplings. It is easy
to see that there is no kinematic numerator with a dual representation at linear order in spin. However, we
might still need include such terms at higher orders in perturbation theory.

4. Notice that this mapping takes operators with no derivatives on ¢®® to operators involving gradients of
A" in Yang-Mills. Including an operator of the form, e.g., y2 [ d7(0,,¢**)? in scalar theory yields a radiation
amplitude A =y [ pia, 502 (k- £5)C{CY whose propagator structure £2 (k - £5) does not match with any of
the terms in Eq. Rather, it corresponds to a four-derivative operator [ dr D, Fy, D7 F/" which yields an
amplitude of the form ¢* [ pa gl2 (k- £5)C{ N{* consistent with the color-kinematics substitution C% s N*.
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four derivatives acting on the fields (¢, guv, Buy). To determine the precise form of the
finite-size response encoded in A*”, we therefore start with the most general set of four-
derivative diffeomorphism invariant worldline operators that are quadratic in these fields.
Since we are not considering spin-dependent finite-size operators in the gauge theory, we
also limit ourselves to spin-independent gravitational higher-dimensional operators. At the

four-derivative level, the complete set of terms allowed by diffeomorphism invariance is

S = Z S\Z/d)\e@(l), (223)

where now we have twelve Wilson coefficients ); corresponding to ten positive definite

operators
O = ~(Rpwpe)® Ot = ~ (Rupo1® )2 Oty = ~(Rpwpotp°)? (224)
(G1) = QN HEPI) s (G2) — 4 wvpoP ) Y (G3) = 4 wvpoP P )
~ 1 ~ 1 - 1
Opy) = 5(VuVu), Oty = 5 ("' V.uVu)*, O(py) = 5 (00" ViuV.8)’, (225)
~ 1 ~ 1 ~ 1 - 1
O = E(VUH“VP)Q’ Oa,) = Z(VUH#VPPP)2’ O(ay) = é(vaHqupU)2a Oay) = Z(Von,ppUp”)Q,
(226)
and to two terms that mix the graviton with the dilaton or axion
@(GD) = (pppURupVU)v,quqs? (227)
Oy = (0° Ryuvpo) (pAVIH"P). (228)

We note that as we are dealing with a general dimensional scenario, we are not classifying
the operators by parities as we did in Egs. for the case of d = 4.

The amplitudes corresponding to radiation from the induced multipoles at zeroth and
first orders in spin are calculated from the diagrams in Figs. respectively. It turns
out that the individual amplitudes corresponding to each of the operators in Eq.
do not factorize in the way that would be expected from color-kinematics. However, by
taking linear combinations of operators, it is possible to construct amplitudes where the

only kinematic numerators that arise coincide with those that appear in the gauge theory
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(d)

Figure 13: The leading order radiation diagrams for non-spinning sources induced by finite-
size effects.
(in Egs. , . For this choice of operators coefficients, the amplitude in the gravity
theory agrees with the prediction of the double copy given by Eq. .

As an explicit example, we consider the case with positive axion-spin coupling, ST =0
and S’g’j = S*. The explicit calculations are reported in Appendix The result is that the
gravitational Wilson coefficients are related to the finite-size coupling on the gauge theory

side by the relations

Yo

e Ja )\D Yo
¢ =2)%, :7d—12 =49, (229)
« Yo Yo Yo 25\% Yo Yo Yo
2 :2)\G2:—2)\GD:2)\D1 :ﬁ:4)\GA:4>\A2:8)\ 39 (230)
« Yo Yo Yo ZX% Yo Yo Yo
3 :2>\G2 :—2)\GD:2)\D1 — d—jl :—4)\GA:4)\A2 :8)\1437 (231)
« Yo o Yo o 45\%4 Yo

We note that although the full set of operators in the string gravity background are not
independent, there are still more free coefficients than the number of purely gravitational
operators. Thus it should be possible to characterize the full gravitational tidal response at
the linear level, provided one could project out the fields ¢, B, in a systematic way that

does not introduce new constraints among the gravitational tidal operators.
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Figure 14: The leading order radiation diagrams for linear-order spinning sources induced

by finite-size effects.

It is also interesting to note that, at least for some of these relations, there is a geomet-

rical pattern. In terms of the non-minimal connection C’W o connection defined in Eq. 1 ,

the above relations imply that the independent operators in the gravitational double can

be expressed as
ZA / dAeO(S,

where
C)() (}%Z?pa)zﬂ

o2 - 1 -
0() <R;Tupo )2+0<GA>+*O<A2>+EO<A3>7

uypo

O( 1) = (R:Vpgifpitg)Q.

(233)

(234)
(235)
(236)

(237)

However, while the dilaton dependence has been completely absorbed into the curvature

associated with the non-minimal connection C’;V 0

torsion in order to simplify the axion-dependent terms.
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An Effective Theory of Kerr

Horizons

In this chapter, we turn to the the description of dissipative effects in the worldline EFT with
spins. While the corresponding worldline EFT has been constructed for non-spinning [42]
and slowly rotating objects [43], it has not been done for generic spinning objects. As
we have mentioned, the near extremally rotating black holes have 1.5PN order enhanced
absorption effects relative to the non-spinning case [38], so it is more phenomenologically
relevant to consider the case with arbitrarily large spin (only bounded by extremality).
Therefore, the goal is to generalize the method used in [50] to the case with generic value
of spin and calculate the dissipative effect in that framework.

In the following, we start with describing the treatment of worldline EFT using the
in-in formalism in Section Then we implement the construction for rotating (Kerr)
black holes in Section As a validity check, we verify that at the leading order, the
resulting dissipative equations of motion from the worldline EFTs are consistent with the
ones derived using black hole perturbation theory. Furthermore, in Section we derive
the leading-PN-order dissipative dynamics for the momentum and angular momentum, and

calculate the associated energy and spin transfer. This chapter is adapted from [23].
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0.11 Dissipative effects for spinning compact objects and the

in-in formalism

For reader’s convenience, we repeat the relevant action

1
S = / dM =i elp, + §sab9ab + eXgS™py,

1 .
+ 5e(p2 + Lx(X,e X))} + Sine, (238)

where the interaction term contains
Sint = — / d)\e{Q%’(X)Eab =+ Q%I)(X)Bab} +.... (239)

In the following, we will denote ds = edA.

A caveat in the dissipative problem is that the safest assumption about the worldline
momentum and spin is that they are also composite operators p(X) and S(X), as naturally,
the overall momentum and spin of a composite object is not independent of its internal
dynamical modes. For instance, the spin of a classical string is dependent on their oscil-
lator modes as discussed in Section However, it is possible to choose a generalized
coordinate system such that the external variables become independent of the internal ones.
In the string theory example, the center of mass momentum is separated from the other
degrees of freedom by imposing appropriate boundary conditions for the oscillator modes.
In any case, as it turns out, if we interpret these variables as the in-in expectation values
P = eh (p*(X)) and SH = el el (S (X)), there would not be any difference in the end.

The appropriate framework to understand how the internal modes affect the dynamics
with a given initial condition is the in-in formalism which is designed to calculate expectation
values at a fixed time (as opposed to transition amplitudes). The corresponding path
integral formulation is the Schwinger-Keldysh [47] closed time path which essentially path
integrate over both the forward and the backward evolution, as opposed to the conventional
Feynman path integral over only the forward path when taking the in-out expectation value.

We encode the full set of classical variables by A = (2#,¢f;), and the Schwinger-Keldysh
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effective action I' is given by
exp [il[A, e, h; A, €, B]] :/ DXDX exp [iS[A,e,h, X] —iS[A, &, h, X]|, (240)

where we are integrating over an additional copy of variables X which corresponds to the
back evolution and the boundary conditions are fied at the initial time. In principle, there
are also corrections from integrating out dynamical gravitons, but those effects are higher
orders and not considered in the present discussions.

The resulting functional T'[A, e, h; A,ée, 71] determines the classical equations of motion
by
=0. (241)

The path integral makes the moments g, p(X) appear in the equations of motion in terms

of (Qp/p(X)) which is an in-in correlation function defined as
Qa0 = [ DXDX exp [iS[A, b, X] = iS[8, 20, K] [ Qya(). (242

Just as in the usual quantum field theory correlation functions calculated by Feynman
propagators, in the perturbative regime, this can be calculated using the Schwinger-Keldysh

propagators

(O (MO (V) = (TOAOWX)) <~0(X)0(A)> | (243)
(ONOW))  (TONOW))

where T and T represents time and anti-time orderings, and the subindices label the first

and the second copy. Explicitly, perturbative expansion gives

(QF(s)) =i / ds'{(TQENQF(N)) — (QFN)QE(N)}Eea(x(s)) + O(E?).  (244)

We find that

(Q2(s)) = / 45 G2 (5 — o) Boa(a(s')), (245)
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with the retarded Green’s function given by

Gaal(s — ') = —if(s — ') ([Q%(s), Q5 (s)])

= i((TQF(5)Q%(s") — (QF(s)Q%H (5))) (246)

In the low-energy regime, where the rate of variation of external fields is way slower than the
internal dynamics, the low-energy effective description should regard the internal dynamics
as instantaneous and Green’s function should be derivatives over §-functions. Integrating
by parts, we find a derivative expansion

ao,C ao,C d
(Q(s)) = A2 B + A9 d£E0d+..., (247)

and these Agf)l’Cd are the structures that we would like to obtain to determine the dynamics.
In particular, the former encodes the static tidal response, which is essentially described
by the tidal operators introduced in the previous sections, while the latter includes the
dissipative effects. We note that in calculating %Ecd, the derivative acts on both the field

and the frames

D

D _ _
B = ea“eb”D—sEW — e 10 Ey — e 1O E,,. (248)

Variation with respect to the einbein gives the condition

5 .
—T[A,e,h; A E, h] = (p* — Hx — Hint) = 0, (249)
e:é,h:ﬁ
where the Hamiltonians are given by
1) . . OLx
Hx =—— [ d\eLx(X,e'X)=X—2 — L 250
X Se € X( y € ) ox X ( )
and at the quadrupole order

0

Hon =~ | IN(QY B + QB B} (251)
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We observe that the mass shell condition is given by M? = (p?) = (Hx) in the absence of
interactions. As the mass is now determined by the internal dynamics, interactions that
change it could affect the mass by (H;n:), an apparent manifestation of dissipation predicted
in this framework.

Explicitly, for the momentum equation of motion, we vary with respect to x* and find

D 1 da?
Ep” = _iRu/\pO'%SpU + eapebc, [(Qﬁ,)V“E”U + (QaBb>V"B”“} . (252)

The first term on the right is the usual Mathisson-Papapetrou-Dixon force [63,80]. By con-
tracting both sides with p,, we could verify that indeed only the interaction part contribute

to the dissipation of mass

A0 = 200, [(QE) - V) + Q)0 - V)B] 0. (253)

To obtain the spin equation of motion consistently, we take the variation with respect to

the parameters 0% = —0% from det, = Habebu and find
D dx¥ dxt ) 1)
SHY = b ——p¥ + 2e!e” By _—_E, By — B.l, 254
Ds g5 VT s VT2 |(Qua) o Bea + (Qua) g - Bea (254)

with the field variations given by

| 5o . Placy Bl
5 Q) 5o B = (QE) By — Q)= =, (255)
2 00 /p2
1 0 p[aeb}ceEde
Qe s B = Qe B — Qi) ——=— (256)
2"l 5gab la/ 0 N/
We find similarly that the only interaction part leads to the dissipation of spin
d
%52 = 4QEVE"S, + 4(QB)BYSe. # 0. (257)

Furthermore, we also need to find the other set of Hamiltonian equations that determines

the velocities % and 24 which are obtained by variations with respect to their conjugate
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momenta (the in-in expectation values). The position equation of motion is easy to find

dzt 1 da? Pt dx
- 7RV 75#113;)0’77 e
ds + 2p? AP s p2p ds
1
= p< ) (2\/]926“d6dacBbc + e“peng‘“’VyEp">
1
+ P< 5)> (2 \% p2€ud€daCEbc + eapebaSuVVVBpa) ) (258)

but the momentum equation would have dependence on the choice of (Hx + Hjyn:). We can
circumvent this model dependence on the internal dynamics by directly obtaining the spin

equation via matching to the full theory in the following applications to black holes.

0.12 Application to Kerr black holes

In this section, we apply the general framework described in the previous section to the
case of a Kerr black hole with mass M and spin S. For the low-frequency observation
characterized by w, the EFT power counting consists of a double expansion in the small
parameters k = hw/mp; < 1 and GyMw < 1. The former controls quantum gravity
corrections, which are negligibly small for the classical applications here, while the latter
gives an expansion parameter for classical finite-size effects. Thus, we focus on the leading
order in GyMw power counting but zeroth order in k. In terms of the dimensionless
rotation parameter y = S/GnM?, our EFT works upto extremality (maximal rotation)
x? < 1. Equivalently, our EFT is for arbitrary w/Qy (with Qy the angular velocity of
the horizon), and therefore extends previous work [43] to the Qp > w regime where these

effects are PN enhanced relative to the non-spinning case.

0.12.1 Wightman function from absorption probability

Here we extract the two-point Wightman correlators of the composite operators be’B, by
matching to the graviton absorption probability given in [81}82]. The incoming graviton is
assumed to be in a state with fixed angular momentum quantum numbers (¢, m, h = +2),
sharply localized about a frequency w. Classically, the probability is simply the coefficient

for absorption of a localized wavepacket in the given partial wave.
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The calculation is most simply done in the rest frame. The probability is given by

p(1=0)=> |A(L+M =0+ X)P?, (259)
X
where the S-matrix amplitude takes the form
A1+ M — 0+ X) = (X;0|Texp [iSmt} |M; 1)
~ i [ dsCXIQB M ()6l () (018 (51,0

+ magnetic, (260)

at the lowest order in perturbation theory. Summing over the final states using the resolution

of identity >y | X)(X| =1, we get

p(1 —0) :Z/dsds'<M; AN Hing (8)] X5 0)(X; 0| Hipg (8")| M X)
X
= [ dsds (QE 1, ()@, (e s () () ME (,0)10)

xe®,,(s)e” 4, (s) (0] E2% (29, 0)|\) + magnetic. (261)

where working in the rest frame, we have the freedom to choose the coordinate time as the
parametrization of the worldline

2%(s) = M,s, (262)

where M, is some unimportant constant to take care of the dimensions. We explain the
symbols in the following.

The graviton state |A) with quantum numbers (¢, m, h) is defined as a wavepacket

> dw
A) = — 14 h
= [ Gene )
where the spherical helicity eigenstates [83] and the wavepackets are normalized as

(w, & m, h]w’, El, m', h,> = 27r(5(w — w/)(sﬂ’dmm’dhhh (263)
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and

> d
| gl =1 (264)

respectively such that (A|A\) = 1. The one-graviton-state matrix elements of the field

strengths on the worldline are given by
(01Bap (2, 0)|X) = (0] Eap (22, 0)|N) = =tiey, 1 (k)eFl=",

By using the Wigner D-matrices, defined as the matrix elements of the rotation operator

ﬁ[R(G, ¢, )] with Euler angles (6, ¢, )
Dy, (8, 6,4) = (£, m|U[R(8, ¢, ¥)]IE, ), (265)

we further decompose the polarization tensors oriented along k= (sin @ cos ¢, sin 0 sin ¢, cos 0)
into
2
6h,ab(k.) = <a7 b’27 h> = Z <a7 b’27 m>D£n:,l2L(6? o, 0) (266)

m=—2
where (i, j| is the abstract representation of the space of symmetric traceless tensors. In 4
dimensions and in the rest frame, this is normalized as

1 2
<av b|cv d> = 5(6ac5bd + 5ad6bc - géabécd)- (267)

(A concrete representation is given in [44].) The third angle is set to zero as this on-axis
rotation gives an unimportant phase factor. Furthermore, given that the one-graviton state

and the spherical helicity eigenstates are related by

2 1 -
(w, £, m, hlk, h) = (2m)% / 57:0 5w — |F)), (268)
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the wavepacket can be written as

(O1Eas (2%, 0)1) = 2:/ %Wommwnmmwhm»

2
:@¢A(w0) > (a,b|2,ml>/dQDf:',h(9>¢a 0)D;:7%(6,6,0),

4mpl ——

where we have written down the time domain representation

unie) = [ ?T@Z”W%AW> (269)

We use the orthogonality relation

2 ¢
/dQDm,p(g’ ®, O)Dm/,p(ea b, ) 2 + 15€€ Omm (270)
to integrate over the solid angle and obtain
7r .o
(0145 (2°,0)[A) = 80,2(i, 412, m)tox(2°). (271)
Vomp

In the rest frame, we may also align the spin along 23-axis, we have the spatial compo-

nents

cos Qx? —sinQz® 0
ec(s) = sinQ2%  cosQz® 0 |, (272)
0 0 1
where (2 is the magnitude of angular velocity. In the abstract representation, we can trade

the tensor representation for the unitary representation
e%ee®q(c, d|2,m) = (a,b|U[R;1(Qx")][2, m) = eimQx(J(a,b]?,m). (273)

Now the remaining unknown is the (Q¥(s)Q¥(s")) correlation function which we would
like to express in terms of a set of form factors as arbitrary functions of x. Notice that
X scales with inverse powers of 1/Gy and thus must be matched non-perturbatively. The

form factors are enumerated by the possible tensor structures which can now depend upon
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the direction of the spin, the magnitude of which is absorbed into the form factors. It is
useful to expand this correlator into a basis of tensors that are invariant under rotations
about the spin axis. Viewing the correlator as a linear map on the 5D space of traceless
symmetric rank-¢ = 2 tensors (transverse to the black hole momentum p®), a basis of tensors
consists of the various powers of the generator J3 of rotations. Because we are in the ¢ = 2
representation of SO(3), only the powers Jgf for k =0,...,4 are independent. For instance,
J35 = 5J§ — 4Js and so on. Thus, our tensor basis consists of the identity tensor on the
£ = 2 space.

(a.blesd) = 5 | {ale)bld) + {ald) ble) — > falb) ) | (274)

with (a|b) = §%—p®py/p? the £ = 1 identity matrix, together with the independent powers of
the angular momentum J3 in the ¢ = 2 representation. In particular, the rotation generator

in the Cartesian basis is

—_

{a,blJsle, d) = 7 [{ale) (bl Js|d) + (ald) (b]Js]c) + (blc)(alJs|d) + (Bld)(alJs]c)]  (275)

where in turn the angular momentum generator in the ¢ = 1 space is (a|Js|b) = is%.%, =

i
N

(a|.J3]b) has eigenvalues m = £1, 0 corresponding to the eigenvectors v§ = :F% (6% £id%)

p°ste.q%, (we denote the spin direction by the unit spacelike vector s* = §%3). The tensor

and v§ = 5% so it is normalized according to the usual conventions used in quantum mechan-
ics. Higher powers, of the form (a, b|.J¥|c,d). can be obtained from Eq. (275) by successive

tensor contraction, e.g.

(a,b]J3le,d) = (a,b|Js|e, f)(e, f|Js|c, d), (276)
e,f

etc. We have defined these invariant tensors such that (a,b|Js|c,d) is pure imaginary and

Hermitian, and therefore our tensor basis satisfies the relation

(a,bJ)|c,d) = (—1) (¢, d|.J]]a,b). (277)
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In this basis, the correlator then takes the form
(QF (5)Qpcals’ JWZE:A, "Ya,b|Jj|c, d), (278)

where the functions AEJ(S — §') can depend on the magnitude of the particle spin as
well as its mass. We will adopt an identical decomposition for the magnetic correlator
(QF (5)QHE(s)-

In the point particle limit where our EFT is valid, the form factors A (s — s') are
analytic in w, i.e. can be represented as series of derivatives acting on the delta function
§(s — s') given the lack of long-time tails. Note that Hermiticity of the operators Q% B/ 5(5)

implies that the frequency space Wightman function

Wilil) = M. [ dset!(Q ()08 5(0) (279)

obeys the reality condition

Wbel(w)]* = el (w) (280)

on the real w-axis. Given the properties of our tensor basis, this implies that the frequency-
dependent form factors A; (w) = M, [ dse™™M+5 A (s) obey [A{ (w)]* = [A] (w)] on the real
axis.

Inserting the form Eq. into p(1 — 0), and using the fact that Js|¢, m) = ml|¢,m),

we obtain that

p(l1 —0)= fGNw‘r’ ij <A5j(w mQ) + A}, jlw— mQ)> (281)
7=0
The dependence on the shifted frequency w —mfQ reflects the transformation from the static
frame to the rotating frame of the black hole where the correlators are defined. We can
read off Aﬁ(w) by comparing powers of m in the result given in [81,82]

L 9

(1—>0)~76AH(GNM)4 P14 (m? = 1)x7 1+Z(m — )% O(w—mQp) (w — mQp) ,

2257
(282)

Ixxxii



with Ay = 4dn(ri+a?) = 87(GnM)? [1 + W} the area of the horizon, x = a/GNM =
J/GNM 2 the dimensionless rotation parameter of the Kerr black hole, and Qy = dra/Ag
the angular velocity of the horizon. This result is valid to all orders in the rotation parameter
X, but holds to leading order in GyMw < 1. The factor of w — mf{y, ensures that his
result is valid in both the slow and rapidly rotating cases. We have inserted a step function
into Eq. to enforce the condition w — m$Qy > 0 so that the single-particle absorption
probability is positive. Naively, this seems to imply that we can not trust our results in the
super-radiant regime w < Q. However we can match in this regime for mQ g < 0, which
can then be continued for all m.

Comparison of p(1 — 0) with Eq. suggests that we should identify the angular

velocity in the EFT with the horizon angular velocity,

_ dra

Q:QH—E,

(283)

which, together with Eq. (262)) fixes the relation between the angular velocity €2, and spin
5% for a Kerr black hole,

D 4 M,
—1ab a v * qab
Q% = g, 60 ¥y = —— - *gab, 284
e Iuvepy € AHMS (284)
The non-vanishing frequency space response functions are then
L n 2Ang 4 2\2
AO,E(W) = AQ,B(W) = (GNM)* (1 = x7) 0 (w)w, (285)
457G N
A
A plw) = AT pw) = o e (GRM)NE( = (@), (286)
’ ’ 187G N
Ap
Al pw) = Afp(w) = 50 GN(GNM)4X40(W)W. (287)

In obtaining this result, we have used the equality of the electric and magnetic responses
that arises as a consequence of the Teukolsky equation [43]. We will check this below by
comparing to known results obtained via different methods.

The step function 6(w) reflects that matching was performed under the assumption the

graviton is quantized around the Boulware vacuum [84], corresponding to no (Hawking)
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particle emission for w — mQy > 0. By contrast, matching in the Unruh state [85], where
the black hole can emit Hawking radiation, would lead to Wightman response functions
A, (w) that are non-vanishing even at w < 0. See [46] for a more detailed discussion of
matching in the Unruh state. It is straightforward to check that in the Boulware state, the
single-particle emission probability p(0 — 1) is given in the EFT by a formula like Eq.
that involves the Wightman correlators A (m$—w), leading to the prediction of a non-zero

emission probability for superradiant modes with w — mQy < 0:

1 1
p(0—1)~ %AH(GNM)%)E’ (14 (m? = 1)x*] |1+ Z(m2 — x| O(mQy—w) (mQy — w),
T
(288)
see [44] for more a detailed discussion of the worldline EFT in the regime of superradiant

emission.

0.12.2 The causal response function

In the classical processes that we consider in this paper, the relevant correlator is the

retarded Green’s function

G%”Cd(s —§') = —if(s — §')( [Qab(S)a QCd(Sl)b (289)

rather than the Wightman functions obtained in the previous section. Because this is a real
quantity, the frequency space causal response G%”Cd(w) =M, [ dsei”M*SGaRf”Cd(s) satisfies
the reality condition

[Goret-w)] = e ), (290)

for real frequencies. Thus ReGaRf)’Cd(w) is an even function on the real w-axis while ImG‘}%b’Cd(w)
is an odd function. The retarded Green’s function is related to the two-point Wightman

correlators by a dispersion relation of the form

) 1 ab,ed(, J\ __ cd,ab( __, 1
G%LCd(CU):M*/‘dselWM*sG(I]:zb7Cd(S):/ iW (w) W ( W)7 (291)

YR
oo 2T w—w + 1€
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W< —w | ab < cd
Re [Wed(w) — Wedab(—y)] odd even

Im [Webed(w) — Wedab(—y)] even odd
Table 1: The properties of Wa¢d(w) — Weda® (). Even/odd means that the function
changes/does not change sign under the given transformation.
which, as a consequence, defines a function that is analytic for Imw > 0 but singular on the

lower-half complex-w plane. Expanding out the dispersion relation in Eq. (291]) into its real

and imaginary parts, we find that in terms of the Wightman functions

1 % Jdw' Re [Wab,cd(w/) o ch,ab(_w/)]

2 _ 2

0 m w

and

© 1. Im [Wab’Cd(w’) _ chﬂb(_w/)]

(292)

1
ImG%”Cd(w) = ——Re {W“b’“l(w) - WCd’“b(—w)} +w- Pr/

2 0 T w? — w'?

This result follows from Eq. , which implies the exchange properties under the trans-
formations w — —w or ab <> cd listed in Table

Note that in addition to the contribution of the worldline multipole operators, the
physical response (as determined, for example, through measurements of the gravitational
field at large distances) can also receive contributions from terms in the worldline action
that are polynomial in Eg,, B, and/or their derivatives with respect to the parameter s.
We will henceforth refer to these terms as “local”, to make the distinction from terms in
the action involving the internal degrees of freedom X.

Focusing on purely electric couplings, such local terms modify the low-frequency re-
sponse by an analytic function L% (w) whose real part is even under w + —w or index
interchange ab <> cd. Then using we see that the local contribution to the real re-
sponse can only involve the tensor structures (a, b|J§\c, d) with j = 0,2,4. In particular,
the static Love numbers of the black hole, which are identified with the local response at
w = 0 (both from L% (w) and from Eq. ) cannot involve tensor structures that are

linear or cubic in the spin. Alternatively, time reversal-invariance implies that terms odd
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in spin vanish in the static limit.

The contribution from terms in the action also modifies the imaginary part by terms
that are odd under either w — —w or ab <> cd exchange. Despite possibly having a non-
vanishing imaginary part, the local response L*“!(w) does not contribute to dissipation,
as will be discussed below, and thus can not be matched using p(1 — 0) but instead must
be fixed by matching to other observables in the full theory, for instance, elastic scattering
of low-frequency gravitons off the black hole.

Because our matching procedure only fixes the Wightman function at low frequency, it
does not completely determine the form of the retarded response function. In particular,
matching to low-frequency absorption cannot yield information about the terms in Eq.
and Eq. that involve principal part integrals over high arbitrarily high-frequency
scales, where the EFT description necessarily breaks down. However, from Eq. and
Table |1, we see that the principal part integral contribution to ReG%”Cd(w) is analytic at
w = 0 (assuming the integral in Eq. converges), and even under either w <> —w
or ab < cd exchange. Similarly ImG%)’Cd(w) is odd if we replace w <+ —w or ab < cd.

Consequently, the principal part contribution to GaRb’Cd(

w) is physically indistinguishable (i.e.
of the same form), from the local response L% “?(w) arising from adding local counterterms
to the point particle action.

On the other hand, the calculable part of Egs. , gives rise to a genuinely
non-local contribution to the retarded Green’s function, of the form

Gab,cd (w) _ _% [Wab,cd<w) . ch,ab(_w)} ) (294)

R,non—local

This object does not have the correct ab <+ cd index exchange properties to arise from

curvature couplings in the point particle action, and cannot be absorbed into a local coun-

Gab,cd

terterm. It is in particular this function Ro.non—local

(w) that gives rise to dissipative effects
in the EFT description of the black hole.

Ignoring the local contribution to the causal response, we obtain from Eqs. (285])-(287))

Ixxxvi



the result

. 5 1
G pea(w) = o (G M) (—iw) - (a,bl(1 = x*) + (L= X" J5 + 1x*Jsle, d), (295)

with an identical expression for the magnetic Green’s function G‘}{ ped(w). This result is
equivalent to the statement that, up to local terms, the quadrupole moment inducedﬂ by

an external electric field is

@) = [dSGRE s~ ) Euts)

5 1 d
= (GNM)*a,b|(1 —x*)? + ng(l —X*)J3 + ZX4J34\C7 d) =~ Eea(x(295)

where the derivative here is in the co-rotating frame, see Eq. .

An identical formula relates the induced magnetic moment (Q%(s)) to the co-rotating
components of magnetic curvature Byy(z(s)) along the point particle worldline.

Taking the limit where the rotation of the black hole is larger than the intrinsic time

dependence of the curvature, we may approximate

diEab ~ —QacEcb — chEac = ’iM*QH<(L, b|J3|C7 d>Ecd, (297)
S

in which case the induced moment is of the form

_4i(GyM)®

o 5
M;HQP () ~ e X, BI(1 = 2x) Js + X J5le, d) Bea. (298)

Despite appearances, Eq. does not imply the existence of a non-vanishing static Love
tensor for the Kerr black hole, since this relation cannot arise from local terms in the point
particle action. In particular, a term such as | xdsEq(a, b]Jg |c,d)Ecq for j = 1,3 vanishes
identically due to the antisymmetry under ab <+ cd of the tensor structures. We have

verified, however, that Eq. (298) is consistent, for x < 1, with the results of [52] which

5. Because of spin, the Kerr black hole has an infinite series of permanent multipole moments [93], which
in the point particle limit are equivalent to local spin-dependent worldline interactions that linearly in the
curvature tensor. Here, by induced moment, we mean the shift in the value of the permanent moments that
are generated when a background field R,. .- # 0 is turned on.
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obtained the quadrupolar response of a slowly spinning Kerr black hole, at linear order in
X-

On the other hand, it is in principle possible that Kerr black holes have non-zero static
Love numbers, but by symmetry those, would have to correspond to local worldline coun-

terterms which in our basis take the form
S,y D G MO / ds f; (X2 Euy(a, BT e, d) o, (299)

with j = 0,2,4, as well as their magnetic counterparts. Here, we have defined xy =
\/%? <1, and fo24(x?) are functions analytic at x? = 0. The overall scaling G M®
is the characteristic magnitude of the static tidal response of a compact object. It is well
known that the spin-independent term in Eq. has vanishing Wilson coefficient, i.e
fo(x? = 0) = 0, [86[188]. Recently, ref. [53] has extended this calculation to arbitrary or-
ders in spin (previous partial results can be found in [89]) and found, remarkably, that
the all-local contributions to the static response function of the Kerr black hole are in fact
vanishing as well.

In addition to the local contributions to the static response, there are also terms in the

ab,cd

point particle action which modify G';"™ (w) away from w = 0. The leading such terms at

low frequency are of the form
S > GRM® [ dsxd Eu(a iV e, ) B, (300)

with j = 1,3. These local interactions not forbidden by symmetries (it is even under both
parity and time reversal), and yield contributions to (Q%) of comparable magnitude to
those in Eq. . However, unlike the terms in Eq. , the curvature couplings in
Eq. cannot give rise to dissipative effects, despite the fact that they contribute to
ImG%i’gd(w). The recent analysis of ref. [53| indicates that, for the Kerr black hole, terms
such as those in Eq. are also vanishing. Assuming the validity of the results in [53],
it then follows that Eq. completely characterizes the black hole response function at

linear order in time derivatives but to all orders in spin.
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0.12.3 Black hole dissipative dynamics in a tidal environment

Assuming that all the local contributions to black hole response are indeed zero [53], the
complete equations of motion for a spinning black hole moving in a background gravitational
field with curvature scale R > Gy M can be obtained straightforwardly by inserting the
induced moments (Qg g) from Eq. and its magnetic analog into Egs. , .
Because the resulting expressions are messy and not particularly illuminating, we will report
instead on the implications of these equations for the rate of change of mass and spin
that arise as a consequence of tidal interactions, given in Egs. , . We consider
separately the cases of a rapidly spinning black hole, R™! < Qy and x ~ O(1), as well as
the opposite slow-spin limit R~ > Qp, which necessarily requires that |y| < 1,

Using the relation in Eq. between our parameter s and the proper time 7 along

the worldline of the rotating black hole, we find, in the large spin case

d 8(GNM)? . 15 : :
%M a2 <45NGN)X€W>‘S/\ (1+ 3X2)EM,E"Z, + ZX2EM,SPEW$U + magnetic
+O(GLMT/RT). (301)

This result, which is valid to all orders in spin, agrees with results found in Refs. [90,91].
To linear order in x it also agrees with results obtained in [43]. In the opposite, x — 0

limit, we find instead

d 16 . ..
—M ~ —(GyM)S|E,,E + B,,B" 6 MO /RS 2
= e (ONM) [ Bpo B 4+ Bpo B |+ O(x, GRMC/R) (302)

which receives corrections at linear order in y < 1 from radiative tail contributions to the
EFT matching and to the Schwinger-Keldysh action. This is also in agreement with [51,(92].
For the torque induced on the black hole by the tidal background, we find from Eqs. (254)), (296])

d 2
=8~ (G M)’X [8(1 43X By EP + 3(4 + 17x2) Ex, B 5757 + 15X2(Ep0504%m23})
T N

+ magnetic.

in the limit Qg > R~!. In the opposite, x — 0, Eq. (296) is dominated by the time
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variation of E,, and the torque is instead

S~ e OnM) s EyupB”, + By B, | (304)

Both Egs. , are in agreement with results obtained previously in [51,92]. To
go to next order in GyM/R < 1 would require the inclusion in both the EFT matching
and Schwinger-Keldysh action of infrared divergent tail terms corresponding to graviton
scattering off the black holes own gravitational field. Ref. [91] has reported a result for
these next-to leading order corrections, although a discrepancy with their earlier results [90]
obtained in a probe limit remains unsettled in the literature.

As another check of our results, note that from Egs. , , we also find that in

terms of the curvatures g, By, in the rotating frame

d d D D

M =Qy—8 = E 7Eab B 7Bab

dr HdTS < ab> Dt + < ab> Dt ) (305)
or by Eq. (296),
—M -Qp—8§ = ——————Fu(a,b|(1 - —x“(1— J3 + -x"Jsle,dy—FE,
dr Hd’]' 457TGN Dr b<a ‘( X ) + 4X ( X ) 3 + 4X 3’6 >D7' d

+ magnetic. (306)

Because the even powers of the tensor (a,b|Js|c,d) are positive definite, this quantity is
manifestly positive in the physical region x> < 1. Therefore the change in the black hole

area as a result of tidal interactions is also positive

Ay, = Hn [M - QHS} >0, (307)

dr H_M\/l—x2

as required on general grounds [94].
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Figure 15: Potential exchange diagrams responsible for two-particle effective interaction.
The graviton is mediated between the mass monopole of particle 2 and (a) mass monopole
of 1 (b) the tidal quadrupole of 1 (a similar diagram with 1 <> 2 has been omitted).

0.13 Post-Newtonian equations of motion for binary dynam-
ics

The same worldline effective action formalism can also be applied to dissipation in dy-
namically generated spacetimes, i.e sourced by the particles themselves, rather than the
fixed background field case discussed above. In order to do so, we have to include in the
Schwinger-Keldysh functional an integral over the fluctuations of the gravitational field
itselffl

As an example, we will consider a binary system of black holes in the non-relativistic
regime, with v?> ~ GyMr/r < 1. For illustration, we will focus on the regime of rapidly
spinning black holes, with Qp > v/r. The rotation parameters will be assumed to scale
as x ~ O(1). Integrating out the potential graviton exchange between the black holes,

Fig. [15](b), the two-particle interaction term reduces to [50]

ab
i) 1
T ~ -G dt : taer’ 1< 2)]0,0,——, 308
int lemZ/ [ m% €1 a1 b+( ) () ]|f(t)| ( )

with & = T'1 — Z9, up to terms suppressed by more power of the velocities. Varying the in-in

action, we obtain, in the linear response limit, an instantaneous non-conservative force on

6. The role of the in-in formalism to describe radiation reaction forces was first discussed in [95].
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the black holes that is given by,

o o) ~
Fi(t) = Tz, z; e
1(t) dZ1(t) [55,13,61,2761,2] T=Tie1,0=612
ab1 t ) 1 .
~ —Gymims : e1%e1’r + (1 — 2) Vo0, —— = —Fg(t), (309)
mj ’ aE O]

with £ = ¥ — Z2. Similarly, the torque on each black hole can be obtained from the

Schwinger-Keldysh action by varying with respect to the frame e%;,

_2GNme ;g

d -
abc elaelbelC€abd<QE,lcd>ajak‘f|—1(.310)

%Si = 671(16 W F[f, f, 6172,’651’2]

~ ~
- o

=T;e1,2=¢€1,2

On the right-hand side of this and the previous equation, the in-in expectation values in

the PN limit can be obtained from Eq. (296)), by inserting
Eap = Gymaer'aer s00;|E(1)] " (311)

into <Q‘£1>, and similarly for the case of ( “Eb72>. This yields the result

~ - 8 G2 m3m? 15 z\?| 7 o
Fit)=-Ft)= ———N "L 211432 2[5 = xS 1+ 2) (312
1(t) 2(t) = —¢ 7T +3x1 — x| 8 ) |7~ 1+ (1<2) (312)

for the non-conservative force. The torque on each particle is
2 ].5 2 — :i: 2 = §1 : J_:»_,

In Eq. (312), “1 <» 2” has the meaning that we exchange the particle labels without changing

dg _ _§G§’Vm§m%
at”' T 5 [&o

the sign of £. The PN equations of motion to linear order in the spin for an arbitrary
composite object were first calculated in [45]. Our results at y < 1 agree with those of
ref. [45] if one uses Eq. with xy = 0 to fix their dissipation parameter. The friction
force F 1,2 is a 5PN effect, while our result for the torque is 4PN relative to the leading order
gravito-magnetic spin precession formula predicted by linearized GR.

As a simple consequence of Eq. (312)), consider the mechanical power that is absorbed
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or extracted by the black hole horizons

. 8G5 2
“F= Ty - F %,M(mlemZ)

S, L+ (14 2),
it T L 5 |7° 1 Erle2)

15 ,/. &)\
1+3X%4X%<81'|f|>

(314)
where L is the orbital angular momentum about the center of mass. This results agrees to
linear order with [43l|45]. Depending on the relative orientations between the spins and the
orbit, the rate of change of energy can be positive or negative, reflecting the possibility of
energy extraction from the black holes through the Penrose process. For example, if the
spins are orthogonal to the orbital plane, dE'/dt can be either positive or negative depending
on whether the spins are aligned or anti-aligned with L. Regardless, Eq. enters at
order v°, or 2.5PN relative to leading order quadrupole radiation from the binary and, as
is well known [3851], is enhanced relative to absorption in the case of non-rotating black

holes by a factor of v=3. A final check of these results is that the orbital angular momentum

as predicted by Eq. (312) is given by

d - - - d, 2 =
dthza:g;a x Fo =2 (814 %), (315)
with d§1y2 /dt given by Eq. 1’ It therefore follows that the total angular momentum
J=L+5 +9,is conserved, as should be expected given that the tidal dynamics we

consider here does not involve any gravitational radiation out to infinity at leading PN

order.
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Conclusions and Outlook

In this thesis, we reported on recent progress in developing worldline EFT methodologies for
describing gravitational dynamics and gravitational radiation involving many-body systems
of compact spinning objects. In Chapter we gave a brief introduction to the central
ideas in perturbative gravity, the logic behind applying the worldline EFT framework in
gravity, and how to describe spin, finite-size effect, and dissipation therein.

In Chapter we described how the color-kinematic duality and double copy con-
struction formulated in quantum field theory scattering amplitudes led to the proposal of
classical double copy [35] in studying classical Yang-Mills and dilaton-gravity radiation am-
plitudes. We generalized the discussion in [35] to worldline EFT containing spin degrees
of freedom and verified that the same procedure works at leading order, provided that we
also include an axion channel and the couplings are fixed to specific spins. In particular, we
found that the worldline spin-gauge field coupling corresponds to a gypromagnetic ratio of
Dirac value gp = 2 and, the spacetime couplings of the gravitational channels correspond to
the low-energy EFT of string theory. The form of the string-gravity action is very suggestive
of underlying connections to string theories, but the worldline couplings deviate from the
ones expected in a worldline effective action of a closed string due to the fact that the latter
has two spinning sectors while we only have one in the former.

This problem was resolved by the classical double copy based on color-kinematic duality
[36]. In Chapter we generalized this upgraded version to the spinning system and
found that it is possible to incorporate both sectors. In this new language, an appropriate
choice of Dirac gyromagnetic ratio is necessary for the color-kinematic duality to hold.

We explicitly calculated the low-energy effective gauge vertex of a classical open string by
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dimensionally reducing over the string length and found that it is in agreement with the
Yang-Mills worldline EFT with gp = 2. Similarly, the low-energy vertices from a closed
string match with those from the string-gravity worldline EFT with two spin sectors. The
particular case with spin sectors identified decouples from axion and can be understood as
corresponding to unoriented strings. Furthermore, we showed that the modified classical
double copy is applicable to worldline EFTs with finite-size corrections, provided that the
Wilson coefficients are set to specific ratios.

Along a parallel direction, in Chapter we extended the works from [42-44]50] to
construct the worldline EFT that describes dissipative dynamics of Kerr black holes. To do
this, we matched with absorption probabilities calculated by black hole perturbation theory
and extracted the in-in correlation functions for the worldline multipoles to all orders in spin
using a convenient basis for these correlation functions. This information was substituted
into the equation of motion to derive the dissipation of spin and mass and the results
were found to be consistent with the existing literature at the lowest order. Finally, we
demonstrated the utility of this framework by computing the dissipation in a PN binary
and obtained a new result that is 2.5 PN enhanced from the non-spinning counterpart.

As the classical application of double copy is a burgeoning field at the moment, there
are many potential topics for further investigations. For phenomenological applications, it
would be useful to remove the axion and dilaton channels. The former might be achieved
due to the underlying string theory interpretation, so it would be helpful to verify the
stringy interpretation beyond the leading order results. For the latter, a proposed solution
is to introduce a ghost field that cancels with the dilaton [96]. However, there is not a
systematic construction of the ghost field and it is not obvious whether it holds at higher
orders. Another possibility is to further the progress on applications to bound orbits as
opposed to scattering sources [97] since the bounded binaries are much more relevant to
observations compared to the scattering scenario. Moreover, as we have seen progress in
the case of conservative dynamics, it might be useful if we could establish some direct
connections between the double copy construction in scattering amplitude methods and
radiative dynamics [98,99].

There are also plenty of direct follow-ups to the Kerr horizon EFT program. As already
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mentioned, we would like to perform higher-order calculations and resolve the discrepancies
in existing literature [90,[91]. It would also be interesting to explore the phenomenological
implications of our results, since the enhanced dissipative effect could be relevant to obser-
vations. Following the works of [46,49|, the spinning generalizations to the treatments on
quantum gravitational effects in the worldline EFT framework is another exciting possibil-
ity. Finally, there have been efforts aimed at quantizing the worldline theory of spinless
black holes to establish connections to S-matrix theory [100,(101] but the quantization has
yet to be extended to spinning black holes with dissipative effects.

In summary, the worldline EFT has been proven to be a powerful tool for studying grav-
itational dynamics and calculating gravitational-wave observables and the generalization to
spinning systems is essential to observations. In preparation for the increasing sensitivity
of gravitational wave experiments in this new decade, it is surely a fruitful area of research

to focus on.
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Worldline graph calculations

In this appendix, we summarize the explicit results for the contributions to the total ampli-
tudes that are due to radiation coming directly off the worldline described in Section [0.7.2]
and The two sections present the relevant contributions in the gauge and gravitational

theories respectively.

.1  Gauge theory

The relevant contributions are from Figs. [6)(a), (b) and are given by Egs. (130, (131).

These can be written down explicitly as

2

. a ga
B = i6? 3 [ s 1) ol 22 { il A it = st o)t}
a,B

for
a#B
2

¢ kot
+ (co - c5)c% 21 (lg A a(ﬁ“— g)]
O e (CI O G-
f2

k'pa

[(k “Pa)(Sp AN g)" + (Ls N la)spt, + (€3 A pa)s <fg - Z:;Zpé)] + H :

«

. apoc P
@0 = ig* Y [ dnas(h) [[ ol B L2 (S0 R
a,fB
a#B

of Lo [Pa-Ds "
£2

_k'pa

(6o A €51l = (1 A ps)atl = (- ps)(Sa A + (- (S0 A 9] ||

(317)
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.2 Gravitational theory

First, we look at the axion current. This receives contributions from the worldline diagram

Fig. [(a), given by Egs. (144), (145)). These compute to

: 3 o - 2 k-t
@) = 5 S [ past)a| - P E s, vy
a,fB «
a#p

5 (e o) = 20k - pa)p + 205 PPl f(Sa AR — (2 0)|, (318)

1) dpias (k)2 |28 L (o) (S “p% — (k- pg)(Sa A Lg) D5
@) = 5 3 [ duas )| 72 { (5 £5)(Sa A p3)"§ — (k- ps) (S A )0
o
— (k N bg)alivls + (k A pg)aphls} + (Pa - p){ (Sa A £3)"pl5 — (Sa A pa)"05 )

+ (k- pa)(Sa A pp)"ph — (k- pp)(Sa A pp)H e — (kA Dg)aPhpi
2

+ %{2(& AR = (k- pa) S } = (0 y)]. (319)

Next, we move to graviton radiation. Worldline contributions to the energy momentum

pseudotensor are from Figs. (a), (b). The corresponding expressions Eqgs. (149)), (150) are

respectively given by

= =2k /duaﬂ(k)€§ [W{(% Apgla — (L /\pa)ﬁ}pétpé
.8 «

B

_ Pa " Pp . % 1 oV
kDu {((56 Apgla = (Ls Apa)ﬁ>1?a€g + 5 (a A ls)ppapa

k-pg
2(k - pa)

+ (Pa - pp)(Sg A Lg)!'pl + {(6,3 Apg)a — (€g /\pa)ﬁ}p’oﬁpg
2

+3 Jf 7 (S A 6)“ B + (1 y)} , (320)
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(50 = —2in*e™ } /duaﬁ(k)ﬁ [(paégf_);(k)fﬁ) (S A K)ipl — M(sa N
o, (6] o
B
_ 2122 Zz) {(k - pg) <(Sa ANEW 4+ (Sa A %)“)p; + (k- £5)(Sa A pa)pY,

1 v
o+ (ba A a)ahh — (K ADR)apsll } + (b Do) (Sa A R)“D + 5 (k- ) (S A pp)"pl
2

1 m
- 5(1@ A Dg)aPhPh — rfz(sa NEFPY 4+ (1 1/)] . (321)

Finally, the dilaton worldline graph Fig. @(a) gives rise to the contribution in Eq. (153))

and can be computed explicitly to be

i3 o -
(153) = _(dig)l/z > /dﬂaﬁ(k‘)gi [(i _ppfzpi(k‘ : fﬁ){(%’ Apa)s — (L /\pﬁ)a}
a,3 @

a#B

Pa DB 2 k-ps o
« o e} 2 o Z /\ o .
M Pa(la Nlg)g + k'papa{(fﬁ Apgla— (€g Ap )ﬁ}+ (Pa - pg)(Lg A p ),6’]

(322)
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Total amplitudes in the

gravitational theory

In this appendix, we display the total radiation amplitude in each channel as calculated in

Section and First, the axion amplitude is given by

Z’Hga’u,y (pa ° pﬁ)2(k . gﬁ)gi w, v
Aa(k)‘o(ﬁsysl) - = 9 gﬁ: /,Uaﬂ(k) |: - (k - pa)2 (Sa A k‘) Do
aF#pB

] 2
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The leading order graviton amplitude is given by
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and finally, we have the leading order dilaton amplitude

Pa - PB
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Classical closed strings

In this appendix, we give the explicit derivations of the low-energy limit of axion and

graviton vertices for classical closed strings as discussed in Section

.3 Axion coupling

The axion term in the background field action
s
Sp = ge / dr / doe®P B, (X) 00 X 05 X" (326)
0

where we have denoted the closed string coupling as

1

=——. 327
gC 271'[2 ( )
The one point vertex corresponding to this part of the action is given by
™
J () = ig, / dr / doe®P 9, X 95XV 6P (x — X). (328)
0

The zeroth order is the solution to the free closed string mode expansion (sum of left and
right movers)

XH(r1,0) =zt + Pplr 4+ ZM(1,0), (329)
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where we have defined

1 1 .. o/ —%inT N
ZH(1,0) = i3 Z ﬁem" (e2nTok — 2nTGH ), (330)
n#0
Z/u 7_ O' _ —lze2ma —2inT u e?in’r&;in% (331)
n#0
u(,]_’ O’) _ ZZ e?ino QmTau + €2mv'aun) (332)
n#0

where prime and dot denotes the spatial and temporal derivatives with respect to the
worldline coordinates. Using the same set of constraints for a rotating string at the origin,

we have

JH (k) = ige / dPze® / dr / do(XFX" — X" XV)6P (x — X)
0
zigc/dTekal T/ do[(IPp*Z" — 12 Z'"p")
0

+ (ik - ZPPpH + ZM) 2" — Z'M(ik - Z1*p” + ZV)]. (333)

Since the closed string has periodic boundary conditions, the linear terms § doZ' = 0

naturally. Hence, the lowest order consists of two powers of the modes
T (k) = ig. / dreth Pt / do[(ikaZ NPp* + ZMZ" — (u > v)]. (334)
0
The first term is given by

i
/ dret*PPT ik 12 pH / doZ 7"
0

4 T
_ ik-plQTl o 1 —2inT A 2’m‘r )\ —2imT VU 2imT ~ v 2i(n+m)o
= / dre §k>\p ﬁ(e a;, — 2 (e ay, —eMTar, ) ; doeZntm)
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=121 ey p* Z 5(k - pl®)a —8(k - plHYara”, + 6(k - pl2 — an)aa? — 6(k - pl? — 4n)a @]
n;éO
1
U hpt ) ~[o(k plada?, — 6k - pl®)ada”,), (335)

n#0
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since we are looking at k-p < 1/I2. For the second, we integrate by part where appropriate

/dTeik'pPT /7r doZmZ"
/dT/ doet P TZ“Z”’—/dT/ daeik'plzTik'plzZ“Z/”
:/dr/ doelkPl*T 7/ gv
0

1
2 4 § 2\~ ~V

+6(k - pl2 — 4n)ala?, — §(k - pl® — 4n)alaY). (336)

The first two terms are constrained by the §-function to vanish; thus, the remaining gives

/dT/O doe® T Zn g _ (uv)~=0. (337)

Substituting the string coupling constant and the mode expansions, the one point vertex is

then given by

1
T (k) = igem®1*6(k - pl®)kx Y —[p"(0” pap — &,60) +pY (e ak — &t ak)]. (338)
n
n#0

.4 Graviton coupling

In conformal gauge, the graviton coupling term looks like
S, = 27752 dr 7{ dohu (X)n*P o, X195 X" (339)

for a closed string. The one point vertex corresponding to this part of the action is given
by
VI(2) = g / dr 7{ donP 0, X" 95X 75 (x — X). (340)
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The zeroth order is the solution to the free closed string mode expansion (sum of left and

right movers)
l 1 o , ,
XM(r,0) = a4+ Pplr iy e (e 2ol — Ak ). (341)
n
n#0

Using the same set of constraints for a rotating string at the origin, we have

Vv (k) = gc/deeik'x/del{danaﬂaaX“agX”(FD(m - X)

~ gc/dTeik'pZQT]édU[l4p“p” +il*p"pVk - Z + Pt ZY + PZMpY

—Upkp¥ (k- Z2)2 +ilPpHk - ZZY +il?p k- ZZM + 212V — Z'MZ7). (342)
The lowest order gives the point particle contribution. The terms with one power of Z vanish
upon closed loop integration of o. The double time derivative gives the same contribtuion

(up to high-frequency terms) as the double o derivative and hence cancels each other.

Explicitly, we have

77V 12 wov 2int ~U  _2inT U
fdaZ zZ" =1 E (aha?, + e "Tal es"a
n#0

—2inT —2inT ~V 2inT ~ —2inT ~ Vv
+e ake ap + e "Tal e ay). (343)

The term with two powers of k is suppressed and hence we have

Vi (k) ~ gc/dreik'plQT%dG[iZQp“k L ZZY +ilPp k- Z2M

14 . 1 ; '
— 9T [are i, 3T Lada, + @Y, - a0, + e ) + (o )
n,m#0
l4 ~
~ igcT2ﬂ'25(k )P EA(EY 4+ EN) + (< v)). (344)

The corresponding energy-momentum pseudo-tensor is negative two times this

TH (k) = 2mid(k - p)[kx(SL + Sr) ¥ p)]. (345)
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Radiation from higher-dimensional

operators

In this appendix, we summarize the results for the gravitational radiation amplitudes due

to finite-size operators as calculated in Section

.5 Spin-independent contributions

First we consider radiation induced by graviton or dilaton exchange only. Then, as de-
picted in Fig. (a), the quadratic graviton operators Eq. (224) lead to graviton radiation

amplitudes
A _2ﬁ32 / s (B)E3 | (- Do) — (- L)l | [ - o) 5 — (k- €)1, (346)

ALY —532/ ua,g(k)fi{[(pa ) [(k - pa)ly — (k- £3)pe)]
a,B bap

+ (k- pa) (k- pa)ph — (k- pa)]| [ (- pa)8h — (k- €30

1

T 2[““ pa)ts — (k- 55)1’“} [(k'Pa)EE—(k-ﬁﬁ)pZ}}, (347)

HS
an =5y [ ua,ﬁwwz{ (D)0 - o)l = (k- £5)pk] + (- ) (K - P
a,B Ve

— (k- pa)pf)] | (e - o) (k- Pa)ts = (k- £5)p2) + (k- pa) (k- ps)pl = (k- P

1

= g3 L pa)l = U Lo)oke] | (6 o)t = (k- Lo)pt] } (348)
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In addition, the graviton-dilaton operator Eq. (227)) gives rise to the diagram Fig. (b)

that corresponds to graviton radiation of the form

. 22/ fia,5(k k pa)lly — (k- ﬁﬁ)pa} [(k-pa)%—(k-ﬁg)pg]. (349)

We observe that the combinations Ag, — Ag,, and Ag, — %AGD yield results independent
of d.
In the dilaton channel, the quadratic dilaton operators Eq. (225]) allow diagrams of the

form shown in Fig. [13]c), resulting in radiation amplitudes

Ap; = (d—2)32 Z / Ha,s (k) ek - £5)?, (350)
A, = (d—2)3/2 Z/ s (k)5 (K - £5) (K - pa)®, (351)
Apy =5 / po,p (K)o (K - pa)™. (352

D (d _ 2)3/2 g; tos B ) ( )

In addition, Fig. [13(d) with an insertion of the graviton-dilaton operator Eq. (227) also

leads to radiation in the scalar channel,

,{3
Apg = (d—2)1/? azgz /éa,gﬂa,ﬁ(k)ﬁi {((pa pg)(k - £g) — (k- pa) (k- pp))”

P 2kt 'W] | (353)

Finally, diagram Fig. (e) with a single insertion of the graviton-axion operator Eq. (228)

yields the axion radiation amplitude

A, =26 [ o g06E - 90) 85— (k- )1

Lo,

X [(pa )k - pa)ls — (k- La)pa] + (k- pa)[(k - pg)pg — (k- pa)ppl|-  (354)

We note that in matching the double copy to the dilaton channel, we have omitted

contact terms with no propagator factors. Such terms yield integrals that are proportional
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to to

/ T [(2”)5% 'Pde%a'ba] [(2”)5% 'pa)ew"'bﬁ] (2m)16%(Ca + 5 — )

)4 (2m)
e di ., o _
/dTadTﬁe / (%)dew% e o /dTadrﬁeZk zg 5d( 0) _ (ﬁ)), (355)
where the free particle paths are x((xo) = by + v, To. Because we consider classical scattering

at non-zero impact parameter b,z = by — bg # 0, such terms are identically zero.

.6 Spin-dependent contributionss

The spinning point sources now support internal graviton and axion exchange, correspond-

ing to the diagrams in Fig. (a). These yield graviton emission amplitudes

.Au —=2ik3 Z/ ;Lag k‘ pﬁ)gﬁ — (k- Eﬁ)pﬁ} |:(k . Eﬁ)(Sﬁ A Eﬁ)“ — (lo A fﬁ)ﬁﬁg )
(356)
A, Z / Ha,p(k { {(’f pe)ls — (k- eﬂ)p}é}

x [wa A p)sl(k - pa)tly — (k- Lo)ph] + (k- pa) (K Pa)(Sp A L) — (Lo A L3) 51k

[ (P ) (k- pa)8h — (- L)) + (- pa) (k- Do)l — (K- P

X [(k ~8)(Sp N lg)" = (Lo N fﬁ)ﬂ%] } (357)
iK>
Al =52 /g (B (e po)(k - pa)t = (k- C5)pt]
Ol,ﬂ @

(k- pa)[(k - ps)pl = (k- pa)p5]] [ (65 A pa)sl(k - pa)th = (k- 05)ph]

(- pa) (k- pa) (S5 A L) = (fa A L) gk] . (358)
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At linear order in spin, we can also have graviton radiation mediated by axion exhange, as

in Fig. [14|(b)

A, =03 [ oset] = [0t~ -

x [(65 Ap)sl(k - pa)tly — (k- La)ph] + (k- pa) (- pa)(Sp A L) — (ba A £3) 51
[ (P ) (k- pa)8h = (- L)) + (K- pa) [0k - Do)l — (K - P

< (b 5)(S5 A = (6 183155 | (359)

There is also dilaton radiation, from the diagram in Fig. [I4|(c) with one insertion of the

graviton-dilaton mixing operator in Eq. (227))

Apy = 21/22 [ e[k s)s- ) — 05023

X |(€s A pa)s(k - L) + (ba A Ls)p(k - Do) (360)

Finally, there is spin-dependent axion radiation, involving insertions of the purely axionic
operators in Eq. (226) in the diagram of Fig. e). Two of these amplitudes readily factorize

into products of the kinematic factors appearing in gauge theory

—41%32/ fra,p(k [k pp)ly — (k- 56)1?4 [(k‘gﬁ)(sﬁ/\gﬂ)“—(fa/\gﬁ)ﬁég :

(361)
A =203 L (e U R s
+ (k- pa) (k- po)pls = (k- D3]] | (6 A pa)sl(k - pa)th — (k- €5)pk]
+ (k- Pa) (k- Pa)(S5 A La)" = (€a A bs)sph] - (362)

The remaining two, A4, and A4, do not factorize into Yang-Mills kinematic factors. How-

ever, if we also include A4, (Fig. [14((d)) obtained from inserting the graviton-axion operator
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Eq. (228)), we find that the linear combinations

v v 1 v .
AL+ AL+ SAR =20k Z/ ﬁ pa,5(k)E, [(’f L) (Sp N lg)!" — (Lo A fﬁ)ﬁgl/ﬂ
a,B Ve

<[ (pe P [(k - pa)t = k- €5)pi) + (k- pa)l(k - po)pls — (k- pa)p] | (363)

A = A = A == 2085 [ g 0)EE (- ) — (- )
a, bop
x[(65 A pa)sll - ey — s C)ph] + (b - pa) (- pa) (S5 A ) — (ba A L5)aph]], (364)

indeed factorize.
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