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We consider the axial-vector form factors of the baryon octet in flavor-SU(3) chiral perturbation theory.
The baryon octet and decuplet and the pseudoscalar-meson octet are included as explicit degrees of
freedom. We explore the use of on-shell meson and baryon masses in the one-loop contributions to the
axial-vector form factors and focus on a consistent treatment in terms of chiral power counting. The
convergence properties of such an approach are scrutinized. We discuss the potential for comparison to
upcoming QCD lattice data.

DOI: 10.1103/PhysRevD.105.054005

I. INTRODUCTION

The axial-vector form factors of the octet baryons are,
next to the baryon masses, important testing grounds for
our understanding of the flavor and chiral structure of low-
energy, nonperturbative QCD. Cabibbo’s flavor-SU(3)
symmetric model [1,2] for neutron β decay and the semi-
leptonic hyperon decays was remarkably successful, but
nowadays one requires a more fundamental effective field
theory description of these processes in the framework of
chiral perturbation theory (χPT). Unfortunately, previous
work within flavor-SU(3) heavy-baryon χPT has shown
serious convergence problems of the chiral expansion [3,4].
The expected progress in flavor-SU(3) lattice studies
motivates us to revisit the axial-vector form factors of
the nucleon and hyperons in χPT.
In Ref. [5] we investigated the axial-vector form

factor of the nucleon in flavor-SU(2) χPT with nucleons
and isobars. Calculations of masses and form factors in χPT
face the problem that in the chiral expansion terms occur
that violate standard power-counting rules that assume
mπ ∼ Δ ∼ small momenta, where Δ is the isobar-nucleon
mass difference. We explored the use of on-shell hadron
masses in the loop diagrams to improve the convergence of
the chiral expansion when the isobars are included. We
showed that it was possible in our scheme to renormalize
the one-loop amplitudes in terms of subtracted Passarino-
Veltman integrals. We performed a successful global fit of

the LECs (low-energy constants) to the available flavor-SU
(2) QCD lattice data for the nucleon and isobar masses and
the nucleon axial-vector form factor [6–9]. An interesting
prediction of our approach that results from the use of on-
shell masses in the loops is a nonanalytic behavior [10,11]
of the masses and the form factor as a function of the pion
mass, which should become prominent for larger lattice
volumes than were used so far.
In this work we extend this approach to calculate the

axial-vector form factors of the baryon octet in flavor-
SU(3) χPT. The baryon decuplet is included as an explicit
degree of freedom and consistently incorporated via a
suitable subtraction and renormalization scheme similar to
Ref. [5]. We investigate whether the use of on-shell masses
in loop contributions leads to better convergence properties
of the flavor-SU(3) chiral expansion. Unfortunately, a full
lattice description of all axial-vector form factors in flavor-
SU(3) is not available yet. References [12–14] are restricted
to the axial-vector form factor of the nucleon. In Ref. [15]
first results for axial-vector form factors of the Σ and Ξ
hyperons are presented and more results, also for strange-
ness-changing axial-vector currents, are announced.
We have organized our work as follows. In Sec. II we

discuss the flavor-SU(3) chiral Lagrangian with the pseu-
doscalar-meson Goldstone-boson octet, the baryon octet,
and the baryon decuplet as degrees of freedom. Section III
discusses the axial-vector currents and form factors in
QCD, the prime observables covered in our approach. In
Sec. IV we calculate the axial-vector form factors at the
one-loop level from the chiral Lagrangian. Next, in Sec. V
we discuss our power-counting scheme and the implication
for renormalization of the one-loop diagrams. In Sec. VI we
investigate the convergence properties of our scheme at the
physical point of the form factors and in the flavor-SU(3)
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limit. Finally, Sec. VII contains our summary and an
outlook for further work. Several appendixes are devoted
to definitions of amplitudes, Clebsch-Gordan coefficients
and recoupling constants, and kinematical constants.

II. THE CHIRAL LAGRANGIAN

The starting point of all calculations in χPT is the
effective chiral Lagrangian, which contains fields of all
considered particles: the Goldstone-boson octet Φ, the
baryon octet B, and the baryon decuplet Δμ [16]. The
fields are given, respectively, by

Φ ¼

0
BBB@

ηffiffi
3

p þ π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
Kþ

ffiffiffi
2

p
π− ηffiffi

3
p − π0

ffiffiffi
2

p
K0

ffiffiffi
2

p
K−

ffiffiffi
2

p
K̄0 − 2ffiffi

3
p η

1
CCCA; ð1Þ

B ¼

0
BBB@

Λffiffi
6

p þ Σ0ffiffi
2

p Σþ p

Σ− Λffiffi
6

p − Σ0ffiffi
2

p n

−Ξ− Ξ0 −
ffiffi
2
3

q
Λ

1
CCCA; ð2Þ

and

Δ111
μ ¼Δþþ

μ ; Δ113
μ ¼Σþ

μ =
ffiffiffi
3

p
; Δ133

μ ¼Ξ0
μ=

ffiffiffi
3

p
; Δ333

μ ¼Ω−
μ ;

Δ112
μ ¼Δþ

μ =
ffiffiffi
3

p
; Δ123

μ ¼Σ0
μ=

ffiffiffi
6

p
; Δ233

μ ¼Ξ−
μ =

ffiffiffi
3

p
;

Δ122
μ ¼Δ0

μ=
ffiffiffi
3

p
; Δ223

μ ¼Σ−
μ =

ffiffiffi
3

p
;

Δ222
μ ¼Δ−

μ : ð3Þ

We list the chiral flavor-SU(3) Lagrangian [16–18], but
we neglect the terms without explicit impact on the axial-
vector form factors. The terms that are relevant for this
work are divided into chiral orders,

L ¼ Lkin þ Lð1Þ þ Lð2Þ þ Lð3Þ; ð4Þ

where i denotes the chiral order of LðiÞ and Lkin contains
the kinetic part of Goldstone bosons Φ, spin-1=2 baryons
B, and spin-3=2 baryons Δμ,

Lkin ¼ −f2tr½UμUμ� þ tr½B̄ði=D −MÞB�
− tr½Δ̄μ · ðði=D − ðM þ ΔÞÞgμν − iðγμDν þ γνDμÞ þ γμði=Dþ ðM þ ΔÞÞγνÞΔν�: ð5Þ

We introduced the covariant derivative Dμ, which is constructed such that it transforms in the same way as the
corresponding field by incorporating the chiral connection Γ. The mass of the baryon octet in the chiral limit is given byM
and the mass of the baryon decuplet in the chiral limit byM þ Δ. The Goldstone bosons are massless in the chiral limit. The
covariant derivative Dμ and the chiral connection Γμ are given by

DμB ¼ ∂μBþ ΓμB − BΓμ;

ðDμΔνÞabc ¼ ∂μΔabc
ν þ Γa

μ;nΔnbc
ν þ Γb

μ;nΔanc
ν þ Γc

μ;nΔabn
ν ;

Γμ ¼
1

2
u†½∂μ − iðvμ þ aμÞ�uþ 1

2
u½∂μ − iðvμ − aμÞ�u†; u ¼ ei

Φ
2f;

Uμ ¼
1

2
u†
�
∂μe

iΦf

�
u† −

i
2
u†ðvμ þ aμÞuþ i

2
uðvμ − aμÞu†; ð6Þ

and Uμ contains the Goldstone-boson fieldΦ and possible external currents with vector vμ or axial-vector structure aμ. The
pion-decay constant in the chiral limit is denoted by f ≃ 87 MeV [19]. Furthermore, we specify

Lð1Þ ¼ F tr½B̄γμγ5½iUμ; B�� þD tr½B̄γμγ5fiUμ; Bg� þ C tr½ðΔ̄μ · iUμÞBþ H:c:� þH tr½ðΔ̄μ · γ5γνΔμÞiUν�: ð7Þ

In the lowest-order Lagrangian Lð1Þ we introduced for the decuplet fields the shorthand notation [16]

ðΦ · ΔμÞab ¼ ϵklbΦl
nΔkna

μ ; ðΔ̄μ ·ΦÞab ¼ ϵklaΔ̄μ
knbΦn

l ;

ðΔ̄μ · ΔμÞab ¼ Δ̄μ
bcdΔacd

μ ; ð8Þ

and the dimensionless LECs F, D, C, and H. For convenience the Lagrangians Lð2Þ and Lð3Þ are split as
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Lð2Þ ¼ LðSÞ þ LðVÞ þ LðTÞ þ LðA;aÞ þ LðA;bÞ þ LðFÞ; ð9Þ

Lð3Þ ¼ LðχÞ þ LðRÞ; ð10Þ

with

LðSÞ ¼ −
1

2
gðSÞ0 tr½B̄B�tr½UμUμ� − 1

2
gðSÞ1 tr½B̄Uμ�tr½UμB� −

1

4
gðSÞF tr½B̄½fUμ; Uμg; B�� −

1

4
gðSÞD tr½B̄ffUμ; Uμg; Bg�; ð11Þ

LðVÞ ¼ −
1

4
gðVÞ0 tr½B̄iγμDνB�tr½UνUμ�

−
1

8
gðVÞ1 ðtr½B̄Uμ�iγμtr½UνDνB� þ tr½B̄Uν�iγμtr½UμDνB�Þ

−
1

8
gðVÞF tr½B̄iγμ½fUμ; Uνg; DνB��

−
1

8
gðVÞD tr½B̄iγμffUμ; Uνg; DνBg� þ H:c:; ð12Þ

LðTÞ ¼ −
1

2
gðTÞ1 tr½B̄Uμ�iσμνtr½UνB� −

1

4
gðTÞF tr½B̄iσμν½½Uμ; Uν�; B�� −

1

4
gðTÞD tr½B̄iσμνf½Uμ; Uν�; Bg�; ð13Þ

LðA;aÞ ¼ −
1

4
fðAÞ1 tr½ðΔ̄μ · γνγ5BÞfUμ; Uνg� −

1

4
fðAÞ3 tr½ðΔ̄μ · UνÞγνγ5UμBþ ðΔ̄μ ·UμÞγνγ5UνB� þ H:c:; ð14Þ

LðA;bÞ ¼ −
1

4
fðAÞ2 tr½ðΔ̄μ · γνγ5BÞ½Uμ; Uν�� −

1

4
fðAÞ4 tr½ðΔ̄μ ·UνÞγνγ5UμB − ðΔ̄μ ·UμÞγνγ5UνB� þ H:c:;

LðFÞ ¼ gðFÞF tr½B̄½Fþ
μν;σμνB��þgðFÞD tr½B̄fFþ

μν;σμνBg�þfðFÞM tr½B̄γμγ5ðiFþ
μν ·ΔνÞþH:c:�−fðFÞE tr½B̄γμðiF−

μν ·ΔνÞþH:c:�.
ð15Þ

Furthermore we specify

LðχÞ ¼ −
1

2
gðχÞ1 tr½B̄γ5γμfiUμ; fχ0; Bgg þ H:c:� − 1

2
gðχÞ2 tr½B̄γ5γμfiUμ; ½χ0; B�g þ H:c:�

−
1

2
gðχÞ3 tr½B̄γ5γμ½iUμ; fχ0; Bg� þ H:c:� − 1

2
gðχÞ4 tr½B̄γ5γμ½iUμ; ½χ0; B�� þ H:c:�

−
1

2
gðχÞ5 tr½B̄γ5γμB tr½χ0iUμ� þ H:c:� − 1

2
gðχÞ6 tr½B̄γ5γμiUμ tr½χ0B� þ H:c:� − gðχÞ7 tr½B̄γ5γμ½iUμ; B��tr½χ0�; ð16Þ

and

LðRÞ ¼ gðRÞF tr½B̄γμγ5½½Dν; F−
μν�; B��

þ gðRÞD tr½B̄γμγ5f½Dν; F−
μν�; Bg�: ð17Þ

Here two new operators appear, χ0 and F�
μν, where

χ0 ¼ 2B0

0
B@

m 0 0

0 m 0

0 0 ms

1
CA: ð18Þ

In order to implement explicit chiral symmetry breaking, χ0
introduces the finite quark masses m and ms, where
we assume the strict isospin limit mu ¼ md ≡m. Further-

more, a derivative acting on the external axial-vector
current aμ is needed,

F�
μν ¼ u†FR

μνu� uFL
μνu†; ð19Þ

with

FR
μν ¼ ∂μaν − ∂νaμ − i½aμ; aν�; ð20Þ

FL
μν ¼ −ð∂μaν − ∂νaμÞ − i½aμ; aν�: ð21Þ

All coefficients gð���Þ��� and fð���Þ��� are a priori unknown LECs.
Three LECs in Ref. [16], corresponding to LðχÞ, are
redundant. In Table I we link our Lagrangian L to other
conventions found in the literature. Terms including
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exclusively the baryon octet have been derived in
Refs. [18,20,21], whereas the terms also including the
decuplet are compared to Ref. [22]. Our LECs gð���Þ��� and fð���Þ���
are normalized in such a way that we expect their values to
be in the range ∼½−10; 10�. References [18,21,22] use in
part a different normalization. The comparison between our

LECs fðAÞ1;2;3;4 and the LECs cF;D;ð10Þ;ð27Þ, performed in
Ref. [22], agrees with our translation in Table I.

III. AXIAL-VECTOR CURRENTS

A. Motivation

The matrix element M of the semileptonic decay
process of a nucleon or hyperon (b → b̄þ e− þ ν̄) can
be parametrized [2] as

M¼GFVud=sffiffiffi
2

p ūb̄ðOV
α þOA

αÞubūeγαð1þ γ5Þvν;

OV
α ¼ fðb̄bÞ1 ðq2Þγαþ

qβ

MB
fðb̄bÞ2 ðq2Þσαβþ

qα
MB

fðb̄bÞ3 ðq2Þ;

OA
α ¼ gðb̄bÞ1 ðq2Þγαγ5þ

qβ

MB
gðb̄bÞ2 ðq2Þσαβγ5þ

qα
MB

gðb̄bÞ3 ðq2Þγ5;

ð22Þ
with the Fermi constant GF and the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements Vud ≃ 0.97 for

strangeness-conserving and Vus ≃ 0.22 for strangeness-

changing decays [19]. The form factors gðb̄bÞ1;2;3ðq2Þ and

fðb̄bÞ1;2;3ðq2Þ depend on the momentum transfer q2. We focus

on the axial-vector form factor gb̄b1 ðq2Þ. Based on group-
theoretical considerations and assuming exact flavor-SU(3)

symmetry, theCabibbomodel is able to describe gðb̄bÞ1 ðq2Þ of
12 processes with only two reduced matrix elements. These
refer, translated to our framework, to the LECsD andF from
the chiral LagrangianLð1Þ from Eq. (7).We showCabibbo’s
results for gb̄b1 ðq2Þ in terms of D and F in Table II.
Roughly ten years ago first results from nonperturbative

calculations of axial-vector form factors on the lattice
became available (e.g. Refs. [25,26]). The quark mass is
an input parameter in these kinds of calculations. Therefore
additional data points can be produced, also in unphysical
regions [12–15]. Since for larger quark masses flavor-
SU(3)-breaking effects play an important role, the Cabibbo
model is not suitable for more detailed investigations. χPT
offers the opportunity to consistently add higher-order
contributions, such as finite quark masses. Therefore we
scrutinize axial-vector form factors in χPT to one-loop
order and derive their dependence on the LECs of the chiral
Lagrangian of Eq. (4).

B. Definition of axial-vector form factors

In QCD the axial-vector currents take the form [27]

Aμ
i ðxÞ ¼ q̄ðxÞγμγ5

λi
2
qðxÞ; ð23Þ

with the three-component quark field qðxÞ and the Gell-
Mann matrices λi for flavor-SU(3). The axial-vector

TABLE I. Link of the LECs, used in this work, to previous
publications [18,21,22].

This work [18,21,22] This work [18,21,22]

D D gðSÞ0
8ð−b1 þ b2 þ b4Þ

F F gðSÞ1
16ð−b1 þ b2Þ

C 1ffiffi
2

p hA gðSÞF
8b3

H HA gðSÞD
8ð3b1 − b2Þ

gðVÞ0
16ð−b5 þ b7 þ b8Þ gðTÞ1

8d3

gðVÞ1
32ð−b5 þ b7Þ gðTÞF

16d2

gðVÞF
16b6 gðTÞD

16d1

gðVÞD
16ð3b5 − b7Þ

gðFÞF
bM;F fðAÞ1

4
5
cð27Þ − 4cD

gðFÞD
bM;D fðAÞ2

− 8
3
cð10Þ − 4cF

fðFÞM
cM fðAÞ3

4cð27Þ

fðFÞE
cE fðAÞ4

−8cð10Þ

gðRÞF
d64 gðRÞD

d65

gðχÞ1
2ð4d44 þ 3d46Þ gðχÞ5

4ð−d46 þ d47Þ
gðχÞ2

8d43 gðχÞ6
−8d46

gðχÞ3
8d42 gðχÞ7

4d45

gðχÞ4
2ð4d41 þ d46Þ

TABLE II. Cabibbo theory for the form factor gðb̄bÞ1 ð0Þ [2]. We
use F ¼ 0.45 and D ¼ 0.80 [23] for the numerical estimate.

Process
b → b̄ CKM gðb̄bÞ1 ð0Þ Estimate

Experiment
[24]

n → pe−ν̄ Vud Dþ F 1.25 1.2724� 0.0023
Ξ− → Ξ0e−ν̄ Vud D − F 0.35 � � �
Σ− → Λe−ν̄ Vud

ffiffi
2
3

q
D 0.65 0.601�0.015 [16]

Σ− → Σ0e−ν̄ Vud
ffiffiffi
2

p
F 0.64 � � �

Ξ0 → Σþe−ν̄ Vus Dþ F 1.25 1.22� 0.05
Σ− → ne−ν̄ Vus D − F 0.35 0.340� 0.017
Λ → pe−ν̄ Vus − 1ffiffi

6
p ðDþ 3FÞ −0.88 −0.879� 0.018

Ξ− → Λe−ν̄ Vus − 1ffiffi
6

p ðD − 3FÞ 0.22 0.31� 0.06

n → n � � � − 1ffiffi
6

p ðD − 3FÞ 0.22 � � �
Σ− → Σ− � � � ffiffi

2
3

q
D 0.65 � � �

Λ → Λ � � � −
ffiffi
2
3

q
D −0.65 � � �

Ξ− → Ξ− � � � − 1ffiffi
6

p ðDþ 3FÞ −0.88 � � �
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couplings can be incorporated as external fields aμðxÞ ¼P
i a

i
μðxÞ λi2 in the QCD Lagrangian. They enter the chiral

Lagrangian as a part of Uμ in Eq. (6).
We consider an axial-vector current Aμ

i ðx ¼ 0Þ coupling
to an incoming baryon B (with massMp and momentum p)
and an outgoing baryon B̄ (with mass Mp̄ and momentum
p̄). In contrast to the baryons b̄ and b in the previous
section, we present the baryons here in isospin multiplets B̄
and B, shown in Table III. Isospin-breaking effects are
neglected. We restrict the external baryon fields to the octet.
The matrix element for the axial-vector current can be
decomposed into three parts as

hB̄ðp̄ÞjAμ
i ð0ÞjBðpÞi

¼ ūB̄ðp̄Þ
�
γμGðB̄BÞ

A;i ðq2Þ þ qμ

Mp̄ þMp
GðB̄BÞ

P;i ðq2Þ

þ ð=̄pþ =pÞðp̄μ þ pμÞ
ðMp̄ þMpÞ2

GðB̄BÞ
I;i ðq2Þ

�
γ5T

ðiÞ
IðB̄ÞIðBÞuBðpÞ;

ð24Þ

with qμ ¼ ðp̄ − pÞμ and the index i ¼ 1;…; 8 running over
the different types of strangeness-conserving (ΔS ¼ 0) and

strangeness-changing (ΔS ¼ �1) axial-vector currents.

The coefficients GðB̄BÞ
A;i ðq2Þ and GðB̄BÞ

P;i ðq2Þ are known as
the axial-vector and pseudoscalar form factors. The third

form factor GðB̄BÞ
I;i ðq2Þ is, by construction, only nonzero for

processes with B̄ ≠ B for some specific Feynman diagrams.
Strict isospin symmetry forces the axial-vector form

factor GðB̄BÞ
A;i ðq2Þ to be equal within isospin multiplets.

We express the form factor in the isospin basis and
use the isospin equivalent axial-vector current aXμ with
X ∈ fπ; K; K̄; ηg, i.e.

GðB̄BÞ
A;1 ¼GðB̄BÞ

A;2 ¼GðB̄BÞ
A;3 →GðB̄BÞ

A;aπμ
; GðB̄BÞ

A;8 →GðB̄BÞ
A;aημ

;

GðB̄BÞ
A;4 ¼GðB̄BÞ

A;5 →GðB̄BÞ
A;aKμ

; GðB̄BÞ
A;6 ¼GðB̄BÞ

A;7 →GðB̄BÞ
A;aK̄μ

: ð25Þ

The isospin transition matrices TðiÞ
IðB̄ÞIðBÞ depend on the

isospin of the outgoing/incoming baryon IðB̄Þ=IðBÞ and
the isospin of the axial-vector current IðiÞ,

TðiÞ
IðB̄ÞIðBÞ ¼

8>>>>>>><
>>>>>>>:

Tð1Þ
IðB̄ÞIðBÞ;i if i ¼ 1; 2; 3;

Tð1=2Þ
IðB̄ÞIðBÞ;i−3 if i ¼ 4; 5;

T̃ð1=2Þ
IðB̄ÞIðBÞ;i−5 if i ¼ 6; 7;

Tð0Þ
IðB̄ÞIðBÞ;i−7 if i ¼ 8:

ð26Þ

An isospin transition matrix TIðiÞ
IðB̄ÞIðBÞ;i has 2IðiÞ þ 1 com-

ponents, each of them being a ð2IðB̄Þ þ 1Þ × ð2IðBÞ þ 1Þ
matrix. Specifically,

ðTð0Þ
00;1Þ ¼

1ffiffiffi
2

p ; ðTð0Þ
1
2
1
2
;1
Þjk ¼

1ffiffiffi
2

p ðδÞjk; ðTð0Þ
11;1Þjk ¼

1ffiffiffi
2

p ðδÞjk;

ðTð1Þ
11;iÞjk ¼ −

iffiffiffi
2

p ϵijk; ðTð1Þ
01;iÞj ¼ ðTð1Þ

10;iÞj ¼
1ffiffiffi
2

p ðδiÞj; ðTð1Þ
1
2
1
2
;i
Þjk ¼ ð−1Þm1=2

1

2
ðτiÞjk;

ðTð1=2Þ
1
2
1;i

Þjk ¼
1

2
ðτkÞji; ðTð1=2Þ

1
2
0;i

Þj ¼
1ffiffiffi
2

p ðδiÞj; ðTð1=2Þ
11
2
;i

Þjk ¼
i
2
ðτ2ÞilðτjÞlk; ðTð1=2Þ

01
2
;i

Þj ¼ −
iffiffiffi
2

p ðτ2Þij;

ðT̃ð1=2Þ
11
2
;i

Þjk ¼
1

2
ðτjÞki; ðT̃ð1=2Þ

01
2
;i

Þj ¼
1ffiffiffi
2

p ðδiÞj; ðT̃ð1=2Þ
1
2
1;i

Þjk ¼ −
i
2
ðτkÞjlðτ2Þli; ðT̃ð1=2Þ

1
2
0;i

Þj ¼
iffiffiffi
2

p ðτ2Þij; ð27Þ

with m1=2 ¼ 1 for B̄ ¼ B ¼ Ξ and m1=2 ¼ 0 for
B̄ ¼ B ¼ N.
The transition matrices are normalized in such a way that

we recover the results of the Cabibbo model at tree level,

GðB̄BÞ
A;i≠8ðq2Þ ¼ gðb̄bÞ1 ðq2Þ: ð28Þ

We work in the isospin basis with the external baryons B̄
and B, whereas the form factors in Cabibbo’s model are

given in particle basis with b̄ and b. The singlet form factors

GðB̄BÞ
A;i¼8ðq2Þ are not related to physical decays.
We will determine the form factors GðB̄BÞ

A;i ðq2Þ to one-
loop level. Divergent loop integrals need to be treated
carefully. The technique of dimensional regularization
[28,29] introduces the renormalization scale μ, which
allows us to determine the integrals in d spacetime
dimensions. Subtracting poles of the form 1=ðd − 4Þ leads
to a finite result, which only depends logarithmically on μ.

TABLE III. Baryon-octet multiplets B.

Singlet Doublets Triplet

Λ ¼ ðΛ0Þ N ¼
�
p
n

�
Ξ ¼

�
Ξ0

Ξ−

�
Σ ¼

0
B@

ΣþþΣ−ffiffi
2

p
iΣþ−iΣ−ffiffi

2
p

Σ0

1
CA
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The dimensionful renormalization scale μ does not interfere
with the chiral power counting. Nevertheless, the existence
of four different scales, namely the Goldstone-boson mass
mGB, the baryon octet(decuplet) mass in the chiral limit
MðM þ ΔÞ, and the breakdown scale ΛχPT, requires con-
sistent power counting. There are different ways to achieve
this. Jenkins and Manohar [3] introduced a scheme which
uses an expansion in inverse baryon masses (heavy-baryon
formalism). The method of infrared regularization was
applied by Becher and Leutwyler [30]. The so-called small-
scale expansion [31] uses Δ, the decuplet-octet mass
difference in the chiral limit, as an expansion parameter.
In this work we will follow the strategy of Refs. [5,32],
where suitable subtractions assure a consistent power
counting, but no expansion in Δ is performed. The details
of our power-counting scheme are given in Chap. V.

IV. DETERMINATION OF AXIAL-VECTOR
FORM FACTORS

A. Analytical results

In this section we investigate all axial-vector form factors
GB̄B

A;iðtÞ, with t ¼ q2, to N2LO.We use the baryon multiplets
(see Table III) and the axial-vector currents i ¼ faπμ; aKμ ;
aK̄μ ; a

η
μg in the isospin basis. A typical one-loop diagram is

shown in Fig. 1. In addition to the tree-level diagram, there
are three different types of one-loop diagrams contributing
toGB̄B

A;iðtÞ: tadpole (Table IV), bubble (Table V), and triangle
diagrams (Table VI). All these contributions can be sum-
marized in one condensed formula:

GB̄B
A;iðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
ZB̄ZB

p
JACðB̄BÞ

i þ tJATðB̄BÞ
i þ 2B0JAX

ðB̄BÞ
i þ

X
Q∈½8�

JAQ
CðB̄BÞ
Q;i

ð2fÞ2 þ
X5
n¼1

X
Q∈½8�

X
L∈½8�;½10�

JA;nLQ

GðB̄Þ
QL

2f

CðB̄BÞ;n
LQ;i

2f

þ
X5
n¼1

X
Q∈½8�

X
R∈½8�;½10�

JA;nQR

CðB̄BÞ;n
QR;i

2f

GðBÞ
QR

2f
þ
X2
n¼1

X
Q∈½8�

X
L;R∈½8�;½10�

JA;nLQR

GðB̄Þ
QL

2f
CðB̄BÞ;n
LQR;i

GðBÞ
QR

2f
; ð29Þ

wherewe separate the flavor-independent part JA��� from the Clebsch-Gordan coefficients (CGCs)C, T,X, andG, which carry
the full flavor information. Sums over the multiplets ½8� and ½10� of the internal particlesL,R, andQ (see Fig. 1) indicate loop
contributions. The parameter n distinguishes bubble diagrams with contributions from different vertices (see Table V). We
also introduced the wave-function renormalization

ffiffiffiffiffiffiffiffiffiffiffi
ZB̄ZB

p
[3,33] modifying the contribution of the tree-level diagram.

The expressions JA��� in Eq. (29) represent the axial-vector component of the amplitudes Jμ��� of all considered Feynman
diagrams. They are given by

FIG. 1. Example of a one-loop diagram contributing to GB̄B
A;iðtÞ.

The Goldstone boson Q is represented by a dashed line, whereas
the wiggly line is associated with the axial-vector current Aμ

i .
Baryons (B̄; L; R; B) are shown with straight lines, a single line is
connected to a octet particle and a double line represents a
decuplet particle. We use the notation “label (mass; momentum)”.

TABLE IV. Contribution of all tree-level and tadpole diagrams entering Eq. (29). The meaning of different lines is explained in Fig. 1.

Type Feynman diagram Projection Amplitude Jμ��� CGCs Lagrangian L

Tree JA (A6) CðB̄BÞ
i Lð1Þ

Counterterms
JA

(A6), XðB̄BÞ
i , LðχÞ,

(A7) TðB̄BÞ
i

LðRÞ

Tadpole JAQ (A8) CðB̄BÞ
Q;i Lð1Þ
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JA��� ¼ −
ffiffiffi
2

p
Mp̄Mp

ðd − 2ÞðMp̄Mp þ p̄ · pÞ tr
�
γμγ5

=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�

−
Mp̄MpðMp̄ þMpÞ2ffiffiffi

2
p ðd − 2ÞðMp̄Mp − p̄ · pÞðMp̄Mp þ p̄ · pÞ tr

�
p̄μ − pμ

Mp̄ þMp
γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�

−
Mp̄MpðMp̄ þMpÞ2ffiffiffi

2
p ðd − 2ÞðMp̄Mp − p̄ · pÞðMp̄Mp þ p̄ · pÞ tr

�ð=̄pþ =pÞðp̄μ þ pμÞ
ðMp̄ þMpÞ2

γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
; ð30Þ

TABLE V. Contribution of all bubble diagrams entering Eq. (29). The meaning of different lines is explained in Fig. 1. The parameter
n specifies the origin of the 4-point vertices in bubble diagrams.

Type Feynman Diagram Projection Amplitude Jμ��� Lagrangian L

Bubble L ∈ ½8� JA;nLQ

(A9), n ¼ 1 ↔ Lkin,
(A10), n ¼ 2 ↔ LðSÞ
(A11), n ¼ 3 ↔ LðVÞ,
(A12), n ¼ 4 ↔ LðTÞ,
(A13) n ¼ 5 ↔ LðFÞ

Bubble R ∈ ½8� JA;nQR

(A14), n ¼ 1 ↔ Lkin,
(A15), n ¼ 2 ↔ LðSÞ,
(A16), n ¼ 3 ↔ LðVÞ,
(A17), n ¼ 4 ↔ LðTÞ,
(A18) n ¼ 5 ↔ LðFÞ

Bubble L ∈ ½10� JA;nLQ

(A19), n ¼ 1 ↔ LðA;aÞ,
(A20), n ¼ 2 ↔ LðA;bÞ,
(A21) n ¼ 3 ↔ LðFÞ

Bubble R ∈ ½10� JA;nQR

(A23), n ¼ 1 ↔ LðA;aÞ,
(A24), n ¼ 2 ↔ LðA;bÞ,
(A25) n ¼ 3 ↔ LðFÞ

TABLE VI. Contribution of all nonvanishing triangle diagrams entering Eq. (29). The meaning of different lines is explained in Fig. 1.

Type Diagram Projection
Amplitude

Jμ���

Triangle JA;1LQR
(A27)

L ∈ ½8�
R ∈ ½8�

Triangle JA;1;2LQR
(A28), (A31)

L ∈ ½10�
R ∈ ½8�

Triangle JA;1;2LQR
(A29), (A32)

L ∈ ½8�
R ∈ ½10�

Triangle JA;1LQR
(A30)

L ∈ ½10�
R ∈ ½10�
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where the projector
¯=pþMp̄

2Mp̄
ð=pþMp

2Mp
Þ sets the outgoing (incom-

ing) baryon B̄ðBÞ on shell. The trace is taken in Dirac space.
For completeness we also give the expressions JP��� and JI���,
which project onto the form factors GP and GI in Eqs. (A1)
and (A2) in Appendix A. Using the method of dimensional
regularization [29], we work in d spacetime dimensions.
In Tables IV–VI we show all considered Feynman

diagrams with the link to the amplitude Jμ���, defined in
Appendix A. The resulting projection JA��� enters the formula
for the axial-vector form factor (29).
We now turn to the flavor structure and take a closer look

at theCGCsC,T,X, andG. The 3-point CGCsGðBÞ
QR enter the

calculation of the baryon masses and are given in Ref. [23],
but for completeness we give them in Tables XII–XV.
The counterterm CGCs, which originate from the

Lagrangian L3 (17), TðB̄BÞ
i and XðB̄BÞ

i , are used to absorb
the divergences of the one-loop contributions. Explicit

symmetry breaking gives rise to the coefficients XðB̄BÞ
i ,

which are proportional to the quark massesm andms. They

are shown in Table XVI. The coefficients TðB̄BÞ
i ∝ t ¼ q2 are

important to describe themomentum transfer dependence of
the axial-vector current. Their explicit contributions are
shown in Table XVII.
The CGCs CðB̄BÞ

…;i can further be decomposed:

CðB̄BÞ
i ¼ AðiÞ

B̄B;

CðB̄BÞ
Q;i ¼ AðB̄BÞ

Q;i ;

CðB̄BÞ;n
LQ;i ¼ AðiBÞ;n

QL;ðB̄ÞC̃
B̄B
i ;

CðB̄BÞ;n
QR;i ¼ AðiB̄Þ;n

QR;ðBÞC̃
BB̄
ī ;

CðB̄BÞ;1
LQR;i ¼ AðiÞ

LRC̃
iQ
B̄B;LR; ð31Þ

where we defined the 3-, 4-, and 5-point CGCs Að���Þ��� and the
recoupling constants C̃������. The 3-point coefficients A differ
from the G coefficients, because they couple an
axial-vector current instead of a Goldstone boson to
the two baryons. Nevertheless, they only differ in
their particle-specific normalization. All needed coeffi-

cients AðiÞ
B̄B are given in Tables XVIII–XXI. We note that

there are some correlations among such coefficients. For
instance, we find

CðB̄BÞ;5
LQ;i ¼ CðB̄BÞ;4

LQ;i j
gðTÞD;F→8

ffiffi
3

p
gðFÞD;F and gðTÞ

1
→0

for L ∈ ½8�;

CðB̄BÞ;5
QR;i ¼ CðB̄BÞ;4

QR;i j
gðTÞD;F→8

ffiffi
3

p
gðFÞD;F and gðTÞ

1
→0

for R ∈ ½8�;

CðB̄BÞ;3
LQ;i ¼ CðB̄BÞ;2

LQ;i j
fðAÞi →0 but fðAÞ

2
→16fðFÞF

for L ∈ ½10�;

CðB̄BÞ;3
QR;i ¼ CðB̄BÞ;2

QR;i j
fðAÞi →0 but fðAÞ

2
→16fðFÞF

for R ∈ ½10�;

CðB̄BÞ;2
LQR;i ¼ CðB̄BÞ;1

LQR;i jC→−2fðFÞE
and F;D;H → 0 j. ð32Þ

The 5-point CGCs AðB̄BÞ
Q;i can directly be linked to the

3-point coefficients AðiÞ
B̄B (see Table XXII). The 4-point

vertices contributing to the bubble diagrams require some
more attention. First of all, several parts of the Lagrangians
Lkin (5) and Lð2Þ (9) contribute. This is labeled by the
parameter n, and the exact mapping can be found in

Table V. The 4-point CGCs AðiBÞ;n
QL;ðB̄Þ depend, in addition

to the connected particles L, Q, B, and the current i, on the

isospin of the outgoing baryon B̄. All CGCs AðiBÞ;n
QL;ðB̄Þ can be

found in the Appendix in Tables XXIII–XXVII and

Eqs. (D1) and (D2). The CGCs AðiB̄Þ;n
QR;ðBÞ are linked to

AðiBÞ;n
QL;ðB̄Þ via the relations given in Eq. (D3).

It turns out that the CGCs G and A are not
enough to describe the full flavor structure of all bubble
and triangle diagrams. We need additional “recoupling
constants” C̃, which compensate for the use of isospin
multiplets in the strict isospin limit. Of course, the goal is
to be consistent with results in particle basis. We
have explicitly checked that this is achieved by the
inclusion of the recoupling constants C̃. The recoupling
constants of the bubble diagrams C̃B̄B

i depend on external
particles only and are given in Table XXVIII. The
situation turns slightly more sophisticated for triangle
diagrams. The recoupling constants C̃iQ

B̄B;LR depend on all
involved particles and are shown in Eqs. (E1), (E2) and
Tables XXIX and XXX.

B. Unrenormalized results

We reduce the expressions for the amplitudes JA��� from
Eq. (29) by using a Passarino-Veltman reduction scheme
[5]. Rewriting our amplitudes in terms of Passarino-
Veltman basis integrals and reduced integrals (34) after
canceling the occurring kinematic singularities [5], we
arrive at the intermediate result in Eq. (33) for amplitudes
JA���. We apply the notation of Ref. [5] and find
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JA ¼ 1;

JAQ ¼ KðQÞ
Q IQ;

JA;nLQ ¼ KðQÞ;n
LQ IQ þ KðLÞ;n

LQ IL þ KðLQÞ;n
LQ ILQðMp̄Þ;

JA;nQR ¼ KðQÞ;n
QR IQ þ KðRÞ;n

QR IR þ KðQRÞ;n
QR IQRðMpÞ;

JA;nLQR ¼ KðQÞ;n
LQR IQ þ KðLÞ;n

LQR IL þ KðRÞ;n
LQR IR þ KðLQÞ;n

LQR ILQðMp̄Þ þ KðQRÞ;n
LQR IQRðMpÞ þ KðLRÞ;n

LQR ILRðtÞ þ K0ðLRÞ;n
LQR

ΔILRðtÞ
t

þ K00ðLRÞ;n
LQR

ΔΔILRðtÞ
t2

þ KðLQRÞ;n
LQR ILQRðtÞ þ K0ðLQRÞ;n

LQR

ΔILQRðtÞ
t − ðMp̄ −MpÞ2

; ð33Þ

where the amplitude JAabc, which originates from a diagram with internal particles a, b, c, is expressed by a combination of

prefactor and integral KðABCÞ
abc IABC. Note that the Passarino-Veltman reduction scheme leads to the appearance of integrals

with internal particles ABC, which differ from the internal particles of the original diagram abc. The prefactors KðABCÞ
abc are

too long to be shown here in full detail. The prefactors K0 and K00 are linked to the reduced integrals ΔI��� and ΔΔI���,

IR ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −M2
R
;

IQ ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −m2
Q
;

IL ¼
Z

ddl
ð2πÞd

iμ4−d

l2 −M2
L
;

ILQðp̄2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

ððl − p̄Þ2 −M2
LÞðl2 −m2

QÞ
;

ILRðtÞ ¼
Z

ddl
ð2πÞd

−iμ4−d

ððl − ðp̄ − pÞÞ2 −M2
LÞðl2 −M2

RÞ
;

IQRðp2Þ ¼
Z

ddl
ð2πÞd

−iμ4−d

ðl2 −m2
QÞððl − pÞ2 −M2

RÞ
;

ILQRðp̄2; p2; tÞ ¼
Z

ddl
ð2πÞd

iμ4−d

ððl − p̄Þ2 −M2
LÞðl2 −m2

QÞððl − pÞ2 −M2
RÞ

;

ΔILRðtÞ ¼ ILRðtÞ − ILRðt ¼ 0Þ;

ΔΔILRðtÞ ¼ ILRðtÞ − ILRðt ¼ 0Þ − t
∂
∂t ILRðtÞjt¼0;

ΔILQRðtÞ ¼ ILQRðtÞ − ILQRðt ¼ ðMp̄ −MpÞ2Þ; ð34Þ

with

ILRðt ¼ 0Þ ¼ IR − IL
M2

L −M2
R
;

∂
∂t ILRðtÞjt¼0 ¼

ððd − 4ÞM2
L − dM2

RÞ
dðM2

L −M2
RÞ3

IL þ ðdM2
L − ðd − 4ÞM2

RÞ
dðM2

L −M2
RÞ3

IR;

ILQRðt ¼ ðMp̄ −MpÞ2Þ ¼
Mp̄ðILQðMp̄Þ − ILRððMp̄ −MpÞ2ÞÞ −MpðIQRðMpÞ − ILRððMp̄ −MpÞ2ÞÞ

MpðM2
p̄ þm2

Q −M2
LÞ −Mp̄ðM2

p þm2
Q −M2

RÞ
: ð35Þ
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V. RENORMALIZATION AND POWER
COUNTING

Applying the general strategy of Refs. [5,32] we will use
the following basic guidelines for renormalization and
power counting:

(i) the use of on-shell masses in the loop contributions,
(ii) introduction of a consistent power-counting scheme

with special attention to the decuplet-octet mass
difference,

(iii) no expansion of the integrals I, but the use of appro-
priate subtractions in order to preserve power counting,

(iv) a consistent expansion of the prefactors K in
appropriate variables.

In Eq. (33) the integrals I��� and their prefactors Kð���Þ���
depend on both external masses, Mp̄ and Mp, and internal
ones ML, MR, and mQ. There are different approaches on
how to treat these internal masses. Ledwig et al. [33] use
physical meson masses and present two options for the
baryonmasses. First, the octet and decuplet masses are set to
their values in the chiral limit (M andM þ Δ), whereas their
second option is the average over the physical octet and the
decuplet masses. Whether any of these simplifications is
appropriate to describe QCD lattice data at unphysically
large meson masses to high precision appears questionable.
Here we will use on-shell masses in the loop contribu-

tions, following the path demonstrated for baryon masses
[32]. It is a self-consistent approach, which is based on the
eight coupled equations for the baryon octet and decuplet
masses:

MN ¼ M þ Σ̃NðMN;MΛ;MΣ;MΞ;MΔμ
;MΣμ

;MΞμ
;

MΩμ
; mπ; mK;mK̄; mηÞ;

MΣ ¼ M þ Σ̃ΣðMN;MΛ;MΣ;MΞ;MΔμ
;MΣμ

;MΞμ
;

MΩμ
; mπ; mK;mK̄; mηÞ;

MΛ ¼ � � �
..
.

MΩμ
¼ M þ Δþ Σ̃Ωμ

ðMN;MΛ;MΣ;MΞ;MΔμ
;MΣμ

;

MΞμ
;MΩμ

; mπ; mK;mK̄; mηÞ; ð36Þ
where Σ̃A is the self-energy to the mass of an octet or
decuplet particle A, which depends on internal loop masses.
In conventional χPT, e.g. Refs. [34,35], the masses on the
right-hand side of Eq. (36) are expanded in order to
decouple the equations. In contrast to this, Lutz et al.
[32] keep the full structure on the right-hand side of
Eq. (36) and solve the set of coupled equations. This
self-consistent approach leads to a very good description of
octet and decuplet masses up to large meson masses of
600 MeV [11]. We expect that the use of these accurate on-
shell masses allows an improved description of the loop
contributions to the axial-vector form factors as well.

The use of on-shell masses requires a clear strategy
regarding power counting. In principle, the triangle integral
ILQRðMp̄;MpÞ can involve four different baryon masses,
Mp̄,Mp,ML, andMR. AlthoughMp̄ andMp are restricted
to octet masses, the fact that ML and MR can be octet and
decuplet masses complicates the question how to deal with
baryon mass differences in our framework. In contrast,
previous works expanded the masses in the loop contri-
butions and were therefore mainly confronted with the
treatment of the nonzero mass difference between the
decuplet and the octet baryons in the chiral limit Δ.
The small-scale expansion [31] uses an expansion in Δ.
Using the explicit example of the bubble integral IQRðMpÞ,
the poor convergence of this expansion has been demon-
strated in Ref. [32]. Therefore, we do not expand in Δ. Our
main strategy is to subtract the terms that violate power
counting in any of the two regions mQ < Δ and mQ ≃ Δ.
To cope with the four different baryon masses, we rewrite
them in terms of mass differences δB, δL, δR:

δB ¼ Mp̄ −Mp; δL ¼ ML −Mp̄ð1þ γLÞ;

MB ¼ Mp̄ þMp

2
; δR ¼ MR −Mpð1þ γRÞ;

γL ¼
�
0 if ML ∈ ½8�;
Δ=M if ML ∈ ½10�;

γR ¼
�
0 if MR ∈ ½8�;
Δ=M if MR ∈ ½10�: ð37Þ

The subtractions γL and γR are chosen in such a way that δL
and δR vanish in the chiral limit for all cases
L=R ∈ f½8�; ½10�g. As we restrict external particles to the
baryon octet, δB vanishes in the chiral limit without any
subtractions needed.
In the following we turn to the explicit renormalization

rules for the amplitudes in Eq. (33):

JA��� → J̄A��� with I��� → Ī��� and Kð���Þ��� → K̄ð���Þ��� : ð38Þ

Equation (33) can be rewritten in terms of renormalized
integrals Ī��� and prefactors K̄ð���Þ��� :

J̄A ¼ 1;

J̄AQ ¼ K̄ðQÞ
Q ĪQ;

J̄A;nLQ ¼ K̄ðQÞ;n
LQ ĪQþ K̄ðLQÞ;n

LQ ĪLQðMp̄Þ;
J̄A;nQR ¼ K̄ðQÞ;n

QR ĪQþ K̄ðQRÞ;n
QR ĪQRðMpÞ;

J̄A;nLQR ¼ K̄ðQÞ;n
LQR ĪQþ K̄ðLQÞ;n

LQR ĪLQðMp̄Þþ K̄ðQRÞ;n
LQR ĪQRðMpÞ

þ K̄ðLQRÞ;n
LQR ĪLQRðtÞþ K̄0ðLQRÞ;n

LQR
ΔĪLQRðtÞ

t− ðMp̄−MpÞ2
:

ð39Þ
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Note that the integrals IL, IR, ILR, ΔILR, and ΔΔILR do not
appear in Eq. (39) anymore [see Eq. (42) and the dis-
cussion above].
We apply as power-counting rules

m2
Q ∼Q2; t ∼Q2; MB ∼Q0;

δB ∼Q2; δL ∼Q2; δR ∼Q2: ð40Þ

The prefactors K̄ð���Þ��� are obtained from Kð���Þ��� by subtracting
power-counting violating terms δKð���Þ��� :

K̄ð���Þ��� ¼ Kð���Þ��� − δKð���Þ��� : ð41Þ

All factors Kð���Þ��� , K̄ð���Þ��� , and δKð���Þ��� are rewritten in terms of
the new variables, defined in Eq. (37). The unrenormalized,
full factors Kð���Þ��� are expanded following the power-counting
rules in Eq. (40). The renormalized coefficients K̄ð���Þ��� are
explicitly given in Appendix (F1)–(F4) and involve con-
tributions proportional to factors αij, which are functions of
the ratio Δ=M only and normalized to αij → 1 for Δ → 0.
An expansion in Δ=M, such as performed in Ref. [31],
would lead to αij → 1 at leading order. We insist on keeping
the full factors αij and demonstrate in Ref. [5] that αij ¼ 1 is
a very poor approximation for some ij. Equation (F5) in
Appendix F lists all αij. Power-counting violating terms
δKð���Þ��� are subtracted and denoted by an index 0: α0j → 0

and αj0 → 0. All power-counting violating, and therefore
subtracted terms, δKð���Þ��� are given in Eqs. (44), (45),
and (49).
The renormalized integrals Ī���, which we want to keep

unchanged, if power counting allows, are not expressed in
the new variables. Wewill develop their explicit structure in
the following.
Integrals that do not involve any meson mass consist of

large scales only, because we do not consider Δ as a small
scale. Therefore, it was argued in Ref. [23] that these
contributions should be fully subtracted, so they do not
appear in Eq. (39) anymore:

ĪL ¼ ĪR ¼ ĪLR ¼ ΔĪLR ¼ ΔΔĪLR ¼ 0: ð42Þ

The reduced integrals ΔILR and ΔΔILR were defined
in Eqs. (34).
The renormalized meson tadpole ĪQ is of order Q2,

ĪQ ¼ m2
Q

16π2
log

�
m2

Q

μ2

�
: ð43Þ

It is the only remaining source of the renormalization scale
μ. We expand its prefactorKðQÞ��� , but consider only order-Q0

terms, since higher-order terms are expected to be renor-
malized by counterterms of order Q4 and higher. As
diagrams with an internal decuplet are not expected to

contribute to this order, their contributions δKðQÞ��� , propor-
tional to α0j with j ∈ f1; 2; 3; 4g, are subtracted via

δKðQÞ;n¼1

L∈½10�QR∈½8� ¼ δKðQÞ;n¼1

L∈½8�QR∈½10� ¼
1

3
α01;

δKðQÞ;n¼1

L∈½10�QR∈½10� ¼ −
4

9
α02;

δKðQÞ;n¼1

L∈½10�Q ¼ δKðQÞ;n¼1

QR∈½10� ¼
10

9

Δ
M

α03MB;

δKðQÞ;n¼2

L∈½10�Q ¼ δKðQÞ;n¼2

QR∈½10� ¼ −
2

9

Δ
M

α04MB: ð44Þ

The discussion becomes more complex for the bubble
integrals evaluated at external baryon masses ĪLQðMp̄Þ and
ĪQRðMpÞ. If L;R ∈ ½8�, no subtractions are necessary, but
in case L;R ∈ ½10� power-counting violating terms arise.
Therefore we subtract all Q0-contributions δKðLQÞ��� and
δKðQRÞ��� in Eq. (45) by the rule αj0 → 0 for j ¼ 1–5. For
instance,

δKðLQÞ;n¼1

L∈½8�QR∈½10� ¼ δKðQRÞ;n¼1

L∈½10�QR∈½8� ¼ −
5

12

Δ
M

α10M2
B;

δKðLQÞ;n¼1

L∈½10�QR∈½8� ¼ δKðQRÞ;n¼1

L∈½8�QR∈½10� ¼ −
5

12

Δ
M

α20M2
B;

δKðLQÞ;n¼1

L∈½10�QR∈½10� ¼ δKðQRÞ;n¼1

L∈½10�QR∈½10� ¼
7

9

Δ
M

α30M2
B;

δKðLQÞ;n¼1

L∈½10�Q ¼ δKðQRÞ;n¼1

QR∈½10� ¼ −
20

9

Δ2

M2
α40M3

B;

δKðLQÞ;n¼2

L∈½10�Q ¼ δKðQRÞ;n¼2

QR∈½10� ¼ 4

9

Δ2

M2
α50M3

B: ð45Þ

These subtractions are not enough to eliminate all
power-counting violating contributions. Additional sub-
tractions are needed for the integrals ĪLQ and ĪQR. We
therefore introduce the subtractions γLB̄ and γRB, which
assure the correct power counting ĪL∈½8�Q=ĪQR∈½8� ∼Q1

and ĪL∈½10�Q=ĪQR∈½10� ∼Q2 in the chiral domain [32]:

ĪLQðMp̄Þ ¼ ILQðMp̄Þ þ
IL
M2

L
−
1 − γLB̄
16π2

;

ĪQRðMpÞ ¼ IQRðMpÞ þ
IR
M2

R
−
1 − γRB
16π2

; ð46Þ

where γLB̄ and γRB depend on baryon masses in the chiral
limit only:

γRB ¼
8<
:

0 if R ∈ ½8�;

− 2MΔþΔ2

M2 log

�
2MΔþΔ2

ðMþΔÞ2

�
if R ∈ ½10�: ð47Þ

The explicit form of ĪQRðp2 ¼ M2
pÞ has been determined in

Ref. [32]:
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ĪQRðMpÞ ¼
1

16π2

�
γRB −

�
1

2
þm2

Q −M2
R

2M2
p

�
log

�
m2

Q

M2
R

�

þ pQR

Mp

�
log

�
1 −

M2
p − 2pQRMp

m2
Q þM2

R

�

− log

�
1 −

M2
p þ 2pQRMp

m2
Q þM2

R

���
;

p2
QR ¼ M2

p

4
−
M2

R þm2
Q

2
þ ðM2

R −m2
QÞ2

4M2
p

: ð48Þ

It is left to discuss the contributions of the triangle
integrals ILQRðtÞ and ΔILQRðtÞ. Analogous to the
bubbles, power-counting violating terms only appear in
the presence of internal decuplet particles. This is true for
the cases L ∈ ½10�; R ∈ ½8� as well as for L ∈ ½8�; R ∈ ½10�,
and L; R ∈ ½10�. Therefore, the order-Q0 contributions

δKðLQRÞ��� in Eq. (49), associated with αj0 → 0 with
j ∈ f6; 7; 8g, are subtracted. For instance,

δKðLQRÞ;1
L∈½10�QR∈½8� ¼ δKðLQRÞ;1

L∈½8�QR∈½10� ¼
5

6

Δ2

M2
α60M4

B;

δK0ðLQRÞ;1
L∈½10�QR∈½8� ¼ δK0ðLQRÞ;1

L∈½8�QR∈½10� ¼
2

3

Δ2

M2
α70M6

B;

δKðLQRÞ;1
L∈½10�QR∈½10� ¼ −

4

3

Δ2

M2
α80M4

B: ð49Þ

As the triangle integrals ILQRðtÞ and ΔILQRðtÞ, defined in
Eq. (34), are finite for d ¼ 4, renormalization is not needed.
Only power-counting violating contributions of the inte-
grals need to be eliminated by introducing the subtractions
γLQR and γ0LQR [5]:

ĪLQRðtÞ ¼ ILQRðtÞ − γLQR;

γL∈½10�QR∈½8� ¼ γL∈½8�QR∈½10�

¼ −
1

16π2M2
log

�
2MΔþ Δ2

ðM þ ΔÞ2
�
þ 1

16π2ð2MΔþ Δ2Þ log
�ðM þ ΔÞ2

M2

�
;

γL∈½8�QR∈½8� ¼ 0; γL∈½10�QR∈½10� ¼ −
1

16π2M2
log

�
2MΔþ Δ2

ðM þ ΔÞ2
�
; ð50Þ

ΔĪLQRðtÞ ¼ ĪLQRðtÞ − ĪLQRððMp̄ −MpÞ2Þ − ðt − ðMp̄ −MpÞ2Þγ0LQR;

γ0L∈½10�QR∈½8� ¼ γ0L∈½8�QR∈½10� ¼ −
1

96π2M4Δ3ð2M þ ΔÞ3
�
Δ3ð2M þ ΔÞ3 log

�
Δ
M

�

− 2ðM þ ΔÞ2 log
�
M þ Δ
M

�
ð4M4 − 2M3Δþ 3M2Δ2 þ 4MΔ3 þ Δ4Þ

þ Δð2M þ ΔÞ
�
M2ð4M2 þ 2MΔþ Δ2Þ þ Δ2ð2M þ ΔÞ2 log

�
2M þ Δ

M

���
;

γ0L∈½8�QR∈½8� ¼ γ0L∈½10�QR∈½10� ¼ 0: ð51Þ

The subtractions γLQR and γ0LQR are analogous to the subtraction term γBR introduced in the bubble function.
With Eqs. (50) and (51) we obtain ĪL∈½8�QR∈½8�ðtÞ ∼Q0, ĪL∈½8�QR∈½10�ðtÞ ∼Q1, and ĪL∈½10�QR∈½10�ðtÞ ∼Q2

and ΔĪL∈½8�QR∈½8�ðtÞ=ðt − ðMp̄ −MpÞ2Þ ∼Q0, ΔĪL∈½8�QR∈½10�ðtÞ=ðt − ðMp̄ −MpÞ2Þ ∼Q1, and ΔĪL∈½10�QR∈½10�ðtÞ=ðt −
ðMp̄ −MpÞ2Þ ∼Q2 in the chiral domain. The subtractions are crucial, since otherwise the explicit evaluation
of a class of two-loop diagrams would be needed [5,36]. An explicit expression for the triangle integral
at t ¼ ðMp̄ −MpÞ2 was given in Eq. (35). For general values of the momentum transfer t we use the Feynman
parametrization

ĪLQRðtÞ ¼ −
Z

1

0

Z
1−u

0

dvdu
1

ð4πÞ2Ω2
− γLQR;

with Ω2 ¼ −m2
Q þ vðð1 − vÞM2

p −M2
R þm2

QÞ þ uðð1 − uÞM2
p̄ −M2

L þm2
QÞ þ uvðt −M2

p̄ −M2
pÞ; ð52Þ

from which also the reduced triangle integral ΔĪLQRðtÞ follows with Eq. (51).
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Our renormalized and power-counting respecting
result for the axial-vector form factors GB̄B

A;iðtÞ is
summarized in Eq. (53). It uses the renormalized

amplitudes from Eq. (39) plugged into Eq. (29) and
rearranged by renormalized integrals instead of
diagrams:

ð2fÞ2GB̄B
A;iðtÞ¼ ð2fÞ2ð ffiffiffiffiffiffiffiffiffiffiffi

ZB̄ZB

p
CðB̄BÞ
i þ tTðB̄BÞ

i þ2B0X
ðB̄BÞ
i Þþ

X
Q∈½8�

ĪQ

�
CðB̄BÞ
Q;i K̄ðQÞ

Q þ
X

L∈½8�;½10�
GðB̄Þ

QLC
ðB̄BÞ;n
LQ;i K̄ðQÞ;n

LQ

þ
X

R∈½8�;½10�
CðB̄BÞ;n
QR;i GðBÞ

QRK̄
ðQÞ;n
QR þ

X
L;R∈½8�;½10�

GðB̄Þ
QLC

ðB̄BÞ;n
LQR;i G

ðBÞ
QRK̄

ðQÞ;n
LQR

�

þ
X
Q∈½8�

X
L∈½8�;½10�

ĪLQðMp̄Þ
�
GðB̄Þ

QLC
ðB̄BÞ;n
LQ;i K̄ðLQÞ;n

LQ þ
X

R∈½8�;½10�
GðB̄Þ

QLC
ðB̄BÞ;n
LQR;i G

ðBÞ
QRK̄

ðLQÞ;n
LQR

�

þ
X
Q∈½8�

X
R∈½8�;½10�

ĪQRðMpÞ
�
CðB̄BÞ;n
QR;i GðBÞ

QRK̄
ðQRÞ;n
QR þ

X
L∈½8�;½10�

GðB̄Þ
QLC

ðB̄BÞ;n
LQR;i G

ðBÞ
QRK̄

ðQRÞ;n
LQR

�

þ
X
Q∈½8�

X
L;R∈½8�;½10�

ĪLQRðtÞðGðB̄Þ
QLC

ðB̄BÞ;n
LQR;i G

ðBÞ
QRK̄

ðLQRÞ;n
LQR Þ

þ
X
Q∈½8�

X
L;R∈½8�;½10�

ΔĪLQRðtÞ
t− ðMp̄−MpÞ2

ðGðB̄Þ
QLC

ðB̄BÞ;n
LQR;i G

ðBÞ
QRK̄

0ðLQRÞ;n
LQR Þ; ð53Þ

where a summation of repeated indices n is understood.

VI. NUMERICAL ANALYSIS OF CONVERGENCE
PROPERTIES

A. Convergence properties at the physical point

The 12 independent axial-vector form factors of the
baryon octet in Eq. (53) are ready to be compared to
experimental and QCD lattice data. In Table II we have
shown the six existing experimental data points.
Unfortunately, the available QCD lattice data for the
hyperons Σ, Ξ, and Λ are very limited. In
Refs. [15,25,26], results for the form factors GΣΣ

A;aπμ
ðt ¼ 0Þ

and GΞΞ
A;aπμ

ðt ¼ 0Þ have been presented. However, these data
points are not enough to determine all LECs of our chiral
Lagrangian. On the other hand, further investigations of
axial-vector form factors were announced in Ref. [15].
Until these data become available, we use the LECs
determined from fits of the baryon octet and decuplet
masses [11] and test some properties of our results for the
axial-vector form factors from Eq. (53) at a more elemen-
tary level.
First we scrutinize the convergence properties of the

kinematic factors K̄ of the one-loop contributions
in Eq. (53), which are expanded according to the power-
counting scheme presented in Eq. (40). We use isospin-
averaged physical on-shell masses in the loop contributions,
as listed in the left column in Table VII.
In Fig. 2 we show the one-loop contributions to the axial-

vector form factors GB̄B
A;iðt ¼ ðMp̄ −MpÞ2Þ, but restrict the

used LECs to the lowest order from Lð1Þ in Eq. (7). We do

not take into account the LECs from Lð2Þ and Lð3Þ in
Eqs. (9) and (10), because not all of them are known.
Furthermore, we add the order-Q2 impact of the wave-
function renormalization to the tree-level contributions

ð ffiffiffiffiffiffiffiffiffiffiffi
ZB̄ZB

p
− 1ÞCðB̄BÞ

i . The used parameters are shown in
the right column of Table VII.
We divide the 12 independent processes (B̄ ← B) in

Fig. 2 with respect to their axial-vector current. In the two
top panels the strangeness-conserving axial-vector currents
aπμ and aημ are shown and the strangeness-changing current
aKμ is presented in the bottom of Fig. 2. Dashed lines

TABLE VII. Physical masses [24] and input parameters for the
numerical estimates in flavor-SU(3). The LECs refer to “set 1” of
Ref. [11], whereas the factors ZB, with B ∈ ½8�, are taken from
Ref. [32].

Masses (Mev) PDG [24] Parameters from [11,32]

mπ 137 F
D
C
H

0.48
0.75
1.50
2.06

mK 494
mη 548

MN 939 f (MeV) 92.4
MΛ 1116 M (MeV) 866.2
MΣ 1193 Δ (MeV) 382.7
MΞ 1318 μ (MeV) 770

MΔμ
1232 ZN 1.118

MΣμ
1385 ZΛ 2.064

MΞμ
1533 ZΣ 2.507

MΩμ
1672 ZΞ 3.423
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represent the full, nonexpanded expression for the kin-
ematic factors K̄, whereas the points give the values for the
expanded factors up to chiral order Q2, Q4, Q6, and Q8.
These orders refer to the kinematic factors K̄ only, the order
of the referring integrals Ī is not taken into account here.
This restricts the discussion to the convergence properties
of the kinematic factors K̄. A discussion of the convergence
properties of the loop contributions in general is performed
below. The higher-order termsQ6 andQ8 reproduce the full
contributions K̄ for all processes to high accuracy, and the
order-Q4 terms show reasonable results. However, only
taking into account the order-Q2 terms does not appear
desirable, except for the processes with at least one external

nucleon. In general, we find large loop contributions
compared to the tree-level values of Table II.
In order to scrutinize the full convergence properties of

our chiral expansion, we also take into account
the chiral power of the integrals ĪQ ∼Q2, ĪLQ=ĪQR ∼Q1,
and ĪLQR ∼Q0. We use the momentum transfer t ¼
ðMp̄ −MpÞ2, implying that ΔĪLQRððMp̄ −MpÞ2Þ ¼ 0.
The tadpole integral ĪQ still involves the renormalization
scale μ (43). Therefore all contributions K̄ðQÞĪQ ∼Q4 or
higher are neglected, since they renormalize higher-order
counterterms. The combined effect of K̄ and Ī on the loop
contributions to the axial-vector form factors is shown
in Fig. 3.

FIG. 2. Convergence properties of the kinematic factors K̄. We show their contributions toGB̄B
A;iðt ¼ ðMp̄ −MpÞ2Þ for the chiral orders

Q2, Q4, Q6, and Q8 as points and their unexpanded value as a dashed line.
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The convergence properties in Fig. 3 are worse than the
ones in Fig. 2. Nevertheless, our power-counting scheme is
well converging. The chiral order Q5 describes the full
contributions to acceptable accuracy, whereas for some
processes even lower orders are sufficient. We continue the
discussion for the orders Q2–Q5 and include additional
terms from the Lagrangian Lð2Þ in Eq. (9).
In the following we also consider the LECs of the higher

order Lagrangians from Eqs. (15) and (17). Note that the
LECs from the Lagrangian Lð2Þ directly contribute to the
loop contributions, whereas the LECs from Lð3Þ do not
interfere with the loops. At first we include the LECs gðSÞ,

gðVÞ, gðTÞ, and fðAÞ from the LagrangianLð2Þ, which directly
contribute to the loop contributions of the order Q3. The
LECs gðFÞ and fðFÞ from Eq. (15) are not considered in this
work, whereas the LECs gðχÞ and gðRÞ from Lð3Þ will be
added later.
The constants with scalar and vector structure gðSÞ and

gðVÞ have been determined in Ref. [11], whereas the LECs
gðTÞ and fðAÞ are unknown. Since the success of Cabibbo’s
model [2] is compatible with small loop contributions, we
determine the LECs gðTÞ and fðAÞ using a fit, which
minimizes the loop contributions of all processes. This is
performed for all orders Q3, Q4, and Q5 separately,

FIG. 3. Loop corrections to GB̄B
A;iðt ¼ ðMp̄ −MpÞ2Þ for different axial-vector currents i. The LECs gðSÞ, gðVÞ, gðTÞ, gðFÞ, fðFÞ, and fðAÞ

are not included. The points refer to the expansion to the corresponding chiral order, whereas the dashed lines show the full
contributions.
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resulting in three sets of determined LECs, which are
shown in Table VIII. The size of the minimized one-loop
contributions is characterized by the chi-square per number
of processes χ2=Np, with Np ¼ 12, and the largest remain-
ing one-loop contribution (“max”). The LECs gðTÞ and fðAÞ,
determined by our fit, are reasonably small. We do not give
errors, but expect some range of �3 for the LECs and
observe quite large deviations of the LECs for different
orders. This is not surprising, since our estimate is not
intended to be seen as a rigorous fit, for which, apart from
accurate QCD lattice data, also the LECs gðFÞ, fðFÞ, gðRÞ,
and gðχÞ need to be taken into account.
In Fig. 4 we reproduce the loop contributions of orders

Q2–Q5 of Fig. 3, but this time with the contributions of gðSÞ,
gðVÞ, gðTÞ, and fðAÞ from Table VIII. Since these LECs
become relevant only at order Q3, the order-Q2 contribu-
tions remain unchanged compared to Fig. 3. For the
contributions of order Q3, Q4, and Q5 we find that the
loop contributions are drastically reduced in all processes.
We observe that contributions are most efficiently mini-
mized at order Q4, but also the contributions at order Q5

and, with a few exceptions, at order Q3 are small.
Therefore, we conclude that it is possible to reduce the
loop contributions to the axial-vector form factors for all
processes by appropriate choices for the LECs gðTÞ and fðAÞ
at all orders.
As a last step, we turn on the LECs of the counterterms

of the Lagrangian Lð3Þ in Eq. (10). Unlike the LECs gðSÞ,
gðVÞ, gðTÞ, and fðAÞ, the LECs gðχÞ and gðRÞ do not enter as
loop contributions but as counterterms. We find that it is
possible to further reduce the one-loop contributions with

these counterterms and show the resulting LECs gðχÞ1−7 and

gðRÞD=F in Table IX. The LECs are reasonably small, fulfilling

jgðχÞ1−7j < 3 and jgðRÞD=Fj < 7. The parameters χ2=Np and the
maximal remaining contribution max are significantly
smaller than the corresponding ones without the LECs

gðχÞ1−7 and gðRÞD=F in Table VIII.

B. Convergence properties in the flavor-SU(3) limit

In the previous section, we showed that the inclusion of
the LECs gðSÞ, gðVÞ, gðTÞ, and fðAÞ, and additionally the
LECs gðRÞ and gðχÞ, leads to strong cancellations among
the various loop contributions, when the physical
masses of Table VII are used. Here we want to scrutinize
whether similar effects can be observed for other
on-shell baryon masses. We choose a lattice QCD
ensemble in the unphysical flavor-SU(3) limit, which
is characterized by mu ¼ md ¼ ms [37]. This leads to
equal masses of the Goldstone bosons, within the baryon
octet and within the baryon decuplet. The exact masses
and the wave-function renormalization factor Z are given
in Table X.
At first, we neglect the effect of the LECs gðRÞ and gðχÞ. In

Fig. 5 the one-loop contributions are shown. At order Q2,
the LECs gðSÞ, gðVÞ, gðTÞ, and fðAÞ are not effective, so the
loop contributions are rather large. For the higher-order
terms Q3, Q4, and Q5 the, to the relevant order correspond-
ing, LECs gðTÞ and fðAÞ from Table VIII are included. This
procedure evidently reduces the loop contributions for all
processes. The resulting terms of order Q3 and Q5 are very
small, the order-Q4 contributions only slightly larger. We
want to stress here that these contributions were not directly
minimized by a fit, but only by the use of the LECs of
Table VIII.
In the next step, we also include the LECs gðχÞ and gðRÞ

from the Lagrangian Lð3Þ. We use their values from
Table IX and perform a comparison of important param-
eters of the one-loop contributions between the cases with
and without the counterterms gðRÞ and gðχÞ. We give the
chi-square per number of processes χ2=Np and the largest
remaining one-loop contribution in Table XI. For the
orders Q3 and Q5 the inclusion of gðχÞ and gðRÞ further
reduces the one-loop contribution, whereas this is not the
case for the order Q4. A reason for that could be the
appearance of additional counterterms turning relevant at
order Q4.
The numerical estimates, given in this section, show

good convergence effects, for both the kinematic factors K̄
and the one-loop contributions to the axial-vector form
factors in general. With estimates for the LECs gðTÞ, fðAÞ,
gðχÞ, and gðRÞ we find large cancellations of the loop effects
for the chiral order Q3 and higher. We conclude that the
comparison with QCD lattice data should be performed at
the order-Q3 level.

TABLE VIII. Left column: input LECs for the numerical
estimates in flavor-SU(3) from Ref. [11]. Right column: LECs
as determined by our fit from the minimization of the loop
contributions of order Q3, Q4, and Q5. The magnitude of the
remaining one-loop contributions is described by the chi-square
per number of processes χ2=Np and the maximal value max.

LEC (GeV−1) From [11] LEC Q3 Q4 Q5

gðSÞ0
−8.8678 gðTÞ1 (GeV−1) 0.87 1.67 4.32

gðSÞ1
0.8058 gðTÞD (GeV−1) −6.35 −4.13 −6.10

gðSÞD
−1.4485 gðTÞF (GeV−1) −8.22 −9.47 −7.76

gðSÞF
−5.1101 fðAÞ1 (GeV−1) 1.82 1.67 6.35

gðVÞ0
−0.3710 fðAÞ2 (GeV−1) 0.71 0.53 0.39

gðVÞ1
−7.2709 fðAÞ3 (GeV−1) −9.88 −4.65 −8.92

gðVÞD
10.002 fðAÞ4 (GeV−1) 1.14 0.36 −0.34

gðVÞF
−2.8688 χ2=Np 0.78 0.24 0.30

max 1.94 1.05 1.20
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VII. SUMMARY AND OUTLOOK

In this paper, we investigated the axial-vector currents of
the baryon octet in flavor-SU(3) chiral perturbation theory.
We established analytical results for the axial-vector form
factors at N2LO that include one-loop contributions. The

FIG. 4. Loop corrections to GB̄B
A;iðt ¼ ðMp̄ −MpÞ2Þ up to orderQ5 as in Fig. 3, but with the effect of the LECs gðSÞ, gðVÞ, gðTÞ, and fðAÞ

from Table VIII, which contribute to order Q3 and higher.

TABLE IX. LECs as determined by our fit. We also give the
chi-square per number of processes χ2=Np and the largest
remaining one-loop contribution max.

Order Q3 Q4 Q5 Order Q3 Q4 Q5

gðχÞ1
−0.46 −0.18 −0.58 gðχÞ5

−2.44 −1.14 −0.25

gðχÞ2
−1.87 −0.76 −0.88 gðχÞ6

2.43 −0.13 −0.29

gðχÞ3
−2.64 −1.27 −2.01 gðχÞ7

2.27 1.11 1.86

gðχÞ4
−0.43 −0.47 −0.69 gðRÞD

6.71 4.38 6.75

χ2=Np 0.06 0.02 0.01 gðRÞF
6.84 3.83 4.94

max 0.61 0.35 0.28

TABLE X. QCD lattice masses in the flavor-SU(3) limit [37].

Mass Lattice ensemble [37]

mπ , mK , mη (MeV) 391
MN , MΛ, MΣ, MΞ (MeV) 1124
MΔμ

, MΣμ
, MΞμ

, MΩμ
(MeV) 1438

ZN , ZΛ, ZΣ, ZΞ 2.28
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decuplet baryons were considered as an explicit degree of
freedom. Sincewe explored the use of on-shell masses in the
one-loop contributions, particular attention was paid to a
power-counting scheme that leads to good convergence

properties. It was demonstrated that the use of on-shell
masses fulfills this condition. Furthermore, the use of on-
shell masses with their finite-volume dependence implies an
implicit finite-volume effect of the axial-vector form factors.
While our analytical results are prepared to be confronted
with QCD lattice data, a rich basis of QCD lattice data is so
far only available in flavor-SU(2). However, we expect that
additional flavor-SU(3) QCD lattice data will be published
within the next few years.
Unfortunately, for most of the flavor-SU(3) QCD lattice

ensembles, which were used to fit the baryon octet and
decuplet masses to high accuracy [11], axial-vector form
factors are not available yet. Once the data basis is
significantly enlarged further investigations are planned.
Our goal is a global fit of octet and decuplet masses and the

FIG. 5. Loop corrections to GB̄B
A;iðt ¼ ðMp̄ −MpÞ2Þ in the flavor-SU(3) limit, with the masses from Table X. The LECs gðSÞ, gðVÞ, gðTÞ,

and fðAÞ are taken from Table VIII. They are not contributing to the order Q2. The LECs gðχÞ and gðRÞ are not included here.

TABLE XI. Parameters which quantify the success of the
reduction of one-loop contributions in the flavor-SU(3) limit,
χ2=Np, and the maximal remaining contribution max.

Q3 Q4 Q5

With gðχÞ1−7 ¼ gðRÞD=F ¼ 0
χ2=Np 0.04 0.26 0.08
max 0.35 0.85 0.44

With gðχÞ1−7 and gðRÞD=F
from Table IX

χ2=Np 0.02 0.31 0.04
max 0.23 0.92 0.31
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axial-vector form factors, as presented in Ref. [5] in flavor-
SU(2). The large amount of low-energy constants can be
reduced by appropriate large-Nc relations, to be established
in future work.
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APPENDIX A: AMPLITUDES

The following formulas for JP��� and JI��� project onto the
form factors GB̄B

P;iðtÞ and GB̄B
I;i ðtÞ just as JA��� does onto

GB̄B
A;iðtÞ (30). The form factors GB̄B

P;iðtÞ and GB̄B
I;i ðtÞ are

defined in Eq. (24):

JP��� ¼
Mp̄MpðMp̄ þMpÞ2ffiffiffi

2
p ðd − 2ÞðMp̄Mp − p̄ · pÞðMp̄Mp þ p̄ · pÞ tr

�
γμγ5

=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�

þMp̄MpðMp̄ þMpÞ2ððd − 1ÞðM2
p̄ þM2

pÞ þ 2Mp̄Mp þ 2ðd − 2Þp̄ · pÞ
2

ffiffiffi
2

p ðd − 2ÞðMp̄Mp − p̄ · pÞ2ðMp̄Mp þ p̄ · pÞ

× tr

�
p̄μ − pμ

Mp̄ þMp
γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
þ ðd − 1ÞMp̄MpðMp̄ þMpÞ4
2

ffiffiffi
2

p ðd − 2ÞðMp̄Mp − p̄ · pÞ2ðMp̄Mp þ p̄ · pÞ

× tr

�ð=̄pþ =pÞðp̄μ þ pμÞ
ðMp̄ þMpÞ2

γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
; ðA1Þ

JI��� ¼ −
Mp̄MpðMp̄ þMpÞ2ffiffiffi

2
p ðd − 2ÞðMp̄Mp − p̄ · pÞðMp̄Mp þ p̄ · pÞ

× tr

�
γμγ5

=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
−

ðd − 1ÞMp̄MpðMp̄ þMpÞ4
2

ffiffiffi
2

p ðd − 2ÞðMp̄Mp − p̄ · pÞ2ðMp̄Mp þ p̄ · pÞ

× tr

�
p̄μ − pμ

Mp̄ þMp
γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
−
Mp̄MpðMp̄ þMpÞ4ððd − 1ÞðM2

p̄ þM2
pÞ − 2Mp̄Mp − 2ðd − 2Þp̄ · pÞ

2
ffiffiffi
2

p ðd − 2ÞðMp̄ −MpÞ2ðMp̄Mp − p̄ · pÞ2ðMp̄Mp þ p̄ · pÞ

× tr

�ð=̄pþ =pÞðp̄μ þ pμÞ
ðMp̄ þMpÞ2

γ5
=̄pþMp̄

2Mp̄
Jμ���

=pþMp

2Mp

�
: ðA2Þ

In the following, we give the amplitudes of all Feynman
diagrams Jμ���, which enter Eq. (29) in the form of JA��� after
the projection with formula (30). We use the following
propagators in d dimensions [16,23], which are derived
from Lkin (5) [38]:

(i) Spin-0 Goldstone boson:

DQðkÞ ¼ 1=ðk2 −m2
Q þ iϵÞ; ðA3Þ

(ii) Spin-1=2 (octet) baryon:

SRðkÞ ¼ 1=ð=k −MR þ iϵÞ; ðA4Þ

(iii) Spin-3=2 (decuplet) baryon:

SμνR ðkÞ ¼ −1
=k −MR þ iϵ

�
gμν −

γμγν

d − 1

þ ðkμγν − kνγμÞ
ðd − 1ÞMR

−
ðd − 2Þkμkν
ðd − 1ÞM2

R

�
: ðA5Þ

The Feynman diagrams associated with the following
amplitudes are given in Tables IV–VI:

Jμ ¼ 1ffiffiffi
2

p γμγ5; ðA6Þ

Jμ ¼ 1ffiffiffi
2

p
t
ðγνγ5ð−p̄νp̄μþ p̄μpνþ p̄νpμ−pνpμÞþq2γμγ5Þ;

ðA7Þ

JμQ ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd γ

μγ5DQðlÞ; ðA8Þ

Jμ;1LQ ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞDQðlÞγμ; ðA9Þ

Jμ;2LQ ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞDQðlÞlμ; ðA10Þ
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Jμ;3LQ¼−
iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄− lÞDQðlÞ

×ððγμp · lþ=lpμÞþðγμðp̄− lÞ · lþ=lðp̄− lÞμÞÞ; ðA11Þ

Jμ;4LQ ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞDQðlÞiσμνlν; ðA12Þ

Jμ;5LQ ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄− lÞDQðlÞiσμνðp̄−pÞν; ðA13Þ

Jμ;1QR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd γ

μDQðlÞSRðp − lÞ=lγ5; ðA14Þ

Jμ;2QR ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd l

μDQðlÞSRðp − lÞ=lγ5; ðA15Þ

Jμ;3QR ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd ððl · ðp − lÞγμ þ =lðp − lÞμÞ

þ ðγμp̄ · lþ =lp̄μÞÞDQðlÞSRðp − lÞ=lγ5; ðA16Þ

Jμ;4QR ¼ −
iffiffiffi
2

p
Z

ddl
ð2πÞd iσ

μνlνDQðlÞSRðp − lÞ=lγ5; ðA17Þ

Jμ;5QR ¼ − iffiffiffi
2

p
Z

ddl
ð2πÞd iσ

μνðp̄ − pÞνDQðlÞSRðp − lÞ=lγ5;

ðA18Þ

Jμ;1LQ ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd lνðS

νμ
L ðp̄ − lÞ=l

þ SναL ðp̄ − lÞlαγμÞγ5DQðlÞ; ðA19Þ

Jμ;2LQ ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd lνðS

νμ
L ðp̄− lÞ=l−SναL ðp̄− lÞlαγμÞγ5DQðlÞ;

ðA20Þ

Jμ;3LQ ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd lνðS

να
L ðp̄ − lÞγμ

− SνμL ðp̄ − lÞγαÞðp̄ − pÞαγ5DQðlÞ; ðA21Þ

Jμ;4LQ ¼ Jμ;5LQ ¼ 0; ðA22Þ

Jμ;1QR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd ð=lγ5S

μν
R ðp − lÞ

þ γμγ5lαSανR ðp − lÞÞlνDQðlÞ; ðA23Þ

Jμ;2QR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd ð=lγ5S

μν
R ðp − lÞ

− γμγ5lαSανR ðp − lÞÞlνDQðlÞ; ðA24Þ

Jμ;3QR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd γ5ðp̄ − pÞαðγαSμνR ðp − lÞ

− γμSανR ðp − lÞÞlνDQðlÞ; ðA25Þ

Jμ;4QR ¼ Jμ;5QR ¼ 0; ðA26Þ

Jμ;1LQR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞγμγ5DQðlÞSRðp − lÞ=lγ5;

ðA27Þ

Jμ;1LQR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd lσS

σμ
L ðp̄ − lÞDQðlÞSRðp − lÞ=lγ5;

ðA28Þ

Jμ;1LQR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞDQðlÞSμτR ðp − lÞlτ;

ðA29Þ

Jμ;1LQR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd lσS

σα
L ðp̄ − lÞDQðlÞγμγ5SRαβðp − lÞlβ;

ðA30Þ

Jμ;2LQR ¼
iffiffiffi
2

p
Z

ddl
ð2πÞd lσðS

σα
L ðp̄− lÞγμ

−SσμL ðp̄− lÞγαÞðp̄−pÞαDQðlÞSRðp− lÞ=lγ5; ðA31Þ

Jμ;2LQR ¼ iffiffiffi
2

p
Z

ddl
ð2πÞd =lγ5SLðp̄ − lÞDQðlÞðγαSμτR ðp − lÞ

− γμSατR ðp − lÞÞðp̄ − pÞαlτ: ðA32Þ

APPENDIX B: CGCs WITHOUT AXIAL-VECTOR
CURRENT

In this part we give the 3-point Clebsch-Gordan coef-

ficients GðBÞ
QR with the Goldstone boson Q and the bary-

ons B;R ∈ ½8�; ½10�.

APPENDIX C: CGCs OF COUNTERTERMS

Here we give the CGCs of the counterterms XðB̄BÞ
i

and TðB̄BÞ
i .

APPENDIX D: CGCs WITH AXIAL-VECTOR
CURRENT

In this section we show all CGCs A with axial-vector
current, the 3-point coefficients in Tables XVIII–XXI,
the 4-point coefficients in Tables XXIII–XXVII, and the
5-point CGCs in Table XXII.
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The 4-point vector couplings AðiBÞ;3
QL;ðB̄Þ are given by

AðiBÞ;3
QL∈½8�;ðB̄Þ ¼

1

4
AðiBÞ;1
QL∈½8�;ðB̄Þ with gðSÞX → gðVÞX : ðD1Þ

Furthermore, the parameter n of the sum in Eq. (29) for
L ∈ ½10� only leads to nonvanishing contributions up to
n ¼ 2, so

AðiBÞ;3
QL∈½10�;ðB̄Þ ¼ AðiBÞ;4

QL∈½10�;ðB̄Þ ¼ 0: ðD2Þ

For the bubble diagramwith internal baryonR in Eq. (29)

the 4-point verticesAðiB̄Þ;n
QR;ðBÞ can be extracted fromAðiBÞ;n

QL;ðB̄Þ by

AðiB̄Þ;1
QR∈½8�;ðBÞ ¼ −AðĩBÞ;1

QL∈½8�;ðB̄Þ; AðiB̄Þ;2
QR∈½8�;ðBÞ ¼ AðĩBÞ;2

QL∈½8�;ðB̄Þ;

AðiB̄Þ;3
QR∈½8�;ðBÞ ¼ AðĩBÞ;3

QL∈½8�;ðB̄Þ; AðiB̄Þ;4
QR∈½8�;ðBÞ ¼ −AðĩBÞ;4

QL∈½8�;ðB̄Þ;

AðiB̄Þ;1
QR∈½10�;ðBÞ ¼ AðĩBÞ;1

QL∈½10�;ðB̄Þ; AðiB̄Þ;2
QR∈½10�;ðBÞ ¼ AðĩBÞ;2

QL∈½10�;ðB̄Þ;

AðiB̄Þ;3
QR∈½10�;ðBÞ ¼ AðiB̄Þ;4

QR∈½10�;ðBÞ ¼ 0: ðD3Þ

Note that the axial-vector current has to be turned around; in
other words, we have to replace aK̄μ ↔ aKμ , but the con-
tributions of aπμ and aημ remain unchanged:

TABLE XII. CGCs GðBÞ
QR with B;R ∈ ½8�.

GðNÞ
πN ¼ ffiffiffi

3
p ðDþ FÞ GðΛÞ

πΣ ¼ 2D GðΣÞ
πΛ ¼ 2ffiffi

3
p D

GðNÞ
ηN ¼ − 1ffiffi

3
p ðD − 3FÞ GðΛÞ

K̄N ¼ −
ffiffi
2
3

q
ðDþ 3FÞ GðΣÞ

πΣ ¼ −2
ffiffiffi
2

p
F

GðNÞ
KΛ ¼ − 1ffiffi

3
p ðDþ 3FÞ GðΛÞ

ηΛ ¼ − 2ffiffi
3

p D GðΣÞ
K̄N ¼ ffiffiffi

2
p ðD − FÞ

GðNÞ
KΣ ¼ ffiffiffi

3
p ðD − FÞ GðΛÞ

KΞ ¼
ffiffi
2
3

q
ðD − 3FÞ GðΣÞ

ηΣ ¼ 2ffiffi
3

p D

GðΞÞ
πΞ ¼ −

ffiffiffi
3

p ðD − FÞ GðΞÞ
K̄Λ ¼ − 1ffiffi

3
p ðD − 3FÞ GðΣÞ

KΞ ¼ ffiffiffi
2

p ðDþ FÞ
GðΞÞ

K̄Σ ¼ −
ffiffiffi
3

p ðDþ FÞ GðΞÞ
ηΞ ¼ − 1ffiffi

3
p ðDþ 3FÞ

TABLE XIII. CGCs GðBÞ
QR with B ∈ ½10�, denoted by μ, and R ∈ ½8�.

G
ðΔμÞ
πN ¼ ffiffiffi

2
p

C G
ðΣμÞ
πΛ ¼ −C G

ðΞμÞ
πΞ ¼ −C G

ðΩμÞ
K̄Ξ ¼ −2C

G
ðΔμÞ
KΣ ¼ −

ffiffiffi
2

p
C G

ðΣμÞ
πΣ ¼ −

ffiffi
2
3

q
C G

ðΞμÞ
K̄Λ ¼ C

G
ðΣμÞ
K̄N ¼

ffiffi
2
3

q
C G

ðΞμÞ
K̄Σ ¼ C

G
ðΣμÞ
ηΣ ¼ C G

ðΞμÞ
ηΞ ¼ −C

G
ðΣμÞ
KΞ ¼ −

ffiffi
2
3

q
C

TABLE XIV. CGCs GðBÞ
QR with B ∈ ½8� and R ∈ ½10�, denoted by μ.

GðNÞ
πΔμ

¼ 2C GðΛÞ
πΣμ

¼ −
ffiffiffi
3

p
C GðΣÞ

πΣμ
¼ −

ffiffi
2
3

q
C GðΞÞ

πΞμ
¼ −C

GðNÞ
KΣμ

¼ C GðΛÞ
KΞμ

¼ −
ffiffiffi
2

p
C GðΣÞ

K̄Δμ
¼ −

ffiffi
8
3

q
C GðΞÞ

ηΞμ
¼ −C

GðΣÞ
ηΣμ

¼ C GðΞÞ
K̄Σμ

¼ C

GðΣÞ
KΞμ

¼ −
ffiffi
2
3

q
C GðΞÞ

KΩμ
¼ −

ffiffiffi
2

p
C

TABLE XV. CGCs GðBÞ
QR with B; R ∈ ½10�, denoted by μ.

G
ðΔμÞ
πΔμ

¼ −
ffiffi
5
3

q
H G

ðΣμÞ
πΣμ

¼ 2
ffiffi
2

p
3
H G

ðΞμÞ
πΞμ

¼ − 1ffiffi
3

p H G
ðΩμÞ
K̄Ξμ

¼ − 2ffiffi
3

p H

G
ðΔμÞ
ηΔμ

¼ − 1ffiffi
3

p H G
ðΣμÞ
K̄Δμ

¼ − 2
ffiffi
2

p
3
H G

ðΞμÞ
K̄Σμ

¼ − 2ffiffi
3

p H G
ðΩμÞ
ηΩμ

¼ 2ffiffi
3

p H

G
ðΔμÞ
KΣμ

¼ −
ffiffi
2
3

q
H G

ðΣμÞ
ηΣμ

¼ 0 G
ðΞμÞ
KΩμ

¼ −
ffiffi
2
3

q
H

G
ðΣμÞ
KΞμ

¼ 2
ffiffi
2

p
3
H G

ðΞμÞ
ηΞμ

¼ 1ffiffi
3

p H
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TABLE XVIII. CGCs AðiÞ
B̄B with axial-vector current i and B̄; B ∈ ½8�.

A
ðaημÞ
NN ¼ − 1ffiffi

6
p ðD − 3FÞ A

ðaπμÞ
NN ¼ Dþ F A

ðaKμ Þ
NΣ ¼ A

ðaK̄μ Þ
ΣN ¼ D − F

A
ðaημÞ
ΣΣ ¼

ffiffi
2
3

q
D A

ðaπμÞ
ΣΣ ¼ ffiffiffi

2
p

F A
ðaKμ Þ
NΛ ¼ A

ðaK̄μ Þ
ΛN ¼ − 1ffiffi

6
p ðDþ 3FÞ

A
ðaημÞ
ΞΞ ¼ − 1ffiffi

6
p ðDþ 3FÞ A

ðaπμÞ
ΞΞ ¼ D − F A

ðaKμ Þ
ΣΞ ¼ A

ðaK̄μ Þ
ΞΣ ¼ Dþ F

A
ðaημÞ
ΛΛ ¼ −

ffiffi
2
3

q
D A

ðaπμÞ
ΣΛ ¼

ffiffi
2
3

q
D A

ðaKμ Þ
ΛΞ ¼ A

ðaK̄μ Þ
ΞΛ ¼ − 1ffiffi

6
p ðD − 3FÞ

A
ðaπμÞ
ΛΣ ¼

ffiffi
2
3

q
D

TABLE XVI. CGCs XðB̄BÞ
i with the axial-vector current i and the baryons B̄; B ∈ ½8�.

XðNNÞ
aημ

¼ 1ffiffi
6

p ð−gðχÞ1 − gðχÞ2 þ 3gðχÞ3 þ 3gðχÞ4 þ 2gðχÞ5 þ 6gðχÞ7 Þmþ 1ffiffi
6

p ð−gðχÞ1 þ gðχÞ2 þ 3gðχÞ3 − 3gðχÞ4 − 2gðχÞ5 þ 3gðχÞ7 Þms

XðΣΣÞ
aημ

¼
ffiffi
2
3

q
ð2gðχÞ1 þ gðχÞ5 Þm −

ffiffi
2
3

q
gðχÞ5 ms

XðΞΞÞ
aημ

¼ − 1ffiffi
6

p ðgðχÞ1 − gðχÞ2 þ 3gðχÞ3 − 3gðχÞ4 − 2gðχÞ5 þ 6gðχÞ7 Þm − 1ffiffi
6

p ðgðχÞ1 þ gðχÞ2 þ 3gðχÞ3 þ 3gðχÞ4 þ 2gðχÞ5 þ 3gðχÞ7 Þms

XðΛΛÞ
aημ

¼
ffiffi
2

p
3
ffiffi
3

p ð2gðχÞ1 þ 3gðχÞ5 þ 3gðχÞ6 Þm −
ffiffi
2

p
3
ffiffi
3

p ð8gðχÞ1 þ 3gðχÞ5 þ 3gðχÞ6 Þms

XðNNÞ
aπμ

¼ ðgðχÞ1 þ gðχÞ2 þ gðχÞ3 þ gðχÞ4 þ 2gðχÞ7 Þmþ ðgðχÞ1 − gðχÞ2 þ gðχÞ3 − gðχÞ4 þ gðχÞ7 Þms

XðΣΣÞ
aπμ

¼ 2
ffiffiffi
2

p ðgðχÞ3 þ gðχÞ7 Þmþ ffiffiffi
2

p
gðχÞ7 ms

XðΞΞÞ
aπμ

¼ ðgðχÞ1 − gðχÞ2 − gðχÞ3 þ gðχÞ4 − 2gðχÞ7 ÞmðgðχÞ1 þ gðχÞ2 − gðχÞ3 − gðχÞ4 − gðχÞ7 Þms

XðΣΛÞ
aπμ

¼ XðΛΣÞ
aπμ

¼ 1ffiffi
6

p ð4gðχÞ1 þ gðχÞ6 Þm − 1ffiffi
6

p gðχÞ6 ms

XðNΣÞ
aKμ

¼ XðΣNÞ
aK̄μ

¼ 1
2
ð3gðχÞ1 þ gðχÞ2 − 3gðχÞ3 − gðχÞ4 − 4gðχÞ7 Þmþ 1

2
ðgðχÞ1 − gðχÞ2 − gðχÞ3 þ gðχÞ4 − 2gðχÞ7 Þms

XðNΛÞ
aKμ

¼ XðΛNÞ
aK̄μ

¼ − 1

2
ffiffi
6

p ð−gðχÞ1 þ gðχÞ2 þ 5gðχÞ3 þ 3gðχÞ4 − 2gðχÞ6 þ 12gðχÞ7 Þm − 1

2
ffiffi
6

p ð5gðχÞ1 − gðχÞ2 þ 7gðχÞ3 − 3gðχÞ4 þ 2gðχÞ6 þ 6gðχÞ7 Þms

XðΣΞÞ
aKμ

¼ XðΞΣÞ
aK̄μ

¼ 1
2
ð3gðχÞ1 − gðχÞ2 þ 3gðχÞ3 − gðχÞ4 þ 4gðχÞ7 Þmþ 1

2
ðgðχÞ1 þ gðχÞ2 þ gðχÞ3 þ gðχÞ4 þ 2gðχÞ7 Þms

XðΛΞÞ
aKμ

¼ XðΞΛÞ
aK̄μ

¼ 1

2
ffiffi
6

p ðgðχÞ1 þ gðχÞ2 þ 5gðχÞ3 − 3gðχÞ4 þ 2gðχÞ6 þ 12gðχÞ7 Þmþ 1

2
ffiffi
6

p ð−5gðχÞ1 − gðχÞ2 þ 7gðχÞ3 þ 3gðχÞ4 − 2gðχÞ6 þ 6gðχÞ7 Þms

TABLE XVII. CGCs TðB̄BÞ
i with the axial-vector current i and the baryons B̄; B ∈ ½8�.

TðNNÞ
aημ

¼ −
ffiffi
2
3

q
ðgðRÞD − 3gðRÞF Þ TðΣΣÞ

aημ
¼ 2

ffiffi
2
3

q
gðRÞD

TðΞΞÞ
aημ

¼ −
ffiffi
2
3

q
ðgðRÞD þ 3gðRÞF Þ TðΛΛÞ

aημ
¼ −2

ffiffi
2
3

q
gðRÞD

TðNNÞ
aπμ

¼ 2ðgðRÞD þ gðRÞF Þ TðΣΣÞ
aπμ

¼ 2
ffiffiffi
2

p
gðRÞF

TðΞΞÞ
aπμ

¼ 2ðgðRÞD − gðRÞF Þ TðΣΛÞ
aπμ

¼ TðΛΣÞ
aπμ

¼ 2
ffiffi
2
3

q
gðRÞD

TðNΣÞ
aKμ

¼ TðΣNÞ
aK̄μ

¼ 2ðgðRÞD − gðRÞF Þ TðNΛÞ
aKμ

¼ TðΛNÞ
aK̄μ

¼ −
ffiffi
2
3

q
ðgðRÞD þ 3gðRÞF Þ

TðΣΞÞ
aKμ

¼ TðΞΣÞ
aK̄μ

¼ 2ðgðRÞD þ gðRÞF Þ TðΛΞÞ
aKμ

¼ TðΞΛÞ
aK̄μ

¼ −
ffiffi
2
3

q
ðgðRÞD − 3gðRÞF Þ
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ĩ ¼

8>>><
>>>:

1 for i ¼ 1;

6 for i ¼ 4;

4 for i ¼ 6;

8 for i ¼ 8:

ðD4Þ

APPENDIX E: RECOUPLING CONSTANTS

The recoupling constants of the bubble diagrams C̃B̄B
i are

shown in Table XXVIII.
The coefficients C̃BB̄

ī in Eq. (31), connected to the bubble
diagram with internal baryon R, are derived from C̃B̄B

i by

TABLE XXI. CGCs AðiÞ
B̄B with axial-vector current i and B̄; B ∈ ½10�, denoted by μ.

A
ðaημÞ
ΔμΔμ

¼ − 1ffiffi
6

p H A
ðaπμÞ
ΔμΔμ

¼ − 1ffiffi
3

p H A
ðaKμ Þ
ΔμΣμ

¼ − 1
3
H A

ðaK̄μ Þ
ΣμΔμ

¼ − 1
3
H

A
ðaημÞ
ΣμΣμ

¼ 0 A
ðaπμÞ
ΣμΣμ

¼ −
ffiffi
2

p
3
H A

ðaKμ Þ
ΣμΞμ

¼ 2
3
H A

ðaK̄μ Þ
ΞμΣμ

¼ 2
3
H

A
ðaημÞ
ΞμΞμ

¼ 1ffiffi
6

p H A
ðaπμÞ
ΞμΞμ

¼ 1
3
H A

ðaKμ Þ
ΞμΩμ

¼ − 1ffiffi
3

p H A
ðaK̄μ Þ
ΩμΞμ

¼ − 1ffiffi
3

p H

A
ðaημÞ
ΩμΩμ

¼
ffiffi
2
3

q
H

TABLE XX. CGCs AðiÞ
B̄B with axial-vector current i, B̄ ∈ ½8� and B ∈ ½10�, denoted by μ.

A
ðaημÞ
ΣΣμ

¼ 1ffiffi
2

p C A
ðaπμÞ
NΔμ

¼ C A
ðaKμ Þ
NΣμ

¼ 1ffiffi
3

p C A
ðaK̄μ Þ
ΣΔμ

¼ − 1ffiffi
3

p C

A
ðaημÞ
ΞΞμ

¼ − 1ffiffi
2

p C A
ðaπμÞ
ΣΣμ

¼ 1ffiffi
6

p C A
ðaKμ Þ
ΣΞμ

¼ − 1ffiffi
3

p C A
ðaK̄μ Þ
ΞΣμ

¼ − 1ffiffi
3

p C

A
ðaπμÞ
ΞΞμ

¼ 1ffiffi
3

p C A
ðaKμ Þ
ΛΞμ

¼ 1ffiffi
2

p C

A
ðaπμÞ
ΛΣμ

¼ − 1ffiffi
2

p C A
ðaKμ Þ
ΞΩμ

¼ −C

TABLE XXIII. CGCs AðiBÞ;1
QL;ðB̄Þ with the axial-vector-current

index i, meson Q, and the baryons B̄; L; B ∈ ½8�. All CGCs

satisfy AðiBÞ;1
QL;ðB̄Þ ¼ AðQLÞ;1

iB;ðB̄Þ . Not all contributions are shown here.

A
ðaK̄μ NÞ;1
πΛ;ðΣÞ ¼ −

ffiffiffi
3

p

A
ðaπμNÞ;1
πN;ðNÞ ¼ −2

ffiffiffi
2

p
A
ðaπμΣÞ;1
πΣ;ðΛÞ ¼ −4

ffiffiffi
2

p
A
ðaKμ ΞÞ;1
πΛ;ðΣÞ ¼ −

ffiffiffi
3

p

A
ðaK̄μ NÞ;1
πΣ;ðΛÞ ¼ −

ffiffiffi
3

p
A
ðaπμΣÞ;1
πΣ;ðΣÞ ¼ −2

ffiffiffi
2

p

A
ðaKμ ΛÞ;1
πN;ðNÞ ¼ 3ffiffi

2
p A

ðaKμ ΞÞ;1
πΣ;ðΛÞ ¼ ffiffiffi

3
p

A
ðaK̄μ NÞ;1
πΣ;ðΣÞ ¼ −

ffiffiffi
2

p

A
ðaKμ ΣÞ;1
πN;ðNÞ ¼ − 1ffiffi

2
p A

ðaK̄μ NÞ;1
K̄N;ðΛÞ ¼ −3

ffiffiffi
2

p
A
ðaKμ ΞÞ;1
πΣ;ðΣÞ ¼ ffiffiffi

2
p

A
ðaKμ ΛÞ;1
ηN;ðNÞ ¼ 3ffiffi

2
p A

ðaημΛÞ;1
K̄N;ðΛÞ ¼ −3 A

ðaK̄μ NÞ;1
K̄N;ðΣÞ ¼ −

ffiffiffi
2

p

A
ðaKμ ΣÞ;1
ηN;ðNÞ ¼ 3ffiffi

2
p A

ðaKμ ΞÞ;1
ηΛ;ðΛÞ ¼ 3 A

ðaημΣÞ;1
K̄N;ðΣÞ ¼ −

ffiffiffi
3

p

A
ðaKμ ΣÞ;1
KΣ;ðNÞ ¼ −2

ffiffiffi
2

p
A
ðaKμ ΞÞ;1
KΞ;ðΛÞ ¼ −3

ffiffiffi
2

p
A
ðaKμ ΞÞ;1
ηΣ;ðΣÞ ¼ −

ffiffiffi
3

p

A
ðaKμ ΞÞ;1
KΞ;ðΣÞ ¼ −

ffiffiffi
2

p

A
ðaπμΞÞ;1
πΞ;ðΞÞ ¼ −2

ffiffiffi
2

p
A
ðaK̄μ ΣÞ;1
πΞ;ðΞÞ ¼ − 1ffiffi

2
p A

ðaK̄μ ΣÞ;1
K̄Σ;ðΞÞ ¼ −2

ffiffiffi
2

p

A
ðaK̄μ ΛÞ;1
πΞ;ðΞÞ ¼ − 3ffiffi

2
p A

ðaημΞÞ;1
K̄Λ;ðΞÞ ¼ 3ffiffi

2
p A

ðaημΞÞ;1
K̄Σ;ðΞÞ ¼ − 3ffiffi

2
p

TABLE XXII. The 5-point vertex CGCs AðB̄BÞ
Q;i with the axial-

vector current i, the Goldstone boson Q, and the baryons
B̄; B ∈ ½8�; ½10�.

AðB̄BÞ
π;aημ

¼ 0 AðB̄BÞ
π;aπμ

¼ −4AðaπμÞ
B̄B AðB̄BÞ

π;aKμ
¼ − 3

2
A
ðaKμ Þ
B̄B

AðB̄BÞ
K;aημ

¼ −3AðaημÞ
B̄B

AðB̄BÞ
K;aπμ

¼ −AðaπμÞ
B̄B

AðB̄BÞ
K;aKμ

¼ AðB̄BÞ
K̄;aK̄μ

¼ 0

AðB̄BÞ
K̄;aημ

¼ −3AðaημÞ
B̄B

AðB̄BÞ
K̄;aπμ

¼ −AðaπμÞ
B̄B AðB̄BÞ

K̄;aKμ
¼ −3AðaKμ Þ

B̄B

AðB̄BÞ
η;aημ

¼ 0 AðB̄BÞ
η;aπμ

¼ 0 AðB̄BÞ
η;aKμ

¼ − 3
2
A
ðaKμ Þ
B̄B

AðB̄BÞ
π;aK̄μ

¼ − 3
2
A
ðaK̄μ Þ
B̄B AðB̄BÞ

K;aK̄μ
¼ −3AðaK̄μ Þ

B̄B AðB̄BÞ
η;aK̄μ

¼ − 3
2
A
ðaK̄μ Þ
B̄B

TABLE XIX. CGCs AðiÞ
B̄B with axial-vector current i, B̄ ∈ ½10�, denoted by μ, and B ∈ ½8�.

A
ðaημÞ
ΣμΣ ¼ 1ffiffi

2
p C A

ðaπμÞ
ΔμN

¼ C A
ðaKμ Þ
ΔμΣ ¼ − 1ffiffi

3
p C A

ðaK̄μ Þ
ΣμN

¼ 1ffiffi
3

p C

A
ðaημÞ
ΞμΞ ¼ − 1ffiffi

2
p C A

ðaπμÞ
ΣμΣ ¼ 1ffiffi

6
p C A

ðaKμ Þ
ΣμΞ ¼ − 1ffiffi

3
p C A

ðaK̄μ Þ
ΞμΣ ¼ − 1ffiffi

3
p C

A
ðaπμÞ
ΞμΞ ¼ 1ffiffi

3
p C A

ðaK̄μ Þ
ΞμΛ ¼ 1ffiffi

2
p C

A
ðaπμÞ
ΣμΛ ¼ − 1ffiffi

2
p C A

ðaK̄μ Þ
ΩμΞ ¼ −C
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switching the incoming and outgoing external baryon. Note
that the axial-vector current also needs to be turned around
[i ↔ ī; see Eq. (D4)]. In the isospin basis this only affects
the strangeness-changing current, implying aKμ ↔ aK̄μ .
For the recoupling constants of the triangle diagrams we

introduce a new notation for internal particles with the same
isospin and strangeness: Ξ� includes the octet Ξ and the
decuplet Ξμ, and Σ� includes the octet Σ and the decuplet
Σμ. We find a simple structure for the recoupling constants
with axial-vector current aημ:

C̃
aημQ
B̄B;LR ¼ 1; ðE1Þ

for all Q, B̄, B, L, and R.

The isospin structure of all other axial-vector currents
complicates the treatment. We give all recoupling constants
explicitly in Tables XXIX and XXX.
The recoupling constants with axial-vector current aK̄μ

are derived from the recoupling constant C̃
aKμ Q
B̄B;LR by

C̃
aK̄μ Q
B̄B;LR ¼ C̃

aKμ Q
BB̄;RL: ðE2Þ

APPENDIX F: KINEMATIC FACTORS

Prefactors KðABCÞ
abc in Eq. (33) are connected to the

integral involving the internal particles A, B, C and
originating from a diagram with internal particles a, b, c.

TABLE XXIV. CGCs AðiBÞ;2
QL;ðB̄Þ with the axial-vector-current index i, meson Q, and the baryons B̄; L; B ∈ ½8�. All CGCs

satisfy AðiBÞ;2
QL;ðB̄Þ ¼ AðQLÞ;2

iB;ðB̄Þ . Not all contributions are shown here.

A
ðaπμNÞ;2
πN;ðNÞ ¼ − 1ffiffi

2
p ð2gðSÞ0 þ gðSÞD þ gðSÞF Þ A

ðaπμΣÞ;2
πΣ;ðΛÞ ¼ −

ffiffiffi
2

p ðgðSÞ0 þ 2gðSÞ1 þ gðSÞD Þ
A
ðaημNÞ;2
πN;ðNÞ ¼ − 1ffiffi

2
p ðgðSÞD þ gðSÞF Þ A

ðaK̄μ NÞ;2
πΣ;ðΛÞ ¼

ffiffi
3

p
2
ð−2gðSÞ1 − gðSÞD þ gðSÞF Þ

A
ðaKμ ΛÞ;2
πN;ðNÞ ¼ 1

2
ffiffi
2

p ðgðSÞD þ 3gðSÞF Þ A
ðaημΛÞ;2
πΣ;ðΛÞ ¼ − 1ffiffi

6
p ð3gðSÞ1 þ 2gðSÞD Þ

A
ðaKμ ΣÞ;2
πN;ðNÞ ¼ − 1

2
ffiffi
2

p ð2gðSÞ1 − gðSÞD þ gðSÞF Þ A
ðaKμ ΞÞ;2
πΣ;ðΛÞ ¼

ffiffi
3

p
2
ð2gðSÞ1 þ gðSÞD þ gðSÞF Þ

A
ðaημNÞ;2
ηN;ðNÞ ¼ −1

3
ffiffi
2

p ð6gðSÞ0 þ 5gðSÞD − 3gðSÞF Þ A
ðaK̄μ NÞ;2
K̄N;ðΛÞ ¼ −1ffiffi

2
p ð2gðSÞ0 þ 2gðSÞ1 þ 3gðSÞD þ gðSÞF Þ

A
ðaKμ ΛÞ;2
ηN;ðNÞ ¼ −1

6
ffiffi
2

p ð6gðSÞ1 þ gðSÞD þ 3gðSÞF Þ A
ðaημΛÞ;2
K̄N;ðΛÞ ¼ − 1

6
ð6gðSÞ1 þ gðSÞD þ 3gðSÞF Þ

A
ðaKμ ΣÞ;2
ηN;ðNÞ ¼ 1

2
ffiffi
2

p ðgðSÞD − gðSÞF Þ A
ðaKμ ΞÞ;2
K̄N;ðΛÞ ¼ 3ffiffi

2
p gðSÞ1

A
ðaKμ ΛÞ;2
KΛ;ðNÞ ¼ −

ffiffiffi
2

p
gðSÞ0 − 5

3
ffiffi
2

p gðSÞD A
ðaημΛÞ;2
ηΛ;ðΛÞ ¼ −

ffiffiffi
2

p ðgðSÞ0 þ gðSÞ1 þ gðSÞD Þ
A
ðaKμ ΣÞ;2
KΛ;ðNÞ ¼ − 1ffiffi

2
p gðSÞD A

ðaKμ ΞÞ;2
ηΛ;ðΛÞ ¼ 1

6
ð6gðSÞ1 þ gðSÞD − 3gðSÞF Þ

A
ðaKμ ΣÞ;2
KΣ;ðNÞ ¼ − 1ffiffi

2
p ð2gðSÞ0 þ gðSÞD − 2gðSÞF Þ A

ðaKμ ΞÞ;2
KΞ;ðΛÞ ¼ −1ffiffi

2
p ð2gðSÞ0 þ 2gðSÞ1 þ 3gðSÞD − gðSÞF Þ

A
ðaπμΛÞ;2
πΛ;ðΣÞ ¼ −

ffiffi
2

p
3
ð3gðSÞ0 þ gðSÞD Þ

A
ðaK̄μ NÞ;2
πΛ;ðΣÞ ¼ 1

2
ffiffi
3

p ðgðSÞD þ 3gðSÞF Þ
A
ðaημΣÞ;2
πΛ;ðΣÞ ¼ − 1ffiffi

2
p gðSÞ1 −

ffiffi
2

p
3
gðSÞD A

ðaπμΞÞ;2
πΞ;ðΞÞ ¼ − 1ffiffi

2
p ð2gðSÞ0 þ gðSÞD − gðSÞF Þ

A
ðaKμ ΞÞ;2
πΛ;ðΣÞ ¼ 1

2
ffiffi
3

p ðgðSÞD − 3gðSÞF Þ A
ðaK̄μ ΛÞ;2
πΞ;ðΞÞ ¼ 1

2
ffiffi
2

p ð−gðSÞD þ 3gðSÞF Þ
A
ðaπμΣÞ;2
πΣ;ðΣÞ ¼ −1ffiffi

2
p ð2gðSÞ0 − gðSÞ1 þ 2gðSÞD Þ A

ðaK̄μ ΣÞ;2
πΞ;ðΞÞ ¼ 1

2
ffiffi
2

p ð−2gðSÞ1 þ gðSÞD þ gðSÞF Þ
A
ðaK̄μ NÞ;2
πΣ;ðΣÞ ¼ 1ffiffi

2
p ð−gðSÞD þ gðSÞF Þ A

ðaημΞÞ;2
πΞ;ðΞÞ ¼ 1ffiffi

2
p ðgðSÞD − gðSÞF Þ

A
ðaημΣÞ;2
πΣ;ðΣÞ ¼ 2ffiffi

3
p gðSÞF A

ðaK̄μ ΛÞ;2
K̄Λ;ðΞÞ ¼ −

ffiffiffi
2

p
gðSÞ0 − 5

3
ffiffi
2

p gðSÞD

A
ðaKμ ΞÞ;2
πΣ;ðΣÞ ¼ 1ffiffi

2
p ðgðSÞD þ gðSÞF Þ A

ðaK̄μ ΣÞ;2
K̄Λ;ðΞÞ ¼ 1ffiffi

2
p gðSÞD

A
ðaK̄μ NÞ;2
K̄N;ðΣÞ ¼ −1ffiffi

2
p ð2gðSÞ0 þ gðSÞD − gðSÞF Þ A

ðaημΞÞ;2
K̄Λ;ðΞÞ ¼ 1

6
ffiffi
2

p ð−6gðSÞ1 − gðSÞD þ 3gðSÞF Þ
A
ðaημΣÞ;2
K̄N;ðΣÞ ¼ 1

2
ffiffi
3

p ðgðSÞD − gðSÞF Þ A
ðaK̄μ ΣÞ;2
K̄Σ;ðΞÞ ¼ − 1ffiffi

2
p ð2gðSÞ0 þ gðSÞD þ 2gðSÞF Þ

A
ðaKμ ΞÞ;2
K̄N;ðΣÞ ¼ − 1ffiffi

2
p gðSÞ1 A

ðaημΞÞ;2
K̄Σ;ðΞÞ ¼ − 1

2
ffiffi
2

p ðgðSÞD þ gðSÞF Þ
A
ðaημΣÞ;2
ηΣ;ðΣÞ ¼ −

ffiffi
2

p
3
ð3gðSÞ0 þ gðSÞD Þ A

ðaημΞÞ;2
ηΞ;ðΞÞ ¼ − 1ffiffi

2
p ð2gðSÞ0 þ 5

3
gðSÞD þ gðSÞF Þ

A
ðaKμ ΞÞ;2
ηΣ;ðΣÞ ¼ 1

2
ffiffi
3

p ðgðSÞD þ gðSÞF Þ
A
ðaKμ ΞÞ;2
KΞ;ðΣÞ ¼ −1ffiffi

2
p ð2gðSÞ0 þ gðSÞD þ gðSÞF Þ
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TABLE XXVI. CGCs AðiBÞ;1
QL;ðB̄Þ with L ∈ ½10�.

A
ðaπμNÞ;1
πΔμ;ðNÞ ¼ 5

2
ffiffi
6

p fðAÞ3 A
ðaπμΣÞ;1
πΣμ;ðΛÞ ¼ − 1

2
ffiffi
6

p ðfðAÞ1 þ 3fðAÞ3 Þ
A
ðaημNÞ;1
πΔμ;ðNÞ ¼ 1

2
ffiffi
6

p ð−2fðAÞ1 þ fðAÞ3 Þ A
ðaK̄μ NÞ;1
πΣμ;ðΛÞ ¼ − 1

4
ðfðAÞ1 − 3fðAÞ3 Þ

A
ðaKμ ΛÞ;1
πΔμ;ðNÞ ¼ −

ffiffi
3

p
2
ffiffi
2

p fðAÞ3 A
ðaημΛÞ;1
πΣμ;ðΛÞ ¼ 1

2
ffiffi
2

p ðfðAÞ1 þ fðAÞ3 Þ
A
ðaKμ ΣÞ;1
πΔμ;ðNÞ ¼ 1

2
ffiffi
6

p ð2fðAÞ1 þ fðAÞ3 Þ A
ðaKμ ΞÞ;1
πΣμ;ðΛÞ ¼ 1

4
ð−fðAÞ1 þ fðAÞ3 Þ

A
ðaπμNÞ;1
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ðfðAÞ1 þ 5fðAÞ3 Þ A
ðaπμΣÞ;1
KΞμ;ðΛÞ ¼ − 1

4
ðfðAÞ1 þ 2fðAÞ3 Þ

A
ðaημNÞ;1
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ A
ðaK̄μ NÞ;1
KΞμ;ðΛÞ ¼

ffiffi
3

p
2
ffiffi
2

p fðAÞ3

A
ðaKμ ΛÞ;1
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð3fðAÞ1 − 3fðAÞ3 Þ A
ðaημΛÞ;1
KΞμ;ðΛÞ ¼ − 1

4
ffiffi
3

p ðfðAÞ1 − 2fðAÞ3 Þ
A
ðaKμ ΣÞ;1
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð3fðAÞ1 þ fðAÞ3 Þ A
ðaKμ ΞÞ;1
KΞμ;ðΛÞ ¼ 1

2
ffiffi
6

p ð−2fðAÞ1 þ fðAÞ3 Þ
A
ðaπμΣÞ;1
πΣμ;ðΣÞ ¼ 1

2
ffiffi
6

p ð−fðAÞ1 þ 2fðAÞ3 Þ A
ðaπμΞÞ;1
πΞμ;ðΞÞ ¼ 1

2
ffiffi
6

p fðAÞ1

(Table continued)

TABLE XXV. CGCs AðiBÞ;4
QL;ðB̄Þ with L ∈ ½8�. All CGCs satisfy AðiBÞ;4

QL;ðB̄Þ ¼ AðQLÞ;4
iB;ðB̄Þ . Not all contributions are

shown here.

A
ðaπμNÞ;4
πN;ðNÞ ¼ ffiffiffi

2
p ðgðTÞD þ gðTÞF Þ A

ðaπμΣÞ;4
πΣ;ðΛÞ ¼ ffiffiffi

2
p ðgðTÞ1 þ 2gðTÞF Þ

A
ðaημNÞ;4
πN;ðNÞ ¼ 0 A

ðaK̄μ NÞ;4
πΣ;ðΛÞ ¼

ffiffi
3

p
2
ð2gðTÞ1 − gðTÞD þ gðTÞF Þ

A
ðaKμ ΛÞ;4
πN;ðNÞ ¼ 1

2
ffiffi
2

p ð−gðTÞD − 3gðTÞF Þ A
ðaημΛÞ;4
πΣ;ðΛÞ ¼

ffiffi
3
2

q
gðTÞ1

A
ðaKμ ΣÞ;4
πN;ðNÞ ¼ 1

2
ffiffi
2

p ð−2gðTÞ1 − gðTÞD þ gðTÞF Þ A
ðaKμ ΞÞ;4
πΣ;ðΛÞ ¼ −

ffiffi
3

p
2
ð2gðTÞ1 þ gðTÞD þ gðTÞF Þ

A
ðaημNÞ;4
ηN;ðNÞ ¼ 0 A

ðaK̄μ NÞ;4
K̄N;ðΛÞ ¼ 1ffiffi

2
p ð2gðTÞ1 þ gðTÞD þ 3gðTÞF Þ

A
ðaKμ ΛÞ;4
ηN;ðNÞ ¼ − 1

2
ffiffi
2

p ð2gðTÞ1 þ gðTÞD þ 3gðTÞF Þ A
ðaημΛÞ;4
K̄N;ðΛÞ ¼ 1

2
ð2gðTÞ1 þ gðTÞD þ 3gðTÞF Þ

A
ðaKμ ΣÞ;4
ηN;ðNÞ ¼ 3

2
ffiffi
2

p ðgðTÞD − gðTÞF Þ A
ðaKμ ΞÞ;4
K̄N;ðΛÞ ¼ − 1ffiffi

2
p gðTÞ1

A
ðaKμ ΛÞ;4
KΛ;ðNÞ ¼ 1ffiffi

2
p gðTÞD A

ðaημΛÞ;4
ηΛ;ðΛÞ ¼ 0

A
ðaKμ ΣÞ;4
KΛ;ðNÞ ¼ − 1ffiffi

2
p gðTÞD A

ðaKμ ΞÞ;4
ηΛ;ðΛÞ ¼ 1

2
ð−2gðTÞ1 þ gðTÞD − 3gðTÞF Þ

A
ðaKμ ΣÞ;4
KΣ;ðNÞ ¼ 1ffiffi

2
p ð−gðTÞD þ 2gðTÞF Þ A

ðaKμ ΞÞ;4
KΞ;ðΛÞ ¼ 1ffiffi

2
p ð2gðTÞ1 − gðTÞD þ 3gðTÞF Þ

A
ðaπμΣÞ;4
πΛ;ðΣÞ ¼ − 2ffiffi

3
p gðTÞD

A
ðaK̄μ NÞ;4
πΛ;ðΣÞ ¼ 1

2
ffiffi
3

p ðgðTÞD þ 3gðTÞF Þ A
ðaπμΞÞ;4
πΞ;ðΞÞ ¼ ffiffiffi

2
p ð−gðTÞD þ gðTÞF Þ

A
ðaημΣÞ;4
πΛ;ðΣÞ ¼ − 1ffiffi

2
p gðTÞ1 A

ðaK̄μ ΛÞ;4
πΞ;ðΞÞ ¼ 1

2
ffiffi
2

p ð−gðTÞD þ 3gðTÞF Þ
A
ðaKμ ΞÞ;4
πΛ;ðΣÞ ¼ − 1

2
ffiffi
3

p ðgðTÞD − 3gðTÞF Þ A
ðaK̄μ ΣÞ;4
πΞ;ðΞÞ ¼ −1

2
ffiffi
2

p ð2gðTÞ1 − gðTÞD − gðTÞF Þ
A
ðaπμΣÞ;4
πΣ;ðΣÞ ¼ 1ffiffi

2
p ðgðTÞ1 þ 2gðTÞF Þ A

ðaημΞÞ;4
πΞ;ðΞÞ ¼ 0

A
ðaK̄μ NÞ;4
πΣ;ðΣÞ ¼ 1ffiffi

2
p ð−gðTÞD þ gðTÞF Þ A

ðaK̄μ ΛÞ;4
K̄Λ;ðΞÞ ¼ − 1ffiffi

2
p gðTÞD

A
ðaKμ ΞÞ;4
πΣ;ðΣÞ ¼ − 1ffiffi

2
p ðgðTÞD þ gðTÞF Þ A

ðaK̄μ ΣÞ;4
K̄Λ;ðΞÞ ¼ − 1ffiffi

2
p gðTÞD

A
ðaK̄μ NÞ;4
K̄N;ðΣÞ ¼ 1ffiffi

2
p ð−gðTÞD þ gðTÞF Þ A

ðaημΞÞ;4
K̄Λ;ðΞÞ ¼ −1

2
ffiffi
2

p ð2gðTÞ1 − gðTÞD þ 3gðTÞF Þ
A
ðaημΣÞ;4
K̄N;ðΣÞ ¼

ffiffi
3

p
2
ð−gðTÞD þ gðTÞF Þ A

ðaK̄μ ΣÞ;4
K̄Σ;ðΞÞ ¼ 1ffiffi

2
p ðgðTÞD þ 2gðTÞF Þ

A
ðaKμ ΞÞ;4
K̄N;ðΣÞ ¼ − 1ffiffi

2
p gðTÞ1 A

ðaημΞÞ;4
K̄Σ;ðΞÞ ¼ 3

2
ffiffi
2

p ðgðTÞD þ gðTÞF Þ
A
ðaKμ ΞÞ;4
ηΣ;ðΣÞ ¼

ffiffi
3

p
2
ðgðTÞD þ gðTÞF Þ A

ðaημΞÞ;4
ηΞ;ðΞÞ ¼ 0

A
ðaKμ ΞÞ;4
KΞ;ðΣÞ ¼ 1ffiffi

2
p ðgðTÞD þ gðTÞF Þ

TABLE XXVI. (Continued)

A
ðaK̄μ NÞ;1
πΣμ;ðΣÞ ¼ − 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ A
ðaK̄μ ΛÞ;1
πΞμ;ðΞÞ ¼

ffiffi
3

p
4
ffiffi
2

p fðAÞ1

A
ðaημΣÞ;1
πΣμ;ðΣÞ ¼ 1

6
ðfðAÞ1 − 2fðAÞ3 Þ A

ðaK̄μ ΣÞ;1
πΞμ;ðΞÞ ¼ − 1

4
ffiffi
6

p ðfðAÞ1 − 6fðAÞ3 Þ
A
ðaKμ ΞÞ;1
πΣμ;ðΣÞ ¼ − 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ A
ðaημΞÞ;1
πΞμ;ðΞÞ ¼ 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ
A
ðaπμΛÞ;1
K̄Δμ;ðΣÞ ¼ − 1

2
fðAÞ3 A

ðaπμΞÞ;1
K̄Σμ;ðΞÞ ¼ − 1

4
ffiffi
6

p ðfðAÞ1 þ 3fðAÞ3 Þ
A
ðaπμΣÞ;1
K̄Δμ;ðΣÞ ¼ − 1

2
ffiffi
6

p ðfðAÞ1 − 2fðAÞ3 Þ A
ðaK̄μ ΛÞ;1
K̄Σμ;ðΞÞ ¼ −

ffiffi
3

p
4
ffiffi
2

p ðfðAÞ1 − fðAÞ3 Þ
A
ðaK̄μ NÞ;1
K̄Δμ;ðΣÞ ¼ − 1ffiffi

6
p fðAÞ1 A

ðaK̄μ ΣÞ;1
K̄Σμ;ðΞÞ ¼ − 1

4
ffiffi
6

p ðfðAÞ1 þ 3fðAÞ3 Þ
A
ðaημΣÞ;1
K̄Δμ;ðΣÞ ¼ − 1

6
ðfðAÞ1 þ fðAÞ3 Þ A

ðaημΞÞ;1
K̄Σμ;ðΞÞ ¼

1

4
ffiffi
6

p ðfðAÞ1 − 5fðAÞ3 Þ
A
ðaKμ ΞÞ;1
K̄Δμ;ðΣÞ ¼ −

ffiffi
2

pffiffi
3

p fðAÞ3
A
ðaπμΞÞ;1
ηΞμ;ðΞÞ ¼ 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ
A
ðaπμΛÞ;1
ηΣμ;ðΣÞ ¼ 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ A
ðaK̄μ ΛÞ;1
ηΞμ;ðΞÞ ¼ 1

4
ffiffi
6

p ðfðAÞ1 − 2fðAÞ3 Þ
(Table continued)
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Power-counting violating terms are subtracted: KðABCÞ
abc →

K̄ðABCÞ
abc . We expand K̄ðABCÞ

abc in terms of the parameters m2
Q,

t, δL, δR, and δB (40) in this appendix:

K̄ðQÞ
Q ¼ 1;

K̄ðQÞ;n∈f1;2;3;4;5g
L∈½8�Q ¼ K̄ðQÞ;n∈f1;2;3;4;5g

QR∈½8� ¼ OðQ2Þ;
K̄ðQÞ;n¼1

L∈½8�QR∈½8� ¼ −1þOðQ2Þ;
K̄ðQÞ;n∈f1;2g

L∈½10�QR∈½8� ¼ K̄ðQÞ;n∈f1;2g
L∈½8�QR∈½10� ¼ OðQ2Þ;

K̄ðQÞ;1
L∈½10�QR∈½10� ¼ OðQ2Þ;
K̄ðQÞ;n∈f1;2;3g

L∈½10�Q ¼ K̄ðQÞ;n∈f1;2;3g
QR∈½10� ¼ OðQ2Þ; ðF1Þ

TABLE XXVI. (Continued)

A
ðaπμΣÞ;1
ηΣμ;ðΣÞ ¼ 1

6
ðfðAÞ1 − 2fðAÞ3 Þ A

ðaK̄μ ΣÞ;1
ηΞμ;ðΞÞ ¼ 1

4
ffiffi
6

p ðfðAÞ1 þ 4fðAÞ3 Þ
A
ðaK̄μ NÞ;1
ηΣμ;ðΣÞ ¼ 1

12
ðfðAÞ1 þ fðAÞ3 Þ A

ðaημΞÞ;1
ηΞμ;ðΞÞ ¼ − 1

2
ffiffi
6

p ðfðAÞ1 − 2fðAÞ3 Þ
A
ðaημΣÞ;1
ηΣμ;ðΣÞ ¼ 1

2
ffiffi
6

p ðfðAÞ1 þ fðAÞ3 Þ A
ðaπμΞÞ;1
KΩμ;ðΞÞ ¼

ffiffi
3

p
4
fðAÞ1

A
ðaKμ ΞÞ;1
ηΣμ;ðΣÞ ¼ 1

12
ð−fðAÞ1 þ 5fðAÞ3 Þ A

ðaK̄μ ΣÞ;1
KΩμ;ðΞÞ ¼

ffiffi
3

p
2
fðAÞ3

A
ðaπμΛÞ;1
KΞμ;ðΣÞ ¼ − 1

4
fðAÞ1 A

ðaημΞÞ;1
KΩμ;ðΞÞ ¼ − 1

4
ffiffi
3

p ðfðAÞ1 − 2fðAÞ3 Þ
A
ðaπμΣÞ;1
KΞμ;ðΣÞ ¼ 1

2
ffiffi
6

p ð−fðAÞ1 þ 2fðAÞ3 Þ A
ðaημΣÞ;1
KΞμ;ðΣÞ ¼ − 1

12
ðfðAÞ1 þ 4fðAÞ3 Þ

A
ðaK̄μ NÞ;1
KΞμ;ðΣÞ ¼ − 1

2
ffiffi
6

p fðAÞ3
A
ðaKμ ΞÞ;1
KΞμ;ðΣÞ ¼ − 1

2
ffiffi
6

p fðAÞ3

TABLE XXVII. CGCs AðiBÞ;2
QL;ðB̄Þ with L ∈ ½10�.

A
ðaπμNÞ;2
πΔμ;ðNÞ ¼ 1

2
ffiffi
6

p ð−2fðAÞ2 þfðAÞ4 Þ A
ðaπμΣÞ;2
πΣμ;ðΛÞ ¼ 1ffiffi

6
p fðAÞ2

A
ðaημNÞ;2
πΔμ;ðNÞ ¼ 1

2
ffiffi
6

p fðAÞ4 A
ðaK̄μ NÞ;2
πΣμ;ðΛÞ ¼−1

4
ðfðAÞ2 −fðAÞ4 Þ

A
ðaKμ ΛÞ;2
πΔμ;ðNÞ ¼− 1

2
ffiffi
6

p fðAÞ4 A
ðaημΛÞ;2
πΣμ;ðΛÞ ¼0

A
ðaKμ ΣÞ;2
πΔμ;ðNÞ ¼ 1

2
ffiffi
6

p ð−2fðAÞ2 −fðAÞ4 Þ A
ðaKμ ΞÞ;2
πΣμ;ðΛÞ ¼ 1

4
ðfðAÞ2 þfðAÞ4 Þ

A
ðaπμNÞ;2
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð−fðAÞ2 þfðAÞ4 Þ A
ðaπμΣÞ;2
KΞμ;ðΛÞ ¼ 1

4
fðAÞ2

A
ðaημNÞ;2
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð3fðAÞ2 þfðAÞ4 Þ A
ðaK̄μ NÞ;2
KΞμ;ðΛÞ ¼ 1

2
ffiffi
6

p fðAÞ4

A
ðaKμ ΛÞ;2
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð3fðAÞ2 −fðAÞ4 Þ A
ðaημΛÞ;2
KΞμ;ðΛÞ ¼−

ffiffi
3

p
4
fðAÞ2

A
ðaKμ ΣÞ;2
KΣμ;ðNÞ ¼ 1

4
ffiffi
6

p ð−fðAÞ2 −fðAÞ4 Þ A
ðaKμ ΞÞ;2
KΞμ;ðΛÞ ¼ 1

2
ffiffi
6

p fðAÞ4

A
ðaπμΛÞ;2
πΣμ;ðΣÞ ¼ 1

6
ð3fðAÞ2 −fðAÞ4 Þ A

ðaπμΞÞ;2
πΞμ;ðΞÞ ¼− 1ffiffi

6
p fðAÞ2

A
ðaπμΣÞ;2
πΣμ;ðΣÞ ¼ 1

2
ffiffi
6

p fðAÞ2 A
ðaK̄μ ΛÞ;2
πΞμ;ðΞÞ ¼ 1

4
ffiffi
6

p ð3fðAÞ2 −2fðAÞ4 Þ
A
ðaK̄μ NÞ;2
πΣμ;ðΣÞ ¼− 1

2
ffiffi
6

p ðfðAÞ2 −fðAÞ4 Þ A
ðaK̄μ ΣÞ;2
πΞμ;ðΞÞ ¼− 1

4
ffiffi
6

p fðAÞ2

A
ðaημΣÞ;2
πΣμ;ðΣÞ ¼ 1

6
fðAÞ4 A

ðaημΞÞ;2
πΞμ;ðΞÞ ¼ 1

2
ffiffi
6

p fðAÞ4

A
ðaKμ ΞÞ;2
πΣμ;ðΣÞ ¼− 1

2
ffiffi
6

p ð−fðAÞ2 þfðAÞ4 Þ A
ðaπμΞÞ;2
K̄Σμ;ðΞÞ ¼− 1

4
ffiffi
6

p ðfðAÞ2 −3fðAÞ4 Þ
A
ðaπμΛÞ;2
K̄Δμ;ðΣÞ ¼

1
6
fðAÞ4 A

ðaK̄μ ΛÞ;2
K̄Σμ;ðΞÞ ¼− 1

4
ffiffi
6

p ð−3fðAÞ2 þfðAÞ4 Þ
A
ðaπμΣÞ;2
K̄Δμ;ðΣÞ ¼− 1

2
ffiffi
6

p ðfðAÞ2 −2fðAÞ4 Þ A
ðaK̄μ ΣÞ;2
K̄Σμ;ðΞÞ¼− 1

4
ffiffi
6

p ð−5fðAÞ2 þ3fðAÞ4 Þ
A
ðaK̄μ NÞ;2
K̄Δμ;ðΣÞ ¼

1ffiffi
6

p fðAÞ2
A
ðaημΞÞ;2
K̄Σμ;ðΞÞ ¼

1

4
ffiffi
6

p ð−3fðAÞ2 þfðAÞ4 Þ
A
ðaημΣÞ;2
K̄Δμ;ðΣÞ ¼−1

6
ð−3fðAÞ2 þfðAÞ4 Þ A

ðaπμΞÞ;2
ηΞμ;ðΞÞ ¼− 1

2
ffiffi
6

p fðAÞ4

A
ðaπμΣÞ;2
ηΣμ;ðΣÞ ¼−1

6
fðAÞ4 A

ðaK̄μ ΛÞ;2
ηΞμ;ðΞÞ ¼−

ffiffi
3

p
4
ffiffi
2

p fðAÞ2

A
ðaK̄μ NÞ;2
ηΣμ;ðΣÞ ¼ 1

12
ð−3fðAÞ2 −fðAÞ4 Þ A

ðaK̄μ ΣÞ;2
ηΞμ;ðΞÞ ¼ 1

4
ffiffi
6

p ð−3fðAÞ2 þ2fðAÞ4 Þ
A
ðaKμ ΞÞ;2
ηΣμ;ðΣÞ ¼ 1

12
ð−3fðAÞ2 þfðAÞ4 Þ A

ðaημΞÞ;2
ηΞμ;ðΞÞ ¼0

A
ðaπμΛÞ;2
KΞμ;ðΣÞ¼− 1

12
ð−3fðAÞ2 þ2fðAÞ4 Þ A

ðaπμΞÞ;2
KΩμ;ðΞÞ ¼−

ffiffi
3

p
4
fðAÞ2

A
ðaπμΣÞ;2
KΞμ;ðΣÞ ¼ 1

2
ffiffi
6

p fðAÞ2 A
ðaK̄μ ΛÞ;2
KΩμ;ðΞÞ ¼− 1

2
ffiffi
3

p fðAÞ4

A
ðaK̄μ NÞ;2
KΞμ;ðΣÞ ¼ 1

2
ffiffi
6

p fðAÞ4 A
ðaK̄μ ΣÞ;2
KΩμ;ðΞÞ ¼0

A
ðaημΣÞ;2
KΞμ;ðΣÞ ¼− 1

12
ð3fðAÞ2 −2fðAÞ4 Þ A

ðaημΞÞ;2
KΩμ;ðΞÞ ¼− 1

4
ffiffi
3

p ð3fðAÞ2 −2fðAÞ4 Þ
A
ðaKμ ΞÞ;2
KΞμ;ðΣÞ ¼ 1

2
ffiffi
6

p ð2fðAÞ2 −fðAÞ4 Þ

TABLE XXVIII. Recoupling constants C̃B̄B
i of the bubble

diagram with internal baryon L.

C̃NN
aπμ

¼ −
ffiffi
2
3

q
C̃ΣΞ
aKμ

¼ −1 C̃ΞΣ
aK̄μ

¼
ffiffi
2
3

q
C̃NN
aημ

¼ −1

C̃ΣΣ
aπμ ¼ 1ffiffi

2
p C̃NΣ

aKμ
¼ −

ffiffi
2
3

q
C̃ΣN
aK̄μ

¼ −1 C̃ΣΣ
aημ

¼ −1

C̃ΞΞ
aπμ ¼

ffiffi
2
3

q
C̃NΛ
aKμ

¼ −1 C̃ΛN
aK̄μ

¼ − 1ffiffi
2

p C̃ΞΞ
aημ

¼ −1

C̃ΛΣ
aπμ ¼ − 1ffiffi

3
p C̃ΛΞ

aKμ
¼ 1ffiffi

2
p C̃ΞΛ

aK̄μ
¼ −1 C̃ΛΛ

aημ
¼ −1

C̃ΣΛ
aπμ ¼ −1

TABLE XXIX. Recoupling constants with axial-vector current

aπμ: C̃
aπμQ
B̄B;LR.

C̃
aπμπ
ΣΣ;Σ�Σ� ¼ 1

2
C̃
aπμK
NN;Σ�Σ� ¼ 2

ffiffi
2

p
3 C̃

aπμK̄
ΞΞ;Σ�Σ� ¼ − 2

ffiffi
2

p
3

C̃
aπμK̄
ΣΣ;NN ¼ 1ffiffi

2
p C̃

aπμπ
NN;NN ¼ − 1

3
C̃
aπμπ
ΞΞ;Ξ�Ξ� ¼ − 1

3

C̃
aπμK̄
ΣΣ;NΔ ¼ − 1ffiffi

6
p C̃

aπμη
NN;NN ¼ 1 C̃

aπμη
ΞΞ;Ξ�Ξ� ¼ 1

C̃
aπμK̄
ΣΣ;ΔN ¼ − 1ffiffi

6
p C̃

aπμπ
NN;NΔ ¼ 4

3
ffiffi
3

p C̃
aπμK̄
ΞΞ;Σ�Λ ¼ −

ffiffi
2

pffiffi
3

p

C̃
aπμK
ΣΣ;Ξ�Ξ� ¼ − 1ffiffi

2
p C̃

aπμπ
NN;ΔN ¼ 4

3
ffiffi
3

p C̃
aπμK̄
ΞΞ;ΛΣ� ¼ −

ffiffi
2

pffiffi
3

p

C̃
aπμK̄
ΣΣ;ΔΔ ¼ 5

2
ffiffi
6

p C̃
aπμπ
NN;ΔΔ ¼ 5

3
ffiffi
3

p

C̃
aπμη
ΣΣ;Σ�Σ� ¼ 1 C̃

aπμK
NN;Σ�Λ ¼

ffiffi
2

pffiffi
3

p

C̃
aπμπ
ΣΣ;ΛΣ� ¼ 1ffiffi

2
p C̃

aπμK
NN;ΛΣ� ¼

ffiffi
2

pffiffi
3

p

C̃
aπμπ
ΣΣ;Σ�Λ ¼ 1ffiffi

2
p

C̃
aπμπ
ΣΛ;Σ�Σ� ¼

ffiffi
2
3

q
C̃
aπμπ
ΛΣ;Σ�Σ� ¼

ffiffi
2
3

q

C̃
aπμK̄
ΣΛ;NN ¼ 1ffiffi

2
p C̃

aπμK̄
ΛΣ;NN ¼ 1ffiffi

2
p

C̃
aπμK
ΣΛ;Ξ�Ξ� ¼ − 1ffiffi

2
p C̃

aπμK
ΛΣ;Ξ�Ξ� ¼ − 1ffiffi

2
p

C̃
aπμK̄
ΣΛ;ΔN ¼

ffiffi
2
3

q
C̃
aπμK̄
ΛΣ;NΔ ¼

ffiffi
2
3

q
C̃
aπμπ
ΣΛ;ΛΣ� ¼ 1ffiffi

3
p C̃

aπμπ
ΛΣ;Σ�Λ ¼ 1ffiffi

3
p

C̃
aπμη
ΣΛ;Σ�Λ ¼ 1 C̃

aπμη
ΛΣ;ΛΣ� ¼ 1
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K̄ðLQÞ;n¼1

L∈½8�Q ¼ −m2
Q þOðQ4Þ;

1

MB
K̄ðLQÞ;n¼2

L∈½8�Q ¼ 2

3
m2

Q þOðQ4Þ;

K̄ðLQÞ; n¼3;5
L∈½8�Q ¼ OðQ4Þ;
1

MB
K̄ðLQÞ;n¼4

L∈½8�Q ¼ 4

3
m2

Q þOðQ4Þ;

K̄ðLQÞ;1
L∈½8�QR∈½8� ¼

1

2
ððδL þ δRÞMB −m2

QÞ þOðQ4Þ;

K̄ðLQÞ;1
L∈½8�QR∈½10� ¼ −

5

48

Δ
M

α11t −
5

36
α12m2

Q −
5

12
α14δLMB −

5

12
α13δRMB þ 0α15δBMB þOðQ4Þ;

1

MB
K̄ðLQÞ;2

L∈½8�QR∈½10� ¼
1

6

Δ
M

α91t −
2

3
α92m2

Q þ 2

3
α94δLMB −

2

3
α93δRMB −

3

4

Δ
M

α95δBMB þOðQ4Þ;

K̄ðLQÞ;1
L∈½10�QR∈½8� ¼ −

5

48

Δ
M

α21tþ
19

36
α22m2

Q −
5

12
α23δLMB −

5

12
α24δRMB −

5

12

Δ
M

α25δBMB þOðQ4Þ;
1

MB
K̄ðLQÞ;2

L∈½10�QR∈½8� ¼
1

6

Δ
M

α101tþ
2

3
α102m2

Q þ 2

3
α103δLMB −

2

3
α104δRMB þ 3

4

Δ
M

α105δBMB þOðQ4Þ;

K̄ðLQÞ;1
L∈½10�QR∈½10� ¼ −

1

36

Δ
M

α31t −
1

54
α32m2

Q −
1

18
α33δLMB þ 5

6
α34δRMB −

1

18

Δ
M

α35δBMB þOðQ4Þ;
1

MB
K̄ðLQÞ;n¼1

L∈½10�Q ¼ 0α41tþ
20

9
α42m2

Q −
40

9

Δ
M

α43δLMB −
10

3

Δ2

M2
α45δBMB þOðQ4Þ;

1

MB
K̄ðLQÞ;n¼2

L∈½10�Q ¼ 0α51t −
4

9
α52m2

Q þ 8

9

Δ
M

α53δLMB þ 2

3

Δ2

M2
α55δBMB þOðQ4Þ;

1

MB
K̄ðLQÞ;n¼3

L∈½10�Q ¼ −
8

9

Δ2

M2
α111t −

8

9

Δ2

M2
α115δBMB þOðQ4Þ; ðF2Þ

TABLE XXX. Recoupling constants with axial-vector current aKμ : C̃
aKμ Q
B̄B;LR.

C̃
aKμ π
ΣΞ;Σ�Ξ� ¼ −

ffiffi
2

pffiffi
3

p C̃
aKμ K
NΣ;Σ�Ξ� ¼ − 1ffiffi

6
p C̃

aKμ K
NΛ;Σ�Ξ� ¼ −

ffiffi
3

p
2

C̃
aKμ π
ΛΞ;Σ�Ξ� ¼ − 1ffiffi

2
p

C̃
aKμ η
ΣΞ;Σ�Ξ� ¼ 1 C̃

aKμ π
NΣ;NΣ� ¼ −

ffiffi
2

pffiffi
3

p C̃
aKμ π
NΛ;NΣ� ¼ 1ffiffi

2
p C̃

aKμ K̄
ΛΞ;NΣ� ¼ −

ffiffi
3

p
2

C̃
aKμ K̄
ΣΞ;NΣ� ¼ 1ffiffi

6
p C̃

aKμ η
NΣ;NΣ� ¼ 1 C̃

aKμ η
NΛ;NΛ ¼ 1 C̃

aKμ K̄
ΛΞ;NΛ ¼ 1ffiffi

2
p

C̃
aKμ K̄
ΣΞ;NΛ ¼ 1 C̃

aKμ π
NΣ;NΛ ¼

ffiffi
2
3

q
C̃
aKμ K
NΛ;ΛΞ� ¼ − 1ffiffi

2
p C̃

aKμ K
ΛΞ;Ξ�Ω ¼ 1ffiffi

2
p

C̃
aKμ K
ΣΞ;Ξ�Ω ¼ 1 C̃

aKμ K
NΣ;ΛΞ� ¼ 1 C̃

aKμ π
NΛ;ΔΣ� ¼

ffiffiffi
2

p
C̃
aKμ η
ΛΞ;ΛΞ� ¼ 1

C̃
aKμ π
ΣΞ;ΛΞ� ¼ −

ffiffi
2
3

q
C̃
aKμ π
NΣ;ΔΣ� ¼

ffiffi
2
3

q
C̃
aKμ K̄
ΣΞ;ΔΣ� ¼ −2

ffiffi
2
3

q

AXIAL-VECTOR FORM FACTORS OF THE BARYON OCTET AND … PHYS. REV. D 105, 054005 (2022)

054005-27



K̄ðQRÞ;n¼1

QR∈½8� ¼ m2
Q þOðQ4Þ; 1

MB
K̄ðQRÞ;n¼2

QR∈½8� ¼ 2

3
m2

Q þOðQ4Þ;

K̄ðQRÞ; n¼3;5
QR∈½8� ¼ OðQ4Þ;
1

MB
K̄ðQRÞ;n¼4

QR∈½8� ¼ −
4

3
m2

Q þOðQ4Þ;

K̄ðQRÞ;1
L∈½8�QR∈½8� ¼

1

2
ððδL þ δRÞMB −m2

QÞ þOðQ4Þ;

K̄ðQRÞ;1
L∈½10�QR∈½8� ¼ −

5

48

Δ
M

α11t −
5

36
α12m2

Q −
5

12
α13δLMB −

5

12
α14δRMB þ 0α15δBMB þOðQ4Þ;

1

MB
K̄ðQRÞ;2

L∈½10�QR∈½8� ¼
1

6

Δ
M

α91t −
2

3
α92m2

Q −
2

3
α93δLMB þ 2

3
α94δRMB þ 3

4

Δ
M

α95δBMB þOðQ4Þ;

K̄ðQRÞ;1
L∈½8�QR∈½10� ¼ −

5

48

Δ
M

α21tþ
19

36
α22m2

Q −
5

12
α24δLMB −

5

12
α23δRMB þ 5

12

Δ
M

α25δBMB þOðQ4Þ;
1

MB
K̄ðQRÞ;2

L∈½8�QR∈½10� ¼
1

6

Δ
M

α101tþ
2

3
α102m2

Q −
2

3
α104δLMB þ 2

3
α103δRMB −

3

4

Δ
M

α105δBMB þOðQ4Þ;

K̄ðQRÞ;1
L∈½10�QR∈½10� ¼ −

1

36

Δ
M

α31t −
1

54
α32m2

Q þ 5

6
α34δLMB −

1

18
α33δRMB þ 1

18

Δ
M

α35δBMB þOðQ4Þ;
1

MB
K̄ðQRÞ;n¼1

QR∈½10� ¼ 0α41tþ
20

9
α42m2

Q −
40

9

Δ
M

α43δRMB þ 10

3

Δ2

M2
α45δBMB þOðQ4Þ;

1

MB
K̄ðQRÞ;n¼2

QR∈½10� ¼ 0α51t −
4

9
α52m2

Q þ 8

9

Δ
M

α53δRMB −
2

3

Δ2

M2
α55δBMB þOðQ4Þ;

1

MB
K̄ðQRÞ;n¼3

QR∈½10� ¼ 8

9

Δ2

M2
α111t −

8

9

Δ2

M2
α115δBMB þOðQ4Þ; ðF3Þ

K̄ðLQRÞ;1
L∈½8�QR∈½8� ¼ K̄0ðLQRÞ;1

L∈½8�QR∈½8� ¼ OðQ4Þ;
1

M2
B
K̄ðLQRÞ;1

L∈½10�QR∈½8� ¼
5

24

Δ2

M2
α61t − 2α62m2

Q þ 5

3

Δ
M

α63δLMB þ 1

3

Δ
M

α64δRMB þ 5

6

Δ2

M2
α65δBMB þOðQ4Þ;

1

M3
B
K̄ðLQRÞ;2

L∈½10�QR∈½8� ¼ −
1

3

Δ2

M2
α121tþ

4

3

Δ
M

α122m2
Q þ 8

3

Δ
M

α123δLMB −
8

3

Δ
M

α124δRMB −
1

6

Δ2

M2
α125δBMB þOðQ4Þ;

1

M4
B
K̄0ðLQRÞ;1

L∈½10�QR∈½8� ¼ 0α71t −
2

3

Δ2

M2
α72m2

Q þ 4

3

Δ
M

α73δLMB −
4

3

Δ
M

α74δRMB þ 2

3

Δ2

M2
α75δBMB þOðQ4Þ;

1

M2
B
K̄ðLQRÞ;1

L∈½8�QR∈½10� ¼
5

24

Δ2

M2
α61t − 2α62m2

Q þ 1

3

Δ
M

α64δLMB þ 5

3

Δ
M

α63δRMB −
5

6

Δ2

M2
α65δBMB þOðQ4Þ;

1

M3
B
K̄ðLQRÞ;2

L∈½8�QR∈½10� ¼ −
1

3

Δ2

M2
α121tþ

4

3

Δ
M

α122m2
Q −

8

3

Δ
M

α124δLMB þ 8

3

Δ
M

α123δRMB þ 1

6

Δ2

M2
α125δBMB þOðQ4Þ;

1

M4
B
K̄0ðLQRÞ;1

L∈½8�QR∈½10� ¼ 0α71t −
2

3

Δ2

M2
α72m2

Q −
4

3

Δ
M

α74δLMB þ 4

3

Δ
M

α73δRMB −
2

3

Δ2

M2
α75δBMB þOðQ4Þ;

1

M5
B

K̄0ðLQRÞ;2
L∈½10�QR∈½8� ¼ −

2

3

Δ2

M2
α135δBMB þOðQ4Þ;

1

M5
B

K̄0ðLQRÞ;2
L∈½8�QR∈½10� ¼

2

3

Δ2

M2
α135δBMB þOðQ4Þ;

1

M2
B
K̄ðLQRÞ;1

L∈½10�QR∈½10� ¼ −
7

9

Δ2

M2
α81tþ

4

3
α82m2

Q −
4

3

Δ
M

α83δLMB −
4

3

Δ
M

α84δRMB þ 0α85δBMB þOðQ4Þ;

K̄0ðLQRÞ;1
L∈½10�QR∈½10� ¼ OðQ4Þ: ðF4Þ
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The coefficients αij, all functions of Δ=M only, are given
in Eq. (F5). They are normalized to 1 in the limit Δ → 0.
Power-counting violating contributions are subtracted,

denoted by α0j → 0 and αj0 → 0. All other factors αij
with i, j ≠ 0 fully enter our calculations, no expansion in
Δ=M is applied:

r ¼ Δ=M;

α01 ¼ ð12þ 26rþ 18r2 þ 6r3 þ r4Þ=ð12ð1þ rÞ2Þ;
α02 ¼ ð2þ rÞ2ð6þ 13rþ 18r2 þ 12r3 þ 2r4Þ=ð24ð1þ rÞ4Þ;
α03 ¼ ð2þ rÞ3ð5þ rÞ=ð40ð1þ rÞ2Þ;
α04 ¼ −ð−1þ rÞð2þ rÞ3=ð8ð1þ rÞ2Þ;
α10 ¼ ð2þ rÞ2ð5þ 5rþ r2Þ=ð20ð1þ rÞ2Þ;
α11 ¼ ð2þ rÞ2ð5þ 5rþ r2Þ=ð20ð1þ rÞ2Þ;
α12 ¼ −ð−20þ 66rþ 66r2 þ 9r3Þ=ð20ð1þ rÞ2Þ;
α13 ¼ ð20þ 60rþ 87r2 þ 65r3 þ 23r4 þ 3r5Þ=ð20ð1þ rÞ3Þ;
α14 ¼ ð2þ rÞ3ð5þ 5rþ r2Þ=ð40ð1þ rÞ2Þ;
α15 ¼ 0;

α20 ¼ ð2þ rÞ2ð15þ 31rþ 19r2 þ 4r3Þ=ð60ð1þ rÞ2Þ;
α21 ¼ ð2þ rÞ2ð5þ 5rþ r2Þ=ð20ð1þ rÞ2Þ;
α22 ¼ ð76þ 170rþ 170r2 þ 73r3 þ 12r4Þ=ð76ð1þ rÞ2Þ;
α23 ¼ ð60þ 308rþ 645r2 þ 707r3 þ 421r4 þ 129r5 þ 16r6Þ=ð60ð1þ rÞ3Þ;
α24 ¼ ð2þ rÞ3ð5þ 5rþ r2Þ=ð40ð1þ rÞ2Þ;
α25 ¼ ð2þ rÞ2ð15þ 31rþ 19r2 þ 4r3Þ=ð60ð1þ rÞ2Þ;
α30 ¼ ð2þ rÞ3ð42þ 106rþ 129r2 þ 72r3 þ 11r4Þ=ð336ð1þ rÞ4Þ;
α31 ¼ ð2þ rÞ3ð6þ 114rþ 163r2 þ 48r3 þ 5r4Þ=ð48ð1þ rÞ4Þ;
α32 ¼ ð2þ rÞð4þ 268rþ 538r2 þ 449r3 þ 188r4 þ 29r5Þ=ð8ð1þ rÞ4Þ;
α33 ¼ −ð2þ rÞ2ð−6þ 106rþ 574r2 þ 949r3 þ 744r4 þ 291r5 þ 42r6Þ=ð24ð1þ rÞ5Þ;
α34 ¼ ð2þ rÞ2ð90þ 234rþ 306r2 þ 249r3 þ 128r4 þ 35r5 þ 2r6Þ=ð360ð1þ rÞ5Þ;
α35 ¼ −ð2þ rÞ3ð−6 − 2rþ 37r2 þ 72r3 þ 19r4Þ=ð48ð1þ rÞ4Þ;
α40 ¼ ð2þ rÞ4ð5þ rÞ=ð80ð1þ rÞ2Þ;
α41 ¼ 0;

α42 ¼ ð2þ rÞ2ð20þ 24rþ 19r2 þ 3r3Þ=ð80ð1þ rÞ2Þ;
α43 ¼ ð2þ rÞ3ð20þ 36rþ 29r2 þ 5r3Þ=ð160ð1þ rÞ3Þ;
α44 ¼ 0;

α45 ¼ ð2þ rÞ4ð5þ rÞ=ð80ð1þ rÞ2Þ;
α50 ¼ −ð−1þ rÞð2þ rÞ4=ð16ð1þ rÞ2Þ;
α51 ¼ 0;

α52 ¼ −ð2þ rÞ2ð−4þ r2 þ 3r3Þ=ð16ð1þ rÞ2Þ;
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α53 ¼ −ð2þ rÞ3ð−4þ 5r2 þ 5r3Þ=ð32ð1þ rÞ3Þ;
α54 ¼ 0;

α55 ¼ −ð−1þ rÞð2þ rÞ4=ð16ð1þ rÞ2Þ;
α60 ¼ ð2þ rÞ3ð5þ 5rþ r2Þ=ð40ð1þ rÞ2Þ;
α61 ¼ ð2þ rÞ3ð5þ 5rþ r2Þ=ð40ð1þ rÞ2Þ;
α62 ¼ ð2þ rÞð48þ 88rþ 76r2 þ 28r3 þ 5r4Þ=ð96ð1þ rÞ2Þ;
α63 ¼ ð2þ rÞ2ð20þ 55rþ 63r2 þ 31r3 þ 5r4Þ=ð80ð1þ rÞ3Þ;
α64 ¼ ð2þ rÞ2ð8þ 28rþ 33r2 þ 9r3 þ r4Þ=ð32ð1þ rÞ2Þ;
α65 ¼ ð2þ rÞ3ð5þ 5rþ r2Þ=ð40ð1þ rÞ2Þ;
α70 ¼ ð2þ rÞ3ð1þ rþ r2Þ=ð8ð1þ rÞ2Þ;
α71 ¼ 0;

α72 ¼ ð2þ rÞ3=ð8ð1þ rÞ2Þ;
α73 ¼ ð2þ rÞ2ð4þ 11rþ 19r2 þ 15r3 þ 5r4Þ=ð16ð1þ rÞ3Þ;
α74 ¼ −ð2þ rÞ2ð−8 − 4r − 3r2 þ 5r3 þ r4Þ=ð32ð1þ rÞ2Þ;
α75 ¼ ð2þ rÞ3ð1þ rþ r2Þ=ð8ð1þ rÞ2Þ;
α80 ¼ ð2þ rÞ4ð6þ 6rþ r2Þ=ð96ð1þ rÞ2Þ;
α81 ¼ ð2þ rÞ4ð14þ 10rþ 7r2 þ 8r3 þ r4Þ=ð224ð1þ rÞ4Þ;
α82 ¼ ð2þ rÞ2ð12þ 24rþ 25r2 þ 13r3 þ 2r4Þ=ð48ð1þ rÞ2Þ;
α83 ¼ ð2þ rÞ3ð12þ 36rþ 43r2 þ 21r3 þ 3r4Þ=ð96ð1þ rÞ3Þ;
α84 ¼ ð2þ rÞ3ð12þ 36rþ 43r2 þ 21r3 þ 3r4Þ=ð96ð1þ rÞ3Þ;
α85 ¼ 0;

α90 ¼ ð2þ rÞ2=ð4ð1þ rÞ2Þ;
α91 ¼ ð2þ rÞ2=ð4ð1þ rÞ2Þ;
α92 ¼ ð4þ 3rþ r2Þ=ð4ð1þ rÞ2Þ;
α93 ¼ ð4þ 4rþ 3r2 þ r3Þ=ð4ð1þ rÞ3Þ;
α94 ¼ ð8þ 10rþ 11r2 þ 6r3 þ r4Þ=ð8ð1þ rÞ2Þ;
α95 ¼ ð2þ rÞ2ð9þ 2rÞ=ð36ð1þ rÞ2Þ;
α100 ¼ ð2þ rÞ2=ð4ð1þ rÞ2Þ;
α101 ¼ ð2þ rÞ2ð3þ 16rþ 16r2 þ 4r3Þ=ð12ð1þ rÞ2Þ;
α102 ¼ ð4þ 3rþ r2Þ=ð4ð1þ rÞ2Þ;
α103 ¼ ð4þ 4rþ 3r2 þ r3Þ=ð4ð1þ rÞ3Þ;
α104 ¼ ð8þ 10rþ 11r2 þ 6r3 þ r4Þ=ð8ð1þ rÞ2Þ;
α105 ¼ ð2þ rÞ2ð27þ 38rþ 32r2 þ 8r3Þ=ð108ð1þ rÞ2Þ;
α110 ¼ 0;

α111 ¼ ð2þ rÞ4=ð16ð1þ rÞ2Þ;
α112 ¼ 0;
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α113 ¼ 0;

α114 ¼ 0;

α115 ¼ ð2þ rÞ4=ð16ð1þ rÞ2Þ;
α120 ¼ ð2þ rÞ3=ð8ð1þ rÞ2Þ;
α121 ¼ ð2þ rÞ3=ð8ð1þ rÞ2Þ;
α122 ¼ ð2þ rÞð4þ 3rþ r2Þ=ð8ð1þ rÞ2Þ;
α123 ¼ ð2þ rÞ2ð4þ 5rþ 3r2Þ=ð16ð1þ rÞ3Þ;
α124 ¼ ð2þ rÞ2ð8þ 3rþ 4r2 þ r3Þ=ð32ð1þ rÞ2Þ;
α125 ¼ ð2þ rÞ3ð1þ 2rÞ=ð8ð1þ rÞ2Þ;
α130 ¼ 0;

α131 ¼ 0;

α132 ¼ 0;

α133 ¼ 0;

α134 ¼ 0;

α135 ¼ ð2þ rÞ3ð1þ 2rÞ=ð8ð1þ rÞ2Þ: ðF5Þ

Note that all αij are the same as in Ref. [5]. The only exception is α33 of Ref. [5], which is given by

−
1

14
α33 þ

15

14
α34: ðF6Þ
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