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ABSTRACT

Tamy Harumy Moraes Tsujimoto: Statistical Methods for Receiver Operating
Characteristic (ROC) Curves in Complex Sampling Surveys
(Under the direction of Dr. Jianwen Cai)

Sample surveys are critical in providing information in a broad range of areas, serving
as a valuable resource for guiding actions and policies. Classical methods in inferential
statistics assume that the observations were selected according to a simple random
sampling from a population of interest. However, in large-scale surveys, the final sample
usually does not represent a simple random sample of independent, identically distributed
observations from an infinite population. Instead, these studies use complex survey designs,
including stratification, multistage cluster sampling, and unequal selection probabilities
to obtain a representative sample more efficiently in terms of time and cost. Failure
to account for the complex survey design may result in biased parameter estimators,
underestimated standard errors, and possibly misleading conclusions.

The receiver operating characteristic (ROC) curve is the most popular tool used to
evaluate the accuracy of diagnostic tests measured on a continuous scale. Currently,
analyses based on the ROC curve have been performed on data arising from complex survey
samples ignoring the sampling scheme. For our first topic, we propose a nonparametric
estimator for the ROC curve that accounts for complex survey sampling and establish its
uniform convergence. The properties of the estimator are evaluated through simulation
studies and illustrated using the National Health and Nutrition Examination Survey
(NHANES).

Nonresponse is a common issue in surveys and can induce bias if not adequately

accounted for. For our second topic, we propose an IPW estimator for the ROC curve to
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accommodate the case where the diagnostic test is missing. The theoretical properties
of the estimator are developed and evaluated using simulation studies. The proposed
estimator is then applied to the NHANES data.

In many applications, it is desired to study the covariate effects on the accuracy of a
diagnostic test. In our third topic, we adapt a popular model referred to as ROC-GLM
to account for complex survey designs. Simulation studies show that our design-adjusted
ROC-GLM model performs well compared to the original model, which was developed
for simple random sampling. To illustrate our method, we study the effect of age on the

accuracy of a diabetes assessment calculator.
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CHAPTER 1: INTRODUCTION

Sample surveys are critical in providing information in a broad range of areas, serving
as a valuable resource for guiding actions and policies. In the United States, the National
Center for Health Statistics (NCHS) is the principal health statistics agency under the
Center for Disease Control (CDC). It conducts several population surveys, such as the
National Health and Nutrition Examination Survey (NHANES), the National Health
Interview Survey (NHIS), and the National Survey of Family Growth (NSFG). These
large-scale surveys use complex sampling designs, including stratification, multistage
cluster sampling, and unequal selection probabilities to obtain a representative sample
more efficiently in terms of time and cost (Pfeffermann and Rao, 2009). Failure to account
for the complex survey design may result in biased parameter estimators, underestimated
standard errors, and possibly misleading conclusions (Heeringa et al., 2017).

A common use of large-scale surveys is to evaluate the accuracy of diagnostic tests.
For example, Olson et al. (2010) and Higgins et al. (2011) compared the accuracy of A1C
and oral glucose tolerance tests (OGTT) as diagnostic tests for diabetes and pre-diabetes
using NHANES data. Laurson et al. (2011) evaluated the accuracy of percent body fat in
identifying metabolic syndrome in adolescents, using data from NHANES.

The receiver operating characteristic (ROC) curve is the most popular tool used to
evaluate the accuracy of diagnostic tests measured on a continuous scale. This work
is motivated by the recent applications of ROC curves in large-scale surveys without
completely accounting for the complex survey design. Some applications use outputs
from design-adjusted regression models as inputs when constructing the (unweighted)

ROC curves (Gaziano et al. (2008), Zhang et al. (2014)), while others use ROC curves to



evaluate the discriminatory performance of biomarkers ignoring the complex sampling
design (Ferraro et al. (2010), DeBoer and Gurka (2014)).

Currently, there is little literature dealing with ROC curves in the context of complex
survey data. Bisoffi et al. (2000) used bootstrap and jackknife methods to approximate
standard error for the area under the ROC curve (AUC) for a two-phase sampling design.
More recently, Yao et al. (2015) proposed a nonparametric estimator for the AUC that
accounts for complex sampling, and employed jackknife method and balanced repeated
replication for the variance estimation. To the best of our knowledge, the theoretical
properties of a nonparametric estimator of the ROC curve accounting for complex survey
sampling have not been fully developed, and will be the main focus in the first topic of this
dissertation. We propose a nonparametric estimator for the ROC curve that accounts for
complex survey sampling, and establish the uniform convergence using results presented
in Han and Wellner (2021), combined with empirical processes arguments. Simulation
studies showed that our proposed estimator is approximately unbiased and its estimated
asymptotic variance is close to the empirical variance, with improved performance for larger
sample size and disease proportions. The proposed method was applied to the National
Health and Nutrition Examination Survey (NHANES) to evaluate the discriminatory
ability of a traditional risk calculator for undiagnosed diabetes.

A common issue in large-scale surveys is the presence of missing biomarker values due
to various reasons such as study drop-out or loss of information caused by uncontrollable
factors. Due to the limited availability of statistical methods, analyses using ROC curves
on complex survey data is currently done by ignoring the sampling scheme, and include
only participants without missing data on the variables of interest. Most methods for
handling nonresponse fall within inverse probability weighting (IPW) techniques and
imputation strategies. IPW methods rely on a model for the response probability given a
set of predictors (response model). In contrast, imputation approaches based on statistical

prediction rules rely on models for the partially observed variables given the fully observed



variables (imputation models). A third class of methods combines IPW and imputation
methods, called augmented IPW (AIPW) estimators, and has the property of being
doubly robust to model misspecifications. For our second topic, we propose an IPW
estimator for the ROC curve to accommodate the case where the diagnostic test is
missing. The theoretical aspects of the estimator are developed following Han and Wellner
(2021), combined with empirical process arguments. Simulation studies showed that our
proposed estimator performs well, with a better performance than the estimators that do
not account for survey design or missingness, especially for higher missing proportions.
The proposed estimator was applied to the same data from Chapter 3 to evaluate the
discriminatory ability of the risk calculator for undiagnosed diabetes accounting for the
missing observations.

In many applications, it is desired to study the effects of covariates on the discrim-
inating capacity of a diagnostic test. For example, disease severity may impact the
marker accuracy, with less severe cases being more dificult to distinguish from controls.
Currently, there are three major existing approaches to evaluate the covariate effects on
the ROC curve (Pepe, 1998). In the first class of approaches, called induced methods,
the distributions of the diagnostic test in the diseased and non-diseased populations are
modeled separately, from which the ROC curve is computed. The second class considers
regression models for the area under the ROC curve (AUC). Lastly, in the third approach,
called direct methods, the covariate effects on the ROC curve are modeled directly. The
latter class is often referred to as parametric distribution-free (PDF) models, since a
parametric model is assumed for the ROC curve, but the distributions of the diagnostic
tests remaing unspecified. For our third topic, we adapt the PDF model referred to as
ROC-GLM model proposed by Pepe (2000a) and Alonzo and Pepe (2002) to account for
complex survey designs. Simulation studies show that our design-adjusted ROC-GLM

model performs well compared to the original model, which was developed for simple



random sampling. To illustrate our method, we study the effect of age on the accuracy of
a diabetes assessment calculator.

This dissertation aims to fill the gaps by proposing methods for the ROC curve in
the context of complex survey designs, and it is organized as follows. Chapter 2 provides
the literature review comprising methods in complex survey data and the ROC curve.
Chapter 3 presents a design-adjusted nonparametric estimator for the ROC curve and uses
empirical process arguments to develop the estimator’s asymptotic properties. Chapter
4 proposes an [IPW estimator for the ROC curve to handle the case where a portion of
the diagnostic test is missing in survey sampling. Finally, in Chapter 5 we adapt the
ROC-GLM model proposed by Pepe (2000a) and Alonzo and Pepe (2002) to account for

complex survey designs.



CHAPTER 2: LITERATURE REVIEW

2.1 Complex Surveys

Sample surveys play a critical role in providing information in a broad range of areas,
serving as a valuable resource for guiding actions and policies. In the United States, the
National Center for Health Statistics (NCHS) is the principal health statistics agency
under the Center for Disease Control (CDC). It conducts several population surveys,
such as the National Health and Nutrition Examination Survey (NHANES), the National
Health Interview Survey (NHIS), and the National Survey of Family Growth (NSFG).

Classical methods in inferential statistics assume that the observations were selected
according to a simple random sampling from a population of interest. However, in
large-scale surveys the final sample usually does not represent a simple random sample
of independent, identically distributed observations from a population. Instead, these
studies generally use complex survey designs, including stratification, multistage cluster
sampling, and unequal selection probabilities to obtain the ultimate study sample. Failure
to account for the complex survey design may result in biased parameter estimators,
underestimated standard errors, and possibly misleading conclusions (Heeringa et al.,
2017).

For further elaborations, let Uy be a finite population of size N with elements
indexed by ¢ € {1,--- , N}. Each index i is associated with a unique vector (y;, x;, z;) €
RP x RF x R representing the characteristics of interest, the auxiliary information,
and the sampling design information available at the time of the design of the survey
on all units, respectively. For a sample s drawn according to a sampling design p(.),

where p(s) = P(sample s is selected), define the sampling indicator & = I(i € s), to



specify whether the i-th unit is in the sample or not, and the inclusion probability
Ty = Y _gics P(5) = P(§ = 1) of the unit i being in the sample, computed from all possible

samples that contain the unit 7.

2.1.1 Modes of Inference

When analyzing complex survey data, one may formulate the question of interest
around finite-population quantities, such as population totals, means, and proportions,
or around the statistical model generating the finite population. We refer to the first as
descriptive studies and the latter as analytic studies.

When targeting finite-population quantities, the design-based (or randomization-
based) inference remains the dominant approach. In this framework, the y;’s are considered
fixed but unknown quantities, and the only source of randomness comes from the joint
distribution of the random variables {&;, - -+ ,&n} (Pfeffermann (2000), Lohr (2019)). This
framework also requires that the selection probabilities 7;’s are known for all units in the
population.

For studies where the questions of interest are around the parameters of the statistical
model generating the finite population, the model-based approach is often employed.
In this context, it is assumed that {(y;, z;, 2;)}Y, are realizations of random variables
(Y, X, Z) defined on the same probability space. The distribution of (Y, X, Z) is called a
super-population model, and supplies the link between units in the sample and units not
in the sample (Rubin-Bleuer et al. (2005), Lohr (2019)).

An alternative approach of inference for survey sampling combines design-based
and model-based inference, and it is known as joint inference. Under this framework,
the finite population is viewed as a realization of a statistical model (super-population
model), and a sample is drawn from this finite population according to a sampling design.
Inference under this approach requires explicitly accounting for two sources of randomness.

The first source is the model-based randomness arising from the difference between the



finite-population quantity and the superpopulation parameter, and the second source
is the design-based randomness resulting from the difference between the sample-based

estimator and the finite-population quantity (Pfeffermann, 2000).

2.1.2 Nonresponse in survey sampling

A common issue in large-scale surveys is the presence of nonresponse. If the respon-
dents and nonrespondents have similar behavior, the nonresponse can be ignored in the
statistical analysis. However, ignoring the nonresponse may lead to biased results if the
characteristics of respondents and nonrespondents are considerably different.

Data can be missing for the entire unit observation (unit nonresponse), or partially
missing when at least one questionnaire item is missing (item nonresponse). To elaborate
on methods to handle nonresponse, define the random variable R; that assumes 1 when
the i-th unit responds, and 0 otherwise. After the sampling, a value for y; is observed
if the realization r; of the random variable R; is equal to 1. We will also consider the
partition Y; = (Y%, Y/™) of the outcomes of interest, with Y;° and Y™ corresponding to

the responses that are observed and missing, respectively.

2.1.2.1 Missing Data Mechanisms

As described in Molenberghs et al. (2014) and Lohr (2019), the nonresponse is said to
be missing completely at random (MCAR) if R is independent of the outcome of interest
Y = (Y°,Y™), the auxiliary information X, and the survey design information Z. This is
the missing mechanism implicitly adopted when nonresponse is ignored.

When R is conditionally independent of Y™ given Y°, X, and Z, we say the data
are missing at random (MAR). In this case, the nonresponse depends only on observed
variables, and it can be validly inferred if a model is correctly specified for R. This is
also known as an ignorable mechanism since the nonresponse can be ignored once its

mechanism is completely explained by the model (Lohr, 2019). However, completely



ignoring this type of nonresponse without using a model for the nonresponse mechanism
would lead to biased results.

Finally, if the conditional distribution of R given Y°, X, and Z still depends on at
least some components of Y™, the data is said to be missing not at random (MNAR).
This mechanism is often referred to as non-ignorable since the nonresponse cannot be
fully explained by the observed data. Although standard methods to handle this type
of nonresponse lead to biased results, they are still used to reduce the bias since the
nonresponse may also depend on known variables (Lohr, 2019).

The main approaches for handling survey nonresponse are weighting and imputation.
Typically, a combination of weighting and imputation is used, where imputation is
employed for item nonresponse, and weighting is then applied to compensate for unit
response (Sdrndal and Lundstrém, 2005). Approaches strictly using weighting or strictly

using imputation are also possible.

2.1.2.2 Weighting Methods

In design-based inference, the sampling weights w; = 7; ' are used to estimate
population quantities for various sampling schemes. The weighting, in this case, can be
viewed as a means of compensating the nonsampled units in the population in the sampling
phase (Brick and Montaquila, 2009). In design-based theory, the inclusion probabilities
m; are assumed to be known for all units in the population. When nonresponse is present,
however, the unknown nature of the response probability model makes further assumptions
necessary. Most of the methods assume that data are MAR, with the response probabilities
estimated from information known for all units in the sample (Lohr, 2019).

One method of nonresponse weighting adjustment is to model the response propensities
¢; = P(R; = 1) directly for the sampled units and use the inverse of the estimated
propensities as the weight adjustment (Brick and Montaquila, 2009). This approach is

referred to as inverse probability weighting (IPW).



An alternative method of nonresponse weighting adjustment is calibration. In general,
calibration techniques use an auxiliary set of variables to adjust the sampling weights to
improve estimation for the variables of interest. The idea is to scale the sampling weights
so that the population totals for the auxiliary variables match the known population

totals, resulting in a more representative sample of the population.

2.1.2.3 Imputation Methods

Imputation is the procedure used to replace missing values with substitutes based on
a specific rule. According to Sérndal and Lundstrém (2005), these imputed values can
be constructed in various ways, and the imputation by statistical rules can be classified
into two major categories. The first category is based on a statistical prediction rule,
where a parametric model m(X;~) for E(Y|X) (imputation model) is specified, and the
parameter vy is estimated from the complete cases. The second category, also described as
the donor-based method, is based on values observed for responding units, but not for
the nonresponding units (donor-based method). In this category, the imputed value for a
given nonrespondent unit is borrowed from an observed unit (donor) that is considered
very similar in a statistical sense.

Examples of donor-based methods are nearest neighbor imputation and hot-deck
imputation. The former is a deterministic procedure, where the donor for a nonresponding
unit is identified using distance minimization. The latter is a random procedure, where
the imputed value for a nonresponding unit is randomly selected from a group of all

potential (respondent) donor units.

2.2 Receiver Operating Characteristic (ROC) Curve

2.2.1 Diagnostic medicine

Diagnostic medicine is the process of identifying the disease or condition that a patient

has, and ruling out conditions that the patient does not have, through assessment of the



patient’s signs, symptoms, and results of various diagnostic tests (Zhou et al., 2009). It
has evolved over the years as the advances in technology allowed the development of new
diagnostic tests for detecting diseases. Examples of diagnostic tests include biochemical
serum markers, such as prostate specific antigen (PSA) for prostate cancer, CA-125 for
ovarian cancer, creatinine for kidney dysfunction, and cholesterol and blood pressure for
cardiovascular disease (Pepe, 2000b). Given the importance of diagnostic medicine to
population’s overall health, and understanding of disease mechanism, statistical methods

that assess the accuracy of diagnostic tests in a reliable way are crucial.

2.2.2 Definition of ROC curve

The receiver operating characteristic (ROC) curve is the most popular method to
assess the performance of a continuous diagnostic test. The curve is defined as the plot of
the false positive rate (1-specificity) versus the true-positive rate (sensitivity) across all
possible cutoffs of the diagnostic test. The false-positive rate (FPR) is the proportion
of non-diseased individuals that test positive for the disease based on the diagnostic
test, and the true-positive rate (TPR) is the proportion of diseased individuals that test
positive for the disease. The curve is especially useful to compare the performance of
different diagnostic tests and obtain optimal cutoffs for the diagnostic test to minimize
the misclassification of diseased and non-diseased individuals. (Pepe (2000b), Indcio et al.
(2021)).

To introduce the ROC curve more formally, consider a binary indicator of disease
status D, with D = 1 indicating diseased subjects, and a continuous diagnostic test Y,
which larger values are more indicative of disease. We denote the cumulative distribution

function (cdf) of Y conditioned on D = 0 as GG, and similarly, the cdf of ¥ conditioned
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on D =1 as F. The corresponding FPR and TPR at the cutoff ¢ € R are given by:

FPR(¢c)=P(Y >¢|D=0)=P(Yp>c¢c)=1-G(c)

TPR(c)=P(Y >¢|D=1)=P(Yp>c)=1—F(c)

The ROC curve is defined as the plot {(FPR(c), TPR(c)) : ¢ € R}, or equivalently, as
the plot {(¢t, R(t)) : t € [0,1]}, where R(t) =1 — F o G1(1 —t), with G7'(s) = inf{x €
R:G(z) > s}, and FoG7!(.) = F(G7(.)).

2.2.3 ROC curve estimation

Let {Yp,}2 and {Yp,}:2 be two independent random samples of sizes np and np,

respectively, of continuous diagnostic tests for the diseased and nondiseased populations.

2.2.3.1 Non-parametric estimation

The ROC curve can be non-parametrically estimated by plugging in the corresponding

empirical distributions for diseased and nondiseased, as described in Hsieh et al. (1996):
Gle)=—> I(Vp, <) Flo)=—> I(Yp, <o)

Hsieh et al. (1996) also provides a formal derivation including uniform consistency
and weak convergence for the empirical ROC estimator.

Note that the empirical ROC estimator is an increasing discrete function, whereas
the true ROC curve is a continuous function. To overcome the lack of smoothness of
the empirical estimator, kernel-based methods for estimating ROC curve have also been
developed. Zou et al. (1997) proposed using kernel density estimation to estimate the
density function for each population, and Zou et al. (1998) proposed estimating the

distribution functions using normal kernel.
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2.2.3.2 Parametric estimation

Fully parametric estimation for the ROC curve is also possible. In this approach,
the distribution functions are parametrically estimated for the diseased and nondiseased
populations, and then used to compute the ROC curve. Typically, it is assumed that

YP ~ N(up,0%) and Y ~ N(up, 03), leading to the binormal model for the ROC curve:
R(t) = ®(a+bd (1)), (2.1)

where a = (up — up)/op and b = o /op. In this case, the estimation is perfomed using
maximum likelihood. In general, if Y5 and Yp have probability distribution functions
with survival functions S(y — up/op) and S(y — pp/op) respectively, then the associated
ROC curve has the form S(—a+bS™1(t)) where a = (up — pup)/op and b = o5 /0p (Pepe
et al., 2000).

2.2.3.3 Semiparametric estimation

Semiparametric approaches to ROC curve estimation have been proposed recently.
In this framework, the strategies can be classified into two major categories. The first
category aims to estimate semiparametrically the diagnostic test results, and obtain
the induced estimate for the ROC curve. In the second category, a parametric form is
assumed for the ROC curve, but no assumptions are made about the distribution from
the diagnostic tests.

The first class of semiparametric approaches is the location-scale models, where a

semiparametric location-scale model is proposed for the diagnostic test results:

Yp, = kp +0pei

Yp, = pp + opei,
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where € are independent random variables with mean zero and variance one with survival

function S. The location-scale model for the ROC curve is given by

R(t) = S((up — pp)/op + (op/0p)S™H(1)).

The estimation for the location-scale model is done by computing sample means
and variances, and estimating S nonparametrically from the standardized residuals
(Yp, — ftp)/0p and (Yp, — fip)/6p. Inferences for this estimator is based on resampling
methods (Pepe, 2000b).

The second class of semiparametric approaches is referred to as parametric distribution-
free methods. The binormal model remains the most popular approach, which assumes
the existence of some unspecified strictly increasing transformation H, such that H(Yp)
and H(Yp) follow a normal distribution, and then the ROC model is the binormal model
written as in (2.1). The estimation is then carried for the parameters a and b in the
binormal model. Metz et al. (1998) proposed the LABROC procedure, which uses ordinal
regression methods applied to continuous data with a separate ordinal category defined
for each non-diseased observation. Pepe (2000a) and Alonzo and Pepe (2002) suggested
methods based on estimating equations. Zou and Hall (2000) proposed using maximum
likelihood estimation based on the ranks of the diagnostic tests. These procedures share
the attractive feature of providing a smooth estimate of the ROC curve. However, the
statistical properties of these procedures have not yet been well characterized (Pepe et al.,

2000).

2.2.4 Covariate-specific ROC curve

In many applications, the discriminatory capacity of a diagnostic test may be affected
by a variety of factors. Currently, there are two approaches to evaluate the covariate
effects on the ROC curve (Pepe, 1998). In the first approach, called the induced method,

the distributions of the diagnostic test in diseased and non-diseased populations are
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modeled separately, and the induced ROC curve is calculated. In the second approach,

called the direct method, the covariate effects on the ROC curve are modeled directly.

2.2.4.1 Induced Methods

Similarly as described in sections 2.2.3.2 and 2.2.3.3, the induced methods assume
that the distribution for the diagnostic test Y follows a location-scale model, conditional

on the disease status D and covariates X:

Y = (D, X) + o(D, X)e,

where u(D, X) = E(Y|D, X), 0?(D, X) = Var(Y|D, X), and € are independent random
variables with mean zero and variance one with survival function S. The corresponding

covariate-specific ROC curve is given by

R(t) = S(—a(X) + b(X)S™(t)),

with a(X) = (u(1,X) — (0, X))/o(1, X) and b(X) = 0(0, X)/o(1, X). The estimation
can be performed using parametric, semiparametric, or nonparametric approaches. Faraggi
(2003) proposed a fully parametric approach, assuming a linear model with homoscedastic
normal distribution for each population. In a semiparametric context, Pepe (1998)
proposed estimating the distribution function of the errors in each population by the
corresponding empirical distribution function of the standardized residuals. In the

nonparametric context, kernel-based approaches using continuous covariates were proposed

by Yao et al. (2010), Gonzdlez-Manteiga et al. (2011), and Rodriguez-Alvarez et al. (2011).

2.2.4.2 Direct Methods

In contrast with induced methodologies, the direct methods model the covariate

effects directly on the ROC curve. Pepe (1997) proposed a general regression modelling
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framework for ROC curves given by:

R(t[X) = g(ao(t), BX), (2.2)

where ¢ is a specified function and () is a parametric function. Both g and «q need to
be chosen so that R(t|.X) is a monotone increasing function. Pepe (1997) proposed to
estimate (2.2) by combining quantile regression and estimating equations. A special case
of (2.2) is the class of ROC regression models of the generalized linear models (ROC-GLM)
form

g{R(t[X)} = ho(t) + p(X), (2.3)

where £4(X) models the covariate effects on the ROC curve, hy(t) is an unknown monotonic
increasing function of the FPR related to the shape of the ROC curve, and g is the link

function. The estimation for the model (2.3) relies on the fact that

Rt)=1—-FoG ' (1—-t)=PYp>G'(1—-1t)=E{(Yp>G(1-1))},

and, therefore, the model (2.3) can be seen as a model for the binary variable I(Yp >
G~!(1 —t)). Different model proposals were made by varying g, hy and u. Pepe (2000a)
and Alonzo and Pepe (2002) assumed g(.) = ®71(.), u(X) = X’8 and a parametric form
for ho(t). Cai and Pepe (2002) and Cai (2004) proposed a more flexible model with
g(.) =@ (), u(X) = X'B, and ho(t) completely unspecified.

2.2.5 ROC curve in the presence of incomplete data

The methods described so far rely on the assumption of complete data. However, in
diagnostic medicine, the presence of incomplete data is quite frequent. In the context of

the ROC curve, there are two problem setups concerning incomplete data. First, the case
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where the disease status D is missing, and second, the case where the diagnostic test Y is

missing.

2.2.5.1 Missing disease status

It is common to have subjects not undergoing the definitive assessment of disease in
practice due to the verification procedure being expensive or invasive. This results in
missing information on the disease status and can lead to biased estimates for the ROC
curve. This bias is referred to as verification bias.

As described in Fluss et al. (2009), the methods developed for correcting for verification
bias are usually based on the assumptions that the diagnostic test has an ordinal scale
(Begg and Greenes (1983), Gray et al. (1984), Toledano and Gatsonis (1996), Zhou (1996),
Zhou (1998), Rodenberg and Zhou (2000)). Alonzo and Pepe (2005) proposed to correct
verification bias for continuous diagnostic tests assuming that the missing disease status is
MAR. Rotnitzky et al. (2006) and Fluss et al. (2009) developed doubly-robust estimators
for the ROC curve under non-ignorable verification bias for continuous diagnostic tests.
Their approaches rely on specifying a value for the nonignorable parameter (the log
odds ratio of verification for diseased versus nondiseased individuals) to account for the
identifiability problem. Liu and Zhou (2010) proposed to estimate the nonignorable

parameter using likelihood approach.

2.2.5.2 Missing diagnostic test

In many applications, especially in observational studies, some subjects might have a
missing diagnostic test due to various reasons. The presence of missing the diagnostic
test may lead to biased estimates of the ROC curve. Many methods have been developed
to construct the ROC curve in the presence of missing diagnostic tests recently. The
first group of methods rely on inverse probability weighting (IPW) methods (Long et al.
(2011b), Li and Ning (2015), Li et al. (2021)), while the second group of methods rely on
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imputation methods (Long et al. (2011a), Liu and Zhao (2012), Qin and Wang (2012),

Yang and Zhao (2015), Karakaya et al. (2015)).

2.3 ROC curve for complex survey sampling

Many applications include analyses based on the ROC curve performed using complex
survey data. Some applications use outputs from regression models that account for
complex survey design as outcomes when constructing the (unweighted) ROC curves
(Gaziano et al. (2008), Zhang et al. (2014)), while others use ROC curves to evaluate
the discriminatory performance of biomarkers without accounting for the complex design
(Ferraro et al. (2010), DeBoer and Gurka (2014)). Bisoffi et al. (2000) used bootstrap
and jackknife methods to approximate standard deviations for the area under the ROC
curve (AUC) for a two-phase sampling design. Recently, Yao et al. (2015) proposed a
nonparametric estimator for the AUC that accounts for complex sampling. However, the
theoretical aspects of the ROC curve in the context of complex survey data still need to

be further developed.
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CHAPTER 3: RECEIVER OPERATING CHARACTERISTIC CURVE FOR
COMPLEX SURVEY DATA

3.1 Introduction

Diagnostic medicine is the process of identifying the disease or condition that a patient
has, and ruling out conditions that the patient does not have, through assessment of the
patient’s signs, symptoms, and results of various diagnostic tests (Zhou et al., 2009). It
has evolved over the years as the advances in technology allowed the development of new
diagnostic tests for detecting diseases. Examples of diagnostic tests include biochemical
serum markers, such as prostate specific antigen (PSA) for prostate cancer, CA-125 for
ovarian cancer, creatinine for kidney dysfunction, and cholesterol and blood pressure
for cardiovascular disease. Given the importance of diagnostic medicine to population’s
overall health, and understanding of disease mechanism, statistical methods that assess
the accuracy of diagnostic tests in a reliable way are crucial.

The receiver operating characteristic (ROC) curve is the most popular method to
assess the performance of a continuous diagnostic test. The curve is defined as the plot of
the false positive rate (1-specificity) versus the true-positive rate (sensitivity) across all
possible cutoffs of the diagnostic test. The false-positive rate (FPR) is the proportion
of non-diseased individuals that test positive for the disease based on the diagnostic
test, and the true-positive rate (TPR) is the proportion of diseased individuals that test
positive for the disease. The curve is especially useful to compare the performance of
different diagnostic tests and obtain optimal cutoffs for the diagnostic test to minimize
the misclassification of diseased and non-diseased individuals. Although we focus on

medical diagnosis, the ROC curve is widely used in many binary classification problems.
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A comprehensive discussion on ROC curves can be found in Pepe (2000b) and Inacio
et al. (2021), for example.

The ROC curve has been widely used in the analysis of data arising from complex
surveys. Sample surveys play a critical role in providing essential information in a broad
range of areas, serving as an essential resource to guide actions and policies. In the United
States, the National Center for Health Statistics (NCHS) is the principal health statistics
agency under the Center of Disease Control (CDC), and conducts several population
surveys, such as the National Health and Nutrition Examination Survey (NHANES), the
National Health Interview Survey (NHIS), and the National Survey of Family Growth
(NSFG).

In large scale surveys, the final sample usually does not represent a simple random
sample of independent, identically distributed observations from an infinite population.
Instead, these studies generally use complex survey designs, including stratification,
multistage cluster sampling and unequal selection probabilities to obtain a representative
sample in the most effective manner from a finite population. Failure to account for
complex survey design may result in biased and inconsistent parameter estimators,
underestimated standard errors, and possibly misleading conclusions.

Due to the limited availability of statistical methods, analyses using ROC curves on
complex survey data is currently done by ignoring the sampling scheme, even in papers
that correctly account for the survey design in other aspects of the analysis. For example,
Pandya et al. (2011) assessed the discrimination of traditional cardiovascular disease
risk scores in the Third National Health and Nutrition Examination Survey (NHANES
III) using unweighted ROC curves. Similarly, DeBoer and Gurka (2014) used an ROC
curve to assess the ability of metabolic syndrome Z-score to discriminate impaired glucose
tolerance in adolescents, without accounting for the survey design.

Currently, there is little previous literature dealing with ROC curves in the context

of complex survey data. Bisoffi et al. (2000) used bootstrap and jackknife methods to
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approximate standard error for the area under the ROC curve (AUC) for a two-phase
sampling design. More recently, Yao et al. (2015) proposed a nonparametric estimator
for the AUC that accounts for complex sampling, and employed jackknife method and
balanced repeated replication for the variance estimation. To the best of our knowledge,
the asymptotic properties of a nonparametric estimator of the ROC curve accounting for
complex survey data have not been fully developed.

In this paper, we propose a nonparametric estimator for the ROC curve for complex
survey data. The proposed estimator’s asymptotic properties are developed and evaluated
through simulation studies, and the method is applied to the National Health and Nutrition
Examination Survey (NHANES).

3.2 Methods

3.2.1 Setup

Classical sampling theory concerns the inference for finite population quantities (pa-
rameters). In this context, the design-based (also called randomization-based) inference
is often employed, where the characteristics of interest are considered fixed quantities
associated with the finite population. The source of randomness is resulting from the sam-
pling scheme, with random variables indicating whether the population unit is contained
in the sample. When the questions of interest are based on parameters of a statistical
model, the model-based (also called prediction-based) inference is often preferred. In this
framework, the characteristics of interest are considered to be random variables generated
from a statistical model.

In this paper, we handle the model-based and design-based inference jointly, using
the super-population framework described in Rubin-Bleuer et al. (2005), and followed
by Boistard et al. (2017) and Han and Wellner (2021). Under this approach, the finite
population is viewed as a realization from a statistical model (superpopulation model),

and a sample is drawn from this finite population according to the sampling design.
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Inference under this approach requires to explicitly account for two sources of randomness:
the model-based randomness, accounting for the difference between the finite population
parameter and the superpopulation model parameter, and the design-based randomness,
accounting for the difference between the sample estimator and the finite population
parameter (Pfeffermann, 2000).

Consider a sequence of finite populations U of size N = 1,2, -- -, with corresponding
set of indices Uy = {1,--- , N}. Each index i € Uy is associated with a unique vector
(yi,zi) € RP x RY representing, respectively, the characteristics of interest, and the
sampling design information available at the time of the design of the survey on all units.
We assume that {(y;, z;)}x, are realizations of random variables (Y,Z), Y : Q — RP,
Z : Q — RZ, defined on a common probability space (Q,,P,,), and denote y~ =
(i yn), YN = (Yi, - V), 2% = (21, 2n), and ZV = (Zy, -+, Zn).

Let Sy = {s: s C Uy} be the collection of subsets of Uy selected under a given
sampling scheme and let ¢(&y) be the o-algebra generated by Sy. A sampling design
associated with a sampling scheme is a function p : o(&y) x RYY + [0, 1] such that

(i) for all s in &y, 2V — p(s, zV) is Borel-measurable on RY*Y;

(ii) for 2V € RN, A p(A, 2V) is a probability measure on (& y).

Note that since p does not depend on y”V, only non-informative sampling designs are
considered. Similarly to Boistard et al. (2017), for each w € 2 we define a probability
measure A — Py(A,w) = >, p(s, ZV(w)), and we say that (Sy,0(Sy),Py) is the
design probability space. We will work on a product probability space (Sy x 2, 0(Sy) X
5, P4m) that includes both the super-population and the design space with probability
measure Py, defined as Py, (s X E) = [, Py(s,w) dP,(w), with (s, E) € 0(&Sy) X §.
We adopt E4, E,, and IEg,, to denote the expectation with respect to the probability
space (Gn,0(Sy),Py), (2,5, P,) and (6x x Q,0(6n) X F, Pam), respectively. For a
sample s drawn according to a sampling design p, the sampling indicators §; = I(i € s)

are random variables defined on (Sy x Q,0(6n) X §, P4,,), with first-order inclusion
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probabilities defined as 7;(w) = Eq,,[&]ZY (w)], and second-order inclusion probabilities

defined as m;;(w) = Eg,, 68| Z (w)].

3.2.2 Assumptions and Notations

Following Han and Wellner (2021), we impose the following assumptions for the
asymptotic convergence:

(A1.1) minj<j<y m > Mo >0

(A12) 3N, (&£ -1) = Op,, (1)

(A1.3) There exist constant K > 0 such that

sup sup N|m; —mm;| < K
NEN 1<i#j<N

(A1.4) The sample size n increases as the population size N increases, with

lim — =X 0<A<l1

N—o0

Let {V;} be a sequence of bounded i.i.d random variables defined on (2, §,P,,). Let
S2% be the design-based variance of the Horvitz-Thompson estimator of the population

mean, that is,

1 NN T ey
2 _ i iy
SN_WZZ T4 ‘/Z‘/J

i=1 j=1

(A2.1) Suppose that for N sufficiently large

N

! 1§:§iv 12\/ — N(0,1)
SN Ni:1 . i Ni:1 i s s w-a.s

in distribution under P,
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(A2.2) There exist constants fir1, fiz2 € R such that

N
ST
AT 2 Hr1 m I
N4~ x

1 N T — TT5
N R

Following Han and Wellner (2021), for {m;}Y,, {& X, {Vi}Y,, and a class F of real

functions f we define the Horvitz-Thompson empirical measure as
G
— 7r
and the associated Horvitz-Thompson empirical process as
Gr(f) = VN(PY — P)(f), [€F. (3.5)

The usual empirical measure and empirical process (§;/m; =1 for alli=1,--- | N)

will be denoted as Py and Gy.

3.2.3 ROC curve for complex survey sampling

Let {(Y;, Z;) = (X;, Di, Z;) € Rx{0,1} x RL}Y | be i.i.d realizations of the diagnostic
test measure X, the disease indicator D, and the sampling design information Z. We
denote the cumulative distribution function (cdf) of X conditioned on D =0 as G, and
similarly, the cdf of X conditioned on D = 1 as F. We assume that F' and G have
continuous probability density functions (pdf) f and g, respectively. The ROC curve
is defined as the plot of {(1 — G(c¢),1 — F(c)) : ¢ € R}, or equivalently, as the plot
of {(s,R(s)) : s € [0,1]}, where R(s) = 1 — F o G7'(1 — s), with G™1(s) = inf{z €
R : G(x) > s}, and Fo G7'(.) = F(G7!(.)). The area under the ROC curve (AUC-

ROC) is A = fo ) ds. The corresponding finite-population quantities are Ry(s) =
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1—FyoGR'(1—s)and Ay = fo Ry(s)ds, where Gy (z) = Ny ' SN I(X; < @, D; = 0),
Fy(z)=N7'SN I(X; <2,D;=1),and Ny = SN I(D; =d), d =0, 1.
Consider a sample s, consisting of 0 < n < N units drawn from the finite population

using a sampling design p. A survey-weighted estimator for the ROC curve can be

obtained by substituting F' and G by their Hajek type estimators:

R.(s)=1—F,0G,'(1—5), (3.6)
where
Gu(z) = 6‘ I(X; <z,D;=0) and F(x)zliN:&[(X<xD_1)
" No i—1 Ur " Nl i—1 Ur
(3.7)

with Ny = SN &n ' I(D; = d), d =0, 1.

The correspondent estimator for the area A under R(s) is

A, = /1 R,.(s) ds. (3.8)

The estimators F,,(.) and G,(.) can be seen as ratios of Horvitz-Thompson empirical
measures (4.11) with respect to the class of function F = {f,(y) = fsi(z,d) = I(x <
s,d=1):s¢eR,l € {0,1}}. Note that this class of functions is P-Donsker (Kosorok,
2008). The finite-dimensional convergence of G4 (fs;) can be shown similarly as done
in Boistard et al. (2017) using Cramer-Wold device. By Corollary 3.13 from Han and
Wellner (2021), \/n(P7% — Py) ~» G™ in £>°(F), where G™ is a tight Gaussian process

with covariance function

Cov(G™(fsa), G"(fua)) = A (pm P(foafua) + pms(Pfsa)(Pfua))  fods fua € F,
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with P(fs1) = [y, fsu(y)P(dy) = P(X < s, D =1) and P(fsafua) = [3, fs.a(y) fua () P(dy) =
P(X <sAwu,D =d) for d = d, and zero if d’' # d.

The proposed estimator R,, for the ROC curve depends on the pair (G, F},) through
the map (A, B) = B(A™!), where A~! is the inverse map of A. Combining the results
from Han and Wellner (2021) and Functional Delta Method (Vaart and Wellner, 1996)

arguments presented in the Appendix, the following result will follow:

Theorem 3.2.1 (FINITE POPULATION INFERENCE). Consider the estimators F,,

G,, R, and A,, as defined in (3.6), (3.7) and (3.8). Suppose that conditions (A1.1)-(A2.2)
hold.

(a) (Survey-weighted empirical distributions).

/v Gn—Gn| _|GF| _ {(1 = p) pm, }2B1(G)

Fy—Fy G {p 1, Y2 Ba(F)

o3

=3

where By (.) and Bsy(.) denote two independent Brownian bridges and p = P(D = 1).

(b) (Survey-weighted ROC' curve). Suppose that F' and G have continuous positive
densities f and g, respectively, on [G~'(a) — ¢, G"1(b) + €] and that f(G')/g(G™!)

is bounded on any subinterval (a,b), 0 < a < b < 1. Then, for 0 < s <1

where Bi(.) and Bs(.) denote two independent Brownian bridges. This result implies

that \/n(R,(s) — Rn(s)) ~ W(G~1(1 — s)), where W(u) is a Gaussian process with
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mean zero and covariance function Eg,,{W(u)W(t)} = o2(u,t) given by

o (u,t) = Mix, {p_l(F(u At)— F(u)F(t))+

—()(G(u Nt) — G(u)G(t))} (3.9)
(c) (Survey-weighted AUC)
Vn (A, — Ay) = N(0,6%)

in distribution, where
1 1 00 00
6 = / / o {GH1—5),G'(1—t)} ds dt = / / o?(s,t) dG(s) dG(t)
0 0 —o0 J —0c0

The proof for Theorem 3.2.1 are presented in Appendix A of the Supplementary
Material.

The results for the super-population inference can be obtained from the decomposition
Vn(F,oG ' —=FoG™)=yn(F,0G,' —FyoGy ) +Vn(FyoGy —FoG™).

From the results presented in Theorem 3.2.1, we have that the first component
converges to a zero mean Gaussian process under Py, (and P;). Using similar arguments,
combined with classical empirical processes results, we have that the second component
also converges to a zero mean Gaussian process under P,,. Theorem 5.1(iii) from Rubin-
Bleuer et al. (2005) imply that the two components are asymptotically independent,

leading in the following result:

Theorem 3.2.2 (SUPER POPULATION INFERENCE). Consider the estimators F,,,
Gn, R, and A,, as defined in (3.6), (3.7) and (3.8). Suppose that conditions (Al.1)-(A2.2)
hold.
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(a) (Survey-weighted ROC curve). Suppose that F and G have continuous positive
densities f and g, respectively, on [G™(a) — €, G™1(b) + €| and that f(G™')/g(G™")

is bounded on any subinterval (a,b), 0 < a < b < 1. Then, for 0 < s <1

where By (.) and Bsy(.) denote two independent Brownian bridges. This result implies
that \/n(R,(s) — R(s)) ~ W(GY(1 — s)), where W(u) is a Gaussian process with

mean zero and covariance function By, {W(u)W(t)} = 02(u,t) given by

a%wszu+umﬁp%FWAw—Fwﬁw»+

J(Glun 0 - GG |
(b) (Survey-weighted AUC).
Vi (An = 4) = N(0,6%)
in distribution, where
6 = /01 /01 o {GH1—5),G'(1—t)} ds dt = /Z /Z o*(s,t) dG(s) dG(t)

Theorem 3.2.2 implies that v/n(R,(s) — R(s)) converges in distribution to N (0, o%(s)),

with o?(s) given by

o%ﬁ—Au+MJ&ﬂR@u—R@»+u—ml
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Let 62(s) be the survey-weighted empirical version of o%(s) with (R,p, F,G, f,g)
replaced by their survey-weighted estimates. An approximate level 1 — a pointwise
confidence interval for R(s) is given by R,(s) £ z1_a/2[6(s)?/n]'/?, where z, is such that

P(Z < z,) = a with Z ~ N(0,1).

3.3 Simulation studies

In the simulation studies, we investigate the performance of the proposed estimator
for the ROC curve under stratified simple random sampling (SSRS) and stratified two-
stage cluster sampling (STSCS). For each sampling scheme, a total of 8 scenarios were
considered according to different finite population sizes N = 50,000 and 100,000, disease
proportions p = 5%, 25% and sampling fractions A\ = 5%, 10%.

We generated populations subdivided in five strata containing 5%, 10%, 25%, 30%
and 30% of the observations. We set the AUC for the strata to 0.95, 0.9, 0.8, 0.7, 0.6
respectively, and for each stratum h = 1,--- ,5, we generated X, = a;,D + €, where
D ~ Ber(p) and € ~ N(0,1). The ROC curve in each stratum is given by the binormal
model R(s) = ®(aj, +P'(s)), where ®(.) is the standard normal cdf and «, is determined
from the corresponding AUC specified for the h-th stratum. For STSCS, M = 5,000 and
10,000 clusters of sizes 5, 10 and 15 were generated using quantiles of X, +7, 7 ~ N(0, 1),
in addition to the steps already described.

Samples with size determined by the sampling fraction were drawn assuming uniform
allocation. For the first stage of STSCS, m = 310 and 625 clusters were selected from
the population of size N = 50,000, and m = 625 and 1250 clusters were sampled from
the population of size N = 100,000 . At the second stage, 80% of the observations were
sampled from each cluster.

We evaluated the performance at s € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} in terms of
Relative Bias (RB), Empirical Standard Error (ESE), Asymptotic Standard Error (ASE),

and Coverage Probability (CP) for 95% confidence intervals. We compare our method
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(SVY) to the unweighted ROC curve (UN), where the sampling weights are ignored, and
the asymptotic variance is computed following Hsieh et al. (1996). We also include the
case (WT) where the sampling weights are used to compute weighted estimates for the
ROC curve and the asymptotic variance from Hsieh et al. (1996). Results are obtained
by generating 2,000 finite populations and selecting one sample from each of the finite
populations.

The results for the relative biases under SSRS and STSCS are reported in Figure
3.5.1 and Tables S1 and S2 in the Supplementary Materials. As expected, the relative
bias for the UN estimator is quite large, especially at the beginning of the ROC curve,
with relative biases close to 30%. In contrast, the values for the SVY and WT estimators
never exceed 0.5%.

The estimates for the empirical and asymptotic standard errors under SSRS and
STSCS are presented in Figure 3.5.2 and Tables S3 and S4 Supplementary Materials. For
the SWY estimator, the values were obtained by plugging survey-weighted estimates of p,
F, G, f, and g into the expression (3.10). For the UN and WT estimators, unweighted
and survey-weighted estimates of p, F', GG, f, and g were plugged into the asymptotic
variance expression presented in Hsieh et al. (1996). In general, our method estimates are
close to the ESE, with better performance for larger sample sizes and disease proportions.
The variance estimator that ignores the complex-survey design leads to underestimated
standard errors, even when the sampling weights are used.

Figure 3.5.3 and Tables S5 and S6 in the Supplementary Materials give the coverage
probabilities of the 95% confidence interval for the ROC curve. In general, the coverage
probabilities based on our method are closer to 95% at the beginning of the ROC curve
and decrease as we increase the FPR, except for FPR = 0.9 in the case of the smallest finite
population, sample size, and disease proportion. The WT estimator presents coverage
probabilities close to 92% at most, and the UN estimator performs poorly due to the

significant bias and underestimated variances.
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3.4 Application

Diabetes and its complications are major causes of morbidity and mortality worldwide.
Currently, clinical practice guidelines recommend screening for pre-diabetes and type
2 diabetes with an informal assessment of risk factors or validated risk calculator in
asymptomatic adults to guide providers on whether performing a definitive diagnostic
test is necessary (Draznin et al., 2022). The current risk assessment tool used by the
American Diabetes Association (ADA) to screen for pre-diabetes and type 2 diabetes
is adapted from the algorithm developed in Bang et al. (2009) to estimate the risk of
undiagnosed diabetes.

In this application, we wish to evaluate the discrimination of the algorithm developed
by Bang et al. (2009) using the National Health and Nutrition Examination Survey
(NHANES) between 1999-2006. NHANES is an annual survey conducted by the Centers
for Disease Control and Prevention’s (CDC) National Center for Health Statistics (NCHS)
that utilizes a complex, multistage probability sampling design to select a representative
sample of the non-institutionalized resident population of the United States.

Similarly as presented in Bang et al. (2009), we consider participants aged 20 years
or more, excluding pregnant women, that had fasting plasma glucose (FPG) results. The
participants are classified into four groups of diabetes status: known diabetes (if answered
“yes” to the question “Other than during pregnancy, have you ever been told by a doctor or
health professional that you have diabetes or sugar diabetes?”), normal glucose metabolism
(FPG < 100 mg/dL), pre-diabetes (FPG 100-125 mg/dL), and undiagnosed diabetes
(FPG > 125 mg/dL). The participants classified as “known diabetes” are not included in
the analysis, and the undiagnosed diabetes was used as the binary outcome. The risk
score was computed using age (< 40, 40-49, 50-59, > 59), sex (female, male), family
history of diabetes (yes, no), history of hypertension (yes, no), obesity (not overweight,

overweight, obese, extremely obese), physically active (yes, no).
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In the 1999-2006 NHANES, 20,159 non-pregnant adults aged 20 years or more
were enrolled. Out of this sample, 17,696 observations were classified as either normal
glucose metabolism, pre-diabetes, and undiagnosed diabetes, and 7,348 observations had
information for all variables needed to compute the risk score. In this final analytic
sample, the proportion of undiagnosed diabetes is 3.1% (95% CI: 2.6, 3.5).

Figure 3.5.4 shows both survey-weighted and unweighted estimates of the ROC curve,
as well as its corresponding AUC. The most considerable discrepancies between unweighted
and survey-weighted estimates are observed between FPR 0.1-0.5, with the unweighted
ROC curve being lower than the survey-weighted ROC curve. As a result, the AUC
(survey-weighted = 0.83, unweighted = 0.80) is smaller when the survey weights are not

considered.

3.5 Discussion

In this paper, we studied a nonparametric estimator for the ROC curve in the
context of complex survey data. We examined the asymptotic properties of the proposed
estimator and evaluated its performance in finite samples through simulation studies. The
asymptotic properties of the proposed estimator were developed using empirical process
arguments in the super-population framework described in Rubin-Bleuer et al. (2005),
where the sources of randomness from both model-based and design-based inference are
jointly taken into account.

The uniform convergence for the ROC curve in the finite population and super-
population levels were established using key results presented in Han and Wellner (2021),
combined with empirical processes arguments. The asymptotic distribution for the
finite population and the super-population level AUC was also presented. Simulation
studies showed that our proposed estimator performed well in the practical situations
considered. The estimator was then applied to a national-level health survey to evaluate

the discriminatory ability of a traditional risk calculator of undiagnosed diabetes.
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The methods presented in this paper serve as a basis for nonparametric estimation of
the ROC curve in the context of complex survey data. The weakly convergence results
make it possible to further compute confidence bands for the ROC curve in both super-
population and finite population levels. The proposed estimator may serve as an option
when using data arising from complex survey data, preventing from biased results and
possibly misleading conclusions by ignoring the sampling design.

The proposed estimator is a discrete function, whereas the true ROC curve for
continuous data is a continuous function. To have a smooth estimate, the study of
semiparametric and parametric models for ROC curve estimation in the context of
complex survey data deserves attention. In addition to smoothness, if the models are
correctly specified, these alternative approaches might be more efficient in estimating
the ROC curve in the context of complex survey data. Our method also assumes that
the sampling is noninformative, and further investigation for informative sampling will
be worthwhile. There is also little literature exploring the accuracy of a diagnostic test
that varies according to a set of characteristics in the context of complex survey data.
To address this issue, the estimation of covariate-specific ROC curve for complex survey

data is currently under investigation.
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Figure 3.5.1: Relative Bias (in %) of the UN, WT, and SVY estimators for the super-
population ROC curve with finite population size N, disease proportion p, and sampling
fraction \.
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survey weighted 95% confidence interval for NHANES data.

36



CHAPTER 4: RECEIVER OPERATING CHARACTERISTIC CURVE
FOR COMPLEX SURVEY DATA IN THE PRESENCE OF MISSING
BIOMARKER

4.1 Introduction

The receiver operating characteristic (ROC) curve is the most popular method to
assess the performance of a continuous diagnostic test. The curve is defined as the plot of
the false positive rate (1-specificity) versus the true-positive rate (sensitivity) across all
possible cutpoints of the diagnostic test. The false-positive rate (FPR) is the proportion
of non-diseased individuals that test positive for the disease based on the diagnostic
test, and the true-positive rate (TPR) is the proportion of diseased individuals that test
positive for the disease. The curve is especially useful to compare the performance of
different diagnostic tests and obtain optimal cutpoints for the diagnostic test to minimize
the misclassification of diseased and non-diseased individuals. Although we focus on
medical diagnosis, the ROC curve is widely used in many binary classification problems.
A comprehensive discussion on ROC curves can be found in Pepe (2000b) and Inacio
et al. (2021), for example.

The ROC curve has been widely used in the analysis of data arising from complex
survey designs. Sample surveys play a critical role in providing essential information
in a broad range of areas, serving as an essential resource to guide actions and policies.
In the United States, the National Center for Health Statistics (NCHS) is the principal
health statistics agency under the Center of Disease Control (CDC), and conducts several
population surveys, such as the National Health and Nutrition Examination Survey
(NHANES), the National Health Interview Survey (NHIS), and the National Survey of
Family Growth (NSFG).
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A common issue in large-scale surveys is the presence of missing biomarker values due
to various reasons such as study drop-out or loss of information caused by uncontrollable
factors. Due to the limited availability of statistical methods, analyses using ROC curves
on complex survey data is currently done by ignoring the sampling scheme, and include
only participants without missing data on the variables of interest.

Most methods for handling nonresponse fall within inverse probability weighting
(IPW) techniques and imputation strategies. IPW methods rely on a model for the
response probability given a set of predictors (response model). In contrast, imputation
approaches based on statistical prediction rules rely on models for the partially observed
variables given the fully observed variables (imputation models). A third class of methods
combines IPW and imputation methods, called augmented IPW (AIPW) estimators, and
has the property of being doubly robust to model misspecifications.

In this paper, we propose a IPW estimator for the ROC curve for complex survey data
with the biomarker being subject to missing at random (MAR). The proposed estimator’s
asymptotic properties are developed and evaluated through simulation studies, and the

method is applied to the National Health and Nutrition Examination Survey (NHANES).

4.2 Methods

4.2.1 Setup

Classical sampling theory concerns the inference for finite population quantities (pa-
rameters). In this context, the design-based (also called randomization-based) inference
is often employed, where the characteristics of interest are considered fixed quantities
associated with the finite population. The source of randomness is resulting from the sam-
pling scheme, with random variables indicating whether the population unit is contained
in the sample. When the questions of interest are based on parameters of a statistical

model, the model-based (also called prediction-based) inference is often preferred. In this
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framework, the characteristics of interest are considered to be random variables generated
from a statistical model.

In this paper, we handle the model-based and design-based inference jointly, using
the super-population framework described in Rubin-Bleuer et al. (2005), and followed
by Boistard et al. (2017) and Han and Wellner (2021). Under this approach, the finite
population is viewed as a realization from a statistical model (superpopulation model),
and a sample is drawn from this finite population according to the sampling design.
Inference under this approach requires to explicitly account for two sources of randomness:
the model-based randomness, accounting for the difference between the finite population
parameter and the superpopulation model parameter, and the design-based randomness,
accounting for the difference between the sample estimator and the finite population
parameter (Pfeffermann, 2000).

Consider a finite population U” of size N, with corresponding set of indices U =
{1,--- ,N}. Each index i € U is associated with a unique vector (y;,z;,2;) € RP X
R” x RZ representing, respectively, the characteristics of interest, the complete auxiliary
information, and the sampling design information available at the time of the design of the
survey on all units. We assume that {(y;, z;, 2;) })*, are realizations of random variables
(Y, X, Z) defined according to a superpopulation model. We denote y™ = (y1,- -+, yn),
YV = (Y, Yy), 2V = (21, ,2n), and XV = (X, -, Xpn), 2V = (21, , 2n),
and ZN = (Zy,--+ , Zn).

We further assume that Y is subject to missing, and let R be the response indicator
variable that assumes the value one if Y is observed and zero otherwise. We assume that
{r;}, are realizations of the random variable R defined in the same probability space
as (Y, X, Z). We assume that P(R = 1Y, X, Z) = P(R = 1|X) = p(X; ¢), that is, the
response mechanism does not depend on Y, and thus, the data are missing at random

(MAR). Note that the MAR condition is assumed in the population level as done in Kim
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and Riddles (2012), because an individual’s decision on wether or not to respond to a
survey is at his or her own discretion.

Let Sy = {s: s C Uy} be the collection of subsets of Uy selected under a given
sampling scheme and let 0(Sy) be the o-algebra generated by &y. A sampling design
associated with a sampling scheme is a function p : 0(&y) x RY™ — [0,1] such that

(i) for all s in &y, 2V — p(s, zV) is Borel-measurable on RYY;

(i) for 2V € RN, A p(A, 2V) is a probability measure on o(Sy).

Note that since p does not depend on 4, only non-informative sampling designs are
considered. Similarly to Boistard et al. (2017), for each w € © we define a probability
measure A — Py(A,w) = > ., p(s, ZV(w)), and we say that (Sy,0(Sy),Py) is the
design probability space. We will work on a product probability space (Gy x Q,0(Gy) X
&, Pam) that includes both the super-population and the design space with probability
measure P, defined as Py,,(s x E) = fE Py(s,w) dP,(w), with (s, F) € 0(6y) X §.
We adopt 4, E,, and IEg,, to denote the expectation with respect to the probability
space (Gn,0(Sy),Py), (2,5, P,) and (Sn x Q,0(6n) X F,Pam), respectively. For a
sample s drawn according to a sampling design p, the sampling indicators & = (i € s)
are random variables defined on (&y x Q,0(Sy) X §, Pg.m), with first-order inclusion
probabilities defined as m;(w) = Eg,,[&]ZY (w)], and second-order inclusion probabilities

defined as m;;(w) = Eg,, (66| ZN (w)].

4.2.2 Assumptions and Notations

Following Han and Wellner (2021), we impose the following assumptions for the
asymptotic convergence:
(All) minlSiSN m; > me >0

(A12) 30X, (& 1) = Op,, (1)
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(A1.3) There exist constant K > 0 such that

sup sup N|m; —mm| < K
NEN 1<i#j<N

(A1.4) The sample size n increases as the population size N increases, with

lim 22/\, 0<A<1

N—oo

Let {V;} be a sequence of bounded i.i.d random variables defined on (€2, §, P,,). Let
S% be the design-based variance of the Horvitz-Thompson estimator of the population

mean, that is,
N

1 N
N2 < 7TZ7T]
=1 j=1

(A2.1) Suppose that for N sufficiently large

N5 L
=Vi——=>» V.| = N(0,1), w-as
S EEE N

in distribution under Py

(A2.2) The first and second-order inclusion probabilities satisfy

1 SNy — w2
NZ “71_2 L — Uzl in P,

i — T .
Z I L — lro in P,
N e

(2

where fir1, tzo € R are nonrandom quantities.
Following Han and Wellner (2021), for {m;},, {& Y, {Vi}Y,, and a class F of real

functions f we define the Horvitz-Thompson empirical measure as

1Z§fyi’ feF, (4.11)

T
i=1 "
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Similarly, we define the IPW Horvitz-Thompson empirical measure:

>1|m

N
- 1
IPN(;S = N Z (Y2), (4.12)

where p(X;; ¢) = P(R; = 1|X;). The corresponding finite-population empirical measures

are defined as

Py(f) = %Zf(Yi) (4.13)
Pro(f) = %Z p()?; ¢)f(16)- (4.14)

4.2.3 ROC curve for complex survey sampling in the presence of missing
biomarker

Let {(Vi, Xy, Z;) = (Y;, D;i, Wi, Z;) € R x {0,1} x R* x R}, be i.i.d realizations of
the diagnostic test measure Y, the disease indicator D, the auxiliary variables W, and
the sampling design information Z. In this paper, we focus on the case where the disease
status D is always confirmed, but the diagnostic test values Y might be missing for some
units. The auxiliary variables W are also assumed to be complete.

We denote the cumulative distribution function (cdf) of Y conditioned on D = 0
as (G, and similarly, the cdf of Y conditioned on D =1 as F. We assume that F' and
G have continuous probability density functions (pdf) f and g, respectively. The ROC
curve is defined as the plot of {(1 — G(c),1 — F(c¢)) : ¢ € R}, or equivalently, as the plot
of {(s,R(s)) : s € [0,1]}, where R(s) =1 — FoG7!(1 — s), with G7'(s) = inf{z € R :
G(x) > s}, and F o G7!(.) = F(G7!(.)). The area under the ROC curve (AUC-ROCQ) is

A= [} R(s) ds
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The finite-population quantities are defined as:

ROCipw(s) = 1 — Fipw o (Grpw) (1 — ),

r N R 11 N
GIPW(S) - ZMI(DZ == 0) Zp X ng S S, Dl - O)
i1 ) ] i1 )
TN R 11 N
Fipw(s) = — I(D;=1 Y; <s,D;=1),
R Vo armlC it B XmN < )

with ¢ being the solution of

Z{R p(Xi; )} hi(o Zul 0,

where h;(¢) = dlogit(p(X;; ¢)) /06 = {p(X;; ) (1 — p(Xi; ¢))} 1 (Op(Xi; @) /Op), which are
unbiased estimating equations for the true parameter ¢*.
Consider a sample s, consisting of 0 < n < N units drawn from the finite population

using a sampling design p. The proposed survey-weighted IPW estimator for the ROC

curve is:
ROCPpy (s) =1 — Fipy o (Gipw) (1 — ), (4.15)
where
[N 1t N
Glow(s) = Z %XLW (D; = 0) 2-1: %p(%;ibmjm <s,D;=0) (4.16)
[N 1! N
Fr(s) — 2; i—% (D; = 1) ;%p(%%uyi <o Di=1), (417)

with ¢4 being the solution of

UR(0) = Y f;— (R = p(Xs )} l9) = X () =0
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The estimators Fipy and Gpy can be seen as ratios of the IPW Horvitz-Thompson
empirical measures (4.12) with respect to the class of function F = {fs,(y,d) = I(y <
s,d=1):se€R,l €{0,1}}. The proposed IPW estimator for the ROC curve depends on
the pair (GJpw, Fipyw) through the map (A, B) = B(A™!), where A~ is the inverse map
of A. Combining the results from Han and Wellner (2021) and Functional Delta Method
(Vaart and Wellner, 1996) arguments presented in the Appendix, the following result will
follow:

Theorem 4.2.1 (FINITE POPULATION INFERENCE). Consider the estimators Fipy,
Glpw, and ROCpyy, as defined in (4.15), (4.16), and (4.17), and let ¢* be the superpopu-

lation parameter. Suppose that conditions (Al.1)-(A2.2) hold.

(a) (Survey-weighted propensity score parameter).

VN(¢% — éw) = T (¢")N(0,V(¢"))

where I and V are such that

1 0UN(9)
1(%o) _]\}E’)I})ON 1 0p ‘¢:¢0
NN Ti5 — TT0,
V(go) = lim N7'Y % =i (o )u; (d0)

(a) (Survey-weighted IPW empirical distributions).

1/

(im0 =696} Bi(G)

{umé‘lp(d)*)‘l }1/232(F)

o3

N Gipw — Grew G

AN g

Fipw — Fipw G

—3

where Bi(.) and Bs(.) denote two independent Brownian bridges and § = P(D = 1).

(b) (Survey-weighted IPW ROC curve). Suppose that F' and G have continuous positive
densities f and g, respectively, on [G™'(a) — ¢, G"}(b) + €] and that f(G™')/g(G™!)
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is bounded on any subinterval (a,b), 0 < a < b < 1. Then, for 0 < s <1

Vi (Fipw © (Glow) ™' (5) = Fiew © (Grow) ™ (5)) ~

Albry —-1/2 oG 1(s _ —1/2f(G7_1(8)) S
25y 0 G s) + (1-0) D)}

where By (.) and Bsy(.) denote two independent Brownian bridges. This result implies
that /n(Riow(s) — Ripw(s)) ~ W(GY(1 — s)), where W(u) is a Gaussian process

with mean zero and covariance function Eg,,{W(u)W(t)} = 02(u,t) given by

o?(u,1) = Aumpw*)—l{a—l(m A1) — P(u)F())+

L= LSO i a g - G(u)G(t))} (4.18)

The super-population inference of ¢7; in the product space follows from Theorem 6.1
from Rubin-Bleuer et al. (2005). For the ROC curve, the super-population inference can

be obtained from the decomposition

Vvn (Fﬂgw © (G?PW)_l(S) —Fo G_l(s)) =

Vn (Fipy © (Gipw) ' (s) — Fipw © (Giew) ' (5)) + v (Fipw 0 (Giew) ™' (s) — F o G7'(s))

From the results presented in Theorem 4.2.1, we have that the first component
converges to a zero mean Gaussian process under Py, (and P;). Using similar arguments,
combined with classical empirical processes results, we have that the second component
also converges to a zero mean Gaussian process under P,,. Theorem 5.1(iii) from Rubin-
Bleuer et al. (2005) imply that the two components are asymptotically independent,

leading to the following result:
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Theorem 4.2.2 (SUPER POPULATION INFERENCE). Consider the estimators F{py,
Glpw, and ROC[pyy, as defined in (4.15), (4.16), and (4.17), and let ¢* be the superpopu-

lation parameter. Suppose that conditions (A1.1)-(A2.2) hold.

(a) (Survey-weighted propensity score parameter).

\/ﬁ(¢7]§f - ¢*) — N(Ov F)

where

D'=1"(¢") [V(dn) + (") 17 (6")

o e v—19UN(9)
0= ]
N X T — TT05
V(gn) = lim NS —ui(bn)u(on)

(a) (Survey-weighted IPW empirical distributions).

-1 *\—1 1/2
s [Ghw =G| |ei| {0+ )1 = 9) p<¢>1/l Bi(G)|

Fow—F| |G {0+ )07 p(6) 1} BulF)

o3

—3

where By (.) and Bsy(.) denote two independent Brownian bridges and 6 = P(D = 1).

(b) (Survey-weighted IPW ROC curve). Suppose that F' and G have continuous positive
densities f and g, respectively, on [G™'(a) — ¢, G™1(b) + €] and that f(G')/g(G™!)

is bounded on any subinterval (a,b), 0 < a < b < 1. Then, for 0 < s <1

Vn (Fﬂr)W © (G?Pwrl(*?) —Fo G_l(s)) ~

M{a—lﬂBg(F oGl (s)) + (1 5)—1/2f(G_—($;;Bl(s)}

p(¢*)
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where B(.) and Bs(.) denote two independent Brownian bridges. This result implies
that /n(Rpw(s) — R(s)) ~ W(G™'(1 — s)), where W(u) is a Gaussian process

with mean zero and covariance function Eg4,,{W(u)W(t)} = o?(u,t) given by

o(ut) = M1 + um>p<¢*>—1{5-1<F<u At) — Fu)F(t)+

4.3 Simulation Studies

In this simulation study, we investigate the performance of the proposed IPW estimator
for the ROC curve under stratified simple random sampling (SSRS) and stratified two-
stage cluster sampling (STSCS). For each sampling scheme, a total of 18 scenarios were
considered according to different missing proportions (10%, 25%, 50%), propensity score
model specification (M1: correctly specified, M2: overspecified, M3: underspecified), and
sampling fractions (5%, 10%).

For each scenario, we generated populations of size N = 100,000 subdivided in
five strata containing 5%, 10%, 25%, 30% and 30% of the observations. For each
stratum h = 1,---,5, we generated the auxiliary variables W = (Wl,Wg,Wg,W4>T
from a multivariate normal distribution with mean 0, and covariance matrix > = I,.
Then, we generated the diagnostic test X, = oD + a] Wy + €, where D ~ Ber(0.25),
Wy = (W, W)T, and € ~ N(0,1). We set af = 2.33, a2 = 1.81, af = 1.19, af = 0.74,
aj = 0.54, a; = 1y, such that the corresponding AUC for each strata were 0.84, 0.78,
0.69, 0.63, 0.59. For STSCS, M =10,000 clusters of sizes 5, 10 and 15 were generated
using quantiles of X, + 7, 7 ~ N(0,1). Finally, the missing indicators R were generated

from the Bernoulli distribution with probability p such that logit(p) = By + 81D + B4 W,
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with £y = (2.31,1.10, —0.12) for the missing proportions of (10%, 25%, 50%), 81 = 0.5,
and By = —0.5 x 1,.

Samples with size determined by the sampling fraction were drawn assuming uniform
allocation. For the first stage of STSCS, m = 125 and 250 clusters were sampled from
each stratum, and 80% of the observations were sampled from each cluster at the second
stage.

We evaluated the performance at s € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} in terms of
Relative Bias (RB), Empirical Standard Error (ESE), Asymptotic Standard Error (ASE),
and Coverage Probability for 95% confidence intervals (CP). We compare our method
(IPW) to the survey-weighted complete-case ROC curve (SCC), using estimator proposed
in Chapter 2.3. We also include unweighted ROC curve (UN), where the sampling weights
are ignored, and the asymptotic variance is computed following Hsieh et al. (1996). For
the IPW estimator, we use a design-adjusted logistic regression model with covariates D
and Z to estimate the propensity scores. The performance of the proposed IPW estimator
is evaluated under the following model specifications: (M1) correctly specified model using
the correct set of covariates, i.e. Z = Wy; (M2) overspecified model using all the auxiliary
variables, i.e. Z = W; (M3) underspecified model using only one of the covariates, i.e.
Z = W;. The simulation results are compared with a population of size N = 1, 000, 000
with no missing observations as a approximation of the super-population quantities.

The results for the RB under SSRS and STSCS are reported in Figure 4.6.1, and
Tables 4.6.1 and 4.6.2. Overall, the IPW estimator performs well when using the correctly
specified (IPW-M1) and over-specified (IPW-M2) model for the propensity score, with
RB never exceeding 1.2%. When the propensity score is under-specified (IPW-M3), we
have slightly biased results that worsen as the missing proportion increases. However,
the IPW-M3 estimator has less bias than the SCC estimator in all scenarios. Finally, the
UN estimator that does not account for the sampling weights and missingness performs

poorly, with RB as large as 41% when the missing proportion is 50% in SSRS.
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The ESE and ASE under SSRS and STSCS are presented in Figure 4.6.2, and Tables
4.6.3 and 4.6.4. The ESE was obtained by computing the empirical standard deviation of
all repetitions of the IPW estimator in each simulation scenario. The ASE was obtained
for the IPW and SCC estimators by plugging survey-weighted estimates of p, F', G, f,
and ¢ into the expression developed in (3.10) and Chapter 2.3. For the UN estimator,
unweighted estimates of p, ', G, f, and g were plugged into the asymptotic variance
expression presented in Hsieh et al. (1996). In general, the ASE for the IPW estimator is
closer to the ESE, with higher departures for higher missing proportions. The variance
estimators for the SCC and UN estimators underestimate the standard errors as the
missing proportion increases.

Figure 4.6.3 and Tables 4.6.5 and 4.6.6 give the CP for the ROC curve. The coverage
probabilities based on the IPW estimator are closer to 95%, with higher departures with
higher missing proportions and an under-specified model (IPW-M3). The SCC estimator
presents coverage probabilities close to 92% at most, with a decrease as the missing
proportion increases. Finally, the UN estimator performs poorly due to the large biases

and underestimated variances.

4.4 Application

Diabetes and its complications are major causes of morbidity and mortality worldwide.
Currently, clinical practice guidelines recommend screening for pre-diabetes and type
2 diabetes with an informal assessment of risk factors or validated risk calculator in
asymptomatic adults to guide providers on whether performing a definitive diagnostic
test is necessary (Draznin et al., 2022). The current risk assessment tool used by the
American Diabetes Association (ADA) to screen for pre-diabetes and type 2 diabetes
is adapted from the algorithm developed in Bang et al. (2009) to estimate the risk of

undiagnosed diabetes.
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In this application, we wish to evaluate the discrimination of the algorithm developed
by Bang et al. (2009) using the National Health and Nutrition Examination Survey
(NHANES) between 1999-2006. NHANES is an annual survey conducted by the Centers
for Disease Control and Prevention’s (CDC) National Center for Health Statistics (NCHS)
that utilizes a complex, multistage probability sampling design to select a representative
sample of the non-institutionalized resident population of the United States.

Similarly as presented in Bang et al. (2009), we consider participants aged 20 years
or more, excluding pregnant women, that had fasting plasma glucose (FPG) results.
The participants are classified into four groups of diabetes status: known diabetes (if
answered “yes” to the question “Other than during pregnancy, have you ever been told by
a doctor or health professional that you have diabetes or sugar diabetes?”), normal glucose
metabolism (FPG < 100 mg/dL), pre-diabetes (FPG 100-125 mg/dL), and undiagnosed
diabetes (FPG > 125 mg/dL). The participants classified as “known diabetes” are not
considered in the analysis, and the undiagnosed diabetes was used as the endpoint. The
risk score was computed using age (< 40, 40-49, 50-59, > 59), sex (female, male), family
history of diabetes (yes, no), history of hypertension (yes, no), obesity (not overweight,
overweight, obese, extremely obese), physically active (yes, no) according to the model
presented in Bang et al. (2009).

In the 1999-2006 NHANES, 20,159 non-pregnant adults aged 20 years or more were
enrolled. Out of this sample, 17,696 observations had FPG results and were classified as
either normal glucose metabolism, pre-diabetes, and undiagnosed diabetes. The proportion
of undiagnosed diabetes was 2.3% (95% CI: 1.9, 2.7), and 10,511 (59%) observations had
missing value for the risk of undiagnosed diabetes (Table 4.6.7).

Figure 4.6.4 shows the estimated ROC curves and their corresponding AUC according
to three methods. The first method is the unweighted estimate, where the design
weights are ignored. The second method is the survey-weighted ROC curve proposed

in Chapter 2.3 that accounts for the design weights, but uses only the complete-cases
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for the estimation. Finally, the third method is the IPW estimator proposed in this
Chapter, with the propensity score modelled using survey-weighted logistic regression
model including gender, race, age, obesity, weekly minutes of physical activity and level
of adherence to the 2008 Physical Activity Guidelines for Americans (U.S. Department
of Health and Human Services, 2008). From the plot, we see that the unweighted ROC
curve provides the smallest estimates, followed by the complete-case estimate and IPW

estimate, with the most considerable discrepancies between FPR 0.1-0.5.

4.5 Discussion

In this paper, we proposed a design-adjusted IPW estimator for the ROC curve
to accommodate the case where the diagnostic test Y is missing. We developed the
asymptotic properties of the estimator using the super-population framework described
in Rubin-Bleuer et al. (2005), combined with the general results for Horwitz-Thompson
empirical measure from Boistard et al. (2017) and Han and Wellner (2021). Our proposed
estimator presented a better performance in the simulation studies compared to methods
that do not account for the complex survey design and missingness. Our approach was
then applied to NHANES to evaluate the discriminatory ability of a traditional risk
calculator for undiagnosed diabetes.

The proposed estimator serves as a first step toward accounting for the common issue
of nonresponse in large-scale surveys when computing ROC curves. A natural extension
of our proposed estimator is the Augmented IPW (AIPW) estimator, where a model is
assumed for the diagnostic test, in addition to the model for the missing mechanism. In
this context, one can obtain an estimator that is doubly robust to model specification.
Alternative methods using imputation for complex survey data might also be a possibility.

In the context of ROC curves, there is also the issue concerning the missingness of

the disease status D, also referred to as verification bias. The development of estimators
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to accommodate this second possibility of incomplete data for ROC curves may deserve

attention.
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4.6 Figures and Tables
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Figure 4.6.1: Relative Bias (in %) of the IPW, CC, and UN estimators for the super
population ROC curve.
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Table 4.6.1: Relative Bias (in %) of the IPW, CC, and UN estimators for the super-
population ROC curve under SSRS.

Sampling fraction: 5% Sampling fraction: 10%
Missing FPR

IPW-M1 IPW-M2 IPW-M3 CC ©UN IPW-M1 IPW-M2 IPW-M3 CC UN

0.1 0.0 0.0 2.6 4.1 332 -0.2 -0.2 2.3 3.9 328

0.2 -0.4 -0.4 1.3 2.5 220 -0.3 -0.3 1.4 2.5 21.9

0.3 -0.4 -0.4 0.9 1.7 15.9 -0.1 -0.1 1.1 2.0 16.1

0.4 -0.3 -0.3 0.5 1.2 11.7 -0.2 -0.2 0.7 1.4 11.9

10% 0.5 -0.1 -0.1 0.6 1.1 88 -0.1 -0.1 0.6 1.1 88
0.6 0.2 0.2 0.6 1.0 6.5 0.1 0.1 0.6 0.9 6.5

0.7 0.0 0.0 0.3 0.6 4.3 0.0 0.0 0.3 0.5 4.2

0.8 0.1 0.1 0.2 04 26 0.1 0.1 0.3 04 26

0.9 0.0 0.0 0.1 0.2 1.1 0.0 0.0 0.1 0.2 1.1

0.1 0.1 0.1 4.9 8.1 378 -0.2 -0.2 4.8 8.2 377

0.2 -0.4 -0.4 3.0 54 25.0 -0.2 -0.2 3.2 54 25.1

0.3 -0.3 -0.3 2.2 4.0 18.1 -0.1 -0.1 2.4 4.2 183

0.4 -0.3 -0.3 1.6 3.0 134 -0.1 -0.1 1.7 3.1 135

25% 0.5 -0.1 0.0 1.4 2.5 10.0 -0.1 -0.1 1.3 2.4 10.0
0.6 0.2 0.2 1.2 20 74 0.1 0.1 1.1 1.9 7.3

0.7 0.1 0.1 0.8 1.3 4.9 0.0 0.0 0.7 1.2 438

0.8 0.1 0.1 0.5 0.8 3.0 0.1 0.1 0.5 0.8 29

0.9 0.0 0.0 0.2 04 1.3 0.0 0.0 0.2 04 1.3

0.1 0.6 0.6 6.3 10.7 40.7 -0.2 -0.1 6.1 10.4 40.6

0.2 -0.4 -0.5 4.1 7.3 27.0 -0.3 -0.3 4.3 75 273

0.3 -0.3 -0.3 3.1 5.5 19.7 -0.1 -0.1 3.4 5.8 20.0

0.4 -0.5 -0.5 2.4 4.5 14.8 -0.1 -0.1 2.6 4.5 148

50% 0.5 -0.2 -0.2 2.1 3.6 11.1 -0.1 -0.1 2.1 3.5 11.0
0.6 0.2 0.2 1.8 29 8.1 0.1 0.1 1.7 28 8.0

0.7 0.0 0.0 1.1 1.9 54 0.0 0.0 1.1 1.8 5.3

0.8 0.1 0.1 0.7 1.2 3.3 0.1 0.1 0.7 1.2 33

0.9 0.0 0.0 0.4 06 14 0.0 0.0 0.3 05 14
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Table 4.6.2: Relative Bias (in %) of the IPW, CC, and UN estimators for the super-
population ROC curve under STSCS.

Sampling fraction: 5% Sampling fraction: 10%
Missing FPR

IPW-M1 IPW-M2 IPW-M3 CC UN IPW-M1 IPW-M2 IPW-M3 CC UN

0.1 0.5 0.5 2.5 4.0 30.3 0.2 0.2 2.4 3.7 30.2

0.2 0.1 0.1 1.5 2.5 20.7 0.0 0.0 14 25 206

0.3 -0.2 -0.2 0.8 1.5 15.0 -0.2 -0.2 0.8 1.6 15.0

0.4 -0.2 -0.2 0.6 1.2 113 -0.1 -0.1 0.7 1.3 11.3

10% 0.5 0.1 0.1 0.6 1.1 87 0.0 0.0 0.6 1.1 86
0.6 0.1 0.1 0.5 0.8 6.3 0.0 0.0 0.4 0.8 6.3

0.7 0.0 0.0 0.3 0.5 4.3 0.0 0.0 0.3 0.5 4.2

0.8 0.0 0.0 0.1 0.3 2.6 -0.1 -0.1 0.1 0.2 25

0.9 0.0 0.0 0.0 0.1 1.1 0.0 0.0 0.0 01 1.1

0.1 0.6 0.7 4.6 72 343 0.4 0.4 4.3 7.1 34.1

0.2 0.1 0.1 2.9 50 234 0.0 0.0 3.0 5.0 233

0.3 -0.2 -0.2 1.8 3.4 17.0 -0.2 -0.2 2.0 3.5 16.9

0.4 -0.2 -0.2 1.4 2.6 128 -0.1 -0.1 1.6 2.8 12.7

25% 0.5 0.0 0.0 1.3 2.2 9.7 0.1 0.1 1.3 2.2 96
0.6 0.1 0.1 1.0 1.7 71 0.0 0.0 0.9 1.6 7.0

0.7 0.0 0.0 0.6 1.2 48 0.0 0.0 0.6 1.1 438

0.8 -0.1 -0.1 0.3 06 2.9 -0.1 -0.1 0.3 06 28

0.9 0.0 0.0 0.1 03 1.3 0.0 0.0 0.1 0.3 1.3

0.1 1.2 1.2 6.2 9.8 37.0 0.6 0.7 5.4 9.0 364

0.2 0.5 0.5 4.2 6.8 253 -0.1 -0.1 3.7 6.5 25.0

0.3 -0.1 0.0 2.9 5.0 185 -0.3 -0.3 2.7 49 184

0.4 0.0 0.0 2.3 41 14.1 -0.1 -0.1 2.3 39 139

50% 0.5 0.2 0.2 1.9 3.3 10.7 0.0 0.0 1.8 3.1 105
0.6 0.1 0.1 1.5 25 7.8 0.0 0.0 1.4 24 77

0.7 0.0 0.0 1.1 1.7 53 0.0 0.0 1.0 1.7 53

0.8 0.0 0.0 0.6 1.0 32 -0.1 -0.1 0.5 1.0 3.1

0.9 0.0 0.0 0.2 05 1.4 -0.1 -0.1 0.2 04 14
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Table 4.6.3: Estimates of empirical (EMP) and asymptotic standard error of the IPW/,
CC, and UN estimators for the super-population ROC curve under SSRS.

Sampling proportion: 5% Sampling proportion: 10%
FPR  Method Missing: 10% Missing: 25% Missing: 50% Missing: 10% Missing: 25% Missing: 50%
M1 M2 M3 M1 M2 M3 M1 M2 M3 M1 M2 M3 M1 M2 M3 Ml M2 M3

EMP  0.017 0.017 0.017 0.020 0.020 0.019 0.028 0.028 0.026 0.013 0.013 0.013 0.014 0.014 0.014 0.020 0.020 0.018
IPW  0.018 0.018 0.018 0.020 0.020 0.020 0.026 0.026 0.025 0.013 0.013 0.013 0.014 0.014 0.014 0.018 0.018 0.018
0.1 cC 0.017 0.017 0.017 0.017 0.017 0.017 0.017 0.017 0.017 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012
UN 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.011 0.011 0.011 0.011 0.011 0.011 0.012 0.012 0.012

EMP  0.019 0.019 0.019 0.022 0.022 0.021 0.028 0.028 0.026 0.014 0.014 0.014 0.015 0.015 0.015 0.020 0.020 0.019
IPW  0.019 0.019 0.019 0.022 0.022 0.021 0.027 0.027 0.027 0.014 0.014 0.014 0.015 0.015 0.015 0.020 0.020 0.019
0.2 cC 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013
UN 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012

EMP  0.019 0.019 0.019 0.021 0.021 0.021 0.026 0.026 0.025 0.014 0.014 0.014 0.015 0.015 0.015 0.019 0.019 0.019

. IPW  0.020 0.020 0.019 0.022 0.022 0.021 0.027 0.027 0.026 0.014 0.014 0.014 0.015 0.015 0.015 0.019 0.019 0.019
03 cC 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013
UN 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011

EMP  0.019 0.019 0.019 0.020 0.020 0.020 0.025 0.025 0.024 0.013 0.013 0.013 0.015 0.015 0.015 0.018 0.018 0.018
IPW  0.019 0.019 0.019 0.021 0.021 0.020 0.026 0.026 0.025 0.013 0.013 0.013 0.015 0.015 0.014 0.018 0.018 0.018
0.4 cC 0.018 0.018 0.018 0.017 0.017 0.017 0.017 0.017 0.017 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012
UN 0.015 0.015 0.015 0.015 0.015 0.015 0.014 0.014 0.014 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010

EMP  0.018 0.018 0.017 0.018 0.018 0.018 0.022 0.022 0.022 0.012 0.012 0.012 0.013 0.013 0.013 0.016 0.016 0.015
IPW  0.017 0.017 0.017 0.019 0.019 0.019 0.024 0.024 0.023 0.012 0.012 0.012 0.014 0.014 0.013 0.017 0.017 0.016
05 cC 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.012 0.012 0.012 0.011 0.011 0.011 0.011 0.011 0.011
UN 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009

EMP  0.016 0.016 0.016 0.016 0.016 0.017 0.019 0.019 0.020 0.011 0.011 0.011 0.012 0.012 0.012 0.013 0.013 0.014

. IPW  0.016 0.016 0.015 0.017 0.017 0.017 0.021 0.021 0.020 0.011 0.011 0.011 0.012 0.012 0.012 0.015 0.015 0.014
0.6 cC 0.015 0.015 0.015 0.014 0.014 0.014 0.014 0.014 0.014 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010
UN 0.012 0.012 0.012 0.011 0.011 0.011 0.011 0.011 0.011 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008

EMP  0.013 0.013 0.013 0.014 0.014 0.014 0.016 0.016 0.016 0.009 0.009 0.009 0.010 0.010 0.010 0.011 0.011 0.011
IPW  0.013 0.013 0.013 0.015 0.015 0.014 0.018 0.018 0.017 0.009 0.009 0.009 0.010 0.010 0.010 0.013 0.013 0.012
0.7 cC 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.009 0.009 0.009 0.009 0.009 0.009 0.008 0.008 0.008
UN 0.010 0.010 0.010 0.009 0.009 0.009 0.009 0.009 0.009 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007

EMP  0.011 0.011 0.011 0.011 0.011 0.011 0.012 0.012 0.012 0.007 0.007 0.008 0.008 0.008 0.008 0.009 0.009 0.009
IPW  0.010 0.010 0.010 0.011 0.011 0.011 0.014 0.014 0.014 0.007 0.007 0.007 0.008 0.008 0.008 0.010 0.010 0.010
08 cC 0.010 0.010 0.010 0.010 0.010 0.010 0.009 0.009 0.009 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007
UN 0.008 0.008 0.008 0.007 0.007 0.007 0.007 0.007 0.007 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005

EMP  0.007 0.007 0.007 0.007 0.007 0.007 0.008 0.008 0.008 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.006
IPW  0.007 0.007 0.007 0.008 0.008 0.007 0.009 0.009 0.009 0.005 0.005 0.005 0.005 0.005 0.005 0.007 0.007 0.006
0.9 cC 0.006 0.006 0.006 0.006 0.006 0.006 0.006 0.006 0.006 0.005 0.005 0.005 0.004 0.004 0.004 0.004 0.004 0.004
UN 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003

58



Table 4.6.4: Estimates of empirical (EMP) and asymptotic standard error of the IPW,
CC, and UN estimators for the super-population ROC curve under STSCS.

Sampling proportion: 5% Sampling proportion: 10%
FPR  Method Missing: 10% Missing: 25% Missing: 50% Missing: 10% Missing: 25% Missing: 50%
M1 M2 M3 M1 M2 M3 M1 M2 M3 M1 M2 M3 M1 M2 M3 Ml M2 M3

EMP  0.017 0.017 0.017 0.020 0.020 0.019 0.026 0.026 0.023 0.012 0.012 0.012 0.014 0.014 0.014 0.019 0.019 0.017
IPW  0.017 0.017 0.017 0.019 0.019 0.019 0.024 0.024 0.024 0.012 0.012 0.012 0.014 0.014 0.013 0.017 0.017 0.017
0.1 cC 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.011 0.011 0.011 0.012 0.012 0.012 0.012 0.012 0.012
UN 0.015 0.015 0.015 0.016 0.016 0.016 0.016 0.016 0.016 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011

EMP  0.019 0.019 0.019 0.022 0.022 0.022 0.027 0.027 0.025 0.013 0.013 0.013 0.015 0.015 0.015 0.020 0.020 0.018
IPW  0.019 0.019 0.019 0.021 0.021 0.021 0.027 0.027 0.026 0.014 0.014 0.014 0.015 0.015 0.015 0.019 0.019 0.019
0.2 cC 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013
UN 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012

EMP  0.020 0.020 0.020 0.023 0.022 0.022 0.026 0.026 0.025 0.013 0.013 0.014 0.015 0.015 0.015 0.019 0.019 0.018

. IPW  0.020 0.020 0.019 0.022 0.022 0.021 0.027 0.027 0.026 0.014 0.014 0.014 0.015 0.015 0.015 0.019 0.019 0.019
03 cC 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013
UN 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011

EMP  0.018 0.018 0.018 0.021 0.021 0.021 0.023 0.023 0.023 0.013 0.013 0.013 0.014 0.014 0.014 0.018 0.018 0.017
IPW  0.019 0.019 0.019 0.021 0.021 0.021 0.026 0.026 0.026 0.013 0.013 0.013 0.015 0.015 0.015 0.018 0.018 0.018
0.4 cC 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.018 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013
UN 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011

EMP  0.017 0.017 0.017 0.019 0.019 0.019 0.022 0.022 0.022 0.012 0.012 0.012 0.013 0.013 0.013 0.016 0.016 0.016
IPW  0.018 0.018 0.018 0.020 0.020 0.019 0.024 0.024 0.024 0.013 0.013 0.013 0.014 0.014 0.014 0.017 0.017 0.017
05 cC 0.017 0.017 0.017 0.017 0.017 0.017 0.016 0.016 0.016 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012
UN 0.014 0.014 0.014 0.014 0.014 0.014 0.014 0.014 0.014 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010

EMP  0.016 0.016 0.016 0.017 0.017 0.017 0.020 0.020 0.020 0.011 0.011 0.011 0.012 0.012 0.012 0.014 0.014 0.014

. IPW  0.016 0.016 0.016 0.018 0.018 0.017 0.022 0.022 0.021 0.011 0.011 0.011 0.013 0.013 0.012 0.015 0.015 0.015
0.6 cC 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.011 0.011 0.011 0.011 0.011 0.011 0.010 0.010 0.010
UN 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.009 0.009 0.009 0.009 0.009 0.009 0.008 0.008 0.008

EMP  0.014 0.014 0.014 0.014 0.014 0.014 0.017 0.017 0.017 0.010 0.010 0.010 0.010 0.010 0.010 0.012 0.012 0.012
IPW  0.014 0.014 0.014 0.015 0.015 0.015 0.019 0.019 0.018 0.010 0.010 0.010 0.011 0.011 0.011 0.013 0.013 0.013
0.7 cC 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.013 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009
UN 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007

EMP  0.011 0.011 0.011 0.012 0.012 0.012 0.013 0.013 0.014 0.008 0.008 0.008 0.008 0.008 0.008 0.009 0.009 0.009
IPW  0.011 0.011 0.011 0.012 0.012 0.012 0.015 0.015 0.014 0.008 0.008 0.008 0.009 0.009 0.008 0.011 0.011 0.010
08 cC 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007
UN 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.006 0.006 0.006 0.006 0.006 0.006 0.005 0.005 0.005

EMP  0.008 0.008 0.008 0.008 0.008 0.008 0.009 0.009 0.009 0.005 0.005 0.005 0.005 0.005 0.006 0.006 0.006 0.006
IPW  0.007 0.007 0.007 0.008 0.008 0.008 0.010 0.010 0.010 0.005 0.005 0.005 0.006 0.006 0.006 0.007 0.007 0.007
0.9 cC 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.007 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005
UN 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.004 0.004 0.004 0.004 0.004 0.004 0.004 0.004 0.004
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Table 4.6.5: Coverage Probability (in %) of the IPW, CC, and UN estimators for the
super-population ROC curve under SSRS.

Sampling fraction: 5% Sampling fraction: 10%
Missing FPR

IPW-M1 IPW-M2 IPW-M3 CC UN IPW-M1 IPW-M2 IPW-M3 CC ©UN

0.1 95.8 95.9 94.6 90.7 0.1 94.4 94.5 92.6 85.9 0.0

0.2 95.2 95.2 94.6 90.0 0.0 94.8 94.8 93.5 86.5 0.0

0.3 95.1 95.1 94.8 91.3 0.1 93.9 93.9 93.3 86.1 0.0

0.4 94.3 94.2 93.9 89.8 04 94.8 94.8 92.5 86.9 0.0

10% 0.5 95.3 95.2 94.3 90.9 0.6 95.9 95.9 94.4 88.3 0.0
0.6 94.9 94.9 93.0 87.7 0.9 95.6 95.7 93.5 88.4 0.0

0.7 95.6 95.5 94.9 91.2 59 95.2 95.2 93.5 89.1 0.3

0.8 93.7 93.7 94.3 90.7 16.0 94.1 94.2 92.4 872 1.5

0.9 93.9 93.9 93.4 90.6 40.8 95.1 95.1 93.7 90.1 13.4

0.1 95.8 95.7 92.1 75.4 0.0 93.1 92.9 88.3 60.7 0.0

0.2 94.8 94.8 91.1 774 0.0 95.0 95.1 87.6 61.3 0.0

0.3 96.3 96.4 91.8 76.7 0.1 94.9 95.0 87.2 60.2 0.0

0.4 95.6 95.5 91.7 76.2 0.1 95.3 95.4 88.3 64.7 0.0

25% 0.5 95.6 95.6 92.3 77.0 0.1 95.2 95.2 89.0 659 0.0
0.6 95.3 95.4 90.8 749 0.5 95.2 95.2 89.1 65.3 0.0

0.7 96.2 96.2 93.0 779 2.6 95.4 95.5 91.5 734 0.1

0.8 95.7 95.9 92.1 794 84 94.1 94.1 90.2 73.5 0.6

0.9 96.0 95.9 93.5 83.2 30.2 96.4 96.4 92.3 81.8 84

0.1 91.6 91.5 90.7 62.1 0.2 93.1 93.2 85.2 46.7 0.0

0.2 95.8 95.5 91.8 614 0.1 93.6 93.9 86.4 40.5 0.0

0.3 95.2 95.3 92.1 61.6 0.2 94.4 94.2 85.3 41.9 0.0

0.4 95.8 95.8 91.8 604 0.1 95.2 95.1 84.4 41.6 0.0

50% 0.5 96.9 96.8 91.1 59.2 0.5 97.0 96.9 87.7 446 0.0
0.6 96.4 96.5 89.7 59.4 0.7 96.3 96.2 85.6 43.7 0.0

0.7 97.3 97.3 91.8 64.3 1.7 97.0 96.8 89.3 524 0.1

0.8 97.8 97.8 92.8 684 6.1 96.7 96.8 90.0 57.0 0.1

0.9 98.0 98.2 93.4 72.7 25.5 98.6 98.6 92.4 684 5.5
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Table 4.6.6: Coverage Probability (in %) of the IPW, CC, and UN estimators for the
super-population ROC curve under STSCS.

Sampling fraction: 5% Sampling fraction: 10%
Missing FPR

IPW-M1 IPW-M2 IPW-M3 CC UN IPW-M1 IPW-M2 IPW-M3 CC ©UN

0.1 95.0 95.1 94.4 91.9 1.3 95.1 95.0 93.3 88.7 0.0

0.2 94.3 94.3 94.7 91.3 0.3 95.7 95.8 93.4 88.3 0.0

0.3 93.5 93.7 94.4 92.2 0.6 95.0 95.1 93.8 88.8 0.0

0.4 95.2 95.2 95.0 922 1.2 94.9 94.8 94.3 88.8 0.0

10% 0.5 95.1 95.3 95.4 91.8 2.3 95.3 95.3 94.0 88.7 0.0
0.6 95.6 95.6 94.9 91.2 3.3 94.6 94.6 93.2 89.1 0.0

0.7 94.8 94.8 93.6 915 9.1 94.8 94.9 94.3 90.7 0.6

0.8 94.6 94.6 93.6 914 21.0 94.9 94.9 95.0 91.6 4.2

0.9 93.9 94.0 92.7 89.5 44.9 94.7 94.7 93.5 91.7 21.6

0.1 93.5 93.7 92.6 822 04 93.6 93.7 89.3 72.2 0.0

0.2 94.2 94.2 91.3 789 04 95.7 95.7 89.8 69.9 0.0

0.3 93.4 93.6 92.4 81.7 04 96.1 96.1 90.5 72.5 0.0

0.4 95.1 95.5 93.5 81.7 0.9 96.0 96.0 914 71.4 0.0

25% 0.5 95.2 95.2 92.8 80.9 0.8 96.7 96.7 90.7 7.1 0.0
0.6 95.6 95.4 92.2 81.5 1.6 95.9 95.9 90.7 73.5 0.0

0.7 96.1 96.1 93.1 83.7 5.1 96.0 95.9 91.6 76.9 0.0

0.8 96.0 96.0 93.3 85.6 13.8 96.2 96.1 93.2 81.7 1.7

0.9 95.7 95.6 92.6 85.9 36.2 96.1 96.1 94.7 83.9 154

0.1 93.6 93.8 93.0 68.4 0.6 92.8 92.8 89.4 58.5 0.0

0.2 94.7 94.3 91.6 67.8 0.0 93.5 93.6 89.4 53.6 0.0

0.3 95.9 95.8 92.9 67.0 0.2 94.9 95.2 90.9 52.5 0.0

0.4 96.8 97.0 92.9 67.8 0.6 95.6 95.6 90.4 52.8 0.0

50% 0.5 96.8 96.9 92.7 66.6 0.8 96.7 96.5 89.5 53.1 0.0
0.6 96.7 96.6 91.5 67.1 24 96.6 96.5 89.4 53.6 0.0

0.7 96.6 96.5 92.4 70.2 4.9 98.0 98.0 89.9 59.6 0.1

0.8 96.8 96.8 93.3 73.0 13.3 98.1 98.1 93.8 66.6 1.8

0.9 95.5 95.4 92.3 76.6 31.5 97.6 97.7 93.2 73.8 11.9

Table 4.6.7: Descriptive Statistics of adults aged 20 years or more, excluding pregnant
women, that had FPG results in NHANES 1999-2006.

Overall Normal Pre-diabetes Undiagnosed diabetes
Characteristic Missing (%) N = 17,696 N = 11,798 N = 5,328 N = 570
Age 0 (0%)
<40 3,350 (19%)  2.205 (19%) 1,072 (20%) 82 (14%)
40-49 2,327 (13%) 1,306 (11%) 926 (17%) 95 (17%)
50-59 4,637 (26%) 2,242 (19%) 2,045 (38%) 350 (61%)
> 60 9,317 (53%) 5573 (47%) 3,392 (64%) 352 (62%)
FHX of diabetes 380 (2.2%) 8,006 (46%) 5,176 (45%) 2,499 (48%) 331 (60%)
HX of hypertension 9(<0.1%) 5960 (34%) 3174 (27%) 2,398 (45%) 388 (68%)
Obesity 0 (0%)
Extremely Obese 861 (4.9%) 382 (3.2%) 396 (7.4%) 83 (15%)
Obese 7123 (40%) 4238 (36%) 2,532 (48%) 353 (62%)
Overweight 5,030 (28%) 3,443 (20%) 1,500 (28%) 87 (15%)
Not overwight or obese 4,489 (25%) 3,604 (31%) 848 (16%) 37 (6.5%)
Physical Activity 10,348 (58%) 2,852 (30%) 1,798 (38%) 947 (40%) 107 (34%)
Risk of undiagnosed diabetes (%) 10,511 (59%)
Mean (SD) 88 (13) 85 (14) 93 (8) 97 (5)
Median (IQR) 04 (83,98) 90 (77,97) 97 (92, 98) 98 (97, 99)
Range 42,100 42, 100 42, 100 42, 100
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Figure 4.6.4: Estimated ROC curves using IPW, complete-case and unweighted method
for the NHANES target population.
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CHAPTER 5: COVARIATE-SPECIFIC RECEIVER OPERATING CHAR-
ACTERISTIC CURVE FOR COMPLEX SURVEY DATA

5.1 Introduction

The receiver operating characteristic (ROC) curve is the most popular method to
assess the performance of a continuous diagnostic test. The curve is defined as the plot of
the false positive rate (1-specificity) versus the true-positive rate (sensitivity) across all
possible cutoffs of the diagnostic test. The false-positive rate (FPR) is the proportion of
non-diseased individuals that test positive for the disease based on the diagnostic test, and
the true-positive rate (TPR) is the proportion of diseased individuals that test positive
for the disease.

In many applications, however, the discriminating capacity of a diagnostic test may be
affected by various factors. For example, disease severity may impact the marker accuracy,
with less severe cases being more dificult to distinguish from controls. Currently, there
are three major existing approaches to evaluate the covariate effects on the ROC curve
(Pepe, 1998). In the first class of approaches, called induced methods, the distributions of
the diagnostic test in the diseased and non-diseased populations are modeled separately,
from which the ROC curve is computed. The second class considers regression models
for the area under the ROC curve (AUC). Lastly, in the third approach, called direct
methods, the covariate effects on the ROC curve are modeled directly. The latter class
is often referred to as parametric distribution-free (PDF) models, since a parametric
model is assumed for the ROC curve, but the distributions of the diagnostic tests remaing

unspecified.
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The PDF approach was originally proposed by Pepe (1997), and various estimation
proposals have been made over the years, including Pepe (2000a); Alonzo and Pepe (2002);
Cai and Pepe (2002); Cai (2004). Due to the similarities with the generalized linear
models, this class of models is also referred to as ROC-GLM models. In our third project,
we adapt the ROC-GLM model presented in Pepe (2000a) and Alonzo and Pepe (2002)
to account for complex survey designs. The properties of the adapted model is evaluated
using simulation studies, and the model is then applied to the National Health and
Nutrition Examination Survey (NHANES) to evaluate the effect of age on the accuracy

of a diabetes assessment tool.

5.2 ROC-GLM model for simple random samples

Let {(Y;, D;, X;)}™; be i.i.d realizations of the diagnostic test measure Y, the disease
indicator D, and the set of covariates X. We denote the cumulative distribution function
(cdf) of Y conditioned on D = 0 as (G, and similarly, the cdf of Y conditioned on D =1 as
F. We assume that F' and G have continuous probability density functions (pdf) f and
g, respectively. The ROC curve is defined as the plot of {(1 — G(¢),1 — F(c¢)) : c € R},
or equivalently, as the plot of {(s, R(s)) : s € [0,1]}, where R(s) =1— F o G™(1 — s),
with G71(s) = inf{z € R: G(z) > s}, and F o G7(.) = F(G7(.)). The area under the
ROC curve (AUC-ROC) is A = fol R(s) ds. One natural extension for the ROC curve to

accommodate covariates is defined as
R(slz) =1—- F{G'(1 —s|z)|x}, 0<s<1,

with G(c|lz) = P(Y < ¢|]D =0,X =x) = P(Yp < ¢|X = z) and F(clz) = P(Y <
clD=1,X =x) = P(Yp < ¢|X = x). The corresponding covariate-specific AUC-ROC
is given by

A) = /01 R(s|x) ds.
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The general form for the ROC-GLM regression model has the following expression:
g{R(t|X)} = ht) + u(X),  te(0,1) (5.20)

where (X)) models the effects of covariate X on the ROC curve, h(t) is an unknown
monotonic increasing function of the FPR related to the shape of the ROC curve, and ¢
is the link function. Model (5.20) is also referred to as parametric distribution-free (PDF),
which assumes a parametric model for the ROC curve, but it is distribution-free for the
diagnostic test results.

Different model proposals were made by varying g, h and p. Let X = (X, Xp), with
X representing the covariates that are common to diseased and nondiseased subjects, and
Xp representing the covariates specific to the diseased subjects. Pepe (2000a) and Alonzo

and Pepe (2002) assumed the following general model:
K
g{R(tX)} = whi(t) + X8 + X},6p, (5.21)
k=1
with the common model specifications given by the binormal model
SRt X)} = m + 727 (t) + X8 + X,
and the bilogit model:
logit{ R(t| X )} = 71 + yelogit(t) + X'B + X}, b,

where logit(t) = log(t/(1 —t)). Pepe (2000a) noted that generalized linear methods
for binary data could be used for estimation for model (5.21). Alonzo and Pepe (2002)

simplified further the computational aspects for estimation for fitting the PDF model,
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based on the fact that

R(slz) =1— F{G'(1 — s|z)|x}
=P{Yp > G (1 - s|z)|x}

=E{I(Yp > G'(1 — s|z))|z}

K
=g {Z%hk(t) +X'B+ XbﬁD} ;
k=1

so that the procedure for fitting the model (5.21) is based on the (correlated) binary
variable {U,i=1,--- ,np;t € T} where Uy, = I(Yp; > G~(1 —t|x;)), np is the number
of diseased subjects in the sample, and 7" C (0, 1) is a set of FPR. The algorithm to

estimate 6 = (v, ,7, 8, Bp) is as follows:

1. Specify a set T' C (0,1) of FPR;

2. For each t € T estimate G™'(1 — t|z), the (1 — t)th quantile of the distribution

function for the nondiseased subjects, conditional on X = z;
3. Caculate Uy, = I |Yp; > G"l(l —tlxy)|,i=1,--- ,npand t € T}

4. Fit the model g{E(Uy)} = 1, whi(t) + X'8 4+ X},B3p by solving standard
estimating equations for fitting binary generalized linear model to U; with link

function g and covariates {hy(t), Xi;, Xpi; k=1,--- , K}.

The estimators 4 = (31, -+ ,4x) and 8 = (3, Bp) are the solution of the following

estimating equations:

ZDZSz(’Ya/Bat) =0

i=1 teT
with

Si(v, B,t) = (h(t), Xi, Xpi) w(pny g(t)) {Ust — py,8(1)}
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and

w(s) = {g'(s)s(1 =)}

K
payp(t) =g~ {Z’Ykhk(t) + XT3+ Xgﬁz)} :
k=1

The simplified framework and lower computational burden of the approach in Alonzo
and Pepe (2002) make this the preferred method in modern statistical software for directly
modeling covariate effects on ROC curves. Although inference based on asymptotic
distribution theory is desirable, the induced correlation amongst the estimating equation’s
components makes this task not completely straightforward (Pepe, 1997). Pepe (2000a)
developed the asymptotic distribution theory for the ROC-GLM models, but the estimation
based on np X np observations makes this option not practical for larger datasets, as
pointed in Alonzo and Pepe (2002). Consequentially, bootstrap resampling method

remains the preferred method for inference on Pepe (1997) and Alonzo and Pepe (2002).

5.3 ROC-GLM model for complex survey data

Consider a finite population U” of size N, with corresponding set of indices U =
{1,---,N}. Each index i € U is associated with a unique vector (y;,w;, z;) € RP x
R* x RY representing, respectively, the characteristics of interest, the complete auxiliary
information, and the sampling design information available at the time of the design of the
survey on all units. We assume that {(y;, w;, z;)}Y, are realizations of random variables
(Y, W, Z) defined according to a superpopulation model. We denote y¥ = (y1,--- ,yn),
YV = (Y1, Yn), w = (wy,- -+ ,wy), and WY = (W, -+ Wy), 2V = (21, , 2n),
and ZN = (Zy,--+ , Zn).

For our purposes, let {(Y;,W;, Z;) = (Y;, Ds, X4, Xp,, Z;)}¥., be i.i.d realizations of

the diagnostic test measure Y, the disease indicator D, the covariates that are common
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to diseased and nondiseased units X, the covariates specific to the diseased units Xp,
and the sampling design information Z available for all units in the sampling stage.

Suppose a sample s of size n is drawn from the finite population according to a
probability sampling design p(s) = p(s, 2"). Note that since p does not depend on y*,
only non-informative sampling designs are being considered. Let & = I(i € s) be the
sample indicators, m; = E[¢;|Z"] the first-order inclusion probability, and m;; = E[§&;|Z7]
the second-order inclusion probability.

In this paper, we propose to adapt the ROC-GLM model from Alonzo and Pepe

(2002), to account for the complex-survey design:
K
g {RUX)} = Afhi(t) + X'B7 + Xp55, (5:22)
k=1

The algorithm proposed by Alonzo and Pepe (2002) can be easily adapted for complex
survey data since quantile regression and generalized linear models accounting for complex
survey design are widely available in statistical software capable of handling survey data.

The adapted algorithm is as follows:
1. Specify a set T' C (0,1) of FPR;

2. For each t € T estimate G™'(1 — t|z), the (1 — t)th quantile of the distribution
function for the nondiseased subjects, conditional on X = z, accounting for the

survey design;
3. Caculate UT = I |Yp; > G Y1 —t|lz;)|,i=1,--- ,np and t € T;

4. Fit the model g { E(UZ)} = Sr i hi(t)+ X687+ X, 57, by solving design-adjusted
estimating equations for fitting binary generalized linear model to U} with link

function g and covariates {hy(t), X;, Xp;; k=1,--- , K}
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The estimators 4™ = (37, ,4%) and 8" = (67, %) are the solution of the design-

adjusted estimating equations (Binder, 1983):

N
> DiST (BT =0
i=1 teT
with
ST(Y™, 87, 1) = & (h(t), Xi, Xpi) " w(pigm,p7 (4)) {UF} — ptom e (1)} - (5.23)

As commonly done for data arising from simple random sample, variance estimation
will be performed using resampling techniques suitable for complex designs. In survey
sampling, those methods are usually referred as replication weights methods. Commonly
implemented replicate weights methods in modern survey software are balanced repeated
replication (BRR), jackknife, and bootstrap. The later being the most flexible of the
methods, suitable for most sampling designs, it is the method of choice for this paper.

The bootstrap method, originally proposed by Efron (1992) for independent and
identically distributed (i.i.d) data, relies on recomputing the estimate 6 a large number
of times by resampling from the original sample. Since survey data are not necessarily
i.i.d., many bootstrap resampling methods have been proposed in the context of survey
data. Mashreghi et al. (2016) present a comprehensive review of bootstrap resampling
methods, classifying them into three groups. The first one is the class of pseudo-population
bootstrap methods in which a pseudo-population is first created by repeating the units of
the original sample and bootstrap samples are then selected from the pseudo-population
(Gross, 1980; Booth et al., 1994). The second one, called the direct bootstrap methods,
consists of directly selecting bootstrap samples from the original sample or a rescaled
version of it (Rao and Wu, 1984, 1988; Sitter, 1992; Canty and Davison, 1999). In the
third group, called the bootstrap weights methods, an appropriate adjustment is made on

the original survey weights to obtain a new set of weights called the bootstrap weights
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(Rao et al., 1992; Beaumont and Patak, 2012). This method is attractive to users to
public data files prepared by statistical agencies, which provide data sets consisting of
columns with the original observations, a column with the original survey weights and B
columns of bootstrap weights.

For this paper, we use the function as.svrepdesign from the survey package in
R, where the bootstrap method proposed in Canty and Davison (1999) is implemented
and described as follows. Suppose y1,--- , ¥, is a sample of size n drawn from a finite
population of size N, and for simplicity, suppose that the inverse of the sampling fraction
1/X is an integer. Let 6 and 0 be the parameter of interest and the parameter estimate

based on the sample, respectively.

1. A bootstrap population of size N is constructed by concatenating 1/ copies of

Yo7 5 Yns

2. A bootstrap sample of size n is selected without replacement. In the case of stratified

population, steps 1 and 2 are applied to each stratum separately;

3. The selected bootstrap sample is reweighted through calibration so that its marginal

totals match those of the original population;

4. The bootstrap parameter estimate 0% is computed from the bootstrap sample using

the reweighted inclusion probabilities 77, ¢ = 1,--- ,n;

5. Steps 1-4 are repeated B times to obtain é{, cee A}‘%, and these are used to estimate

the variance of 0 by

— 1 A .
Var(f) = =— > (0, — 0",

B
-1
b=1

with 6* = B8 4.
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5.4 Simulation studies

In this simulation study, we investigate the performance of the proposed survey-
weighted ROC-GLM under stratified simple random sampling (SSRS) and stratified
two-stage cluster sampling (STSCS). For each sampling scheme, a total of 4 scenarios are
considered according to different disease proportions p = 5%, 15% and sampling fractions
A = 5%, 10%.

We generated populations of size N = 100, 000 subdivided in five strata containing
5%, 10%, 25%, 30% and 30% of the observations. For each stratum h, we generated
Xn = ap + apD + D x W + €, where W ~ N(0,1), D ~ Ber(p) and ¢ ~ N(0,1).
The induced ROC curve in each stratum h is given by the binormal model R(s) =
O (ay, + BW + ®71(s)), where ®(.) is the standard normal cdf. We set ag = 1, a; = 2,
ay =175, a5 = 1.5, 4 = 1.25, as = 1, B = 0.5, Bo =1, B3 = 1.5, By = 2, and Bs = 2.5
such that the expected AUC for each strata were 0.9, 0.85, 0.75, 0.7, 0.6 respectively. For
STSCS, 10,000 clusters of sizes 5, 10 and 15 were generated using quantiles of X, + 7,
7~ N(0,1), in addition to the steps already described.

Samples with size determined by the sampling fraction were drawn assuming uniform
allocation. For the first stage of STSCS, m = 125 and 250 clusters were sampled from
each stratum, and 80% of the observations were sampled from each cluster at the second

stage. For each sample, we fitted the ROC-GLM model

Ry (s) = ®(ap + ar® ' (s) + W),

using our proposed design-adjusted method and the unadjusted method proposed by
Alonzo and Pepe (2002).

We evaluated the performance of the proposed method in terms of the model param-
eters ag, a; and 3, and the estimated covariate-specific ROC curve with two scenarios

W = —0.67 and W = 0. The estimates are compared with the finite population pa-
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rameters, with the results presented in terms of relative bias (RB), empirical standard
error (ESE), bootstrap standard error (BSE), and coverage probability (CP) for the 95%
bootstrap confidence intervals. We compare our method (SVYW) to the unadjusted
method (UN), where the sampling weights are ignored. The results are based on 1,000
simulation samples, and 250 bootstrap replicates drawn from each simulation sample to

compute the bootstrap standard error.

5.4.1 Results for the model parameters

The simulation results for the model parameters are reported in Table 5.7.1, and
Figures 5.7.1, 5.7.2, and 5.7.3. As expected, the relative bias for the ROC-GLM model
without accounting for the sampling design leads to biased estimates, especially for the
covariate effect parameter 3, with absolute relative biases reaching more than 20%. In
contrast, the relative bias from the adapted ROC-GLM model does not exceed 1.6%, with
higher biases for the case with a smaller sample size and disease proportion.

In terms of standard errors, we see that the standard errors obtained using bootstrap
are very close to the empirical standard error. As expected, the bootstrap standard
error that does not account for the sampling design is underestimated. Finally, in terms
of coverage probability, our design-adjusted method has coverage probabilities close to
95%. In contrast, the unadjusted model has poor coverage due to the significant bias and

underestimated variances observed previously.

5.4.2 Results for the ROC curve

The results for the relative biases are reported in Table 5.7.2 and Figure 5.7.4. As
expected, the relative bias for the ROC curve from the unadjusted method is quite large,
especially at the beginning of the curve, with relative biases close to 70% and a decreasing

trend along the curve. In contrast, the values for the SW and WT estimators never exceed

1%.
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In terms of standard errors of the ROC curve presented in Tables 5.7.3, 5.7.4, and
Figure 5.7.5, we see that the standard error obtained without accounting for the survey
design is far from the empirical standard error. When the survey design is considered,
the bootstrap standard error is very close to the empirical standard error, with mild
departures for smaller sample sizes and disease proportions.

Finally, Table 5.7.5 and Figure 5.7.6 report the coverage probability of the 95%
bootstrap confidence interval for both approaches. As expected, not taking the sampling
design into account leads to inferior performance, while our adapted ROC-GLM model

presents coverage probabilities close to 95%.

5.5 Application

Diabetes and its complications are major causes of morbidity and mortality worldwide.
Currently, clinical practice guidelines recommend screening for pre-diabetes and type
2 diabetes with an informal assessment of risk factors or validated risk calculator in
asymptomatic adults to guide providers on whether performing a definitive diagnostic
test is necessary (Draznin et al., 2022). The current risk assessment tool used by the
American Diabetes Association (ADA) to screen for pre-diabetes and type 2 diabetes
is adapted from the algorithm developed in Bang et al. (2009) to estimate the risk of
undiagnosed diabetes.

According to the Centers for Disease Control and Prevention’s (CDC) 2020 National Di-
abetes Statistics Report (https://www.cdc.gov/diabetes/data/statistics-report/index.html
- Accessed 2022-06-02), approximately 20% of the diabetes cases in adults aged 65 years
or more are undiagnosed. Older individuals with diabetes have higher rates of premature
death, functional disability, and coexisting illnesses such as hypertension, coronary heart
disease, and stroke than those without diabetes. Older adults with diabetes are also

at greater risk than other older adults for several common geriatric syndromes, such as
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polypharmacy, depression, cognitive impairment, urinary incontinence, injurious falls, and
persistent pain (American Diabetes Association, 2011).

According to the ADA, older adults are defined as those aged 65 years or more. In this
application, we compare the discrimination of the algorithm developed by Bang et al. (2009)
between working-age adults and older adults. We use data from the National Health and
Nutrition Examination Survey (NHANES), which is an annual survey conducted by the
CDC’s National Center for Health Statistics (NCHS) that utilizes a complex, multistage
probability sampling design to select a representative sample of the non-institutionalized
resident population of the United States, between 1999-2006.

Similarly as presented in Bang et al. (2009), we consider participants aged 20 years or
more, excluding pregnant women, that had available fasting plasma glucose (FPG) results.
The participants are classified into four groups of diabetes status: known diabetes (if
answered “yes” to the question “Other than during pregnancy, have you ever been told by
a doctor or health professional that you have diabetes or sugar diabetes?”), normal glucose
metabolism (FPG < 100 mg/dL), pre-diabetes (FPG 100-125 mg/dL), and undiagnosed
diabetes (FPG > 125 mg/dL). The participants classified as “known diabetes” were not
considered in the analysis, and the undiagnosed diabetes was used as the binary outcome.
The diabetes risk score was computed using age (< 40, 40-49, 50-59, > 59), sex (female,
male), family history of diabetes (yes, no), history of hypertension (yes, no), obesity (not
overweight, overweight, obese, extremely obese), physically active (yes, no), according to
Bang et al. (2009).

In the 1999-2006 NHANES, 20,159 non-pregnant adults aged 20 years or more
were enrolled. Out of this sample, 17,696 observations were classified as either normal
glucose metabolism, pre-diabetes, and undiagnosed diabetes, and 7,185 observations had
information for all variables needed to compute the risk score. In this final analytic
sample, 1,761 observations were classified as older adults, with 7.5% (95% CI: 5.7%, 9.4%)

of undiagnosed diabetes in this group.
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For this application, we consider a binary covariate X that assumes one when the

respondent is an older adult, and zero otherwise. We fit the following ROC-GLM model:

ROC(t) = (I)(Oéo + Oélq)il(t) + ﬁX),

Table 5.7.6 presents the estimated parameters for the model above using the design-
adjusted and unadjusted ROC-GLM model. From Table 5.7.6, we see that the design-
adjusted point and interval estimates of [ indicate that the risk assessment tool has a
lower accuracy in detecting undiagnosed diabetes among older adults. The estimate and
standard error for § are smaller when the sampling design is not taken into account.
Figure 5.7.7 show both survey-weighted and unweighted estimates of the ROC curve and
their corresponding AUC.

From Figure 5.7.7 we see that the estimated area under the ROC curve from the
unweighted ROC-GLM model is smaller, with a greater departure among old adults
(design-adjusted: 0.715, unadjusted: 0.669). As discussed previously, the risk tool
performs worse among older adults, with a design-adjusted AUC of 0.715, compared to
the design-adjusted AUC of 0.824 among adults. This result seems to be more indirect
evidence for supporting the ADA recommendation of screening all adults aged 45 years
or more every 1-3 years using either FPG, A1C, or oral glucose test (American Diabetes

Association, 2022).

5.6 Discussion

In this paper, we adapted the ROC-GLM model proposed by Pepe (2000a) and
Alonzo and Pepe (2002) to account for complex survey designs. Similarly as done for
data arising from simple random sample, variance estimation was performed using the
bootstrap resampling technique in the context of complex survey data. The properties

of the proposed method were evaluated using simulation studies and compared to the
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original ROC-GLM model, which does not account for the complex survey sampling. As
expected, using ROC-GLM for i.i.d. data leads to poor performance in bias, variance
estimation, and coverage probabilities. Our adapted method performed well, especially
for larger sample sizes and disease proportions. Finally, the proposed method was applied
to a national-level health survey to evaluate the discriminatory ability of a traditional
risk calculator for undiagnosed diabetes.

The method presented in this paper serves as a basis for ROC regression in the context
of complex survey data. The simplicity of the algorithm proposed by Alonzo and Pepe
(2002), combined with widely available software for quantile regression and generalized
linear model for complex survey data, makes this method especially useful in practice.
This method is also attractive to be used with the bootstrap sampling weights provided
by the statistical agencies in large public surveys.

Our method relies on the bootstrap resampling method to obtain the variance of
the estimated parameters of the model. Although the original method also relies on
resampling methods, the development of theoretical properties of the proposed method
using theory for generalized estimating equations for correlated binary data will be worth

investigating.
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5.7 Figures and Tables
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Figure 5.7.1: Relative Bias (in %) for the design-adjusted and unadjusted estimated
parameters from the ROC-GLM model by sampling fraction, disease proportion, and
sampling design.
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Figure 5.7.2: Empirical and bootstrap standard error for the design-adjusted and unad-
justed estimated parameters from the ROC-GLM model by sampling fraction, disease
proportion, and sampling design.
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Figure 5.7.3: Empirical coverage probability for nominal 95% confidence intervals of
the design-adjusted and unadjusted parameters from the ROC-GLM model by sampling
fraction, disease proportion, and sampling design.
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Figure 5.7.4: Relative Bias (in %) for the estimated covariate-specific ROC curve from

the design-adjusted and unadjusted ROC-GLM models by sampling fraction, disease
proportion, and sampling design.
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Figure 5.7.5: Empirical and bootstrap standard error for the estimated covariate-specific
ROC curve from the design-adjusted and unadjusted ROC-GLM models by sampling

FPR

fraction, disease proportion, and sampling design.

81




= Survey-weighted Unweighted

Sampling Fraction = 5% Sampling Fraction = 5% Sampling Fraction = 10% Sampling Fraction = 10%

Disease proportion = 5% Disease proportion = 15% Disease proportion = 5% Disease proportion = 15%

100

754

M

501

SYSS
19°0-

254

100

754

M

501

SOS1S
19°0-

254

100

754

Coverage Probability (%)

501

SYSS

254

100

754

504

SOS1S

254

0.1 02 0304 0506070809 010203040506 070809 0102030405060.70809 0102030405060.70809
FPR

Figure 5.7.6: Empirical coverage probability for nominal 95% confidence intervals of the

covariate-specific ROC curve from the design-adjusted and unadjusted ROC-GLM models
by sampling fraction, disease proportion, and sampling design.
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Table 5.7.1: Simulation results for design-adjusted (SVYW) and unadjusted (UN) ROC-
GLM model parameters for stratified simple random sample (SSRS), and stratified two
stage cluster sampling (STSCS). A: sampling fraction; p: disease proportion; RB: relative
bias (in %); EM: empirical standard error; SE: standard error; CP: empirical coverage
probability for nominal 95% confidence intervals (in %).

RB SE CP

Design - A p Parameter “oyio™ UNT  EM SVYW  UN SVYW  UN
o 12 97 0117 0115 0100 953 820

- a 14 89 0080 0081 0070 955 80.0

3 14 2216 0142 0141 0.133 948  30.6

5% o 06 89  0.065 0066 0057 951 554

5% 0.6 00  0.047 0047 0041 954  56.2

3 05 9224 0078 0080 0077 959 1.7

SSRS a 07 87 0076 0079 0067 961 695
- a 03 00 0058 0056 0048 950  69.0

3 05 233  0.096 0096 0000 962 25

10% o 01 84 0045 0046 0040 960 268

5% @ 05 05 0033 0033 002 965 2.3

3 0.2 233 0057 0055 0053 969 0.0

» 12 106 0094 0096 0085 949 803

5% o 10 42 0074 0077 0067 953 OL7

3 16 217 0117 0114 0.105 945 337

5% a 03 100  0.058 0059 0050 954 571

5% @ 05 40  0.047 0047 0040 953 842

3 05 219 0070 0068 0060 952 1.6

STSCS a 04 106 0.067 0068 0060 964  66.5
5% o 0.7 44 0051 0054 0047 971  88.1

3 05 216 0078 0080 0074 962 7.0

10% a 01 100  0.041 0041 0035 965 265

5% 01 44 0033 0033 0028 956 67.3

3 01 220  0.046 0048 0043 967 0.0
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Table 5.7.2: Simulation results of relative bias (in %) for estimated covariate-specific
ROC curve using design-adjusted (SVYW) and unadjusted (UN) ROC-GLM models
for stratified simple random sample (SSRS), and stratified two stage cluster sampling
(STSCS). W: covariate value; \: sampling fraction; p: disease proportion.

W = -0.67 W =0
Design  FPR  Method A= 5% A =10% A =5% A =10%
p=5% p=15% p=5% p=1% p=5% p=15% p=5% p=15%

SVYW  -0.9 0.1 0.6 0.6 0.1 0.1 0.3 0.3
0.1 UN 72.0 71.5 72.1 71.6 14.2 13.7 13.4 13.6
SVYW  -0.7 0.0 0.3 0.4 0.1 0.1 0.2 0.1
0.2 UN 49.3 49.1 49.6 49.1 8.4 8.0 7.8 7.9
SVYW 04 0.1 0.2 0.3 0.2 0.1 0.2 0.1
0.3 UN 36.9 36.9 37.3 36.8 5.4 5.2 5.1 5.0
SVYW  -0.2 0.1 0.2 0.2 0.2 0.1 0.2 0.0
0.4 UN 28.5 28.5 28.9 28.3 3.5 3.4 3.3 3.3
SVYW 0.0 0.2 0.2 0.1 0.2 0.1 0.1 0.0
SSRS 0.5 UN 22.0 22.0 22.4 21.9 2.3 2.2 2.1 2.1
SVYW 0.1 0.2 0.1 0.0 0.1 0.1 0.1 0.0
0.6 UN 16.7 16.8 17.1 16.6 1.4 1.3 1.3 1.2
SVYW 0.1 0.2 0.1 0.0 0.1 0.1 0.0 0.0
0.7 UN 12.2 12.3 12.5 12.2 0.7 0.7 0.7 0.6
SVYW 0.1 0.2 0.0 0.0 0.0 0.0 0.0 0.0
0.8 UN 8.1 8.2 8.4 8.1 0.3 0.3 0.2 0.2
SVYW 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0
0.9 UN 4.3 4.4 45 43 0.0 0.0 0.0 0.0
SVYW  -0.7 0.4 0.7 0.1 0.1 0.2 0.3 0.0
0.1 UN 57.1 56.6 58.1 57.4 14.1 13.4 14.4 13.9
SVYW  -0.7 0.4 0.5 0.1 0.2 0.1 0.1 0.0
0.2 UN 40.0 40.1 40.9 40.4 8.8 8.5 9.0 8.7
SVYW 05 0.2 0.3 0.1 0.2 0.0 0.0 0.0
0.3 UN 30.4 30.7 31.1 30.7 6.0 5.8 6.2 5.9
SVYW  -0.3 0.2 0.2 0.1 0.2 0.0 0.0 0.0
0.4 UN 23.7 24.0 24.3 23.9 4.2 4.1 4.3 4.1
SVYW  -0.1 0.1 0.1 0.1 0.2 0.0 0.0 0.0
STSCS 05 yN 185 18.7 18.9 18.6 2.9 2.8 2.9 2.8
SVYW  -0.1 0.0 0.0 0.0 0.2 0.0 0.0 0.0
0.6 UN 14.1 14.4 14.4 14.2 1.9 1.8 1.9 1.8
SVYW 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0
0.7 UN 10.3 10.5 10.5 10.4 1.1 1.1 1.1 1.1
SVYW 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.8 UN 6.9 7.1 7.0 6.9 0.5 0.6 0.6 0.5
SVYW 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.9 UN 3.6 3.7 3.7 3.6 0.1 0.2 0.2 0.2
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Table 5.7.3: Simulation results of empirical (EM) and boostrap standard errors for the
covariate-specific ROC curve using design-adjusted (SVY) and unadjusted (UN) ROC-
GLM models for stratified simple random sample (SSRS). W: covariate value; A: sampling
fraction; p: disease proportion.

W = -0.67 W =20
FPR Method A =5% A =10% A=5% A =10%
p=5% p=15% p=5% p=15% p=5% p=15% p=5% p=15%
EMP 0.036 0.022 0.027 0.016 0.047 0.027 0.034 0.019
0.1 SVY 0.037 0.022 0.026 0.015 0.047 0.028 0.033 0.020
UN 0.046 0.027 0.032 0.019 0.039 0.023 0.027 0.016
EMP 0.040 0.024 0.030 0.018 0.038 0.021 0.026 0.015
0.2 SVY 0.040 0.024 0.028 0.017 0.038 0.022 0.026 0.015
UN 0.043 0.026 0.030 0.018 0.030 0.017 0.021 0.012
EMP 0.040 0.024 0.029 0.018 0.032 0.018 0.021 0.013
0.3 SVY 0.041 0.024 0.029 0.017 0.031 0.018 0.021 0.013
UN 0.040 0.024 0.028 0.016 0.024 0.014 0.017 0.010
EMP 0.040 0.024 0.029 0.018 0.027 0.015 0.018 0.011
0.4 SVY 0.041 0.024 0.029 0.017 0.026 0.015 0.018 0.011
UN 0.037 0.022 0.026 0.015 0.020 0.012 0.014 0.008
EMP 0.040 0.024 0.028 0.017 0.023 0.013 0.015 0.009
0.5 SVY 0.041 0.024 0.029 0.017 0.022 0.013 0.015 0.009
UN 0.034 0.020 0.024 0.014 0.017 0.010 0.012 0.007
EMP 0.039 0.024 0.028 0.017 0.019 0.011 0.012 0.007
0.6 SVY 0.040 0.023 0.028 0.016 0.018 0.011 0.013 0.008
UN 0.031 0.018 0.022 0.013 0.014 0.008 0.010 0.006
EMP 0.038 0.023 0.027 0.016 0.015 0.008 0.010 0.006
0.7 SVY 0.039 0.023 0.027 0.016 0.014 0.008 0.010 0.006
UN 0.028 0.016 0.020 0.011 0.011 0.007 0.008 0.005
EMP 0.035 0.021 0.025 0.015 0.011 0.006 0.007 0.004
0.8 SVY 0.036 0.021 0.026 0.015 0.010 0.006 0.007 0.004
UN 0.025 0.014 0.017 0.010 0.008 0.005 0.006 0.004
EMP 0.029 0.017 0.020 0.012 0.006 0.003 0.004 0.002
0.9 SVY 0.029 0.017 0.021 0.012 0.006 0.003 0.004 0.002
UN 0.019 0.011 0.013 0.008 0.005 0.003 0.004 0.002
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Table 5.7.4: Simulation results of empirical (EM) and boostrap standard errors for the
covariate-specific ROC curve using design-adjusted (SVY) and unadjusted (UN) ROC-
GLM models for stratified two stage cluster sampling (STSCS). W: covariate value; A:
sampling fraction; p: disease proportion.

W = -0.67 W =20
FPR Method A =5% A =10% A=5% A =10%
p=5% p=15% p=5% p=15% p=5% p=15% p=5% p=15%
EMP 0.029 0.018 0.020 0.012 0.041 0.025 0.029 0.018
0.1 SVY 0.030 0.018 0.021 0.013 0.042 0.026 0.030 0.019
UN 0.037 0.022 0.026 0.015 0.038 0.023 0.027 0.016
EMP 0.035 0.021 0.024 0.015 0.036 0.022 0.026 0.016
0.2 SVY 0.036 0.022 0.025 0.015 0.037 0.023 0.027 0.016
UN 0.039 0.023 0.027 0.016 0.032 0.019 0.023 0.014
EMP 0.037 0.023 0.025 0.016 0.032 0.020 0.023 0.014
0.3 SVY 0.038 0.023 0.027 0.016 0.033 0.020 0.023 0.014
UN 0.038 0.022 0.027 0.016 0.027 0.016 0.019 0.011
EMP 0.037 0.023 0.026 0.016 0.028 0.018 0.021 0.012
0.4 SVY 0.039 0.023 0.028 0.016 0.029 0.018 0.021 0.012
UN 0.036 0.021 0.025 0.015 0.024 0.014 0.017 0.010
EMP 0.037 0.023 0.026 0.016 0.025 0.016 0.018 0.011
0.5 SVY 0.039 0.023 0.028 0.016 0.026 0.016 0.018 0.011
UN 0.034 0.020 0.024 0.014 0.021 0.012 0.015 0.009
EMP 0.037 0.023 0.026 0.016 0.022 0.014 0.016 0.010
0.6 SVY 0.039 0.023 0.028 0.016 0.022 0.014 0.016 0.009
UN 0.032 0.019 0.022 0.013 0.018 0.011 0.013 0.007
EMP 0.035 0.022 0.025 0.016 0.018 0.011 0.013 0.008
0.7 SVY 0.037 0.022 0.027 0.016 0.018 0.011 0.013 0.008
UN 0.028 0.017 0.020 0.012 0.015 0.009 0.010 0.006
EMP 0.032 0.020 0.023 0.015 0.013 0.008 0.009 0.006
0.8 SVY 0.034 0.020 0.024 0.014 0.014 0.008 0.010 0.006
UN 0.024 0.014 0.017 0.010 0.011 0.006 0.008 0.004
EMP 0.025 0.016 0.018 0.011 0.008 0.005 0.005 0.003
0.9 SVY 0.026 0.016 0.019 0.011 0.008 0.005 0.006 0.003
UN 0.018 0.010 0.012 0.007 0.007 0.004 0.005 0.003
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Table 5.7.5: Simulation results of empirical coverage probability (in %) for nominal
95% boostrap confidence intervals for the estimated covariate-specific ROC curve using
design-adjusted (SVYW) and unadjusted (UN) ROC-GLM models for stratified simple
random sample (SSRS), and stratified two stage cluster sampling (STSCS). W: covariate
value; A: sampling fraction; p: disease proportion.

W = -0.67 W =0
Design FPR  Method A =5% A =10% A= 5% A =10%
p=5% p=15% p=5% p=15% p=5% p=15% p=5% p=15%
SVYW  93.3 94.7 93.4 93.3 94.3 95.7 93.9 94.9
01 yN 13.1 0.1 0.4 0.0 47.6 8.9 23.6 0.2
SVYW  95.0 94.7 94.8 92.9 94.3 95.9 95.3 94.6
0.2 UN 6.3 0.1 0.2 0.0 50.1 10.5 25.2 0.5
SVYW  95.3 94.9 94.6 93.4 94.2 95.2 95.8 95.7
0.3 UN 4.7 0.1 0.2 0.0 55.8 185 33.8 1.7
SVYW 954 95.1 95.0 93.1 94.1 95.2 95.5 95.5
0.4 UN 4.3 0.1 0.1 0.0 64.6 33.5 48.1 9.1
SVYW  95.9 94.5 95.0 93.8 93.7 94.9 95.0 95.5
SSRS 0.5 UN 4.8 0.1 0.1 0.0 71.9 50.9 62.3 25.2
SVYW  96.0 93.7 95.8 94.3 92.8 94.4 94.5 95.3
0.6 UN 8.2 0.1 0.2 0.0 79.4 66.4 73.9 51.0
SVYW  95.1 94.1 95.9 95.1 92.7 94.4 93.9 95.5
0.7 UN 14.7 0.4 0.8 0.0 84.8 80.3 84.0 74.3
SVYW  93.9 93.9 95.5 95.2 91.8 93.8 94.1 95.3
0.8 UN 26.6 1.4 3.8 0.0 87.5 88.2 90.0 87.4
SVYW  93.2 93.8 95.1 94.6 89.7 93.1 93.0 95.5
0.9 UN 46.4 10.9 18.0 0.3 90.3 92.9 93.7 93.6
SVYW  93.9 94.8 95.3 96.4 95.9 95.2 94.6 96.0
0.1 UN 35.9 2.2 5.8 0.1 68.6 36.1 43.6 9.2
SVYW  94.2 94.8 96.3 95.5 95.3 94.9 95.7 95.1
0.2 UN 23.2 0.7 2.3 0.1 66.9 33.0 40.4 6.7
SVYW  95.0 94.5 96.5 95.2 95.2 94.7 95.2 95.2
0.3 UN 18.1 0.3 1.4 0.0 68.2 35.9 43.2 8.3
SVYW  95.3 95.4 95.9 94.5 94.3 94.7 94.9 95.2
04 ynN 16.1 0.2 1.8 0.0 72.4 43.6 50.7 14.6
SVYW  95.5 94.9 96.1 94.4 93.9 94.6 94.6 95.2
STSCS 0.5 UN 17.3 0.3 2.5 0.0 76.5 53.3 62.0 25.6
SVYW  95.6 94.2 95.9 94.4 93.4 94.2 94.6 94.2
0.6 UN 20.8 0.5 3.8 0.0 79.8 63.2 70.2 43.1
SVYW  95.0 94.0 95.4 93.6 93.8 94.0 94.1 93.6
0.7 UN 28.0 1.4 6.7 0.0 84.3 73.7 79.4 60.2
SVYW  94.8 94.5 95.2 94.0 92.6 93.5 94.3 93.5
0.8 UN 38.5 45 11.7 0.2 88.3 80.7 86.3 74.4
SVYW  93.3 94.5 95.3 93.8 90.9 92.3 94.4 93.9
0.9 UN 52.2 16.2 26.8 2.3 89.8 87.2 89.9 86.3
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Figure 5.7.7: Estimated ROC curves with 95% boostrap confidence interval (shaded) from
unweighted ROC-GLM model (dashed) and the proposed design-adjusted ROC-GLM
model (solid) according to age group in the NHANES target population.

Table 5.7.6: Survey-weighted and weighted fitted ROC-GLM model with probit link.

Survey-weighted Unweighted
Parameter Estimate Std. Error 95% CI Estimate Std. Error 95% CI
Qg 1.41 0.19 (1.057 1.78) 1.34 0.13 (1.08, 1.59)
oy 1.13 0.10 (0.93, 1.33) 1.20 0.08 (1.05, 1.35)
I5; -0.55 0.20 (-0.94, -0.16) -0.65 0.15 (-0.95, -0.35)
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CHAPTER 6: DISCUSSION AND FUTURE WORK

This dissertation focused on developing methods for the receiver operating character-
istic (ROC) curve in the context of complex survey data, motivated by many applications
using ROC curves in large-scale surveys, but ignoring their complex survey designs.
First, we proposed a non-parametric estimator for the ROC curve based on the Horwitz-
Thompson estimator. We used the general results developed in Han and Wellner (2021)
to study the theoretical properties of our proposed estimator using empirical process
arguments. The proposed estimator was developed for the complete-case scenario. Since
nonresponse is a common issue in large-scale surveys, we proposed an [IPW estimator
for the ROC curve to accommodate the case where the diagnostic test is missing. We
developed the theoretical aspects of the estimator following Han and Wellner (2021) using
empirical process arguments. Finally, to address the common desire to study covariate
effects on the accuracy of a diagnostic test, we adapted the ROC-GLM model proposed
originally by Pepe (2000a) to account for the complex survey design. Our work contributes
toward the broader availability of methods and software for the ROC curve for complex
survey sampling.

Our proposed estimator in Chapter 3 is a discrete rather than a continuous function
as the true ROC curve. Thus, the study of semiparametric and parametric estimators for
the ROC curve in the context of complex survey data deserves attention. In addition to
smoothness, these alternative approaches might be more efficient in estimating the ROC
curve if the model is correctly specified.

A natural extension for the proposed IPW estimator in Chapter 4 is the Augmented

IPW (AIPW) estimator, where a model is proposed for the diagnostic test in addition
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to the model for the missing mechanism. In this context, one can obtain an estimator
that is doubly robust to model specification. Alternative methods using imputation for
complex survey data might also be a possibility.

Our adapted ROC-GLM model from Chapter 5 relies on bootstrap resampling for
variance estimation. Although the original method also relies on resampling methods for
variance estimation, the development of theoretical properties of the proposed method
using design-based theory for generalized estimation equations might be worth investigat-
ing.

To close the gap in the availability of software to handle the estimation of ROC curves
in the context of complex survey data, an R package with the methods presented in this

work is under development.
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APPENDIX 1: TECHNICAL DETAILS FOR CHAPTER 3

A.1 Proofs

Proof of Theorem 2.1 (a). Let F = {fs; = fsi(z,d) = I(x < s,d =1) : s € R,l €
{0,1}}, and fs 4, fua € F, with s,u € R, and d,d’ € {0,1}. From Corollary 3.13 in Han
and Wellner (2021), it follows that

Vi(PT —Py) ~ GF in  (®(F),

where G7 is a tight Gaussian process with covariance function

COV(Gﬂ(fS,d)a Gﬂ(fwd’)) = A (:ump(fs,dfu,d’) + Moy (Pfs,d) (Pfu,d’))
AL = ) [0, G5 A 1) + iy (1 = P)G(8)G ()], d=d =0
Ap [MW1F(S A u) + ,umpF(s)F(u)] , d=d =1

Arp(L = p)G(s)F(u), 0=d#d =

AMmop(L = p)G(W)F(s), 1=d#d =0
\
For s € R, the estimators for cdfs G(s) and F(s) are

Gn(S) _ P%(fs,O) Fn(s) _ IPRT(fs,l)

N IPT];[(foo,O) N IP}TV(foo,l)

The ratio map ¢(A, B) = A/B is Hadamard-differentiable with derivative ¢'(«, 5) =
a/B — (AB)/B?. Tt follows from Functional Delta Method (Vaart and Wellner, 1996)
that

Gn(s) = Gn(s) GG (s) (1 =p)HG(fs0) — G(s)G™(fx0))

J/n - _
Fu(s) = Fn(s) Gi(s) PG (far) = F(5)G (foo1))
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The covariance structure of Gjj and GT can be computed as follows:

Cov(G(s), G (w)) =(1 = p) 2 [COV(GT 10, 6™ fuo) + G(s)Gu)COV(GT fro, G foc)
~ GWCOV(E fo0, G frc) = G()COV(G frc, G )|
=ML =) [ G5 A ) + (1 = P)G(5) Gl +
+ 11, G(5)G (W) + (1 = P)G()G )
— 11, G)G(5) = (1 = P)G () G(s)—
~ 11, G(5)G (1) = (1 = P)G(8)G )]

=M1 = p) i G A ) = G(s)Gi(w)|

Cov(GT(s), G () =p2[Cov(GT fo1, G fur) + F(5)F(u)Cov(GT o1, G f,1)
— F(u)Cov(G™ 11, 6" foot) = F(5)CoV(G foc, G fun)]
=™ [y F(s A ) + i, pF(8)F (1) + iz, F(5) F (u) + pr,pF () ()
— 1y F(u)F () = pespF () F(5) = iz, F($)F () + iz (5)F ()

A, | F(s A ) = F(s)F(u)

Cov(GF(5), G () =p~ (1 = p) " [COV(E™ fo, G fu) + Gl5) F (1) Cov(G™ . 6 fro)
— F(u)Cov(G" fo0,G" fa1) — G(5)CoV(G™ fro0, G fml)]
=Mir, G(8)F(u) + A, G(8) F ()

- AM#QG(S)F(U) - AﬂﬂzG(S)F(U) =0

So, the covariance function is given by
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Cov(G(s), Gg(u) = § Ap~pir, (F(u A s) — F(u)F(s)), d=d =1 (7.24)

which implies that

s) — Gp(s T(s —p) e, 2B (G (s
lew-eno| feso] _[oa-ptpesew]
F(s) — Fn(s) Gi(s) {20 i, 2 Bo(F(s))

where Bi(.) and Bs(.) denote two independent Brownian bridges and p = P(D = 1).
|

Proof of Theorem 2.1 (b). The ROC estimator depends on the pair (G, F,,) through
the map (A, B) = B(A™!), where A™! is the inverse map of A. The map (G, F)
is Hadamard-differentiable (Lemma 12.2 and Lemma 12.7 from Kosorok (2008)) with

derivative
f(GT)
9(G™)

It follows from (7.25) and Functional Delta Method that

V(a,B) = B(G™) - a(G™)

Vi(F, 0 Grl(s) — Fy o G'(s))
— ~1/2 0 C-1(s)) — (1 — p)-1/2 (G s
Ay {p Bi(FoG (s)) — (1 —p) —g(G_l)BQ( )}

where Bj(.) and Bsy(.) denote two independent Brownian bridges and p = P(D = 1).
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Proof of Theorem 2.1 (c). It follows from Theorem 2.1 (b) and Continuous Mapping

Theorem that

Vi(A, — Ay) = / Vi(Ro(s) — Ru(s)) ds

- /0 WG (1 = s)}ds ~ N(0,07)

where

0,2

/01 /01 o {G'(1—5),GH1—1t)} ds dt
:/OI/OIUQ{G_I(S),G_I(t)} ds dt

_ /_: /_Z o2(s,1) dG(s) dG(t)
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A.2 Supplemental Simulation Tables

Table A.2.1: Relative Bias (in %) of the SVY, WT, and UN, estimators for the super-
population ROC curve with finite population size N, disease proportion p, and sampling
fraction A under SSRS.

N = 50,000 N = 100,000
FPR Method p=5% p = 25% p=5% p=25%
A=5% A=10% A=5% A=10% A=5% A=10% X=5% X=10%
SVY 0.8 0.2 0.1 0.2 0.8 0.6 0.0 0.2
01 WT 0.8 0.2 0.1 0.2 0.8 0.6 0.0 0.2
UN 32.5 32.0 31.7 31.8 32.4 32.4 31.8 31.8
SVY 0.7 0.4 0.2 0.4 0.6 0.6 0.4 0.2
02 WT 0.7 0.4 0.2 -0.4 0.6 0.6 0.4 0.2
UN 20.4 20.2 19.4 19.3 20.4 20.4 19.4 19.4
SVY 0.2 0.1 0.0 0.0 0.1 0.1 0.0 0.1
03 WT 0.2 0.1 0.0 0.0 0.1 0.1 0.0 0.1
UN 13.6 13.5 13.5 13.5 13.6 13.6 13.5 135
SVY 0.1 0.2 0.0 0.0 0.1 0.1 0.0 0.1
04 WT 0.1 0.2 0.0 0.0 0.1 0.1 0.0 0.1
UN 9.6 9.6 9.4 9.4 9.6 9.6 9.4 9.5
SVY 0.0 0.0 0.1 0.0 -0.1 0.0 0.0 0.1
05 WT 0.0 0.0 0.1 0.0 -0.1 0.0 0.0 0.1
UN 6.5 6.5 6.6 6.6 6.5 6.6 6.6 6.6
SVY 0.0 0.0 0.1 0.1 -0.1 0.0 0.0 0.1
06 WT 0.0 0.0 0.1 0.1 0.1 0.0 0.0 0.1
UN 4.4 4.4 4.5 4.5 4.4 4.4 4.5 4.5
SVY 0.1 0.1 0.0 0.0 0.1 -0.1 0.1 0.0
07 WT 0.1 0.1 0.0 0.0 0.1 -0.1 0.1 0.0
UN 2.7 2.7 2.8 2.8 2.6 2.7 2.7 2.7
SVY 0.2 0.1 0.0 0.0 0.2 0.1 0.0 0.0
08 WT 0.2 0.1 0.0 0.0 0.2 0.1 0.0 0.0
UN 1.3 1.4 15 15 1.4 1.4 15 15
SVY 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0
09 WT 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0
UN 0.5 0.6 0.6 0.6 0.6 0.6 0.6 0.6
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Table A.2.2: Relative Bias (in %) of the SVY, WT, and UN estimators for the super-
population ROC curve with finite population size IV, disease proportion p, and sampling
fraction A\ under STSCS.

N = 50,000 N = 100,000
FPR Method p = 5% p = 25% p=5% p = 25%
A=5% A=10% A=5% A=10% A=5% A=10% X=5% \=10%
SVY 0.1 0.1 0.2 0.0 -0.2 -0.2 0.2 0.0
0.1 WT 0.1 0.1 0.2 0.0 -0.2 -0.2 0.2 0.0
UN 30.6 30.8 30.9 30.8 30.8 30.6 31.1 30.9
SVY 0.2 0.5 0.0 0.1 0.3 0.0 0.1 0.1
0.2 WT 0.2 0.5 0.0 0.1 0.3 0.0 0.1 0.1
UN 20.6 20.9 20.3 20.4 20.7 20.4 20.5 20.3
SVY 0.0 0.3 0.4 -0.4 0.2 0.1 0.2 0.4
0.3 WT 0.0 0.3 -0.4 -0.4 0.2 0.1 0.2 -0.4
UN 14.6 15.0 14.2 14.2 14.8 14.7 14.3 14.2
SVY 0.3 0.0 0.3 0.3 0.4 0.3 0.3 0.3
0.4 WT 0.3 0.0 0.3 0.3 0.4 -0.3 0.3 0.3
UN 10.3 10.5 10.3 10.3 10.3 10.3 10.4 10.3
SVY -0.4 0.2 -0.4 -0.3 0.5 -0.4 0.2 0.3
05 WT 0.4 0.2 0.4 0.3 0.5 -0.4 0.2 0.3
UN 7.2 7.4 7.4 7.4 7.2 7.3 75 7.4
SVY 0.3 0.1 -0.2 -0.2 -0.2 -0.2 0.2 0.2
0.6 WT 0.3 0.1 -0.2 -0.2 -0.2 -0.2 0.2 0.2
UN 5.0 5.3 5.2 5.2 5.2 5.2 5.3 5.2
SVY -0.1 -0.1 -0.1 -0.1 -0.1 -0.2 -0.1 -0.1
0.7 WT 0.1 0.1 0.1 0.1 0.1 -0.2 0.1 0.1
UN 3.4 3.4 3.4 3.5 3.4 3.4 3.5 3.5
SVY 0.1 0.0 0.0 0.0 0.1 0.1 0.0 0.0
0.8 WT 0.1 0.0 0.0 0.0 0.1 0.1 0.0 0.0
UN 2.0 2.0 2.1 2.1 2.0 2.0 2.1 2.0
SVY 0.1 0.1 0.0 0.0 0.1 0.1 0.0 0.0
0.9 WT 0.1 0.1 0.0 0.0 0.1 0.1 0.0 0.0
UN 0.9 1.0 0.9 0.9 1.0 1.0 0.9 0.9
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Table A.2.3: Estimates of empirical (EMP) and asymptotic standard error of the SVY,
WT, and UN estimators for the super-population ROC curve with finite population size
N, disease proportion p, and sampling fraction A under SSRS.

N = 50,000 N = 100,000
FPR Method p = 5% p = 25% p=5% p = 25%
A=5% A=10% A=5% A=10% A=5% A=10% X\=5% \=10%
EMP  0.049 0.035 0.026  0.019 0.035 0.025  0.018  0.013
SVY  0.051 0.036 0.026  0.019 0.036  0.025 0.019  0.013
0.1 wr 0.045 0.032 0.023  0.016 0.032 0.023  0.016  0.012
UN 0.046 0.032 0.023  0.017 0.033 0023 0017  0.012
EMP  0.051 0.036 0.026  0.018 0.036 0026  0.018  0.013
SVY  0.051 0.036 0.026  0.018 0.036  0.026 0018  0.013
0.2 wr 0.046 0.032 0.023  0.016 0.032 0.023  0.016  0.012
UN 0.043 0.031 0.021 0.015 0.031 0.022 0.015  0.011
EMP  0.050 0.035 0.025 0.017 0.036 0025 0017  0.012
SVY  0.049 0.035 0.024  0.017 0.035 0.025 0.017  0.012
0.3 wr 0.043 0.031 0.022 0.015 0.031 0.022 0.015 0.011
UN 0.040 0.028 0.019  0.014 0.028  0.020 0014  0.010
EMP 0047  0.033 0.023  0.016 0.034 0023 0016  0.011
SVY  0.045 0.032 0.022 0.016 0.032 0.023  0.016  0.011
04 wr 0.040 0.028 0.020  0.014 0.028  0.020 0014  0.010
UN 0.035 0.025 0.017  0.012 0.025 0.018  0.012  0.009
EMP  0.042 0.030 0.020  0.014 0.031 0.021 0.015  0.010
SVY  0.040 0.028 0.020  0.014 0.028  0.020 0014  0.010
0.5 wr 0.035 0.025 0.017  0.012 0.025 0.018  0.012  0.009
UN 0.031 0.022 0.015 0.010 0.022 0.016  0.010  0.007
EMP 0037  0.026 0.018  0.013 0.027 0018 0013  0.008
SVY 0034 0024 0017  0.012 0.024 0017 0012  0.008
0.6  wr 0.031 0.022 0.015 0.010 0.022 0.015 0.010  0.007
UN 0.026 0.019 0.012 0.009 0.019 0013  0.009  0.006
EMP  0.031 0.021 0.015 0.010 0.022 0.015  0.010  0.007
SVY  0.028 0.020 0.014  0.010 0.020  0.014 0010  0.007
0.7 wr 0.025 0.018 0.012 0.009 0.018 0.013 0.009 0.006
UN 0.021 0.015 0.010  0.007 0.015 0.011 0.007  0.005
EMP  0.023 0.016 0.011 0.008 0.016  0.011 0.008  0.005
SVY  0.021 0.015 0.010  0.007 0.015 0.011 0.007  0.005
0.8  wr 0.019 0.013 0.009  0.006 0.013 0010  0.006  0.005
UN 0.016 0.011 0.008  0.005 0.011 0.008  0.005  0.004
EMP  0.015 0.010 0.007  0.005 0.011 0.007  0.005  0.003
SVY  0.015 0.010 0.006  0.005 0.010  0.007  0.005  0.003
0.9  wr 0.013 0.008 0.006  0.004 0.009  0.006  0.004  0.003
UN 0.011 0.007  0.005 0.003 0.007  0.005 0.003  0.002
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Table A.2.4: Estimates of empirical (EMP) and asymptotic standard error of the SVY,
WT, and UN estimators for the super-population ROC curve with finite population size
N, disease proportion p, and sampling fraction A under STSCS.

N = 50,000 N = 100,000
FPR Method p = 5% p = 25% p=5% p = 25%
A=5% A=10% A=5% A=10% A=5% A=10% X\=5% \=10%
EMP  0.047 0034  0.025 0.018 0.033 0023 0018  0.012
SVY  0.047  0.033 0.025 0.017 0.033 0024 0017  0.012
0.1 wr 0.042 0.030 0.022 0.015 0.030  0.021 0.015  0.011
UN 0.045 0.032 0.023  0.016 0.032 0.022 0.016  0.012
EMP  0.051 0.037 0027  0.019 0.037 0026 0019  0.013
SVY  0.052 0.036 0.026  0.019 0.036  0.026  0.019  0.013
0.2 wr 0.046 0.032 0.023  0.016 0.032 0.023  0.016  0.012
UN 0.046 0.032 0.023  0.016 0.032 0.023 0016  0.012
EMP  0.052 0.038 0.027  0.019 0.037 0026 0019  0.013
SVY  0.051 0.036 0.026  0.018 0.036 0026 0018  0.013
0.3 wr 0.046 0.032 0.023  0.016 0.032 0.023  0.016  0.011
UN 0.044  0.031 0.022 0.015 0.031 0.022 0.015  0.011
EMP  0.050 0.036 0.026  0.019 0.035 0.025 0.018  0.012
SVY  0.049 0.034 0024  0.017 0.035 0.024 0017  0.012
04 wr 0.043 0.031 0.022 0.015 0.031 0.022 0015  0.011
UN 0.041 0.029 0.020  0.014 0.020 0020 0014  0.010
EMP 0047  0.033 0.024  0.017 0.033 0024 0017  0.011
SVY  0.045 0.032 0.022 0.016 0.032 0.022 0.016  0.011
0.5 wr 0.040 0.028 0.020  0.014 0.028  0.020 0014  0.010
UN 0.036 0.026 0.018  0.012 0.026  0.018  0.012  0.009
EMP  0.042 0.030 0.021 0.015 0.020  0.021 0.015  0.010
SVY  0.040 0.028 0.020  0.014 0.028  0.020 0014  0.010
0.6 wr 0.035 0.025 0.017  0.012 0.025 0.018  0.012  0.009
UN 0.032 0.022 0.015 0.011 0.022 0.016  0.011 0.008
EMP  0.036 0.025 0.018  0.012 0.025 0.017  0.013  0.009
SVY 0034 0024 0017  0.012 0.024 0017 0012  0.008
0.7 wr 0.030 0.021 0.015 0.010 0.021 0.015 0.010 0.007
UN 0.026 0.019 0.013  0.009 0.019 0013  0.009  0.006
EMP 0027  0.020 0.014  0.010 0.020  0.014 0010  0.007
SVY  0.026 0.019 0.013  0.009 0.019 0013  0.009  0.006
0.8  wr 0.023 0.016 0.011 0.008 0.016  0.012  0.008  0.006
UN 0.020 0.014 0010  0.007 0.014 0010  0.007  0.005
EMP  0.018 0.013 0.009  0.006 0.013  0.009  0.006  0.005
SVY  0.018 0.012 0.008  0.006 0.012 0.009  0.006  0.004
0.9  wr 0.016 0.011 0.007  0.005 0.011 0.008  0.005  0.004
UN 0.013 0.009 0.006  0.004 0.009  0.006  0.004  0.003
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Table A.2.5: Coverage Probabilities (in %) for 95% confidence intervals of the UN, WT,
and SVY estimators for the super-population ROC curve with finite population size IV,
disease proportion p, and sampling fraction A under SSRS.

N = 50,000 N = 100,000
FPR Method p=5% p = 25% p = 5% p=25%
A=5% A=10% A=5% X=10% A=5% A=10% A=5% X=10%
SVY 95.9 95.3 95.2 94.8 95.4 95.2 95.9 95.6
0.1 WT 92.5 92.1 92.1 91.8 92.6 92.3 92.4 92.6
UN 22.9 4.1 0.0 0.0 2.6 0.1 0.0 0.0
SVY 95.3 94.6 94.7 95.0 95.1 95.3 95.5 95.2
0.2 WT 92.2 91.7 92.1 91.2 91.3 91.8 91.9 92.1
UN 29.0 6.6 0.2 0.0 5.7 0.1 0.0 0.0
SVY 94.3 94.1 94.4 95.3 93.7 94.7 94.7 95.3
0.3 WT 90.9 90.7 91.1 92.1 90.8 90.8 91.4 92.3
UN 40.1 12.5 0.6 0.0 13.7 0.8 0.0 0.0
SVY 94.1 94.2 94.2 94.4 92.7 93.9 94.2 95.3
0.4 WT 90.4 90.6 90.7 91.4 89.4 90.5 91.0 91.7
UN 48.8 22.2 2.5 0.0 20.8 2.6 0.0 0.0
SVY 92.6 93.5 94.1 94.2 93.2 94.1 93.3 94.4
0.5 WT 89.1 89.7 91.2 90.8 88.4 91.1 89.3 91.4
UN 57.4 34.1 5.9 0.2 34.5 10.5 0.0 0.0
SVY 92.1 92.8 93.8 93.7 92.2 94.3 92.7 94.5
0.6 WT 88.9 89.5 90.3 90.6 88.9 91.0 89.6 91.1
UN 64.2 45.9 15.4 1.2 47.2 19.9 1.6 0.0
SVY 90.4 93.0 92.9 93.7 92.8 94.0 93.2 93.4
0.7 WT 86.9 89.7 88.6 90.1 88.5 90.5 89.6 89.9
UN 70.7 59.2 33.6 7.0 59.2 39.2 7.3 0.3
SVY 91.9 91.2 92.5 94.2 92.2 93.3 93.8 93.4
0.8 WT 89.3 87.9 89.0 90.9 88.5 89.6 89.8 89.6
UN 78.3 71.5 50.2 25.2 72.2 59.2 25.5 4.3
SVY 98.6 86.9 91.1 92.3 88.0 89.1 92.2 93.6
0.9 WT 97.8 84.0 87.1 88.1 84.5 85.1 88.2 89.7
UN 99.8 81.1 67.7 54.4 82.0 71.6 53.9 29.9
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Table A.2.6: Coverage Probabilities (in %) for 95% confidence intervals of the UN, WT,
and SVY estimators for the super-population ROC curve with finite population size IV,
disease proportion p, and sampling fraction \ under STSCS.

N = 50,000 N = 100,000
FPR Method p=5% p = 25% p = 5% p=25%
A=5% A=10% A=5% X=10% A=5% A=10% A=5% X=10%
SVY 94.4 94.3 94.2 93.6 94.8 95.0 94.0 94.5
0.1 WT 91.3 90.8 91.6 89.7 91.9 92.2 91.2 91.1
UN 50.2 20.1 3.8 0.0 20.2 2.8 0.1 0.0
SVY 94.8 95.1 94.3 93.6 95.0 95.3 94.0 94.5
0.2 WT 91.4 91.3 91.1 90.1 91.4 92.0 90.6 90.5
UN 49.9 19.0 4.4 0.1 20.4 2.6 0.0 0.0
SVY 94.3 94.2 93.9 93.3 95.0 95.3 93.8 94.4
0.3 WT 90.8 90.1 90.5 89.0 90.9 91.6 90.3 90.8
UN 53.5 23.6 5.8 0.1 25.4 4.1 0.2 0.0
SVY 93.9 94.8 94.3 92.0 94.4 94.7 93.5 94.6
0.4 WT 90.8 91.0 90.3 88.7 90.6 91.2 89.9 91.1
UN 59.1 33.1 10.1 0.6 34.6 9.0 0.8 0.0
SVY 93.2 93.5 93.5 92.9 93.9 93.8 93.5 94.0
0.5 WT 89.4 89.7 90.0 88.7 90.6 89.4 90.0 90.5
UN 65.1 42.0 16.7 1.2 44.5 17.2 1.5 0.1
SVY 92.8 93.6 94.0 93.7 94.2 93.2 92.6 94.1
0.6 WT 89.6 90.5 90.6 90.2 90.7 89.5 88.6 90.1
UN 69.9 50.1 24.1 3.4 51.1 24.9 4.0 0.1
SVY 92.2 93.0 93.5 93.3 92.8 94.3 92.4 94.1
0.7 WT 88.8 89.0 89.7 90.2 89.0 90.4 88.8 90.0
UN 72.5 59.3 36.4 11.1 59.7 38.6 10.9 0.6
SVY 91.6 92.0 91.8 92.8 92.7 92.8 93.1 93.0
0.8 WT 88.5 88.7 87.5 89.4 89.0 89.7 89.2 88.6
UN 77.4 68.2 48.7 22.4 68.0 54.0 23.7 4.8
SVY 95.6 88.5 91.3 92.6 88.1 89.4 91.1 91.7
0.9 WT 91.5 85.8 87.7 88.4 85.9 86.5 87.3 87.6
UN 81.1 73.6 65.2 474 72.1 63.3 46.7 24.3

100



APPENDIX 2: TECHNICAL DETAILS FOR CHAPTER 4

B.1 Proofs

Proof of Theorem 4.2.1 (a). By definition, Uy (¢n) = 0. Thus,

N~ 1/2UN(¢ )=N" I/Q(UN(¢N) Un(on))

:N‘WZ(&; ) = 00X ) o)

i=1

1/22 (fz— z) ().

From the central limit theorem for normalised Horvitz-Thompson estimator,

NY2UT(on) —p, N(O,V (o)),

with
V(g) = lim N~ Zﬂ” " (@) (6).

N~>oo T T 5
i=1 j=1 L

By Taylor Expansion,

OUR (¢) ‘
aQb P=¢N

AUZ(9) 2
e \MN) NTUT ()

0= U(6%) = Ug(on) + ( ) (6% — on)

= VN(¢) — ¢n) = (—N—l

Similarly as argued in Lin (2000), we have that N~'U%(¢) is asymptotically equivalent
o N7'Un(¢), since m; = P(& = 1).
Thus,

VN (¢ — én) —p, 1(on)'N(0, V(b)) (8.26)
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where I(¢g) = limy_y0o =N 1OUN(9)/0¢|p=p,- Combining the consistency of ¢y from

classical results for generalized linear models and Theorem 5.1 (ii) from Rubin-Bleuer

et al. (2005), we have that

VN(¢% — dw) —p,,, 1(¢") N0,V (")), (8.27)

where ¢* is the true value for ¢ in the model probability space.

Proof of Theorem 4.2.1 (b). For f € F, with F = {fs; = fau(y,d) = [(y < s,d =1) :

s € R,1 € {0,1}}, and P 4

Grrw(s) =

FIPW(S) =

pw(s) =

FI@W(S) =

T N
pouts o0l _?;M”D‘O)_ Z
- N 1-1
s [N 1
pR s - _;i—zmw -
™ [ N ]

We are interested in the asymptotic distribution of

N Gipw — Gipw

Fpw — Fipw

First, note that

—Prgy)(f) =

\/N(IP;TV% _

1 7Tip<Xi;¢ﬂN)

51 Rz o
Z o (XZ’¢N)I(Y <s,D;=1)

(f) and Py 4(f) as defined in (4.12) and (4.14) we have that

R.
4 1Y, <s,D;=0
oo )
R;
— U (v, <s D=1
XKooy )
al & R;

PT T (fs,0) P,gy (f5,0)
IPN ¢7r (foo 0) IPN,(;bN(foo,O)

NM (fs,1) Py (fs1)
IPN¢7r (foo 1) IPN,(;bN(foo,l)

PR o0 )(f) + VNPT,

—Prgy)(f) (8.28)



Let pi(¢) = p(Xi; 0), wi(¢) = pi(¢)~' and 9ypi(¢o) = Ipi(6)/IP|s—g,- For the first

term of the right hand side of (8.28), we have by Taylor expansion:

\/N(IPWNM - IPWN(i)N)(fs,l) =

— N2 Z & fu(@%) — wilon)1Rifua (Y, D)

=1 i

_ N‘”Zi & <8wz<¢>

i=1

= (—N Z f: (ZV) 9opi(ON) fs1(Yi, Di )) \/N(Wz(r — ¢n)

? R 718U]7\r/v - —1/27rm
=< ;ipz 8¢pz<¢N>fsz<Yz,D>> (-3 2R ) e

(8.29)

Similarly as argued in Lin (2000), because m; = P(&; = 1), we have that (8.29) is

asymptotically equivalent to

N
VY (S ron o) tulon), 530
where
N R,
Tsl(¢N) - ]\}g{l)o N o~ m&z,pz(@v)f&l(y;, DZ)

For the second term of the right hand side of (8.28), we have:

N
NPT, —Pyy)=N"1? &_m> " o (i D, .
VAR~ Prn) =N (ST ) S nn) 9
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Combining (8.30) and (8.31), we have:

V(PR g, — Prvon)(fud) =

_ N/i (@‘ ;7”) {pi (JZ‘N) Jut¥i D) + rs,l<¢N>11<¢N>ui<¢N>} +op(1)

Therefore, v/ N (PN.g5, — Prien)(fs) converges weakly in the design probability space to

a zero-mean Gaussian process G™ with covariance function

with (s, 1; o) = Ripi(¢n) ™" foa(Yi, Di) +r51(on) T (o) ui(dn )
From Theorem 5.1 (ii) from Rubin-Bleuer et al. (2005), we have that v/ N (Phr —
P sy )(fsi) converges in the product probability space to a zero mean gaussian process

G™ with covariance function

COV(GW<fs,d)7 Gw(fu,d’)) = EmGﬂ<fs d)GW(fu d’)
= lim N~ ZZE {W”WW th(s d; on )b, Tu, d'; on)

N—o00
=1 j5=1

(8.32)

Let hyy = Rp(¢) " fsa(Y, D)+rsi(6) I (P)u(9), 6 = P(D = 1), and Oyp = Ip(X, $)/0¢.

To further simplify the covariance function (8.32), we use similar steps as in Han and
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Wellner (2021), following the result from Lemma B.1 in Boistard et al. (2017).

Cov(G™(fs.a), G™(fua)) = pmy P(hs.ghua) + pay(Phis,a) (Phu,a)
(#m(l —0) [p(6)"'G(s Au) + (1= 8)G(s)G(w)dypI ' (6)Opp" | +

iy (1 — 6)2G(w)G(s), d=d =0
=\ im0 [p(9) TV F (s Au) + 0F (s)F(u)dspI " (9)0sp " | + iy *F(w)F(s), d=d =1

0(1 = 8)G(8)F(u) [ptm, DspI  (9)pp" + pimy] , 0=d #d =1

0(1 = 8)G(u)F(s) [ptm, OspI M (9)0pp" + pimy] , 1=d#d =0

\

The ratio map ¢(A, B) = A/B is Hadamard-differentiable with derivative ¢'(«, 5) =
a/B — (AB)/B?. Tt follows from Functional Delta Method (Vaart and Wellner, 1996) that

=5

\/N G?PW — Glpw - G _ (1 - 5)_1 (Gw(fs,o) - G(5>Gﬂ<f00,0)>

Fipw — Fipw GT "G (fon) = F(5)G™(foon))
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The covariance structure of Gf and GT can be computed as follows:

Cov (G (s), Gy (u))

= (1-0)7*[Cov(G" fs0. G" fun)
+ G(3)G (1) Cov(G™ fuo0, G™ fro0)
— G(u)Cov(G™ f0, G™ fou p)

— G(5)Cov(G" foo0, G fu)]

G(s Au)
p(9)

o 5>6¢p1—1<¢>a¢f] (1 5)2}

(- 6>—2{um<1 ) [ (1 8)C(s)Gw)upI ™ (8)0p" + (1 — 5>G<u>G<s>]

F GO0 (1= 0) |-
G(s) L 2
plg) T OG0T (90000 } + fira(1 = ) G(s>]

G(u)
p()

= fmy sAu) — G(u)G(s

- G0) [ (1-) |

= 69 [ 1 0) | S 4 (1= DGO @07 | + 11 - 976() }
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Cov(Gi(s), GT (u)) = 07*[Cov(G fs1, G fun)
+ F(s)F(u)Cov(G™ foo,1, G™ foc1)
— F(u)Cov(G™ f51,G" foo 1)

— F(8)Cov(G™ foo1, G™ fu1)]

5‘2{um5 {F(S A 5F(S)F(U)3¢pl‘l(¢)3¢pq + iy 07 F (u) F(5)

Cov(Gg(s), G (u)) = 07 (1 = 6)~[Cov(G" f,.0, G fus)
+ G(5)F(u)Cov(G™ fo0, G fo1)
— F(u)Cov(G™ fr0,G™ fror)
— G(5)Cov(G" foo,0, G™ fun)]
= 1, G(8)F ()OI~ (6)0gp " + p1r, G (5) F (u)
+G(8)F(u) [1r, OppI " (0) 0D + pims ]
— F(u) [1x, G(5)0spI " (9)0pp" + p1r, G (5)]
— G(5) [ F(w)OpI ™ (9)0pp " + iy F ()]

=0
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So, the covariance function is given by

Cov(Gg(s), G (u)) =

ey (1= 6)7'p(6") 1 [G(s Aw) — Gu)GI(s)], d=d' =0

Proof of Theorem 4.2.1 (c). The ROC estimator depends on the pair (GJpyw, Fipw) through
the map (A4, B) = B(A™!), where A~! is the inverse map of A. The map (G, F) is
Hadamard-differentiable (Lemma 12.2 and Lemma 12.7 from Kosorok (2008)) with deriva-

tive
f(G™Y)
9(G™)

It follows from Functional Delta Method that

U(a, ) =BG - a(G™)

Vi(Fipw o (Glow) ™" = Fipw o (Giow) ™)

M -1/2 o (-1 _ (1 — 5)-1/2 (G
B ee -0

where B; and B, are two independent Brownian bridges.
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