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ABSTRACT

HAODONG WANG: SUPERVISED LEARNING FOR COMPLEX DATA
(Under the direction of Yufeng Liu and Quefeng Li)

Supervised learning problems are commonly seen in a wide range of scientific fields such as
medicine and neuroscience. Given data with predictors and responses, an important goal of su-
pervised learning is to find the underlying relationship between predictors and responses for future
prediction. In this dissertation, we propose three new supervised learning approaches for the anal-
ysis of complex data. For the first two projects, we focus on block-wise missing multi-modal data
which contain samples with different modalities. In the first project, we study regression prob-
lems with multiple responses. We propose a new penalized method to predict multiple correlated
responses jointly, using not only the information from block-wise missing predictors but also the
correlation information among responses. In the second project, we study regression problems
with censored outcomes. We propose a penalized Buckley-James method that can simultaneously
handle block-wise missing covariates and censored outcomes. For the third project, we analyze
data streams under reproducing kernel Hilbert spaces. Specifically, we develop a new supervised
learning method to learn the underlying model with limited storage space, where the model may
be non-stationary. We use a shrinkage parameter and a data sparsity constraint to balance the

bias-variance tradeoff, and use random feature approximation to control the storage space.
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CHAPTER 1

Introduction

Fast development of modern technology makes it possible to generate and store large-scale
and diverse data. Among different types of data, complex data with multiple modalities and
censored outcomes are increasingly prevalent across various scientific fields, including genetics and
neuroscience. Such data call for efficient statistics and machine learning tools for data analysis.
Besides static data, due to the unprecedented speed and volume of generated raw data in many
applications, one may need to analyze streaming data in practice, such as in finance and business.
This dissertation investigates several supervised learning techniques for multi-modal and streaming
data.

In this chapter, we first provide some background knowledge and literature review on machine
learning algorithms useful in subsequent chapters and then briefly introduce our problems and main
contributions. In Section 1.1, we review some existing multi-response linear regression methods in
the literature. In Section 1.2, we describe some literature on the analysis of survival data. In
Section 1.3, some existing supervised learning methods for analyzing data streams are discussed.

In Section 1.4, we provide an outline of our main contributions in this dissertation.

1.1 Multi-response linear regression methods

In many applications, we may have multiple response variables with the same set of predictors.
Multi-response regression is a useful regression technique to solve this problem. In particular, with
a g-dimensional vector of response variables for the i—th sample, Y; = (Yj1,... ,qu)T, the multi-

response regression model can be formulated as follows,

Yi:BTXi-f-GZ' fori=1,...,n,



where X; € RP is the vector of predictors for the i-th subject, B is a p x ¢ matrix of regression
coefficients, and €; denotes a ¢-dimensional error vector for the i-th sample.

The standard approach to estimate the regression parameter matrix B is to regress each re-
sponse variable separately on the same set of predictors. All single response regression procedures
can be applied to each response separately. For example, one can apply the ordinary least-squares

method to each response separately by solving
” 2
r%inZ(Yij—XiTBj) , forj=1,...q,
T =1

where B; is the j-th column of B, and Y;; is the j—th response of the i-th subject. Using some
simple linear algebra, it can be shown that the above problem is equivalent to solving the following
optimization problem

min tr (Y -XB)"(Y - XB)], (1.1)

where Y = (Y1,...Y,)" is the n x ¢ response matrix and X = (Xy,...,X,)" is the n x p predictor
matrix (Yuan et al., 2007). Although this model is simple to implement, this approach may not be
optimal since it does not utilize the joint information among response variables.

To utilize the correlation information among response variables, Breiman and Friedman (1997)
proposed an approach called Curd and Whey (C&W). Their method predicts the multiple responses
with an optimal linear combination of the ordinary least-squares estimators. In particular, the
C&W procedure starts with fitting ¢ separate ordinary least-squares models. Denote the resulting
predictor as YO&5. Then the C&W method tries to find another predictor y = YOXSW with an

optimal ¢ X ¢ weight matrix W so that

E{(YJ — (YOLSW>j> }2 < E{(Y] — (?OLS)j> }2, j=1,....q.

In other words, W reduces the mean-squared prediction error for each response. They showed that
W can be obtained by canonical analysis, and their method can outperform separate univariate
regression approaches (1.1) when there are correlations among the response variables.

Some other multi-response regression models have been proposed in the regularization frame-

work (Turlach et al., 2005; Yuan et al., 2007). These approaches impose a constraint on the param-



eters to regularize the estimators. In particular, they proposed to solve the following optimization
problem

min tr (Y - XB)'(Y —XB)] subject to J(B)<t,

where J(B) is a constraint on B and ¢ > 0 is a tuning parameter for the constraint. Without any
constraint, i.e. when ¢ = oo, the objective function is identical to (1.1) and consequently the method
becomes equivalent to the separate least-squares approach. However, by imposing a constraint, we
can achieve shrinkage for the resulting estimator. In particular, Yuan et al. (2007) proposed a
method performing factor estimation and selection. To encourage sparsity among singular values
of the regression parameter matrix, they let J(B) = Z?;hll(p ) 0;(B), where o;(B) is the i-th
singular value of B. As a result, their method achieves dimension reduction in B. A similar
approach to handle multi-response regression is to use the reduced-rank regression by Izenman
(1975) to achieve rank reduction. Reduced-rank regression (RRR) introduces a rank constraint
on B, namely J(B) = rank(B) < ¢, where ¢ is the maximal allowed rank of B. In addition to
the regularization purpose, it can also be used as a dimension reduction and data exploration
method. If many predictors and responses are available, then RRR constructs “latent factors”
in the predictor space for explaining the variance of predictors. This method is also known as
redundancy analysis in ecology (Legendre and Anderson, 1999). Turlach et al. (2005) proposed

another constraint function, J(B) = ?;

ymax (|851],...,|Bjm|). By imposing the max-¢; penalty,
their method can select a common subset of explanatory variables for predicting multiple response

variables.

1.2 Statistical analysis of survival data

In this section, we describe some supervised learning algorithms for censored survival data.
Survival analysis is an important area of statistical research. One important type of survival analysis
is the study of time to event data, in which the response variable is the time until a specific event
of interest occurs (Kleinbaum, 1996). Such data are commonly seen in many fields such as biology,
medicine, public health, epidemiology, and economics. The most prominent challenge of time to
event data is that the response, which is the time until some specified event, cannot always be fully

observed. Instead, the response may be right-censored, and consequently the actual response may



not be observed. In particular, the failure time 7" € R is right censored at a censoring point C'
when T > C, and the outcome Y € R we observe is recorded as being equal to the censoring point.
In contrast, when T' < C, the outcome Y is recorded as the actual failure time. For example, when
a patient has been given a certain treatment, a right-censoring time might arise when the patient
is still alive at the end of the study or terminate the study due to other reasons (Miller 1976).
The accelerated failure time (AFT) model is one of the most commonly used models in sur-
vival data analysis, which assumes that the logarithm of the failure time is linearly related to the
covariates. Let T' € R be the failure time until a certain event of interest occurs, and X € RP be

the p-dimensional covariates vector. The accelerated failure time model assumes that

log(T) = X "B + ¢,

where 3 € RP? is the p-dimensional regression coefficient vector, and ¢ € R is the random noise. In
general, no specific parametric form is assumed for the distribution function of the error term e. Two
general estimation strategies to handle censored responses in the AFT model include extensions of
least-squares estimators through missing data techniques (Buckley and James, 1979; Koul et al.,
1981; Miller and Halpern, 1982; Lai and Ying, 1991) and rank-based methods (Prentice, 1978,;
Tsiatis, 1990; Lai and Ying, 1991).

Various rank-based methods have been well-studied for the AFT model with right-censored
data. Prentice (1978) first proposed the rank-based estimators based on the well-known weighted
log-rank statistics. Tsiatis (1990) studied the asymptotic properties of the rank-based estimators.
Jin et al. (2003) provided a reliable and accurate estimation procedure by using linear programming
techniques to compute the estimator proposed by Gehan (1965), a special version of the weighted
log-rank estimator.

By using the conditional expectation to impute the censored outcomes, Buckley and James
(1979) proposed a least-squares method to estimate the regression coefficient vector 8 in the model
for the AFT model with right-censored data. Lai and Ying (1991) studied the asymptotic properties
of the Buckley-James estimators. Jin et al. (2006) proposed an iterative algorithm to compute the

Buckley-James estimator. To incorporate high-dimensional covariates, various variable selection



techniques have been applied to the Buckley—James estimators for the AFT model (Datta et al.,

2007; Johnson, 2009; Wang et al., 2008).

1.3 Supervised learning methods for data streams

Data are generated at an unprecedented rate and scale these days. The field of streaming
data analysis has emerged as a result of new data collection and storage technologies (Anderson,
2008; Wu et al., 2019; Hoi et al., 2021). Streaming data include high-throughput recordings that
collect large volumes of observations sequentially and continuously over time. The instances are in
an ordered sequence and typically arrive quickly and they may not be completely stored for future
study and analysis. In this context, regression models need to be continuously updated as new
data arrive. In addition, due to the vast amount of data, it is impossible to store the all the data.
Therefore, it is desirable for us to be able to incrementally learn the model without access of the
historical data.

Predictive models using such streaming data are widely applied in many fields, such as air
pollution monitoring (Hyde et al., 2017), detection of traffic congestion (Arasu et al., 2004), disease
surveillance (Althouse et al., 2015), and recommendation systems (Ta et al., 2016).

In this section, we describe a family of supervised learning algorithms for the analysis of data

streams.

1.3.1 Online gradient descent

We first describe a linear supervised learning algorithm, online gradient descent, for data
streams. Consider a sequence of instances, &' € RP, where t denotes the time and p is the dimen-
sionality of «f, and let ¢’ be the response. At time ¢, an instance «' is observed. Then the model
uses {Jy = mtTﬁt,l to make a prediction, where the coefficient Bt,l is the estimator obtained by the
model at time t — 1. After making the prediction, the true response 3; becomes available. Then
one can use the true response y; to calculate the loss I(¢?,y'). Finally the algorithm updates the
coefficient from 3, ; to 3,.

Supervised learning on data streams can be reformulated as an online convex optimization

problem. The online gradient descent algorithm (OGD) (Zinkevich, 2003) can be viewed as an



online version of the stochastic gradient descent algorithm (SGD) in convex optimization, which
is one of the simplest and most popular methods for convex optimization. At every iteration,
based on the loss occurred on the t-th sample 2! € RP, the algorithm updates the current model
to a new model in the direction of the gradient of the current loss function. A projection may
be needed to ensure that the estimated parameters satisfy all constraints on parameters. Algo-

rithm 1 below summarizes the major steps of OGD, where 7; > 0 is the learning rate parameter.
Algorithm 1: Online Gradient Descent

Initialize 3 with some BO;
fort=1,2,...7T do

Observe x! € RP, predict ¢’ using Bt_l;
Observe y' € R, obtain loss I(f, y¢);

Update B, = I1s(8;_, — n:VI(G, y:)), where IIg(+) is the projection function to

constrain the updated model to lie in the feasible domain S of the parameters.

end

OGD is simple and easy to implement, but the projection step may sometimes be computa-

tionally intensive, depending on specific tasks.

1.3.2 Online kernel learning algorithm

Classical OGD algorithms focus on linear problems. For many supervised learning problems,
however, the response may have a nonlinear relationship with the predictors. Hence a nonlinear
model is needed. Online kernel learning algorithms fit the model in a reproducing kernel Hilbert
space (RKHS) H = {f|f : R? — R} (Aronszajn, 1950). Here the RKHS with the reproducing

kernel function K(-,-) : RP x RP — R satisfies the following properties:

e K has the reproducing property (f, K(x,-)) = f(x) for € RP,

e 7 is the closure of the span of all K(x,-) with € RP.

By the Representer theorem (Kimeldorf and Wahba, 1971), the optimal solution of the kernel opti-
mization problem in RKHS involving some loss functions lies in the span of kernels. Consequently,

the goal of a typical online kernel learning algorithm is to learn the kernel-based predictive model

fi(z) for predicting the response of a new instance ! € R? as fi(x!) = 23;11 of K (x/,x"), where of



is the coefficient of the model. We define support vector (SV) at time t as the set SV, = {j : a} # 0}.
Then, the model can be written as fi(z? 1) = > iesv: oz;K(a:j,a:t). We use the notation |SV| to
denote the size of the SV set. In the literature, different online kernel methods have been proposed.
We begin by introducing the simplest one, that is, the kernelized online gradient descent (Kivinen
et al., 2004), which extends Algorithm 1 by using the kernel trick. Algorithm 2 below outlines the

kernelized online gradient descent, where 7; > 0 is the learning rate parameter.
Algorithm 2: Kernelized Online Gradient Descent

Initialize f with some fo;

fort=1,2,...7T do

Observe x! € R, predict 9! using f,_1 ();
Observe y' € R, obtain loss I(f, y¢);
Update SV; = SV;_1 U (=t y!);

Update f; = Hg(fi—1 — 0 VI(fi—1 ('), y"), where IIg(-) is the projection function to

constrain the updated model to lie in the feasible domain S of the parameters.

end

Although online kernel learning described in Algorithm 2 enjoys the clear advantage of flexibility
over linear models, it falls short in some critical drawbacks. One crucial issue is that the number of
support vectors grows linearly with increasing computational and space complexity. To address this
challenge, a family of algorithms, “budget online kernel learning”, have been proposed to bound
the number of SVs with a fixed budget B by using budget maintenance strategies.

One of the strategies is the “SV removal”, which maintains the budget simply and efficiently. It
first updates the SV set by adding a new SV whenever necessary. If the SV size exceeds the budget,
the SV removal method discards one of the existing SVs and updates the SV set accordingly. The
key step of SV removal is to find one of the existing SVs to be removed by minimizing the impact
of the resulting model. A straightforward way is to randomly discard one of the existing SVs
uniformly with probability %, as adopted by RBP (Cavallanti et al., 2010) and BOGD (Zhao et al.,
2012). Instead of choosing randomly, in “Forgetron” (Dekel et al., 2005), the algorithm discards
the oldest SV by assuming an older SV is less representative for the distribution of fresh training
data streams. Although these methods are simple and highly efficient, the assumption may not be

reasonable in practice for satisfactory performance.



Another strategy is the “SV projection”, which was initially introduced by Orabona et al.
(2009), where two new algorithms, Projectron and Projectron++, were proposed. These two
methods significantly outperformed the previous SV removal based algorithms such as RBP and
Forgetron. The SV projection methods follow the setting of SV removal and identify a support
vector for removal during the update of the model. It then chooses a subset of SVs as the projection
base. Following this, a linear combination of kernels in the projection base is used to approximate

the removed SV.

1.4 Main contributions and outline

In this dissertation, we propose several new flexible regression methods for complex data. In

particular, the following chapters are organized as follows:

e In Chapter 2, we consider a multi-response regression model for block-wise missing data. The
main contribution of this method is to allow missing values in both responses and predictors
and correlations among reactions. This method can also handle the case that no subject
has complete observation, while most traditional methods do not allow this. Our method
includes two steps. The first step is to estimate each element of the covariance and cross-
covariance matrices using all available observations without imputation. The second step
is to use a penalized likelihood approach to simultaneously estimate the sparse regression
coefficient matrix and the precision matrix of the error terms. We show that this method has
estimation and model selection consistency under the high-dimensional setting in terms of
theoretical studies. Numerical studies and the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) data application also confirm that the proposed method performs competitively for
block-wise missing data. The proofs of several analysis results of this proposed model are

given in the Appendix A.

e In Chapter 3, we consider the problem of parameter estimation and variable selection for
the semi-parametric accelerated failure time model for high-dimensional block-missing multi-
modal data with censored outcomes. We propose a penalized Buckley-James method that
simultaneously handles block-wise missing covariates and censored outcomes. This method

can perform both variable selection and parameter estimation. The proposed method is



evaluated by simulations and applied to the multi-modal neuroimaging dataset from the

ADNI with meaningful results.

In Chapter 4, we consider a supervised learning model for analyzing data streams in Repro-
ducing Kernel Hilbert Spaces (RKHS). An adaptive supervised learning model is proposed
for data streams in RKHS with limited storage space. We use random feature approxima-
tion to control the storage space and training time. In addition, our model uses the data
sparsity constraint to balance the bias-variance tradeoff of the model and control the error
introduced by random feature approximation. Our method can also handle non-stationary
models. Numerical studies with simulated and real data confirm that the proposed method

performs competitively for data streams in both stationary and non-stationary cases.



CHAPTER 2

Multi-response Regression for Block-missing Multi-modal Data without Impu-
tation

2.1 Introduction

With the prevalence of large-scale multi-modal data in various scientific fields, multi-response
linear regression has attracted growing research attentions in statistics and machine learning com-
munities (Rothman et al., 2010; Lee and Liu, 2012; Loh et al., 2013). While linear regression with
a scalar response has been well studied, many applications may have a vector as the response. In
particular, multi-response models have wide applications in scientific fields, especially for biological
problems (Kim et al., 2012). For example, for multi-tissue joint expression quantitative trait loci
(eQTL) mapping (Molstad et al., 2021), researchers consider predicting gene expression values in
multiple tissues simultaneously by using a weighted sum of eQTL genotypes. Separate prediction
for each tissue can be inefficient since same genes in different tissues are often correlated due to
the shared genetic variants or other unmeasured common regulators. In order to use data from all
tissues simultaneously, a joint eQTL modeling has been proposed to take cross-tissue expression
dependence into account (Molstad et al., 2021).

To apply variable selection methods for multi-response problems, one could separately fit each
response via a single-response model. There are many well-studied variable selection methods for
the single-response linear regression model such as LASSO (Tibshirani, 1996). Although it is simple
to apply a single-response linear regression method for each response separately, such a procedure
neglects the dependency structure among responses. By incorporating the dependency structure of
the response vector, one may obtain a more efficient multi-response linear regression approach in
terms of estimation and prediction.

To handle multi-response regression problems, a well-known approach, the Curds and Whey,

was proposed by Breiman and Friedman (1997) to improve the prediction performance by utilizing
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dependency among responses. Specifically, they first fit a single-response regression model for
each response and then modify the predicted values from those regressions by shrinking them using
canonical correlations between the response variables and the predictors. Another popular approach
to handle multi-response regression is to use dimension reduction. In particular, reduced rank
regression (Izenman, 1975) minimizes the least squares criterion subject to the constraint on the
rank of regression parameter matrix. Yuan et al. (2007) further extended this method for the high
dimensional setting. Their idea is to obtain dimension reduction by encouraging sparsity among
singular values of the parameter matrix. Although these methods may achieve better prediction
performance than the separate univariate regression, they did not address the problem of variable
selection.

In order to handle correlated responses together with variable selection, the precision matrix of
response vector given predictors and the regression parameter matrix can be estimated separately or
simultaneously (Lee and Liu, 2012). For separate estimation, Cai et al. (2013) used a constrained ¢;
minimization that can be treated as a multivariate extension of the Dantzig selector to estimate the
regression parameter matrix. After removing the regression effect using the estimated regression
parameter matrix, the precision matrix of the error terms can be estimated accordingly. One
potential drawback of this indirect method is that it ignores the relationship between different
responses given predictors when estimating the regression parameter matrix. In order to use all
information more efficiently, it can be desirable to estimate the precision matrix and regression
parameter matrix simultaneously. In the literature, various joint estimation techniques were studied
by Rothman et al. (2010), Yin and Li (2011) and Lee and Liu (2012). They formulated the
multi-response regression problem in a penalized log-likelihood framework, so that the parameter
and precision matrices can be estimated simultaneously. Using a similar idea, Chen et al. (2018)
proposed an estimation procedure to estimate the parameter and precision matrices simultaneously
based on the generalized Dantzig selector.

Despite a lot of development for multi-response linear regression, most existing methods only
deal with complete data without missing entries. However, many practical data are incomplete,
especially for multi-modal data. For instance, in the study of Alzheimer’s Disease (AD), data
from different sources are collected. This includes magnetic resonance imaging (MRI) of the brain,

positron emission tomography (PET) and cerebrospinal fluid (CSF). In practice, observations of a
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certain modality can be missing completely due to patient dropouts or other practical issues. This
leads to a block-wise missing data structure. It is important to integrate data from all modalities
to improve model prediction and variable selection.

To handle incomplete multi-modal data, one may simply remove those observations with missing
entries. However, such a procedure may greatly reduce the number of observations and lead to loss
of information. Another approach is to perform data imputation. Existing imputation methods,
such as matrix completion (Johnson, 1990) algorithms may possibly be unstable when the missing
values happen in blocks. In order to deal with multi-modal block-wise missing data, Yu et al. (2020)
proposed a new direct sparse regression procedure using covariance from block-missing multi-modal
data (DISCOM). They first used all available information to estimate the covariance matrix of
the predictors and the cross-covariance vector between the predictors and the response variable.
Based on the estimated covariance matrix and the estimated cross-covariance vector, they then
used an extended Lasso-type estimator to estimate the coefficients. However, the DISCOM only
considers single-response regression. Recently, Xue and Qu (2021) proposed the Multiple Block-
wise Imputation (MBI) method for single-response regression when data are block-wise missing.
They developed an estimating equation approach to accommodate block-wise missing patterns in
multi-modal data. The method was shown to have high selection accuracy and low estimation
error for single-response regression with block-wise missing data. However, since their imputation
method requires analyzing all combinations of different blocks, it can be computationally expensive
when the number of modalities is large.

In this paper, we consider a multi-response regression model for block-wise missing data. The
main contribution of our method is to allow missing values in both responses and predictors and
correlations among responses. This method can also handle the case that no subject has complete
observations, while most traditional methods do not allow this. Our method includes two steps.
The first step is to estimate each element of the covariance and cross-covariance matrices by using
all available observations without imputation. The second step is to use a penalized approach
to estimate the sparse regression coefficient matrix and the precision matrix of the error terms
simultaneously. We show that this method has estimation and model selection consistency under
the high-dimensional setting. Numerical studies and the ADNI data application also confirm that

the proposed method performs competitively for block-wise missing data.
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The remainder of the paper is organized as follows. In Section 2.2, we introduce the problem
background and our model. In Section 2.3, we establish some theoretical properties of our proposed
method. We present simulation studies and a multi-modal ADNI data example in Sections 2.4 and

2.5.

2.2 Methodology

2.2.1 Problem setup and notations

Consider the following multi-response linear regression model,

Y = XB* + ¢, (2.1)
where B* = (bj;) € RP*? is an unknown p x ¢ parameter matrix, Y = (yi,... ,yn)T is the n x ¢
response matrix, X = (x1,...,xX,) ! is the n x p design matrix and £ = (ey,...,€,)" is the n x ¢
error matrix. We assume that {x;}?_, are i.i.d. realizations of a random vector (X1, ..., X,)' with

zero mean and covariance matrix X xx = (ai)]{X) € RP*P. We use Xxy = (Ufjﬂ/) € RP*9 to denote
the cross-covariance matrix between x; and y;. We assume that the predictors come from multiple
modalities and there are p; predictors in the k-th modality. In addition, X has block-missing
values. That is, for one sample, its measurements in one modality can be entirely missing. We
assume elements of Y can also be missing. The errors €; = (€1, . .. ,eiq)T fori=1,...,n are i.i.d.
realizations from a random vector € with zero mean and covariance matrix ¥, = (Uf;E ) € R7*7. We
let C* = 1. Moreover, we further assume x; and €; are uncorrelated. Denote the support of B*
and C* as Sp = {j : vec(B*); # 0} and Sc¢ = {j : vec(C*); # 0}, where “vec” is the vectorization
by column operator. For a set S, we denote |S| as its cardinality. Denote sp = |Sg|, s¢ = |Sc¢|
and s = max(sp, s¢).

We employ the following notation throughout this article. The symbol SiXd is used to denote
the sets of d x d symmetric positive-definite matrices. For a square matrix C = (¢;7) € RP*P,
we denote its trace as tr(C) = ), ¢; and its diagonal matrix as diag(C). For a matrix A =
(aij) € RP*4, we define its entrywise £1-norm as [|[All; = 3, ;[a;;| and its entrywise {s-—norm as

|Alloc = max; j|a;;|. In addition, we define its matrix ¢;-norm as ||A|z, = max; Y, |a;;| , matrix
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loocnorm as ||Al|L,, = max; ) [a;;], the spectral norm as [| Al = maxx|,=1 [|Ax||2, the Frobenius
norm as [|Al[p = />, . a?j and the number of nonzero elements as [|Aljo = 3, ; I(a;; # 0). Denote
the largest and smallest eigenvalues of A by Apax(A) and Apin(A) respectively. Denote the sub-
matrix of A with row and column indices in I; and Iy as Ay ,. For a vector v € RP, denote vy,
as the sub-vector of v with indices in Iy, [[v][1 = >, |vil, [|[V]co = max; [vs], || V]|min = min; |v;| and
[vll2 = /> ; v?. For a function h(X), we use Vxh to denote a gradient or subgradient of i with
respect to X, if it exists. Finally, we write a,, < b, if a, < c¢b, for some constant ¢, and write

an =< by if ap < b, and by, < ay.

~

2.2.2 Proposed Multi-DISCOM method

For the multi-response linear regression model (2.1), if one separately applies least squares

estimation with the £ —norm penalty to each response, it essentially solves
argming E [|[Y — XB|%] + A|B|j; = argming tr (;B'ExxB — X, B) + A|B|1, (2:2)

where A is a tuning parameter. We refer to this method as the separate LASSO, whose solution
is denoted as BLASSO, However, such an approach fails to account for the correlations between
responses and may lead to poor predictive performance (see, e.g., Breiman and Friedman (1997)).
To produce a better estimator, we propose to incorporate X, into the estimation of B*and solve

the following problem:
B0 = arg ming tr [C*EYY + C*B 3xxB — 2C*BTixy] + A|Bll1, (23)

where ) is a tuning parameter, ﬁ)yy, ﬁ]XX and ﬁ]xy are some estimators of Xyy, Xxx and Xxy.
In practice, C* is also unknown. It is natural to estimate C* first, then plug the estimate C

into (2.3) and solve the following problem:

A

B = arg min tr C3vyy + CB'ExxB — 2CBT2XY} + \|BJJ1. (2.4)
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We refer this method as the two-step weighted LASSO. But as shown by the toy example in
Section 2.2.2.1, the two-step weighted LASSO may perform worse than the separate LASSO in
some problems.
In this article, we propose to estimate B* and C* simultaneously by solving the following
optimization problem:
(B, C) =arg min tr [CflyY +CB ' 2xxB — 2CB xv
Cest1B (2.5)

+A5[Bll1 + Ac[|C|l1 — logdet C,

where Ap and A¢ are tuning parameters. When A¢ is large enough, Theorem 4 by Banerjee et al.
(2008) implies that all off-diagonal entries in C become zero. Then our proposed method (2.5)
reduces to the separate LASSO (2.2). For a univariate response regression problem, our proposed
method (2.5) reduces to the DISCOM algorithm (Yu et al., 2020). When there is no missing entries,
our proposed method (2.5) reduces to the sparse conditional Gaussian graphical model introduced
by Yin and Li (2011).

The toy example in Section 2.2.2.1 illustrates that our joint estimation model (2.5) has better

estimation performance than the two-step weighted LASSO and the separate LASSO.

2.2.2.1 Toy example

For illustration, we consider a toy example similar to the one in Lee and Liu (2012). Assume

p:q:2,XTX:Iand2€:<1p

ol ), where p is an unknown constant. We perform simulation

studies for this example with 200 training samples, 300 tuning samples and 1000 testing samples.
Set B* = (9,%) in Case 1 and (% 5% ) in Case 2. Figure 2.1 shows the estimation error for the
separate LASSO, the two-step weighted LASSO and the joint estimation model (2.5). In Case 1,
the two-step weighted LASSO has a smaller estimation error than the separate LASSO when p is
positive. The result flips when p is negative. While in Case 2, the separate LASSO has a smaller
estimation error than the two-step weighted LASSO when p is positive. The joint estimation model

performs the best in all cases.
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Figure 2.1: Plots of the estimation errors for separated LASSO, two-step weighted LASSO and joint
estimation when X, = <[1) p>' The left panel is for B* = <0 0 > and the right panel is for B* =

1 2 3.5
0 0
-2 3.5)°

The simulation results can be explained by the following calculations. With the penalty pa-
rameter A, the solution of the separate LASSO is given by BLASSO = s1gn(E5)[E5 — /2], where
[uly =wifu>0,[u; =0ifu<0and BS = (XTX)"'XTY.

We can show that the two-step weighted LASSO (2.4) is equivalent to
B25P — arg ming [(vec(B) —vec(BS) T (I, @ €)(vec(B) — vec(BS)) + | vec(B)||1} . (26)

When estimate C is accurate, B2 should be very close to the solution of (2.3), where we use X!

210 — sian(B5) | BS | -

A(14p)/2]+ when sign(BS B%) = 1 and Bzmp sign( B )[|B | —A(1— p)/2]+ when sign(B3 B3) =

as the weight. After we plug C = > 1 into (2.6), the solution is given by B

—1. Compared with BZ-LjASSO = sign(BS )BS — N\/2]4, 2Step only differs in the shrinkage amount
for each entry. The shrinkage amounts for all entries of the Separate LASSO are the same, which
only depend on the tuning parameter A\. The shrinkage amounts for all entries of the two-step
weighted LASSO depend on p, A and the sign of BS. Each entry of the two-step weighted LASSO
may have different shrinkage amounts.

0

We consider two cases of p in Case 1, where B* = (§ )% ). Since Bj,, B3, are far from 0, for

simplicity, we assume that sign(l%sl) = sign(B%) =1.

1. Consider p = —0.4. When sign(B{; Bf;) = —1, the shrinkage amounts for B}’ and Byj ™

are 0.7\, while the shrinkage amounts for B%fteP and B%;te]g are 0.3\. Thus the shrinkage

2step 2$tep and B2step

amounts for B, and B2S P are smaller than the shrinkage amounts for B;
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This means that with the tuning parameter A that shrinks Bfftep and E%Step to 0, the shrink-

A

age amounts for Bgftep and ngtep are smaller than the shrinkage amounts for BIA55¢ and

BZLQASSO. Thus the two-step weighted LASSO has a smaller estimation error than separate
LASSO in this scenario. When sign(B BY,) = 1, the shrinkage amounts for all entries in

B25tP are equal.

2. Consider p = 0.4. When sign(B% B,) = —1, the shrinkage amounts for Bs;'® and Bas'® are

0.3\, while the shrinkage amounts for Efitep and Bf;tap are 0.7A. This means that with the

tuning parameter A that shrinks B2'” and BZ5'” to 0, the shrinkage amounts for B3:' and

B23'P are larger than the shrinkage amounts for BXA950 and BEASSO. Thus the separate
LASSO is preferred to the two-step weighted LASSO in this scenario. When sign(BY,B) =1,

all entries in B2*!P have the same shrinkage amount.

In Case 2, where B* = (92 . ), the two-step weighted LASSO is preferred to separate LASSO
only when p is negative. In conclusion, the performance of the two-step weighted LASSO compared
with the separate LASSO depends on the sign of B* and the covariance matrix .. In contrast, the
joint estimation model (2.5) is more flexible. When X, and B* favor the separate LASSO, the joint
estimation model (2.5) can perform better by choosing a large Ac. Otherwise, the joint estimation
model (2.5) can perform better by choosing a relatively small A\¢. Thus the joint estimation model

(2.5) can perform competitively in all cases.

2.2.2.2 Covariance estimation

Next we introduce how to obtain 3 XX, ) xy and f)yy when data have block-missing values. The
following notation will be used in this article. For the jth predictor, define SJX = {i:x;; is not

missing}. For the jth response, define SJY = {i : y;; is not missing}. Define Sj)»,iX = {i:x;; and @

are not missing}, Sj](gy = {i:x;; and y;, are not missing}, S’;,(CZX/Y = {i : wj;, x4, are not missing
but y;; is missing}, Sj;}// X = {i : xi;,y;, are not missing but x; is missing} and Sﬁy = {i:y;
and y;; are not missing}. Denote the cardinality of SJX ,SJY, SJ)»IE,X , Sf,gy, Sj,(f/ Y, Sj,i}// X and
S};Y as nJX,nf nﬁX, nﬁy, nﬁj{/y, nﬁy/X, and nﬁy, respectively. Denote nx = min; |SJX|,
nxx = minjy \Sﬁjxl, nxy = min;y ]S;,iY], nyy = min;y ]S}?/], nxx/y = mingg; ’Sj](dX/Y‘ and

o . SXY/X
an/X = mlnj’k’l | ki ‘
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We propose the initial estimators of X xx, Xxy and Xyy to be the sample covariance

- : - : 3 _ (XX) ¥ _ (XYY % _ (pYY
matrices using all available data, ie. Xxx = (637), Xxy = (65" ), Yyy = (65, ), where
XX _ o o XX XY o XY
a; _Ziesﬁx J:wxzt/njt ;O3 _Ziesﬁy :Uwyzt/njt , and

1

AYY

Ot = LYY Z YijYit- (2.7)
It iesny

We point out our method requires b XX, ) xy and ﬁlyy to be unbiased estimators of their coun-
terparts. When the missingness in X and Y is missing completely at random, the unbiasedness
assumption is satisfied. However, the unbiasedness assumption may also hold under some other
missing mechanism. For our theories, we do not specify any particular missing mechanism. The
unbiasedness assumption suffices.

For block-missing data X, the above estimate ¥y x can be ill-conditioned and have negative
eigenvalues. Therefore, it may not be a good estimate of ¥ xx and cannot be used in (2.5) directly.
Next, we introduce an estimator that is both well-conditioned and more accurate than the initial
estimate X yx. According to the partition of the predictors into K modalities, X xx can be
partitioned into K? blocks, denoted by Skik2 for 1 < ki,ky < K and Skikz being a pg, X pk,

matrix. We denote

211 0 212 EIK
s 322 _ 2 o ... 2K
= and 3¢ = _ _ ‘ ,
S KK K1 K2

where 3 is called the intra-modality sample covariance matrix, which is a p X p block-diagonal
matrix containing K diagonal blocks of ) xx,and 2(; =3-3 1 is called the cross-modality sample
covariance matrix containing all off-diagonal blocks of ) xx. Let 35 and X be the true intra-
modality and cross-modality covariance matrices, respectively. For the block-missing multi-modal
data, due to the imbalanced sample sizes, the estimate 3, can be relatively accurate while the
estimate f]c can be inaccurate. In that case, we estimate X xx by a linear combination of b I

and X with different weights. In addition, to ensure positive definiteness of our estimation, we
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adopt the idea of shrinkage estimation of the covariance matrix (Fisher and Sun, 2011) and add

the diagonal matrix diag(2;) to our estimator,
Sxx =X+ (1 - ar)diag(E)) + a2 3¢, (2.8)

where aq, a9 € [0, 1] are two shrinkage weights. We add the diagonal matrix diag(i 1) to ensure
the diagonal entries of our estimator are not shrunk.

By Weyl’s theorem, the eigenvalues of our estimator are greater than or equal to oy )\min(f] 1)+
(1 — 1) Amin(diag(X7)) + a2Amin(Ec). Since diag(X;) is a positive definite matrix, by carefully
selecting the tuning parameters a; and «q, the eigenvalues of our estimator can be guaranteed to
be positive.

As we dicussed before, our estimator Xxx is a shrinkage estimator. Using a similar idea, we

use a shrinkage estimator to estimate 3 xy. That is, we propose to estimate X xy by
Syy = azXxy, (2.9)

where a3 € [0,1] is the shrinkage weight. We want to find the optimal linear combination 3, =
agi xvy whose expected quadratic loss EHi}Y — ¥ xvy||F is minimized.

In our paper, we only consider a relative low dimension of Y with not too many incomplete
observations, so we will use 3yy defined in (2.7) directly. But when the dimension of Y is very high,
or there are many incomplete observations of Y, a shrinkage estimator of 3yy is recommended
instead.

Denote v* = (fyi“,...,'y}‘()T = (tx(ZY) /p1, ..., (ZEE) fpg) T, 61 = \JEIZr — B2, bc =
VEIZe — Zcl%, dxy = \/EHENJXY — 2xy||% and 0 = || diag(X;)— =;||r. The optimal choice for

the weights of oy, as, and a3 is shown in the following proposition 2.2.1.

Proposition 2.2.1. The solutions to the following two optimization problems:

(o, a3) = arg(gliog E|Sxx — Sxx|/% (2.10)

A 2
a;;:argminEuzxy—zxyH (2.11)
a3 F
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are

2 2
o = 6 ol = =l of = 1Zxy |-
0% + 07’ IScll + oc? 1= xv [l + dxy?

In addition, for ﬁ]}x = i3 + (1 — o) diag(X)) + a5 and Sy = a3 xy, we have

. I ol Yol D >te1 :
EHE* > H S F o« 821552 =F|Sxx — Sxxll2,
ox = Bxx|, =@ T mes ST e 1Exx — Bxxllr

, 9 2 -
‘ _ 5X§ HEXYHF < 6XY2 = ]EHzxy - EXY”%"
FooSxy? 4 | Zxylz

E S5y - x|

Define the fy-error of the estimators Xy x and X xy as IEH?XX—EXXH% and E|Zxy —Zxy|%,
respectively. Proposition 2.2.1 shows that our estimator is more accurate than the sample covariance
matrix.

Proposition 2.2.1 is closely related to Proposition 1 in Yu et al. (2020). They calculated the
optimal weight and estimation error for their proposed estimator f)f;( x.prscom of Lxx, whose
estimation error is

;i 2

070 oc*IBcly
5 2 2
2+62 5t + |12l

E|Sxx.prscom — Exx||3 =

where 62 = ||tr(Z)Ip/p — EIH% . We can see that our estimator ¥ xx has smaller £5-error compared
to their estimator. Comparing to their proposition, we also prove that our weighted estimator S xy

is more accurate than the sample covariance matrix.

2.2.3 Computational algorithm

In this section, we describe the computational algorithm to solve the optimization problem
(2.5). Since (2.5) is a bi-convex problem, the standard approach to solve this problem is via the
alternating minimization method. In particular, starting with some given initial point (]:3»0, Co), at

the t—th iteration, we solve solving the following problems

~

B; = argming tr {Ct_lﬁlyy + ct_lBTﬁlxxB — QCt_lBTﬁlxy} + Ag|BJ1, (2.12)

C, = arg min g goxq tr [Cf)yy +CB/2xxB; — QCBZEAixy} + Ac|ICJj1 — log det C. (2.13)
+
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In each iteration of our algorithm, given Cy_1, we first update the estimator B, by solving
(2.12). Since (2.12) is quadratic in B, we use the coordinate descent algorithm to solve it. Then
we adopt the graphical lasso method by Friedman et al. (2008) to solve (2.13). We summarize the

above procedures in Algorithm 3 below.

Algorithm 3: Alternating minimization updating algorithm
Input: X, Y, Ao, A\

Output: ]3, C
Obtain Sy x by (2.8), xy by (2.9), Byy by (2.7).

Initialize with

B, = arg Irgntr [ﬁ]yy +B ' SyxB— 2BT§A]Xy} + A, IBll1s (2.14)

Co = arg min tr(C3) — log det(C) + A¢, |C|J1, (2.15)
[Cl.<R,CesT*?

where R is a large enough tuning parameter which is usually chosen to be /\E;
(LOh and Wainwright, 2015) and 20 = EAJYY — QE}YBO + BS—SX)(B().
while max{HBt — BtleFa ||Ct - (Ajt,1||p} > threshold do

For a given Ct,l, let
B, = arg H}Bintr [thiyy +C1B"SxxB —2C, 1B Sxy | + Ag|B|1;

For a given By, let

C, = arg min tr |CSyy + CBtTﬁ)XXBt - 2C]§tTXA)Xy} +
[Cll<R,CeST1

Ac||C|l1 — logdet C,

end

return C;, B;.

2.3 Theoretical study

We establish the following theoretical results. First, we prove in Theorem 2.3.1 that the

proposed estimators ) XX, b)) xy and ﬁlyy are consistent with high probability. We then show
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the convergence rate of our proposed estimators B and C in Theorem 2.3.2. Finally, the selection
consistency of our proposed method is shown in Theorem 2.3.3. The technical assumptions (A1)
to (Ab), and all proofs are provided in the Supplementary Material. In the following analysis, we
allow p and ¢ to diverge as nxx, nxy and nyy increase.

In Theorem 2.3.1, we prove the large deviation bounds for our proposed estimators Sy X, Sxy

and 2}/3/.

Theorem 2.3.1. Suppose 1 — a3 = O(y/logp/nx), 1 —as = O(\/logp/nxx), and 1 — az =
O(\/logpg/nxy). If Conditions (A1) and (A2) hold, there exists positive constants v}, vh, and vh

such that

IN

4
-, 2.16
5 (2.16)

. 1 4
P Hzxy - ZXYH > o 108D | o 4 (2.17)
00 nxy bq
) I 4
P (HEW - EyyH > vy f qu) <= (2.18)
00 nyy q

If we only use samples with complete observations, sample covariance estimators 3 x x completes

R 1
P (HEXX -S| 2o ng)
o nxx

¥ ¥ X,complete ad X x x complete have the following convergence rates

HSXX,Complete - EXX 0o = OP <\/(10gp)/ncomplete> )
Op <\/(10g(pQ))/ncomplete> )

2YY,complete - 2YY o = Op <\/(10g Q)/ncomplete> )

H EXY,complete - 2XY
00

where Ngomplete s the number of samples with complete observations; see Yu et al. (2020). For
block-missing data, ncomplete can be much smaller than nxx, nxy and nyy.
Next, we give the properties of initial estimators By and Cy. The following lemma describes

estimation consistency of the initial estimator Bo.

Lemma 2.3.1. Suppose Conditions (A1)-(A4) hold, 1 — an = O(y/logp/nx), 1 —

ag = O(/logp/nxx), and 1 — a3 = O(y/logpg/nxy). If we choose Ap, =
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C(log(pq)/min(nxy, nXX))% |B*||1, for some large enough constant C, then with probability at least
1—4/p—4/(pq), the initial estimator By = arg ming tr[Syy+ BT ZxxB — 2B S xy] + Az Bl

satisfies

HBO _B*

» SVasB ngy — 3xxB*

<||B*H qsB IOg(pq>
~ 2 min(nXX,an)'

o)

Cai et al. (2013) showed that when there is no missing data and the true coefficient B* is exactly
sparse, their estimator B(y; has the convergence rate of ||]§cm- — B*||r = Op(Npr/qsBlog(pq)/n),
where n is the sample size of the data and N, is the upper bound of || X3 |lr... When
there is no missing data, our initial estimator By has the convergence rate of HP’O - BY|r =

O,(IIB*|| £, /gslog(pg) /n). If we assume ||B*||z, = || 23| L., the convergence rate of By is the

same as that of Begi. When the data are block-wise missing, and we only use complete samples to

estimate B*, we will have ||By — B*||r = Op(||IB*|| 1, /458 108(Pq) /Ncomplete), Which can be much
slower than the rate in Lemma 2.3.1 as ncomplete is typically much smaller than nxx and nyy for
block-wise missing data.

For the single-response regression with block-wise missing data, the result in Lemma 2.3.1 is
the same as Theorem 2 in Yu et al. (2020) and the estimator By performs well when the dimension
of Y is small. But when the dimension of Y becomes large, the estimator By may perform poorly.

The following lemma describes consistency of our initial estimator Co.

Lemma 2.3.2. Suppose Conditions (A1)-(A4) hold, 1 — a1 = O(y/logp/nx),

1 — ae = Ologp/nxx), 1 — azs = O(y/logpg/nxy). If we choose Ao, =
ClIC*3IB*|L, (IB*||, + s5y4) (log(pq)/min(nxx,nxy))/? for a large enough C, it holds
with probability at least 1 —4/p —4/(pq) — 4/q that

Héofc*

o SVSlC 312 = Gyl

. . . sc log(pq)
SICHB3IB* ||, (IB*|z, + sB/4) \/mm(nXXan)

There are two terms in the estimation error bound of Co. The first term
1C*[31IB*|1%, % comes from the error induced by using incomplete observations to
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scqlog(pq)

- comes from the esti-
min(nxx,Mxy)

estimate X yx and Xxy. The second term ||C*||3||B*||.,sB
mation error of By.

We next derive the convergence rates of B and C. The convergence rates are related to nxx/y
and nxy,x, which are fractions of nxx and nxy respectively. Hence, we let nxy/y =< n’yy and
nxy/x X Ny With 71,79 € {—oc} U[0,1]. When the responses are complete while the covariates
have missing entries, nxx/y = 0 and 11 = —00, nxy,/x > 0 and 72 € [0,1]. When the covariates
are complete while the responses have missing entries, nyy,;x = 0 and 72 = —o0, nxx/;y > 0
and 71 € [0,1]. When both the responses and covaraites are complete, ny x/y = nxy/x =0 and

71 = 19 = —00. Theorem 2.3.2 below establishes the consistency of proposed estimators B and C

in (2.5).

Theorem 2.3.2. Suppose Conditions (A1)-(A4) hold, 1 — oz = O(y/logp/nx), 1 — ag =

O(/logp/nxx), 1 — as = O(y/log(pq)/nxy). If we choose Ap and Ac satisfying A\p =
. 1-71/2 1-m2/2 * (1K * *

C((log p)M/2 /min(n /% 0y ) IB*C*||1, + {log(pg)/nxy}V/2) and A\c = C||C*|3[|B*||2, +

s5|B*C*||, / min(n¥ 5% ™% 0¥y )]

1/2

(log(pq)/ min(nxx,nxy))"’* for a large enough C, then it holds with probability at least 1 —4/p —

4/(pq) —4/q that

‘BfB*

* (V* 1/2
< vim [ 1B C e, (og(p)) /2 [log(pa) "
g VOB . ( 1-71/2 1772/2> nxy ’
min nXX ,nXY

<Jscllcr |2 sp||B*C*[|1, (log(p))'/?  B*|17, (log(pg))'/?
~ min (n1—71/2 nl—Tz/Q) min (n1/2 n1/2)
xXx o lxy xx>Mxy

. * (1% 1/2 1/2
R (B Ol osp0) ", flgto) )

~ . 1-71/2 1-72/2 nxy
min (nXX My

sg||B*C*||1, (log(pg))/? B3, (log(pq))*/?

. 1—71/2 1—75/2 . /2  1/2
min (ny v ' Nxy min (nyy,Nyy

SscllCl3

Next, we discuss some direct implications of Theorem 2.3.2. First, we show that our estimators

XX/Y

are at least as good as the initial estimators under some conditions. Since 7,70 < 1 as Nk <

nﬁx and njﬁf/x < nﬁy, the convergence rate of |B—B*||r is no slower than O, (max(||B*C*||1,, 1)

V55 log(pg)/min(nxx,nxy)). Similarly, the convergence rate of |C — C*||r is no slower than

Op(v/scllC*3(IB*|17, + sBIB*C*|L,) %))). Here the two slowest convergence rates

min(nxx,nxy
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are achieved when 71 = 7 = 1. If we assume [[B*C*||z, = O(||B*||z,+/q), the upper bounds of
|B — B*||z and ||C — C*|| are at least as tight as |[Bog — B*||# and ||Co — C*||p.
On the other hand, if ||B*C*||r, = o(||B*||z,1/q) or max(r;,72) < 1 and |[B*C*||7 =

o(min(niggﬁm, nﬁ(/ffmm)), the upper bounds of |B — B*||z and ||C — C*||r are strictly tighter

than that of |By — B*||r and ||Co — C*||#. One example is when Var(e;) > % for all j < ¢ and
cov(ej, er) = 0 for j # k. Another example is when nxx/y = o(nxx), nxy/;x = o(nxy), and
. . 1/2-m1 /2 1/2—7)2
IB*C*[17, = o(min(nyy ™% nyy ™).
When Y is complete while X has missing entries, 71 = —oo and 79 € [0, 1]. Then convergence

rate of B in Theorem 2.3.2 becomes

. B*C*| L, (1 2 (1 1/2
BB < (n Iz, Oog(po)) " { og(PQ)} |
F Ny nxy
When X are complete while Y have missing entries, 7o = —oo and 71 € [0, 1]. In this case, we can

set &1 = ag = 1 and have

- B*C*| L, (1 2 (1 1/2
BB < (n Iz, Oog(pa)) { og(PQ)} |
Ny y nxy
When both X and Y are complete, 71 = 79 = —o0. In this case, we can set a3 = ag = a3 =1 and

have

IB - B*||r < V/splog(pg)/n, (2.19)

where n is the sample size. The error bound in (2.19) is the minimax rate of the ¢;-penalized
estimator as shown in Raskutti et al. (2011).

In Theorem 2.3.3 below, we show that our proposed method is model selection consistent.

Theorem 2.3.3. Assume that Conditions (A1)-(A5) hold. Suppose 1 —ay = O(\/M), 1-—
az = O(\/log p/nxx), 1 — as = O(/log(pa) /nxy). If (log(pq) /nxy)2 " /Ag = o(1), Ap[((C* ®
2xx)s555) e /minjes, 185 = o(1), s5|(C*©Exx)sps5) 1. logp/nxx)? " = o(1), and
sB

(logp/nXX)%_“_”/)\B = o(1), then with probability at least 1 —4/p —4/(pq) — 4/q, there exists a
solution B to (2.5) such that sign(B) = sign(B*).
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2.4 Numerical study

In this section, we examine the performance of our proposed method (Multi-DISCOM) related
to X, the signal-to-noise ratio and the distribution of error € through some numerical studies. We
compare the efficiency of our proposed method with some other methods. These methods include (1)
Complete Lasso, which separately applies Lasso to each response only using samples with complete
observations (both X and Y have no missing values); (2) Imputed-Lasso, which separately applies
Lasso to each response using all samples, where missing data are imputed by the Soft-thresholded
SVD method; (3) MBI, which separately applies the MBI (Xue and Qu, 2021) to each response
using all samples, where missing data are imputed by the Multiple Block-wise Imputation; (4)
DISCOM, which separately applies the DISCOM (Yu et al., 2020) to each response; (5) Imputed-
MRCE, which runs the MRCE (Rothman et al., 2010) using all samples with missing data imputed
by the Soft-thresholded SVD method.

In all examples, we set ¢ = 4, X; = (21, ...,zip) ~ N(0,X) with oji = 0.6V~ The ith row
of the coefficient matrix B* is (1,1.5,1,1.5) for ¢ = 1,p1 + 1,p1 + p2 + 1 and 0 otherwise. The
response Y has missing entries completely at random, with the missing proportion 0.01.

For each example, the data were generated from three modalities whose dimensions p1, p2 and
p3 are specified below. The training dataset contains n; samples with complete observations, no
samples from the third modality, n3 samples from the first and the third modalities and n4 samples
from the first modality. The tuning dataset contains 75 samples with complete observations and
the testing dataset includes 300 samples with complete observations. For each method, we train
our model with different tuning parameters on the training dataset. Then we choose the optimal
tuning parameter minimizing the mean squared error on the tuning dataset.

For each example, we repeat the simulation 50 times. To evaluate the selection performance
of the algorithm, we use false-positive rate (FPR) and false-negative rate (FNR) as criteria:
FPR = FP/(FP + TN) and FNR = FN/(FN + TP), where FN represents the number of coeffi-
cients wrongly detected to be zero, TN are the number coefficients rightfully detected to be zero,
TP are the coefficients rightfully detected to be nonzero and FP are the coefficients wrongly de-
tected to be nonzero. Furthermore, to evaluate the accuracy of our estimators, we used the mean

squared error (MSE) on the testing dataset and the £, distance |B — B*||r as criteria.
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In Example 1, we examine our method related to 3. Let ny =ng =ng =mn4 =30, p1 =p2 =
p3 = 30. We set error €; = (€1, ...,¢€iq) ~ N(0,%,) with X, =3I, ® (Fl) ’f) We choose p ranging
from —0.4 to 0.4.

In Example 2, we examine the performance of our method related to the signal-to-noise ratio.
Let n1 = ng = ng = ng = 30, p1 = p2 = p3 = 30. We set error €; = (€1, ...,¢€q) ~ N(0,X,) with
Ye=alh ® (7(1)'4 _(1)'4), and range « from 1 to 5.

In Example 3, we examine the robustness of our method when the error follows heavy-tailed
distribution. Let n; = ng = n3 = ny = 30 and p; = p2 = p3 = 30. We set error €; = (€1, ..., €iq) ~
t10(0, =) where B, = 3L,®( _§, %), and t,,(0, =) refers to student’s ¢ distribution with location
vector 0 and scale matrix ..

To demonstrate the results, we focus on the results of Example 1. We report the results of
other examples in Appendix A.

The results in Table 2.1 indicate that the Multi-DISCOM delivers the best performance in all
settings. Specifically, the Multi-DISCOM produces smaller MSE and estimation errors than the
other methods in all settings, especially when the correlations between different responses are large.
In addition, the Lasso method using the imputed data may deliver worse selection performance,
possibly due to randomness involved in the imputation of block-missing data. The results in Table
4 in the Supplement Materials indicate that the Multi-DISCOM has more advantage when signal-
to-noise ratio is small. When the signal-to-noise ratio is smaller, the noise has stronger effect on Y

and hence taking the precision matrix into account is more helpful for our estimation.

2.5 Application to the ADNI study

We apply the Multi-DISCOM to the Alzheimer’s Disease Neuroimaging Initiative (ADNI)
study (Mueller et al., 2005) and compare it with several existing approaches. A primary goal
of this analysis is to identify biological markers and neuropsychological assessments to measure
the progression of mild cognitive impairment (MCI) and early Alzheimer’s disease (AD). We are
interested in predicting Mini-Mental State Examination (MMSE), ADAS1 and ADAS2. These
scores are commonly used diagnotic scores of AD. Data processing steps are summarized in the

supplementary materials.
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Method |B—B*|r MSE FPR FNR

Lasso 1.,51(0.06)  3.70(0.06) _ 0.09(0.02) _ 0.00(0.00)
Imputed-Lasso  1.73(0.06)  3.57(0.06)  0.11(0.01)  0.00(0.00)
o o4 MBI 2.10(0.08)  4.26(0.09)  0.12(0.02)  0.11(0.03)

* DISCOM 1.44(0.04)  3.56(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.53(0.05)  3.72(0.08)  0.17(0.03)  0.08(0.02)
Multi-DISCOM ~ 1.40(0.04) 3.39(0.08) 0.02(0.01) 0.09(0.02)
Lasso 1.55(0.06)  3.77(0.06)  0.11(0.02) _ 0.00(0.00)
Imputed-Lasso ~ 1.75(0.06)  3.61(0.06)  0.13(0.01)  0.00(0.00)

o4 MBI 2.14(0.08)  4.30(0.09)  0.13(0.02)  0.11(0.03)
* DISCOM 1.46(0.04) 3.59(0.06)  0.06(0.00)  0.05(0.01

(0.01)
Imputed-MRCE  1.54(0.05)  3.73(0.08)  0.19(0.03)  0.09(0.02)
Multi-DISCOM ~ 1.43(0.04) 3.44(0.08) 0.04(0.01) 0.07(0.02)

Table 2.1: Performance comparison of different methods for Example 1 with different p’s. The values in
the parentheses are the standard errors of the measures.

After data processing, we have 93 features from MRI, 93 features from PET and 5 features from
CSF. There are 805 subjects in total, including 199 subjects with complete MRI, PET and CSF
features, 197 subjects with MRI and PET features only, 201 subjects with MRI and CSF features
only and 208 subjects with MRI features only.

In our analysis, we divide the data into training, tuning, and testing sets. The training set
consists of all subjects with incomplete observations and 40 randomly selected subjects with com-
plete features. The tuning set consists of another 40 randomly selected subjects with complete
observations. The testing set contains the remaining 119 subjects with complete observations. We
train our model with different tuning parameters on the training set. Then we choose the tuning
parameter which minimizes the mean squared error on the tuning set. The testing set is used to
evaluate different methods. We used all methods shown in the simulation study to predict the
MMSE score. For each method, the analysis was repeated 30 times using different partitions of
the data. In addition to the sum of mean squared errors (MSE) of all three responses, we compare
MSEs for each response (MSEnsE, MSEapas1 and MSE4pagse) as criteria. We also compare

the number of features selected by each method.
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Method Overall MSE  MSEjynmse MSEapasi MSEApas2 # of Selected Features

Lasso 93.37(3.82)  5.31(0.19)  29.84(1.35)  58.23(2.40)  54.20
Imputed-Lasso ~ 80.40(1.62)  4.54(0.12)  25.80(0.51)  50.07(1.15)  165.00
MBI 91.84(3.02)  5.13(0.14)  28.43(1.17)  58.29(2.16)  59.87
DISCOM 67.47(1.33)  4.26(0.11) 21.76(0.51)  41.45(0.86)  72.87
Imputed-MRCE  67.41(2.02)  4.29(0.10) 21.61(0.65) 41.50(1.33)  218.50

Multi-DISCOM ~ 65.82(1.21) 4.22(0.12) 21.18(0.46) 40.41(0.80) 89.67

Table 2.2: Performance comparison for the ADNI data.

As shown in Table 2.2, the Multi-DISCOM delivers better performance than all other meth-
ods. The DISCOM has a similar overall MSE as the Multi-DISCOM, but worse MSE spag1 and
MSE Apas2- One possible reason is that ADAST and ADAS2 are highly correlated, so taking the
precision matrix into account can help. Since there are 208 subjects with MRI features only, the
MBI method may not impute those 208 subjects accurately. As a consequence, the MBI method
may not perform well in this case.

Regarding to model selection, both the DISCOM and the Multi-DISCOM can deliver relatively
simple models. Figure 2.2 shows the selection frequency of the 191 features when predicting ADASI.
The selection frequency of each feature is defined as the number of times of being selected in the
30 replications. As shown in Figure 2.2, for our method, some features are often selected and
many other features are rarely selected. This means that our method could deliver robust model
selection. However, for the Imputed-Lasso method, it selects very different features in different
replications. One possible reason for the unstable performance on model selection is due to the
randomness involved in the imputation of block-missing data. Hippocampus formation left (69th
region) and amygdale right (83th feature) are frequently selected by our method and known to be
highly correlated with AD and MCI by many existing studies (Jack et al., 1999; Misra et al., 2009;

Zhang et al., 2012b), but the DISCOM rarely selects these features.

2.6 Conclusion

In this paper, we propose a joint estimation method in a penalized framework with the entry-

wise ¢ regularization using block-missing multi-modal predictors. We first estimate the covariance
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Figure 2.2: Selection frequency of 191 features for prediction of ADAS]1 score.

matrix of the predictors using a linear combination of the estimates of the variance of each predictor,
the estimates of the intra-modality covariance matrix, and the cross-modality covariance matrix.
The proposed estimator of the covariance matrix can be positive semidefinite and more accurate
than the sample covariance matrix. In the second step, based on the estimated covariance matrix,
a penalized estimator is used to deliver a sparse estimate of the coefficients in the optimal linear
prediction. Theoretical studies on the estimation and feature selection consistency are established.
Extensive simulation studies also indicate that our method has promising performance on estima-
tion, prediction and model selection for the block-missing multi-modal data. Finally, we apply the
Multi-DISCOM to the ADNI dataset and demonstrate that our model has good prediction power

and meaningful interpretation.
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CHAPTER 3

Regularized Buckley—James method for Right-censored Outcome and Block-
missing covariates

3.1 Introduction

Measures of neural activity such as magnetic resonance imaging (MRI) and positron emission
tomography (PET) yield thousands of predictor variables for diagnosis and prognosis in patients
with diseases such as the Alzheimer’s disease (AD). Since not all variables contain helpful informa-
tion for the model, selecting a parsimonious subset of variables with good prediction accuracy can
be very important. While linear regression with a scalar response and complete data has been well
studied (Tibshirani, 1996), data with censored outcomes and incomplete covariates present new
challenges.

AD is a progressive neurodegenerative disease characterized by overall cognitive decline as well
as behavioral and functional changes that eventually impair an individual’s ability to perform the
basic daily activities. People diagnosed with mild cognitive impairment (MCI), which is generally
considered as a transitional stage between healthy cognitive aging and dementia, are at significantly
increased risk of clinical AD (Knopman et al., 2003; Gauthier et al., 2006). Thus, MCI is a critical
prognostic and therapeutic component in AD study, and it is helpful to develop reliable methods
to analyze the conversion time from MCI to AD. Although up to 60% of MCI patients convert to
AD within ten years, many return to the normal cognitive function (Manly et al., 2008; Mitchell
and Shiri-Feshki, 2009). The AD conversion time of those participants who did not progress to AD
during their follow-up period was censored at their last visit time.

Increasing efforts have focused on building predictive models of the AD conversion based on
the proportional hazard (PH) model or accelerated failure time (AFT) model. For example, to
examine the usage of MRI and CerebroSpinal Fluid (CSF) biomarkers to predict the conversion

from MCI to AD, (Vemuri et al., 2009) used a single-predictor Cox PH model to predict the hazard
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ratio of the conversion from MCI to AD. They showed that MRI and CSF provide complimentary
predictive information about the conversion from MCI to AD. They also showed that combining
MRI and CSF can predict better than using either source alone. Liu et al. (2017) used independent
component analysis (ICA) and the multivariate Cox PH regression model to identify promising risk
factors associated with MCI conversion.

In the literature, many papers also used the AFT model (Kalbfleisch and Prentice, 2011; Cox
and Oakes, 2018) to analyze the conversion time of AD, where the response refers to the logarithm
of a failure time. The AFT model is based on the linear model and the estimated regression
coefficients can help provide useful interpretation (Reid, 1994). It is well-known that the linear
model and the PH model cannot hold simultaneously except in the case of the extreme value error
distribution. Two general estimation strategies to handle censored responses in the AFT model
include extensions of least-squares estimators through missing data techniques (Buckley and James,
1979; Koul et al., 1981; Miller and Halpern, 1982; Lai and Ying, 1991) and rank-based methods
(Prentice, 1978; Tsiatis, 1990; Lai and Ying, 1991). For example, (Oulhaj et al., 2009) used the
smoothing AFT procedure with G-splines to predict the period of time before cognitive impairment
occurs in community-dwelling elderly. (Ning et al., 2011) proposed a generalized Buckley-James
type of estimator using right-censored and length-biased data under semiparametric transformation
and AFT models. Their proposed method was applied to assess the effect of different diagnostic
categories of AD using survival data.

Several authors have also extended the PH and AFT models for variable selection and explored
their properties. (Tibshirani, 1997; Gui and Li, 2005) developed regularized Cox regression methods
by adding an ¢; penalization term to the partial likelihood function of the Cox model. Similarly,
(Datta et al., 2007; Johnson, 2009) addded an ¢; penalization term to the Buckley—James estima-
tors for the AFT model. Wang et al. (2008) added the elastic-net penalty in the Buckley—James
method for the AFT model to relate high-dimensional genomic data to censored survival outcomes.
(Johnson, 2009) proved that, under suitable regularity conditions, an ¢;-penalized Buckley-James
estimator with only one iteration yields a root-n consistent solution. Wang and Wang (2010) pro-
posed the Buckley-James boosting method for the semiparametric AFT models with right-censored

survival data, which can be used for prediction and variable selection.
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In the past few years, there has been extensive research on using neuroimaging data for MCI and
AD prediction (Eskildsen et al., 2013; Park and Moon, 2016). However, data in Alzheimer’s Disease
Neuroimaging Initiative (ADNI) study were collected from different sources, which include MRI,
PET, and CSF. Data from a specific modality can be entirely missing due to patient dropouts or
other practical issues. This leads to a block-wise missing data structure. Due to block-wise missing
structure with high dimensionality and censored response, it is challenging to identify the patients
likely to convert from MCI to AD. It is also interesting to further predict the conversion time for an
effective risk estimate, which could lead to an efficient intervention of pharmacological treatments
for early AD (Jack Jr, 2012).

Most of the AFT and PH models can only work with complete covariates. To handle incom-
plete multi-modal data in the ADNI study, one may use traditional AFT or PH models by simply
removing those observations with missing entries. However, such a procedure may greatly reduce
the number of observations and lead to loss of information. Another approach is to perform data
imputation, where missing data are replaced by data generated from an imputation model. Imputa-
tion methods have been used in both AFT models (Qi et al., 2018) and PH models (Paik and Tsai,
1997; White and Royston, 2009; Hsu and Yu, 2019) to deal with incomplete covariates. Another
approach is to use weighted estimating equations for AFT models (Nan et al., 2009; Steingrims-
son and Strawderman, 2017) and PH models (Wang and Chen, 2001; Qi et al., 2005; Luo et al.,
2009; Xu et al., 2009; Steingrimsson and Strawderman, 2017). They applied the inverse probability
weighted (IPW) technique to the existing estimation procedures for the complete covariate cases.
In particular, (Yu, 2011) proposed a revised Buckley-James estimator for data missing by design.
In order to deal with multi-modal block-wise missing data, (Yu et al., 2020) proposed a new direct
sparse regression procedure using the estimated covariance matrix from block-missing multi-modal
data (DISCOM). They first used all available information to estimate the covariance matrix of the
predictors and the cross-covariance vector between the predictors and the response variable. Then
they used an extended LASSO-type estimator to estimate the coefficients based on the estimated
covariance matrix and cross-covariance vector. Despite its usefulness, however, the DISCOM only
considers the linear regression model for uncensored data.

In this paper, we propose a regularized Buckley-James method for variable selection, parameter

estimation, and prediction for right-censored outcomes with block-wise missing data. It extends
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the DISCOM method (Yu et al., 2020) to right-censored survival data. Our proposed method has
several attractive properties. First, our approach can handle high-dimensional data and perform
variable selection. Second, it works with data with block-wise missing covariates and censored
outcomes. Third, our method can still deliver reliable results even if our training data have no
observation with complete covariates. Our proposed method includes two steps. The first step
is to estimate each element of the covariance and cross-covariance matrices using all available
observations. The second step is to use a penalized approach to estimate the sparse regression
coefficient vector by the Buckley-James method. Numerical studies and the ADNI data application
confirm that the proposed method performs competitively for block-wise missing data.

The remainder of this paper is organized as follows. In Section 3.2, we introduce the problem
background and our model. Simulation studies and a multi-modal ADNI data example are presented

in Sections 3.3 and 3.4. A brief summary of the paper is provided in Section 3.5.

3.2 Methodology

3.2.1 Problem setup and notations

Consider the following semiparametric AFT model,

T=X3" te, (3.1)
where 8* = (by, ..., bp)—r € R? is an unknown p-dimensional vector, T = (¢1,... ,tn)T € R™ is the
response vector, X = (x1,...,x,)' is the n x p design matrix and € = (e1,...,¢,)" is the the
error vector. Assume that {a;}?_, are iid. realizations of a random vector X = (X1,...,X,)"

with zero mean and covariance matrix Xxy = (Uf]{X) € RP*P. Denote Zyr = (07) € RP as the
cross-covariance vector between x; and t; for 1 < ¢ < n. Assume that the predictors come from
multiple modalities and there are p; predictors in the k-th modality. In addition, assume that X
has block-wise missing values. That is, for each sample, its measurements in one modality can be
entirely missing. Let X = (&1,...,%,)' be the imputed design matrix, where the missing values
in X are imputed by some imputation methods such as multiple imputation (Rubin, 2004) or the

soft-impute algorithm (Mazumder et al., 2010). For simplicity, we use the soft-impute algorithm
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to calculate X in our numerical and case studies. The errors ¢; for 1 <4 <n are i.i.d. realizations
from a random variable € with zero mean and covariance o.. Moreover, we further assume that x;
and ¢; are uncorrelated for 1 <7 < n.

Let T denote the transformed failure time, e.g., the logarithm of the conversion time from
MCI to AD. Suppose that C = (c1,...,¢,)" € R™ is the transformed censoring time which is
transformed in the same way as T, with ¢; being independent of t; given x; . When T is right
censored, we can only observe (y;, d;, @;) for 1 < i < n, where y; = min (¢;,¢;), and §; = 1y, <.} is
the censoring indicator for the i-th observation.

We employ the following notation throughout this article. For a square matrix C = (¢;7) €
RP*P we denote its diagonal matrix as diag(C). For a matrix A = (a;;) € RP*9, we define the

largest and smallest eigenvalues of A as Apax(A) and A\pin(A) respectively. For a vector v € RP,
let [[v]l1 = 37, Jvil, and [[v]l2 = /32, v7-
3.2.2 Regularized Buckley-James regression for complete observations

If there is no response censored and no covariate missing, then ¢; = y; for 1 <i <n and X is
fully observed. Then the least-squares method can be applied to estimate the parameters in model

(3.1) by solving the following optimization problem

B = axgmin 5(Y - X8)' (Y ~ Xp),

where Y = (y1,...,9n)" € R™. For a censored response with complete covariates, the key idea of
the Buckley-James method is to replace the censored t; by its expectation conditional on d; and

x;. Define the pseudo failure time y; as
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It can be shown that E(y}) = E(t;) for 1 <i < n; for details see (Smith, 2017). With the true

B*, E(t; | t; > yi, x;) has the form of

E(tz"tz’>yi7wi>:w;’|—5*+E<5i‘€i>yi_$z—'r/6*>

=&, 8" + T %)’
yi—z, B* 1= F (yi —z/ B")

where F' is the distribution function of residual €;(3%) = ¢; —w?ﬁ* for 1 <4 < n. The distribution
of €(3*) can be estimated nonparametrically by the Kaplan-Meier estimator (Kaplan and Meier,

1958)

ﬂo:—IIG—Z» (3.3)

where d; = >70_, I(€j = ¢; and d; = 1) and n; = 7, I(€; > ¢;). After substituting F with Fin

(3.2), the g} can be simplified as

o dEF
Ui = 0y + (1 —0;) (93?/5* +/ o1 Ft(y (t)xTﬁ*)> : (3-4)
Yi—x, - v Ly

Then the least-squares method can be applied to the following regression model

g =z B+ ¢, (3.5)

where ¢* has mean zero. Let Y* = (%,...,7%)". The least-squares estimator of 3* in model (3.5)

is
. 1 - N -1 -
ﬁ:amngﬁiY*—XﬂfXY*—Xﬂ):(XTX) XTY*,
The final solution requires an iterative procedure since values of 7 defined in (3.4) contain 3.
In many areas such as genomic, medicine, and bioinformatics, the number of features p is usually
much larger than the sample size n and the classical Buckley-James method fails. Regularization

is needed to obtain a stable estimator of 3 with small prediction error. In this case, a modified

Buckley-James approach by using penalized least-squares with the penalty term Py (3) can be used,
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where )\ is the tuning parameter. To be specific, we consider the following minimization problem

e 1 * *
B = argmin 3 (Y" = XB)T(Y" = XB) + P(8), (3.6)
where A is the tuning parameters and can be determined by cross validation. Given an initial value

B the final estimator of 8 can be calculated (3.3), (3.4) and (3.6) iteratively.

3.2.3 Regularized Buckley-James regression for block-wise missing observations

Next we extend the regularized Buckley-James regression to block-wise missing multi-modal
observations. We assume that the predictors are collected from K modalities, and the k-th modality
has pj, predictors for 1 < k < K.

Recall that the regularized Buckley-James regression for complete observations iteratively es-
timates y; by (3.4) and then solves the minimization problem (3.6). In order to handle block-wise

missing data, given 7, we consider the population version of the /1 penalized least-square estimator

B = (8%,85....80)"

n

D)

=1

+ Bl

—argminE
& B8

If both ¥xx and X . are known, B° can be equivalently obtained by solving the following

optimization problem:

1
B’ = arg min iﬁTEXXB — 3 5. B+ AIBL-

Therefore we can obtain the estimator B if estimators for ¥ xy and Xy y. are available. Denote
) xx as the estimator of X xx. Next we explain how to calculate ) xx when data are block-wise
missing. Define SJ‘?,(CX = {i:x;; and z;, are not missing}, and nﬁX the cardinality of SﬁX . Let

) xx be the sample covariance matrix derived from all observed data, i.e. )y xXx = (&XX

5 ), where

&j).gx = Ziesﬁx (a:”xzt/n])gX) Note that Exx is required to be an unbiased estimator of Xy .
When the elements in X are missing completely at random, the unbiasedness assumption is satisfied.

However, the unbiasedness assumption can also hold under some other missing mechanisms.
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Since the data X are block-wise missing, the estimator )Y xx defined above can be ill-
conditioned. As a result, b xXx is not a good estimator of 3 xx. Thus it cannot be used directly in
our optimization problem. To resolve this problem, we partition >y x into K2 blocks, denoted as

ikle € RPk1 XPky for 1 < ]{;17]{;2 < K. We let

s 0 s2 . s

5 »22 8 200 ... X
¥ = and 3¢ = ;

SKK KL sK2 0

where ¥ is a p x p block-diagonal matrix containing K diagonal blocks of Xyx, and B¢ =
EXX — ﬁ]l is a p X p matrix containing all off-diagonal blocks of EXX. Here, 21 and ﬁ]o are
called the intra-modality and cross-modality sample covariance matrices, respectively. Since data
are block-wise missing, we use more data to estimate the entries in 3; than those in the .
Thus the estimator ¥ can be relatively more accurate than > We linearly combine >, and Xo
with different weights to estimate X xx. In addition, as in (Yu et al., 2020), we adopt the idea of
shrinkage estimation of the covariance matrix (Fisher and Sun, 2011) and add the diagonal matrix

diag(31) to our estimator to ensure the resulting estimator to be positive definite. We let
2XX :Ozli[-l- (1 —Ozl)diag(i[)—i-aggc, (3.7)

where aq,as € [0,1] are two shrinkage weights. The diagonal matrix (1 — o) diag(X;) in (3.7)
ensures that the diagonal entries of our estimator are not shrunk. The eigenvalues of Sxx is larger
than or equal to al)\min(fb) + (1 - al)/\min(diag(f)[)) + ag)\min(flc) by Weyl’s theorem, where
(1 — 1) Amin(diag(X)) > 0 since diag(X;) is a positive-definite matrix. Thus X xx is guaranteed
to be positive definite by carefully selecting the tuning parameters oy and as. In practice, a; and
ary can be chosen from the set {(ay,a) : a1 € [0,1], a9 € [0,1], By is positive semidefinite} by
cross-validation or using an additional tuning dataset.

Let 37: (M) b the i-th failure time calculated in the m-th step of Buckley-James method,
Y:(m) = (gjr(m), .. ,;&Z(m))—r, Eg;n{z* be the covariance vector between X and Y*(™) and ﬁ)g?;z

(m) m)

be an estimator of 3, 2 . Next we discuss how to calculate 2;’{/* when X is block-wise missing.
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let 81 be the coefficient vector derived in the (m—1)-th step. In the m-th step, §*(™ is defined

as

Y

(m - o0 td ™) (¢

5" = o+ (1= ) ] B ”+/ o (3 =
yi—x] gD 1 — F(m) (yz —x; B m )

where F'(™) is the estimated distribution function of ti—x]

i B(mfl). However, since X is block-wise
(m)

(m—1)

can not be calculated directly. In order to estimate %' o

. . ~% .
missing, ¥, , we decompose it as

(m—1) _ T~r*(m)
=D — E(XTYm)
=E(XT(X(8™V) + E*™))

= E(X'X)3m" D 4 E(XE*(™),

where E*(m) = (é*{(ﬁ(mfl))a e aéZ(IB(mfl)))T and

-l glm-1) 1.
~ _ Yi — &, B 0 =1;
e (BmY) = :
oo tdF(™) (¢) 5 =0
fyi,mjg(m—l) 17F<m>(yrwjﬁ(m’1)) ; = U.
Let Egan)* be the covariance vector between X and E*(™) and ﬁ]g?g* be an estimator of Egnﬁ),*.
Then we can estimate 2;”;* as

50 = Sxx D+ 30 (3.8)
Define SJX = {i:x;; is not missing} and let n]X as the cardinality of SJX . In order to estimate
2 et BXM) = (&5(8" ), ..., &5(87Y)) and

XE*’

. 2T alm-1) ) .
Yi i /6 0; = 1;
e (B ) =

o0 tdF'(m) (1) .
fyi,jjﬁ(mfl) 1—F(m) (yi_ijﬁ(m—l)) 61 =0.

Here x; are the imputed predictors and F(m) is the estimated distribution function of ¢; —C;J;r ,B(mfl).

Define f]g?g* as the sample covariance matrix using all available data, i.e. f]g?g* = (5?E*’(m)),
where Er;-XE*’(m) = icsx :cl-jé;k/n])-(. Since our estimator Xxx in (3.7) is a shrinkage estimator, we
J
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also use a shrinkage estimator to estimate E;nE)* by

s(m) _ ()
n0 = asm (3.9)

where as € [0,1] is the shrinkage weight. In practice, ag can also be chosen by cross-validation or
using an additional tuning dataset.
In summary, given Xxx and f)gnE)* as defined in (3.7) and (3.9), in the m-th iteration of the

regularized Buckley-James method, we solve the optimization problem
1 +e . .
B = argmin 5878 — BTS84+ BB+ MBI (3.10)

by the proximal gradient descent algorithm (Parikh et al., 2014).

In Algorithm 4, we summarized the major steps for our proposed method, DISCOM-BJ, given
a set of tuning parameters (041, g, a3, \).

We make two important remarks about the proposed procedure. First, our method applies to
any penalty for linear models, including LASSO and elastic net (Zou and Hastie, 2005). Secondly,
to be numerically effective, the starting values ,8(0) may be obtained by using the least-squares
estimator treating all observations as uncensored (Buckley and James, 1979). Other choices, e.g.

using only uncensored observations, are also feasible.

3.3 Numerical Study

We perform some numerical studies to compare our proposed method (DISCOM-BJ) with

some other methods, which include

1. ¢5-BJ, which applies the regularized Buckley-James regression to samples with complete ob-

servations and uses Py(3) = \||B]|2;

2. Imputed-f¢o-BJ, which applies the regularized Buckley-James regression to all samples with

missing values being imputed by the soft-thresholded SVD method and uses P\(3) = A||3]|2;

3. £1-BJ, which applies the regularized Buckley-James regression to samples with complete ob-

servations and uses P\(8) = \||B]1;
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Algorithm 4: Regularized Buckley-James method by using covariance from multi-
modality data

Input: {(yi, i, x;),1 <i<n} A
Output: /™
Let B9 be the initial value of 8.

while |3 — g(m=D| > ¢ do
Compute €;(8 V) for 1 <i < n by

6 (8 ) =y —a] g,

where x; is the imputed predictors of the i-th observation.

Compute F(™)(t) by
R d:
0 I (%),

i:s-(ﬁ<m*l>)<t
where d; = Z;L [6] (ﬂ(m 2 ) (ﬁ(m 1 ) and §; = 1] and

n; = Z?:l I(E,](IB ) z( ))
Compute E*(M) = (e’f(ﬁ(m_l)), .. ,e;‘;(,@(m_l)))T by

x(g(m—1) vi — &/ B %=1,
e (B )= foo tdF(™)(¢) 5. = 0.

yL_:i;FIB<m71) 1—F(m) <yi_5:;l'ﬁ(m71))

Compute Xxx and f]gzn}%* by (3.7) and (3.9) respectively.
Update 8™ by

Bm *mén ,8 SxxB - /M VTl ,3+2;E)j,3+)\”5‘|1

end
return 8™,
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4. Imputed-¢1-BJ, which applies the regularized Buckley-James regression to all samples with

missing values being imputed by the soft-thresholded SVD method and uses P\(3) = A||3]|1;

5. Boosting-BJ, which applies the Buckley-James boosting method with linear least-squares

(Wang and Wang, 2010) to samples with complete observations;

6. Imputed-Boosting-BJ, which applies the Buckley-James boosting method with linear-least
squares (Wang and Wang, 2010) to all samples with missing values being imputed by the
soft-thresholded SVD method.

For all examples, we generate the natural logarithm of the true survival time by
T =x"8+e¢, where € ~ N(0,1).

and set &; = (w1, . .. ,J;ip)T ~ N(0,%) with ¥ = (o), where 0;; = 0.6V~ The data are generated
from three modalities whose dimensions pi,p2 and psg are specified in each example. The true

coefficient vector is

16 :(b7b7b707"' 707b7b7b707"' 707b7b7b707"' 70)7
~—— ~—— N——
P13 p2—3 p3—3
where b is a constant. We generate €1, €9,..., €, N (0,1). The censoring time C is generated

from unif(r;, 7,,), where 7;, 7, are tuned to achieve the desired censoring rate. The censoring rates
are specified in each example.

The training dataset contains 25 samples with complete observations, 25 samples with observa-
tions from the third modality, 25 samples with observations from the first and the third modalities
and 25 samples with observations from the first modality. The tuning dataset contains 100 samples
with complete observations without censoring response and the testing dataset includes 400 samples
with complete observations without censoring response. For each method, we train our model with
different tuning parameters on the training dataset. Then we choose the optimal tuning parameters
minimizing the mean squared error on the tuning dataset.

For each example, the experiment is repeated 50 times. To evaluate the selection perfor-

mance of the algorithm, we use false-positive rate (FPR) and false-negative rate (FNR) defined
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as FPR = FP/(FP + TN) and FNR = FN/(FN + TP), where FN is the number of coefficients
wrongly estimated as zero, TN is the number coefficients rightfully estimated as zero, TP is the
number of coefficients rightfully estimated as nonzero and FP is the number of coefficients wrongly
estimated as nonzero. Furthermore, to evaluate the accuracy of our estimators, the mean squared
error MSE = || Tiest — TtestHg on the testing dataset and the ¢y distance ||3 — BHQ are used as
the criteria, where Tiest is the logarithm of the survival time vector in the test dataset, Tiest is the
logarithm of the predicted survival time vector in the test dataset, and B is the estimated coefficient
vector.

In Example 1, we examine how our method performs with various signal-to-noise ratios. We
set p =90, p; = p2 = p3 = 30 and the censoring rate equal to 50%. In Example 1(a) and 1(b), we
set b to be 0.5 and 2 respectively.

In Example 2, we examine how our method performs with various p. We set b = 1 and the
censoring rate equal to 50%. In Example 2(a), we set p to be 60, where p; = p2 = p3 = 20. In
Example 2(b), we set p to be 120, where p; = ps = p3 = 40.

In Example 3, we examine how our method performs with various censoring rates. We set
p =90, pp = p2 = p3 = 30 and b = 1. In Example 3(a) to 3(f), we respectively let (7, 7,) €
{(1,6.8950), (1,3.64), (1,1.21), (-5, 5), (=5, 2.515), (—5,0.16) } such that the yielding censoring rate
P(T > C') ranges from 0.2 to 0.7 with an increment of 0.1.

We report the simulation results in Tables 3.1, 3.2 and 3.3. Table 3.1 shows the results of
Example 1 with two different signal to noise ratios. Table 3.2 shows the results of Example 2 with
two different dimensions. Table 3.3 shows the results of Example 3 with different censoring rates.
Based on the results, we can see that imputed versions of ¢5-BJ, ¢1-BJ and Boosting-BJ perform
better than the un-imputed version of these methods in terms of the parameter estimation and
variable selection. Compared with other exisiting methods, our proposed DISCOM-BJ delivers the

best performance in all these three examples.

3.4 Application to the ADNI study

We apply the DISCOM-BJ to the ADNI study (Mueller et al., 2005) and compare it with

several other approaches. A primary goal of this analysis is to identify biological markers and
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Example 1(a) [low signal to noise ratio]

MSE EST FPR FNR
(>-BJ 414 (0.09)  1.34 (0.01) 1.00 (0.00) 0.00 (0.00)
Imputed-£2-BJ 2.91 (0.07) 1.21 (0.01)  1.00 (0.00)  0.00 (0.00)
,-BJ 3.64 (0.12)  1.40 (0.02) 0.17 (0.02)  0.49 (0.03)
Tmputed-¢;-BJ 2.56 (0.09)  1.27 (0.03) 0.16 (0.01) 0.31 (0.02)
Boosting-BJ 4.37 (0.15) 1.54 (0.03) 0.07 (0.00) 0.58 (0.02)
Imputed-Boosting-BJ  2.85 (0.09)  1.22 (0.02)  0.06 (0.00) 0.34 (0.02)
DISCOM-BJ 2.51 (0.09)  1.21(0.03) 0.18 (0.02) 0.26 (0.02)

Example 1(b) [high signal to noise ratio]
(,-BJ 4719 (1.22) 5.31 (0.05) 1.00 (0.00)  0.00 (0.00)
Tmputed-fo-BJ 26.26 (0.80)  4.62 (0.05)  1.00 (0.00)  0.00 (0.00)
01-BJ 20.93 (1.49)  4.54 (0.09) 0.23 (0.02)  0.24 (0.02)
Imputed-¢;-BJ 16.84 (0.80)  4.22 (0.09)  0.20 (0.01)  0.14 (0.01)
Boosting-BJ 41.40 (1.70)  5.32 (0.09) 0.06 (0.00) 0.42 (0.03)
Imputed-Boosting-BJ  25.67 (0.98)  4.37 (0.08)  0.04(0.00)  0.22 (0.02)
DISCOM-BJ 15.16 (0.63) 3.87 (0.08) 0.19 (0.01) 0.09 (0.01)

Table 3.1: Performance comparison of different methods for Example 1 with different signal to noise ratios.

The values in the parentheses are the standard errors of the measures.

Example 2(a) [p = 60]

MSE EST FPR FNR
7>-BJ 10.87 (0.34) 2.49 (0.03) _1.00 (0.00) _0.00 (0.00)
Imputed-fo-BJ 5.81 (0.19)  2.16 (0.03)  1.00 (0.00)  0.00 (0.00)
¢1-BJ 7.58 (0.40)  2.38 (0.04) 0.24 (0.02) 0.28 (0.03)
Imputed-¢;-BJ 477 (0.17)  2.14 (0.04)  0.25 (0.01)  0.14 (0.02)
Boosting-BJ 10.28 (0.39) 2.65 (0.04) 0.08 (0.00) 0.43 (0.02)
Imputed-Boosting-BJ  6.91 (0.22)  2.16 (0.04) 0.06 (0.00) 0.23 (0.02)
DISCOM-BJ 4.46 (0.18) 1.97 (0.04) 0.29 (0.02) 0.09 (0.02)

Example 2(b) [p = 120]
>-BJ 13.73 (0.31) 2.73 (0.02) _1.00 (0.00) _0.00 (0.00)
Imputed-fo-BJ 8.84 (0.24) 243 (0.02) 1.00 (0.00) 0.0 (0.00)
01-BJ 9.91 (0.45)  2.52 (0.05) 0.14 (0.01)  0.37 (0.03)
Imputed-¢,-BJ 5.83 (0.22)  2.26 (0.05) 0.16 (0.01)  0.19 (0.01)
Boosting-BJ 12.65 (0.51)  2.86 (0.05) 0.06 (0.00) 0.48 (0.02)
Imputed-Boosting-BJ  7.23 (0.26)  2.20 (0.04)  0.04 (0.00) 0.24 (0.02)
DISCOM-BJ 5.52 (0.24) 2.08 (0.05) 0.16 (0.01) 0.13 (0.02)

Table 3.2: Performance comparison of different methods for Example 2 with different dimensions. The

values in the parentheses are the standard errors of the measures.
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Example 3(a) [P(T > C) = 0.2]

MSE EST FPR FNR
7>-BJ 9.39 (0.25)  2.43 (0.02) 1.00 (0.00) _0.00 (0.00)
Imputed-¢,-BJ 5.88 (0.13)  2.15 (0.02)  1.00 (0.00)  0.00 (0.00)
01-BJ 5.85 (0.31)  2.07 (0.05) 0.26 (0.02) 0.15 (0.02)
Imputed-¢;-BJ 418 (0.16)  1.99 (0.04) 0.18 (0.01)  0.10 (0.01)
Boosting-BJ 810 (0.34)  2.35 (0.05) 0.06 (0.00) 0.31 (0.02)
Imputed-Boosting-BJ  5.18 (0.19)  1.93 (0.03)  0.04 (0.00) 0.13 (0.01)
DISCOM-BJ 3.81 (0.14) 1.81 (0.04) 0.16 (0.01) 0.07 (0.01)
Example 3(b) [P(T > C) = 0.3]
5-BJ 10.40 (0.25) 2.52 (0.03) 1.0 (0.00) 0.00 (0.00)
Tmputed-f5-BJ 6.31 (0.14)  2.20 (0.02)  1.00 (0.00) 0.0 (0.00)
01-BJ 6.82 (0.31)  2.16 (0.04) 0.26 (0.02) 0.19 (0.02)
Imputed-¢,-BJ 440 (0.16)  2.01 (0.04) 0.19 (0.01)  0.10 (0.01)
Boosting-BJ 9.08 (0.35)  2.43 (0.04) 0.06 (0.00) 0.3 (0.02)
Imputed-Boosting-BJ  5.71 (0.20)  1.98 (0.03) 0.04 (0.00) 0.16 (0.02)
DISCOM-BJ 4.14 (0.13) 1.85 (0.03) 0.19 (0.01) 0.09 (0.01)
Example 3(c) [P(T > C) = 0.4]
>-BJ 11.56 (0.28) 2.57 (0.02) 1.00 (0.00)  0.00 (0.00)
Imputed-fo-BJ 6.92 (0.16)  2.27 (0.02)  1.00 (0.00) 0.0 (0.00)
01-BJ 776 (0.32) 227 (0.04)  0.24 (0.02)  0.24 (0.02)
Imputed-¢;-BJ 478 (0.16)  2.08 (0.04) 0.21 (0.01) 0.11 (0.01)
Boosting-BJ 10.36 (0.36)  2.56 (0.04)  0.06 (0.00)  0.40 (0.02)
Imputed-Boosting-BJ  6.47 (0.19)  2.07 (0.03)  0.05 (0.00) 0.17 (0.02)
DISCOM-BJ 4.48 (0.14)  1.90 (0.04) 0.22 (0.02) 0.08 (0.01)
Example 3(d) [P(T > C) = 0.5]
7>-BJ 12.65 (0.31) 2.64 (0.03) 1.0 (0.00) _0.00 (0.00)
Imputed-fo-BJ 7.46 (0.22)  2.32 (0.03) 1.00 (0.00)  0.00 (0.00)
0,-BJ 8.79 (0.39)  2.42 (0.05) 0.17 (0.01)  0.34 (0.03)
Imputed-¢;-BJ 5.41 (0.28)  2.19 (0.05) 0.19 (0.01)  0.18 (0.02)
Boosting-BJ 11.46 (0.53) 2.72 (0.06)  0.06 (0.00)  0.43 (0.02)
Imputed-Boosting-BJ  7.14 (0.29)  2.17 (0.05)  0.04 (0.00) 0.24 (0.02)
DISCOM-BJ 5.05 (0.23)  2.03 (0.05) 0.21 (0.02) 0.12 (0.01)
Example 3(e) [P(T > C) = 0.6]
7>-BJ 14.36 (0.34) 2.75 (0.03) 1.0 (0.00) _0.00 (0.00)
Imputed-¢5-BJ 8.95 (0.26)  2.44 (0.03)  1.00 (0.00)  0.00 (0.00)
01-BJ 10.62 (0.39) 2.54 (0.04) 0.20 (0.02)  0.37 (0.03)
Imputed-£,-BJ 6.36 (0.31)  2.31 (0.05) 0.18 (0.01)  0.22 (0.02)
Boosting-BJ 13.95 (0.55) 2.9 (0.05)  0.06 (0.00) 0.52 (0.02)
Imputed-Boosting-BJ  8.81 (0.32)  2.39 (0.05) 0.04 (0.00) 0.30 (0.02)
DISCOM-BJ 5.84 (0.29) 2.16 (0.05) 0.22 (0.02) 0.17 (0.02)
Example 3(f) [P(T > C) =0.7]
>-BJ 15.76 (0.36) 2.83 (0.03) 1.0 (0.00) _0.00 (0.00)
Imputed-fo-BJ 10.82 (0.30)  2.61 (0.03)  1.00 (0.00)  0.00 (0.00)
01-BJ 12.00 (0.40) 2.61 (0.03) 0.21 (0.03)  0.44 (0.02)
Tmputed-¢1-BJ 7.42 (0.31)  2.39 (0.05) 0.18 (0.01) 0.28 (0.02)
Boosting-BJ 17.29 (0.61)  3.36 (0.05)  0.06 (0.00)  0.59 (0.02)
Imputed-Boosting-BJ  11.39 (0.33) 2.74 (0.04) 0.04 (0.00) 0.36 (0.02)
DISCOM-BJ 6.83 (0.28) 2.24 (0.04) 0.36 (0.04) 0.12 (0.02)

Table 3.3: Performance comparison of different methods for Example 3 with different censoring rates. The
values in the parentheses are the standard errors of the measures.
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neuropsychological assessments to measure the progression of MCI and early AD. We are interested
in predicting the time to convert to state AD of patients who was initially diagnosed as MCI in the
ADNI study. We extract biomarkers from three complementary data sources: MRI, PET and CSF.
Note that, as (Xue and Qu, 2021) stated, our sparsity assumption of the proposed method may not
be suitable for raw imaging data or imaging data at small scales since images have to show some
visible atrophy for AD. However, the sparsity assumption can still be reasonable for the region of
interest (ROI) level data. Thus, we apply the DISCOM-BJ to the ROI level data in ADNI.

We process the image data following the similar procedure as in (Yu et al., 2020). For the MRI,
after correction, spatial segmentation and registration steps, we obtain the image for each subject
based on the Jacob template with 93 manually labeled ROIs. For each of the 93 ROIs in the labeled
MRI, we compute the volume of gray matter as a feature. For each PET image, we first align the
PET image to its respective MRI image using affine registration. Then, we calculate the average
intensity of every ROI in the PET image as a feature. For the CSF modality, five biomarkers
are used in this study, namely amyloid B3(AB342), CSF total tau (t-tau), tau hyperphosphorylated
at threonine 181 (p-tau), and two tau ratios with respective to AB42 (i.e., t-tau/AB42 and p-
tau /AB42)

After data processing, we have 93 features from MRI, 93 features from PET and 5 features
from CSF. There are 376 subjects in total, including 56 subjects with complete MRI, PET, CSF
features and uncensored response, 38 subjects with complete MRI, PET, CSF features and censored
response, 101 subjects with MRI and PET features only, 89 subjects with MRI and CSF features
only, and 92 subjects with MRI features only.

In our analysis, we divide the data into training, tuning, and testing sets. The training set
consists of all subjects with incomplete observations and 40 randomly selected subjects with com-
plete features. The tuning set consists of another 18 randomly selected subjects with complete
observations. The testing set contains the remaining 36 subjects with complete observations. We
train our model with different tuning parameters on the training set. Then we choose the tuning
parameters which minimize the mean squared error on the tuning set. The testing set is used
to evaluate different methods. We used all methods shown in the simulation study to predict the

conversion time from MCI to AD. For each method, the analysis is repeated 50 times using different
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method {5-BJ Imputed-¢5-BJ /1-BJ Imputed-¢;-BJ DISCOM-BJ
MSE 0.99(0.04) 1.01(0.04) 0.88(0.03) 0.88(0.04) 0.84(0.02)

Table 3.4: Performance comparison for the ADNI data. The values in the parentheses are the standard
errors of the measures.

Top features selected by DISCOM-BJ

Uncus left

Hippocampal formation left

Middle temporal gyrus right;

Precuneus left;

Angular gyrus left;

amyloid B (AB42)

CSF total tau(t-tau);

tau hyperphosphorylated at threonine 181

Table 3.5: Top 8 features selected by DISCOM-BJ.

partitions of the data. In addition to the sum of MSE of all three responses. We also compare the
number of features selected by each method.

The results in Table 3.4 show that our proposed DISCOM-BJ method acquires the best pre-
diction performance with smaller MSE than ¢;-BJ, Imputed-¢1-BJ , £5-BJ and Imputed-£3-BJ. To
further understand our results, since each MRI and PET features correspond to one ROI, we can
examine whether the selected features are meaningful by studying their corresponding brain regions.
Table 3.5 shows the names of top 8 features selected by our method, where the first 5 features are
ROlIs, and the last 3 features correspond to the CSF modality. Figure 3.1 shows these 5 ROIs of
the brain. Among these 5 brain regions, some regions such as uncus left, middle temporal gyrus
left and hippocampus formation left are known to be highly correlated with AD and MCI by many
studies using group comparison methods (Misra et al., 2009; Zhang et al., 2012a). It would be
interesting to study whether the other two brain regions (Middle temporal gyrus right and Angular

gyrus left) are truly related to the conversion from MCI to AD.

3.5 Conclusion

In this paper, we propose an ¢;-penalized Buckley-James method using block-missing multi-
modal predictors and censored responses. In each iteration of Buckley-James method, with pseudo

responses, we first estimate the covariance matrix of the predictors using a linear combination
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Figure 3.1: Top 5 brain regions selected by DISCOM-BJ, where the uncus left region is highlighted by the
blue circle.

of the estimates of the variance of each predictor, the intra-modality covariance matrix, and the
cross-modality covariance matrix. The proposed estimator of the covariance matrix can be positive
semidefinite and more accurate than the sample covariance matrix. In the second step of each
iteration, based on the estimated covariance matrix, a penalized estimator is used to deliver a
sparse estimate of the coefficients. Extensive simulation studies also indicate that our method
has promising performance in estimation, prediction and model selection for the block-missing
multi-modal data. Finally, we apply the DISCOM-BJ method to the ADNI dataset to predict the
conversion time of the patients from MCI to AD. We demonstrate that our model has accurate

prediction and meaningful interpretation.
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CHAPTER 4

Adaptive Supervised Learning on Data Streams in Reproducing Kernel Hilbert
Spaces with Data Sparsity Constraint

4.1 Introduction

With the advance in technology, the volume of data generation is increasing at a very rapid
rate. Due to the challenges of big data in many applications, streaming data analysis has attracted
considerable attention. Supervised learning methods analyzing streaming data need to address
several challenges, such as limited storage and concept drift. Specifically, the amount of memory
required by the algorithms becomes infeasible as the number of samples in the data streams increases
(Langford et al., 2009). Moreover, sometimes the data stream exhibits a phenomenon referred
to as concept drift (Tsymbal, 2004), in which the underlying model evolves, causing the model
constructed using old samples to become not applicable to new observations. Traditional machine
learning algorithms may not be able to provide a good model as they may not adapt to the new
changes.

The stochastic gradient descent (SGD) algorithm (Robbins and Monro, 1951), which can effi-
ciently handle large-scale data sets, has gained increasing attention in developing supervised learn-
ing tools for data streams (Rosenblatt, 1958; Littlestone, 1988; Hazan et al., 2007). Given a convex
loss function and a training set, researchers can use the SGD to obtain a sequence of models that
converge to the optimal model. For many supervised learning problems, linear models can be
suboptimal when the response has a nonlinear relationship with the predictors.

To improve the flexibility of the model, various nonlinear regression models (Friedman et al.,
2001) can be used. Online learning with kernels (Kivinen et al., 2004) embeds the model in a
reproducing kernel Hilbert space (RKHS) (Aronszajn, 1950) to address the nonlinear relationship
in the model. Since the regression function is assumed to be in a RKHS, it is common to take the

squared norm of the regression function as the penalty. By the representer theorem (Kimeldorf
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and Wahba, 1971), the resulting regression function can be represented as a linear combination of
kernel functions determined by the training data. In addition to the typical squared norm penalty,
Zhang et al. (2016) introduced a data sparsity constraint. Zhang et al. (2016) showed that the
regression model with the data sparsity constraint can have competitive prediction performance for
various problems, especially when the sample size is small or moderate, or a sparse representation
of the data can reasonably approximate the underlying function. The data points corresponding
to kernel functions with non-zero coefficients are called support vectors (SVs).

The size of SVs grows linearly over time, posing storage and computational problems for these
models. This may result in increasing storage space and training time. To resolve this issue,
researchers have developed several different approaches. A family of algorithms, called “budget
online kernel learning”, has been proposed to bound the number of SVs with a fixed budget.
Cavallanti et al. (2007) and Zhao et al. (2012) discarded one of the existing SVs uniformly during
the training process. Dekel et al. (2005) discarded the oldest SVs during the training process.
Orabona et al. (2008) used a new kernel function to approximate the removed SVs. These methods
may suffer information loss when removing or approximating the SVs.

Another promising strategy is to explore the functional approximation techniques for achieving
scalable kernel learning (Lu et al., 2016). The key idea is to construct a kernel-induced feature
representation such that the inner product of instances in the new feature space can effectively
approximate the kernel function. Because of the approximation, the model can suffer from high
variation. As pointed out by Sun et al. (2018), the number of random features needed for a
consistent estimation grows when the number of SVs increases.

Many machine learning algorithms focus on a fixed model, where the relationship between the
responses and the covariates doesn’t change over time. However, learning a fixed function may
not always be suitable for data streams. Many data streams are non-stationary. As a result, the
underlying model may change over time. This problem is also known as concept drift, where the
conditional distribution of the response given the predictors changes over time. Concept drift can
affect the learner’s performance if not handled properly. There are many algorithms in the literature
for this issue. Schaul et al. (2013) introduced the vSGD for non-stationary models. In particular,

in each step of the vSGD, the algorithm determines the learning rate adaptively to minimize the
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loss function by using a quadratic approximation of the objective function. One drawback of vSGD
is that it may not be able to capture the model correctly when it changes rapidly.

Another common way to deal with concept drift is to detect changes and react accordingly.
Concept drift can be detected by its effect on characteristic features of the model, such as the
regression or classification accuracy. Such quantitative features can be accompanied by statistical
tests to assess the significance. Such tests can rely on some well-known statistics, such as the
Hoeffding bound (Frias-Blanco et al., 2014), or suitable distances such as the Hellinger distance
(Ditzler and Polikar, 2011). These indirect methods rely on the statistical power of the tests.

In this paper, we consider a supervised learning problem on data streams with the regression
function in a RKHS. Our proposed method has several important features. First, by using random
feature approximation, the proposed method doesn’t need to store all the previous data and uses
limited storage space and training time even when the total sample size is enormous. In addition,
the variation of our model and the error induced by random feature approximation is reduced by
using the data sparsity constraint and a shrinkage parameter. Finally, this method can also handle
non-stationary models. In particular, at time ¢, our approach finds the best model in a RKHS by
using the previously estimated model and kernel functions generated by the data we observe at time
t. It updates the model by a shrinkage parameter and random feature approximation. Numerical
studies in simulated and real data applications also confirm that the proposed method performs
competitively for data streams in both stationary and non-stationary problems.

The remainder of this chapter is organized as follows. In Section 4.2, the problem background
and the model are introduced. The simulated and real data examples are used to demonstrate the

effectiveness of our proposed method in Sections 4.3 and 4.4, respectively.

4.2 Methodology

4.2.1 Problem setup and notation

We consider the supervised learning problem when the observations arrive sequentially. The
goal is to recover the underlying mean function. At each time t, we are given a set of n; instances
{(zt,y!),i =1,...,n:} as our training set, where t = 1,...T, n; is the number of data we receive

at time ¢, T' is the total number of times we observe, scf € R? is the p-dimensional covariate vector
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of the i-th observation, and y! € R is the response of the i-th observation. We consider fitting the
model in a RKHS H = {f|f : RP — R} with a reproducing kernel function K(-,-). The data at

time ¢ are observed according to the model

= fiX") + e, (4.1)

where Y* € R, X! € RP, f; € H, and € € R is the random noise. While traditional learning
algorithms assume the data are sampled from a fixed model, here we assume that the model f;
may vary as a function of time ¢. Since we want to fit the model on data streams, with possibly an
infinite number of observations, it is unrealistic to store all the data. Our goal is to fit our model

with limited storage space.

4.2.2 Proposed method

4.2.2.1 Adaptive kernel learning on data streams

First, we describe the general adaptive kernel learning model on data streams. Given the
training data {(a:f, yf),i =1,...,m} at time ¢, we consider the penalized regression problem which
only uses these n; samples

ft(m) = arg min — ZL fi(x yz + AJ(fr), (4.2)

fte€H Ny 4

where L is a convex and differentiable loss function which measures the goodness of fit of f;, J is
a penalty function on f; in order to avoid overfitting, and A is a tuning parameter that controls
the magnitude of penalty J(f;). By the representer theorem (Kimeldorf and Wahba, 1971), the

estimated function in (4.2) can be written as

Tt
fi(x) = Z&M‘K (z}, ), (4.3)
i=1

where dy ; is the coefficients to be estimated, and we let & = (G4 1, - . ., o?t,m)T. To learn our model

in RKHS, it is common to use the regular squared norm penalty, which aims to solve the following
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optimization problem

fi(x) = =) I A 4.4
fi(x) = argglel%ntz (fr@h), ul) + MIfll, (4.4)

where || f¢||3 is the norm of f; in RKHS H.

The kernel representation of the regression function is similar to the knot structure in the
smoothing splines. Each observation in the training data can be regarded as a knot in a multidi-
mensional space. For large sample size problems, the solution to (4.4) is known to be consistent
with desirable theoretical properties. However, since the sample size, n; in each time is usually
small in practice, using all kernel functions for the representation may introduce a similar issue
as using too many knots in spline regressions. For spline regression, it is known that too many
knots may lead to overfitting and unnecessary fluctuation in the resulting estimator. To obtain
the estimators with a sparse kernel function representation, Zhang et al. (2016) proposed the data
sparsity penalty to constrain the estimated kernel function coefficient vector & in an ¢1-ball. As
shown in Zhang et al. (2016), the data sparsity model is desirable in this case since it can deliver
estimators with a sparse kernel function representation. Hence we follow their method and use
the data sparsity penalty in our model as well. By (4.2) and (4.3), we aim to solve the following

optimization problem with data sparsity constraint

- 1Y S N
& = argmin EZL Zat,jx(a:j,mi),yi + Ml | (4.5)
where a; = (4 1,...,1,)", and ||a||1 refers to the £1-norm of ;. However, model (4.5) only

uses the training data at time ¢ without previous information. For ¢ > 1, in order to use both the
observations we receive at time ¢, and the previous models we estimated before time ¢, we rewrite

our estimated function as

fi(@) =y fii(z) + ZO‘U . where v € [0,1]. (4.6)
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Here the adaptive weight ~; illustrates how the model changes from time ¢t — 1 to time ¢. If the
underlying true model f; doesn’t change, 7 is expected to be 1 when ft,l is a good estimator of
Jt-1.

In summary, for the training dataset {(zf,y!),i =1,...,n:} and the model fi—1(x) estimated

at time ¢ — 1, our adaptive kernel learning model solves the following optimization at time ¢

Y, Op) = i L ¢ A bject to v; € [0,1].
(9, &) = arg min ntz Y fia( Zat] ),¥i | +Allewll1|  subject to v € [0,1]

VOt

(4.7)

4.2.2.2 Adaptive kernel learning on data streams with adjusted learning rate

When the underlying true model f; doesn’t change from time ¢ — 1 to time ¢, the model (4.7)
uses Y 1Ly Guj K (x}, x}) to fit the residual of our last model y} — fi—1(x) at time ¢ — 1. Hence the
bias of our model is reduced. However, ft(a:) is highly correlated to ft,l(.’n) due to the sequential
modeling process when v, = 1. Compared to the model (4.5) which only uses the data at time
t, our model (4.7) has a smaller bias but a relatively larger variation. One advantage of the data
sparsity constraint is that it can deliver estimators with a sparse kernel function representation.
Hence it is a much simpler model with a relatively small variation.

In order to balance between the bias and variation, we introduce a shrinkage parameter v.
After we solve the optimization problem (4.7), if the solution 4; = 1, then the estimator fi(z) is

updated as

fi(@) = fra( +Vzata ) . (4.8)

The shrinkage parameter 0 < v < 1 controls the learning rate of our model.
If v+ # 1, the underlying true model f; may be changed from time ¢t — 1 to ¢ and it is not

necessary to use the shrinkage parameter. Then the estimator ft(az) is still updated as

filz) = fioi(= +Zat] xt) . (4.9)

The learning rate parameter v balances the learning speed and convergence rate tradeoff of

our model. With a large v, our model can estimate f; well with only a few batches of data but
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may converge to a suboptimal model. On the other hand, with a small v, our model needs more
batches of data to estimate f; well but will converge to a model with better prediction. Hence, in
practice, if the number of batches T is small, or if we want to have a good estimation with only a
few batches of training data for frequently changing model f;, it is recommended to use a larger
v such as 1. If the number of batches T is large and the model f; doesn’t change frequently, our

model can eventually have a better prediction with a smaller v such as 0.1.

4.2.2.3 Adaptive kernel learning on data streams with limited storage space

In order to solve the optimization problem (4.7), we need to evaluate K (mf,wgl) for all the

covariates azs

' we have received until time step ¢ — 1 to calculate ft_l(zci), where time ¢/ <t — 1.
Since the total sample size n = Zthl n; can be very large, it is impossible for us to store all the data
due to the limited storage. Here, we adopt random feature approximation (Lu et al., 2016) to store
our model ft(m) with limited storage for future use. The key idea is to construct a kernel-induced

feature representation z(x) such that the inner product of instances in the new feature space can

effectively approximate the kernel function as
- T
K (@i, xj) = z(z;) 2 (x)),

where z(z) € R” is a function of &, where D is the dimension of the function. A common random
feature approximation technique, random Fourier features, can be used in shift-invariant kernels
(Rahimi et al., 2007). A shift-invariant kernel is a family of reproducing kernel functions that can
be written as K (x1,x2) = k(Ax), where k is some function and Az = x; — @2 is the difference
between two instances. Examples of shift-invariant kernels include some widely used kernels, such as
the Gaussian and Laplace kernels. By performing an inverse Fourier transform of the shift-invariant

kernel function, one can obtain:

K (mia CU]) = (331 — .’13]) = / p(u)eiu—r(mi_zj)du7
RP

where



which is a proper probability density function calculated from the Fourier transform of function
k(Ax). More specifically, for a Gaussian kernel K (x;, ;) = exp(—|lz; — mjﬂg /(20?)), where o is
the width of the Gaussian kernel, we have the corresponding random Fourier component u with the
distribution p(u) = N (0, o721 ) . Then for a continuous, positive-definite and shift-invariant kernel

function, according to the Bochner theorem (Rudin, 1962), the kernel function can be expressed as

K (@i, @) = / p(u)e @) gy
RP

_E, [oos (u71) cos (uTz;) + sin (uTa1) sin (uTe;)]
i (57) s (o2 o 7)o (7))

where the operator - refers to the dot product between two vectors. Then any shift-invariant kernel
function can be expressed by the expectation of the inner product between original data’s new
representation, where the new representation of the data is z(x) = [sin (uTac) , COS (uT:B)]T. We

can sample D € N number of random Fourier components uy, ... up independently for constructing

the new representation as

z(x) = (sin <u1Ta:) , COS (ulTa:) y...,sin (uEm) , COS (u};ac))T .

The kernel learning task in the original input space can be approximated by solving a linear learning
task in the new feature space.

Using the above approximation, when ¢ = 1, the model fl(m) = YM a1,K(x!,x) can be
rewritten as

ni ny1
fl(a:) = Zdl,iK (ar:zl, w) ~ Zdl,iz (a:ll)—r 2(x) = 0] z(x),
i=1 i=1

where @11 = > 1%, &12(x)). Let py = v when 44 = 1 and gy = 1 when 7, # 1. Similarly, the model

fo(®) = yofi(m) + o 12, G K (@2, &) can be rewritten as

na
~ ~ T ~
fo(x) = ygusz(m) + o Z Gz (mf) z(x) = u;z(m),
i=1
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where Qe = Yoty + p2 > 2, G2:2(x?). By induction, when ¢ > 1, for given model at time step
t—1as fi_1(x) =0,  z(x), our estimated function fi(x) = v fr(x) + p St Gy K (2t @) can be

written as

A~

frl@) m yptieaz(u) + e Y dnaz (2f) ' 2(@) = 4] 2(x),
=1

where @y = Ytue—1 + pue Y ity G iz(xk). Then the optimization problem (4.7) can be written as

1 n ¢
(3¢, 6y) = arggljxn,, - ;L vt z(xh) + ;amz (:p;)—r z(xh), yt | + M1 | subject to v € [0, 1],

(4.10)
where 10,1 is the coefficient vector of the previous model we estimated at time ¢t — 1. If 4, = 1,

then the estimator 1, is updated as

N

N ~ 2 : ~ t
u = vue—1 +v atyiz(a:i).
i=1

If v # 1, the estimator G is updated as
ng
U =yl 1+ Y dyz(x)).
i=1

Then instead of keeping all the data to evaluate kernel functions at each time step, we need to keep
a D-dimensional vector ;.

Data sparsity constraint can also reduce the approximation error induced by the random feature
approximation. When we use the random feature approximation, the more kernel functions we use,
the larger approximation error it may generate. As pointed out by Sun et al. (2018), the number of
random features D needed for a consistent estimation grows when the number of kernel functions
increases. Thus when we use fewer kernel functions to estimate the model by using data sparsity
constraint, we can also reduce the error induced by the random feature approximation.

Algorithm 5 below describes the major steps of the Incremental Adaptive Data Sparsity Ker-
nel (IADSK) learning method for a given shift-invariant kernel function K(x1,x2) = k(Ax), the

number of random Fourier components D, and the learning rate v, loss function L.
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Algorithm 5: incremental Adaptive Data Sparsity Kernel learning (IADSK) method

Input: data stream {(xf,y!),i =1,...,n:}1 4, a shirft-invariant kernel function
K(x1,x2) = k(Ax), the number of random Fourier components D and the
learning rate v, loss function L.

Output: {fi}{_;

Generate D random Fourier components uy, ... up independently with the distribution

pu) = (;ﬂ)d / e (AT L Az)d(Ax).

Constructing the random feature function as

z(x) = (sin (ulTw) , COS (ufw) ,...,sin (uga:) , COS <u£az>)T .

Let g = 0. for t =1 to T do
Compute v and &y by

min

R . oA T R .
mir EE L vt yz(ah) + ) z (af) 2(@h),uf | + Aellélh subject to 7y, € [0,1],
1,0t .
J=1

=1

where tuning parameter \; is chosen by cross validation
Compute u; by

o L Jten+ T Gz () i < 1
¢ = . R .
Vel + vyt Gz (xh) iy =1

Compute ft by

end
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4.3 Numerical study

In this section, we perform three numerical studies to compare the efficiency of our proposed
method (IADSK) with different learning rates v and two other methods. In particular, we choose

v =1,0.5 and 0.3 for IADSK. The other two methods include

e Fourier online gradient descent (FouGD) method (Lu et al., 2016), which is an online kernel

learning method using random Fourier features for approximating kernel functions.

e Incremental Adaptive Ridge Kernel (IARK) learning method with different learning rate v,
which uses the squared norm penalty || f ||g_[ instead of the data sparsity penalty, where || f||%
is the norm of f in RKHS . In particular, we also choose learning rate v = 1,0.5 and 0.3

for our proposed method.

In our numerical study, we use the Gaussian kernel and the fs-loss as our loss function in our
training model (4.10). Then L(f(z),y) = (y — f())? and K(x;,x;) = exp(—|z; — z;||3 /(202)).
Let the number of random features D be 30. For the first two examples, we aim to compare our
method with other methods when the model is stationary. For the first example, we generate the
data by

Y; = 3exp((X; — 0.5)%) + exp((X; — 1)?) +e.

For the second example, we generate the data by
Y; = 10exp(X7) + .

Let € ~ N(0,0.1) and X; € R follow a uniform distribution within [—1,1]. In both examples, we
let the size of each batch of our training samples be 10, 20, or 40, and generate 3000 batches of
training samples in total.

For the third example, we aim to compare our method with other methods when the model is

non-stationary. We generate the data by

Y, = 3exp((X; — 0.5)%) + exp((X; — 1)%) + ¢,
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when t € [1,500], and

Y; = 3exp((X; + 0.5)%) + exp((X¢ + 1)%) + ¢,

when ¢ € [501,1000]. Let ¢ ~ N(0,0.1) and X; € R follows a uniform distribution within [—1, 1].
We let the size of the each batch of our training samples be 20, and generate 1000 batches of
training samples in total.

For each example, we repeat the simulation 50 times. To evaluate the prediction performance
of the algorithms at time ¢, we generate 100 testing samples {(X7 oy, Yiiest):? = 1,- -+, 100}. Then

we use the average testing error from time 1 until time ¢ as the criterion

1 t 1 100 4
z Z m Z(S/}'Z,test - ijz,test)zv
i=1 j=1

where l?;ftest = ft(X§,text) is the prediction using our estimated model ft at time ¢. In addition,
after we plot the performance of all methods, we zoom in some parts of the plot to highlight the
comparison of different methods. In particular for the first and second examples, we first plot the
performance of all te methods for all batches. Secondly, we plot the performance of IADSK with
3 different learning rates for the first 50 batches. Then we plot the performance of FouGD and
TADSK with 3 different learning rates for the last 1000 batches. Finally we plot the performance
of TADSK with 3 different learning rates for the last 1000 batches.

For the third example, we first plot the performance of TADSK with 3 different learning rates,
TARK with 3 different learning rates, and FouGD for all batches. Then the performance of FouGD
and TADSK with 3 different learning rates for time ¢t € [400,600]. Finally, we plot the performance
of IADSK with 3 different learning rates for time ¢t € [400, 600].

We report the simulation results in Figures 4.1 to 4.7. Figures 4.1, 4.2, 4.3 and 4.4 show the
results of Example 1 with 10, 20 and 40 training samples in each batch respectively. Figures 4.4,
4.5, 4.6 and 4.4 show the results of Example 2 with 10, 20 and 40 training samples in each batch
respectively. Figure 4.7 shows the result of Example 3.

Compared with the other two methods, our proposed IADSK method always delivers better

prediction than FouGD and TARK. Specifically, the average testing error of TADSK with v = 1
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Figure 4.1: Performance comparison of different methods for Example 1 with 10 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

and 0.8 decrease much faster than the other methods when ¢t < 50, and TADSK with v = 1 and 0.8

perform better when ¢ is small.
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Figure 4.2: Performance comparison of different methods for Example 1 with 20 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

For the first example when n; = 10, Figure 4.1 shows that the IADSK with v = 1 or 0.8 always
produces smaller average testing errors than the other methods. But as time ¢ becomes larger, the

testing error of FouGD decreases faster than that of TADSK and TARK.

62



All batches

First 50 batches, IADSK

|
1'\‘1 — |ADSK,v=1 | — |ADSK,v=1
<l | ‘lx IADSK,v=0.5 <1 IADSK,v=0.5
° ‘;\\ IADSK,v=0.3 ° . IADSK,v=0.3
1ENS == IARKv=1 1
[ —— IARK,v=0.5 <‘
_ NS == IARKv=03 | _ .
S .| T T~ ————& FouGD s | |
s e —— o ° |
o o
= =
® ®
-] -]
ks ks
o 2 o o |
o oD ° 1
o o \
) o \
> >
1] 1]
\\\\‘_ix
500 10'00 1 5‘00 201]0 25'00 3000 0 1‘0 20 3‘0 dID 50
time time
Last 1000 batches, IADSK and FouGD Last 1000 batches, IADSK
R — |ADSK,v=1 — |ADSK,v=1
E IADSK,v=0.5 - IADSK,v=0.5
IADSK,v=0.3 £ IADSK,v=0.3
—8— FouGD
£
) )
o . T § |
o 2+ oD S
£ - =
D D
i) i)
B . k)
[V ()
(=] (=]
o ® 3
© o
> > °
® 2 | ®

T T T T
2600 2800 2600 2800

time

3000 3000

time

Figure 4.3: Performance comparison of different methods for Example 1 with 40 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

For the first example when n; = 20 or 40 and the second example when n; = 10,20 or 40,
Figures 4.2, 4.3, 4.4, 4.5 and 4.6 show that although the average testing error of IADSK with v =1
is smaller than all the other methods when ¢ < 50, when ¢ > 2000, the testing error of IADSK with

v = 0.3 or 0.5 become smaller than TADSK with v = 1.
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Figure 4.4: Performance comparison of different methods for Example 2 with 10 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

For the third example, the lower right plot in Figure 4.7 shows that the model change at time
t = 500 has more impact on the performance of FouGD than our proposed method. In addition,
the lower-left plot shows that the average testing error of IADSK with v = 1 or 0.8 decrease faster

than TADSK with v = 0.5 or 0.3 after the model changes.
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Figure 4.5: Performance comparison of different methods for Example 2 with 20 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

4.4 Experiments on real data

In this section, we demonstrate the performance of our proposed model using the abalone

dataset from UCI datasets. Abalone is a mollusk with a peculiar ear-shaped shell lined with
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Figure 4.6: Performance comparison of different methods for Example 2 with 40 samples in each batch.
The top left figure compare the performance of all methods for all 3000 batches of data. The top right
figure compare the performance of TADSK with different learning rate for the first 50 batches of data. The
bottom left figure compare the performance of FouGD and IADSK with different learning rate for the last
1000 batches of data. The bottom right figure compare the performance of TADSK with different learning
rate for the last 1000 batches of data.

mother of pearl. Researchers can estimate its age by counting the number of rings in its shell with
a microscope, but it is time-consuming. In this section, we will use different methods to predict
the age by using physical measurements. The sample data contains 4177 observations and eight

features. All of the predictor variables are continuous except for sex, which is a categorical variable
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Figure 4.7: Performance comparison of different methods for Example 3 with 20 samples in each batch.
The top figure compare the performance of all methods for all 3000 batches of data. The bottom left figure
compare the performance of FouGD and TADSK with different learning rate for time ¢ € [400,600]. The
bottom right figure compare the performance of IADSK with different learning rate for time ¢ € [400, 600].

with possible values ‘M’ (for males), ‘F’ (for females), and ‘I’ (for infants). The goal is to predict
the number of rings on the abalone and thereby determine its age.

In our experiments, we divide the data into the training set and testing set. The testing set
consists of 57 randomly selected subjects, and the training set consists of 1" batches of samples, and

each batch contains n; subjects, where T' and n; are specified in each experiment. The analyses
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were repeated 30 times for each method using different data partitions. We use the Gaussian kernel
and the f2-loss in our training model (4.10). To evaluate the result, we use the average testing error

from time 1 until time ¢ as the criterion

1 t 1 100 N
Z Z m Z(Y}Z,test - Y}'Z,test)z'
i=1 j=1

In the first experiment, we let n; = 20 and 7' = 206. In the second experiment, we let n; = 40
and T = 103. The results are plotted in Figure 4.8. Both results indicate that our proposed
method TADSK with v = 1 and v = 0.8 deliver the best prediction among all methods. In addition,
although the total numbers of training samples are the same in both experiments, the performance

of both TADSK and TARK in the second experiment is better than those in the first experiment.
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Figure 4.8: Performance comparison of different methods for Abalone data. The left figure compare the
performance of all methods for Abalone data with 20 samples in each batch. The right figure compare the
performance of all methods for Abalone data with 40 samples in each batch.
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APPENDIX A: SUPPLEMENTS TO CHAPTER 2

A.1 Toy example with adaptive LASSO penalty

The advantage of joint estimation is not pertained to the choice of penalty. If we choose other
penalty functions, we can still see such an advantage. To illustrate that, we did some further
simulation experiments in the toy example with the adaptive LASSO penalty. In particular, we
plot the estimation errors of the original adaptive LASSO method (“Separate LASSO” in Figure 1)
and the adaptive LASSO penalty with precision matrix as the adjusted weight (“2-step weighted
LASSO” in Figure 1). We use cross-validation to choose the tuning parameter. The resulting
estimation errors are shown in Figure A.1. It shows that the two-step weighted adaptive LASSO
may perform worse than separate adaptive LASSO, so it also has the same problem as LASSO.

Jointly estimate B* and C* with the adaptive LASSO penalty can solve this problem.

Case1 Case 2
o
= A
o / /
:_ = / r————pg
e / o Iy N
s | B
3 - - / 3
@ o I o
a / 2 4 B
S | ,
IZ‘; o A “,‘"
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rho rho
l% Separate LASSO —&— 2-step weighted LASSO l

Figure A.1: Plots of the estimation errors for separated adaptive LASSO, two-step weighted adaptive
LASSO and joint estimation when 3, = (; p ) The left panel is for B* = (0 0 ) and the right panel

1 2 35
. «_ (0O 0
is for B* = (_2 3.5).
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A.2 Regularity Conditions

Assumption A.2.1. Suppose there exists two positive constants L1 and Lo such that for any u; €

2 2,42 2 242
RP, us € R?, andt € R, E (exp (tu]—xi)) < exp (M) and E(exp(tug y;)) < exp (M)
Assumption A.2.2. nxyx > 6logp, nxy > 4log(pq) and nyy > 6logq.

Under Condition A.2.1, the predictor and the response vectors follow sub-Gaussian distribu-
tions. Condition A.2.2 ensures that the missing proportion of the data is not too large in order
to get consistent estimators of B* and C*. If we further assume that (log(pgq))/no = O(1), with
nog = min{nxx,nxy,nyy}, Condition A.2.2 is satisfied when nq is sufficiently large.

In order to prove Lemma 2.3.1 and 2.3.2, we need the following additional assumptions.

Assumption A.2.3. |B*|., < ' and |C*||L, < ¢* where 0 < y1,72 < 1= and ¢o =

i nxXy NXxX Nyy * .,
min{ Togtod) logs > Tozg - |B*||2 < ¢ for some positive constant c.

Assumption A.2.4. Suppose that Xxx and C* satisfy ¢ < Apin(xx) < dmax(Xxx) < C and

¢ < Amin(C*) < Anax(C*) < C for some positive constants ¢ and C.

Condition A.2.3 makes a weak assumption on the upper bounds of the norms of the
true parameters, where the two upper bounds can diverge as (log(pq))/nog — 0, with ng =
min {nxx,nxy,nyy}. We impose the sub-Gaussian assumption on y; in Condition A.2.1. We
essentially assume that it has bounded variance. Since it is the response from a linear model, it is
reasonable to assume that Var(y;) is bounded. Since Var(y;) > B*' Var(z;)B*, the boundness of
Var(y;) implies that ||B*||2 is bounded, if we assume Ayax(Var(z;)) < oo. Condition A.2.4 ensures

that the eigenvalues of X xx and C* are bounded away from 0 and infinity.

Assumption A.2.5. H(C* ® EXX)SESB (C*® EXX)E;SBH < 1 —1n holds for a constant n €
oo
(0,1).

Condition A.2.5 can be viewed as a population version of the strong irrepresentable condition

proposed in Zhao and Yu (2006).
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A.3 Proof of Proposition 2.1

We use a similar argument as the proof of Proposition 1 in Yu et al. (2020), we first decompose
the objective function into the estimation error of intra-modality sample covariance matrix, the
estimation error of diagonal entries and the estimation error of cross-modality sample covariance
matrix. Then we find the optimal value of each term.

By using the facts that ¥ x x = X;+X¢ and E(if) = 37, we can rewrite the objective function

in (2.10) as

arg ming, o, E|Sxx — Sxx|%

~ 2 ~ 2 - 2
— arg ming, o, {a%E HzI - EIHF 4 (1— 1)K ( diag(Sy) — EIHF 4 E Hamc - ECHF} .

The optimal value of ag can be obtained by minimizing E||as3c — E¢||%. Thus, the optimal value

2
is af = Hgﬁ%. Then taking the derivative of the objective function with respect to «;, we can
ClipToc
find that the optimal value of o is a] = %.
I

(?92 + g%HEcH%
5[""92 50+HECHF

Since EHEXX — EXXH%’ = (5% +(52, we have E”S&X — EX)(H% S EHEXX — EXXH%

At the optimum, the value of the objective function is equal to < 5% + 520'

By taking the derivative of the objective function of (2.11) with respect to «s, the optimal

IZxy %
2
IZxv 5 +%y

, which is less than 0%. Since E|Zxy — Zxy||% = 6%y, we have E||S%y — Sxy|% <

value of ag is af = . At the optimum, the value of the objective function is equal to

2
<5§<y||2XYHF2
iy HIZxy 7

E|Zxy — Zxv|%

A.4 Proof of Theorem 2.3.1

We first gives the large deviation bounds for the sample covariance matrices )] xx and ) xy by
a similar argument as the proof of Lemma 1 in Yu et al. (2020). Then we calculate the convergence
rate of entries in the estimated intra-modality sample covariance matrix, entries in the estimated
cross-modality sample covariance matrix and estimated diagonal entries using the previous bound,

and then calculate the overall convergence rate of using the union bound.

Without loss of generality, we assume aﬁx =1for 1 < j < p. Then, under Condition A.2.1, we

know that X is sub-Gaussian with parameter Ly. Let §; = 8v/6 (14 4L?) TILO)%}? . Ifnxx > 6logp,

jk
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we have 61 < 8 (1 + 4L%) . By letting v = 86 (1 + 4[/%)7 it follows from Lemma A.9.2 that

nx X o7
(173" = i [ 2 ) = eXp{ 128(1+4L%)2}

y%logp
=dexpy ———— >
128 (1 +4L%)

2
Y1

— 4p a 128(1+4L%)2

4
<7
p?

Hence, under Conditions A.2.1 and A.2.2, we have

i XX XX logp 4
max],kPO Ok Ok ’>y nﬁX>Sp3'

By the union bound, we have

P <||2XX —¥xxlloo 2 V1\/7,1;f§> <2

Let Y; denote the jth response. Without loss of generality, we assume that Y; has finite
variance. Under Condition A.2.1, Y;//Var(Y;) is sub-Gaussian with parameter Ly/y/Var(Y;). Let

63 = 16(1 + 4 max{L?, i Var v} 4/ log(pq max{max;(Var(Y;)),1}. When nxy > 4log(pq), w

have

L2
1+4 L3 ——2 Y;),1).
03 < 8( + max{ 1 min,j (Var(Y}))}) mjax(Var( i), 1)
By choosing v» = 16(1 + 4max{Ll,m})max{maxj(Var( 7)), 1}, it follows from

Lemma A.9.2 that for any 1 < j, k < pq, we have

v3log(pq)

2
128 (1 + 4max {L%, WEW)}) max; (Var(Y;), 1)

P (|65 — o) | > 6s) <dexp{ —
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Hence, by Condition A.2.1 and nxy > 4log(pq), there exists a positive constant v such that

~XY XY log(pgq 4
max; , P (‘ajk — 0 ‘ > vy n%)) <
J

By the union bound, we have

IN
3

P (IEXY —3xv|loo > 12 10g(pq)>

nxy

Based on the definition of 3 xXx, we have

~XX XX es g
05" — 0 if j =1
~XX XX - e . . .
Ojt — 05 = alaﬁx — Uﬁx if j #t¢,7 and t are in the same modality;
0425'3-)( X jgx if j and ¢ are in different modalities.

Thus, if j = ¢, there exists a positive constant v1 such that with probability at least 1 — 4/p?, it
holds that

X —on ¥ =3 — o3 X | < viv/logp/nx.

If j # t and j and ¢ are in the same modality, it holds with probability at least 1 — 4/p> that

63" = o | = |eadi ™ — o | < an]oi” - of |+ (L - an) o™

gal\éﬁx— ﬁX‘—Fl—Oq

< aqvpy/logp/nx +1— a;.

Similarly, if j # t and j and t are in different modalities, it holds with probability at least 1 —4/p?
that

A XX XX ~ XX XX ~ XX XX XX

657 — ot | = oy — o | < 2o — o |+ (1 a2) |og;

SO[Q‘&;‘%X_ ﬁx‘—i-l—ozg
< apriy/logp/nxx +1— .

Therefore, by the union bound, there exists a constant | such that

- /1
00 nxx
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Similarly, it holds with probability at least 1 —4/(pq)? that

ok o | =lasdi’ —on’ | Sas|on’ —oqt |+ (1-ag)|oi”

< asla” o] +1-a

< azve/log(pg)/nxy + 1 — as.

Therefore, by the union bound, there exists a constant v/ such that

HSXY_ZXYH > log(pg) | _ 4

nxy pq
Let d2 = 8v/6(1 + 4W§r(i’m) /1%‘3 max;(Var(Y;)). If nyy > 6logg, we have

L2
0y < 8 <1 + 4minj(V221r(Y}))> max (Var(Yj)) .

By choosing 14 = 8v/6(1 + 4War())) max;(Var(Y})), it follows from Lemma A.9.2 that

R vilog q
aﬁy— ﬁy|252)§4exp — 3

P
( o8 (1441 %Y
+ min; (Var(Yj))

<4

Hence, under Conditions A.2.1 and A.2.2, we have

, YY log 4
maxj7kP<‘ Ok —O']k, ‘>1/3 > < =,

’I’L]k q

where 14 is a positive constant. By the union bound, we have

P (IByy - Syylloo > vh/282) < 4.
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A.5 Proof of Lemma 2.3.1

We use a similar argument as the proof of Theorem 2 in Yu et al. (2020). By Theorem 2 in Yu
et al. (2020), we have |B; — Bf|2 = Op(y/5BAB). In order to prove the fo—error bound, we only
need to prove HﬁXY’i — ZA)XX]A3¢||OO < Ap, where ZA)XY,Z- and B; are the ith column of 3 yy and B,
respectively. Let AXX = ﬁlXX — Yy and AXY = ﬁ)Xy — Y xy. Let A;XX and AiXY be the 7th

column of AXX and AXY | respectively. We have

H Syyi — SxxB}
o0

=A™ - aM B

< [AF ]l = A% 1B,

. log(pq
<(IB* |0t %M (pg)

min(nXX, an)

S)‘BO'
Denote the ith column of By as ]A30,i. By Theorem 2 in Yu et al. (2020), we have

2 log(pq)
=0, | |IB;|} :
oo) P (H ZHlsBmin(nXX,an)

A

By; — B;

2 . .
= Op (83 HEXY,i — X xxB;

Adding all ¢ columns together, we have

B . spqlog(pq)
p 0 (‘B Iz, \/min(nxx,nXY)> .

HBO _B*

A.6 Proof of Lemma 2.3.2

We first verify the RSC conditions of the objective function, see (A.29) and (A.30) in Theorem
A.9.1. Then we use Theorem 1 of Loh and Wainwright (2015) to prove the convergence rate.

Recall that 39 = Byy — 224 Bo + Bj ZxxBo. Let £,(C) = tr(ZoC) — logdet(C). Tts
Hessian matrix is V2£,(C) = (C® C)~L.
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For any A“C such that |A“||p < 1. By Mean Value Theorem, there exists some ¢ € [0, 1] such

that

(VL (C* + AD) — VL, (C*),vec (A))
=vec(A) T (V2L, (C* +tA)) vec(AD)
>Amin (V2L (C* +tAD)) | A7
=[|C* + tA%||, A%,
> ([C7 [y + 1A p) > A3

> (IC* ]l + 1) |A .

Thus, (A.29) holds. Moreover, since £,, is convex, the function f(t) := L£,(C* + tA%0) is also

convex. So, f/(1) — f'(0) > f'(t) — f'(0) for all t € [0, 1]. Since

F/(1) = f1(0) =(VL, (C* + A%) , vec (AC°)> (VL, (C*),vec (A))
=(VL, (C*+ A“) — VL, (C*),vec (AD)),
F(t) = f/(0) =(VL, (C* +tAD) ,vec (AD)) — (VL, (C*), vec (AY))
1
t

(VL, (C* +tAD) = VL, (C*),tvec (AD)),
we have
<vcn (C* + ACO) — VL, (C*), vec (ACO>> % <vc (C* + tAC°> — VL, (C*), tvec (AC°)> :

For any [[A|[p > 1, take t = &5 € (0,1]. Since [tA|[p =1, we have

(VL, (C"+ ACO) — VL, (C"),vec (AC°)>

A A
> A 5 <vzn <c* - C) —~ VL, (C*),vec <C>>
[raadiie [ranadiie

> A ([C*]ly + 1)~
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Thus, (A30) holds. Denote AXX = Yxx — EX)(, AXY = Yxy — EXY and AYY = vy — gyy.
Theorem 2.3.1 implies that with probability at least 1 — = — = — = we have

logp log(pg log g
JAXX| <ot I8P axy gy [1080D) oy Ay oy 0BT
nxx nxy nyy

Then, we have

VL, (C)ll

5.3

T - Syy + 255 B - B ExxB oo + | Syy - 255, B+ B SxxB -
(Svy — 285y Bo + Bj BxxBo) | _

<2[IB* = Bo|l£, 3% [loo + 2IB* = Boll, | B*[|, |2 [lo + [B* = Bollz,

IB* = Bollz, |5 loo + A [loo + 2B, |A™Y [loo + IB*|1Z, Al

. log(pq) . qlog(pq)
<IB*|IZ, \/mm ) + IB*||z,sB

(nxx,nxy min(nyx,nxy)’

Then, the result follows from Theorem A.9.1.

A.7 Proof of Theorem 2.3.2

We first rely on verifying the RSC conditions of our loss function to express the upper bound
of |B — B*||; as a function of ||[C — C*||;; see (A.15). Similarly, we show that the upper bound
of ||C — C*||; can also be expressed as a function of |B — B*||1; see (A.18). Combining these two
results with some algebra proves the theorem.

For £,(B,C) = tr[CZyy + BCB 3xx — 2CB' xy]| — log det(C), we have V%L, (B, C) =
23 xx ® C and V4L, (B,C) = C ' C.

For £(B,C) = tr [CZyy + BCB'Zxx — 2CB' Xxvy| — logdet(C), we have V4L(B,C) =
2 xx ® C and V£L(B,C)=C g CL.
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Denote A® = B* — B and A® = C* — C. For any ¢ € [0, 1], denote B = B* + tA”. For any

vector vy, € R4, we have

v] VLL(B, C)vy, = 2v] (Bxx ® C)vy,

22”‘711 H%)\min(zXX))‘min(é) > /\min(EXX))‘min(é)HVh ||%

In addition, define

~B __ 2 PRt A o2 St A
= e {IVHL®B,€) - VEL.(B' €)1 }

- fparvoe

where AXX = EXX — X xx . Then, we have

v] V4L,(BY, C)vy,

AL

VIVRLBLC)vy, V] (VEL.(BY,C) - VLL(B,C))vy,
Vi3 RZAE
By}

= kAL

where @5 = Amin(Zxx) Amin(C*) — Amin(A)).

Let 65 = vec(AP) and 8¢ = vec(AY). Then, we have

<5B, vec (VB/J”(B, C) — VL, (B, C)>>

_ <5B, vec ( /0 L, (B"+4B-B",0) ABdt>>

>(0p,apdp) — 0|65}

(A.1)

=ap|opll3 - &ll05]1-

For any matrix B = (B;;) € RP*4, define fi(B) = (bi;), where b;; = 1 if B;; > 0, b;; = —1 if
B;j < 0 and b;; = 0 if B;; = 0. Similarly, for any matrix C = (Cj;) € R?*9, define fo(C) = (i),
where Cij = 1if Cij > 0, Cij = —1if Cij < 0 and Cij = 0 if Cij = 0. Then f1(B) S VB(”B”l) and

f2(C) € Vo(||Cll1). Since B is a stationary point of £, + Ag||B||1 and C is a stationary point of
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Ly, + Ac||Cl|1, we have
<VeC(VB£n(B, C) + )‘Bfl (B))7 (SB> >0, (A2)

and

(vec(VeLn(B, C) 4+ Ao f2(C)),8¢) > 0. (A.3)

By (A.1) and (A.2), we have

aplloplls — &7 165l
<(vec(VpLn(B,C) — VsL,(B*,C)),d5)
=(vec(VLn(B,C)),85) — (vec(VpL,(B*, C)),d5) (A4)
<(vec(Vp(As|IB|l1 + Acl|Cl1)),85) — (vec(VLn(B*, C)),d5)
<Ag[IB*|l1 = A[IBll + [ VBLA(B*, C) o161

Define

A = Ca(logp)'/2 min(ny 2, niy™ ) (IB*C7 1, + B, ¢ |h) "
A5
+ Oy max Do C), L Amin (COHZLD Y120 1 5,

nxy
where C), is a constant only depending on Apax(C*), 1/Amin(C*), L1, Lo. Then with a large enough

constant Cy, we have Ap < Ag. By Lemma A.9.5, we have

IVBL,(B*, C)ls < Ap. (A.6)

By Lemma A.9.3, we have

l95ll = [|A],

= Hvec (AB)SB H1 + Hvec (AB)Sg

1

<4 Hvec (AF) (A7)

SBll1

<4y/sp Hvec (AB)SB H

SVss 0Bl -

2
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Then by (A.4), (A.6) and (A.7), it holds with probability at least 1 — £ — - that

{ap —16E7sp} (|05l
<Ag|IB*[li = AB|Blh + [|[VBL(B*, C) |61
SAs|IB*(|1 — A5|Blly + 5|05
] (A.8)
SAB[B* (1 = Ap[Bll + Al vec (A%) ¢ s

B vee(AP) s, [l = Ap |l vee(B)sg

SAsVspllo5]2.

Next we show that with large enough nxx and ¢, ap — 1665 sp is bounded away from 0. To
show ap is bounded away from 0, we first prove that £,,(B, C) satisfies the RSC condition (A.29)
and (A.30) with respect to C for any B.

For any ¢ € [0,1], denote C*' = C* + ' A®. For any vector vj, € R, we have

v VZL(B,C vy,
=v,((C") ' @ (C") vy,

>(IC 2 + | A1) 2 |lva, I3,

where we use the Weyl’s inequality that Apax(C*) — ¢/ /\maX(AC) > )\max(ct/). Then, for all

|AC||5 < 1 and any B, we have

v ViL,(B,C)vp,

2 (IC* |2 + ¢ A ]12) "2 >(|C*]|2 + 1)~2.
IVl

Then, for any |AY|r < 1 and any B we have

(8¢, vec(VeLn(B,C) — VoL, (B, CH))
— <6C,vec (/1 ViL, <B, C*+t(C— C*)) Acdt)> (A.9)
0

>ac||éclls,
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where ac = ([|C*|]24+1)72. If |AY||r > 1, since £, (B, C) is convex with respect to C, the function
f:]0,1] = R given by f(t) := L,(B,C* +#' A°) is also convex, so f'(1) — f'(0) > f'(t') — f'(0) for

all ' € [0,1]. Computing the derivatives of f yields

(vec(VoLn(B,C) — VoL,(B,C)),d¢)

1 ) )
> (vee(VL, (B, C +¢AY%) - VL, (B,CY)),t'éc).

Taking t' = m € (0,1], for any ||AY||F > 1 and any B, we have

(vec(VeLn(B, C) — VeLly(B, C*), d¢) > aclldc]o. (A.10)

Combining (A.9) and (A.10), we show that £, (B, C) satisfies the RSC conditions (A.29) and (A.30)
with respect to C for any B. Next, following the proof of Lemma A.9.1 from Loh and Wainwright

(2015), we can prove ||d¢c||2 < 3(||C*||2 + 1)?/2. For completeness, we prove it as follows.

By (A.3) and (A.10), we have

<Vec(—)\cf2(é) — Vela(B,CY), 5C> > ac||6c]fo.

By Holder’s inequality and the triangle inequality, we also have

(vee(-Achr(€) - Vola(B,C)),6¢) < Srclldcl.

Combining the above two inequalities yields

3l8clline _ 3RAC

0 <
H CH2* 200 - 2a¢

(A.11)

With our choice of A\¢ and R, and large enough nyx,nxy,nyy, we have ||6¢|l2 < 3(||C*||2+1)?/2.

Since \/23:1 IM(AD 2 < [|AY|p, where \;(AY) denotes all the ¢ eigenvalues of A, we have
)\min(Ac) < W. Thus with large enough ¢, ap = Amin (X xx)(Amin(C*) — )\min(Ac)) is

bounded away from 0 by Condition A.2.4.
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we have

JAXX| <o, /18P, (A.12)
nxx
/
[AXY | < vf [12209), (A.13)
nxy

lo
JAYY || < vhy ] 224, (A.14)
nyy

By inequalities (A.12), (A.13), (A.14) and Condition A.2.3, with probability at least 1 — %, it

holds that

1
_ R 10 D 3772
& = 2 AN € Sv’1< : ) .
nxx

Thus when nxx and g are large enough, ap — 16é2sp is bounded away from 0. Then by (A.8), it

holds with probability at least 1 — % — ;—q that
16512 < Apv/sE.
By (A.7), it holds with probability at least 1 — % - i that
16511 < V5B 165l S Apss, (A.15)

where Ap is as stated in (A.5). Next, we show that the upper bound of ||C* — C||; can also be

expressed as a function of |B — B*||;. By (A.3) and (A.9), we have

aclléc|3 < AcllC* [l = AcllCll — (vee(VeLa(B, C)), 6c).
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By (A.12), (A.13) and (A.14), it holds with probability at least 1 — 2 — - — % that

chcn(B, c*)

o0

5.5

.
<[ - Byy + 251, B — B Sy B + HEW 931, B* + B SyyB -

(23/}/ — 22}}/]?) + ]?)TﬁxxB)H

o

log(pq)

Then, with probability at least 1 — % — % — %, it holds that

log(pq)
dclls < C*||2|IB*||? C*21165]1. Al
ocllz S vscllCl|3lIB*||7, \/min(nXX,an) + /5¢||C*|13]10B]|1 (A.16)

By Lemma A.9.3, we have

l6cll1 = Hvec (AC)ScH1 + Hvec (AC)SC

C

1

<4 Hvec (AC)ScH1 (A.17)

5\/50 ||5CH2 :

Finally, we combine (A.15), (A.16) and (A.17) to show the upper bounds of the estimation

errors of C and B.
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By (A.5), (A.16) and (A.17, with large enough nxx,nxy, it holds with probability at least

[dcllx
12l log(pq) \ (logp)'/?
min(nxx,nxy) min (nXX1 My )
. . . oy [log(pa) |
(1B €l + 1Bl lclh) + max Do (€°). 1 Anin (€} { <22
(1+||5c||1)>

SICl3se | IB™1Z, +

IB*C*||1, 5 V log(pg)

. 1/2—11/2 1/2—79/2 min(n n
nnn(nXX n2 (nxx,nxy)

(logp)/?||B*||,

+ max {Amax(C*), 1/Amin (C*)}
min (n;)?/z, né&?ﬂ)

+ldclispscllC3

)

With large enough nx x,nxy, we have

<logp)1/2||B’;!L1/2) % Dne(C7), 1/ A (€Y H 2ELD 172y _ 1),
- nxy

SBSCHC*H%( . 177.1/2
min (nXX s Nxy

so we have

[6c ]l
" . IB*C*||L, s log(pg)
SIC s (1B, + —— o | S
min (nXX ’nXY ) mm(nxx,nNxy

g)\csc.

By choosing large enough nxx,nxy and nyy, it holds with probability at least 1 — % — % - %

that
ool S 1. (A.19)
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By (A.16) and (A.19), it holds with probability at least 1 — % -4 % that

19c |2
e 2R log(pg) 2 (logp)'/2
~ SCHC H2||B ”Ll mln(nXX nXY) +SB SCHC H2 . ( 1_7_1/2 1_7_2/2)
J min (ny /" nyy
i \ \ oy [ log(pg) 2
(IB*C*[|y + IB*[|z, 10cl1) + max {Amax (C*), 1/Amin(C*) } xy

(1+ !Mh))

B*C|s log(pq)

< *1(12 *(|2 H L1°B

SICHzvse | 1IBHIIZ, + min< 1/2—71/2 n1/2—m/2) min(nxx, nxy)
Xx | fxy

g)\C\/SC'.

~

By Lemma A.9.5 and (A.19), with probability at least 1—%—%—%, we have [|[ V5L, (B*, C)|loo <

1653
<Ag||IB*[li = M5Bl + [|[VEL(B*, C)|l|ld 5]

SABIIB* [l = AslBl1 + Agll65]h

SABVsB| 9|2
So with probability at least 1 — % -4 %, it holds that
165ll2 < ABVSB;

and

1051 S ABsB.

This completes the proof.
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A.8 Proof of Theorem 2.3.3

We use a similar argument as the proof of Theorem 6 in Yu et al. (2020). We first transfer the

objective function. Then we show the upper bounds of ||(Tszs,) ! 1., and Hﬁsg - f‘SgSB,B*SB
o

We use them to show that ||BSB — Bsy lloo < minjesy |B;] with probability close to 1. Then we

< Ap with probability close to 1.

o)

By properties of trace and vectorization, we can rewrite (2.5) as

(B,C)

=arg min {tr [Cﬁ)yy} + tr [BTﬁ]XXBC] — 2tr {BTﬁ)XyC] + Ag||BJl1 + Ac||C||l1 — logdet C}
Ces?*?.B

=arg Cegl?}r}l,B {tr [Cﬁ:yy} + vec (B) " (C ® ﬁ)XX) vec (B) — 2vec(B) " vec (2){)/0) + Ag||BJl1+

Ac||Cll1 —logdet C}.
Denote B = vec(B), (2.5) is equivalent to solving

(B, C) =arg min {tr {ngy} —logdet C — 287 Vec(ﬁxyC)
B,Cesi*e
+ (A.20)

+87 (CoBxx) B+ A58l + AclClh

For an optimal solution (3, C) to (A.20), 8 should satisfy

~

B = argmin {2874+ BTEB+ Ap8] | (A.21)

where T = € ® S yy and ¥y = vec(f)xyé). This can be proved by contradiction. If 3 does
not satisfy (A.21), let B; be a solution of (A.21). Denote £,(3,C) = tr [Cﬁ]yy} — logdet C —
28" vec(SxyC) + BT (c ® EXX) B+ A5l8ll1 + Acl|C]l1. Then

L4(B,C) ~ La(81,0)
AT AT A A o T T
= (285 +B8'TB+xsBl1) - (2675 + BB, + A5l )

>0,
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which is a contradiction. Thus 8 should satisfy (A.21). Since C is the optimal solution to (A.20),
it is positive definite. By our construction, Sy is also positive definite. Thus (A.21) is a strictly
convex problem, which has a unique solution. Thus B is the unique solution to (A.21).

By the Karush-Kuhn-Tucker (KKT) conditions of (A.21), we know that 3 is a solution to

(A.21) if there exists a subgradient w? € RP? such that
5 -T8=Agw?, (A.22)

where ij = sign(Bj) if Bj #0, and wf e [-1,1]if ﬁj =0.

First, we show that for j € Sp, with high probability, there exists a solution 3 to (A.21) s.t.

Bs, — Bs, 1

o0 Jje

< gg\ﬁjl,

where BSB is the sub-vector of B with indices in Sp. Then letting Bsg = 0, we show that

B also satisfies the KKT conditions with high probability for j ¢ Sp. Then, by construction,

sign(3) = sign(B*). Define events A; = {HBSB = Bs,lle < minjeg, |Bj*|} and Ay = {||'3/Sg—
ngSBBSBHoo < Ap}, where B = vec(B*). We show that P(A;) and P(As3) are close to 1.

Denote V = ||(Tsps5) oo, where T' := C* ® X xy. Since

~ —1
(FSBSB> — (Tsps5) "
Lo
_1 ~ -1 ~
< (FSBSB) H (FSBSB) HI‘SBSB _FSBSB‘
Loo Lo Loo
< -1 T -1 T S -
> ( SBSB) I ( SBSB) I + SpSgp ( SBSB)
oo o0 LOO
f‘SBSB_I‘SBSB

o
-1

=V (V + H (fSBsB) — (Tsps5) "

) HfSBSB _FSBSBH 9
Loo L

e}
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by some algebra, we have,

V2 H]‘-‘SBSB - FSBSB
Loo
< =
L ]‘_VHI‘SBSB _FSBSB

~ —1
(FSBSB> - (I‘SBSB)_1

L
SBV2 HfSBSB - FSBSB
< = =,
1—sgV HFSBSB — FSBSB
oo
and
~ -1 spV? HfSBSB —Lspsp
’ (FSBSB) <V + — 00
Lo 1—SBVHI‘SBSB —FSBSBHOO
B Vv
1-— SBV HfSBSB — FSBSB
o0
By Theorem 2.3.2, with probability at least 1 — % — % — %, it holds that
C-c S Aeso, (A.23)
N « . o 1/2-711/2  1/2-7/2
where  Ac = CIICH BB, + splB*C|L,/min(nyy ™% niy ™) (log(p

¢)/min(nxx,nxy))/2. Denote A® = C — C*. By (A.23) and Condition A.2.3, with

probability at least 1 — % — % — % , it holds that

1
- . . lo 3772
[F-r|_<qc uoo+||AC||oo)uzxx—zxxnoos< gp) . (A.24)
00 nxx

Define v := vec(E xy C*). Then, with probability at least 1 — % — i — %, it holds that

H:)\ISB - f‘SBSBBkaB o S H:)\ISB - ’YSBHOO + H(PSBSB - fSBSB> IBE’B

[e.e]

I8, .

< A5y = Yspllo + HFSBSB —Ts,9,

< |As = Vs lloo + 58018 lloo || Pss — T

o0
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By (A.23), with probability at least 1 — % — pA‘—q — %, it holds that

17 =l

<(IC* | + 1AY)|LL) 1Zxy — Zxv oo

S (log(m)> o : (A.25)

nxy

. = - 1= < 1 . > 1 _
Since ’BSB = (FSBSB) 1753 - AB(EAX)(,SBSB) 1Slgn(653)? %(%)2 e = 0(1)7

L (lsetd)i o = (1), spV(IEL)3 772 = O(1), with probability at least 1 — 4 — 4 — 4

A\ nxy nxx

holds that

Bsy — Bsy - sign (,@SB) - B,
(Fors)”
(Fos)”

< (1A = 750l + 5818 o | Esss — s
|4

~ -1 —~
(FSBSB) Vs — B <FSBSB>

. .

~ -1
< ' (FSBSB> Ysp — /BE‘B

+ AB
oo

Lo

S (H:Y\SB - f‘SBSBIBE'B o + AB) . ‘

Lo

LOJH\B)

1-— SBV HI‘SBSB — FSBSB

22V
< K < 4\pV < min |B]],
JESB

1 sgV HFSBSB —T's,s,

o0

e}

for sufficiently large p,q, nxx,nxy and nyy. The last step holds because we assume that
ApV/minjes, B3] = o(1). Thus we have P(A;) > 1 — % — % — % for sufficiently large p,q,

nxx,nxy and nyy.
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- N -1 B
For [Tgeg, (FSBSB> —Tscs, (Pspsi) "l Lo, we have

. _ -1 .
Lscs, (FSBSB) —Tscg, (Pspsi)

Lo

IN

~ -1 .
FSgSB ((FSBSB) - (FSBSB) +

L

~ ~ —1
‘(FsgsB - FsgsB) (FSBSB)

RS

L

IN

—1
Fscs, (Pspsi) H

—~ -1

()

~ -1 ~

(FSBSB> : <HI‘SBSB _FSBSB
L

- 2spV|T — Il
T1—sgV|T = Tloe

‘I‘SBSB - FSBSB L

Loo ’ Lo

)

"

. Hl“sgsB ~Dsgss||,
Lo oo

S ‘

T HrsgsB —Tscs,
oo

Since BSB = (Csps5) 'Fsy “AB(Exx.5555) " .sign(BsB), with probability at least 1 — % - pi 4

it holds that

¥sg — Lscs,Bsp

o
~ ~ -1 ~ ~ -1
<|[Ysg —Tsgsy (FSBSB> Ysp|| +AB||Tsgsy, (FSBSB> .
o oo
-1
—~ 1 5 Ea
S| Ysg —Ysg|| T H <FsgSB (Tspsp) ™ —Tsegy, (FSBSB> > VSp
[o.¢]
. ~ -1 R . ~ -1
+ |Tsgs (Tsnss)  (vs, =s,)|| + 28 |Tsgs, (Tsuss ) ;
o0 oo

-1
=~ -1 - - *
< H%qg —Ysg HOO + H <FsgsB (Tspsp) ™ —Tsgs, <FSBSB) ) Lsp5585,

€] (I1)

[e9]
]

~ ~ -1 ~ ~ -1
*[Psgss (FSBSB> (ng - ng> Lsgsp (FSBSB)

(I11)

2
o0

Lo
]

By Condition A.2.3, Condition A.2.5, (A.24), (A.25) and (A.26), with probability at least

1—24 -4 _ 4 i holds that
p pq q

0 5 () o

nxy
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~ ~ —~ —1
(1) <5l B || E - T (1 # [Fogon (Fsass)

)

l_ _ o~
<on (logp)z M—72 - 2spV T — T
~P \nxx 1—sgV|T =T )

~ ~ -1
(110 < (3o + s ~sg | ) g (Fsosn) |,
) -
1 e 2spV|T —T
< AB+(og(pq)> g 288VIT —Tl 3
nxy 1= spV|I' - TI'

Since 52 (X&)~ = O(1), L (*EELD)3-% = O(1), and spV/(1E2)2 7 = O(1), when

nxx )\B nxy
»,q,nxy,nxx and nyy are sufficiently large, with probability at least 1 — % — % — =, it holds that
@ nUH_n
AB 4’ A 4’

(11 _ 1 ( 255V|T = Tlos
— )\B—FH‘}’c—’Yc‘ ) 1—-n+ —
o g s s 1—sgV|T = Tw
1 25V|T =T 1 _
=l-n+— = +7H7C_VCH 1—n+
AB1—spV|T—T|ls Al %5 o
255V ||IT = T'os
1—sgV|T — T
<1-1
=2
Thus, with probability at least 1 — % — i — =, it holds that

H’Ysg —Lscs,8s, -

non n
= QLN iy R S
AB AB — 4 * 4 + 2
Therefore, P (Az) = P (|45 - IS Bsylloe < Ap)21-4-4_4
Since P(HBSB B3, lloo < minjesy, [85]) > 1—7—])%—7 with probability at least 1—%—%—%
it holds that |Bj—ﬁj\ < |Bj] for j € Sg. Thus, we have P(S1gn(ﬁSB) = Slgn(/BSB)) > 1_%_%_4_

q
Let B € R which satisfies Bsg = 0 and BSB = BSB. Since P(H'S/gg SCS ,BSBHOO < Ap) >
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1-— % — piq — %, 3 satisfies (A.22) with probability at least 1 — % — 4 _ 4 Thus, we have verified

that sign(3) = sign(8*) with high probability. This completes the proof.

A.9 Supporting lemmas

Lemma A.9.1. (Lemma 1 from Cai et al. (2013)) Let &1, . .., &, be independent random variables
with mean zero. Suppose that there exists some t > 0 and B, such that Y p_, F {fiet‘m} < B2.

Then uniformly for 0 < xz < B,

where Cy =t +t~1.

Lemma A.9.2. (Lemma 1 from Ravikumar et al. (2011)) Consider a zero-mean random vector
X = (Xy,... ,X/p)T with covariance X = (0;;) such that X;/,/75; is sub-Gaussian with parameter

L for1<j <p. Let {X;} be i.i.d. samples of X, the sample covariance 3 = (6;;) satisfies the

tail bound that

né?
P(l6:; — o] >0) <dexpl — ’
(1050 — o5 2 0) < p{ 128(1+4L2)2maxy'(01j)2}

for all § € (0,8 max; (0j;) (1 +4L?)).
Lemma A.9.3. (Lemma 1 of Negahban et al. (2012)) Suppose that L is a convex and differentiable
function and consider any optimal solution EM to the following optimization problem

0, € arg min {£(0:Z{) + \R(6)}

where Ay, > 0 is a constant and R : RP — R is a decomposable norm. For a given inner product
(-,+), define the dual norm of R as
(u,v)

R*(v):= sup = sup (u,v).
) uerr\ {0} R(u) R(u)§1< )
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If A\, > 2R* (VL (0%, ZY)) and for any pair of sets (M,HL) over which R is decomposable, the

error A = §>\n — 0 belongs to the set
S (MM50) = {A e R R (A1) <3R(Axg) +4R (030)}

Lemma A.9.4. Under assumptions of Theorem 2.3.2, AP = B - B* belongs to the set

Cp = {af era||al| <3|laf|, }. (A.27)
and A® = C — C* belongs to the set
Co = {AC e mo HAg < 3lagl, }- (A.28)

Proof of Lemma A.9.4. Since Y = XB* + &£, we have

Yyy = Cov(Y,Y) = Cov(XB* + E,XB* + &) = B* ' ©xxB* + Cov(£, &)

Sxy = COV(X,Y) = COV(X,XB* + 5) =X xxB".
Thus, by Theorem 2.3.1 and Condition A.2.3, it holds with probability at least 1 — § — 4 _ 4 ¢hat

IVBLA(B", CY)|los
- H2C*TB*T$:XX - QC*TE}YHOO
o

<2 G2, (IB |z, A [loo + [AFY | 0)

1y —72 L~
5max{<logp> 2 7 (log(pq)> 2 }
nxx nxy

<>\Ba

~
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and

Ve Ln(B*, C)llso
= “B*TEX)(B* + 2yy — C*_l - 2B*T2XYH
_ HB*TAXXB* LAY _ QB*TAXYH

<[IB*[17, 1A oo + 1A oo + 2] B[, [ AYY |

1 ;=2 1 3—m 1 i
<max{< ogp> ( Og(pQ)) ( ogq) }
~ nxx "\ nxy "\ nyy

SAc
Since L penalty is decomposable, by applying Lemma A.9.3, we have

AB
|a%

 S31AG I+ 4Bglh = 31 A, [,

|ag|| <siag.ih+4iCsel = 1AZ. I

O

Theorem A.9.1. (Theorem 1 of Loh and Wainwright (2015)) Consider the optimization problem

B = arg L (B) + MBIl

min
1BlL<R,BeQ

where € is some convex set and the empirical loss Ly, satisfies the RSC conditions

lo
aAl-n=2Elalk  vjAl<n (A29)

<v£n(ﬁ*+A)_v£n(ﬁ*)7A>2 lo
WAl —ry=2EAlL VAl =1 (A30)

. . 16R?2 m&X(’T1277'22)
a1, Qg are positive constants and 1, To are non-negative constants. Suppose n > — log p,
2

1871 < R and

4 " log p a2
Lma‘X{HVEn(B )”ooaa2 n }_)\_GRLa
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where L is a constant. Then for any vector B with HBHl < R and satisfies the first-order necessary

condition

(VL.(B) + VB, B~ B) =0,  forall |8l <1,

it holds that
24\k

40[1

6k

40[1

|B-s . ond ||B-p° ,

<
2

<
1
where k = ||8%||y-

Lemma A.9.5. Let nxx/y X nyy and nxy;x X ny with 7,7 € {—0c0}U[0,1], ¢ = vec(C* —

C), 1 —a; = O(/logp/nx), 1 —ay = O(\/logp/nxx) and 1 — a3 = O(\/log(pq)/nxy). With

" 4 4
probability at least 1 — >~ pg We have

HvB {#(CSyy + B'CB" Sixx — 208" Sixy] — log det(C)}H

[e.e]

(logp)*/2 - .
S BT (B, + 1B 5clh)
mln(nXX  xy )

o 1/2
+ max {Anax(C*), 1/ Anin(C*) } {lg(pq)} (L+|loc]l1)-

nxy

Proof. Denote AYY = Byy — vy, Theorem 2.3.1 implies that with probability at least 1 — % —

4 4
= — 2 we have
pg  q

lo
JAXX|| < ofy /22, (A.31)
nxx

1
1A oo < vy %&(pa). (A.32)
nxy
]
JAYY |00 < vy /24 (A.33)
nyy

Define g;; and Z;; to be the underlying complete data without missing entries. Define the observed-

data indicator matrix as MX = (mf]( ) and MY = (m%) such that mfg = 1 when w;; is observed,

X

m;; = 0 when xj; is missing, m;; = 1 when y;; is observed and m;; = 0 when y;; is missing. Then

we can write the observed data as z;; = mfj(dij, Yij = m};gjij. Define ozl-)](-X to be the adjusting
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weight we use to estimate (EXX)Z-J-, that is

1 ifi=g;
XX _ e . . .
o;;7 = 4§ ap ifi# 4,4 and j are in the same modality;

ao if 7 and j are in different modalities.
Then we have

HvB {#(CSyy + B CB" Sxx — 208" Sixy] - log det(@)}”

o0 (A.34)
- HQCTB*TEXX - QCTE}YHOO.

When either Y or X has missing entries, we have

(ExxB* — Zxv)ij

XX n S
D D opesxX Thith O3 Zkesg](.Y ThilM;Yk;

XX lj XY
L] 55

where (EXX)U = a3 Zkesﬁy xkii‘kj/nfgy, and (2)(6)2-]' = a3 ZkeSfj‘Y xkiekj/nfj(-y. Then by (A.34)

we have

HvB {#(CSyy +B'CB" Sixx — 208" Sixy] — log det(C)}H

=2||(Exx - £ )B'C - Ex L

<2 |(Zxx - 4 5)BC*

42 H(EXX _ 3, )B(CF - C)Hoo

+2 EAJXCC*

_+2 ’)EXG(C* - C)Hoo‘

We first derive an upper bound for the first term ||(Zxx — ﬁ]XX)B*C*||m. Define S;,ngY

S o . ‘i XXY _ | oXXY
{i: 2, zy, and y; are not missing} and nag . = ]Sjkl
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When nXX/Y # 0 and n X Y/X £ 0, for each entry in matrix Xxx — EXX and 1 <[ < g, with

ilg

probability at least 1 — 3, we have

(Exx — By )i

XXY XX, XX XY
1 Z X X z]l (Oé” nl] — a3y )
CXXY ik gk XX XY
igl kES.XlXY 1J il
ij
QXX XX/ XY/X
ne. 1
+ Z X z] ijl _ Z X le
nXX/Y ik X nXX W XY/X ik X )Z(Y
XX/Y ZJ il XY/X
gl kes;; i keSy;
XXY( XX XX XY
< Z X S 41 (aij N~ — asny )
> XXY zk Jk XX,ij n‘-X-XTLXY
z]l kGSXXY iJ il
aXX XIX/Y
2: ) iy i
+ XX/Y sz jk — 2XX,i] nXiX
XX/Y ]
gl kes;;
XY/X
1 REUHY
— XY/X E Xikak:_EXX,ij 7XY —1—2(1 —a )—|—2(1 —043)
it kesy il
XXY (XX _ XY XX/Y nXY/X
< [logp Tiji (ni™ —ng ™) n logp Miji logp "M LaXX
A XXY N XX XY XX/Y XX XY/X Xy %Y a3
zyl ij il n, iJ il il
ij ilj
gl ilj
log p max max ”T , max ”T —(1- afgx) + (1 —a3)
R 'L] v U,
1/2
(logp)*/

S / /
~ 1-711/2 1 —T9/2
min (nXX XY )

where 71,79 € [0, 1].
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When nfle/Y =0 and nfl(jY/X = 0, for each entry in matrix Syx — flx)g and 1 <[ < g, with

probability at least 1 — 3, we have

(Exx — Sy g)ij

nXXY ([ XX XX XY
1 Z X0 X zyk: (az] nzg —asny )
CXXY ik jk nXX XY
ijl kESfj(lXY i il
XY/X
zl]
XY/X Z Xip X, nXY
ilj kESjl(jY/X
1/2
- (logp)"/
~ 1 2 1-m/2\’
mln(nx)?/ nXYTQ/>

where 75 € [0,1], 71 € {—o00} U[0,1].

When nfj(lX/Y # 0 and nXY/X = 0, for each entry in matrix Sxx — EXX and 1 <1 < ¢, with

probability at least 1 — 3, we have

(Exx — By g)ij

XXY [ XX, XX XY
1 X X nzyk (az] nzg — asgny )
nXXY Z ik gk XX XY
T keSXXY iy il

XXnXX/Y
Z X ’Lj z]l
XX/Y kX,
XX/Y 1]
b kesyy;
(logp)!/2
~ . 1 2 1-m/2\’
min (ni /%, i)

where 71 € [0,1], 72 € {—o00} U [0, 1].
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XX/Y XY/X _ XXY XX _ S
When n;; =Ny =0, ng o =g nzl . Then for each entry in matrix ZXX Xyv%

and 1 <[ < ¢, with probability at least 1 — 3, we have

(Bxx — Xxz)ij
(aXX _ Ozg
XXy Z Xik Xk
igl keSIXY
1
Smax(l —aj, 1 —ag,1 —a3) %

ijl
1/2
< (log p)

~ 1-m/2  1-12/2\’
min (nXX nXY

where 71,7 € {—00} U [0, 1].

If we combine the above four cases, for each entry in matrix Syx -3 vy and 1 <[ < g, with

probability at least 1 — % we have

. . 1/2
< (log p)

(Bxx —Exg)ij S . ( 1— 71/2 ni- 72/2>
min ( Ny Nxy

where 71, € {—o0} U [0, 1].

Then by Holder’s inequality and the union bound, with probability at least 1 — 4/p we have

< I * 1k (10gp)1/2 * 1k
[(Sxx - By 0B C e £ — 12T e, (4.35)
min (nXX ,nXY )
Similarly, for the second term H(EXX — 2X)~<)B*(C* - C)H , with probability at least 1 —4/p
o0

we have
(logp)'/?

P . (1 T1/2 1—72/2>
min |\ 7y yNxy

Next we focus on the third term ||2x.C*||o. Each entry of the matrix (ﬁ]XEC*)ij can be

I(Exx -y 5)B*(C* - B[ 161 (A.36)

written as XY D ke XY X1i(€,C*);. By Condition A.2.1 and monotone convergence theorem, for

any t € R, we have




By Condition A.2.1, the error vectors also follow sub-Gaussian distribution. Assume

2 242
E(exp(tug €;)) < exp (%) Then we have

(€xC");
(852 oo

By Young’s inequality and the simple inequality s?e® < e* for s > 0, we have

. | X ki (€:C*);l
E | (X (€xC*);])% exp <8L1L3Amw(é*)>]

[ | X1i(€,C*),]
<
E Jexp <4L1L3)\maX(C )

[ X2 (€,C*)?
<E ki J
=T <8L%> o (8L§||C*||%

1 X2\1* 1 (exC?)
<— E ki - E A Ea
~2 | eXp(8L%)} Ty e (8L§uc*u2

2

By Lemma A.9.1, let B, = 2\/nxy, t = m and x = y/2log(pq), we have

maxij P (| 5y Y (X;ﬂ< )]) 201{105)((1:1)}1/2 < 2(pg) % (A.37)

M pesxy
where C; = W + 8v2L1 L3Amax(C*). So with probability at least 1 — 2(pg)~!, we can
bound the third term by

1 1/2
12 xeC*[|oo < {Of(m)} : (A.38)
XY

Similarly, for the last term Hﬁlxe(C* - C)H , we have

[e.e]

- . A log(pg) | '/
Sx(C - O)| {22 leckh. (A.39)

where CQ = W + 8\/§L1L3)\min(c*)_1.
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By (A.35), (A.36), (A.38), (A.39), with probability at least 1 — 2 — - we have

HvB {tr[czw + B*CB* $xx — 26B* Sxy] - log det(@)}H

[e.9]

- (logp)'/2
~ 1-71/2 1—72/2

) (IB*C ||z, + [B*|[L, 16 1)
m1n<nXX Ny )

o 1/2
10 Qo €)1 i €} { B (1 o).

We remark that, when both X and Y are complete, we can set vy = a9 = ag = 1. Then by

(A.34) we have

HvB {#(CSyy +B*CB" Sxx — 208" Sixy] - log det(@)}”

[e.9]

)
o0

< H2C*T2~Jx6

_+ HZ(C* &) Sy

where (x.)ij = S.r_; Trik;/n. By (A.37), with probability at least 1 — 2(pg) ", we have

1/2
<c {logq(po)} ,

~

”C*TSXEHOO

and

P - osx| s o {0 s

iq we also have

Hence with probability at least 1 — % -

HvB {#(CSyy + B'CB* Sixx — 208" Sixy] — log det(C)}H

. oy J 1o 2
S Do €, Ao €} { ELD L 14 ),
nxy
which is the same as stated in Lemma A.9.5 if we set 4 = 7 = —oo as both X and Y are

complete.
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A.10 Numerical study

In this section, we show some additional results of our numerical studies. The complete results
for Example 1 are shown in Table A.3. The results for Example 2 are shown in Table A.4. The

results for Example 3 are shown in Table A.5.

A.11 Data processing details in the ADNI study

In Section 2.5, we are interested in predicting Mini-Mental State Examination (MMSE), ADAS1
and ADAS2 in the Alzheimer’s Disease Neuroimaging Initiative (ADNI) study (Mueller et al.,
2005). These scores are commonly used diagnotic scores of AD. We extract biomarkers from
three complementary data sources: serial magnetic resonance imaging (MRI), positron emission
tomography (PET) and CerebroSpinal Fluid (CSF). Note that, as Xue and Qu (2021) stated, our
sparsity assumption of the proposed method might not be suitable for raw imaging data or imaging
data at small scales since images have to show some visible atrophy for AD. However, the sparsity
assumption can still be reasonable for the region of interest (ROI) level data. Thus, we apply the
Multi-DISCOM to the ROI level data in ADNI instead of the raw data.

We process the image data following the similar procedure as Yu et al. (2020). For the MRI,
after correction, spatial segmentation and registration steps, we obtain the image for each subject
based on the Jacob template with 93 manually labeled ROIs. For each of the 93 ROIs in the labeled
MRI, we compute the volume of gray matter as a feature. For each PET image, we first align the
PET image to its respective MRI using affine registration. Then, we calculate the average intensity
of every ROI in the PET image as a feature. For the CSF modality, five biomarkers were used in
this study, namely amyloid (Ap42), CSF total tau (t-tau), tau hyperphosphorylated at threonine

181 (p-tau), and two tau ratios with respective to A842 (i.e., t-tau/AB42 and p-tau /AB42).

102



Method IB—B*|r MSE FPR FNR
Lasso 1.51(0.06)  3.70(0.06) _ 0.09(0.02) _ 0.00(0.00)
Imputed-Lasso ~ 1.73(0.06)  3.57(0.06)  0.11(0.01)  0.00(0.00)
_ o4 MBI 2.10(0.08)  4.26(0.09)  0.12(0.02)  0.11(0.03)
P=="% piscom 1.44(0.04)  3.56(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.53(0.05)  3.72(0.08)  0.17(0.03)  0.08(0.02)
Multi-DISCOM  1.40(0.04) 3.39(0.08) 0.02(0.01) 0.09(0.02)
Lasso 1.50(0.06)  3.73(0.06)  0.10(0.02)  0.00(0.00)
Imputed-Lasso ~ 1.71(0.06)  3.59(0.06)  0.11(0.01)  0.00(0.00)
_ oo MBI 2.15(0.08)  4.25(0.09)  0.12(0.02)  0.11(0.03)
P=="% pIscom 1.43(0.04)  3.52(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.52(0.05)  3.78(0.08)  0.16(0.03)  0.07(0.02)
Multi-DISCOM ~ 1.41(0.04) 3.40(0.08) 0.02(0.01) 0.09(0.02)
Lasso 1.49(0.06)  3.67(0.06) _ 0.08(0.02) _ 0.00(0.00)
Imputed-Lasso  1.71(0.06)  3.55(0.06)  0.10(0.01)  0.00(0.00)
0 MBI 2.05(0.08)  4.21(0.09)  0.10(0.02)  0.09(0.03)
P= DISCOM 1.42(0.04)  3.53(0.06)  0.04(0.00)  0.05(0.01)
Imputed-MRCE  1.51(0.05)  3.70(0.08)  0.15(0.03)  0.09(0.02)
Multi-DISCOM ~ 1.42(0.04) 3.43(0.08) 0.03(0.01) 0.10(0.02)
Lasso 1.54(0.06)  3.75(0.06) _ 0.10(0.02) _ 0.00(0.00)
Imputed-Lasso  1.74(0.06)  3.59(0.06)  0.13(0.01)  0.00(0.00)
4y MBI 2.10(0.08)  4.29(0.09)  0.11(0.02)  0.10(0.03)
P="2 piscom 1.43(0.04)  3.57(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.53(0.05)  3.73(0.08)  0.19(0.03)  0.08(0.02)
Multi-DISCOM  1.41(0.04) 3.42(0.08) 0.04(0.01) 0.07(0.02)
Lasso 1.55(0.06)  3.77(0.06) _ 0.11(0.02) _ 0.00(0.00)
Imputed-Lasso  1.75(0.06)  3.61(0.06)  0.13(0.01)  0.00(0.00)
o4 MBI 2.14(0.08)  4.30(0.09)  0.13(0.02)  0.11(0.03)
P="% " pIscom 1.46(0.04)  3.59(0.06)  0.06(0.00)  0.05(0.01)
Imputed-MRCE  1.54(0.05)  3.73(0.08)  0.19(0.03)  0.09(0.02)
Multi-DISCOM ~ 1.43(0.04) 3.44(0.08) 0.04(0.01) 0.07(0.02)

Table A.3: Performance comparison of different methods for Example 1 with different p’s. The values in
the parentheses are the standard errors of the measures.
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Method |B—B*|r MSE FPR FNR
Lasso 1.33(0.08)  2.19(0.06)  0.12(0.02)  0.00(0.00)
Imputed-Lasso  1.44(0.06)  2.28(0.06)  0.15(0.01)  0.00(0.00)
_, MBI 1.68(0.19)  3.56(0.07)  0.14(0.02)  0.13(0.03)
¢~ DISCcOM 1.29(0.06) 1.86(0.06) 0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.49(0.05)  2.13(0.08)  0.18(0.03)  0.07(0.02)
Multi-DISCOM  1.26(0.04) 1.77(0.09) 0.03(0.02) 0.07(0.01)
Lasso 1.51(0.06)  3.70(0.06)  0.09(0.02)  0.00(0.00)
Imputed-Lasso ~ 1.73(0.06)  3.57(0.06)  0.11(0.01)  0.00(0.00)
_ 5 MBI 2.10(0.08)  4.26(0.09)  0.12(0.02)  0.11(0.03)
¢~ ° DpIscoM 1.44(0.04)  3.56(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.53(0.05)  3.72(0.08)  0.17(0.03)  0.08(0.02)
Multi-DISCOM  1.40(0.04) 3.39(0.08) 0.02(0.01) 0.09(0.02)
Lasso 1.81(0.06)  5.70(0.06)  0.11(0.02)  0.01(0.00)
Imputed-Lasso ~ 1.89(0.06)  5.77(0.06)  0.15(0.01)  0.01(0.00)
y—5 MBI 2.37(0.10)  5.95(0.12)  0.15(0.03)  0.12(0.02)
~— 7 DISCOM 1.71(0.04)  5.41(0.08)  0.06(0.02)  0.07(0.01)
Imputed-MRCE  1.93(0.05)  5.66(0.09)  0.18(0.03)  0.10(0.02)
Multi-DISCOM  1.64(0.05) 5.19(0.12) 0.04(0.03) 0.10(0.02)

Table A.4: Performance comparison of different methods for Example 2 with different signal-to-noise ratios.
The values in the parentheses are the standard errors of the measures.

Method |IB—B*|[r MSE FPR FNR

Lasso 1.50(0.06)  3.68(0.06)  0.09(0.02)  0.00(0.00)
Imputed-Lasso  1.72(0.06)  3.56(0.06)  0.12(0.01)  0.00(0.00)
MBI 2.11(0.08)  4.26(0.09)  0.12(0.02)  0.11(0.03)
DISCOM 1.45(0.04)  3.56(0.06)  0.05(0.00)  0.05(0.01)
Imputed-MRCE  1.55(0.05)  3.74(0.08)  0.18(0.03)  0.08(0.02)
Multi-DISCOM  1.41(0.04) 3.42(0.08) 0.03(0.01) 0.09(0.02)

Table A.5: Performance comparison of different methods for Example 3 with heavy-tailed error. The values
in the parentheses are the standard errors of the measures.
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