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Large-N volume independence in circle-compactified QCD with adjoint Weyl fermions implies the

absence of any phase transitions as the radius is dialed to arbitrarily small values. This class of theories is

believed to possess a Hagedorn density of hadronic states. It turns out that these properties are in apparent

tension with each other, because a Hagedorn density of states typically implies a phase transition at some

finite radius. This tension is resolved if there are degeneracies between the spectra of bosonic and

fermionic states, as happens in the Nf ¼ 1 supersymmetric case. Resolution of the tension for Nf > 1 then

suggests the emergence of a fermionic symmetry at large N, where there is no supersymmetry. We can

escape the Coleman-Mandula theorem since the N ¼ 1 theory is free, with a trivial S matrix. We show

an example of such a spectral degeneracy in a nonsupersymmetric toy example which has a Hagedorn

spectrum.
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Introduction.—Understanding the low energy properties
of QCD analytically is famously difficult due to strong
coupling problems, even in the large N limit. For some
questions, the situation is better in supersymmetric (SUSY)
theories, since fermionic symmetries enable powerful non-
perturbative analytical techniques. However, the absence
of SUSY in real world QCD prevents us from borrowing
these techniques to explain its behavior. In this Letter,
motivated by QCD, and for the reasons we detail below,
we study asymptotically free QCD-like SUðNÞ gauge theo-
ries with Nf � 1 massless Weyl fermions in the adjoint

representation [QCD(Adj)], which have a quantitative con-
nection to QCD at large N. We suggest that, surprisingly, if
two widely believed properties of QCD(Adj) are indeed
valid, for Nf > 1 these theories should possess an emer-

gent non-SUSY fermionic symmetry in the large N limit.
Apart from the QCD example discussed here, similar
arguments are likely to apply to a much broader class of
quantum field theories, for instance, to fermionic exten-
sions of two-dimensional principal chiral and Wess-
Zumino-Witten models, which are relevant to condensed
matter physics.

The puzzle.—It has recently been understood that QCD
(Adj) has the property of volume independence [1] in the
large N limit when compactified on R3 � S1. This is a
working realization of the old Eguchi-Kawai proposal [2].
This property does not hold for thermal compactification,
where there is a phase transition to a deconfined phase at
�d ¼ 1=Td ���1, the strong scale. Volume independence
applies to circle (spatial) compactifications, where fermi-
ons have periodic boundary conditions (PBCs), and the
theory stays in the confined phase for arbitrarily small
L� N0.

To clarify the statement of volume independence and the
distinction between spatial and thermal compactifications,
letH andH denote the Hamiltonian and the Hilbert space
of the theory. Using fermion number modulo two, ð�1ÞF,
we can split H into the bosonic and fermionic Hilbert
spaces: H � B �F . The Euclidean path integral of the
spatially compactified theory computes the twisted parti-
tion function,

~ZðLÞ � Trð�1ÞFe�LH ¼ ZB � ZF

¼
Z

dM½�BðMÞ � �F ðMÞ�e�LM; (1)

which is a graded trace, in contrast to the thermal partition
function, which is

Zð�Þ ¼ Tr e��H ¼
Z

dM½�BðMÞ þ �F ðMÞ�e��M; (2)

where �B=F ðMÞ is the density of states in B and F .

Volume independence implies

@ ~ZðLÞ
@L

¼ 0 (3)

in the large N limit. In particular, it implies the absence of
any phase transitions as the radius is reduced.
At least for Nf < 4, these theories are believed to be

confining. Confining large N gauge theories have an infi-
nite number of weakly coupled stable hadronic states [3].
Moreover, it is believed that confinement implies that the
density of states has a stringy ‘‘Hagedorn scaling,’’ with
the number of high-lying hadronic states increasing expo-
nentially with mass [4]:
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�ðMÞ ! 1

M

�
TH

M

�
a
eM=TH : (4)

Here TH �� is the ‘‘Hagedorn temperature,’’ and the
values of TH, a depend on the particulars of the theory.
Heuristically, this is motivated by the notion that at large N
highly excited hadrons can be described by some effective
weakly coupled string theory, and quantized relativistic
strings naturally give rise to (4) [5,6]. Hagedorn scaling
for bosonic states in large N theories has recently been
shown directly from the assumptions of confinement and
asymptotic freedom [7]. For QCD(Adj) the demonstration
of [7] also implies a Hagedorn spectrum for the fermionic
states, so �B, �F both scale as (4).

In a gauge theory obeying (4), Zð�Þ diverges at ��1 ¼
TH. This implies the existence of a phase transition to a
deconfined phase [8] at some T ¼ Td � TH. Hence, large
N volume independence cannot hold for arbitrary � in
thermal-compactified theories.

For spatial compactifications the relevant object is ~ZðLÞ,
and the story is more subtle. Clearly, QCD(Adj) with
Nf ¼ 1 is just N ¼ 1 super-Yang-Mills (SYM) theory.

Then all positive energy states are Bose-Fermi paired due
to supersymmetry, and their contributions to ~Z cancel,
including the Hagedorn growths in �B and �F. In this
case ~ZðLÞ is the supersymmetric index IS with, e.g.,
IS ¼ N for SUðNÞ, and is indeed independent of L.

Once Nf > 1, QCD(Adj) is not supersymmetric. If

�B � �F scaled as (4) with L ¼ LH, the theory would

have a phase transition. Yet volume independence still
implies (3) and the absence of phase transitions as a
function of L. In view of Eqs. (1) and (4), this implies
the equality of all the exponentially growing parts (not only
the leading Hagedorn growth) of �B;F at large N, which

requires degeneracies between an infinite number of
bosonic and fermionic states. What feature of QCD(Adj)
could drive the equality of the Hagedorn growths inB and
F ? Could a nonsupersymmetric gauge theory develop
emergent fermionic symmetries at large N, which enforce
the spectral degeneracy?

At finite N there are no-go theorems forbidding
this possibility. The Coleman-Mandula and Haag-
Lopuzhansky-Sohnius theorems [9] imply that for theories
with nontrivial S matrices, the only allowed fermionic
symmetry which acts on physical states is supersymmetry.
But hadron interactions are suppressed by powers of 1=N,
so that for N ! 1 the S matrix becomes trivial. So these
theorems cannot be used to rule out the possibility of
emergent fermionic symmetries in large N gauge theories.
Nevertheless, no such emergent fermionic symmetries
are known, nor is there any previously known reason to
expect them.

Why is QCD(Adj) special?—There are two interrelated
answers to this question, one involving the structure of the
spectrum of the Hamiltonian in bosonic and fermionic

Hilbert spaces, and the other concerning the one-loop
analysis for a Wilson line � winding around the S1.
First, consider SUðNÞ Yang-Mills theory with fermions

in representation R ¼ fF;AS; S;Adjg. The first three are
complex representations (fundamental and two-index anti-
symmetric or symmetric), whereas adjoint is a real repre-
sentation. Only fermions in the adjoint representation
endowed with PBCs can stabilize center symmetry, and
hence keep the theory in the confined phase. In particular,
for all complex representations, there is a deconfinement
scale �d ���1 for thermal compactification with anti-
PBCs and a quantum phase transition scale Lc ���1 for
spatial compactification with PBCs.
This can be viewed as a consequence of the fact that

there is no crucial difference between the thermal and
twisted partition functions for R ¼ fF;AS; Sg. In these
theories the masses of color singlet states b 2 B scale as
mb ¼ OðN0Þ, whereas f 2 F scale as mf ¼ OðN1Þ or

OðN2Þ [3,10]. Hence, in the large N limit with L�
OðN0Þ [or ��OðN0Þ], the fermionic Hilbert space F is
not populated, and does not contribute in any essential way
to Z or ~Z. Consequently, ~ZðLÞ 	 Zð�Þ 	 ZBð�Þ. In pure
Yang-Mills theory, as well as large N QCD with complex
representation fermions, volume independence only holds
for L> Lc ���1 [11], due to a phase transition at a
� ¼ T�1

d or L ¼ Lc, and Lc 	 T�1
d .

In sharp contrast, in QCD(Adj), and obviously inN ¼1
SYM theory, the masses of typical color singlet states are
mb �mf �OðN0Þ. Thus, both B and F contribute to the

thermal and twisted partition functions on the same foot-
ing, and hence we should expect no cancellation in Zð�Þ
and some degree of cancellation in ~ZðLÞ.
Second, in QCD(Adj) with PBCs for fermions, the per-

turbative one-loop potential for the Wilson line � is

Vð�Þ ¼ ðNf � 1Þ 2

�2L4

X1
n¼1

1

n4
jTr�nj2; (5)

which is minimized at � ¼ �diagð1; eið2�=NÞ; . . . ;
ei½2�ðN�1Þ=N�Þ, where � ¼ eið�=NÞ for even N and 1 other-
wise. This is the center-symmetric vacuum [1], so at small
L the theory confines. The crucial positivity of the potential
is a consequence of considering the twisted partition func-
tion (1). So, unlike for pure YM theory or R ¼ fF;AS;Sg
[12], perturbative calculations, which in this case are reli-
able for NL� 
 1, give no reason to expect a center-
symmetry changing phase transition (the counterpart of
deconfinement in the thermal case) between the small-L
and large-L regimes. Indeed, all analytic and numerical
investigations to date are consistent with the expectation
that large N volume independence in QCD(Adj) holds for
arbitrarily small L�OðN0Þ [13].
The clash.—The reason to worry about the relation

between Hagedorn instabilities and volume independence
becomes clear if one understands the heuristic reason
for the emergence of the scale Lc ���1 in, e.g., pure
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Yang-Mills theory. In the confined phase the hadronic
density of states is OðN0Þ and hadrons do not interact at
large N. As the temperature gets close to TH, the 1=N
suppression of interactions becomes overwhelmed by the
exponential growth in the number of accessible states due
to the Hagedorn scaling, and volume independence must
break down due to the deconfinement phase transition [14].
Our task is to see how QCD(Adj) on R3 � S1 with PBCs
could avoid this naively inevitable breakdown.

On general grounds, we expect that �BðMÞ � eL
B
HM and

�F ðMÞ � eL
F
HM, with LB;F

H ¼ cB;F�
�1, where cB;F are

pure numbers. However, in general there is no reason to
expect that cB ¼ cF . But if volume independence holds,

as is strongly suggested by [13], the arguments above
imply that the twisted density of states

~� � �B � �F (6)

must obey ~�ðMÞ & eMLH=N
p
, p > 0, so that any instability

associated with the growth of ~� is suppressed at N ¼ 1
and Lc ���1=Np. This is a rather strong condition on the
Hilbert space structure of a theory, which we argue entails
a cancellation between an infinite number of states, which
in turn requires a fermionic symmetry.

For Nf ¼ 1, how this can happen is obvious, as we

already said above. The masses and degeneracies of
bosonic and fermionic states are indeed related by a fer-
mionic symmetry, the N ¼ 1 supersymmetry, so that
�BðMÞ ¼ �F ðMÞ, and ~� does not exhibit Hagedorn

growth. The challenge is to understand the situation in
the nonsupersymmetric Nf > 1 theories.

Quantum mechanical toy model.—To develop some
intuition about how the required cancellations could hap-
pen without supersymmetry, it is instructive to warm up
with a toy model in quantum mechanics. The toy model
will illustrate the point of principle that high-lying contri-
butions to ~� can cancel even in the absence of
supersymmetry.

Consider a system composed of one bosonic and Nf

fermionic harmonic oscillators, all with the same fre-
quency !, with the Hamiltonian

H ¼ !

�
ayaþ 1

2

�
þ!

XNf

i¼1

�
fyi fi �

1

2

�
: (7)

Here a, fi are bosonic (fermionic) ladder operators, with
the usual commutation (anticommutation) relations

½a; ay� ¼ 1, ffi; fyi g ¼ 1. At Nf ¼ 1 the system becomes

supersymmetric, with a single fermionic conserved charge.
However, in this free theory we can actually define Nf

conserved fermionic charges for any Nf � 1:

Qi ¼ ayfi; (8)

which obey Q2
i ¼ 0.

This fermionic symmetry has dramatic consequences
for ~ZðLÞ: the only contributions to (1) come from a finite
number of low-lying modes thanks to a complete cancel-
lation of contributions from the high-lying states.
To see how this works, let jc i be an eigenstate of

the Hamiltonian H with energy Ec satisfying Qijc i ¼ 0,

8i ¼ 1; . . . ; Nf. We can generate all the states of the

system with the same energy by acting with the Qy
i ’s. In

particular, consider the set of states

S ¼ fjc i; Qy
i jc i; Qy

i Q
y
j jc i; . . . ; Qy

i . . .Q
y
iNf

jc ig: (9)

Denote the Fock states as jnibjm1 . . .mNf
if. If n � Nf, this

procedure creates 2Nf degenerate states at each level: 2Nf�1

live inB and 2Nf�1 live in F . Since these states contribute
to the twisted partition function with opposite signs, their
net effect vanishes. For n < Nf, some combinations of

Qy
i1
. . .Qy

ik
’s annihilate c , and the number of states living

in B and F are unequal. This is depicted for Nf ¼ 2 in

Fig. 1. Therefore, the twisted partition function is saturated
by low states with n < Nf, and

~ZðLÞ ¼ ~Zn<Nf
þ ~Zn�Nf

¼ ~Zn<Nf

¼
�
2 sinh

�
!L

2

��ð1�NfÞ=2
; (10)

which can be derived using combinatorial identities.
Note that here ~Z gets contributions from finite-energy
states, and not just from zero modes as in the SUSY case.
Of course, the second line of (10) follows immediately if

one evaluates the path integral for a single real scalar field
and Nf fermions living on a circle of length L, all with a

common mass !, and periodic boundary conditions for
the fermions. By considering Tr ð�1ÞFe�LH explicitly as a
graded sum over Hilbert space, however, we have seen that
this innocuous-seeming result is actually the consequence

FIG. 1 (color online). Hilbert space of the nonsupersymmetric
Nf ¼ 2 theory. All states in the box are paired and their

contributions to ~Z vanish. The low-lying states saturate ~ZðLÞ.
This cancellation is also inherent to our stringy model exhibiting
Hagedorn growth, where this type of cancellation occurs for each
oscillator mode.
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of a fermionic symmetry which leads to a particular pattern
of cancellations.

Stringy toy model with Hagedorn growth.—We now
consider a ‘‘stringy’’ toy model with � scaling as (4). A
confining large N theory like QCD(Adj) is expected to
have bosonic and fermionic ‘‘glueball’’ spectra that asymp-
totically come to lie on Regge trajectories; see, e.g.,
Ref. [15]. Taking this as an inspiration, our toy model is
defined to have the spectrum M2 ¼ N=�0, where

N ¼ X
n2N

naynan þ
XNf

i¼1

X
n2N

nfyinfin; (11)

ayn , an are bosonic creation or annihilation operators, and

fyin, fin are their fermionic counterparts. This model is
meant to illustrate, as point of principle, how the
Hagedorn instability can be avoided in a nonsupersymmet-
ric theory.

The asymptotic behavior of �ðMÞ is determined by the

number of states with M ¼ ffiffiffiffiffiffiffiffiffiffiffi
n=�0p

. To evaluate this, we
count how many states there are with M2 ¼ n=�0 by con-
sidering the combinatorial generating function

Tr qN ¼ Y1
n¼1

ð1þ qnÞNf

1� qn
¼ X1

n¼0

dðnÞqn; (12)

where dðnÞ are the desired degeneracy factors. Note that
when Nf ¼ 0, for example, dðnÞ counts the number of

integer partitions of n. Standard methods [5] yield

dðnÞ � exp½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�2ð1þ Nf=2Þn=3

q
�; n � 1; (13)

and �ðMÞ follows (4) with T�1
H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�02�2ð1þ Nf=2Þ=3

q
.

As expected, this stringy model has a Hagedorn instability
which makes Zð�Þ diverge for T > TH.

We notice that even when Nf > 1 and the theory has a

different number of bosonic and fermionic modes, we can
still define Nf fermionic operators

Qi ¼
X
n2N

ffiffiffi
n

p
aynfin; (14)

satisfying fQi;Qjg ¼ 0. These charges commute with the

mass square operator ½Qi;M
2� ¼ 0, without any violation

of Coleman-Mandula-type theorems since the theory is
free. The Q cohomology of these operators generates the
full Hilbert space, just as in the previous toy model. That is,
we can obtain all of the eigenstates of M2 with eigenvalue
n=�0 by starting with all Q-closed states jc i: Qijc i ¼
0 8 i ¼ 1; . . . ; Nf such that �0M2jc i ¼ njc i. Then act-

ing with Qy
i we obtain all the other degenerate states:

fQy
i jc i; . . . ; Qy

i1
. . .Qy

iNf
jc ig. When Nf ¼ 1, this symme-

try is just supersymmetry, and states with M2 > 0 are all
Bose-Fermi paired. However, for Nf > 1, the number of

bosonic and fermionic states is not generally the same.

Does this mean that in this model ~ZðLÞ has a Hagedorn
instability for Nf � 2, similarly to Zð�Þ?
Perhaps surprisingly, thanks to the fermionic symmetry

(14), the answer is no. To understand the behavior of ~�ðMÞ
for high M, we now consider

Tr ½ð�1ÞFqN� ¼ Y1
n¼1

ð1� qnÞðNf�1Þ ¼ X1
n¼0

cðnÞqn: (15)

It turns out that cðnÞ does not grow exponentially once
Nf � 1. To get a feeling for how this happens, consider the

simple case of Nf ¼ 2, where

Tr½ð�1ÞFqN� ¼ 1þ X1
n¼1

½ð�1Þnqð3n2�nÞ=2

þ ð�1Þnqð3n2þnÞ=2�
¼ 1� q� q2 þ q5 þ q7

� q12 � q15 þ q22 þ � � � : (16)

The cancellation between fermions and bosons with the
same energy is striking: between the first 200 energy levels
only 23 have ~�ðMÞ � 0, and thanks to Euler’s pentagonal
number theorem, the difference in populations is either 0
or 1. Indeed, as with (12), the twisted generating func-
tion (16) counts the partitions of the integers, but in a
‘‘graded’’ way. The partitions with an even number of
terms are counted positively, whereas partitions with an
odd number are counted negatively. The levels at which
the ð�1Þn mismatch occurs are called generalized pen-
tagonal numbers, p

n ¼ ð3n2  nÞ=2.
Despite the fact that the twisted partition function is not

an index, and in fact receives contribution from infinitely
many states, with Hagedorn growths in B and F , the
contributions fromB andF cancel almost perfectly except
for the levels p

n , by ð�1Þn. This is so tame that it does not
lead to a Hagedorn instability. This generalizes to Nf > 2,

where for n � 1 one can show the bound jcnj< nNf�2,
and ~� does not grow exponentially.
Conclusions.—We have explained the apparent tension

between a Hagedorn density of states and large N volume
independence in circle-compactified QCD(Adj). If, as
expected, QCD(Adj) has both of these properties, there is
a striking implication: at large N we expect the emergence
of a fermionic symmetry for Nf > 1, leading to cancella-

tions which evade the Hagedorn instability. We showed an
explicit example of how this can happen in a toy model. An
emergent symmetry of this sort may have phenomenologi-
cal implications due to the large N ‘‘orientifold equiva-
lence’’ connecting QCD(Adj) to QCD(AS) at large L, with
the latter being a natural large N limit of real QCD [16].
Clearly, there are many directions for future analytic and
numerical work. For instance, lattice calculations can test
the idea by looking for spectral degeneracies whenNf > 1.

Analytically, it would be fascinating to better understand
the nature of this new kind of emergent symmetry and
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explore its implications. For example, at Nf ¼ 1 the vac-

uum energy is zero due to supersymmetry, but this will not
be the case for Nf > 1. But the Nf > 1 emergent fermionic

symmetry may still lead to highly nontrivial cancellations,
which seems like an interesting direction for future work.
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