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Abstract. We introduce the notion of a g-atomic subspace for a bounded linear operator
and construct several useful resolutions of the identity operator on a Hilbert space using
the theory of g-fusion frames. Also, we shall describe the concept of frame operator for a
pair of g-fusion Bessel sequences and some of their properties.
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1. INTRODUCTION

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer in 1952 to
study some fundamental problems in non-harmonic Fourier series (see [7]). Later on,
after some decades, frame theory was popularized by Daubechies, Grossman, Meyer
(see [5]). At present, frame theory has been widely used in signal and image pro-
cessing, filter bank theory, coding and communications, system modeling and so on.
Several generalizations of frames, namely K-frames, g-frames, fusion frames etc. have
been introduced in recent times.

K-frames were introduced by Gavruta (see [8]) to study the atomic system with
respect to a bounded linear operator. Using frame theory techiques, the author
also studied the atomic decompositions for operators on reproducing kernel Hilbert
spaces, see [9]. Sun in [15] introduced a g-frame and a g-Riesz basis in complex
Hilbert spaces and discussed several properties of them. Huang in [12] began to
study K-g-frame by combining K-frame and g-frame. Casazza (see [3]) was first to
introduce the notion of fusion frames or frames of subspaces and gave various ways
to obtain a resolution of the identity operator from a fuison frame. The concept of
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an atomic subspace with respect to a bounded linear operator were introduced by
Bhandari and Mukherjee in [2]. Construction of K-g-fusion frames and their dual
were presented by Sadri and Rahimi (see [1]) to generalize the theory of K-frame,
fusion frame and g-frame. Ghosh and Samanta in [11] studied the stability of dual
g-fusion frames in Hilbert spaces.

In this paper, we present some useful results about resolution of the identity
operator on a Hilbert space using the theory of g-fusion frames. We give the notion
of g-atomic subspace with respect to a bounded linear operator. The frame operator
for a pair of g-fusion Bessel sequences are discussed and some properties are going
to be established.

The paper is organized as follows: in Section 2, we briefly recall the basic defini-
tions and results. Various ways of obtaining resolution of the identity operator on
a Hilbert space in g-fusion frame are studied in Section 3. g-atomic subspaces are
introduced and discussed in Section 4. In Section 5, frame operators for a pair of
g-fusion Bessel sequences are given and various properties are established.

Throughout this paper, H is considered to be a separable Hilbert space with asso-
ciated inner product (-,-) and {H;};ecs are the collection of Hilbert spaces, where J
is a subset of integers Z. Iy is the identity operator on H. B(H;, H2) is a collection
of all bounded linear operators from H; to Hs. In particular, B(H) denotes the space
of all bounded linear operators on H. For T' € B(H), we denote N(T) and R(T)
for null space and range of T', respectively. Also, Py € B(H) is the orthonormal
projection onto a closed subspace V' C H. Define the space

P({H,}jes) = {{fj}jEJ: fre H, SR < oo}
jedJ

with inner product given by

{fitierdgitier) =D (fir9i)n,-

jed

Clearly I2({H;},cs) is a Hilbert space with the pointwise operations (see [1]).

2. PRELIMINARIES

Theorem 2.1 ([6], Douglas’ factorization theorem). Let U,V € B(H). Then the
following conditions are equivalent:
(1) R(U) CR(V).
(2) UU* < X\2VV* for some A\ > 0.
(3) U = VW for some bounded linear operator W on H.
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Theorem 2.2 ([13]). The set S(H) of all self-adjoint operators on H is a partially
ordered set with respect to the partial order < which is defined as for T, S € S(H)

T<Se(Tf f)<(Sff) VfeH

Theorem 2.3 ([10]). Let V C H be a closed subspace and T € B(H). Then
PyT* = PyT*Pr. If T is a unitary operator (i.e. T*T = Iy ), then Pr;T = TPy .

Definition 2.4 ([4]). A sequence {f;}jecs of elements in H is a frame for H if
there exist constants A, B > 0 such that

AlFIP<DKE P < BISIP VfeH.

jeJ
The constants A and B are called frame bounds.

Definition 2.5 ([3]). Let {W;};cs be a collection of closed subspaces of H and
{v;}jers be a collection of positive weights. A family of weighted closed subspaces
{(Wj,vj): j € J} is called a fusion frame for H if there exist constants 0 < A <
B < oo such that

AFIP <D ol Pw, (DIP < BIFI? Vf e H.
jeJ
The constants A, B are called fusion frame bounds. If A = B, then the fusion frame
is called a tight fusion frame, if A = B = 1, then it is called a Parseval fusion frame.
Definition 2.6 ([2]). Let {W,},;c; be a family of closed subspaces of H and

{v;}jes be a family of positive weights and K € B(H). Then {(W;,v;): j € J} is
said to be an atomic subspace of H with respect to K if the following conditions hold:

(I) > vjf; is convergent for all {f;};cs € (Z @WJ)ZQ.

GET =
(II) For every f € H there exists {f;}jes € (E @Wj>l2 such that
JjEJ

K(f)=) v;f; and (& w,), S Cllla

jeJ i< 12
for some C > 0, where
(Z @Wj) = {{fj}jeJt firew;, > IR < OO}
jeJ 2 jeJ

with inner product given by ({f;}jes, {g;}jes) = Zj<fj79j>H'
JjE
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Definition 2.7 ([15]). A sequence {A; € B(H, H;): j € J}is called a generalized
frame or g-frame for H with respect to {H,}c s if there are two positive constants A
and B such that

AlFIZ <YM AP < BIFI? Vv f € H.
JjeJ

The constants A and B are called the lower and upper frame bounds, respectively.

Definition 2.8 ([14], [1]). Let {W,},cs be a collection of closed subspaces of H
and {v;};es be a collection of positive weights and let A; € B(H, H;) for each j € J.
Then the family A = {(W;,A;,v;)};es is called a generalized fusion frame or a g-
fusion frame for H with respect to {H;};cs if there exist constants 0 < A < B < oo
such that

(2.1) AIFIP <Y w3 1A Py (DIF < BIFI? Y f € H.
JjeJ

The constants A and B are called the lower and upper bounds of g-fusion frame,
respectively. If A = B, then A is called tight g-fusion frame and if A = B =1, then
we say A is a Parseval g-fusion frame. If A satisfies only the condition

YA Pw, (DIP < BIFI? Ve H,
i€

then it is called a g-fusion Bessel sequence with bound B in H.

Definition 2.9 ([1]). Let A = {(W;,A;,v;)}jes be a g-fusion Bessel sequence
in H with a bound B. The synthesis operator T\ of A is defined as

Ta: P({H;}jes) = H, Tal{fi}tjes) =D _viPw, A5l V{fi}Yies € P({Hj}jes)
JjeJ

and the analysis operator is given by
Tx: H = P({H;}jes), Ti(f) = {vjAjPw,(f)}jes Y[ e€H
The g-fusion frame operator Sy: H — H is defined as

Sa(f) =TATx(f) = ZU?PWjA§AjPW,~(f)

Jj€J
and it can be easily verified that

(Sa(f)s ) =D vilA; Pw, (N> Vf € H.

jeJ
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Furthermore, if A is a g-fusion frame with bounds A and B, then from (2.1),

(Af, f) < Salf) /) < (Bf, f) VfeH.

The operator Sy is bounded, self-adjoint, positive and invertible. Now, according to
Theorem 2.2, we can write Al < Sy < Bly and this gives

B 'y <St< AT .

Definition 2.10 ([1]). Let {W;};cs be a collection of closed subspaces of H and
{v;}jes be a collection of positive weights and let A; € B(H, H;) for each j € J
and K € B(H). Then the family A = {(W;,A;,v;)};es is called a K -g-fusion frame
for H if there exist constants 0 < A < B < oo such that

(2.2) AN FIP < Yo lI8 P, (DIP < BIFI? ¥ f e H.
ieJ

Theorem 2.11 ([1]). Let A be a g-fusion Bessel sequence in H. Then A is a
K -g-fusion frame for H if and only if there exists A > 0 such that Sy > AKK*.

Definition 2.12 ([3]). A family of bounded operators {Tj};es on H is called
a resolution of identity operator on H if for all f € H we have f = > T;(f), provided

the series converges unconditionally for all f € H. ged

3. RESOLUTION OF THE IDENTITY OPERATOR IN g-FUSION FRAME

In this section, we present several useful results of resolution of the identity oper-
ator on a Hilbert space using the theory of g-fusion frames.

Theorem 3.1. Let A = {(W;,A;,v;)};es be a g-fusion frame for H with frame
bounds C, D and S\ be its associated g-fusion frame operator. Then the fam-
ily {U?PWjA;Tj}je J Is the resolution of the identity operator on H, where T; =
Aj Py, SXl, j € J. Furthermore, for all f € H we have

c D
HallfIZ <D IT(NIP < LR
ied
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Proof. For any f € H we have the reconstruction formula for g-fusion frame:
F=Sa831(F) = D vy Pw, AN P, SY(F) = D P, AT (f).
= jeJ
Thus, {U?PWjA;Tj}jej is a resolution of the identity operator on H. Since A is
a g-fusion frame with bounds C' and D, for each f € H we have
S GIT NI =D o lIAPw, SO < DIS AN < DISKHPIA?

jeJ jeJ
D . _ . _
< G lfIP (since DMy < S <C ).
On the other hand,

_ C
D GITOI =D v llaiPw, Sy (HIF = ClISY (NIP = 55111

jeJ jeJ

Therefore

C

HallFI2 <D FIT(AIP < 02||f||2 VfeH.

jeJ
O
Theorem 3.2. Let A = {(W;,A;,v;)};jes be a g-fusion frame for H with frame
bounds C, D andlet T;: H — H; be a bounded operator such that {UJQ»PWJ. AST; Yies
is a resolution of the identity operator on H. Then

5|22 v Pwi AT ()
jed

< RIT(HIP Ve

JjEJ

Proof. Assumel C J with |I| < co. If our inequality holds for all finite subsets,

then it would hold for all subsets. Let f € H and set g = ) UJQ»PWJ A3T;(f). Then
JeI

lgll! = (g,9)? = <g,2v§PWjA;Tj<f>>2 ~ (Tutanw, <g>,vaj<f>>)2

Jjel jeI
2

(Z’UHA Py, ()10 T; )||> <D AP, (9)I1P ) Il Ti(f)

JEI jEI jeI
< Dljg|I? Z llv;T;(f)||*> (since A is a g-fusion frame)

JET
1
= Zloll? < X I T30)
JET

<Y ITHIP VfeH.

jerl

1 2 *
= 35|12 v Pw, AT (

jel
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Since the inequality holds for any finite subset I C J, we have

1 2 *
D ZUjPWjAj

jeJ

<Y VITHIP VfeH

jed
This completes the proof. ([
Theorem 3.3. Let A = {(W;,A;,v;)};es be a g-fusion frame for H with frame

bounds C, D and let T;: H — H; be a bounded operator such that {UJQ-PWJ. AST; Yies
is a resolution of the identity operator on H. If T} A; Py, = T}, then

1
I < FIT(AHI? < DEIfI* ¥ f€H,
jed

where E = sup | T}||? < oo.
J

Proof. Since {UJQ»PWJ A3Tj}jes is a resolution of the identity on H,
f=Y viPw,N;Ty(f), fe€H.
jeJ

Now, for each f € H, using Theorem 3.2, we get

1 1 .
S = 5D oiPw, T3 < D FIT (I
jedJ JjeJ
=Y VTrA; P, (f)|* (since T; A; Py, = Tj)
JjeJ
<D ITP A Pw, ()P
jeJ
<EY v APw,(N)I* (using E = sup | T5])
= 155 W g pIlLj
JjeJ J

< DE||f||* (since Ais a g-fusion frame).

This completes the proof. ([

Theorem 3.4. Let {W;};c be a family of closed subspaces of H and {v;};cs be a
family of bounded weights and let A; € B(H, H;),j € J. Then A = {(W;,Aj,v;)}ies
is a g-fusion frame for H if the following conditions hold:

(I) For all f € H there exists A > 0 such that

S IA P, (N1 < ||f||2~

JjeJ

(I1) {v;Pw;AjAjPw,}jes is a resolution of the identity operator on H.
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Proof. Since {v;Pw, AZA; Py, }jes is a resolution of the identity operator on H,
for f € H we have
F=>_viPw, AN P, (f)-
jed
By Cauchy-Schwarz inequality, we have

2
VA = (1% = <ZijwJA;Aijj<f>,f>

jeJ
2
= (Suihpenrn ) = (Sulas o)
jeJ je€J
<D A Pw, (HIP D o3 1IA P, (511
jeJ jeJ
1 . . .
< ZHfH2 Z’U?HA]‘PWJ (f)|I? (using given condition (T))
jeJ
= A|IFIP <D of A Pw, (1)1
jedJ

On the other hand,

> A Pw, (H)I? < BY A Pw,(f)|* (where B = sup{v}})
jeJ jeJ ies

B
< ZHfH2 (using given condition (I))

and hence, A is a g-fusion frame. O

4. g-ATOMIC SUBSPACE

In this section, we define a generalized atomic subspace or a g-atomic subspace of
a Hilbert space with respect to a bounded linear operator.

Definition 4.1. Let K € B(H) and {W,};c be a collection of closed subspaces
of H, let {v;};c.s be a collection of positive weights and A; € B(H, H;) for each j € J.
Then the family A = {(W},A;,v;)};es is said to be a generalized atomic subspace
or g-atomic subspace of H with respect to K if the following statements hold:

(I) A is a g-fusion Bessel sequence in H.
(II) For every f € H there exists {fj};jes € I>({H;};cs) such that

K(f)= viPw,Ajf; and |{fiYjeslleqny,en < Clfla
jeJ

for some C > 0.
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Theorem 4.2. Let K € B(H) and {W;};ec; be a collection of closed subspaces
of H, let {v;j};cs be a collection of positive weights and A; € B(H, H;) for each
j € J. Then the following statements are equivalent:

(I) A={(W;,Aj,vj)}jes is a g-atomic subspace of H with respect to K.
(I1) A is a K-g-fusion frame for H.

Proof. (I) = (II): Suppose A is a g-atomic subspace of H with respect to K.
Then A is a g-fusion Bessel sequence, so there exists B > 0 such that

> vilIAPw, (DI < BIFI? V[ eH.
jeJ

Now, for any f € H we have

|K*fl| = sup (K™ f,g)| = sup |(f,Kg)l,
llgll=1 llgll=1

by Definition 4.1, for g € H there exists {f;}jcs € I>({H;};ecs) such that

K(g)=> viPw,Asf; and |[{fi}icsllieqm,y,en) < Clla
jes

for some C' > 0. Thus

1K= = sup <f,2ijWjA;ffj>\ = sup | v (AP (£). 1)
lal=11\"" %5 lal=1l4
1/2 1/2

< sup (ZvjnA Pu, (f )|2) <Z|fjll2>

lgll=1\;ey jeJ

1/2
<C suwp (Zv]m Pa, (f >||2> Il
lal=1 \ 7
= I A < A B, ()
jeJ

Therefore A is a K-g-fusion frame for H with bounds 1/C? and B.

(IT) = (I): Suppose that A is a K-g-fusion frame with the corresponding synthesis
operator T. Then obviously A is a g-fusion Bessel sequence in H. Now, for each
feH,

ALK AP < S0 Py (DI = ITEF )P
jed
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gives AKK* < TaTx and by Theorem 2.1, exists L € B(H,I*({H,}jes)) such that
K =T\L. Define L(f) = {f;};es for every f € H. Then for each f € H we have

K(f) = TaL(f) = Ta({£;}jes) = > viPw, A} f;

jed
and
I fiYierleqmyen = LD eqm;en < CII
where C' = ||L||. Hence, A is a g-atomic subspace of H with respect to K. O

Theorem 4.3. Let A = {(W;,A;,v;)}jes be a g-fusion frame for H. Then A is
a g-atomic subspace of H with respect to its g-fusion frame operator Sy.

Proof. Since A is a g-fusion frame in H, there exist A, B > 0 such that

ANFIP <D o3I P, (NP < BIFIP Y f € H.
jed
Since R(Tx) = H = R(Sa), by Theorem 2.1, there exists o > 0 such that aSy Sy <
TATY and therefore for each f € H we have

AISRAP < ITRFI? =D wf AP, (5 < BIIfII>
jeJ

Thus, A is a Sy-g-fusion frame and hence by Theorem 4.2, A is a g-atomic subspace
of H with respect to Sy. O

Theorem 4.4. Let A = {(W;,A;,v;)}jes and T = {(W;,T;,v;)}jes be two g-
atomic subspaces of H with respect to K € B(H) with the corresponding synthesis
operators T and Tr, respectively. If TATY = 0y (0m is a null operator on H) and
U,V € B(H) such that U+YV is invertible operator on H with K(U+V) = (U+V)K
then

{((U+V)W;, (Aj + 1) Pw; (U + V)" v5) bies

is a g-atomic subspace of H with respect to K.

Proof. Since A and I' are g-atomic subspaces with respect to K, by Theo-
rem 4.2, they are K-g-fusion frames for H. So, for each f € H there exist positive
constants (Aj, By) and (As, Bs) such that

ALK FIP < 0o 1A P (NI < Ball £
jeJ

and

Ao|| K fI* <Y oF TP, ()P < Bl FII*.
jedJ
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Since TAT}: = Op, for any f € H we have

(4.1) Ta{v;T; P, (f)}Yjes = Y viPw, A5T; P, () = 0.
jed

Also, U + V is invertible, so
(42) [IEK*fI? = (U + V)™ (U + V) K*fIIP < |(U+ V)T PIU + V) K £

Now, for any f € H we have

ZU?H(AJ' +T)Pw, (U + V)" Puivyw, NI
jes

= ZU?H(AJ + 1) Pw,(U+V)*(f)II* (using Theorem 2.3)

jeJ
= va«Aj + L) Pw, (T*f), (A + T;)Pw,(T* f)) (taking T =U +V)
jeJ
= > 03 (1A Pw, (T* F)II” + T Pw, (T* f)|I* + 2 Re(T P, AT Pov, (T* ), f))
jeJ
=Y 0 lIA; P, (T F)IIP + D w3 T3 P, (T f)|* (using (4.1))
JjeJ jeJ

< By||T*f||? + B2||T*f||> (since A, T are K-g-fusion frames)
= (B1+ Bo)|(U+V)*f||> (sinceT =U +V)
< (B1 + Bo)|U+V|2fII? (as U+ V is bounded).

On the other hand,

Z’U]Q’”(Aj + ) Pw, (U + V)*Pupvyw, ()P
JjeJ
= A Pw, (U + V) P+ 02T Pu, (U + V) f?
jeJ jeJ
> 02| P, (U + V)" I
jes
> A |K*(U+V)*f||* (since A is K-g-fusion frame)
=AU+ V) K*f|* (using K(U +V) = (U +V)K)
> AU+ V)T TIK P (using (4.2)).

Therefore {((U + V)W;, (Aj +T)Pw, (U + V)*,v;)}jes is a K-g-fusion frame and
by Theorem 4.2, it is a g-atomic subspace of H with respect to K. O
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Corollary 4.5. Let A = {(W;,A;,v;)}ies and T' = {(W;,T';,v;)}jes be two g-
atomic subspaces of H with respect to K € B(H) with the corresponding synthesis
operators Ta and Tr. If TATY = 0y and U € B(H) is an invertible operator with
KU = UK, then {(UW},(A; +T';)Pw,U*,v;)}es is a g-atomic subspace of H with
respect to K.

Proof. The proof of this Corollary directly follows from Theorem 4.4 by putting
V =0q. O

Theorem 4.6. Let A = {(W;,A;,v;)};es is a g-atomic subspace for K € B(H)
and S be the frame operator of A. If U € B(H) is a positive and invertible operator
on H, then N = {((Ig + U)W;,AjPw,(Ig + U)*,vj)}jes is a g-atomic subspace
of H with respect to K. Moreover, for any natural number n, A" = {((Ig +U™)W;
APy, (Ig +U™)*,vj)}jes is a g-atomic subspace of H with respect to K.

Proof. Since A is a g-atomic subspace with respect to K, by Theorem 4.2, it
is a K-g-fusion frame for H. Then according to Theorem 2.11, there exists A > 0
such that Sy > AKK*. Now, for each f € H we have

> 2IA; Pw, (In + U)* Py oy, (O
Jj€J
= Zv_?"AjPWj (Ig +U)*(f)|* (using Theorem 2.3)
jET
< B|(Ig +U)*(f)I* (since A is a K-g-fusion frame)
< B|Ig +UIPIf* (since (I +U) € B(H)).

Thus, A’ is a g-fusion Bessel sequence in H. Also, for each f € H we have

> 0 Py vy, (A Pw, (T + U)*)* AP, (I + U)* Piryvyw, (f)
jeJ
= Z UJQ‘P(IH+U)WJ' (Ig + U)PwJ A;Ajpwj (Ig + U)*P(IH—i-U)Wj N
jeJ
=> V3 (Pw,(Ir + U)* Py styw, ) NjA; (Pw, (I + U)* Py svyw, (F))
jes
= ZU?(PWJ. (g +U)*)"A;A;Pw, (Ip +U)*(f) (using Theorem 2.3)
jeJ
= Z’UJQ»(IH + U)ij A;Ajpwj (IH + U)*(f)
jeJ
= (In +U) > v Pw, Aj A Pw, (Tt + U)*(f) = (I + U)Sa (I + U)*(f).

jeJ
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This shows that the frame operator of A" is (I + U)SA(Ig + U)*. Now,
(Ig +U)SA(Ig +U)* 2 Sa 2 AKK™ (since U, Sy are positive).

Then by Theorem 2.11, we can conclude that A’ is a K-g-fusion frame and therefore
by Theorem 4.2, A’ is a g-atomic subspace of H with respect to K. According
to the preceding procedure, for any natural number n, the frame operator of A” is
(Ig+U™)SA(Ig+U™)* and similarly, it can be shown that A” is a g-atomic subspace
of H with respect to K. ([

5. FRAME OPERATOR FOR A PAIR OF ¢g-FUSION BESSEL SEQUENCES

In this section, we shall discuss the frame operator for a pair of g-fusion Bessel
sequences and establish some properties relative to frame operator. At the end of
this section, we shall construct a new g-fusion frame for the Hilbert space H & X,
using the g-fusion frames of the Hilbert spaces H and X.

Definition 5.1. Let A = {(W;,Aj,wj)}jes and T' = {(V},T'j,v;)}jes be
two g-fusion Bessel sequences in H with bounds D; and Ds. Then the opera-
tor Sra: H — H, defined by

Sra(f) =Y vjw;Py, APy, (f) Vfe€H,
jeJ

is called the frame operator for the pair of g-fusion Bessel sequences A and T'.

Theorem 5.2. The frame operator Sy for the pair of g-fusion Bessel sequences A
and I is bounded and Sf, = Sar.

Proof. Foreach f,g € H we have

(5.1) (Sra(f),9) = <Z ijjPVjF}*AjPWf(f%g> = vjw;(A; P, (£), T3Py, ().
= jeJ
By the Cauchy-Schwarz inequality, we obtain

1/2 1/2
(5.2) |<SPA(f)79>|<(valfjpvf(g)llz’) (ZwﬂAijf(f)uQ)

jes jes
<V Dellgllv/Dull ]l
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This shows that St is a bounded operator with ||Sra| < v/ D1D2. Now,

55 1SSl = s [(Sea(0).0)
sup
1/2
< Vs ||g|(2w2|A Pur ( >||2> (using (5.2))
llgll= J
* 1/2
(Zw A, P, (f ||2>
jed

and similarly, it can be shown that
1/2
(5.4) IStagll < /r (Z 2|0 Py, (g)|2) |
jeJ

Also, for each f,g € H we have

(Sea(9):9) = (S v5ws AT Pa, (1)) = X vy, P AT Py )
jeJ jeJ
= (1. w5 Py (0) ) = U Sur)
jeJ
and hence S}, = Sar. U

Theorem 5.3. Let Sty be the frame operator for a pair of g-fusion Bessel se-
quences A and I" with bounds D, and D», respectively. Then the following statements
are equivalent:

(I) Sra is bounded below.
(IT) There exists K € B(H) such that {T;};c is a resolution of the identity operator
on H, where T; = vjw; KPy,T;A; Py, j € J.

If one of the given conditions holds, then A is a g-fusion frame.

Proof. (I) = (II): Suppose that Sra is bounded below. Then for each f € H
there exists A > 0 such that

I£11? < AlSeafII> = (Iuf, f) < A(SEASTAS, f) = LIy < ASpASra.

So, by Theorem 2.1, there exists K € B(H) such that KSrp = Iy. Therefore for

each f € H we have

f = KSFA(f) = KZ vjijVJ F;AjpwJ (f) = Z ijjK.ij F;A].PwJ (f) = Z Tj(f)
JjeJ JjeJ JjeJ

and hence {T;};cs is a resolution of the identity operator on H, where T; =

ijjKPVjP;A]‘PWJ .
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(II) = (I): Since {Tj};jes is a resolution of the identity operator on H, for any
f € H we have

F=Y"Ti(f)=> vjw KPyT5A; P, (f) =K Y _ vjw;Py,T;A; Pw, (f) = KSra(f).
jed jed jed
Thus, Ig = KSra. So, by Theorem 2.1, there exists o > 0 such that Iyl} <
aStp St and hence Sty is bounded below.
Last part: First we suppose that Sty is bounded below. Then for all f € H there
exists M > 0 such that ||Sraf|| = M| f|| and this implies that
M| fI? < [ISeafl? < Doy wil|AjPw, ())I* (using (5.3))
jeJ
M? o 2 2
= o, 17 < > wllA; Pw, ()]

jedJ

Hence, A is a g-fusion frame for H with bounds M?/D; and D;.
Next, we suppose that the given condition (II) holds. Then for any f € H we have

f=Y _vjw;KPyT;A;Pw,(f), K €B(H).
JjeJ

By Cauchy-Schwarz inequality, for each f € H we have

I£11* = {f. f <Z%%KPVF APy, (), > > vjwi A P, (f), T Py (K" )

jeJ JjeJ
1/2 1/2
<(Zudinmn ) (S eirn e
jeJ jeJ
1/2
< VBl 11 (S w1 )
jeJ
1/2
<V (3w P, (1)1
je€J
s P <D wi A Pw, ()11
> BT 2
Therefore, in this case A is also a g-fusion frame for H. O

Theorem 5.4. Let Sty be the frame operator for a pair of g-fusion Bessel se-
quences A and I" with bounds D1 and D, respectively. Suppose \; < 1, Ao > —1 such
that for each f € H, ||f — Sraf|| < M||f| + A2||Srafll- Then A is a g-fusion frame
for H.
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Proof. Foreach f € H we have

1A = I1STafll < N f = Srafll < Adllfll + el Srafll
= (1- >\1)HfH < (T4 A2)[|Sraf

= (15 )7 < VD (Z w?[|A; P, (f)|2>1/2 (using (5.3))

jeJ

(55) = o () 1P < 3 uflasr (DI

Thus, A is a g-fusion frame for H with bounds (1 — X\;)?(1 4+ X2) 2D, ' and D;. O

Theorem 5.5. Let Srp be the frame operator for a pair of g-fusion Bessel se-
quences A and T of bounds Dy and Ds, respectively. Assume A € [0,1) such that

If = Seafll < AFI VfeH.
Then A and T" are g-fusion frames for H.
Proof. By putting Ay = XA and Ay =0 in (5.5), we get
(1-M)?
D,

1F17 < Y wd 1A Pow, ()11

jeJ
and therefore A is a g-fusion frame. Now, for each f € H we have

1/ = Seafll = I(Za = Sea) " fIl < |(Ze = Sea) [ FIF < Al
1/2
= A =Nl <[Srafll < (ZUQIF Py, (f |2> (using (5.4))

jeJ

1—))?
= Y= SN vren

jedJ
Hence, T is a g-fusion frame with bounds (1 — A\)2/D; and Ds. O
Definition 5.6. Let H and X be two Hilbert spaces. Define

He X ={(fg): feHge X}

Then H @& X forms a Hilbert space with respect to point-wise operations and inner
product defined by

(fr9),(f ) = fYa+{9.9)x V[.['eHandVg,g €X.

Now, it U € B(H,Z),V € B(X,Y), then for all f € H, g € X we define
UsVeBHa®X,ZaY) by UaV)(f,g9)={Uf,Vyg),
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and (U @ V)* = U* @ V*, where Z, Y are Hilbert spaces and also we define
Pryan(f,g9) = (Puf, Png), where Py, Py and Pygn are orthonormal projections
onto the closed subspaces M C H, N C X and M & N C H @& X, respectively.

From here we assume that for each j € J, W; @ V; are the closed subspaces of
H& X and I'; € B(X, X;), where {X,},cs is the collection of Hilbert spaces and
AjoTl; e B(H@X,Hj @Xj).

Theorem 5.7. Let A = {(W;,A;j,v;)};es be a g-fusion frame for H with bounds
A, B andT = {(V;,T;,v)};es be a g-fusion frame for X with bounds C, D. Then
Aol ={(W;®V;,A; ®T;,v,)}jes Is a g-fusion frame for H & X with bounds
min{A, C}, max{B, D}. Furthermore, if Sy, St and Sper are g-fusion frame oper-
ators for A, T' and A ® T, respectively, then we have Sxgr = Sp @ Sr.

Proof. Let (f,g) € H® X be an arbitrary element. Then
>l &) Pwev (f, 917
jed
= 2_ v (A @ 1)) Pw,ov; (f,9), (A5 & T5) P, v, (£,9))

—;v w, (£, P, (9)), A5 © T3P, (£), Py, (9)))
= ;ZJU?<<AjPWj (£):T5 Py, (9)), (A Pw, (), TP, (9))

= lZJv?<<Aijj (£, A Pw, () + (T3 Py, (9), T Py, (9)) x)
—Z (145w, (DI + T3Py, (9)1%)

= ;ZJv?|Aijj<f>||%l + gvinrjpvj (@)%

< B||flI% + Dllgll% (since A, T are g-fusion frames)
<max{B, D}(|fI% + llg]%) = max{B, D}||(f, )|

Similarly, it can be shown that

min{4, C}H(f, 9)II* < D v} lI(A; @ Tj) P, ev, (£, 9)1%

jeJ
Therefore, for all (f,g) € H ® X we have

Al(F 917 < D3Iy © L)) Pwev, (f.9)]1° < Bill(f.9)]°

JjeJ
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and hence A @ T" is a g-fusion frame for H @ X with bounds 4; = min{A, C} and
B; = max{B, D}. Furthermore, for (f,g) € H ® X we have

Saer(f 9) = ZU?PWJGW,- (A @Ty)*(A; @ Ty) Pw,av; (f, 9)

jeJ

= 3" V2Pw,ev; (A; ® 1) (A; @ T) (P, (), Py, (9))
jeJ

=> v Pw,av, (A; ®T5)"(A; P, (f),T; Py, (9))
jedJ

=" 0P, v, (S © T3)(A; Pw, (), T Pv, (9))
jeJ

= v Pw,ev, (AN P, (1), T5T; Py, (9))
jedJ

=302 (Pw, AJA; P, (), Py, T3T Py, (9)
jeJ

= (Z v P, NSA; P, (), Y 0f Py, 5T Py, (9))

jeJ jeJ

= (Sa(f),5r(9))
= (Sa @ Sr)(f,9) Y(f9) e HoX.

Hence, Sagr = Sa @ Sr. This completes the proof. O

Theorem 5.8. Let AT = {(W; & V;,A; ®T';,v;)};jes be a g-fusion frame for
H @ X with frame operator Sygr. Then

A = {(SyaZ(W; @ V;), (A @ T3) Pw,av, Saar s ) e

is a Parseval g-fusion frame for H & X.

Proof. Since Sygr is a positive operator, there exists a unique positive square
root Szl\gr (or S/:ela{?) and they commute with Sxgr and S/?elar Therefore, each
(f,g9) € H® X can be written as

(f,9) = SXG%QSA@FSXGIB{}(JC, g)

—1/2 * —1/2
= ZU?SAela/r Pw,av; (A ®T;)*(A; ® T)Pw,ov, Saat (f. 9)-
jed
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Now, for each (f,g) € H ® X we have

ICF I = ((£.9), (£.9))

= <Z U?SXé{"QPWjEBVj (Aj@Ty)"(A; ©Ty)Pw,av, SXé{}(ﬂ 9), (f, 9)>
jeJ

= 3 02 ((A; @ T) P, av; Saci2(f.9), (A @ T5) Pwyv, Sai(fr 9))
jeJ

—-1/2
="M ®T)Pw,av, Saer (£, 9)12
jeJ
_ 2 ) ) -1/2 2
= ZJU]' ”(AJ @ FJ)PWJEBVJ'SA@F P(S;é/FQ(WjEBVj))(f’ 9)”
je

(by Theorem 2.3).

This shows that A’ is a Parseval g-fusion frame for H @ X. O

Theorem 5.9. Let AT = {(W; & V;,A; ®T;,v;)};jes be a g-fusion frame for
H @ X with bounds A;, By and Sxgr be the corresponding frame operator. Then

A ={(Sxar(W; ®V;), (A; © L) Pw,ev, Syar v5)ties

is a g-fusion frame for H & X with frame operator SXelar'

Proof. Forany (f,g) € H® X we have

(5.6) (f,9) = SaerSyar(f,9)
=" v P, ev, (A; ® 1) (A; ® L) Pw,ev, Sxar(f. 9)-
JjeJ

By Theorem 2.3, for any (f,g) € H ® X we have

(5.7) SRl @ T5) Pwev, Sxde P av,ovy) (911
Jj€J
= "0(A; & 1) Pw,av, Sxar(f, 9)
jed
< Bl||SXelar||2”(f’ g)||*> (since A @ T is g-fusion frame).
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On the other hand, using (5.6), we get
I 9l = K(f.9), (F: 9D
~[(Z arwon s om0 TS0 (.0))

Jj€J

2

2
= D v @ T) Pw,ev; Sxar(f,9): (A @ T5) Py, (f,9))

jeJ
<Y V(A ©T) Pwsav, Sxar(F )12 Y o3 (A ©T5) Pw, v, (£, )11
jeJ jEJ
2 1 2 2
<Y 2N @ T5)Pwsav, Sxar(f 9) 12 Bill(f, 9)ll
jeJ

(as A@® T is g-fusion frame)

=Bi[l(£, 9> _ v} I(A; ©T5) Pw,av, Sagr Ps—1 wyavy ()12

ADT
JjEJ
(from (5.7)).
Therefore
BrHI(f.9)lI” < ZU2|| Aj &) Pw,ev, SA@F @F(Wj@vj)(f;g)”Q'
jeJ

Hence, A is a g-fusion frame for H ® X. Let Sa be the g-fusion frame operator for A
and take A; = A; @ T';. Now, for each

(fa )GH@XSA(fv )

_ Zv P, W8V )(A PW ®V; SA@F) (AjPWj@VjSXéF)P 3l (W;0V;) (f,9)
jeJ

= “JQ‘(PWjéBVjSXelaFPs;egF(Wj@vj))*A;Aj(PWJ'@‘GSXelaFPs;éF(Wjeevj))(fv 9)
jeJ

= Z vjz-(PWj@vj S;ér)*A;Aj(PWj@w Sgér)(f, g) (using Theorem 2.3)
jeJ

=Y 0 SharPw,ev, (8 ©T5)"(A; & T)(Pwev, Sxar) (f. 9)
jeJ

= Sxer (Z vl Pw,sv, (A @ T5)"(A; @ Tj) Pw,av; (Sxar(f, g)))

jeJ
= SyarSaer(Syar(f.9)) (by definition of Sxer)
Thus, Sa = SXeleF This completes the proof. ([
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Note 5.10. Form Theorem 5.9 we can conclude that if A® T is a g-fusion frame

for H® K, then A is also a g-fusion frame for H & K. The g-fusion frame A is
a called the canonical dual g-fusion frame of A @ T.
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