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Abstract

In the past two decades new frontiers emerged in the rapidly expanding field of nanopho-

tonics that have revolutionized the conventional approaches to the manipulation of electro-

magnetic radiation at the nanoscale. The remarkable progress in the engineering of efficient

nanostructured devices for functional flat optics and nonlinear photonics was achieved by

using resonant dielectric metastructures operating through the excitation of Mie resonances

and their collective configurations. Further progress in the subwavelength localization of light

in Mie-resonant nanostructures and enhancement of their optical nonlinearities remained

hampered by the leaky nature of optical modes. The last decade marked the series of intense

studies of optical resonances with a giant quality factor, bound states in the continuum (BICs),

aimed to resolve this issue. The unique electromagnetic properties of BICs were examined as

a versatile tool to tailor the optical response of photonic nanostructures, yet their physical

nature and the feasibility of realization in the form of high-quality quasi-BIC resonances in

planar and compact metadevices remains largely unexplored. Moreover, it remains unknown

in many aspects how BICs can be utilized for the engineering of resonant nonlinear meta-

surfaces and nanoantennas for efficient frequency conversion and the observation of strong

nonlinearities.

In this thesis, we are focused on the comprehensive analysis of fundamental physical

properties of optical quasi-BICs in resonant dielectric metastructures and exploration of their

practical feasibility for strong light confinement and nonlinear applications. We outline the

general framework for design and optimization of nanostructured devices supporting quasi-

BICs in the visible and infrared range for the maximization of the local fields and associated

enhancement of optical nonlinearities. More specifically, we focus on planar metasurfaces

with broken-symmetry meta-atoms, and individual subwavelength resonators with a compact

footprint, for which we test the utility of the developed concepts. Ultimately, we target the

challenge of engineering of nonlinear dielectric metastructures with outstanding nonlinear

performances, which may lead to new breakthroughs in the realization of efficient nonlinear

frequency converters, low-threshold nanolasers, and compact quantum sources.

In Chapter 1 we overview the recent developments in the fields of nanophotonics, dielec-

tric meta-optics, and optical BICs. We outline the motivation and structure of the thesis.

In Chapter 2 we propose the concept of light localization in dielectric metasurfaces com-

posed of meta-atoms with a broken in-plane inversion symmetry by using quasi-BICs reso-

nances. We show that the optical response of broken-symmetry metasurfaces can be tailored

xi
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precisely by changing the asymmetry of the unit cell that induces the controllable change

of the quasi-BIC quality factor. With this unified concept we explain the results of numer-

ous earlier studies reporting on sharp Fano resonances, dark modes, metamaterial-induced

electromagnetic transparency, trapped resonances in asymmetric plasmonic and dielectric

metasurfaces observed in various spectral ranges from the visible to radio frequencies. We

further explore the importance of parasitic losses originating due to fabrication imperfec-

tions in metasurfaces on the value of the field enhancement. We outline the criteria for the

maximization of the local fields in realistic metasurfaces with imperfections by adjusting the

structure geometry to satisfy the optimal coupling regime. Using these findings, we propose a

universal framework for designing dielectric metasurfaces supporting sharp resonances with

a specific operating wavelength and linewidth on demand.

Chapter 3 is focused on the analysis and experimental demonstration of nonlinear opti-

cal effects in broken-symmetry dielectric metasurfaces supporting quasi-BICs in the near-IR

and mid-IR wavelength range. We generalize the optimal coupling criteria for the nonlin-

ear regime for maximization of harmonic generation efficiency for low pump intensities. We

design Si metasurfaces for third- and high-harmonic generation and prove experimentally

that in the optimal coupling regime the conversion efficiency is maximized. Using the devel-

oped optimal coupling model, we demonstrate the enhancement of optical nonlinearities of

two-dimensional Van der Waals materials integrated with Si metasurfaces supporting quasi-

BICs. For strong field excitation, we demonstrate that Si metasurfaces tuned to the quasi-BIC

resonance generate high-harmonic signal with the harmonic order up to the eleventh. We

demonstrate pronounced self-action effects for ultrashort sub-picosecond pulse excitation

of quasi-BICs in the near- and mid-IR and explain them in the model of resonantly enhanced

photoionization of Si.

In Chapter 4 we propose the new mechanism of light trapping in isolated subwavelength

dielectric resonators by the formation of quasi-BICs due to the destructive interference of

several Mie modes in the far field. For a dielectric disk with a variable aspect ratio we demon-

strate that quasi-BICs are manifested as high-Q resonances formed at an avoided resonance

crossing of Mie mode dispersion branches. We study the near- and far-field properties of

quasi-BICs and show that the cancellation of radiative losses is related to the suppression of

the dominant multipolar component of the field. We explore the manifestation of quasi-BICs

in the scattering spectra and outline the connection between the maximization of the mode

Q factor and the peculiarities of the scattering features. We show that the quasi-BICs can

realized in subwavelength dielectric resonators with refractive index more than 2 in various

spectral ranges from the visible to microwaves. The findings are verified in proof-of-principle

experiments in the near-IR and radiofrequency range.

In Chapter 5 we examine the efficiency of harmonic generation from individual dielec-

tric nanoresonators supporting quasi-BICs and outline the criteria for the maximization of

conversion efficiency by optimizing the mode structure, pump spatial and temporal profile,

and the environment design. We propose the theoretical model of second-harmonic gener-
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ation for nanosctructures resonant at the pump and harmonic frequency beyond the phase

matching and derive an analytical closed-form expression for the emitted harmonic power.

We verify the developed model experimentally and show a record-high measured conversion

efficiency of the optimized nonlinear nanoantenna.

Chapter 6 summarizes the results and concludes the thesis.
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1 Introduction: resonant dielectric meta-optics

1.1 Overview

Nanophotonics and dielectric meta-optics. Nanophotonics is the rapidly developing fron-

tier of optical research dealing with light-matter interaction between electromagnetic waves

with frequencies typically in the range from the UV to the near-IR and media structured on

the size scale of one to few hundred nanometers [1, 2]. Recent decades had witnessed striking

progress in applying the physical concepts of nanophotonics to engineer efficient devices for

diverse applications in nanoscale technologies, optical communication, ultrafast computa-

tion and advanced optoelectronics [3]. Historically, one of the first major research directions

in nanophotonics is plasmonics that deals with deeply subwavelength localization of light

in metallic nanoparticles or at metallic interfaces due to collective excitations of conduction

electrons [4, 5]. Many efforts were done to develop plasmonic nanostructures with advanced

optical properties for applications in biosensing, quantum technologies, photovoltaics [6–8].

Despite fast progress and many promising applications, practical use of plasmonic devices

for complete control of electromagnetic radiation amplitude and phase was shown to be lim-

ited drastically, especially at visible frequencies. The major challenges plasmonics is facing

are associated with high optical losses, low damage threshold and incompatibility with the

standardized CMOS fabrication technologies. Moreover, the magnetic response of metallic

nanostructures is weak and its enhancement requires designing of particles with sophisti-

cated geometries [9].

The last decade has been marked by emergence of a new branch of nanophotonics, di-

electric meta-optics, also called Mie-tronics, that combines studies of light manipulation with

resonant nanostructures made of semiconductors and high-index dielectrics [19–21]. High-

refractive index and low optical losses of most common dielectric materials, such as Si, Ge,

GaAs, in the visible and infrared ranges allow for light confinement at a scale much smaller

than the wavelength in the free-space via excitation of geometrical (Mie) resonances of the

nanostructures [22]. In the recent years dielectric meta-optics attracted widespread interest

as a flexible platform for light localization and strong enhancement of the near-field at the

nanoscale and promising alternative to plasmonics. Moreover, metastructures composed of

dielectric meta-atoms were shown to outperform their plasmonic counterparts in a variety

of applications due to superior inherent material and resonant properties allowing for ad-

vanced control of the radiation wavefront and light confinement. More specific, the semi-

7
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Figure 1.1: Dielectric metastructures in nanophotonics. (a, b) Observation of optical mag-
netic response in dielectric nanoparticles. (c) Directional scattering at overlapping electric
and magnetic dipole resonances. (d-i) Functional dielectric metasurfaces. (d-e) Geometric
phase lens for focusing and imaging. (f) Huygens’ metasurface hologram. (g) Generation of
structured colors. (h-i) Polarzation control with Q plates (h) and waveplates (i). (a) is adapted
from [10], (b) is adapted from [11], (c) is adapted from [12], (d) is adapted from [13], (e) is
adapted from [14], (f ) is adapted from [15], (g) is adapted from [16], (h) is adapted from [17],
(i) is adapted from [18]

conductor nature of common high-index dielectrics removes the constraints of compatibility

with CMOS fabrication processes and manipulation with carrier density allows for tunability

of optical response. The resonant response of dielectric metastructures is driven by excitation

of Mie resonances, that represent displacement currents, thus both electric- and magnetic-

type response can be observed with comparable strengths [10, 11, 23–25], see Figs. 1.1a,b. The

simplicity of realization of magnetic response allows to engineer nanoantennas for efficient

control of directionality and expands the range of functionalities of dielectric nanostructures

as building blocks of functional devices [12, 26], see Fig. 1.1c.

Dielectric metasurfaces, that represent ordered two-dimensional arrays of subwavelength

dielectric meta-atoms, attract special attention among other metastructures because of their

high potential for flat optics as compact devices for control of amplitude, phase, polariza-

tion and propagation direction of a wavefront of light [27–29]. The main principles govern-

ing response of dielectric metasurfaces are related to the physics of Huygens’ surfaces, reso-
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Figure 1.2: Generation of optical harmonics with resonant dielectric metastructures. (a-b)
THG in Mie-resonant nanoparticles. (c-e) SHG in Mie-resonant nanoparticles. (f-g) THG in
oligomers. (h-i) THG (h) and SHG (i) in metasurfaces. (a) is adapted from [35], (b) is adapted
from [36], (c) is adapted from [37], (d) is adapted from [38], (e) is adapted from [39], (f ) is
adapted from [40], (g) is adapted from [41], (h) is adapted from [42], (i) is adapted from [43].

nant phase, form birefringence, and geometric phase [18, 30–32]. Recent studies demonstrate

highly efficient dielectric metasurfaces based on these principles for image differentiation,

vortex and hologram generation, beam deflection, creation of compact lenses, structured

colouring [13–17, 33, 34], see Figs. 1.1d-i. In addition to high efficiency of wavefront control,

functional dielectric metasurfaces provide extra degrees of freedom inaccessible in conven-

tional diffractive optics. They include ultrasmall device footprint, strong effective birefrin-

gence with high spatial resolution of gradients, and scalability of fabrication.

Nonlinear meta-optics. In the last decade, active and nonlinear metastructures attract

widespread interest of the nanophotonics community, especially, nonlinear resonant meta-

surfaces. Nonlinear metasurfaces are expected to meet the growing demand for tailored

nonlinear optical response, combining nonlinear wavefront engineering and efficient fre-

quency conversion at the subwavelength scale. Strong nonlinear response from optically thin

structures requires enhancement of light-matter interactions beyond the values that can be

achieved in non-resonant bulk nonlinear media. First, plasmonic nonlinear metasurfaces
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Figure 1.3: Functional and topological nonlinear optics with dielectric metasurfaces. (a-b)
Nonlinear beam steering. (c) Nonlinear vortex generation. (d) Asymmetric parametric gen-
eration of images. (e) Nonlinear holography. (f) Generation of high-harmonics. (i) Ultra-
fast optical switching. (h-i) Topologically-nontrivial nonlinear metasurfaces. (a) and (c) is
adapted from [44], (b) is adapted from [45], (d) is adapted from [46], (e) is adapted from [47],
(f ) is adapted from [48], (g) is adapted from [49], (h) is adapted from [50], (i) is adapted from
[51].

were suggested to enlarge light-matter interaction by exploiting strong fields at metallic sur-

faces originating from inherently large nonlinear susceptibility of metals [52]. However, low

damage threshold due to energy dissipation into heat and small mode volumes limit strongly

the efficiency of nonlinear optical processes in plasmonic nonlinear metasurfaces and the fo-

cus of studies has shifted towards dielectric nonlinear metasurfaces [53–55]. Large bulk non-

linearities of many common dielectrics combined with strong resonant field enhancement

and overlapping of Mie resonances with the volume of material make nonlinear dielectric

metasurfaces a promising platform for observation of nonlinear optical processes. Strong

Mie resonances represent a natural way to enhance the parametric signal at the subwave-

length scale beyond the traditional phase-matching with high efficiency potentially compa-

rable to the conversion efficiency of macroscopic nonlinear crystals. First studies of Mie-

driven harmonic generation in individual dielectric nanoparticles and oligomers demon-

strated very large improvement of conversion efficiencies up to the scale of 10−5− 10−4% for

third-harmonic signal [35, 36, 40] and 10−3 − 10−2% for the second-harmonic signal [37–39],

see Figs. 1.2a-g. Moreover, resonant excitation of Mie modes of magnetic nature were shown

to produce nonlinear magnetic response from dielectric metastructures [41, 56, 57]. Using

the concept of Mie resonances, a large number of examples of nonlinear dielectric metasur-

faces was demonstrated for second- and third-harmonic generation [42, 43, 58]with reason-

ably high efficiencies far much exceeding the efficiencies of their plasmonic analogues, see
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Figure 1.4: Optical bound states in the continuum (BICs) in photonic dielectric structures.
(a) Photonic crystal slabs. (b) Gratings. (c) Waveguides with defects. (d) Circular arrays of
waveguides. (e) Chains of subwavelength resonators. (a) is adapted from [64], (b) is adapted
from [65], (c) is adapted from [66], (d) is adapted from [67], (e) is adapted from [68].

Figs. 1.2h-i.

Recent progress in engineering of dielectric metasurfaces with enhanced optical nonlin-

earities paved the way towards wavefront manipulation in the nonlinear regime. The princi-

ples of resonant and geometric phase extended to the nonlinear regime allowed for encoding

of the predefined phase pattern in shape and geometry of the meta-atoms producing struc-

tured wavefront while keeping the conversion efficiency at the maximum level. As a result,

nonlinear phase control was used for efficient beam steering, vortex generation, hologra-

phy, imaging, asymmetric parametric generation of images [44–47, 59], see Figs. 1.3a-e. In

addition, strong optical response allowed for development of broadband frequency mixers

and observation of ultrafast optical switching and high-harmonic generation [48, 49, 60–63],

see Figs. 1.3f-g. Moreover, enhanced nonlinearities in metasurfaces enabled engineering

of photonic systems with nontrivial topological properties manifested in the nonlinear re-

sponse [50, 51], see Figs. 1.3h-i.

Light trapping with bound states in the continuum. Further enhancement of optical non-

linearities in resonant dielectric metastructures remains hampered by the leaky nature of op-

tical modes. The rate of radiative energy leakage of the modes defining the strength of the

local fields depends on the degree of light confinement inside the structure, i.e. on the qual-

ity of the structure as an optical resonator. Thus, the key concept underlying the improvement

of functionalities of many linear and nonlinear metastructures is the use of constituent ele-

ments characterized by high quality factors (Q factors) of the resonances. A typical optical

resonator traps light by the use of total internal reflection effect or multiple back-scatterings

from periodic structures such as photonic crystals. Efficiency of light trapping in resonators

characterized by the mode Q factor is weakly dependent on the resonator geometry but de-
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Figure 1.5: Selected applications of optical quasi-BICs in dielectric metastructures. (a,b)
Low-threshold lasing. (c) Active terahertz photonics. (d,e) Vortex generation. (f,g) Integrated
photonic devices: photonic circuit (f) and Gires–Tournois interferometer (g). (a) is adapted
from [71], (b) is adapted from [72], (c) is adapted from [73], (d) is adapted from [74], (e) is
adapted from [75], (f ) is adapted from [76], (g) is adapted from [77].

pends strongly on the quality of "mirrors" that confine the radiation. The standard ways to

increase the Q factor rely on increase of the structure size or applying complex designs to con-

fine light, such as cavities in photonic bandgap structures [69] or whispering-gallery-mode

resonators [70]. For subwavelength dielectric nanostructures, Mie theory predicts relatively

low values of the quality factor, e.g. in the visible and near-IR range the Q factor is of order of 5

to 10 for nanoparticles made of conventional optical materials such as Si, Ge, and AlGaAs [20].

The Mie modes in metasurfaces possess a higher Q factor up to 50 due to multi-particle in-

terferences but its value is still insufficient for strong local field enhancement.

This thesis aims to explore the advanced physical mechanisms of strong light confine-

ment in resonant dielectric metastructures by using the physics of mode interferences for

enhancement of local fields and associated increase of optical nonlinearities. The most re-

cent and promising frontier in that field is bound states in the continuum (BICs), that repre-

sent special optical resonances embedded into the continuous spectrum of the environment

but decoupled from the radiation [78, 79]. Along with Fano resonances [80, 81] and nonradi-

ating dynamic current configurations in the form of optical anapoles [82–84], they provide a

way to increase the local fields in dielectric metastructures. Historically, BICs were predicted

nearly a century ago as a mathematical curiosity in quantum mechanics [85], but as a univer-

sal wave phenomenon they were later identified in atomic physics, acoustics, hydrodynam-
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ics and elastic waves in solids. In photonics, the BICs were re-discovered only in the recent

decade as a simple tool to achieve very large Q factor required for enhancement light matter

interaction [66, 86, 87]. The physical properties of optical BICs were analysed theoretically

and experimentally for a variety of photonic dielectric metastructures, including waveguides

with defects, gratings [88–93], photonic crystal slabs and metasurfaces [64, 94–100], chains of

nanoparticles [68, 101–104], see examples in Figs. 1.4a-e.

In practice, infinitely high Q factors of BICs are limited by a finite size of samples, mate-

rial absorption, structural disorder and surface scattering [105]. As a result, BICs are trans-

formed into states with a giant Q factor often treated as quasi-BICs. Quasi-BICs in dielectric

metastructures were shown to be advantageous for a wide span of applications, including

lasing, active terhertz photonics, polaritonics, photonic integrated circuits and integrated

Gires–Tournois interferometer, and biophotonics and sensing [71–73, 76, 77, 106–111], see

Figs. 1.5a-c,f,g. Optical BICs were shown to demonstrate topological stability against pertur-

bations, preserving structural symmetry [112]. Due to their topological properties they repre-

sent vortex centers in the polarization directions of far-field radiation, which carry conserved

and quantized topological charges. This property was realized for quasi-BICs and used for

vortex generation [65, 74, 75, 113], see Figs. 1.5d-e. Their polarization properties were used

to engineer uniderectional high-Q resonances [114]. Later, a concept of super-BIC was sug-

gested by merging several BICs in the wavevector space and producing a resonance with in-

creased robustness to the fabrication disorders that allowed to observe sharp resonances with

Q more that 105 in photonic crystal slabs and membranes [115, 116]. The super-BICs shown

their potential for lasing applications because of record-low threshold [117]. Very recently,

chiral BICs and quasi-BICs were studied in application to generation of strong chiroptical

signals [118–120].

1.2 Motivation and thesis outline

The recent decade marks a series of intense studies of optical quasi-BICs in nanostructured

materials, however, their physical nature in many systems, feasibility of their realization in

form of high-Q resonances in planar metasurfaces and their potential for nonlinear optics re-

main largely unexplored. This thesis aims at addressing key challenges with a scope of both

fundamental and practical interests on how one can make use of optical quasi-BICs in di-

electric metasurfaces and their meta-atoms, individual subwavelength resonators, in the lin-

ear and nonlinear regime. We explore the physical mechanisms determining the formation

of quasi-BICs in these structures and study how the system geometry can be tuned to maxi-

mize the mode quality factor (Chapter 2 and Chapter 4). We outline the general framework for

design and optimization of resonant dielectric metastructures supporting quasi-BICs within

the frequency range of interest and maximization of the local field enhancement and associ-

ated enhancement of optical nonlinearities. We target the challenge of engineering of non-

linear dielectric metastructures with outstanding nonlinear performances, which may lead to
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Figure 1.6: Thesis outline and organization.

new breakthroughs in realization of efficient nonlinear frequency converters, low-threshold

nanolasers, and compact quantum sources (Chapter 3 and Chapter 5).

A more detailed outline of the chapter structure and content is provided below and

schematically shown in Fig. 1.6.

Chapters 2 and 3 target light trapping with quasi-BICs and enhancement of optical non-

linearities in dielectric metasurfaces with broken in-plane inversion symmetry. In Chapter 2

we reveal that metasurfaces created by seemingly different lattices of asymmetric meta-atoms

can support high-Q quasi-BICs arising from a distortion of symmetry-protected BICs. We

show that Q factor of the quasi-BICs can be tuned by the degree of the meta-atom asym-

metry. Using this tunability, we outline the criteria for the maximization of the local field

enhancement in realistic metasurfaces with parasitic losses due to fabrication imperfections

by adjusting the structure to the optimal coupling regime. We present a general procedure

to design sharp resonance with a specific operating wavelength and linewidth in dielectric

metasurfaces by the use of scalability of Maxwell’s equations and properties of quasi-BICs.

This new approach forms an versatile tool for engineering of resonant metasurfaces on de-

mand for applications relying on strong local field enhancement.

Chapter 3 is focused on analysis and experimental demonstration of nonlinear optical ef-

fects in broken-symmetry dielectric metasurfaces supporting quasi-BICs in the near-IR and

mid-IR. We generalize the optimal coupling criteria for the nonlinear regime and derive the
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condition of maximization of harmonic generation in the limit of weak field excitation. We

design Si metasurfaces for third- and high-harmonic generation and prove experimentally

that in the optimal coupling regime the conversion efficiency can be boosted dramatically. In

the regime of strong field interaction we achieve high-harmonic generation and strong self-

action at the quasi-BIC resonance in Si metasurfaces. We explain the self-action in the model

of free-carrier generation and demonstrate modification of metasurface resonant properties

due to change of material parameters. We outline the strategy to increase optical nonlin-

earities of two-dimensional Van der Waals materials substantially by integrating them with

resonant Si metasurfaces supporting quasi-BICs.

Chapters 4 and 5 are devoted to light trapping with quasi-BICs in individual subwave-

length dielectric meta-atoms, their practical realization and potential for nonlinear applica-

tions. In Chapter 4 we propose a new mechanism of electromagnetic radiation localization

in isolated subwavelength resonators by formation of quasi-BICs due to destructive interfer-

ence of several Mie modes in the far field. For a dielectric disk with variable aspect ratio we

show numerically and experimentally that quasi-BICs are manifested as high-Q resonances

formed at avoided resonance crossing of Mie mode dispersion branches. We study the near-

and far-field properties of quasi-BICs and show that the cancellation of radiative losses is re-

lated to the suppression of the dominant multipolar component of the field. We explore the

manifestation of quasi-BICs in the scattering spectra and outline the connection between

maximization of the mode Q factor and the peculiarities of the scattering features.

In Chapter 5 we examine the efficiency of harmonic generation from individual dielectric

nanoresonators supporting quasi-BICs and outline the criteria for maximization of conver-

sion efficiency by optimizing the mode structure, the pump spatial and temporal profile and

the environment design. In more detail, we propose a theoretical model of SHG for nanosc-

tructures resonant at the pump and harmonic frequency beyond the phase matching and

derive the analytical closed-form expression for the emitted SH power. We prove experimen-

tally the theoretical and numerical results and show that the measured conversion efficiency

of the optimized nonlinear nanoantenna at the quasi-BIC exceeds the efficiencies of SHG re-

ported earlier for non-BIC plasmonic and dielectric nanoantennas by more than two orders

of magnitude.

Finally, in Chapter 6 we outline the main conclusions for this thesis and provide a discus-

sion on potential future studies in the field.

The overview of the field of optical BICs and quasi-BICs in dielectric meta-optics and res-

onant nanophotonics, highlighting the results described in this thesis is outlined in four pub-

lished Review articles and one Review preprint with my lead contribution

(1) K. Koshelev, A. Bogdanov, Yu. Kivshar, "Meta-optics and bound states in the contin-

uum," Science Bulletin (special issue) 64, 836 (2019). DOI: 10.1016/j.scib.2018.12.003

(2) K. Koshelev, G. Favraud, A. Bogdanov, Yu. Kivshar, and A. Fratalocchi, "Nonradiat-

ing photonics with resonant dielectric nanostructures," Nanophotonics 8, 725 (2019).

https://doi.org/10.1016/j.scib.2018.12.003
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DOI: 10.1515/nanoph-2019-0024

(3) K. Koshelev, A. Bogdanov, Yu. Kivshar, "Engineering with Bound States in the Contin-

uum," Optics&Photonics News 31, 38-45 (2020). DOI: 10.1364/OPN.31.1.000038

(4) K. Koshelev, Yu. Kivshar, "Dielectric resonant metaphotonics," ACS Photonics (special

issue) 8, 102–112 (2021). DOI: 10.1021/acsphotonics.0c01315

(5) K. Koshelev, Z. Sadrieva, A. Shcherbakov, Yu. Kivshar, A. Bogdanov, "Bound states in

the continuum in photonic structures," arXiv preprint, arXiv:2207.01441 (2022).

https://doi.org/10.1515/nanoph-2019-0024
https://doi.org/10.1364/OPN.31.1.000038
https://doi.org/10.1021/acsphotonics.0c01315


2 Light trapping in metasurfaces with broken in-plane

symmetry

Figure 2.1: (a) Schematic of transmission spectrum and mode linewidth dependence on
asymmetry in broken-symmetry metasurfaces. (b) Connection between BICs and other res-
onant effects observed in broken-symmetry metasurfaces.

Metasurfaces with a broken symmetry unit cell operating in different frequency ranges

from microwaves to infrared attracted widespread attention in the last two decades. Many

studies considered asymmetric plasmonic and dielectric metasurfaces demonstrating sharp

resonances in transmission or reflection for the normal incidence excitation, which reso-

nant linewidth depends strongly on the asymmetry of the meta-atom, as shown schemati-

cally in Fig. 2.1a. The observed effect was associated with trapped resonances in arrays of

dielectric nanodisks [121] and split-ring structures [122, 123], Fano resonances [124–128],

electromagnetically-induced transparency [129–133], and dark modes [134–136].

In this chapter, we generalize the findings on resonant properties of asymmetric metasur-

faces and show that all of these effects are a manifestation of bound states in the continuum

(BICs) as shown schematically in Fig. 2.1b. First, we make an introduction to the physics of

BICs in periodic photonic structures, explaining the mechanism of their formation and main

properties. Next, we present a general concept of quasi-BICs in broken-symmetry dielectric

metasurfaces, formed from symmetry-protected BICs due to symmetry breaking, and derive

the dependence of the Q factor on the asymmetry parameter. We associate the high-quality

17
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quasi-BICs with the peculiarities in scattering and derive the generalized Fano formula for

transmission using the quasi-normal mode expansion of the Green’s function. We study the

effect of parasitic and non-radiative losses and derive the criteria for the maximization of the

local field enhancement. Finally, we present a general procedure to design sharp resonance

with a specific operating wavelength and linewidth in dielectric metasurfaces by the use of

scalability of Maxwell’s equations and properties of quasi-BICs.

Results presented in this chapter are partially included in the published References, listed

below, where I am a lead author and my contribution is in theoretical aspects, numerical sim-

ulations, metasurface design and writing of the first draft of the paper

(1) K. Koshelev, S. Lepeshov, M. Liu, A. Bogdanov, Yu. Kivshar, "Asymmetric metasurfaces

and high-Q resonances governed by bound states in the continuum," Phys. Rev. Lett.

121, 193903 (2018). DOI: 10.1103/PhysRevLett.121.193903

(2) K. Koshelev, Y. Tang, K. Li, D.-Y. Choi, G. Li, Yu. Kivshar, "Nonlinear metasur-

faces governed by bound states in the continuum," ACS Photonics 6, 1639 (2019).

DOI: 10.1021/acsphotonics.9b00700

(3) (Equal first authors) N. Bernhardt∗, K. Koshelev∗, S. White, K. W. Ch. M., J. E. Fröch,

S. Kim, T. T. Tran, D.-Y. Choi, Yu. Kivshar, A. S. Solntsev, "Quasi-BIC Resonant En-

hancement of Second-Harmonic Generation in WS2 Monolayers," Nano Letters 20,

5309–5314 (2020). DOI: 10.1021/acs.nanolett.0c01603

2.1 Introduction to optical bound states in the continuum

Bound states in the continuum represent a special group of optical resonances that do not

have radiation losses and are completely decoupled from the continuum despite their reso-

nant frequency is above the light line [78]. In this section we explain how they can be formed in

periodic photonic structures. The periodic photonic structures represent open electromag-

netic systems. They have more complicated description of the mode spectrum and mode

interaction than the one used for closed systems. I.e., the eigenmode spectrum of closed

systems consists of states with real frequencies and their interaction can be described in a

framework of the total Hamiltionian Ĥ representing a sum of the Hamiltonian without inter-

action Ĥ0 and the interaction potential V̂ . The diagonal components of V̂ are responsible

for resonant frequency shift and the off-diagonal components are responsible for the inter-

nal mode coupling [137]. The interaction results in a mixing of eigenstates and appearance of

avoided resonance crossings (ARCs) in the spectral response which is the characteristic fea-

ture of the strong coupling regime [138]. For open systems the modes are generally leaky and

are interacting not only internally but also via the continuum of radiation waves.

Figure 2.2 shows schematic of mode interaction interpretation for open electromagnetic

systems. The open system can be considered as a closed system with non-radiating modes |A〉
∗Equal contributions

https://doi.org/10.1103/PhysRevLett.121.193903
https://doi.org/10.1021/acsphotonics.9b00700
https://doi.org/10.1021/acs.nanolett.0c01603
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Figure 2.2: (a) Schematic description of an open resonator (dielectric metasurface) as a closed
resonator interacting with the radiation continuum. (b) Change of radiation losses for inter-
acting resonances |A〉 and |B 〉 in the strong coupling regime. The mode marked with a blue
line transforms into an accidental BIC with zero radiation losses via the change of the system
parameters.

and |B 〉 coupled to the continuum of the radiation modes outside of the resonator in accord

with the Friedrich-Wintgen mechanism [139], see Fig 2.2a. While changing one of the system

parameters, the modes can interact via the radiation continuum which leads to modification

of their resonant frequencies and radiation losses [140]. More formally, Friedrich-Wintgen

mechanism can be described in the framework of the temporal coupled mode theory. Ap-

proximating the system response with two resonant modes, we can describe it with a vector of

complex amplitudes a= [aA(t ), aB (t )]T of states |A〉 and |B 〉. The complex amplitudes evolve

in time as:

d a

d t
= Ĥ a, (2.1)

Ĥ =

�

ωA c
c ωB

�

︸ ︷︷ ︸

Ĥ0

− i

�

γA
p
γAγB e iφ

p
γAγB e iφ γB

�

︸ ︷︷ ︸

V̂

. (2.2)

Here,c is responsible for the internal coupling,
p
γAγB accounts for the coupling through the

radiation continuum, and φ is the phase shift between the modes. The BIC forms when the

radiative losses of one of the modes after interaction disappear. In the two-mode approxima-

tion this condition can be written as

κ(γA −γB ) = e iφpγAγB (ωA −ωB )

φ = 0, π.
(2.3)
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Figure 2.3: The mechanism of formation of symmetry-protected BICs in periodic photonic
structures with in-plane inversion symmetry due to strong mode coupling at high symmetry
points of the k-space.

This model can be used to engineer BICs in periodic photonic structures, including but

not limited to gratings, photonic-crystal slabs or metasurfaces, for frequencies below the

diffraction limit. The periodicity of the medium results in the coupling of guided modes to

the continuum of radiation modes of the environment which induces leakage of the guided

modes. Below the diffraction limit the modes are coupled to the zeroth-order diffraction

channel so the two-mode approximation can be used.

There are two main approaches allowing to fulfill these conditions in periodic photonic

structures. The first approach is to tune the parameters of two coupled resonances contin-

uously, so the Eq. 2.3 is fulfilled at some specific set of system parameters. Figure 2.2b illus-

trates the characteristic change of radiation losses of two strongly coupled modes of an open

resonator under continuous change of some system parameter, which defines the difference

between resonant frequencies of non-interacting modes. The BICs that form due to acciden-

tal fulfillment of Eq. 2.3 are called accidental BICs, BICs due to parameter tuning. Usually,

they can be achieved away from the high-symmetry points of the k-space [64].

The other way to realise BICs in periodic structures is related to the symmetry of the unit

cell. The periodicity causes not only leaking of guided modes but also their backscatter-

ing which results in their strong coupling in high-symmetry points of the momentum space

where their dispersion curves intersect. For structures with in-plane inversion symmetry, in

the high-symmetry points of the wavevector space (e.g. Γ point for k = 0) the interacting
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Figure 2.4: (a) Schematic of a dielectric grating with one-dimensional periodicity. The index
m labels the diffraction channels. (b) Schematic of typical mode dispersion for the grating
structure indicating the numbers of open diffraction channels N and positions of BICs (left);
and variation the Q factor along the resonant mode branch with the BICs (right).

modes are degenerate ωA = ωB and are coupled to the same radiation channel with equal

strengths γA = γB . This, the mode coupling is precisely balanced at such high symmetry

points, which allows constructing a symmetric leaky mode via constructive interference, and

an antisymmetric bound mode which represents a so-called symmetry-protected BIC. The

schematic of this interaction is shown in Fig. 2.3.

We explain the mechanism of formation of symmetry-protected and accidental BICs in

more detail using the example of a dielectric grating with period L shown in Fig. 2.4(a). Using

the Block theorem, the electric field can be written as

Ekb
(x , y , z ) = e i kb z+i ky y ukb

(x , z ). (2.4)

Here, kb is the Bloch k-vector, ky is the k-vector component along the y -axis, ukb
(x , z ) is the

periodic function of z . It can be expanded into the Fourier series

ukb
(x , z ) =

∑

m

cm (x )e
i kb z+ 2π

L i m z . (2.5)

Here, m = 0,±1,±2, ... Each term in this series corresponds to one diffraction channel. Out-

side the structure, the expansion coefficients correspond to plane waves

cm (x )−→ cm e ±i Km x , (2.6)

Km =

√

√

√ω2

c 2
−k 2

y −
�

k 2
b +

2πm

L

�2

. (2.7)

If Km is real, then the diffraction channel is open and cm represents the complex amplitude

of the outgoing wave coupled to the m-th diffraction channel. If Km is imaginary, then the

diffraction channel is closed and cm is the complex amplitude of the near-field.

To construct a BIC, all coefficients cm corresponding to the open diffraction channels

should be nullified. However, for a subwavelength structure L < λ, there is only one open
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diffraction channel corresponding to m = 0. Thus, to construct a BIC we need to nullify c0(x ).

The function c0(x ) is given by

c0(x ) =

L/2
∫

−L/2

ukb
(x , z )e −i kb z d z . (2.8)

At the origin of the k-space (kb = 0) we have

c0(x ) =

L/2
∫

−L/2

ukb
(x , z )d z = 〈ukb

(x , z )〉z . (2.9)

Thus, the condition of a BIC at the Γ -point requires zero of the z -averaged electric field com-

ponents. If the unit cell of the grating is symmetric with respect to the in-plane inversion

transformation, then the modes at the Γ -point are classified as even or odd functions of z . For

odd functions, their z -averaged value is zero and the state represents a symmetry-protected

BIC. If c0(x )becomes zero via tuning of system parameters, the BIC is accidental, as discussed

above.

Figure 2.4(b) shows schematically the characteristic dispersion (ω vs kb for ky = 0) and

mode Q factor of eigenmodes in a dielectric grating with one-dimensional periodicity. The

colored areas show the regions, where a certain number of diffraction channels (N ) is open.

Below the light lineω= c kz , there is no open channels N = 0. Above the light line, but below

the diffraction limit N = 1 so the Friedrich-Wintgen model can be applied. At the origin of the

k-space, the structure posses the in-plane inversion symmetry and the symmetry-protected

BIC is formed. Away from the origin, the structure supports an accidental BIC located at

the same dispersion branch [92]. The presented dispersion structure is general and can be

achieved for various periodic photonic structures, including dielectric metasurfaces.

2.2 Bound states in the continuum in lossless asymmetric metasur-

faces.

We analyse the properties of resonant light scattering for a general class of asymmetric meta-

surfaces with an example shown in Fig. 2.5a. The unit cell of the metasurface can be different,

for example, it can consist of two rotated elliptical bars [109, 110], a disk with an asymmet-

ric hole [121], two parallel bars of different length [124, 128], a bar with a pitch [126, 127],

split-ring resonators [122, 123, 129, 130], shown in Fig. 2.5b. We focus on one of the examples

recently suggested for biosensing [109], a square array of meta-molecules composed of tilted

elliptical bars made of Si, and analyze how symmetry-protected BICs emerge in such kind of

structures and how they produce sharp resonances in scattering spectrum.
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Figure 2.5: (a) Schematic of light scattering from a metasurface. (b) Examples of the meta-
atom design of broken-symmetry metasurfaces supporting sharp resonances, discussed in
Refs. [109, 121–124, 126–130].

2.2.1 Spectral properties of BICs

In this section we consider an idealized case of lossless silicon metasurface of infinite size, so

the resonant losses are purely radiative. For the sake of simplicity, we consider a free-standing

metasurface suspended in a homogeneous background with permittivity 1, however, the re-

sults can be generalized for a metasurface on a dielectric substrate, shown in Fig. 2.6a. The

asymmetry is controlled by the angle θ between bar longest axis and the in-plane y-axis of the

lattice, as shown in the inset of Fig. 2.6a. For θ = 0° the structure possesses in-plane inversion

symmetry and supports a series of symmetry-protected BICs with at the normal incidence.

The radiative Q factor of BICs is infinite, so it cannot be accessed from the far-field. This

means that the in-plane symmetry needs to be disturbed in order to observe any resonant fea-

tures in scattering. The conventional way to break this symmetry is to tilt the incident beam

making the incidence oblique, thus the symmetry of the structure with respect to the pump

direction is disrupted. For oblique excitation, the BICs are transformed into quasi-BICs with

a finite Q factor which decreases with the increase of angle of incidence [64]. In our analysis

we aim to keep the normal incidence geometry, therefore, we consider breaking the in-plane

symmetry of the metasurface unit cell (x , y ) → (−x ,−y ) by making θ > 0. Similarly to the

case of oblique incidence, we expect that symmetry-protected BICs are converted into high-

Q quasi-BIC with the linewidth depending on the asymmetry of the unit cell. We perform the

calculation of transmission spectra and eigenmode spectra for different asymmetries for the

fixed refractive index of material equal to 3.47 which is a typical value for bulk crystalline Si in

the near-IR [141]. The simulation procedure is described in Appendix A.1. For our analysis we

put the period equal to 1320 nm, bar semiaxes are 330 nm and 110 nm, thickness is 200 nm,

distance between bars is 660 nm. The electric field of the pump wave is directed along the

x-axis, as shown in Fig. 2.6a. We focus on a symmetry-protected BIC existing for θ = 0° at the

wavelength of about 1570 nm. Dependence of the eigenmode and transmission spectra on

θ is shown in Fig. 2.6b, where T is the transmittance. We observe that BIC with infinite Q

factor at θ = 0° transforms into high-Q quasi-BIC with radiation loss growing with increase of

θ . The asymmetry parameter α can be defined as α= sinθ . The detailed transmission spec-
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Figure 2.6: (a) Design of the broken-symmetry metasurface: square array of tilted bar meta-
molecules. The inset shows the design of the unit cell. (b) Eigenmode and transmission spec-
tra vs. pump wavelength and tilting angle θ . Error bars show the magnitude of the mode
inverse radiation lifetime. (c) Evolution of the transmission spectra vs angle θ . Spectra are
relatively shifted by 1.5 units. (d) Distribution of the electric and magnetic fields for both BIC
and quasi-BIC.

tra shown in Fig. 2.6c exhibit a narrow dip that vanishes when the meta-molecule becomes

symmetric, which confirms the results of the eigenmode analysis. Figure 2.6d demonstrates

that the BIC mode consists of two electric dipoles, one in each meta-atom, oriented in op-

posite directions. The field profiles show similarity for the BIC and quasi-BIC modes. For

comparison, we investigate quasi-BICs and their response spectrum for a metallic metasur-

face composed of a square array of aluminium asymmetric split rings of square shape. The

metasurface unit cell and its parameters are shown in Fig. 2.7a. For calculations we use finite-

element-method built in the CST simulation software. The asymmetry parameterα is defined

as α=∆L/L , where L is the width of the square. One can see in Fig. 2.7c that the reflectance

spectrum for α = 0 in THz range does not show any resonant features, while a pronounced

dip appears at 1.3 THz forα= 0.33. The dip is a manifestation of a quasi-BIC in the plasmonic

metasurface, mode current distribution is shown in Fig. 2.7b. Another example of a broken-

symmetry dielectric metasurface is shown in Fig. 2.8a. The metasurface us composed of bar

pairs with permittivity of 13.5 of equal width but different length arranged in the rectangu-

lar lattice.The asymmetry parameter α is defined as α = ∆L/L , where L is the length of the

longest bar and ∆L is the difference in bar lengths. The reflectance spectrum in Fig. 2.8d

shows a sharp quasi-BIC resonance for nonzero asymmetry parameter α = 0.1. The eigen-

mode spectrum and reflectance map shown in Fig. 2.8c demonstrate evolution of quasi-BIC

with respect to the asymmetry parameter.
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Figure 2.7: (a) Design of the unit cell of a metasurface composed of a square lattice of alu-
minum square split rings suspended in free-space. Parameters: the period is 75µm, the large
square side is 60 µm, the ring thickness is 4 µm, the height is 0.2 µm, distance between semi-
rings is 3 µm, the aluminium conductance is 3.56× 107 S/m. (b) Current distribution at the
quasi-BIC resonance. (c) Evolution of the reflectance vs. α.

2.2.2 Radiation losses. Multipolar decomposition.

Dielectric metasurfaces represent open electromagnetic resonators and quasi-BIC modes are

a part of spectrum of metasurface resonant states (RSs) with complex eigenfrequencies, see

Appendix A.3.1. Radiation losses of quasi-BICs can be found as the ratio between the outgoing

energy flux and the energy inside the metasurface, see Appendix A.3.3. The outgoing energy

flux depends on the field expressions at the structure surface that can be found using expan-

sion over the outgoing radiation modes of the free-space evaluated at the complex eigenfre-

quency of the quasi-BIC Ω0 = ω0 − iγ0, see Appendix A.2 and A.3.2. In the sub-diffractive

limit, we can express the rate of radiative losses of energy 2γ0 via the coupling coefficient be-

tween the quasi-BIC and the outgoing modes of radiation continuum, see Appendix A.3.3.

Assuming the radiative Q factor of the quasi-BIC more than 10, we can neglect contribution

from high-order diffraction modes to radiation, which are generally leaky because of nonzero

imaginary part of the quasi-BIC eigenfrequency

2γ0

c
=

∑

Ñ

�

�κÑ

�

�

2

W0
, (2.10)

κ0N =−i

∮

SV

d S ·
�

E0×Hi
N (k0)−Ei

N (k0)×H0

�

, (2.11)

W0 =

∫

V

d V
�

ϵ |E0|2+ |H0|2
�

. (2.12)

Here, k0 = Ω0/c is the complex k-vector of quasi-BIC, E0 and H0 is the electric and mag-

netic field of the quasi-BIC, respectively, W0 is the normalized mode energy inside the res-

onator, and the summation goes over Ñ which includes the waves normal to the surface plane

radiating from the top and bottom, with two possible polarizations, s and p . The integration

goes over the volume of one unit cell. The electric and magnetic field of the incoming mode

of the radiation continuum Ei
Ñ

and Hi
Ñ

is given by expressions in Appendix A.2. The coupling
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Figure 2.8: (a) Design of the unit cell of a dielectric metasurface composed of bar pairs with
permittivity of 13.5 of equal width but different length arranged in the rectangular lattice.
Parameters: the metasurface is suspended in free-space, the period in x direction is 725 nm,
the period in y direction is 530 nm, large bar size is 200×280 (nm×nm), the height is 250 nm,
distance between bars is 75 nm. (b) Distribution of the electric and magnetic fields at the BIC
wavelength. (c) Eigenmode spectra and reflectance with respect to the pump wavelength
and asymmetry parameter α. Error bars show the magnitude of the mode inverse radiation
lifetime. (d) Evolution of the reflectance vs. α.

amplitude can be expressed through the volume integral

κ0N =−k0

∫

V

d V (ϵ(r)−1)E0 ·Ei
N (k0), (2.13)

where ϵ(r) is the permittivity function of the metasurface.

For a free-standing structure with up-down mirror symmetry of the unit cell the modulus

of coupling coefficients from top and bottom is equal, so we can double the contribution of

the waves incoming from the top. In the sub-diffractive regime the only radiation channels

are p - and s -polarized waves propagating normal to the surface plane. Thus, we get

γ0

c
=

�

�κ0,s

�

�

2
+
�

�κ0,p

�

�

2

W0
, (2.14)

κ0,(s ,p ) = g0

∫

Vt

d V (ϵ(r)−1)E0 · ês ,p e i k0z , (2.15)

g0 =−e iπ/4 k0
p

2Su

. (2.16)

Here, ês ,p is the unitary polarization vector of the radiation mode, Su is the area of the unit

cell, and Vt is the volume of the top part of the meta-atom with z < 0.
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Figure 2.9: (a) Dependence of the Q factor on the asymmetry parameter α for the metasur-
faces with meta-atoms shown in Fig. 2.5b (log-log scale). (b) Definition of α for the metasur-
faces considered in Figs. 2.6, 2.7 and 2.8.

The function e i k0z in the integrand can be expanded into the Taylor series since |k0z | ≪ 1.

The coupling amplitudes κ0,(s ,p ) can be decomposed as

κ0,s = g0

�

py +
mx

c
+

i k0

6
Qy z + . . .

�

, (2.17a)

κ0,p = g0

�

px −
my

c
+

i k0

6
Qz x + . . .

�

, (2.17b)

where p, m and Q̂ are the Cartesian electric dipole, magnetic dipole and electric quadrupole

moments in the long-wavelength approximation expressed in the irreducible representa-

tion [142]. Here, we define the multipoles using the vector (ϵ − 1)E0 proportional to the po-

larization and omit 1/4π factor, e.g. px =
∫

Vt
d V (ϵ−1)E0,x . We also note, that the volume

integration for multipoles is done only in the top subspace Vt with z < 0.

Equation 2.16 shows that for a BIC the unit cell inversion symmetry imposes vanishing

κ0,(s ,p ) and radiation losses [94]. Small asymmetry of the unit cell (asymmetry parameter

α > 0) leads to nonzero radiation losses and finite radiative Q factor Qrad =ω/2γ0. Using the

perturbation theory for non-Hermitian systems, we can estimate the behavior of Qrad with re-

spect to the asymmetry. In Eq. 2.16 we leave the zero order component of E0 as for a true BIC

because the next order field component depends on the perturbation quadratically. Thus,

the integral over total volume of asymmetric structure is a sum of integrals over symmetric

unit cell, which vanishes for a BIC, and over the perturbation region, which gives the linear

dependence of κ0,(s ,p ) on α. Thus, for small asymmetries

Qrad = Q̃α−2. (2.18)

where Q̃ is determined by the metasurface design and is independent on α. We note that

Eq. (2.18) is applicable for describing quasi-BICs in metasurfaces on a substrate if the mode

frequency is below the diffraction limit of the substrate [105].
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Figure 2.10: Electric field in-plane components for the quasi-BIC analysed in Fig. 2.6. Arrows
show the dipole moments of each bar p0 and the net dipole moment px .

Next, we demonstrate numerically that the quadratic dependence on α defined by

Eq. (2.18) is a universal law for Qrad of quasi-BICs for various metasurfaces with broken-

symmetry meta-atoms. Figure 2.9a shows a direct comparison of the values of Qrad for dielec-

tric and plasmonic metasurfaces shown in the inset (see also Fig. 2.5b). All curves are shifted

relatively in the vertical direction to originate from the same point. For metallic metasurfaces

possessing absorption losses, Qrad is extracted from the total Q factor and the non-radiative

damping rate evaluated at α = 0. We use the dimensionless asymmetry parameter α, which

has distinct definitions for different structures and takes values between 0 and 1, some ex-

amples are shown in Fig. 2.9(b). The simulations in Fig. 2.9(a) show that evolution of Qrad for

smallα is clearly inverse quadratic. Importantly, for most of the structures the law Qrad∝α−2

is valid beyond the applicability limits of the perturbation theory. To explain this, we analyse

the quasi-BIC field components for the tilted Si bar pairs design, as shown in Fig. 2.10. The

mode field has a dipole moment p0 within each bar and the y-components of p0 for the bars

are opposite. The net dipole moment px is

px = 2p0 sinθ , (2.19a)

p0 =

∫

one bar

d V (ϵ−1)E0,y (θ = 0°, r). (2.19b)

Then, Qrad can be found as

Qrad = Q̃ (sinθ )−2 , (2.20a)

Q̃ =W0
Su

4|k0|
|p0|−2. (2.20b)

Here, the asymmetry parameter is defined in more general way as α = sinθ so the inverse

quadratic law in Eq. 2.20a is valid not only for small θ .

2.2.3 Generalized Fano formula for transmittance

To explain the connection between the scattered spectra and the eigenmode spectra in

Figs. 2.6c, 2.7c and 2.8c, we derive analytical expressions for the transmittance via partial con-
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tributions of RSs (quasi-normal modes) [143] and their interference in the far-field. The RSs

are the self-standing electromagnetic excitations characterized by a discrete set of complex

resonant frequenciesΩn =ωn−iγn , where γn is a half of inverse mode radiative lifetime. The

spectrum of RSs of the metasurface also includes the contribution from the Rayleigh anoma-

lies, representing a continuous distribution of modes in the cuts ofω-plane [144]. We intro-

duce the complex wavevector for RSs as kn = Ωn/c and wavevector of free space as k =ω/c

(for more details see Appendix A.3.1).

The scattering matrix of the metasurface operating in the sub-diffraction limit and for

fixed incident polarization is a 2× 2 matrix . We consider a p -polarized incident plane wave

propagating from top to bottom as shown in Fig. 2.6a. The S-matrix can be decomposed into

contributions of RSs via pole expansion (see Appendix A.3.4)

Ŝp ,p =

�

ρ τ

τ ρ

�

+
∑

n

1

Nn (k −kn )





�

κt
n ,p

�2
κt

n ,pκ
b
n ,p

κt
n ,pκ

b
n ,p

�

κb
n ,p

�2



 . (2.21)

Here, ρ and τ are reflection and transmission coefficients of the non-resonant background.

The coefficient Nn is the RSs normalization constant, and the coefficients κt,b
n ,p are the fre-

quency independent coupling constants between the n-th RS and the incoming p -polarized

plane wave from top and bottom side, respectively. The coupling coefficients can be eval-

uated as the residues of S-matrix at the resonant frequencies kn [see Eq.( A.29) in Ap-

pendix A.3.4]

κt,b
n ,p =−e iπ/4 kn

p

2Su

∫

Vt

d V (ϵ−1)En · êpe ±i kn z . (2.22)

Here, the integration is within a top (bottom) half of one unit cell, Su is the area of the unit cell,

and êp is the unitary vector of p -polarized excitation directed along x-axis. One can see that

the coupling constants are the same as outcoupling coefficients in Eq. 2.16, which is due to

reciprocity theorem. The metasurface possesses up-down reflection symmetry z →−z , thus

the coupling constants at the top and bottom surfaces are transformed as

κb
n ,p = (−1)pnκt

n ,p , (2.23)

where pn = 0, 1 is the mode parity with respect to the up-down reflection symmetry.

Using Eqs. 2.10 and 2.23 the coefficient κt
n ,p can be expressed via the radiative linewidth

of the mode

κt
n ,p =

s

γn

c
Wn e iϕn

κ , (2.24)

where ϕn
κ is the coupling phase.

The transmission amplitude t is the non-diagonal element of the S-matrix from Eq. (2.21)

t (ω) =τ(ω) +
∑

n

(−1)pn

�

κt
n ,p

�2

Nn (k −kn )
. (2.25)
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We study the transmission coefficient in the vicinity of one of the RSs with n = 0. In case

neighboring resonances do not overlap with the resonant state of interest, the frequency de-

pendence of non-resonant terms is slow in the range from ω0 − γ0 to ω0 + γ0 . By straight-

forward but quite cumbersome rearrangements of terms of the transmittance T = |t |2 can be

written as a generalized Fano formula

T (ω) =
TA

1+q 2

(q +∆ω)2

1+∆ω2
+Tnr. (2.26)

Here, q is the Fano asymmetry parameter, TA is the amplitude of the smooth envelope and Tnr

is the contribution from background and non-resonant modes. The analytical expressions

for Fano parameters can be found in Appendix A.5.1. The frequency dependence of q , TA and

Tnr forω≃ω0 is smooth, and can be neglected. For a true BIC∆ω→∞, which corresponds

to a collapse of the Fano resonance when any features in the transmission spectra disappear,

and the resonant mode is transformed into a dark mode.

The description of the scattered signal with the Fano formula is widely used by introducing

the asymmetry parameter phenomenologically [81]. Our pole expansion approach for the

scattering matrix is an alternative way to describe scattering with the Fano formula, compared

to other approaches, e.g. using Feshbach–Fano partitioning scheme [145]. We note that using

Eq. (2.21) the reflectance can be also written in the form of the generalized Fano formula.

2.3 Effect of losses. Optimal coupling regime

For lossless metasurfaces of infinite size in the sub-diffractive limit the Q factor of BICs Qrad is

determined solely by radiation normal to the surface plane. In practise, losses limit the total

Q factor Qtot, so it can be decomposed into partial contributions:

Q−1
tot =Q−1

rad+Q−1
par

︸ ︷︷ ︸

radiative

+ Q−1
abs

︸︷︷︸

non-radiative

, (2.27)

Q−1
par =Q−1

surf+Q−1
dis +Q−1

size+Q−1
sub. (2.28)

Strictly speaking, Eqs. 2.27 and 2.28 are valid in case one of the loss mechanisms is strong

compared to the others. Equation 2.27 shows that in addition to out-of-plane radiation Qrad

the radiative losses are also contributed by other mechanisms which we call parasitic losses

with the Q factor Qpar. They include surface scattering from imperfections (Qsurf), structural

disorder (Qdis), diffraction losses and losses from the sample edges due to finite size of the

sample (Qsize), and diffraction into high-index substrate (Qsub). Moreover, the total Q factor is

contributed by non-radiative losses (Qabs) due to material absorption. From Eq. 2.27 one can

see that true BICs can exist for nonzero absorption losses for Q−1
rad =Q−1

par = 0.

The loss mechanisms for BICs in metasurfaces are shown schematically in Fig. 2.12a. For

high-index dielectric materials, such as silicon or gallium arsenide, the non-radiative losses
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Figure 2.11: (a) Schematic representation of out-of-plane radiation (green) and parasitic
losses (brown) of quasi-BICs for a realistic metasurface of finite size with fabrication imper-
fections and material losses. (b) Schematic of the evolution of the resonant amplitude of the
quasi-BIC A(t ) coupled to the radiation continuum via radiation to the zeroth diffraction or-
der (green) and scattering to all diffraction orders due to parasitic losses (brown). (c) Depen-
dence of the inverse total Q factor (solid blue) and field enhancement (dashed black) on the
asymmetry parameter. The optimal coupling regime is shown with a gray solid line.

are very low (Qabs > 105) in the IR and most part of the visible range. The parasitic losses

lead to transformation of BICs into quasi-BICs with a finite radiative Q factor. Recently it was

shown that Qsub can be increased by making a low-index spacer of specific thickness between

the structure and the substrate [105]. For symmetry-protected BICs in finite size structures

it was demonstrated that Qsize grows with increase of the number of periods N as Qsize ∝
N 2 [146]. Very recently it was predicted that structural disorder with amplitudeσ contributes

to Q factor as Qdis∝ σ−2 [147]. A few experimental studies considered effects of deviations

in meta-atom sizes due to fabrication tolerances on Qsurf [105, 148].

To analyse how the interplay of different mechanisms of losses affects the resonant field

enhancement for quasi-BICs we apply the temporal coupled-mode theory [149]. Hereinafter,

we consider dielectric metasurfaces and neglect the non-radiative losses. We derive the tem-

poral coupled-mode theory from Maxwell’s equations using the expansion of the Green’s

function into resonant states. In the single-mode approximation the resonant amplitude

a (t ) changes in time due to self-oscillations and pump excitation as shown schematically in

Fig. 2.12b
d a (t )

d t
=−iω0a (t )−

ω0

2

�

Q−1
rad+Q−1

par

�

a (t ) +κ0Einc. (2.29)

Here,ω0 is the real part of the quasi-BIC frequency, Einc is the amplitude of the pump electric

field, and κ0 is proportional to the amplitude of coupling between the pump and the quasi-

BIC (see Eq. 2.22). The parasitic loss mechanisms couples the mode to higher-order diffrac-

tion channels as shown in Fig. 2.12b. Due to the reciprocity theorem we get κ0 ∝Q−1/2
rad (see

Eq. 2.24). Importantly, we neglect the contribution of parasitic losses to the zeroth diffrac-

tion order. The local field can be expressed via the mode volume V0 and resonant amplitude



32 | CHAPTER 2 LIGHT TRAPPING IN METASURFACES WITH BROKEN IN-PLANE SYMMETRY

as Eloc ∝ a (ω0)V
−1/2

0 [150, 151]. The closed-form expressions for κ0 and V0 is given in Ap-

pendix A.4. The local field enhancement |u |2 at the resonant frequency ω = ω0 can be ex-

pressed as (for derivation see Appendix A.4)

|u |2 =
|Eloc|2

|Einc|2
=
λSu

π

Qtot

V0

Qtot

Qrad
. (2.30)

Here, Su is the unit cell area, λ is the resonant wavelength. We note that this expression differs

from the local field enhancement in Ref. [152] by the factor of 2 because here we account for

the losses to the up and down radiation channels and the effective aperture of the metasurface

as an antenna is Su/2 (see. Eq. A.51.

For quasi-BICs the radiative Q factor Qrad is highly sensitive to the meta-atom asymmetry,

see Eq. 2.18, while the parasitic losses and mode volume depend on α weakly. Analysis of

Eq. (2.30) with respect to variation of α shows that the field enhancement is maximized when

Qrad =Qpar, (2.31)

which coincides with the so-called optimal (or, critical) coupling condition [152]. The total Q

factor can be expressed via asymmetry as

Qtot(α) =
Qpar

α2/α2
opt+1

. (2.32)

Here, αopt is the optimal asymmetry parameter

αopt =

�

Q̃

Qpar

�1/2

, (2.33)

and Q̃ is defined in Eq. 2.18. The field enhancement can be rewritten in a similar manner

|u |2 =
λSu

π

Qpar

V0

α2/α2
opt

�

α2/α2
opt+1

�2 . (2.34)

The typical dependence of the inverse total Q factor and the field enhancement on the asym-

metry given by Eqs. 2.32 and 2.34 is shown in Fig. 2.11. We note that at the optimal coupling

regime the field enhancement scales as Qpar/V0.

We emphasize that the parasitic losses play a significant role in maximization of the field

enhancement which determines the efficiency of many nonlinear processes. We note that

our results generalize the results obtained for resonant antennas with non-radiative losses

earlier [152].
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2.4 Designing a high-Q metasurface on demand

In this section we provide a general framework how to design a high-Q dielectric metasurface

providing maximal local field enhancement at the wavelength of interest. The metasurface

engineering and optimization procedure can be outlined in the following steps

1. select a metasurface design with in-plane inversion symmetry of the unit cell;

2. search for a low frequency BIC in the spectrum;

3. apply geometrical scaling to adjust the resonant wavelength of BIC to the target wave-

length;

4. determine the magnitude of parasitic Qpar Q factor experimentally or from the litera-

ture;

5. tune the quasi-BIC to the optimal coupling regime Qrad =Qpar by increasing the asym-

metry;

6. adjust the scaling factor to compensate the wavelength shift due to nonzero asymmetry.

As an example, we target the 1550 nm wavelength and consider a Si metasurface com-

posed of a square array of parallel bar pairs with equal length L but slightly different width w1

and w2 shown in Fig. 2.12a. First, we consider a structure with symmetric unit cell w1 = w2,

it supports a BIC at 1550 nm for w1 = 230 nm, p = 720 nm, L = 590 nm, d = 300 nm, and

h = 500 nm. For many common dielectric materials, such as silicon, dispersion of dielectric

function is weak so we can apply geometric scaling to adjust the wavelength. We introduce

the scaling factor S as a multiplier to change all geometrical parameters simultaneously, as

shown in Fig. 2.12a. Figure 2.12b shows the evolution of BIC wavelength in the approximation

of refractive index fixed at 1550 nm (solid black) and for realistic dispersion of Si (dashed blue)

depending on the scaling factor. The simulation procedure is described in Appendix A.1. One

can see that the deviation of the analytical model from the simulated data is less than 20% in

the visible and less than 5% in the mid-IR ranges. From Fig. 2.12b follows that the target de-

sign can be achieved for the scaling factor S ≃ 1.

The second step is to introduce asymmetry and tune the structure into the optimal cou-

pling regime. For this we need to determine the parasitic Q factor Qpar. The typical value

for Si metasurfaces is of order of a few hundred [109] and depends on the particular de-

sign [148]. With better fabrication facilities it is possible to obtain Qpar of order of a few thou-

sand [153, 154] and even tens of thousand [155]. In this section we use the intermediate value

of Qpar = 2000. The asymmetry parameter is proportional to the difference between the bar

widths α= 1−w1/w2, as shown in Fig. 2.12c, upper panel. For α > 0 the BIC transforms into

a quasi-BIC which radiation is determined by the uncompensated net magnetic dipole (MD)

moment, as shown in Fig. 2.12c, lower panel. Figure 2.12d shows the dependence of quasi-

BIC radiative Q factor on the asymmetry. The radiative Q factor drops with increase of α and
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Figure 2.12: Metasurface optimization procedure. (a) Design of the metasurface unit cell with
period p composed of parallel Si bars of widths w1 and w2, length L , height h , and with dis-
tance between bar centers d . Each geometrical parameter is multiplied by the scaling factor
S . (b) BIC wavelength dependence on S for fixed refractive index and material with realistic
dispersion. (c) Definition of asymmetry parameter α and electric field distribution for the
quasi-BIC. (d) Dependence of Qrad (left y-axis) and resonant wavelength (right y-axis) on α.
The wavelength dependence is calculated for S = 1, 1.005, 1.01. The optimal coupling regime
is shown with a gray shaded area. The target wavelength of 1550 nm is shown with a black
dashed line.

the optimal coupling regime Qrad = Qpar is achieved for α = 0.085. Figure 2.12d also shows

the dependence of resonant wavelength on asymmetry parameter for three different scaling

factors in the vicinity of S ≃ 1. One can see that the initial design with S = 1.0 is close to the

target design only for α≃ 0 where the mode is out of the optimal coupling regime. Thus, ad-

ditional adjustment of S is required and the target design can be achieved for S = 1.01. In this

case the resonant wavelength is 1550 nm and the optimal coupling condition is satisfied.

2.5 Summary

To summarize this chapter, we generalized the description of broken-symmetry metasurfaces

with sharp resonances by presenting a general concept of quasi-BICs and derived the de-

pendence of the radiative Q factor on the asymmetry parameter α. Treating quasi-BICs as

quasi-normal modes we derived the general expression for radiative losses via coupling co-

efficient between the quasi-BIC and modes of the radiation continuum. We showed that the
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expression for the coupling coefficient can be decomposed into contributions of Cartesian

multipoles. Using the perturbation theory for non-Hermitian systems we showed that for

small α the Q factor of quasi-BICs follows Qrad∝ α2. We confirmed the inverse square law

for Qrad numerically for six distinct dielectric and plasmonic metasurfaces operating in differ-

ent frequency ranges and showed that the dependence holds beyond the applicability of the

perturbation theory. Next, we associated the high-quality quasi-BICs with the peculiarities

in scattering, derived the generalized Fano formula for transmission using the quasi-normal

mode expansion of the scattering matrix and obtained analytical expressions for Fano param-

eters. For dielectric metasurfaces, we studied the effect of parasitic losses on the total Q factor.

We found that the local field enhancement can be maximized in the so-called optimal cou-

pling regime, which is satisfied for Qrad =Qpar. We showed that this regime can be achieved

by adjusting the asymmetry of the unit cell because of strong dependence of Qrad on α. Fi-

nally, we presented a general procedure how to design metasurface with a high-Q quasi-BIC

providing maximal local field enhancement and operating at any target wavelength.
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3 Nonlinear photonics with asymmetric metasurfaces

supporting quasi-BICs

Figure 3.1: Weak and intense nonlinear optical effects in asymmetric Si metasurfaces. Left:
schematic of broken-symmetry metasurface for harmonic generation. Right: schematic dia-
grams of harmonic generation and self-action processes.

For conventional bulk crystals the efficiency of nonlinear frequency conversion can

be increased dramatically by using phase-matching or quasi-phase-matching between the

pump and harmonic waves [156]. For subwavelength nonlinear metastructures, the phase-

matching concept is not applicable because it requires large interaction lengths exceeding the

wavelength by many times. For resonant nonlinear metasurfaces, the requirement of phase

matching is replaced by the conditions of resonant field enhancement [42, 157]. The induced

nonlinear polarization at the n-th harmonic frequency P (n ) depends on the local field en-

hancement as

P (n )(ω)∝
∫

V

d V χ̂ (n )(r) [Eloc(r,ω)](n ) (3.1)

Assuming that at the harmonic frequency the structure is not resonant, the only parameter

that defines the harmonic generation efficiency is Eloc which is determined by the mode Q

factor and the pump coupling efficiency.

Earlier studies investigated nonlinear response of some broken-symmetry dielectric

metasurfaces supporting Fano resonances for enhancement of optical nonlinearities [42, 47,

127, 158]. In Section 2.2.3 we revealed that sharp resonances in asymmetric dielectric meta-

surfaces originate from quasi-BICs and revealed their close link to the Fano resonances. In

this chapter we study nonlinear optical effects, such as harmonic generation and self-action,

in resonant dielectric metasurfaces with a broken-symmetry unit cell supporting quasi-BICs

37
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in the near-IR and mid-IR, as schematically shown in Fig. 3.1. Using the knowledge on tun-

ability of quasi-BICs resonant properties developed in Chapter 2, we provide a general frame-

work how to design and fabricate efficient nonlinear metasurfaces.

Throughout the chapter we consider a Si metasurface composed of a square array of par-

allel bar pairs with equal length but slightly different widths analysed in Section 2.4 and shown

in Fig. 2.12a. The structure supports a quasi-BIC which radiation is determined by the uncom-

pensated net magnetic dipole moment, as shown in Fig. 2.12c, lower panel. The asymmetry

parameter α is defined as

α=
w2−w1

w2
. (3.2)

We apply the geometric scaling procedure described in Section 2.4 to tune the quasi-BIC

wavelength from the visible to the near-IR and mid-IR range.

First, we investigate numerically and experimentally harmonic generation from asym-

metric Si metasurfaces in the perturbative regime for pump of weak intensity. More specific,

we derive general criteria for maximization of resonant nonlinear response and show that

they coincide with the optimal coupling condition. We show that third-harmonic (TH) signal

is increased in the vicinity of the quasi-BIC at telecom wavelengths and reaches maximum

for the metasurface with optimal asymmetry parameter. We further study harmonic gener-

ation from a Si metasurface hosting a quasi-BIC in mid-IR and demonstrate fifth-harmonic

generation (5HG) for low-power picosecond pulse excitation. Next, we study harmonic gener-

ation and self-action effects in resonant asymmetric Si metasurfaces in the non-perturbative

regime and strong excitation pulses. We demonstrate experimentally generation of high odd

harmonics up to 11-th for ultrashort femtosecond pulse excitation in mid-IR. We show that

the intensity of generated harmonic drops for higher input power and explain this by the

change of Si material parameters due to free-carrier generation. Using Keldysh theory for

strong field ionisation we calculate the change in quasi-BIC resonant properties due to free-

carrier absorption and show that the mode exhibits blueshift and strong reduction of Q fac-

tor. We apply the same theory to explain self-action effects in asymmetric Si metasurfaces

with a quasi-BIC in near-IR that we observe for strong pump intensity. Finally, we study

second-harmonic generation (SHG) under weak-field excitation in hybrid photonic struc-

tures composed of a two-dimensional flake of transition metal dichalcogenides integrated

with an asymmetric Si metasurface. We show that SHG is enhanced by more than three orders

of magnitude for the integrated structure at the quasi-BIC wavelength compared to conver-

sion efficiency from a flake on top of an unstructured Si layer of the same thickness.

Results presented in this chapter are partially included in the published References, listed

below, where I am a lead author and my contribution is in theoretical aspects, numerical sim-

ulations, metasurface design and experimental data analysis
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3.1 Harmonic generation under weak field excitation

For harmonic generation in macroscopic nonlinear media an undepleted pump approxima-

tion is often used. This approximation implies that the nonlinear source term is sufficiently

small so the input field remains undepleted on the spatial and temporal scale of nonlinear

interaction [156]. For nanostructured media the interaction volume is much smaller, the ma-

terial nonlinearity is not high enough, and the frequency conversion efficiency is usually far

beyond 10−2. Thus, the undepleted pump approximation remains a handy tool for analysis

of many nonlinear processes as long as the input intensity does not exceed threshold values

of order of dozens of GW·cm−2.

3.1.1 Nonlinear optimal coupling regime

In this subsection we extend the optimal coupling model (see Section 2.3) to description of

nonlinear response and determine optimal conditions for enhancement of resonant nonlin-

earities at the quasi-BIC resonance. From Section 2.3 we recall that the linear field E(ω) at the

resonant frequency of the quasi-BICω=ω0 is

E(ω)(r) = a (ω)E(r), (3.3)

where a (ω) is the resonant amplitude

a (ω)∝
Qtot

(Qrad)1/2
Einc. (3.4)
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For a metasurface made of material with a third-order nonlinearity χ̂ (3), such as Si, the

nonlinear polarization is given by

P (3ω)i (r) =
∑

j ,k ,l

χ (3)i j k l E (ω)j (r)E
(ω)
k (r)E (ω)l (r). (3.5)

The induced electric field at the harmonic frequency 3ω can be expanded over resonant states

Em with eigenfrequencies close to 3ω. The density of states is much higher for the harmonic

frequency than that for the fundamental one so we assume that the response cannot be de-

scribed with a single resonance and leave the summation over m

E(3ω)(r) =
∑

m

bm (3ω)Em (r). (3.6)

Here, bm (3ω) are the resonant amplitudes at 3ω frequency. They are proportional to the over-

lap between the mode field and the nonlinear polarization

bm (3ω)∝
∫

d V Em (r) ·P(3ω)(r) = a 3(ω)
∑

i , j ,k ,l

∫

d V Em ,i (r)E
(ω)
j (r)E

(ω)
k (r)E (ω)l (r). (3.7)

The local field enhancement at the harmonic frequency can be calculated as

|Eloc|2

|Einc|6
∝

�

�

�

�

a (ω)
Einc

�

�

�

�

6

∝
�

Q 2
tot

Qrad

�3

. (3.8)

Finally, for quasi-BIC resonances in broken-symmetry metasurfaces we can write

Qrad =Qparα
2
opt/α

2, (3.9)

so the nonlinear local field enhancement is given by

|Eloc|2

|Einc|6
∝Q 3

par





α2/α2
opt

�

α2/α2
opt+1

�2





3

. (3.10)

We note that the mode volume V does not appear in the expression because we account for

the exact field distribution of E(ω)(r) to calculate the overlap integral in Eq. 3.7 and do not

approximate it as a local field at the hotspot.

Equation 3.10 shows that the optimal coupling condition for the maximal nonlinear local

field enhancement is identical to the expression for the linear response (see Eq. 2.31)

Qrad =Qpar. (3.11)

We note that within the perturbative approach we used the condition Eq. 3.11 holds for any

harmonic number.
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Figure 3.2: (a,b) Simulated dependence of transmission (a) and TH intensity (b) spectra with
respect toα. (c,d) Measured dependence of transmission (c) and TH intensity (d) spectra with
respect to α. The inset in (d) shows the SEM image of the fabricated metasurface.

3.1.2 Third- and fifth-harmonic generation

Third-harmonic generation in the near-IR. We apply the developed strategy of smart en-

gineering to design a Si metasurface with strong resonant nonlinearity. We use the structure

shown in Fig. 2.12a with the parameters p = 655 nm, L = 500 nm, d = 320 nm, h = 540 nm,

w2 = 200 nm and w1 changes from 155 to 195 nm. This set of parameters approximately cor-

responds to the range of scaling factors S = 0.85− 0.95, defined in Section 2.4. We perform

linear simulations of transmittance assuming Q−1
par = Q−1

abs = 0. The simulation procedure is

described in Section A.1. The electric field of the pump wave is directed along the longest

side of the bar meta-molecule. Figure 3.2a shows that the transmission spectra evolution

with increase of asymmetry parameter α follows the general law as in Fig. 2.6c. For α = 0 a

true BIC exists at 1465 nm and the radiative linewidth increases with asymmetry. The results

of nonlinear simulations of TH signal for different α are shown in Fig. 3.2b. Here, we inten-

tionally put Qpar = 175 in the model by adding artificial absorption losses, see Section A.1 for

more details. As we show below, this magnitude of parasitic losses is a typical value that can

be achieved experimentally. We note that to estimate the TH signal enhancement we can re-

place the parasitic losses by absorption ones which can be seen from Eq. 3.10. We observe

that the simulated TH signal is maximized for an intermediate value of α= 0.175 not equal to

zero, which is in a good agreement with the theory of optimal coupling developed earlier.

To confirm the simulation results we fabricate a set of six Si metasurfaces on a glass sub-

strate with variable asymmetry by using the electron beam lithography. The footprint of each

metasurface is 100µm×100µm. The sample geometrical parameters are based on the numer-
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Figure 3.3: (a,b) The dependence of the total Q factor (a) and maximal THG conversion ef-
ficiency (b) on α extracted from the measured data (red circles) and calculated numerically
(blue line), and analytically (black line). The error bars show the precision of the fitting pro-
cedure. The analytical model is based on Eq. 2.32 in panel (a) and Eq. 3.10 in panel (b). The
range of parameters satisfying the optimal coupling condition is shown with a green blurred
area.

ical design. The scanning electron microscopy (SEM) image for one of the fabricated meta-

surfaces is shown in the inset of Fig. 3.2d. We pump the metasurfaces from top in the wave-

length range from 1370 to 1470 nm with a plane wave linearly polarized along the longest side

of the bar. For the linear measurements, the pump wave is generated with a halogen white

light passing a Glan-Thompson linear polarizer. The transmitted light in both polarizations is

spectrally resolved with a NIR Andor spectrometer. For nonlinear optical measurements, we

use a fs laser pulses with forming linearly polarized plane waves generated with a coherent

optical parametric amplifier and focused to a spot size of 20 µm. The generated TH signal

is collected in the forward direction with a high NA objective. The origin of the TH signal is

verified by the direct measurement of its spectrum and its cubic dependence on the pump

power.

The measured transmittance and TH intensity spectra for the samples with α =

0.05, 0.075, 0.1, 0.15, 0.175, 0.225 is shown in Figs. 3.2c and d, respectively. The mode posi-

tions in the experimental linear spectra agree well with the simulation results in Fig. 3.2a,

while the linewidths are broadened due to parasitic losses. As outlined before, we introduced

artificial absorption to include the effect of parasitic losses. Such model is suitable for quan-

titative estimation of the field and nonlinear signal enhancement but leads to strong differ-

ence in peak shapes in experimental and numerical results because of principal difference

is loss mechanisms of absorption and scattering. The experimental nonlinear spectra show

remarkably good agreement with numerical results in Fig. 3.2b. The optimal sample is char-

acterized by asymmetry parameter α = 0.175. We collect experimental and numerical data

to analyse the range of validity of optimal coupling theory developed earlier. A comparison

of the dependence of the total Q factor on α for measured, simulated, and calculated analyt-

ically data is shown in Fig. 3.3a. The experimental Q factor is extracted from the measured

data by the fitting procedure described in Appendix A.1. The value of the parasitic Q factor

Qpar = 175± 30 is extrapolated as Qpar =Qtot(0). We estimate the optimal asymmetry param-
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eter αopt = 0.18 using Eq. 2.33 and calculating Q̃ = 5.67 from Eq. 2.18 for small α. The black

solid line in Fig. 3.3a shows the calculations using the model in Eq. 2.32 with Qpar = 175 and

αopt = 0.18. The green blurred area shows the range of 0.16 ≤ αopt ≤ 0.2 when the optimal

coupling condition Qrad = Qpar is satisfied. In experiments, the optimal coupling regime is

achieved for α= 0.175 which is in a good agreement with αopt. Figure 3.3b shows the depen-

dence of the maximal values of the THG conversion efficiency on α based on the measured

data, simulations, and analytical model in Eq. 3.10. The data shown in the figure is normal-

ized independently. From nonlinear measurements, the metasurface withα= 0.175 gives the

best nonlinear performance in perfect agreement with the predictions of the optimal cou-

pling model and the data extracted in Fig. 3.3a.

Third- and fifth-harmonic generation in the mid-IR. We design a metasurface supporting

magnetic dipole quasi-BIC in the mid-IR using the same approach as before. The metasurface

parameters are p = 2040 nm, h = 1150 nm, L = 1445 nm, w2 = 595 nm, and distance between

bars is 510 nm. The width of the smaller bar w1 is varied in the range 595 nm to 400 nm, which

corresponds to α = 0− 0.33, respectively. This set of parameters approximately corresponds

to the range of scaling factors S = 2.5− 2.8, defined in Section 2.4. The calculated transmis-

sion spectra are shown in Fig. 3.4a. A symmetric metasurface with α = 0 supports a BIC at

3978 nm, while for α = 0.19 and α = 0.1, the transmission curves reveal a sharp resonance

with a Fano lineshape. As before, we expect that the parasitic losses affect the fabrication

quality so the realistic Qpar is estimated as of about few hundred. The numerical estimations

based on Eq. 2.33 give αopt = 0.2.

We fabricate a set of α-Si metasurfaces on optically thick sapphire substrate with α in the

range from 0.05 to 0.33. The sample geometrical parameters are based on the design above,

the sample footprint is 300×300µm2. The SEM image of metasurface is shown in Fig. 3.4b. In

nonlinear experiments, we pump the samples with a focused pulses of τ= 2 ps duration gen-

erated by the mid-IR optical parametric generator. We detect the harmonic signal with cooled

near-IR detectors in spectrometers. We determine the optimal sample tuned to the nonlinear

optimal coupling regime with asymmetry parameter α ≃ 0.2 performing THG spectroscopy.

This value is in perfect agreement with the theoretical prediction. We use the optimized sam-

ple for high-harmonic measurements. Figure 3.4c shows the measured harmonic spectra for

pump wavelength of 3805 nm. They reveal two distinct peaks, one corresponds to THG at

the wavelength of 1270 nm, another corresponds to 5HG at 760 nm. The last peak overlaps

with broad emission signal due to photoluminescence. Figure 3.4c shows the power-to-power

dependence of the harmonic signals on the pump intensity. We observe clear 3-rd and 5-th

power scaling confirming that the measurements are done in the perturbative regime.
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Figure 3.4: (a) Simulated dependence of transmission spectra with respect to α. For clarity
the spectra are shifted relatively by 0.6 units along the vertical axis. (b) SEM image of the fab-
ricated metasurface. (c) Measured spectrum of the 3rd and 5th optical harmonics generated
by 2 ps laser pulses for the sample with α= 0.2. Broad emission signal corresponds to photo-
luminescence. (d) Measured power-to-power dependence of 3rd and 5th harmonics for 2 ps
pump pulses for the sample with α= 0.2.

3.2 Harmonic generation and self-action effects under strong field

excitation

For intense ultrafast pulse excitation material parameters of solids with strong nonlinear re-

sponse, such as silicon, are modified substantially [159]. More specific, the generation of har-

monics with photon energies below the band gap in Si metasurfaces is affected by free car-

rier generation [160] due to dominating mechanism of the intraband nonlinear Bloch oscilla-

tions over the interband electron-hole recombination. Increase of free-carrier plasma density

modifies the dielectric function of Si which affects the resonant properties of the metasurface

and leads to self-action effects and non-perturbative character of harmonic generation. More

specific, carrier ionization and refractive index changes results in a spectral shift of the res-

onant wavelength with respect to the central frequency of the pulse [49, 161]. Recently, the

blueshift of the TH wavelength associated with the photon acceleration effect and self-action

was observed in Mie-resonant Si metasurfaces in the infrared range [162]. As demonstrated

in the recent experiments with time-varying asymmetric metasurfaces, the self-action effects

allow to control the dynamics of linear and nonlinear signals on the time scales comparable

with the pulse duration [163–165].
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In this Section we analyse the self-action effects for optical harmonic signals in broken-

symmetry Si metasurfaces in the regime of ultrafast intense pulse excitation. We develop a

theoretical approach to describe temporal dynamics of free-carrier generation in resonant

metasurfaces using the Keldysh theory of strong field ionization and temporal coupled-mode

theory. We use the developed method to calculate the change of material properties of Si

metasurfaces supporting the quasi-BIC resonance in the mid-IR and near-IR and explain the

experimentally observed blueshift and resonance broadening for third-harmonic (near-IR)

and high-harmonic (mid-IR) signals.

3.2.1 Theory of strong field ionization

To explain how the material properties of Si metasurfaces are modified under strong inten-

sity excitation, we calculate the spatiotemporal population dynamics of free-carriers driven

by the resonant field. We first derive the expression for the total electric field inside the meta-

surface for the resonant conditions re-writing Maxwell’s equations in the form of the temporal

coupled-mode theory. Using the resulting field we evaluate the rate of free-carrier generation

via tunneling and multi-photon absorption processes using the quantitative model, origi-

nally proposed by Keldysh [166] and generalized later [167]. Finally, we use the Drude model

to estimate the changes in the refractive index and extinction coefficient due to increased

free-carrier density.

Temporal dynamics of the resonant field We first analyse the temporal evolution of the to-

tal field inside the metasurface at the resonance conditions. The total electric field E(r, t ) can

be expanded in contributions of the background field Ebg(r, t ) and the scattered field Esc(r, t ).

The field Ebg(r, t ) satisfies the Helmholtz’s equation for the free space, here, we do not take

substrate into account. The scattered field can be expressed through Ebg(r, t ) and full dyadic

Green’s function of the resonant system using the Lippmann–Schwinger integral equation. By

expanding the Green’s function into contributions of RSs (for more details see Appendix A.3.1)

we get

Esc(r, t ) =
∑

n

an (t )
En (r)

Nn
,

an (t ) = e −i (ωn−iγn )t
∫ t

−∞
d t ′e i (ωn−iγn )t ′ sn
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t ′
�

,
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�
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�
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·
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(3.12)

Here, the scattered field is directly expanded into the RS contributions (with frequencies

Ωn =ωn − iγn ) with amplitudes an inside the metasurface because it satisfies the boundary

conditions of outgoing waves. The constant Nn is the RS normalization.

By these substitutions we re-wrote the Maxwell’s equations to the form of the temporal

coupled mode theory
d

d t
an (t ) =−i

�

ωn − iγn

�

an (t ) + sn (t ). (3.13)
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We consider that the pump frequencyω is close to the quasi-BIC frequencyω0, so we leave

only the term with n = 0 in the expansion of the scattered field. We consider a pulse with a full-

width-at-half-maximum τFWHM of few hundred of femtoseconds. We introduce the charac-

teristic temporal length τsp = d /c , where d is the characteristic size scale of the metasurface

unit cell. The quasi-BIC radiative lifetime can be calculated as τ0 = 1/(2γ0). The estimations

for the realistic conditions give d ∼ 1 µm, γ0 ∼ 5 THz, which gives τsp ∼ 3 fs, τ0 ∼ 100 fs.

Thus, inside the metasurface volume we can neglect spatial evolution of the pulse compared

on the time scale of one oscillation and the pulse duration |r|/c ∼ τsp ≪ (τFWHM ,τ0). In this

approximation we can separate r and t for the background field when we calculate s0(t )

Ebg(r, t ) = Ebg(r,ω0)u (t ). (3.14)

Sinceω∼ω0≫ 1/τFWHM

u̇ (t ) =−iωu (t ). (3.15)

We consider the metasurface is pumped by an x-polarized non-chirped pulse with Gaus-

sian profile centered atω∼ω0. The spatial dependence of the background field is given by a

monochromatic p-polarized plane wave propagating along the positive z-direction

Ebg(r,ω0) = êp Eince i k0z ,

u (t ) = e −t 2/τ2
e −iωt ,

τ=τFWHM/
p

2 ln(2).

(3.16)

Then the resonant amplitude is

a0(t ) =
cτ
p

2πiSu

2
κ0,p e γ

2
0τ

2/4e −i (ω0−iγ0)t Erfc
�

γ0τ

2
−

t

τ

�

Einc, (3.17)

where κ0,p is the coupling amplitude defined in the previous sections (see Eq. 2.11), and Su is

the unit cell area.

Dynamics of free-carriers Next we study the temporal dynamics of free-carrier generation

in Si metasurfaces under the applied field. We can calculate the free-carrier density as [160]

∂ np (r)

∂ t
=R (t ,ω, |E(r, t )|) (3.18)

Here, the generation rate R is calculated using the Keldysh expression, see Appendix. A.6.

The Keldysh parameter is the main parameter that defines the generation rate. It is de-

fined as

γK (r) =
ω
p

m∗∆

e|E(r, t )|
. (3.19)

Here,∆ is the intrinsic Si band gap, m∗ is the reduced mass of the effective electron and hole

masses. The resonant field is inhomogeneous, so the Keldysh parameter depends on the spa-
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tial coordinate inside the metasurface. For our estimations, we evaluate γK at the hotspot of

the quasi-BIC (r= rh ). The MD mode has the hotspot in the x component of E-field, so

|E(rh , t )|=
�

�

�

�

Ebg,x (rh )e
−t 2/τ2

+
E0,x (rh )

N0
a0(t )

�

�

�

�

(3.20)

The change of Si permittivity can be estimated using the Drude model

∆ϵD =Re[∆ϵ] + i Im[∆ϵ]

Re[∆ϵ] =−
ω2

p

ω2+τ−2
D

Im[∆ϵ] =
ω2

pτD

ω
�

1+ω2τ2
D

�

ω2
p =

4πnp e 2

m∗
,

(3.21)

whereτD is the Drude relaxation time. For np ≤ 10−19 cm−3,τD is determined by the electron-

phonon scattering process (τD = 100 fs), while for much higher densities the electron-

electron scattering gives the main contribution (τD = 1 fs).

3.2.2 High-harmonic generation and self-action in the mid-IR

We use the fabricated broken-symmetry Si metasurfaces supporting a quasi-BIC in the mid-

IR discussed in Sec. 3.1.2 to show the transition to the non-perturbative regime. In optical

experiments, the metasurfaces are pumped by intense ultrashort pulses with duration of τ=

100 ps and peak intensity of 0.8 TW/cm2. Figure 3.5a shows the measured harmonic spectra

for pump wavelength of 3805 nm for the sample with asymmetry parameter α= 0.2 which is

the optimal asymmetry for low intensity excitation. The spectrum reveals four distinct peaks,

corresponding to the fifth, seventh, ninth and eleventh harmonics, respectively. Additional

measurements show that the dependence of the generated signal power on the pump power

deviates from the perturbative power law significantly and exhibit saturation at the higher

intensities, pointing to the non-perturbative character of the HHG mechanism for intense

ultrashort pulses.

We next analyse how the optimal coupling condition is modified in the non-perturbative

regime. In Fig. 3.5b we compare the harmonic signal from samples with different asymmetries

for 100 fs high intensity pulses (5-th harmonic signal data) and for 2 ps low intensity pulses (3-

rd harmonic signal data discussed in Sec. 3.1.2). For the comparison we use the enhancement

factor defined independently for each set of measurements as the harmonic signal from the

metasurface with specific asymmetry normalized on the signal from the metasurface giving

the lowest signal. Figure 3.5b shows that for low intensity excitation the enhancement factor

for the sample with α ≃ 0.2 is much higher than for other samples which confirms that the

theory of optimal coupling is valid for this set of measurements. For high intensity pulses the
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Figure 3.5: (a) Measured spectrum of HHG generated by 100 fs laser pulses. (b) Measured
harmonic signal vs asymmetry parameter at different pump pulse intensities. For intensity
of 0.8 TW/cm2 the data is for 5th harmonic at τ = 100 fs. For intensity 2× 10−4 TW/cm2 the
data is for 3rd harmonic atτ= 2 ps. (c) Free-carrier density temporal dynamics for 0.8 TW/cm2

pump intensity. (d) Calculated refractive index and extinction coefficient change with respect
to peak pump intensity for τ= 100 fs pulses.

enhancement factor is qualitatively similar for the samples with asymmetry parameters from

0.05 to 0.2. We can conclude that there is no optimal sample in the non-perturbative regime

and the optimal coupling approach is not applicable to the non-perturbative regime.

To explain this, we estimate the modification of quasi-BIC resonant properties due to free-

carrier generation in Si under strong field intensity excitation. Our calculations are based on

the model derived in Sec. 3.2.1. In our amorphous silicon film, one can still observe the in-

fluence of indirect bandgap edge in the absorption spectrum around 1.1 eV and broadband

photoluminescent background in Fig. 3.4c, as well as the absence of harmonics below the

wavelength of 380 nm (3.3 eV), that suggests that the direct transition 3.4 eV is involved for co-

herent HHG process. Thus, for our calculations we take∆= 3.4 eV and m∗ = 0.18me . Numer-

ical simulations using the explicit Keldysh model show that after excitation of the quasi-BIC

resonance with a Gaussian pulse at intensity 0.8 TW/cm2 and τFWHM = 100 fs, the electron-

hole plasma density in the field hotspots reaches np = 2.5× 1019 cm−3 as shown in Fig. 3.5c.

At the moment of the highest local field intensity the Keldysh parameter (see Eq. A.91) de-

creases up to γK = 0.4 which means the strong field ionization is dominated by the tunneling

effect [167].
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The electron-hole plasma induces a local change of the dielectric permittivity by the

Drude correction. The change of the refractive index ∆n and extinction coefficient ∆k

with respect to the peak pump intensity is shown in Fig. 3.5d. For the highest intensity of

0.8 TW/cm2 the plasma frequency (see Eq. 3.21) reaches 0.67× 1015 rad/s, which becomes

comparable with that of incident light (ω = 0.495× 1015 rad/s). Such large changes of the

refractive index induce a shift of the quasi-BIC resonant wavelength and decrease of its Q

factor. We estimate the wavelength change ∆λ as ∆λ/λ ≃ ∆n/n . This gives blueshift of the

quasi-BIC wavelength by 55 nm. The drop in the Q factor can be estimated by evaluating the

non-radiative Q factor of Si with free-carriers as Qabs = (n +∆n )/(2∆k ). The estimation gives

Qabs = 16 while the Q factor of the unperturbed mode was of order of 200. Due to smearing

out of the resonant mode properties the structure cannot be described by the simple model

used in Sec. 3.1.1, thus, the optimal coupling model is not applicable in the current form.

3.2.3 Self-action in the near-IR

We further extend our study of strong nonlinear effects to the near-IR. We use the metasur-

face design shown in Fig. 2.12a with the parameters p = 720 nm, L = 550 nm, d = 300 nm,

h = 500 nm, w2 = 230 nm and w1 changes from 170 to 230 nm. This set of parameters ap-

proximately corresponds to the range of scaling factors S = 0.95−1.0, defined in Section 2.4.

We perform simulations and measurements of transmittance and extract the resonant wave-

length and the Q factor of the quasi-BIC. The Q factor dependence of α is shown in Fig. 3.6a.

For very small α the Q factor saturates at the value of about 1500 which corresponds to Qpar.

Figure 3.6b shows the measured transmittance for the sample with w2 = 205 nm (α = 0.11).

The inset shows the SEM image of the fabricated metasurface. The quasi-BIC wavelength for

this sample is of about 1510 nm and the Q factor reaches 900 so the mode is close the optimal

coupling regime. We use this sample for the further nonlinear studies.

For THG experiments we use ultrashort pulses with τFWHM = 290 fs. We use optical para-

metric amplifier to tune the pump wavelength to the spectral range of the quasi-BIC. We

measure the generated TH signal in the transmission geometry. The pump is a pulse ex-

citation with repetition rate of 1 MHz; the pulses are focused on the sample surface in the

focal spot with diameter of 6 µm. The measured nonlinear spectra are contributed by a

broad background component from the probe pulse and a sharp resonant feature associated

with the quasi-BIC. For higher pump intensities, the resonant peak in the harmonic signal

is blueshifted and broadened. Figure 3.6c shows the extracted dependence of the spectral

position of the THG peak and its linewidth on the pump intensity. The TH peak blue-shifts

by 0.6 nm with the change of pump power from 20 to 200 GW/cm2. The measured mode

linewidth increases to two and a half times with a growth of the pump power.

We attribute the resonance blueshift, and its broadening to the strong field intensity gen-

eration of free carriers that modifies the Si properties on ultrashort time scales less than the

pulse duration. We analyse how the resonant properties of Si metasurface are changed us-

ing the numerical approach based on the resonant photoionization model (see Sec. 3.2.1).
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Figure 3.6: (a) Calculated (black) and measured (gray) Q factors of quasi-BIC for different α.
(b) Measured transmittance for the sample with α = 0.11. (c) Extracted dependence of the
spectral position (black) of the THG peak and its linewidth (light blue) on the pump intensity.
(d) Calculated refractive index and extinction coefficient change with respect to peak pump
intensity.

In the model we use the direct bandgap of Si ∆ = 3.4 eV. Numerical simulations using the

model show that after excitation of the quasi-BIC resonance with a Gaussian pulse at inten-

sity 240 GW/cm2 and τFWHM = 290 fs, the electron-hole plasma density in the field hotspots

reaches np = 4.7× 1018 cm−3. At the moment of the highest local field intensity the Keldysh

parameter (see Eq. A.91) decreases up to γK = 1.6 which means the strong field ionization

is induced by the interplay between multiphoton absorption and the tunneling effect [167].

The electron-hole plasma induces a local change of the dielectric permittivity by the Drude

correction. The change of the refractive index∆n and extinction coefficient∆k with respect

to the peak pump intensity is shown in Fig. 3.6d. For the highest intensity of 240 TW/cm2 the

plasma frequency (see Eq. 3.21) reaches 0.3×1015 rad/s. In the model, we assume that the in-

duced change of refractive index∆n and extinction∆k is homogeneous within the unit cell.

The model results are in good quantitative agreement with the experimental data for the line

width and peak blueshift. The wavelength change in Fig. 3.6c follows the trend of the refrac-

tive index change∆n in Fig. 3.6d, and the same holds for the change of the linewidth with re-

spect to the change of∆k . We estimate the resonant wavelength change∆λ as∆λ/λ≃∆n/n .

This gives blueshift of the quasi-BIC wavelength by 2.2 nm so the associated TH wavelength

blueshift is 0.7 nm. This value is in the good qualitatively agreement with the measured
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blueshift of 0.6 nm shown in Fig. 3.6c. The drop in the Q factor can be estimated by evaluating

the non-radiative Q factor of Si with free-carriers as Qabs = (n +∆n )/(2∆k ). The estimation

gives Qabs = 470 which means the linewidth is increased in about two times. This is also in

the good qualitatively agreement with the experiment results.

3.3 Harmonic generation in metasurfaces hybridized with two-

dimensional Van der Waals materials

One of the frontiers at the intersection of nonlinear optics and quantum photonics is hybrid

metasurfaces integrated with two-dimensional Van der Waals materials such as transition

metal dichalcogenides (TMDs) [108, 168, 169]. Monolayers of TMDs with atomic thickness

provide advanced optical properties including large exciton binding energy and strong exci-

tonic emission. Another promising property of TMD monolayers is their strong optical non-

linearities of second-order enabling enhanced generation of even harmonics [170, 171]. How-

ever, compared to bulk crystals, the intrinsic nonlinear susceptibility of TMD monolayers is

weak. For enhancing the optical nonlinearities it was suggested to hybridize the TMD mono-

layers with resonant photonic structures [172, 173].

In this section we analyse how the resonant asymmetric metasurface modify the non-

linear response of a TMD monolayer positioned on top of it in the regime of weak intensity

pump. We use the design of the Si metasurface composed of square lattice of parallel bar pairs

on top of glass substrate discussed in Sec. 2.4. The metasurface parameters are p = 500 nm,

h = 160 nm, L = 245 nm, w2 = 180 nm, and distance between bars is 100 nm. The width of the

smaller bar w1 is varied in the range 120 nm to 140 nm, which corresponds to α= 0.22−0.33,

respectively. This set of parameters approximately corresponds to the range of scaling fac-

tors S = 0.3−0.7, defined in Section 2.4. The metasurface is integrated with a WS2 monolayer

placed on the top of the metasurface as schematically shown in Fig. 3.7a.

The designed metasurface supports the MD quasi-BIC at 830 nm. We fabricate a set of

metasurfaces with a range of asymmetry parameters using the target design. The structures

are composed of hydrogenated α-Si on a transparent substrate. The metasurface footprint is

30 µm × 30 µm. For references for nonlinear experiments, we fabricate a 50 µm × 50 µm bulk

Si film with the same thickness. We perform linear reflectance measurements and extract the

total Q factor Q = 35± 5. We select the optimal sample among the metasurfaces doing SH

spectroscopy of bare Si metasurfaces shown in Fig. 3.7b. The observed SH signal is nonzero

due to asymmetry of the unit cell that breaks the inversion symmetry of the sample. The

optimal sample is with w1 = 140 nm (α= 0.22) exhibits the highest SH intensity with the peak

value at the quasi-BIC wavelength. The sample SEM image is shown in Fig. 3.7c, top panel.

For nonlinear measurements of integrated structures, we transfer mechanically exfoliated

monolayer WS2 flakes on the optimal sample and the reference Si film. Figure 3.7c (bottom

panel) shows optical microscope image of the metasurface after the flake transfer. Both the
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Figure 3.7: (a) Schematic of SHG from a WS2 monolayer placed on top of a Si metasurface
composed of a square array of bar pairs. (b) Measured SH intensity spectra for bare meta-
surfaces with the width of the smaller bar of 120, 130, and 140 nm, respectively. The spectra
are shifted by 250 counts. (c) The SEM image (top) and optical microscopy image (bottom)
of one of the fabricated metasurfaces. The bottom image shows the metasurface with a WS2

flake on top of it. (d) Measured SH intensity spectra from WS2 monolayers on top of the opti-
mized metasurface (red) and on top of the reference bulk Si film (gray, magnified 500×) with
a pump wavelength of 832 nm.

reference Si film and metasurface are partially covered by large uniform flakes of about 40 µm

× 16 µm and 17 µm × 11 µm size, respectively. The advanced transfer method ensures the

quality and the number of layers in the flakes, which is additionally verified with PL measure-

ments.

In nonlinear measurements of SH signal from the WS2 monolayers on top of Si metasur-

faces, we pump the structures at the wavelength of 832 nm with 80 fs laser pulses and the

average pump power of 22 mW. The spot diameter is 12 µm, which is comparable to the flake

size and allows for more efficient excitation of the resonant quasi-BIC in the metasurface. We

collect the backward-emitted SH signal spectra for WS2 monolayer flakes on top of the opti-

mal metasurface and the reference film, the results are shown in Fig. 3.7d. The measured SHG

enhancement is more than 1100 higher for the flake on the resonant Si metasurface compared
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to a flake on top of the reference Si film of the same thickness. To confirm the SH origin of the

emitted nonlinear signal, we measure power-to-power dependence of the average collected

SH power on the average pump intensity which shows clear quadratic behaviour.

3.4 Summary

To summarize this chapter, we investigated nonlinear response of broken-symmetry meta-

surfaces supporting quasi-BICs with large radiative Q factor. We showed analytically that the

nonlinear response of resonant metasurfaces in the regime of weak field excitation is maxi-

mized in the nonlinear optimal coupling regime. We showed analytically that the nonlinear

optimal coupling regime is achieved for the same optimal asymmetry parameter as the linear

optimal coupling regime with equal rates of radiative and parasitic losses. Using the design

of Si metasurface composed of a square lattice of parallel bar pairs, we have shown numeri-

cally and experimentally that the THG and HHG in the perturbative regime is maximised at

the quasi-BIC resonance for weak pump intensities. We studied experimentally nonlinear re-

sponse of two different quasi-BIC metasurfaces for strong field excitation in the near-IR and

mid-IR, respectively. For the mid-IR excitation with sub-ps focused pulses we observed gener-

ation of odd harmonics up to eleventh order with non-perturbative dependence of harmonic

signal on the pump power. For the near-IR excitation we observed THG with signal intensity

depending on the pump intensity in the non-perturbative way. We observed blueshift and

linewidth broadening for the high-harmonic signal (for the mid-IR metasurface) and third-

harmonic signal (for the near-IR metasurface) and attributed them to the self-action effects.

We explained the observed self-action effects by modification of Si material properties due

to free-carrier generation. We developed a theoretical model of strong field ionization in res-

onant metasurfaces using the Keldysh theory of free-carrier generation due to multiphoton

absorption and tunneling effect. We used the developed approach to calculate the density

of free carriers and change of material parameters for the experimental conditions. We es-

timated the modification of resonant properties of the quasi-BIC and showed that the esti-

mations agree well with the experimental results. Finally, we investigated nonlinear response

of hybrid dielectric structures composed of resonant broken-symmetry Si metasurfaces and

WS2 monolayers in the regime of weak field excitation. We studied SHG from WS2 flakes po-

sitioned on top of Si metasurfaces supporting quasi-BICs in the near-IR range. Using the op-

timal coupling approach we selected the optimal sample by comparing SH signal from bare

Si metasurfaces with different asymmetries. For the optimal sample we showed that the SH

signal from the TMD flake on top of resonant metasurface is more than three orders of mag-

nitude stronger that for the flake on top of bare Si film of the same thickness.
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4 Engineering high-quality resonances in individual

subwavelength resonators

Figure 4.1: Schematic of correspondence between optical properties of metasurfaces and in-
dividual meta-atoms they are composed of. The far-field profiles of fundamental Mie modes
are schematically shown in the center.

Resonant dielectric metasurfaces represent ordered ensembles of resonant subwave-

length resonators, or meta-atoms, which collective response determines optical properties

of the whole array [22], as schematically shown in Fig. 4.1. Below the diffraction threshold,

the peculiarities of the collective lattice response are not determined by the diffractive modes

of the lattice and can be directly reconstructed from the resonant response of meta-atoms

by considering mutual inference of modes of individual structures [23, 174]. Engineering of

optical properties of individual resonators requires analysis of resonator eigenmodes, or Mie

resonances, which are determined by geometrical and material parameters of the structure.

In this chapter, we present a new mechanism of light localization in subwavelength indi-

vidual dielectric resonators associated with formation of quasi-BICs. First, we make an intro-

duction into the physics and main properties of Mie resonances and their interferences in in-

dividual dielectric meta-atoms. Next, we show that the conditions of formation of quasi-BICs

in accord to the Friedrich-Wintgen mechanism can be achieved for subwavelength dielectric

resonators by their deformation and shape tuning. More specific, for a dielectric disk with a

variable aspect ratio we show numerically and experimentally that quasi-BICs are manifested

as high-Q resonances formed at avoided resonance crossing of radially and axially oscillating

Mie modes. We explain the physics of quasi-BIC formation in terms of strong coupling of in-

teracting Mie modes which leads to their destructive interference in the far-field. We study the

near- and far-field properties of quasi-BICs and show that the cancellation of radiative losses

is related to the suppression of the dominant multipolar component of the field. We show nu-

55
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merically and experimentally that in the scattering spectra the quasi-BIC is manifested as a

Lorentzian-shape Fano resonance with a diverging asymmetry parameter. We derive analyti-

cal expressions for the extinction cross section and explain the connection between peculiar-

ities of the far-field spectra and the maximization of Q factor in terms of coupling coefficients

between the pump and the quasi-BIC.

Results presented in this chapter are partially included in the published References, listed

below, where I am a lead or co-lead author and my contribution is in the theoretical and con-

ceptual aspects, eigenmode numerical simulations, resonator design and experimental data

analysis
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S. Kivshar, "High-Q supercavity modes in subwavelength dielectric resonators," Physi-
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4.1 Introduction to Mie resonances and Mie mode interferences

In this section, we overview the physical origin and fundamental properties of Mie resonances

and their interferences in individual dielectric meta-atoms. In first experiments on observa-

tion of strong resonant response of dielectric nanoresonators, particles with spherical shape

were used [11]. Spherical Mie particles have a number of advantages in description of their

resonant properties with analytical models, such as Mie theory. From the point of view of

technological feasibility in fabrication, spheres can be produced with well-developed tech-

niques including laser printing [175] and direct laser ablation [20].
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Figure 4.2: (a) Schematic of a Si nanosphere and far-field radiation patterns of its fundamen-
tal Mie modes: electric dipole and quadrupole (ED and EQ, red), and magnetic dipole and
quadrupole (MD and MQ, blue). (b,c) Mode dispersion in a Si sphere for ED, MD, EQ and MQ
modes. The resonant wavelength (b) and the mode Q factor (c). The calculations are for Si
with realistic dispersion.

The Mie resonances are identified as self-sustained excitations of individual meta-atoms.

For a non-magnetic dielectric sphere with radius R and refractive index n =
p
ϵ the complex

frequencies of Mie modes can be found from the eigenvalue equations

ψ′l (nkl R )

ψl (nkl R )
= n

ξ′l (kl R )

ξl (kl R )
, electric (TM) (4.1)

ψ′l (nkl R )

ψl (nkl R )
=

1

n

ξ′l (kl R )

ξl (kl R )
, magnetic (TE). (4.2)

The prime denotes derivatives with respect to the argument, kl = (ωl − iγl )/c is the complex

k-vector of the Mie resonance,ψl (x ) = x jl (x ) andξl (x ) = x h (1)l (x ) are the Riccati-Bessel func-

tions of order l , and jl (x ) and h (1)l (x ) are the spherical Bessel and outgoing spherical Hankel

functions, respectively. For the spherical geometry the modes are inherently separated into

electric (TM) and magnetic (TE) modes. For large refractive index the equations can be solved

approximately assuming large argument k R ≫ 1, nk R ≫ 1 giving the resonant wavelengths

of Mie modes λs ,l

2R =
λs ,l

2n
(2s + l ) , electric (TM) (4.3)

2R =
λs ,l

2n
(2s + l −1) , magnetic (TE). (4.4)
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Here, s = 1, 2, .. is the radial mode index and l = 1, 2, .. is the orbital mode index. One can see

that the resonant wavelengths of Mie modes are comparable with the particle characteristic

size and a high refractive index is essential to engineer them in nanoparticles in the visible

and near-IR spectral ranges. We note that Eqs. 4.4 show that the fundamental mode of the

Mie sphere is has the magnetic nature.

To illustrate the characteristics of Mie resonances, we consider a Si sphere, schematically

shown in Fig. 4.2a. For spherical particles, the mode radiation pattern represents an electric

or magnetic multipole (vector spherical harmonic). Figure 4.2a shows the far-field profiles

of the first four modes of a Mie sphere: electric dipole (ED), magnetic dipole (MD), electric

quadrupole (EQ), and magnetic quadrupole (MQ) modes. Figures 4.2b,c show the calculated

resonant wavelength and mode Q factor dependence on the sphere radius. In calculations

we consider dispersive Si with absorption losses in the blue part of visible spectrum and the

UV range. The dispersion relation of the modes is almost linear with the radius R and the

nonlinear behaviour for small radii is explained by the absorption losses. For R = 100 nm

sphere, the fundamental mode is the MD Mie resonance with wavelength of about 785 nm,

and the second mode is the ED resonance with the wavelength of 595 nm, which is in good

agreement with 800 nm and 534 nm obtained from Eq. 4.2 for n = 4. The calculated Q factors

of modes are large for R > 100 nm and decrease for lower radii due to material losses of Si.

The Q factor of the MD and ED modes are of order of 12 and 6, respectively, in the most part

of the visible and near-IR range.

Light scattering from the dielectric sphere can be calculated by the use of the Mie the-

ory [176]. The scattering cross-section of a linearly polarized plane wave is given by

σsc =λ
2
∞
∑

l=1

2l +1

2π

�

|al |2+ |bl |2
�

. (4.5)

Here, al and bl are the electric and magnetic Mie coefficients, respectively, defined as

al (k ) =
1
nψ
′
l (nk R )ψl (k R )−ψ′l (k R )ψl (nk R )

1
nψ
′
l (nk R )ξl (k R )−ξ′l (k R )ψl (nk R )

, electric (TM) (4.6)

bl (k ) =
ψ′l (nk R )ψl (k R )− 1

nψ
′
l (k R )ψl (nk R )

ψ′l (nk R )ξl (k R )− 1
n ξ
′
l (k R )ψl (nk R )

, magnetic (TE). (4.7)

One can see that the poles of Mie coefficients correspond to the dispersion equations for the

Mie resonances, see Eq. 4.2. Thus, the scattering response is determined by the strength of

excitation of Mie resonances. In the vicinity of each Mie resonance, the maximal scattering

cross-section is limited [177]

σmax
sc,l =λ

2 2l +1

2π
. (4.8)

This means, that the strength of scattering is determined by the resonant wavelength and can

be comparable for electric and magnetic resonances. Moreover, since the MD resonance is

fundamental, its scattering response is stronger than that of other Mie modes. We note that

Eq. 4.8 and Eq. 4.4 show that the scattering efficiency at the resonance increases with the re-
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Figure 4.3: (a) Scattering cross-section of a Si nanodisk pumped by linearly-polarized plane
wave propagating along its axis. In the calculations, the Si refractive index of 3.5, the disk is
suspended in air and its height and diameter is 220 nm and 290 nm, respectively. The resonant
wavelengths of Mie resonances are shown with arrows. (b,c) Non-resonant mode interference
effects. (b) the Kerker effect - equality of magnetic and electric dipole components of the
scattering field. (c) The dynamic anapole regime leading to suppression of the total scattered
signal and strong near-field localisation.

fractive index asσmax
sc,l ∝ n 2 which highlights the benefits of using high-index dielectrics [19].

In practice, production of ideal spherical nanoparticles is complicated, thus dielectric

resonators with non-spherical geometry attracted widespread interest as meta-atoms of po-

tential functional metastructures [178]. The fabrication of non-spherical meta-atoms of

high-quality can be achieved with chemical synthesis and electron beam lithography with

nanoscale resolution. Moreover, the shape and form of meta-atoms provide additional de-

grees of freedom than can be used to engineer the resonant response. Recent studies consid-

ered cube-shaped, prism-shaped and disk-shaped nanoparticles for advanced engineering of

the scattering characteristics [179, 180]. Contrary to spherical meta-atoms, for non-spherical

particles there is no explicit one-to-one correspondence between their Mie resonances and

spherical harmonics, or multipoles, used to decompose the resonant far-field pattern as well

as the scattered fields within the Mie theory [142, 181]. However, for subwavelength dielectric

particles, especially, with highly symmetric shape, such as cylinder or cube, one multipolar

component of the radiation dominates the response. Thus, effectively, we can treat each Mie

mode in the approximation of one dominant multipolar radiation channel, and assign the
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magnetic or electric nature to the each mode. To explore the mode interferences we further

focus on the resonant properties of dielectric disk.

To show how the Mie mode interferences can be used to achieve strong effects in the

near- and far-field, we consider a Si disk with refractive index of 3.5 suspended in air with

height and diameter of 220 nm and 290 nm, respectively. The disk is excited with a linearly-

polarized plane wave propagating along the disk axis. Figure 4.3a shows the disk scattering

cross-section spectrum. As was predicted from the Mie theory for the sphere, the MD mode

scattering is stronger than that of the ED, EQ and MQ modes. We note that below 800 nm the

nanodisk supports multipolar modes of a higher radial order, s = 2, .., e.g. the second-order

ED mode at 695 nm, see Eq. 4.4.

Non-resonant response of produced by interference of several Mie modes can be used to

control the amplitude and directionality of the scattered field [12]. As shown in Fig. 4.3b, at

1125 nm the MD and ED components of the scattered field, arising due to MD and ED reso-

nances at 1040 nm and 815 nm, respectively, have equal strengths and synchronized phases

so the first Kerker condition is fulfilled [25, 182]

|a1|= |b1|, (4.9)

arg(a1) = arg(b1). (4.10)

In this regime the dipole destructive interference is balanced in the backward direction so the

forward scattering directionality is increased [183]. In our examples the forward-to-backward

ratio of scattered signal is 8 at 1125 nm. The suppression of the forward scattering can be

achieved at the second Kerker condition [25]

|a1|= |b1|, (4.11)

arg(a1) =−arg(b1). (4.12)

In our example it is realised at 990 nm, but the effect is weak. To control the directionality of

the scattered signal beyond forward and backward directions, the generalized Kerker effect

can be used [184].

One more prominent non-resonant effect of Mie mode interference can be achieved by

forming nonradiating configurations of polarization currents, called optical anapoles [82,

185, 186]. From the mathematical point of view, the anapole condition is achieved when one

of the multipolar components of the scattered field is completely suppressed

al = 0, electric anapoles, (4.13)

bl = 0, magnetic anapoles. (4.14)

This leads to dramatic suppression of the total scattered field (see Eq. 4.5) and strong enhance-

ment of the near field. Figure 4.3c, shows the near-field distribution of the anapole config-

uration at 760 nm achieved for with suppressed ED contribution a1 = 0. Another anapole
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configuration is achieved at 615 nm with suppressed EQ contribution a2 = 0. By expanding

the multipolar contributions into series, one can explain the nature of anapoles as destruc-

tive interference of the Cartesian electric and toroidal dipoles of comparable strength which

oscillate out-of-phase [82].

4.2 Quasi-BICs: physical origin and main properties

Strong local field enhancement in dielectric nanostructures requires highly localized polar-

ization currents. The straightforward way to localize them is excitation of high-Q resonances.

As we show in this section, engineering of high-Q resonances in individual dielectric sub-

wavelength resonators can be achieved by the resonant coupling of Mie modes which goes

beyond the non-resonant interference effects (Kerker effect and dynamic anapoles) discussed

in Sec. 4.1.

Individual dielectric resonators represent open electromagnetic systems with modes in-

herently leaking in the outer space due to finite dielectric contrast between the resonator ma-

terial and the exterior. As it was shown in Sec. 2.1, in the open electromagnetic resonators BICs

with infinite Q factor and zero radiative losses can be achieved by coupling of several modes in

accord to the Friedrich-Wintgen mechanism. The BIC formation in such way is possible only

if the number of the adjusting parameters is more than the number of the scattering chan-

nels. For compact subwavelength resonators, the number of scattering channels is infinite,

and the existence of BICs in such systems is prohibited by non-existence theorem [78]. The

only exception is the structures surrounded by a completely opaque shell providing decou-

pling of the internal resonances from the outside radiation continuum, which corresponds to

perfect conducting walls or epsilon-near-zero barriers [187, 188].

As was discussed in Sec. 4.1, radiation of low-order Mie resonances of subwavelength di-

electric particles is generally characterised by one dominant multipolar contribution. Pres-

ence of point symmetries of the meta-atoms allows to divide the Mie modes into groups, and

within one group the modes are coupled to the same set of radiation channels. Thus, two Mie

modes from the same group with complex frequencies ωA,B − iγA,B are characterised with

the same dominant radiation channel if the frequenciesωA,B are close. Their interaction can

be described within the two-mode approximation discussed in Sec. 2.1. We can outline the

condition of suppression of of the radiation to the dominant radiation channel γ(0)A,B

κ(γ(0)A −γ
(0)
B ) =±

Ç

γ(0)A γ
(0)
B (ωA −ωB ). (4.15)

Here, κ is the internal (near-field) interaction between the modes. Fulfilling this condition,

we can achieve substantial suppression of the total radiative losses of one of the modes. The

resulting mode is a quasi-BIC because it is formed in accordance with the Friedrich-Wintgen

mechanism but some amount of radiation was not suppressed due to coupling to multiple

radiation channels.
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Figure 4.4: (a) Dielectric cylindrical resonator with permittivity ϵ = 80, radius r , and height
h suspended in air. Schematic of the TE-polarised incident plane wave used for excitation in
scattering simulations in (c). (b) The eigenmode spectrum for the modes with the azimuthal
index m = 0 (blue dotted lines) and m = ±1 (red dotted lines), which are even with respect
to up-down reflection symmetry. Dot sizes are proportional to the Q factor, the characteristic
sizes are shown in the legend. (c) Dependence of the scattering efficiency on the aspect ratio
of the cylinder and frequencyωr /c for the TE-polarized incident wave. The calculations are
done with the step of r /h = 0.003. In panels (b, c), the regions of two ARCs of interest are
marked by circles.

4.2.1 Eigenmode and scattering spectra. Strong coupling regime

Next, we show that formation of quasi-BICs with very high Q factors within the Friedrich–

Wintgen mechanism (see Eq. 4.15) can be achieved in individual subwavelength resonators

made of high-index dielectrics with simple geometries. Throughout the chapter we focus on

resonators with cylindrical geometry. The cylindrical geometry combines several crucial fea-

tures required for support of high-Q resonances and possible experimental realization of such

resonators. In more detail, (i) cylinders possess the highest possible point symmetry except

for the sphere, (ii) vertical walls make the cylindrical resonator design CMOS-compatible, (iii)

mixing of radial and axial degrees of freedom makes the stationary Maxwell’s equations non-

integrable which allows for Mie mode mixing and interaction.

We calculate the evolution of the eigenmode spectrum of a dielectric disk resonator with

respect to its aspect ratio. For calculations we consider a dielectric disk suspended in air,

with radius r , height h , and permittivity of 80, as shown schematically in Fig. 4.4a. We select

such high permittivity, which typically corresponds to high-index dielectric materials in mi-

crowaves, to show the pronounced peculiarities of mode spectrum. In further sections the

results are generalized for wide range of dielectrics operating from visible to infrared, tera-

hertz and gigahertz frequencies. The Mie modes of the disk form a discrete set of resonant

states (see Sec. A.3.1) and are characterized by complex eigenfrequencies Ωn . For numerical

calculations we use the resonant-state expansion [189, 190], which is based on expansion of

the fields of the resonant states of the cylindrical resonator En over the resonant states of a ho-

mogeneous dielectric sphere E(0)α with the same value of permittivity, describing the cylinder.
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Figure 4.5: (a,b) Evolution of the resonant frequency (a) and Q factor (b) in the vicinity of
ARC for coupled modes with azimuthal index m = 0. The labels A-F show the point where the
near-field profiles are calculated (see Fig. 4.6a). (c,d) Evolution of the resonant frequency (c)
and Q factor (d) in the vicinity of ARC for coupled modes with azimuthal index m =±1.

The mode interaction in this model is described by the interaction potential Ŵ with elements

Wαβ =
1

2

∫

d V δϵ(r)E(0)α ·E
(0)
β , (4.16)

where δϵ(r) is a perturbation that transforms a sphere into an inscribed cylinder. The pro-

cedure is described in more detail in Sec. A.3.5. We choose the basis of resonant states of a

sphere of size N in such a way that for a given orbital number l , azimuthal number m and

parity we select all resonant states with frequencies Ωn lying inside the circle |Ωn R/c | < 10,

where R is the radius of the sphere that describes the cylinder. We consider l < 80 which

results in N = 1035 that is enough to achieve 99.9% accuracy for calculation of real part of

frequencies. Since the interaction potential Ŵ conserves the axial symmetry and up-down

mirror reflection symmetry, we study problem for each azimuthal index m and each parity

independently.

The dependence of the spectrum of eigenmodes with azimuthal indices m = 0,±1, which

are even with respect to up-down reflection symmetry, vs. the cylinder aspect ratio r /h is

shown in Fig. 4.4b. The real part of frequencies is shown with dotted lines and dot sizes are

proportional to the mode Q factor. We can clearly observe multiple ARCs between modes

with the same azimuthal number. We can see that in the vicinity of each ARC point the Q

factor of one of coupled modes dramatically increases. We confirm the eigenmode calcula-

tions by simulations of the scattering efficiency of the TE-polarized plane wave, propagating

as shown in Fig. 4.4a. The map of the scattering efficiency for disks with different aspect ratio

r /h calculated by the T-matrix method [191] is shown in Fig. 4.4c. The scattering efficiency is
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Figure 4.6: Analysis of near-field evolution for the interacting modes with m = 0 discussed
in Fig. 4.5a,b. (a) Left: schematic of axially and radially oscillating modes of a disk resonator.
Right: electric field profiles in the disk vertical cross section for high-Q and low-Q modes for
r /h at point labeled with A-F in Fig. 4.5a. (b) Dependence of the ratio of the maximal value
of |Hz | to the maximal value of |Hr | showing the transition from the radial to the axial regime
of oscillations.

defined as the scattering cross section normalized on the projected geometrical cross-section

of the resonator 2r h . The scattering simulations show pronounced ARCs with narrowing of

linewidth of one of the interacting modes, which confirms the results of the eigenmode sim-

ulations.

We analyse the evolution of mode resonant properties of two of the ARCs marked with

open circles in Fig. 4.4b,c. Figure 4.5 shows the dependence of the resonant frequency and Q

factor in the vicinity of the ARCs for modes with m = 0 [panels (a,b)] and with m = ±1 [pan-

els (c,d)]. In both cases the Q factor of the high-frequency mode increases by several orders

of magnitude in the vicinity of the ARC while the Q factor of the low-frequency mode drops

substantially. At the point of maximal Q factor the mode is almost decoupled from the con-

tinuum of radiation waves. The observed evolution of radiation losses is in good qualitative

agreement with the phenomenological results (see Fig. 2.2b). Thus, it confirms that a quasi-

BIC is formed for each pair of interacting modes within the the Friedrich-Wintgen model.

We note that for the m = ±1 the maximal Q factor is three orders of magnitude lower than

for m = 0 which is due to higher order symmetry of azimuthally symmetric modes. Also, we

note that the position of quasi-BIC differs slightly from the point where the strong coupling

is maximal. This can be explained by finite dielectric contrast between the resonator and the

surroundings - in the limit of ϵ→∞ these points merge, as explained below in Sec. 4.6.

4.2.2 Mode hybridization. Near-field profiles

The modes of a disk resonator can be approximately divided in two groups: radially oscillat-

ing modes, formed mainly due to reflection from a side wall, and axially oscillating modes,

formed due to reflection from the faces of the cylinder, as schematically shown in the left

panel of Fig. 4.6a. As can be seen from Fig. 4.4b,c modes from distinct groups demonstrate
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different slope of dependence of frequency on the aspect ratio. This leads to the formation of

ARCs for specific values of aspect ratio in the spectrum where the modes are hybridized. We

analyse the evolution of the near-field profiles of interacting modes with m = 0 and even par-

ity with respect to up-down symmetry, discussed above, to explain the nature of their interac-

tion. These modes are pure TE-modes and have three nonzero field components Eφ , Hz , Hr in

the cylindrical reference frame [192]. Figure 4.6a shows the electric field profiles |Eφ | for high-

Q and low-Q modes with m = 0 for the disks with r /h = 0.61, 0.79 away from the interaction

regime and with r /h = 0.68 at the point of minimal distance between mode frequencies. Fig-

ure 4.6b shows the ratio of the maximal value of |Hz | to the maximal value of |Hr |with respect

to change of r /h . From both near-field profiles and |Hz |/|Hr | evolution we can see that the

modes represent quasi-radially and axially oscillating resonances away from the ARC point

and are hybridized strongly around r /h = 0.68. We note the |Eϕ | is almost constant in the

vicinity of the ARC. We also note that for resonant states with m ̸= 0 there is no exact sepa-

ration into TE and TM polarized modes. The analysis shows that the interacting modes are

quasi-TE and quasi-TM polarized and the degree of coupling can be calculated by evaluating

the degree of pure TE (or, TM) polarization in each mode.

4.2.3 Two-mode interaction model

We describe the mode hybridization within the two-mode interaction model. We start from

the resonant states of a disk with given aspect ratio with eigenfunctions |A〉 and |B 〉 and study

their mixing through a small change of resonator shape δϵ(r) playing a role of the interaction

potential V̂ . The diagram of such interaction is shown schematically in Fig. 4.7a. Generally,

this perturbation mixes all resonant states of the disk resonator, but as we show below in the

vicinity of the ARCs it is possible to reduce the interaction to the two-mode model.

The basis modes of a disk are the eigenfunctions |A〉 and |B 〉 of the Hamiltionian without

interaction Ĥ0. The perturbed eigenfunction with eigenfrequency ω represents their linear

combination |ϕ〉 = cA |A〉+ cB |B 〉, where coefficients cA,B are complex. Using the eigenmode

equation derived from the resonant state expansion [see Eq. (A.36)], we derive the eigenvalue

equation
�

Ĥ0+ V̂
�

�

cA

cB

�

=ω

�

cA

cB

�

, (4.17)

with the two-mode interaction potential V̂ given by

V̂ =
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�−1

−

�

1 0

0 1

�

!

· Ĥ0. (4.18)

Here, the perturbation potential Ŵ is defined as in Eq. (4.16), but instead of using the modes

of a dielectric sphere as basis modes, we use the modes of the disk with given aspect ratio.

Withing this model, for |cA | ≪ |cB | or |cA | ≫ |cB | the mode can be considered as dominantly

radial or axial, otherwise, for |cA | ≃ |cB | the mode becomes hybrid.
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Figure 4.7: Two-mode interaction model. (a) Schematic of interaction of resonant states of
the disk resonator via the perturbation δϵ(r) responsible for change of resonator aspect ratio.
(b) Comparison of frequency dependence on r /h for the numerical model (red) and analyt-
ical two-mode interaction model (black squares) for strong coupling of modes with m = ±1
analysed in Fig. 4.5c,d. The dashed lines are guide for eyes.

Figure 4.7b shows the numerical calculations of frequency spectra using the derived two-

mode interaction model compared to the simulation results using the complete resonant

state expansion for the modes with m = ±1 and even parity with respect to up-down mirror

symmetry, analysed in Fig. 4.5c,d. The model shows very good agreement with the simulation

results.

4.3 Experimental observation

In this section we provide experimental results on observation of quasi-BICs in individual

subwavelength disk-shaped resonators made of high-index dielectric materials in different

frequency ranges.

4.3.1 Radio-frequency measurements for ceramic resonators

In the radio frequency range many ceramics possess very high permittivity and low absorp-

tion losses. For measurements, we fabricated a subwavelength ceramic disk resonator us-

ing LaAlO3–CaTiO3 microwave ceramics with the permittivity ϵ = 44.8 and loss tangent of
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Figure 4.8: Microwave measurements of quasi-BICs in ceramic resonators. (a) The resonator
consists of several ceramic disks of different height stacked in a single disk. Schematic of ex-
perimental setup for the near-field and far-fields measurements. (b) Measured map of the
coefficient 1− |S11| vs. frequency ωr /c and aspect ratio r /h . The quasi-BICs marked with
white arrows correspond to r /h = 0.71, 0.55, 0.47, 0.42, respectively. (c) Measured map of the
extinction cross-section vs. frequency ωr /c and aspect ratio r /h for TE-polarized incident
wave, see excitation geometry in Fig. 4.4a. The quasi-BICs marked with white arrows corre-
spond to r /h = 0.71, 0.47, respectively. (d) Dependence of unloaded Q factor on r /h for the
quasi-BICs marked with arrows in panels (b,c). The data is extracted from measurements in
the near-field (yellow circles) and far-field (red triangles) and calculated numerically using
the RSE (dashed line).

about 10−4 [193]. The dielectric function of the ceramic was provided by the manufacturer

and confirmed with measurements of the structure resonance frequencies. The resonator is

composed of stack of the disks of different heights and the same radii r = 15.7 mm, shown

schematically in Fig. 4.8a. By changing the number and order of disks in the sequence, we

gradually change the height of the resonator and its aspect ratio. The thickness of the thinnest

disk defining the height change step is 0.2 mm and the thickest disk is 15 mm. The resonator

was placed on a holder made of dielectric foam with the permittivity approximately ϵ = 1.1

and low material losses at GHz frequencies.

We perform two independent set of measurements in the near-field and far-field, respec-

tively, with excitation frequencies in the range of 1− 3 GHz. In the near-field measurements

we use a loop antenna placed beneath the resonator concentrically with its axis, as shown

in Fig. 4.8a. The loop antenna excites only the modes with m = 0. To study the scattering

properties, we use the vector network analyzer (VNA) and measure the complex reflectivity
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via S11 coefficient of the scattering matrix. Figure 4.8b shows the measured dependence of

1− |S11| on the frequency and disk aspect ratio. The map demonstrates a range of ARCs with

a characteristic linewidth narrowing and quasi-BIC formation for the high-frequency mode.

In the far-field measurements the resonator is positioned between two horn antennas con-

nected to the ports of the VNA, see schematic in Fig. 4.8a. The excitation antenna radiates

a TE-polarized plane wave (see Fig. 4.4a) and the collection antenna collects the field scat-

tered in the front direction which is used to evaluate the total extinction cross-section using

the optical theorem. Figure 4.8c demonstrates the measured dependence of total extinction

cross-section on the frequency and disk aspect ratio. Similar to the near-field measurements,

the map demonstrates a range of ARCs and quasi-BICs. From comparison of the near- and

far-field maps, it can be seen that different resonances are excited for each excitation geome-

try. The loop antenna in the near-field excites modes with all parities but does not excite the

modes with m ̸= 0. The TE-polarized plane wave excites modes with all azimuthal numbers

but it does not excite the modes with odd parity with respect to up-down mirror symmetry

of the disk. In both measurements, the quasi-BICs r /h = 0.71, 0.47, and corresponding ARC

branches can be seen.

Using the fitting procedure, the experimental unloaded Q factors of quasi-BICs at r /h =

0.71, 0.55, 0.47, 0.42 are extracted from data of the near- and far-field measurements. Fig-

ure 4.8d shows the extracted Q factor dependence on the aspect ratio and the comparison

to the simulations done with the RSE method for ϵ = 44.8 and loss tangent of 10−4 (see also

Fig. 4.4b). The experimental and numerical results show perfect agreement. The quasi-BIC

at r /h = 0.47 possesses the highest Q factor of 12500 which matches perfectly with the nu-

merical simulations. The simulations for lossless ceramics predict the maximal value of the

radiative Q factor for this quasi-BIC of 1.8× 105, but in experiment it is limited by material

losses [see Eq. (2.27)].

4.3.2 Near-IR measurements for AlGaAs resonators

In the visible and near-IR ranges, many common dielectric materials, such as Si, Ge, GaAs,

possess high refractive index. In the visible range the absorption losses are high towards

the blue part of the spectrum, so we focus on the near-IR measurements. For the experi-

mental observation of quasi-BICs in nanoresonators in the near-IR, we fabricated individ-

ual AlGaAs (20% Al) disks of 635 nm height placed on an engineered three-layer substrate

(SiO2/ITO/SiO2), shown schematically in Fig. 4.9a. The structured substrate is used to in-

crease the mode Q factor by decreasing the energy leakage into the substrate, as discussed in

the next chapter in Sec. 5.2.3. The SEM image of one of the samples is shown in Fig. 4.9b. To

ensure high Q factor we studied modes with azimuthal index m = 0 and even parity with re-

spect to up-down mirror symmetry. We calculate the resonant wavelengths and Q factors for

disks with diameters ranging from 800 to 1030 nm for the interacting radial and axial modes

studied in Figs. 4.5a,b and Fig. 4.6. The structure is designed to support these modes in the

near-IR range, as shown in Figs. 4.9c,d. The Q factor of the high-frequency mode reaches 190
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Figure 4.9: Near-IR measurements of quasi-BICs in AlGaAs resonators. (a) Schematic of an
individual AlGaAs nanoresonator on top of structured substrate. (b) SEM micrograph of the
fabricated sample. (c) Calculated (solid line) and measured (gray dots) wavelengths vs. res-
onator diameter for modes with m = 0, see Fig. 4.5a. (d) Calculated (solid line) and measured
(gray dots) resonant wavelengths vs. resonator diameter for modes with m = 0, see Fig. 4.5b.
The measurements are done for the high-frequency mode only.

for the disk with diameter of 930 nm and a quasi-BIC is formed.

Next, we measure the scattering spectra from the fabricated individual nanodisks with

a laser tunable within 1500− 1700 nm wavelength range. To maximize light coupling to the

quasi-BIC mode, we illuminate each nanoresonator with a tightly-focused azimuthally polar-

ized beam. The scattering spectra are evaluated as the difference between the bare substrate

reflectivity and the normalized measured backward scattering of the nanoresonator. We ex-

tract the resonant mode wavelength and Q factor for the high-frequency mode using the fit-

ting procedure and compare the measured data to the simulation results in Figs. 4.9c,d. The

agreement between the experimental and numerical results is great. The measured wave-

lengths are blue shifted with respect to the simulated by 20− 30 nm which can be explained

by difference in AlGaAs refractive index of the sample and the one used in the model.

4.4 Multipolar behavior. Far-field evolution

In order to gain deeper insight into the physics of quasi-BICs in individual resonators,

we analyse the cancellation of its radiative losses using the multipolar decomposition

method [142, 181]. In this section we show that the formation of quasi-BICs in subwavelength

individual resonators can be explained by suppression of the dominant multipolar contribu-

tion to the radiated power due to interaction of modes with similar far-field pattern.
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Figure 4.10: Multipolar decomposition of quasi-BIC and radiation pattern measurements. (a)
The calculated Q factor dependence on the aspect ratio in the vicinity of the quasi-BIC regime
for the ceramic subwavelength disk, shown in the inset. The data is taken from Fig. 4.8d.
(b) Contribution of the magnetic dipole and magnetic octupole to the radiated power of the
quasi-BIC depending on r /h . (c) Normalized measured and calculated far-field radiation
patterns for r /h = 0.66, 0.7025, 0.74.

The far-field of a resonant mode could be expanded into a multipole series of vector spher-

ical harmonics. Each harmonic plays a role of an independent radiation channel. One-to-

one correspondence between eigenmodes and spherical multipoles can be established only

for spherical resonators. Any mode of other resonators is always contributed by the infinite

number of multipoles. However, in this infinite series it is possible to distinguish the domi-

nant term (dominant channel) making the main contribution to the radiated power. We focus

on the quasi-BIC with m = 0 and even parity with respect to up-down mirror symmetry ob-

served for the ceramic disk resonator with ϵ = 44.8 at r /h = 0.71 in Sec. 4.3, see Fig. 4.8d. It

is possible to show using the group symmetry analysis that for modes with such symmetry

the main contribution to the radiation energy is given by magnetic dipole moment and the

rest part of energy is radiated through higher order magnetic multipoles of odd order. The

evolution of resonant properties and near-field profile for this quasi-BIC was studied in de-

tail in Sec. 4.2, see Figs. 4.5a,b and Fig. 4.6. The Q factor dependence on the aspect ratio in the

vicinity of this quasi-BIC is repeated in Fig. 4.10a. We calculate the multipolar expansion of

the radiated power in the vicinity of the quasi-BIC, shown in Fig.4.10b. One can see that the

magnetic dipolar contribution is suppressed strongly at the quasi-BIC regime, which can be

explained by destructive interference of two magnetic dipoles with opposite directions. Due

to this interaction, the high-Q mode becomes dominated by the next multipolar term which

is the magnetic octupolar contribution.

Experimental verification. We perform the experimental study to demonstrate cancella-

tion of quasi-BIC losses through the dominant radiation channel in the far-field. In the ex-

periment, we excited the cylindrical resonator with the loop antenna placed concentrically

to the axis of the cylinder. The resonator together with the loop antenna rotated around
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Figure 4.11: Material engineering. (a) Radius (solid line) and height (dashed line) of dielectric
disk resonators with various values of refractive index n supporting magnetic dipole (MD)
mode (black) with m = 0, quasi-BIC with m = 0 (blue) and quasi-BIC with m =±1 (red). The
radius and height are normalized to the resonant mode wavelength inside the material (λ/n)
for each mode independently. (b) Q factor dependence on the disk resonator refractive index
for MD mode and two quasi-BICs.

the transverse axis. The scattered field in the orbital plane was measured by the distantly

positioned horn antenna. We measure the radiation pattern of modes for disks with r /h =

0.66, 0.703, 0.74 marked with numbers Fig. 4.10b. We observe that the appearance of a quasi-

BIC is accompanied by a drastic change in the far-field radiation pattern from the magnetic

dipolar to the magnetic octupolar one, as shown in Fig. 4.10c. The simulated far-field pro-

files shown in the right panel Fig. 4.10c are in perfect agreement with the experimental data.

We note that numerical analysis shows that other quasi-BICs with different m and parities

demonstrate similar multipolar behaviour with cancellation of the dominant multipolar term

in the far-field.

4.5 Material engineering

In this section, we discuss the conditions of formation of quasi-BIC states in disk resonators

made of various lossless dielectrics. For the values of refractive index from 2 to 10, we cal-

culate the resonant wavelength and Q factor of several resonant modes using the resonant-

state expansion method and evaluate the optimal aspect ratio for each mode. We focus on

two quasi-BICs marked by circles in Fig. 4.4b,c for m = 0 and m = 1, respectively, which were

discussed in detail for ϵ = 80 in Fig. 4.5. For comparison, we also analyse the resonant proper-

ties of the vertical magnetic dipole (MD) mode evaluated for r /h = 0.55; the MD mode is the

lowest frequency mode in the spectra for m = 0 in Fig. 4.4b. Figure 4.11a demonstrates the

geometrical sizes r and h of a disk resonator (normalized by the resonant wavelength inside

the material λ/n) as functions of the material refractive index n for three modes of interest.

One can see that the ratio n r /λ and nh/λ tends to the constant value for all three modes for

n ≥ 5. This happens because for large n the resonator becomes equivalent to a closed system.

We note that for the whole range of refractive index value the resonator dimensions remain

subwavelength r <λ, h <λ for each of the modes. The calculated mode Q factor dependence
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Figure 4.12: Spectral features of quasi-BIC in scattering. (a) Calculated spectra of the normal-
ized total scattering cross-section of the cylinder resonator as a function of r /h in the region
of the ARC of the modes with m =±1 analysed in Figs. 4.5c,d. The spectra are relatively shifted
by 2 orders of magnitude for clarity. (b) Peak positionsωr /c for the low- and high-frequency
modes in the spectra. (c-e) Evolution of the Q factor, the peak amplitude A, and the Fano
asymmetry parameter q for the high-frequency mode. In (b,c,e) the data extracted by fitting
procedure is shown with red solid lines, and in (b-e) the data calculated by analytical expres-
sions is shown with open circles.

on n is shown in Fig. 4.11b. One can see that the quasi-BICs outperform the MD mode sig-

nificantly. For n ≥ 4 the Q factor of the m =±1 quasi-BIC becomes higher than the MD mode

Q factor by more than one order of magnitude, and the Q factor of the m = 0 quasi-BIC - by

more than two orders of magnitude. For conventional high-index dielectrics, such as Si, Ge,

GaAs, used for applications in the visible and near-IR the quasi-BIC Q factor can reach more

than a few hundred. For very high n the Q factor of each mode scales to the fixed power or-

der of n , i.e. Q ∝ n 3, Q ∝ n 5 and Q ∝ n 7 for the MD mode and quasi-BICs, respectively.

Similar scaling of Q factor with increase of n is well-known for high-index dielectric spherical

resonators [194]. From comparison to sphere modes, we conclude that the quasi-BIC with

scaling Q∝ n 5 is a quadrupolar mode and the quasi-BIC described by Q∝ n 7 is the octupo-

lar mode. This conclusion is in the good agreement with multipolar analysis of quasi-BICs

and experimental results, presented in Sec. 4.4.

4.6 Spectral features in scattering

In this section we analyse the peculiarities of spectral features of quasi-BICs in scattering

spectra. First, we calculate the scattering cross section for the disk with ϵ = 80 illuminated by
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a TE-polarized plane wave from its side for excitation frequencies in the vicinity of the ARC

between two modes with m = ±1 studied in Fig. 4.4 and Figs. 4.5c,d. The excitation geome-

try is shown in Fig. 4.4a. The scattering cross section is normalized on the geometrical cross

section 2r h . The calculated spectra are shown in Fig. 4.12a. The low- and high-frequency

modes are manifested in scattering as asymmetric features with Fano lineshape. One can see

that the formation of a quasi-BIC at r /h = 0.545 is associated to the transformation of the

lineshape to a symmetric Lorentzian. We note that for r /h = 0.59 a dark mode with small

amplitude is formed. We fit the scattering spectra to the Fano lineshape and extract the reso-

nant frequency and Q factor of interacting modes shown in Figs. 4.12b,c, the values coincide

with the data shown in Figs. 4.5c,d. The extracted value of the Fano asymmetry parameter q

is shown in Fig. 4.12e. One can see that in very close vicinity to the quasi-BIC q diverges and

passes through zero at r /h = 0.59 which explain the formation of the dark mode.

4.6.1 Generalized Fano formula for scattering cross-section

To explain connection between peculiarities of Fano parameters and maximization of mode Q

factor we derive an analytical closed-form expression for the scattering and extinction cross-

section for a lossless dielectric disk resonator using the expansion into resonant states. We

assume the incident field in the form of a linearly polarized plane wave with harmonic time

dependence Ebg(ω, r)e −iωt satisfying the Maxwell’s equations of the free-space. The scatter-

ing cross-section is equal to the extinction cross-section which for the lossless case can be cal-

culated using the optical theorem [142]. We note that the expression is simplified significantly

for the case of plane wave excitation. We expand the scattered field amplitude into the sum of

frequency dependent terms describing contributions of RSs of the disk resonator. Straightfor-

ward but cumbersome calculations (see Sec. A.5.2) show that σsc(ω) can be rewritten in the

form of generalized Fano formula and the Fano parameters could be expressed analytically

through the material and geometrical parameters of the resonator. We note that the formula is

derived from the Maxwell’s equations explicitly unlike many phenomenological models used

in the literature. Forω≃ω0 in the vicinity of the resonant state with Ω0 =ω0− iγ0 we have

σsc(ω) =
c 2

ω2

�

IA

1+q 2

(q +∆ω)2

1+∆ω2
+ Inr(ω)

�

, (4.19a)

IA=
c |D0|2

W0γ0
, (4.19b)

q =−cotφ, (4.19c)

φ = arg [D0] +π(p0−1)/2. (4.19d)

Here ∆ω = (ω−ω0)/γ0 is the normalized relative frequency detuning, p0 = 0, 1 is the mode

electric field parity with respect to the inversion symmetry, q is the Fano asymmetry param-

eter,φ is the resonant phase, and IA is the smooth amplitude of the peak and Inr is the contri-

bution of non-resonant scattering terms to the background offset, respectively. The key pa-

rameter of the model which determines both q and IA is the coupling coefficient D0 between
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the fields of the resonant state E0,H0 and fields of the background field

D0 =−
iω0

c |Ebg|

∮

SV

d S ·
�

E0×Hbg(ω0)−Ebg(ω0)×H0

�

. (4.20)

The integration here goes over the surface SV is the minimal convex volume including the

disk resonator. In our case, it is the spherical surface describing the cylinder.

Figures 4.12b-e show the mode resonant parameters and Fano parameters calculated by

using Eq. 4.19b and Eq. 4.19c. The Fano asymmetry parameter diverges at the quasi-BIC fre-

quency which is in perfect agreement with the data extracted from full-wave simulations. We

also note that the peak amplitude IA reaches minimum in the dark mode regime q = 0. The

quantitative difference between model and full-wave simulation results is due to the funda-

mental limitations of the resonant-state expansion method (see Appendix A.3.5) used to cal-

culate the eigenmodes of the disk resonator for Eq. 4.19b and Eq. 4.19c, related to the contri-

bution of the static modes to the decomposition [190].

4.6.2 Divergence of Fano asymmetry parameter

We explain the divergence of q in the vicinity of the quasi-BIC by analysing the properties

of the coupling coefficient D0. The coupling coefficient D0 can be expanded into coupling

coefficients κ0N of the RS with the incoming basis modes of the free-space (see Eq. 2.11 and

Eq. A.18)

D0 =
∑

N

d0N κ0N , (4.21)

d0N =
ω0

c |Ebg|
s i

N (ω0), (4.22)

κ0N =−i

∮

SV

d S ·
�

E0×Hi
N (ω0)−Ei

N (ω0)×H0

�

. (4.23)

Here, s i
N are the expansion coefficients of the incoming part of the background field into in-

coming radiation waves Ei
bg =

∑

N s i
N (ω0)Ei

N (ω0), Hi
bg =

∑

N s i
N (ω0)Hi

N (ω0). We note that the

outgoing component of the background field does not contribute to the surface integral in

D0 because the resonant state has radiative nature. The electric and magnetic fields of the

incoming modes of the radiation continuum Ei
N , Hi

N is given by expressions in Sec. A.2.

The continuum modes can be associated with multipoles and each mode of the resonator

has the dominant multipolar contribution as discussed in Sec. 4.4. Thus, we separate the

contribution to the dominant radiation channel N = 0 and to other channels

D0 = d00κ00+
∑

N ̸=0

d0N κ0N . (4.24)

The mode radiative losses of the quasi-BIC are low so γ0 can be expanded over κ0N and its
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Figure 4.13: Divergence of Fano parameter in experiments. (a) Radio-frequency experiment.
Left: Schematic of setup. Right: Dependence of the asymmetry parameter q on the aspect
ratio for the high-Q mode. (b) Near-IR experiment. Left: Schematic of the setup. Right: De-
pendence of the asymmetry parameter q on the aspect ratio for the high-Q mode. The solid
red line is the guide to eye. The orange dashed line in (a) and (b) is the quasi-BIC regime de-
termined from experiment.

time-reversal transformation κ0N as (see Sec. A.3.3)

2γ0

c
=

κ∗00κ00+
∑

N ̸=0
κ∗0N κ0N

W0
. (4.25)

The divergence of asymmetry parameter q →∞ for the quasi-BIC is achieved for Im(D0) =

0. The formation of the dark mode in spectrum q = 0 is achieved for Re(D0) = 0. This means

that

|κ00|=−
∑

N ̸=0

Im (d0N κ0N )

Im
�

d00 exp (i arg[κ00])
� , q →∞, (4.26)

|κ00|=−
∑

N ̸=0

Re (d0N κ0N )

Re
�

d00 exp (i arg[κ00])
� , q = 0. (4.27)

At the quasi-BIC the radiation to the dominant channel is suppressed κ00 = κ00 = 0, it can

be also seen from Eq. 4.25. Thus, in the vicinity of the quasi-BIC, Eq. 4.26 and Eq. 4.27 is

realized, because the quantity on the right part is generally small. We note that with increase

of ϵ the regimes of quasi-BIC formation, q →∞, and q = 0 move closer in the parameter
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space because allκ0N decrease but for higher-order multipole channels the decrease is faster.

Ultimately, for ϵ→∞ the asymmetry parameter becomes undefined which corresponds to

formation of the dark mode γ0 = 0 and the so-called collapse of Fano resonance.

One can also express the resonant amplitude via the coupling coefficients

IA= 2
|
∑

N d0N κ0N |2
∑

N
κ∗0N κ0N

= 4
ω2

0

c 2
S eff

0 , (4.28)

Here, S eff
0 is the effective aperture of the resonator, see Eq. A.51.

4.6.3 Experimental verification

We present experimental verification of divergence of Fano parameter in the vicinity of the

quasi-BIC in radio-frequency and near-IR measurements. The experimental setup and res-

onator parameters are discussed in Sec. 4.3. Figure 4.13a shows how the Fano asymmetry pa-

rameter q depends on the aspect ratio for the high-Q mode with m = 0 analysed in Fig. 4.5a,b

and Fig. 4.10. The data extracted from measurements confirms that q →∞ close to the quasi-

BIC at r /h = 0.7025. Figure 4.13b demonstrates that q diverges near the quasi-BIC in the near-

IR experiments. Two sets of experiments show very good agreement. Moreover, the near-IR

experiment is realized for a disk on a multi-layered substrate excited with a structured beam

but it still confirms the predictions of the theoretical approach developed in this section de-

spite it assumed a free-standing disk resonator excited with a linearly polarized plane wave.

This property of quasi-BIC can be used to recognize it by naked eye in the spectrum without

fitting.

4.7 Summary

In summary, in this section we analysed the physics of quasi-BICs in individual subwave-

length resonators made of dielectric materials. We explained formation of quasi-BICs within

the Friedrich-Wintgen model which describes interaction of two modes of open resonators

via the radiation continuum which leads to suppression of mode losses of one of them. We

showed numerically and experimentally that conditions of the Friedrich-Wintgen model and

formation of quasi-BICs can be achieved for subwavelength dielectric disks made of various

dielectric materials such as AlGaAs in the visible and near-IR, and microwave ceramics with

ϵ > 40 in the radio-frequency range. We showed that for microwave ceramics the experi-

mentally measured Q factor of quasi-BIC can exceed 12500 and for AlGaAs nanodisks it is

about 190. We showed that in dielectric disk resonators the quasi-BICs are realized at the

avoided resonance crossing of dispersion curves of radially and axially oscillating Mie modes

in the parameter space of disk aspect ratio. We showed that the mode mixing is achieved in

the strong coupling regime and can be described in the two-mode interaction model. We

showed numerically and experimentally that formation of the quasi-BIC is associated with
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suppression of losses to the dominant multipolar channel of radiation. We showed that such

quasi-BICs can be realized for resonators made of dielectrics within the wide range of values

of the refractive index from 2 to 10 and more. We showed that for this range of permittivities

the resonator sizes remain subwavelength. We showed numerically and experimentally that

formation of quasi-BICs is associated with formation of symmetric Lorentzian peak in scatter-

ing spectra. We derived an analytical closed-form expression for the scattering and extinction

cross-section for a lossless dielectric disk resonator using the expansion into resonant states

and showed it can be written in the form of generalized Fano formula. Using the developed

theoretical approach, we showed that divergence of the Fano parameter describing the tran-

sition from an asymmetric Fano to symmetric Lorentz profile is realized in the vicinity of the

quasi-BIC with the maximal Q factor.



78 | CHAPTER 4 ENGINEERING HIGH-QUALITY RESONANCES IN INDIVIDUAL SUBWAVELENGTH RESONATORS



5 Harmonic generation in individual nanoresonators

supporting quasi-BICs

In Chapter 3 we analysed harmonic generation and strong nonlinear effects in resonant di-

electric metasurfaces. As it was outlined, the phase matching concept widely used for bulk

nonlinear crystals is not applicable for nanostructured nonlinear metasurfaces because of

their subwavelength scales. For individual nanoresonators, all three dimensions are much

less than the wavelength, thus the treatment of nonlinear optical processes requires devel-

opment of new approaches beyond the phase matching, which are based on the expansion

of the linear and nonlinear fields into contributions of resonant Mie modes. Recent studies

of harmonic generation in nonlinear nanoantennas revealed that the generated signal can

be enhanced in multi-resonant structures supporting a mode in the vicinity of the second-

harmonic wavelength [195]. As we show in this chapter, AlGaAs disk nanoresonators are of

high interest in this field because they can be engineered to support resonant modes both at

the pump and harmonic wavelength. To further boost the resonant nonlinear response, we

tune the pump mode to the quasi-BIC regime employing the concepts and ideas developed

in Chapter 4.

In this Chapter, we investigate harmonic generation from individual dielectric nanores-

onators supporting quasi-BICs and outline the criteria for maximization of conversion ef-

ficiency by optimizing the mode structure, the pump spatial and temporal profile and the

environment. We focus on the second-harmonic generation process in double-resonant in-

dividual nanoresonators supporting high-Q quasi-BICs at the pump frequency and other Mie

mode in the vicinity of the SH frequency. We propose a theoretical model of SHG for double-

resonant nanosctructures in the regime of weak-field excitation beyond the phase matching.

In the model we express the emitted SH power in the closed-form analytical expression com-

posed of product of independent terms, describing spectral and spatial coupling efficiency

of the pump to the quasi-BIC, spectral and spatial cross-coupling between the quasi-BIC and

SH Mie mode, resonant enhancement at the pump and SH frequencies and outcoupling effi-

ciency. Using the derived formula we outline a general framework of optimization of SHG ef-

ficiency by optimizing the mode structure, structuring the pump and the substrate. We prove

experimentally the theoretical and numerical results and show that the measured conversion

efficiency of the optimized nonlinear nanoantenna at the quasi-BIC exceeds the efficiencies

of SHG reported earlier for non-BIC plasmonic and dielectric nanoantennas by more than

two orders of magnitude.

79
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Results presented in this chapter are partially included in the published References, listed

below, where I am a lead author and my contribution is in theoretical aspects, eigenmode sim-

ulations, harmonic generation simulations, resonator design and experimental data analysis

(1) L. Carletti, K. Koshelev, C. De Angelis, and Yu. Kivshar, "Giant nonlinear response at

the nanoscale driven by bound states in the continuum," Phys. Rev. Lett. 121, 033903

(2018). DOI: 10.1103/PhysRevLett.121.033903

(2) K. Koshelev, A. Bogdanov, Yu. Kivshar, "Meta-optics and bound states in the contin-

uum," Science Bulletin (special issue) 64, 836 (2019). DOI: 10.1016/j.scib.2018.12.003

(3) K. Koshelev, S. Kruk, E. V. Melik-Gaykazyan, J.-H. Choi, A. Bogdanov, H.-G. Park, Yu.

Kivshar, "Subwavelength dielectric resonators for nonlinear nanophotonics", Science

367, 288-292 (2020). DOI: 10.1126/science.aaz3985

5.1 Theory of harmonic generation for double resonant nanostruc-

tures

In this section we derive the closed-form analytical expression for the power emitted from

an individual nanoresonator at the SH frequency in the limit of weak-field excitation. We

neglect the non-radiative and parasitic losses. The nanoresonator is subwavelength which

means that the phase matching is not applicable for description of the nonlinear response.

We assume that the resonator is double resonant, i.e. it supports a mode at the fundamental

frequencyω1 ≃ω and a mode at SH frequencyω2 ≃ 2ω. We note that the resulting formula is

derived directly from the Maxwell’s equations contrary to commonly used phenomenological

approaches.

For simplicity, in the derivation we consider a free-standing resonator, while the further

comparison with the experimental results shows that the theory can be used to analyse the

SH response of resonators on substrate. The resonator is excited by the pump with a given

distribution of electric field Ebg. The scattered field can be rigorously expanded into contri-

butions of RSs withΩn =ωn−iγn . We consider the case when only one mode E1 is resonantly

excited in the vicinity of the pump frequency

Esc(ω, r) = a1(ω)
E1(r)

N1
. (5.1)

The normalization constant N1 is close to the mode energy W1 (see Eq. A.23) for high-Q modes.

The resonant amplitude a1 forω≃ω1 is given by (see Appendix A.4 and Eq. A.41)

a1(ω) = (−i )
c

�

ω−ω1+ iγ1

�

∮

SV

d S ·
�

E1×Hbg(ω1)−Ebg(ω1)×H1

�

. (5.2)

Here, the surface integration goes over the sphere describing the resonator SV .

https://doi.org/10.1103/PhysRevLett.121.033903
https://doi.org/10.1016/j.scib.2018.12.003
https://doi.org/10.1126/science.aaz3985
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The SH polarization PNL is given by

P NL
i (2ω, r) =

∑

j ,k

χ (2)i j k E j (ω, r)Ek (ω, r), (5.3)

where χ (2)i j k is the second-order susceptibility tensor. The total field at the fundamental fre-

quency E(ω) is dominated by the resonant termω≃ω1

P NL
i (2ω) = [a1(ω)]

2
∑

j ,k

χ (2)i j k E1, j (r)E1,k (r). (5.4)

The induced field E(2ω) at the SH frequency can be found via the Lippmann-Schwinger equa-

tion using the resonator Green’s function Ĝ

E(2ω, r) =−
(2ω)2

c 2

∫

d r
′
Ĝ(2ω, r, r

′
) ·PNL(2ω, r

′
). (5.5)

We assume that E(2ω) is dominated by a single resonant state E2 with frequency ω2 lying in

the vicinity of 2ω

E(2ω, r) = a2(2ω)
E2(r)
W2

. (5.6)

Here, we assume that the SH mode is high-Q, so W2 = |N2|. The amplitude a2 can be found as

a2(2ω) =−
2ω [a1(ω)]

2

(2ω−ω2+ iγ2)

∑

i , j ,k

χ (2)i j k

∫

d r E2,i (r)E1, j (r)E1,k (r). (5.7)

The total SH power P (2ω) is

P (2ω) =
c

8π

∮

SV

d S ·Re [E(2ω)×H∗(2ω)] . (5.8)

Here, the integral is evaluated at the surface of sphere describing the resonator.

Combining the expressions for a1 and a2, we get the expression for the total SH power

P (2ω) =α(ω)c2Q2L2(2ω)c12 [Q1L1(ω)c1P (ω)]2 . (5.9)

Here, the spectral overlap factor L j (ω) function is defined as

L j (ω) =
γ2

j

(ω−ω j )2+γ2
j

, (5.10)

the spatial coupling coefficient c1 is (see Appendix A.3.3)

c1 =

�

�

�

∮

SV
d S ·

�

E1×Hbg(ω1)−Ebg(ω1)×H1

�

�

�

�

2

∮

SV

d S ·
�

E1×H∗1+E∗1×H1

�∫

d S ·Re[Ebg×H∗bg]
, (5.11)



82 | CHAPTER 5 HARMONIC GENERATION IN INDIVIDUAL NANORESONATORS SUPPORTING QUASI-BICS

Figure 5.1: Schematic of resonant SHG process in a double-resonant dielectric nanoantenna.
Each term of the formula describes one step of the process.

the spatial cross-coupling coefficient c12 is

c12 =

�

�

�

∑

i , j ,k χ
(2)
i j k

∫

d r E2,i (r)E1, j (r)E1,k (r)
�

�

�

2

(W2ω2/c )(W1ω1/c )2
, (5.12)

the outoupling coefficient c2 =W2/|N2| tends to the unity for Q2≫ 1,

c2 = 1, (5.13)

the smooth envelope coefficient α is

α(ω) = 256
8π

c

hω

c

i2
, (5.14)

and the total incident power P (ω) is

P (ω) =
c

8π

∫

d S ·Re[Ebg(ω)×H∗bg(ω)]. (5.15)

Here, the integration goes over the plane perpendicular to the beam propagation direction.

We note, that the effective mode volume does not appear in Eq. (5.9). The reason is that

the effective mode volume approach is used to approximate a mode with some nontrivial

spatial distribution as a mode with uniform pattern which takes the effective mode volume.

Here, we use the explicit expressions for the mode overlap integrals [see Eq. (5.12)], which take

into account the actual spatial distribution of the mode electric fields.

Figure 5.1a illustrates SH generation process for double resonant nanostructures de-

scribed with Eq. 5.8 with a step-by-step schematic. A part of the incident power c1P (ω) is

coupled to the mode at the pump frequency, and the coupling efficiency is determined by

the spatial overlap between the pump and the mode fields. The coupled power is resonantly

enhanced by the factor determined by the Q factor Q1 of the mode at the pump frequency

and damped by the spectral mismatch factor L1(ω). The efficiency of up-conversion of the

total accumulated power is determined by the cross-coupling coefficient c12 which depends

on the symmetry of the nonlinear susceptibility tensor of AlGaAs and the spatial overlap be-

tween the generated nonlinear polarization current and SH mode. The converted SH power

is increased to the extent of Q factor of the second-harmonic mode Q2 but at the same time is

decreased due to the spectral mismatch factor L2(2ω). The outcoupling factorc2 determines
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the efficiency of radiation of the SH mode and tends to unity for high-Q modes Q2≫ 1.

5.2 Optimization of second-harmonic generation efficiency

In this section we provide a general framework describing how to achieve maximal second-

harmonic generation efficiency for individual dielectric nanostructures in the resonant

regime. We describe optimization of the SH response via engineering of the mode struc-

ture, structuring of the pump and substrate. As an example, we focus on AlGaAs (20% Al)

nanodisks supporting the quasi-BIC with azimuthally symmetric field distribution in the

near-IR discussed in Sec. 4.3. The height of nanodisks is 635 nm and diameter varies in the

range from 890 nm to 990 nm. The structure is placed on an engineered three-layer sub-

strate (SiO2/ITO/SiO2). The quasi-BIC is realized for the disk diameter of 930 nm with the

resonant wavelength 2πc /ω1 = 1600 nm and Q factor Q1 = 190. The quasi-BIC lifetime is

τ1 = 1/(2γ1) = 160 fs. As we discuss below the designed structure supports a high-order Mie

mode with complex frequencyω2−iγ2 at the SH wavelengths 750−850 nm. The mode Q fac-

tor is about Q2 = 60 and the spatial symmetry of the fields is characterized by the azimuthal

index |m |= 2.

We consider excitation of the nanodisk with focused non-chirped pulse with FWHM dura-

tion ofτp centered at the excitation frequencyωp . We assume the pulse is a cylindrical vector

beam with non-trivial spatial distribution of electric and magnetic fields. The time-averaged

SH power P (2ωp ) depends on the dynamics of the resonant amplitude at the excitation fre-

quency

P (2ωp )∝
∫

d t |a1(t )|4 =
∫∫∫

dωdω′d ω̃a ∗1(ω)a
∗
1(ω
′)a1(ω̃)a1(ω+ω

′− ω̃). (5.16)

Here, we assumed that τ2 ≪ τ1 and τ2 ≪ τp so only the time dependence of a1 determines

the SH power. Due to the effect of finite pulse duration, the expression for the SH power in

Eq. (5.9) transforms in the following form atωp =ω1

P (2ω1)
P 2(ω1)

∝

pump engineering
︷ ︸︸ ︷

cpc2
1

︸︷︷︸

coupling

×

mode engineering
︷ ︸︸ ︷

c2
︸︷︷︸

outcoupling

×L2(2ω1)c12
︸ ︷︷ ︸

cross-coupling

× Q2Q 2
1

︸ ︷︷ ︸

enhancement

. (5.17)

Here, cp is the nonlinear spectral coupling coefficient that depends on the ratio of τp and τ1

and is analysed below.

One can see that the harmonic generation efficiency in Eq. 5.17 depends on efficiency

of pump coupling, resonant enhancement, mode cross-coupling and outcoupling. Below

we discuss how to increase each of these coefficients by engineering the mode structure and

pump spatial and spectral properties.
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Figure 5.2: Pump engineering. (a) Dependence of the nonlinear spectral coupling coeffi-
cient cp on the ratio τp/τ1. (b) Percentage of the pump power coupled to the quasi-BIC for
different polarizations of pump depending on the ratio between the beam waist radius and
the pump wavelength. The calculation is done for a free-standing nanoresonator in air. The
diffraction limit is 0.61. The inset shows the near-field profile of the quasi-BIC.

5.2.1 Pump engineering

Spectral coupling. Equation 5.16 shows that the time-averaged second-harmonic power is

determined by nonlinear spectral coupling coefficient cp which can be evaluated as

cp (τp ,τ1) =

∫∫∫

d (∆ω)d (∆ω′)d (∆ω̃) ξ∗(∆ω)ξ∗(∆ω′)ξ(∆ω̃)ξ(∆ω+∆ω′−∆ω̃), (5.18)

ξ(∆ω) = sp (∆ω)l1(∆ω), (5.19)

sp (∆ω) =
p

τp e −∆ω
2τ2

p /(8 ln 2), (5.20)

l1(∆ω) =
γ1

∆ω+ iγ1
. (5.21)

Here, |sp |2 determines the spectral density of the pump intensity and the Lorentzian term

|l1|2 = L1 accounts for the resonant response of the quasi-BIC. Here, we assume that the pulse

is characterized with the Gaussian spectral shape.

Figure 5.2a shows calculated dependence of cp on the pulse duration, normalized on τ1,

for the fixed pump power. The coupling coefficient is maximized for the specific ratio between

pulse duration and mode lifetime is

τp = 3.3τ1. (5.22)

This results coincides with the results predicted for time-varying cavities excited with chirped

pulses [196]. For the quasi-BIC of interest this estimation gives τp = 0.5 ps.

Spatial coupling. The spatial coupling between the pump and the quasi-BIC is determined

by c1 which depends in the overlap of their electric and magnetic fields. One can see that

to maximize c1 the pump spatial structure needs to match the symmetry of the quasi-BIC

fields. The quasi-BIC is characterized by azimuthal symmetry m = 0 (see inset in Fig. 5.2b),
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thus the pump needs to be structured with azimuthal symmetry. By expanding the pump

fields into the basis of radiation waves of the free-space, we re-write the coupling coefficient

as (see Appendix A.4)

c1 =
|
∑

N κ1N s i
N |

2

∑

N |κ1N |2
∫

d S ·Re[Ebg×H∗bg]
. (5.23)

Here, κ1N is the coupling coefficient between the mode and the incoming radiation wave N ,

and s i
N are the expansion coefficients of the incoming component of the background field

into the incoming radiation waves. We assume N includes only the modes with m = 0, so

κ1N = κ1N . Considering the mode radiation is dominated by channel N = 0, we can write

c1∝

�

∑

N ,N ′
δN ,N ′

�

s i
N

�∗
s i

N ′

�

, (5.24)

δN ,N ′ =
κ∗1N κ1N ′

|κ2
1,0|

. (5.25)

The function δN ,N ′ has a very pronounced maximum at N = N ′ = 0, thus c1 is maximized

if the pump is coupled mostly to the same radiation channel as the mode, i.e. |s i
0| ≫ |s

i
N | for

N ̸= 0.

The excitation beam is a focused cylindrical vector beam characterized by its beam waist.

Since the quasi-BIC radiation is dominated by magnetic octupolar radiation channel, the

beam needs to be focused tightly in order to achieve high-order harmonics in its spatial struc-

ture. Tight focusing can be achieved in the non-paraxial regime when the beam waist radius

becomes comparable to the mode wavelength. Figure 5.2b shows calculated dependence of

the spatial coupling efficiency c1 on the ratio between the beam waist radius and the pump

wavelength. The simulation results for the azimuthally polarized pump confirm the qualita-

tive estimation and show that the highest coupling efficiency is achieved for the beam waist

radius smaller than the wavelength. The coupling efficiency for the radially and linearly po-

larized pumps are equal to zero.

For the experimental conditions, discussed further, the spatial coupling is c1 ≃ 0.33.

5.2.2 Mode engineering

Spatial cross-coupling. The SH power is proportional to the spatial cross-coupling coeffi-

cient c12 depending on the symmetry of χ̂ (2). The structure of χ̂ (2) determines the selection

rules for SHG in double-resonant structures [197], i.e. the induced nonlinear currents excite

only the modes that are spatially matched to the nonlinear polarization, which spatial distri-

bution is determined by the quasi-BIC near-field profile (see Eq. 5.4).

The nanodisk is made of AlGaAs with the symmetry of the zincblende crystalline structure,
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Figure 5.3: Mode engineering. (a) Dispersion of the high-Q mode at the pump wavelength
(red) and the mode at the second harmonic wavelength (blue) vs. disk diameter. The wave-
length of the SH mode is doubled for a direct comparison. The inset shows the near-field
profiles of both the modes. (b) Spectral overlap L2(2ω1) between the high-Q mode at the
pump frequency and the high-order Mie mode at the SH frequency vs. the disk diameter. (c)
Q factor evolution for the mode at the second harmonic wavelength vs. disk diameter. (d)
Dependence of the resonant enhancement factor Q2Q 2

1 on the disk diameter.

so c12 can be simplified to

c12∝
�

χ (2)z x y

�2
�

�

�

�

∫

d r E2,z E 2
1,ϕ sin(2ϕ)

�

�

�

�

2

. (5.26)

The quasi-BIC is azimuthally symmetric with the only nonzero field component E1,ϕ in the

spherical reference frame. Thus, x- and y- field components will depend on the azimuthal

angle as cosϕ and sinϕ. This means only the SH modes with |m | = 2 will give nonzero con-

tribution to c12.

Numerical calculations show that c12 ≃ 10−8
�

χ (2)z x y

�2
.

Spectral cross-coupling. The designed structure supports a range of modes at the SH wave-

lengths 750−850 nm, but only one of the modes is characterized with |m |= 2 azimuthal sym-

metry. Figure 5.3a shows the calculated resonant wavelength of the SH mode and quasi-BIC

depending on the disk diameter. The structure is exactly double-resonant ω2 = 2ω1 for the

diameter of 915 nm, while in the quasi-BIC regime the dispersion curves are close. Quanti-
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tatively, the contribution of the spectral mismatch to the SH power is governed by the cross-

coupling coefficient L2(2ω1)

L2(2ω1) =
γ2

2

(2ω1−ω2)2+γ2
2

. (5.27)

Figure 5.3b shows the calculated dependence of the spectral mismatch on the disk diameter.

One can see that at the quasi-BIC regime the coupling efficiency reaches L2(2ω1) = 0.5. The

SH mode has magnetic hexadecapolar nature with orbital index l = 4. The near-field of the

SH mode is shown in the inset of Fig. 5.3a.

Resonant enhancement. The resonant enhancement of the SH power is determined by the

mode Q factors Q1 and Q2. Figure 5.3c shows the calculated dependence of Q2 on the disk

diameter. The SH mode Q factor has weak dependence on the disk diameter. In the quasi-

BIC regime it reaches Q2 = 65. Figure 5.3d shows the calculated dependence of resonant en-

hancement factor Q2Q 2
1 on the disk diameter. One can see that it is dominated by quasi-BIC

response because Q1 has pronounced dependence on the disk diameter (see Fig. 4.9d) and its

contribution is squared due to nonlinearity.

Outcoupling. The outcoupling coefficient c2 = 1 for the free-standing nanoresonator. For

the structure on a substrate c2 describes the collection efficiency and is determined by the

geometry of the collection setup. More specific, it depends on the direction the SH power

collection and the NA of the collection objective. Assuming the SH power is collected in one

direction on the surface S , we can write the outcoupling coefficient as

c2 =

∫

S
d S ·Re

�

E2×H∗2
�

∮

SV
d S ·Re

�

E2×H∗2
� . (5.28)

In the collection aperture is small, c2 can be increased by improving the directionality of the

SH mode in the collection direction [198]. We note that for collection of the SH power in the

transmission geometry, the substrate needs to be transparent at SH wavelengths.

5.2.3 Substrate engineering

For optical experiments, the resonator is usually fabricated on a substrate which causes ad-

ditional radiation losses due to a higher refractive index than that for air. To compensate

the decrease of the Q factor induced by energy leakage, we insert a reflective layer in the

substrate [199]. The schematic of design is shown in Fig. 5.4a. The reflective layer is repre-

sented by a layer of ITO exhibiting an epsilon-near-zero transition acting as a conductor above

1200 nm wavelength (i.e. at the quasi-BIC wavelength), and as an insulator below this wave-

length (i.e. at the SH mode wavelength), see Fig. 5.4b. The thickness of ITO layer is 300 nm

to prevent radiation from transmission through it. The ITO layer is separated from the res-
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Figure 5.4: Substrate engineering. (a) Schematic of an AlGaAs nanodisk on a structured three-
layer substrate (SiO2/ITO/SiO2). (b) Experimental ellipsometry data for the permittivity of
the ITO layer. Wavelength ranges of the excitation and collection are marked with the red and
blue shadings, respectively. (c) Calculated Q factor of the quasi-BIC vs. SiO2 spacer thickness
compared to the Q factors of a nanoresonator in air and on a bulk SiO2 substrate (dashed
lines).

onator by a SiO2 spacer. As shown in Fig. 5.4c, the thickness of the SiO2 spacer layer provides

control over the phase of reflection, increasing the Q factor. One can see that for the optimal

spacer thickness between 300 and 400 nm, the Q factor reaches the maximal predicted value

of 235. This value is two times larger than for the free-standing AlGaAs disk and more than

four times larger than for the same disk on a bulk SiO2 substrate. Engineering substrate to be

transparent at the SH wavelength allows for collection of the SH power in the transmission

geometry.

5.3 Experimental observation of second-harmonic generation

In this section we provide experimental results on observation of SH generation from AlGaAs

disk nanoresonators tuned to the quasi-BIC regime. For nonlinear experiments we use the

samples fabricated for linear measurements, described in Sec. 4.3. Each sample is an in-

dividual AlGaAs (20% Al) nanodisk with 635 nm height and diameter varying in the range

from 890 nm to 990 nm. The nanodisks are placed on an engineered three-layer substrate

(SiO2/ITO/SiO2) with 300 nm SiO2 spacer and 350 nm ITO layer. The quasi-BIC with the res-

onant wavelength 1570 nm and Q factor of order of 190 is realized for the disk with 930 nm

diameter (see Sec. 4.3). The quasi-BIC lifetime is τ1 = 1/(2γ1) = 160 fs.

We perform experimental analysis of the SHG enhancement in the fabricated quasi-BIC

resonators. We excite the fabricated set of nanoparticles with laser pulses with 2 ps duration

in the wavelength range from 1500 to 1700 nm. To pump the structures, we use the structured

light in the form of a tighly focused cylindrical vector beam with azimuthal polarization [200].

The beam waist radius is measured using the knife-edge method and is equal to 1800 nm. We

measure the SH signal in the forward and backward direction. Figure 5.5a shows the maps

of the SHG intensity vs. the pump wavelength and resonator diameter. The experimental

data reveal a sharp enhancement of the nonlinear signal in the quasi-BIC regime. We did
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Figure 5.5: Observation of SH generation from AlGaAs disk nanoresonators tuned to the
quasi-BIC regime. (a) Map of the SH intensity measured as a function of the pump wave-
length and disk diameter for the azimuthally polarized pump. (b) Experimentally measured
directionality diagram of SH signal for a disk with a diameter of 930 nm in the backward for-
ward direction. (c) The enhancement factor L2(2ω1)Q2Q 2

1 dependence on the disk diameter.
(d) The measured SH signal evaluated along the quasi-BIC dispersion. The data in (c) and (d)
is normalised independently.

additional experiments pumping nanodisks with cylindrical vector beams of linear and radial

polarization. For these pump polarizations the SH spectra do not show any sharp features

around the quasi-BIC wavelength. Next, we measure the directionality diagram of the SH

signal in backward direction within the numerical aperture of a pair of confocal objective

lenses, shown in Fig 5.5b. The diagram in the backward direction features distinct maxima

in four directions which are qualitatively similar to the far-field pattern of the mode excited

at the SH wavelength with the azimuthal index |m | = 2, as it was discussed in Sec. 5.2. Next,

we measure the SHG conversion efficiency at the quasi-BIC wavelength. For the peak pump

power of 7.2 W, the directly measured peak SH power is 0.06 mW which gives the value of

the conversion efficiency of 1.2× 10−6 W−1. The measured SHG efficiency is more than two

orders of magnitude higher than that the efficiencies achieved for nonlinear plasmonic and

dielectric antennas earlier [37, 39, 57, 195].

Finally, we compare the evolution of the SH signal in the resonant regime with increase of

the disk diameter with the predictions of the model described in Sec. 5.2. The spectral cou-

pling coefficient cp = 0.5 for τp = 2 ps and τ1 = 160 fs. The spatial coupling coefficient is
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0.33 for the beam waist radius of 1800 nm. Figure 5.5c shows the dependence of the resonant

enhancement multiplied by the spectral cross-coupling coefficient L2(ω1)Q2Q 2
1 on the disk

diameter evaluated at the frequency of the high-Q mode (quasi-BIC branch), see Fig. 4.9c.

The other parameters, including the spatial cross-coupling coefficient c12 and the outcou-

pling efficiencyc2 have weak dependence on the disk diameter and are omitted in the model.

Figure 5.5d shows the evolution of the measured SH signal evaluated along the quasi-BIC

dispersion. The simulated and measured data is in good agreement. The mismatch for the

high values of the disk diameter is because the objective collection efficiency and the depen-

dence of other coefficients on the disk diameter were neglected. The numerical estimation of

the SHG efficiency for the experimental conditions using the formulas Eq. 5.9 and 5.17 gives

10−5 W−1. This value is in a good agreement with the experimental value of 1.2×10−6 W−1.

5.4 Summary

In summary, in this chapter we analysed the second-harmonic generation process from

double-resonant individual nanoresonators supporting high-Q quasi-BICs at the pump fre-

quency and other Mie mode in the vicinity of the SH frequency. We developed a theoretical

model for double-resonant nanosctructures in the regime of weak-field excitation beyond the

phase matching. We expressed the emitted SH power in the form of product of independent

terms, describing spectral and spatial coupling efficiency of the pump to the quasi-BIC, spec-

tral and spatial cross-coupling between the quasi-BIC and SH Mie mode, resonant enhance-

ment at the pump and SH frequencies and outcoupling efficiency. We derived closed-form

analytical expressions for each term. We provided a general framework of optimization of

SHG efficiency by optimizing the mode structure, structuring the pump and the substrate.

We showed that pump structured to match the field profile of the quasi-BIC allows to en-

hance the coupling efficiency of energy to tens of percent for tightly focused vector beams.

We showed that engineering substrate with a reflective layer positioned at specific distance

from the resonator can increase the quasi-BIC Q factor by two times compared to a free-

standing case.We applied the developed model to describe the SHG from an AlGaAs nanodisk

resonator on a structured substrate supporting a quasi-BIC in the near-IR range and excited

with an azimuthally polarized vector beam. We showed good agreement of the simulations

and model results with the experimental measurements. The measured conversion efficiency

at the quasi-BIC exceeded the efficiencies of SHG reported earlier for non-BIC plasmonic and

dielectric nanoantennas by more than two orders of magnitude.



6 Conclusion and outlook

In this thesis, we investigated the fundamental physical properties of optical quasi-BICs in

dielectric metasurfaces and individual subwavelength meta-atoms and explored their prac-

tical feasibility for strong light confinement and the resonant enhancement of optical non-

linearities. Using these findings, we established novel concepts and approaches for efficient

light trapping in resonant dielectric nanostructures, specifically, for nonlinear applications,

as summarized below.

In Chapters 2 and 3 we developed a new approach to confine electromagnetic radiation

efficiently in dielectric metasurfaces with broken in-plane symmetry and demonstrated the-

oretically and experimentally the high performance of these structures as nonlinear meta-

surfaces. Figure 6.1 summarizes the main ideas and results of the thesis presented in these

Chapters.

Firstly, we generalized the results of numerous earlier studies reporting on sharp reso-

nances in asymmetric plasmonic and dielectric metasurfaces which resonant response can

be controlled somehow with the change of asymmetry. We showed that all observed effects

independently on how they were called (sharp Fano resonances, electromagnetically induced

transparency, dark modes, trapped resonances) originate from the resonant effects described

by the fundamental physics of symmetry-protected optical BICs in periodic photonic struc-

tures. With the knowledge of symmetry-protected BIC nature of these resonances, we used

the concept of quasi-BICs to explain why and how the Q factor determining the sharpness of

the peaks changes with the asymmetry.

Secondly, we, for the first time to the best of our knowledge, explored the importance of

parasitic losses originating due to fabrication imperfections in realistic metasurfaces on the

value of the field enhancement. We showed that for maximal field enhancement the optimal

coupling condition needs to be satisfied with the rate of parasitic losses equal to the rate of

pure radiative losses. Therefore, we extended the concept of optimal (critical) coupling to the

effects of parasitic losses, while previously it was known only for absorptive structures. We

used these findings to propose the general procedure of designing a planar dielectric meta-

surface for strong local field enhancement with resonant properties on demand. The devel-

oped procedure is based on the engineering of quasi-BICs for a selected application and in-

cludes (i) the geometric scaling of the metasurface as a whole to tune the quasi-BIC resonant

wavelength; (ii) the determination of the parasitic losses of the practical metasurface; (iii) the

tuning of the asymmetry of meta-atoms to adjust the radiative Q factor of the quasi-BIC to

91
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Figure 6.1: Summary of results on quasi-BICs in broken-symmetry metasurfaces, presented
in Chapters 2 and 3.

the measured parasitic Q factor.

Thirdly, we extended the developed optimal coupling concept for nonlinear metasurfaces

with quasi-BICs and showed that harmonic generation efficiency in the undepleted pump

approximation can be maximized when the rates of radiative and parasitic losses are equal.

We used this concept to design one universal nonlinear Si metasurface which was re-scaled

and fabricated for five different experiments on harmonic generation and the observation of

self-action effects in different frequency ranges. For low intensity excitation, we showed ex-

perimentally that the optimized Si metasurfaces with quasi-BICs can generate efficient THG

for the near-IR excitation and THG, 5HG for the mid-IR excitation. We also showed experi-

mentally that SHG from monolayers of transition metal dichalcogenides integrated with op-

timized Si metasurfaces with quasi-BICs can be enhanced by more than three orders of mag-

nitude. For strong field excitation, we showed experimentally that optimized Si metasurfaces

with quasi-BICs can generate from the third to the eleventh odd harmonics for the mid-IR

pump. We showed experimentally self-action effects in these metasurfaces for the near- and

mid-IR pump and developed analytical model to explain these effects in the terms of pho-

toionization of Si enhanced by sharp resonances.
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Figure 6.2: Summary of results on quasi-BICs in individual subwavelength meta-atoms, pre-
sented in Chapters 4 and 5.

In Chapters 4 and 5 we proposed the new concept of quasi-BICs in individual subwave-

length dielectric meta-atoms and showed theoretically and experimentally that it can be used

for efficient light trapping and harmonic generation in nonlinear nanoantennas. Figure 6.2

summarizes the main ideas and results of the thesis presented in these Chapters.

Firstly, we suggested the new concept of light localization in individual subwavelength di-

electric meta-atoms by the formation of quasi-BICs with a large Q factor. We, for the first time

to the best of our knowledge, demonstrated that the quasi-BIC regime can be achieved for

fully subwavelength compact electromagnetic resonators without the use of materials with

extreme parameters, such as epsilon-near-zero or perfect electric conductor layers. We stud-

ied the mechanism of quasi-BIC formation, their near- and far-field properties, and explained

their connection to the scattering features. In more detail, we explained the formation of

quasi-BICs in the framework of the interaction of two strongly coupled Mie resonances at

the point of the avoided crossing of their dispersion branches via the radiation continuum.

We showed that the regime of the suppression of radiation losses can be achieved in sub-

wavelength dielectric resonators with simple geometries, such as cylinder-shaped particles,

by tuning their aspect ratio which induces mode interaction for the specific values of geomet-

rical parameters. We demonstrated that the quasi-BICs can realized for any low-loss dielectric
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Figure 6.3: The frontiers of nanophotonics that can potentially benefit from using resonant
dielectric metastructures supporting optical quasi-BICs.

particles with the refractive index more than 2 in various spectral ranges from the visible to

microwaves. For a dielectric disk-shaped resonator, we showed that the quasi-BIC is formed

by mixing of radially and axially polarized Mie modes with identical multipolar structure of

the radiation and the dominant multipolar component of the far-field is suppressed because

of this interaction. We demonstrated that in the scattering spectra the quasi-BICs are mani-

fested as symmetric Lorentzian peaks and away from the quasi-BIC regime the profile of the

resonant feature transforms to the asymmetric Fano shape. With this finding, we outlined

the connection between the maximization of the mode Q factor and the peculiarities of the

scattering spectra. We verified the developed analytical models and results of numerical sim-

ulations in the proof-of-principle experiments in the near-IR and radiofrequency range.

Secondly, we developed the theoretical framework for the description of harmonic gener-

ation process and the calculation of its efficiency in subwavelength nonlinear nanoresonators

operating beyond the phase matching. In the model, we characterized the harmonic signal

intensity using the expansion of the linear and nonlinear fields into the contributions of res-

onant Mie modes. More specifically, we studied SHG from double-resonant nanoresonators

made of nonlinear crystals without an inversion symmetry that support Mie modes in the

vicinity of the pump and second-harmonic wavelength. We expressed the emitted power in

the form of an analytical expression composed of the product of independent terms, describ-

ing spectral and spatial coupling efficiency of the pump to the Mie mode at the pump fre-

quency, spectral and spatial cross-coupling between the pump Mie mode and harmonic Mie

mode, resonant enhancement at the pump and SH frequencies, and outcoupling efficiency.

For each term, we derived the closed form expression using the theory of Green’s function

expansion into quasi-normal modes for open electromagnetic systems.

Thirdly, we showed that the conversion efficiency in nanoantennas with strong second-
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order nonlinearities can be maximized by the excitation of high-Q quasi-BIC resonances and

the consequent engineering of the resonator mode structure, the spatial and temporal profile

of the pump, and the substrate properties. We fabricated nonlinear AlGaAs nanoantennas

with optimized properties and demonstrated experimentally a record-high SHG efficiency

at the quasi-BIC wavelength that exceeds the SH conversion efficiencies reported earlier for

compact plasmonic and dielectric nanoantennas by more than two orders of magnitude.

The topics covered in this thesis can be extended to a few immediate and long term re-

search directions. As an outlook, we anticipate that planar and compact dielectric metastruc-

tures operating at sharp quasi-BIC resonances with tunable properties may find versatile ap-

plications in many frontier areas of the modern nanophotonics, illustrated in Fig. 6.3. They

include but not limited to nonlinear optics, active photonics, optical communications and

information processing, quantum nanophotonics, biophotonics, and active photonics.
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Appendix

A.1 Methods. Numerical simulations and data analysis

A.1.1 Eigenmode and scattering spectra

For numerical simulations of the transmission,reflection and scattering spectra, we use the

finite-element-method solver in COMSOL Multiphysics in the frequency domain. The near-

field distributions and eigenmode spectra are simulated using the eigenmode solver in COM-

SOL Multiphysics. The material properties, including absorption losses, are extracted from

the ellipsometry data or imported from the tabulated data, as specified in the text.

Metasurfaces. All calculations were realized for a metasurface placed on a semi-infinite

substrate surrounded by a perfectly matched layer mimicking an infinite region. The sim-

ulation area is the unit cell extended to an infinite metasurface by using the Bloch boundary

conditions. The incident field is a plane wave in the normal excitation geometry, the polar-

ization is defined in the text.

Individual resonators. All calculations are realized for a single resonator (free-standing or

on a semi-infinite substrate) surrounded by a perfectly matched layer mimicking an infinite

region.

A.1.2 Multipolar decomposition

For quantitative characterization of the disk eigenmodes, we employ the mode decompo-

sition method over the irreducible spherical multipoles [181], characterized by the orbital

(l = 1, 2, . . .) and azimuthal (m = 0,±1, . . . ,±|l |) indices defined with respect to the disk

axis. The decomposition is realized as a custom built-in routine for the eigenmode solver

in COMSOL Multiphysics. For multipole classification, we use the following notations: elec-

tric/magnetic dipole (ED/MD, l = 1), electric/magnetic quadrupole (EQ/MQ, l = 2), elec-

tric/magnetic octupole (EO/MO, l = 3). The multipolar decomposition for eigenmodes of

open resonators is approximate due to divergence of field amplitudes in the far-field zone.

Despite that, it still gives good quantitative results for the modes with a Q factor more than

10.
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A.1.3 Harmonic generation

For numerical simulations of the nonlinear response at the harmonic frequency, we employ

the approach based on the undepleted pump approximation [156] which is justified for the

pump powers below the saturation threshold of the resonator. We use two steps to calculate

the intensity of the radiated nonlinear signal. Using the simulated field amplitudes at the

pump wavelength, we obtain the nonlinear polarization induced inside the resonator. Then,

we employ the polarization as a source for the electromagnetic simulation at the harmonic

wavelength to obtain the generated harmonic field.

Si Metasurfaces. For TH generation in Si the nonlinear susceptibility functionχ (3)Si was con-

sidered as a tensor corresponding to the cubic crystallographic point group withχ (3)xxxx = 2.45×
10−19 m2/V2. For nonlinear simulations we take into account the parasitic losses Qpar which

are simulated manually by adding of artificial absorption losses via extinction k = n/2Qpar,

where n is the refractive index and Qpar is extracted from the linear scattering data. We note

that for the nonlinear enhancement the effect of absorption losses is equivalent to the effect

of parasitic ones, as can be seen from Eq. 3.10, while in the linear spectra the shape of resonant

features depends on the exact mechanism of losses.

AlGaAs nanodisk resonators. The nonlinear susceptibility tensor corresponds to the

zincblende crystalline structure with χ (2)x y z = 290 pm/V [156].

A.1.4 Extraction of data. Fitting procedure.

The resonant parameters (frequency, linewidth, Fano asymmetry parameter) are extracted

from the simulated and experimental scattering spectra using the single-peak fitting to the

generalized Fano lineshape implemented into Python programming language via the Lev-

enberg–Marquardt algorithm with custom multi-step re-evaluation of initial conditions and

extraction of resonance related data from the background. The error is directly extracted from

the fitting procedure.

A.2 Modes of the radiation continuum

In this section we summarize some properties of the modes of the radiation continuum (free-

space) in spherical and Cartesian coordinates. The free-space modes form a discrete set of

basis functions EN and HN for a fixed frequencyω that satisfy

∇×EN = i k HN ,

∇×HN =−i k EN .
(A.1)
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Here, k =ω/c is the wavevector in air surrounding the photonic structure, and N labels the

radiation channels.

We normalize the basis functions using integral relation between outgoing and incoming

waves [201]

i

∮

SV

d S ·
�

Ei
N ×Ho

N ′ −Eo
N ′ ×Hi

N

�

=δN N ′ . (A.2)

where SV is the surface enclosing the minimal convex volume V .

Spherical basis. In spherical basis, the outgoing and incoming functions are vector spher-

ical waves. The radiation channel N is labeled by l , m and s - or p -polarization. Their fields

are given by [201]
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(A.3)

Here, ξo,i
l (z ) = z h (1),(2)l (z ) is the outgoing (incoming) Riccati-Bessel function, and Φl m , Y l m ,

Ψ l m are vector spherical harmonics

Y l m = êr Yl m , Ψ l m = r∇Yl m , Φl m = r×∇Yl m , (A.4)

where Yl m are scalar orthonormal spherical harmonics with dependence of ϕ in the form of

exp (i mϕ).

Using Eq. (A.2), the normalization constant can be expressed as

N −2
l = 2i Re

�

iξo
l

�

ξi
l

�′�

r=R
, (A.5)

where R is the radius of the spherical resonator with volume V . For real k the normalization

constant is simplified to Nl = 1/
p

2i . For real k the orthogonality condition for radiation

waves can be simplified to

∮

SV

d S ·
�

Eo
τ,l ,m × (H

o
τ′,l ′,m ′ )

∗+ (Eo
τ′,l ′,m ′ )

∗×Ho
τ,l ,m

�

= (−1)mδτ,τ′δl ,l ′δm ,−m ′ . (A.6)

Here, τ = s , p . This correspondence also holds for complex k-vectors with small imaginary

part, e.g. at the resonant frequencies of high-Q modes.
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Basis of diffraction modes. For periodic photonic structures, the basis functions are prop-

agating and evanescent plane waves. The surface SV represents the top and bottom surfaces

of the unit cell, while the integral in periodic directions vanishes. The radiation channel N

is labeled by top and bottom indices, and s - or p -polarization. We are interested in the sub-

diffractive regime and the resonant properties at the Γ point of the reciprocal space, so the

waves carrying energy are the plane waves propagating along the surface normal [201]
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√ i
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e±i k z
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(A.7)

Here, we assume that the z-axis is directed from the top to the bottom surface as in Fig. 2.6a.

The ± sign denotes top and bottom radiation channels, respectively. The function Hθ (±z ) is

the Heaviside theta function. The area of the unit cell surface is Su. The outgoing functions

are the same as incoming in Eq. A.7 but with opposite sign of propagating exponents.

For radiation modes from the zeroth order diffraction order (normal to the surface plane)

and for real k Eq. A.2 can be simplified to

∮

SV

d S ·
�

Eo
N × (H

o
N ′ )
∗+ (Eo

N ′ )
∗×Ho

N

�

=δN ,N ′ . (A.8)

This correspondence also holds for complex k-vectors with small imaginary part, e.g. at the

resonant frequencies of high-Q modes.

A.3 Resonant states (quasi-normal modes) of resonators

A.3.1 Definition, normalization and orthogonality

In this section we summarize some properties of resonant states (quasi-normal modes),

which are eigenmodes of open electromagnetic systems. The eigenmodes of the structure

are self-standing electromagnetic excitations characterized by a discrete set of complex res-

onant frequenciesΩn =ωn − iγn , where γn is a half of inverse mode radiative lifetime. In this
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section, we assume that the material is a lossless dielectric. For extended photonic structures

of infinite size, the spectrum of RSs includes the contribution from the Rayleigh anomalies,

representing a continuous distribution of modes in the cuts of ω-plane [144]. We introduce

the complex wavevector for resonant states (RSs) as kn = (ωn − iγn )/c . The electromagnetic

fields of RSs satisfy

∇×En = i kn Hn ,

∇×Hn =−i knϵ(r)En .
(A.9)

The RSs are divergent at large distances from the structure and require specific normalization

to compensate the divergence. We impose the RS normalization proposed by the group of

E. Muljarov [202]

Nn =
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−
∂ E(reg)

n

∂ k
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�

. (A.10)

Here, Nn is the normalization constant which is usually equal to 1. The volume and surface

integration are performed over the minimal convex volume V and its surface SV . For compact

finite-size resonators V and SV coincide with the volume and surface of the resonator, respec-

tively. For periodic photonic structures, such as metasurfaces, the integration includes one

unit cell of the metasurface, and the surface integration goes over the top and bottom surfaces

only, because in the periodic directions the integral vanishes. The functions E(reg)
n and H(reg)

n

are the analytical continuation of En and Hn , respectively, over the entireω-plane, which can

be evaluated by decomposition into plane waves at the structure surface [see Eq. (A.17)] [144].

Orthogonality condition for the RSs can be derived from Eqs. (A.9) for n-th and m-th

modes using the non-conjugated form of the reciprocity theorem

0= (kn +km )
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d V (ϵEn ·Em +Hn ·Hm )+ i
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The electric-electric Green’s function of the resonator Ĝ (ω, r, r′) satisfies the equation
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It can be decomposed into partial contributions of RSs
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The full Green’s function of the resonator Ĝ6×6 (ω, r, r′) can be decomposed as
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Here,

|Fn (r)〉=

�
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. (A.15)

In time domain, it reads
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Nn
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A.3.2 Expansion into modes of the radiation continuum

The RSs form a basis inside the minimal convex volume V including the structure or its unit

cell. On the surface of this volume SV RSs can be expanded over the outgoing waves of the

radiation continuum Eo
N and Ho

N [201]
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κnN Eo
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κnN Ho
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(A.17)

The field distributions outside of V can be restored by continuation of the Eqs. (A.17) to the

exterior region. The expansion coefficients are given by overlap integral of RSs with the in-

coming waves Ei
N and Hi

N [201]
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A.3.3 Radiative lifetime and quality factor

From Eqs. (A.9) it follows that for each RS with the fields En and Hn , and nonzero real part of

kn , there is always a conjugated RS in the spectrum with the fields E∗n , H∗n , and wavevector

−k ∗n . Applying the orthogonality condition Eq. (A.11) for a pair of conjugated RSs, we get the

equation for the mode radiative lifetime τn

1

τn
= 2γn =

c
∮

SV

d S ·
�

En ×H∗n +E∗n ×Hn

�

∫

V

d V
�

ϵ |En |2+ |Hn |2
� . (A.19)

We see that τ−1
n is the ratio the Poynting’s vector flux through the surface SV and the total

energy in the volume V , which in agreement with the Poynting’s theorem [192]. The quality

factor Qn can be evaluated as

Q =ωnτn . (A.20)

We can express the radiative lifetime via the coupling coefficients of RSs to the modes of

the radiation continuum.
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Periodic structures. We select a normalized basis of radiation waves with the fields EN and

HN [see Eqs. (A.7)] evaluated for the complex k-vector kn and expand the RSs using Eqs. (A.17).

For periodic photonic structures the radiation continuum is discretized into diffraction chan-

nels. Assuming sub-diffractive regime and sufficiently large mode quality factor Q > 10, we

can expand the numerator of Eq. (A.19) neglecting the outgoing flux of higher order diffrac-

tion modes due to Re kn ≫ Im kn . Then, the contribution of higher-order diffraction modes

to the integral will be zero and using Eq. A.8 we get

∮

SV

d S ·
�

En ×H∗n +E∗n ×Hn

�

=
∑

Ñ

|κnÑ |
2. (A.21)

The summation goes over Ñ (s and p polarization, and top and bottom indices) which include

the zeroth order diffraction waves only. The radiative linewidth is given by

2γn

c
=

∑

Ñ |κnÑ |2

Wn
, (A.22)

Wn =

∫

V

d V
�

ϵ |En |2+ |Hn |2
�

. (A.23)

Individual resonators. We select a normalized basis of radiation modes with the fields EN

and HN [see Eqs. (A.3)] evaluated for the complex k-vector kn and expand the RSs using

Eqs. (A.17). Assuming sufficiently large mode quality factor Q > 10, we can expand the nu-

merator of Eq. (A.19) and using Eq. A.6 we get

∮

SV

d S ·
�

En ×H∗n +E∗n ×Hn

�

=
∑

N

κ∗nN κnN . (A.24)

Here,

κnN =
∑

N ′
ÔN ,N ′κnN ′ , (A.25)

and Ô is the time reversal matrix for the resonant amplitude [203]

ÔN ,N ′ = (−1)mδτ,τ′δl ,l ′δm ,−m ′ (A.26)

The radiative linewidth is given by

2γn

c
=

∑

N κ
∗
nN κnN

Wn
. (A.27)
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A.3.4 Scattering matrix decomposition

The S-matrix of a resonant photonic structure can be decomposed into contributions of RS

via the pole expansion method [201]

ŜN N ′ = Ŝ nr
N N ′ +

∑

n

κnN κnN ′

Nn (k −kn )
. (A.28)

The first term represents the so-called non-resonant (background) contribution to the S-

matrix [204]. It can be evaluated numerically. The coefficients κnN are the frequency in-

dependent coupling constants between the n-th RS and the N -th channel of the radiation

continuum. The coupling coefficients can be evaluated as the residues of the S-matrix at

k = kn [201]

κnN =−kn

∫

V

d V (ϵ(r)−1)En ·Ei
N (kn ). (A.29)

Here, EN is the normalized electric field of the N -th mode of the radiation continuum. Using

the non-conjugated form of the reciprocity theorem for the fields En , Hn , Ei
N , and Hi

N , we can

transform the volume integral in Eq. (A.29) to the surface integral

∇
�

En ×Hi
N (kn )−Ei

N (kn )×Hn

�

=

Hi
N (kn ) ·∇×En −En ·∇×Hi

N (kn ) +Ei
N (kn ) ·∇×Hn −Hn ·∇×Ei

N (kn ) =

− i kn (ϵ(r)−1)En ·Ei
N (kn ). (A.30)

Integrating the left and right side over the volume V we get

κnN =−i

∮

SV

d S ·
�

En ×Hi
N (kn )−Ei

N (kn )×Hn

�

. (A.31)

This expression coincides with Eq. (A.18), which is a consequence of the reciprocity of the

system. The same correspondence holds for any background field satisfying the Maxwell’s

equations of the system without the resonator

−kn

∫

V

d V (ϵ(r)−1)En ·Ebg(kn ) =−i

∮

SV

d S ·
�

En ×Hbg(kn )−Ebg(kn )×Hn

�

. (A.32)

A.3.5 Resonant state expansion for individual disk resonators

To calculate the spectrum of complex eigenfrequencies of a dielectric cylindrical resonator

we apply the resonant-state expansion [143]. We expand the fields En of resonant state of the

cylindrical resonator over the resonant state E(0)α of a homogeneous dielectric sphere with the

same value of permittivity as for the cylindrical resonator, describing the cylinder

En =
∑

α

b n
α E(0)α , (A.33)
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where E(0)α satisfies

∇×∇×E(0)α = ϵ(r)
ω2
α

c 2
E(0)α . (A.34)

Resonant states E j satisfy the perturbed equation

∇×∇×En = [ϵ(r) +δϵ(r)]
Ω2

n

c 2
En , (A.35)

where δϵ(r) is a perturbation that transforms a sphere into an inscribed cylinder.

The problem is reduced to the matrix equation [189, 190]

1

ωα

∑

β

�

δαβ +Wαβ

�

b n
β =

1

Ωn
b n
α , (A.36)

with the elements of the perturbation matrix Wαβ were defined as

Wαβ =
1

2

∫

d V δϵ(r)E(0)α ·E
(0)
β . (A.37)

.

A.4 Local field enhancement engineering

In this section we derive the exact expression for the field enhancement of the local field. The

scattered field can be decomposed into contributions of resonant states

Esc(ω, r) =
∑

n

an (ω)
En (r)

Nn
, (A.38)

where an is the resonant amplitude and its frequency dependence is a simple pole depen-

dence, and Nn is the RS normalization. To get the expression for the resonant amplitude, we

evaluate Esc by using the Lippmann-Schwinger equation

Esc(ω, r) =−k 2

∫

d r′
�

ε(r′)−1
�

Ĝ
�

ω, r, r′
�

·Ebg

�

ω, r′
�

. (A.39)

Here, Ĝ is the resonator’s Green’s function and Ebg is the background field satisfying the

Maxwell’s equations for the system without the resonator. By using Eq. A.13 we decompose

the Green’s function into contributions of RSs and get the expression for the resonant ampli-

tudes

an (ω) =−
ω

�

ω−ωn + iγn

�

∫

V

d r (ε(r)−1)En (r) ·Ebg (ω, r) . (A.40)

We assume the excitation frequencyω≃ω0 is in the vicinity of the RS with n = 0 and the

RS has low radiation losses dγ0/c ≪ 1, where d is the characteristic size of the resonating

system. Then, the volume integral in the resonant amplitude can be recast to the surface
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integral according to Eq. A.32

a0(ω) = (−i )
c

�

ω−ω0+ iγ0

�

∮

SV

d S ·
�

E0×Hbg(ω)−Ebg(ω)×H0

�

. (A.41)

Here, the surface integration goes over the minimal convex volume that includes the res-

onator. The volume is chosen in the way to make the modes of the radiation continuum to be

orthogonal on its surface.

The background field can be expanded into incoming and outgoing radiation waves. The

outgoing waves do not contribute to the surface integral because the RS mode has outgoing

nature. So, we can write

a0(ω) =
c
∑

N
κ0N s i

N

ω−ω0+ iγ0
(A.42)

Here, s i
N is the amplitudes of incoming waves in the background field expansion. Thus, the

scattered field is

Esc(ω, r) = a0(ω)
E0(r)

N0
(A.43)

Periodic structures. We assume that Ebg is a p-polarized monochromatic plane wave prop-

agating along the positive z-direction and express it using the incoming and outgoing radi-

ation waves (see Eq. A.7). We assume that z-axis is directed from top to the bottom surface

of the metasurface. In this case the incoming amplitude is nonzero for the top p-polarized

radiation channel s i
t ,p =

p

−2Sui Einc. Thus, at the resonanceω=ω0 the amplitude a0 can be

expressed via the coupling coefficient κ0,t ,p (see Eq. 2.22)

a0(ω0) =
(2iSu)1/2c

γ0
κ0,t ,p Einc, (A.44)

where Einc = |Ebg|. For periodic photonic structures in the sub-diffraction limit κ0,t ,p can be

expressed via the radiative linewidth γ0,rad assuming the structure possesses up-down sym-

metry and the RS of interest is coupled to one polarization only (see Eq. 2.24). Then,

|a0|2 = 2c SuW0
γ0,rad

γ2
0

|Einc|2. (A.45)

For further analysis we introduce the exact mode volume V0 [151]

V0(r) =
N0

2 (E0(r) ·e(r))2
, (A.46)

where e is a unit vector of a test dipole at the point r. The maximal local field is achieved at

the point r0 where the mode volume is minimal. To find the minimal mode volume we eval-

uate Eq. A.46 at the field hotspot and find the dipole orientation which provides the highest
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overlap. In this case we can define the maximal local field Eloc as

Eloc = a0
E0(r0) ·e(r0)

N0
=

a0

(2N0V0(r0))
1/2

. (A.47)

Finally, the local field enhancement |u |2 is given by

|u |2 =
|Eloc|2

|Einc|2
=

c SuW0

|N0|
γ0,rad

γ2
0V0

. (A.48)

Also, we can rewrite it as

|u |2 =
1

π

�

λSu

V0

� Q 2
0

Q0,rad
. (A.49)

Here, we assume W0 ≃ |N0| because the radiation losses for the RS are low dγ0/c ≪ 1.

Individual subwavelength resonators Following the procedure described above, the local

field enhancement can be written as

|u |2 =
2

π

�

λS eff
0

V0

�

Q 2
0

Q0,rad
. (A.50)

Here, S eff
0 is the effective antenna aperture

S eff
0 =

1

2|Einc|2
|
∑

N κ0N s i
N |

2

∑

N κ
∗
0N κ0N

(A.51)

A.5 Generalized Fano formula

A.5.1 Transmittance of metasurfaces

We derive analytical expressions for the transmittance of the metasurface in subdiffraction

limit in the vicinity of one resonant state. The scattering matrix of the metasurface operating

in the sub-diffraction limit and for fixed incident polarization is a 2×2 matrix. We consider a

p -polarized incident plane wave propagating from top to bottom as shown in Fig. 2.6a. The

S-matrix can be decomposed into contributions of RSs via pole expansion. The transmission

amplitude t is the non-diagonal element of the S-matrix from Eq. (A.28)

t (ω) =τ(ω) +
∑

n

(−1)pn

�

κt
n ,p

�2

Nn (k −kn )
. (A.52)

Here, pn = 0, 1 is the n-th mode parity with respect up-down reflection symmetry.

We study the transmission coefficient in the vicinity of one of the RSs with n = 0. Then,
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the expression for the transmission can be rewritten as

t (ω) = B (ω)− i
A

∆ω+ i
, (A.53)

A =
W0

|N0|
exp (2i arg(κ0,p ) + iπ(p0+1/2)− i arg(N0)) (A.54)

B (ω) =τ(ω) +
∑

n ̸=0

(−1)pn

�

κt
n ,p

�2

Nn (k −kn )
, (A.55)

∆ω=
(ω−ω0)
γ0

. (A.56)

By straightforward but quite cumbersome rearrangements of terms of Eq. (A.53) the trans-

mittance T = |t |2 can be written as a generalized Fano formula

T (ω) =
TA

1+q 2

(q +∆ω)2

1+∆ω2
+Tnr. (A.57)

The parameters are

q (ω) = tan
ψ

2
, (A.58)

cotψ= cotϕ−
|A|

2|B |sinφ
, (A.59)

φ = arg (AB ∗) , (A.60)

TA= |A||A−2B |, (A.61)

Tnr = |B |2−
TA

1+q 2
. (A.62)

Here q is the Fano asymmetry parameter, TA and Tnr describe the background contribution of

non-resonant modes to the resonant peak amplitude and the offset, respectively.

A.5.2 Scattering cross section of individual resonators

We study the scattering cross section of a disk resonator characterized by isotropic dielec-

tric permittivity ε(r). The resonator is lossless which implies that absorption is zero at the

frequency region of interest. The incident wave is a linearly polarized plane wave Einc

Ebg(ω, r) = Einc exp (i kinc · r), (A.63)

where the amplitude Einc is real, and kinc = k ninc

The scattering cross section σsc is equal to the extinction cross section. We apply the

optical theorem to calculate the extinction cross section [142]

σsc =
4π

k |Einc|2
Im

�

Einc · Êsc(ninc)
�

, (A.64)
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where Êsc(ninc) is the amplitude of scattered field in the direction of the incident wave ninc.

The scattered field satisfies the Lippmann-Schwinger equation

Esc(r) =−k 2

∫

d r (ε(r)−1)Gf(ω, r, r) ·
�

Ebg(ω, r) +Esc(r)
�

, (A.65)

where Gf is the free space dyadic Green’s function.

The amplitude of the far-field distribution of Ĝf in the direction of incident field is given

by

Ĝf(ω, ninc, r
′
) =−

�

Î −ninc⊗ninc

� exp [−i kinc · r
′
)]

4π
. (A.66)

Substitution of Eq. A.65 and Eq. A.66 into Eq. A.64 gives

σsc =
1

|Einc|2
Im

�

k

∫

d r (ε(r)−1)E∗bg(ω, r) ·
�

Ebg(ω, r) +Esc(r)
�

�

. (A.67)

The scattered field can be expanded into contributions of resonant states

Esc(r) =−k
∑

n

En (r)
Nn (k −kn )

∫

d r
′ �

ε(r
′
)−1

�

En (r
′
) ·Ebg(ω, r

′
). (A.68)

Since the disk resonator possesses inversion symmetry, each resonant state can be clas-

sified with respect to the inversion symmetry as En (−r) = (−1)pn En (r), where pn = 0, 1 is the

parity defining even or odd resonant state, respectively. Using this properties, we can re-write

the expression forσsc as

σsc =
1

k 2

�

C (ω)− Im
∑

n

(−1)pn D 2
n

Nn (k −kn )

�

, (A.69)

Here, C (ω) and the coupling coefficients D (ω) are

C (ω) = k 3

∫

d r (ε(r)−1) , (A.70)

Dn (ω) =−k 2

∫

d r (ε(r)−1)En (r) ·
Ebg(ω, r)

|Einc|
. (A.71)

We focus on frequencies in the vicinity of the eigenfrequencyΩ0 =ω0−iγ0 of the particular

resonant state with n = 0. For the RS with low radiation losses dγ0/c ≪ 1, where d is the

characteristic scale of the resonator, the coupling coefficient can be rewritten as

D0 =−
iω0

c |Einc|

∮

SV

d S ·
�

E0×Hbg(ω0)−Ebg(ω0)×H0

�

. (A.72)

Here, the surface integration SV goes over the minimal convex volume that includes the res-

onator. The volume is chosen in the way to make the modes of the radiation continuum to

be orthogonal on its surface. Such representation allows to expand D0 via the coupling coef-
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ficients κ0N of the RS with the radiation continuum incoming waves. For this we expand the

incoming component of the background field into the incoming waves with amplitudes s i
N .

The outgoing waves do not contribute to the surface integral

D0 =
∑

N

d0N κ0N , (A.73)

d0N =
ω0

c |Einc|
s i

N (ω0). (A.74)

In general, the amplitudes are

s i
N (ω0) = i

∮

SV

d S ·
�

Eo
N ×Hbg(ω0)−Ebg(ω0)×Ho

N

�

. (A.75)

For the plane wave the amplitudes are

s i
N (ω0) =

4π

k

�

Êo
N (ninc)

�∗ ·Einc. (A.76)

Here, Êo
N is the far-field amplitude of the outgoing channel.

The SCS can be written as

σsc =
1

k 2

�

B (ω) + Im
§

A(ω)
∆ω+ i

ª�

, (A.77)

where the coefficients are determined below

B (ω) =C (ω)− Im
∑

n ̸=0

(−1)pn D 2
n (ω)

Nn (k −kn )
, (A.78)

A(ω) = (−1)p0+1 c D 2
0

W0γ0
, (A.79)

∆ω=
ω−ω0

γ0
. (A.80)

Here, we replaced the normalization N0 with the full energy of the mode W0 =
∫

V
d V

�

ϵ |E0|2+ |H0|2
�

because the mode is high-Q.

Finally, we reduce Eq. A.77 to the generalized Fano formula

σsc =
1

k 2

�

IA

1+q 2

(q +∆ω)2

1+∆ω2
+ Inr(ω)

�

. (A.81)
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Here the Fano parameters are

q (ω) =−cot [φ], (A.82)

φ(ω) = arg [D0] +π(p0−1)/2, (A.83)

IA= |A|=
c |D0|2

W0γ0
, (A.84)

Inr(ω) = B (ω)−
IA

1+q 2
. (A.85)

Here, we assume arg [N0] = 0 because the mode has low radiation losses.

A.6 Keldysh theory for temporal dynamics of free-carrier genera-

tion

The temporal dynamics of free-carrier generation in Si under the applied field E(r, t ) can be

calculated as [160]
∂ np (r)

∂ t
=R (t ,ω, |E(r, t )|) (A.86)

Here, the generation rate R is calculated using the Keldysh expression

R (t ,ω, |E|) = 2
2ω

9π

 

m∗ω

ℏ

q

1+γ2
K

γK

!

3
2

Q
�

γK ,
∆eff

ℏω

�

×exp
�

−π
­

∆eff

ℏω
+1

·K (φ)−E (φ)
E (Θ)

�

(A.87)

where

Q (γK , x ) =

√

√ π

2K (Θ)
×
∞
∑

m=0

exp
�

−π ·
K (φ)−E (φ)
E (Θ)

·m
�

×Φ

�√

√π(〈x +1〉− x +m )
2 ·K (Θ) · E (Θ)

�

(A.88)

K and E are complete elliptic integrals of first and second kind, respectively, with dimension-

less parameters

Θ =
1

1+γ2
K

,

φ =
γ2

K

1+γ2
K

.

(A.89)

Other parameters are defined as

Φ(x ) =

∫ x

0

exp
�

ξ2− x 2
�

dξ,

∆eff =
2

π
∆ ·





q

1+γ2
K

γK
E (Θ)



 .

(A.90)
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The Keldysh parameter is defined as

γK (r) =
ω
p

m∗∆

e|E(r, t )|
. (A.91)

Here,∆ is the intrinsic Si band gap, m∗ is the reduced mass of the effective electron and hole

masses.
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