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Abstract

Mixed integer programs are a powerful mathematical tool, providing a general model for
expressing both theoretically difficult and practically useful problems. One important
subroutine of algorithms solving mixed integer programs is a cut generation procedure.
The job of a cut generation procedure is to produce a linear inequality that separates
a given infeasible point z* (usually a basic feasible solution of the linear programming
relaxation) from the set of feasible solutions for the problem at hand. Early and well-
known cut generation procedures rely on analyzing a single row of the simplex tableau for
x*. The authors of [1] renewed interest in d-row cuts (i.e. cuts derived from d rows of the
simplex tableau) by showing that these cuts afford some theoretical benefit.

One lens from which to study d-row cuts is in the context of the intersection cuts of
Balas [12] and, in particular, intersection cuts obtained from lattice-free convex sets. The
strongest d-row intersection cuts are obtained from maximal lattice-free convex sets in
R? - all of which are polyhedra with at most 2 facets. This thesis is concerned with
theoretical comparison of the d-row cuts generated by different families of maximal lattice-
free convex sets. We use the gauge measure (following [17]) to appraise the quality of the
approximation. The main area of focus is 2-row cuts.

The problem of generating 2-row cuts can be re-posed as generating valid inequalities
for a mixed integer linear set F with two free integer variables and any number of non-
negative continuous variables, where there are two defining equations. Every minimal valid
inequality for the convex hull of F is an intersection cut generated by a maximal lattice-
free split, triangle or quadrilateral. The family of maximal lattice-free triangles can be
subdivided into the families of type 1, type 2, and type 3 triangles.

Previous results [15, 11] compare how well the inequalities from one of these families
approximates the convex hull of F (a.k.a. the corner polyhedron). In particular, the
closure of all type 2 triangle inequalities is shown to be within a factor of % of the corner
polyhedron. The authors also provide an instance where all type 2 triangles inequalities
cannot approximate the corner polyhedron better than a factor of %. The same bounds are
shown for type 3 triangles and quadrilaterals. These results are obtained not by directly
comparing the given closures to the convex hull of F, but rather to each other.

In this thesis, we tighten one of the underlying bounds, showing that the closure of all type
2 triangle inequalities are within a factor of g of the closure of all quadrilateral inequalities.
We also consider the sub-family of quadrilaterals where opposite edges have equal slope. We
show that these parallelogram cuts can be approximated by all type 2 triangle inequalities
within a factor of %, and there exist instances where no better approximation is possible.

A%



In proving both these bounds, we use a subset of the family of type 2 triangles; we call the
members of this sub-family ray-sliding triangles.

A secondary area of focus in this thesis is d-row cuts for d > 3. For d-row cuts in general,
the underlying maximal lattice-free convex sets in R? are not easily classified. Absent a
classification, the authors of [3] show that all inequalities generated by lattice-free convex
sets with at most ¢ facets approximate the corner polyhedron within a finite factor only
when i > 2971, Here we take a different tact and try to prove analogues of 2-row cut results.
We extend the proof techniques to obtain a constant factor approximation between two
structured families of maximal lattice-free convex sets in R? for d > 3.
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Chapter 1

Introduction

A mized integer linear program (MIP henceforth) is the problem of optimizing a linear
objective function of the variables subject to linear constraints on the variables and the
restriction on some variables to take integer values. MIPs have broad modelling power,
ranging from classical NP-hard problems such as the Boolean satisfiability problem to
industrial applications modelling physical constraints. For example, MIPs can model the
scheduling of nurses to shifts, the operations of shipping ports, or the production plan for
a factory.

Given their wide applicability, algorithms for MIPs have received considerable research. An
algorithm solving a MIP is a series of steps that is given the MIP as input and outputs the
assignment of values to variables optimizing the objective function. A classical approach to
efficient algorithm design requires a provably fast algorithm producing the best assignment
of values to the variables of the MIP. The speed of the algorithm is measured by the number
of steps - often basic arithmetic operations - it performs. Certain classes of MIPs such
as network flows admit efficient algorithms. However, general MIPs can model provably
difficult problems in complexity theory and are thought not to admit efficient algorithms.

In “real world” applications, however, the speed at which a MIP needs to be solved may
be more related to clocktime. The hours, minutes, or seconds a decision maker has until
the solution is no longer useful is more relevant than the number of steps the algorithm
performed to find the solution. In fact, often times a close to optimal solution may suffice.
From this perspective an algorithm may be practical if it can produce a “good enough
solution fast enough”. The codes solving MIPs (a.k.a. solvers) marry the theoretical and
practical aspects of MIPs; the underlying algorithmic theory guides practical algorithms.

A linear program is the problem of optimizing a linear objective function of the variables



subject to linear constraints on the variables - unlike a MIP, no variables can be restricted
to take integer values. For a given mixed integer program, its linear programming (LP)
relaxation is obtained by removing the restriction that certain variables take integer values.
Unlike MIPs, linear programs can be solved efficiently in theory and quickly in practice.
Many techniques for solving MIPs leverage this fact.

One such technique is cut generation based on the LP relaxation. The idea is as follows.
First, solve the LP relaxation of the MIP to obtain a solution z*. If z* also satisfies
the integrality restrictions of the MIP, then it is in fact optimal for the MIP. Otherwise,
find a linear inequality that is violated by z* but holds for all points satisfying the linear
constraints and integrality restrictions of the MIP (i.e. all feasible solutions). Add this
inequality to the MIP constraints. The idea is illustrated in Figure 1.1 for the mixed integer
program (Ex1) in variables x; and x5 given by

min z; + 2
subject to 201+ x9>3
— 20z + 2529 > —23
— 35x1 + 1bxy > —69
T, >0 , x1 € 7Z.

e N N N N
— = = = =
T = W N =
~— — ~— ~— ~—

* \K o * 1
I~

Figure 1.1: Illustration of cut generation based on LP relaxation for mixed integer program
(Exl). All images drawn on grid paper within this thesis were produced using TikZ [69].



The points satisfying the linear constraints of (Fxl) are shaded in green. The points
also satisfying x; € Z are marked thick red. The optimal solution of (Ex1) is z°" and
the optimal solution of its LP relaxation is x*. The magenta inequalities in the left and
right images are both examples of linear inequalities that are violated by x* but satisfied
by all feasible solutions of the MIP. Now, intuitively, the inequality in the right image is
better than the inequality in the left image - it excludes a larger portion of the shaded
region. In fact, adding the right inequality to (Fz1), and solving the LP relaxation of the
new problem yields the optimal solution of (Ex1). Of course, we're ahead of ourself in
discussing which inequality is better (a.k.a. stronger) before discussing how to find such
inequalities, or even if they always exist.

Consider an arbitrary mixed integer program and point x* violating its constraints. A
linear inequality that is violated by z* but satisfied by all feasible solutions of the MIP is
called a cutting plane. A cut generation procedure is a sequence of steps that produces a
cutting plane. Often such a procedure requires x* to be an optimal basic solution to the
LP relaxation. Figure 1.2 illustrates a “geometric cutting plane procedure” to obtain the
right inequality in Figure 1.1. Section 1.1.1 provides one specific sequence of steps and
affiliated formulas that yields the inequality via an algebraic argument.

L2 L2
/ /
/ /
//
/ /
7
\\ \\ L
™~ ™~ /
V% T~ / € T~
d >k B
A \\ \\
< * *
I I

Figure 1.2: The patched blue sets identify a convex set B that does not contain any
feasible points of (Ex1) in its interior. Let F' be the shaded green set indicating the points
satisfying the linear constraints of (Fxl). The magenta inequality is the unique linear
inequality needed to reconvexify F' after removing the interior of B.



This thesis aims to compare the strength of cutting planes that can be produced by a pro-
cedure akin to the geometric one illustrated above. The property differentiating the cutting
planes we compare will be the types of convex sets used to produce them. Section 1.1,
Section 1.2, and Section 1.3 provide the necessary technical preliminaries to pose these
questions rigorously, placing the questions we address in a broader context. Section 1.3.2
gives an overview of past results directly related to the problem at hand while Section 1.3.3
provides the new results. Section 1.4 orients the reader to the remainder of the thesis.

Before moving on, we note the importance of cut generation procedures in practice. MIP
solvers are complicated codes and part of their success comes from using many diverse
techniques in concert. However, cut generation is an important subroutine. Cut generation
procedures played a key role in speeding up commercially available solvers in the early
2000s; “turning off” the cutting planes feature in CPLEX lead to the worst performance
hit, compared to turning off other features [22].

Throughout, we assume familiarity with the fundamentals of mixed integer linear program-
ming, and mathematical optimization more generally. For a recent treatment of mixed
integer linear programming theory, the reader is referred to [27]. Although we endeavour
to define terminology as it is used, the reader is referred to [60] for standard definitions
pertaining to convex sets and convex analysis.

1.1 Cut Generation Procedures

A set P C R* is a polyhedron if it is the intersection of a finite number of halfspaces, each
of the form {z € R* : Tz < B} for some o € R¥ and 8 € R. A polyhedron is rational
if each of the halfspaces is of the form {z € R* : oz < B} where a € QF and 8 € Q.
Polyhedron P is a polytope if it is bounded - i.e. if there exists L € R such that ||z||s < L
for all z € P.

A mized integer linear program (MIP) is the problem of optimizing a linear function of
vector variable x € R* subject to x being a member of some polyhedron P, and some
entries of x being restricted to take integer values. Throughout, we will consider MIPs
with rational constraints given in a specific way.

Let m € Z,, and n € Z, be integers. Let () be the rational polyhedron given by

Q:={reR"": Az =b,z > 0} (1.6)



for A € Qn*(m+7) g full row rank matrix and b € Q™ a vector. Let ¢ € Q™" be a vector
and p € {1,...,m +n}. We will consider the MIP in variables z1, ...,z ., described by

max{c’z:z € QN (Z\ x R™™"P)}. (1.7)
An optimal solution to this optimization problem is an assignment of values to variables
(ie. z; := @; for i € {1,...,m + n}) that maximizes ¢’z over all feasible z (i.e. all

x € 7P x R™™~P guch that Az = b and = > ). An algorithm solving this optimization
problem takes data ¢, A, and b as input and either: produces an optimal solution, identifies
there are no feasible solutions, or determines the problem is unbounded.

1.1.1 Cuts Through the Lens of Pure Cutting Plane Algorithms

A pure cutting plane strategy is one approach to designing an algorithm that solves any
MIP given as above. First, assume that the MIP has a feasible solution and is not un-
bounded. Under this assumption, the strategy adheres to the following framework.

1. Solve the LP relaxation max{c’x : z € Q}. Since (by assumption) the MIP has an
optimal solution, so also does its LP relaxation.

2. Find an optimal basic solution z* to the LP relaxation.

If x* € ZP x R™T"~P_ then return z* as an optimal solution for the original problem.

4. Otherwise, find a linear inequality o’z < 3 for a € Qm™*", 3 € Q such that a’z* < 8
but afx > 3 for all z € Q N (ZP x R™T"P),

5. Update Q := QN {x : aTx > B}. To keep the problem in the same form add a
non-negative continuous slack variable s > 0 and add the constraint ax — s = .
Return to the first step.

The inequality generated in the fourth step is called a cutting plane or cut. Methods for
calculating cuts are called cut generation procedures.

b

Many cut generation procedures are designed to cut off an optimal basic solution of the
LP relaxation using information from the affiliated simplex tableau. A basis of the linear
system Az =bisaset B C {1,...,m+n} with |B| = n such that column sub-matrix of A
restricted to the columns in B (denoted Ap) is invertible. A solution of Az = b is basic if it
is the unique solution to Agzp = b,xy = 0 for some basis B where N := {1,...,m+n}\B.
If the linear program max{c’z : x € Q} has an optimal solution, then it has an optimal
solution x* that is a basic solution of Az = b. The linear system Ax = b can be rewritten so
the basic variables xp are expressed with respect to the non-basic variables zy as follows:

T; + ZC_LZ']'LC]' = Z_?,L forallie B (18)

JEN



where b; € Q for all i € B and a;; € Q for all i € B,j € N. System (1.8) is the simplex
tableau for basis B. If 2* is an optimal basic solution corresponding to basis B then b; > 0
for all i € B since x* is feasible. For example, we can rewrite optimization problem (Ex1)
as problem (Ez2) given by

max — Tj— &
I
-2 =1 1 0 0] |9 -3
subject to 20 =25 0 1 Of [z3| = |23
35 =15 0 0 1| |24 69
Ts

T1,T2,T3,Ty4,Ts Z 0
r1 € 7.

The unique optimal solution to its LP relaxation is z* = (%, %, 0,0, 23), which is the basic

solution for basis B = {1,2,5}. The corresponding simplex tableau is

I
5 1 7
01 —2 —% Of |os| =1z
115
Ts
One of the earliest cut generation procedures was proposed by Gomory [15] and works for

any pure integer program (p = m-+n). We illustrate the procedure on problem (Ez2) with
the additional restrictions x, x3, x4, x5 € Z. Since all variables are non-negative, we can
round down the coefficients of the first row of the simplex tableau to obtain the inequality
1 — x3 < % Then, since all variables take integer values, we can round down the right
hand side to obtain the inequality x; — x5 < 1. Substituting z3 = —3 + 2x; + 22 and
rearranging we obtain the inequality xy + x5 > 2. One can verify in Figure 1.1 that this
inequality holds for all solutions to (P) with the additional restriction x5 € Z. In general,
the procedure selects a row 2 € B of the simplex tableau (1.8) and outputs the cutting

plane

i+ ) layle; < 1bi). (1.9)

JEN

This inequality is called a Chvdtal-Gomory (CG) cut. Note that this inequality is always
violated by the basic solution for basis B. If the optimal basic solution and row of the
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simplex tableau used to derive a cut are chosen carefully in each iteration, then the pure
cutting plane strategy using CG cuts produces an optimal solution for any pure integer
program in a finite number of steps [15].

For mixed integer programs (p < m + n), there also exist cut generation procedures that
use a single row of the simplex tableau to derive a cut. For example, the Gomory mized
integer (GMI) cut [18] for row i € BN {1,...,p} with b; fractional is

Z , Z 1— f Z s
A N Jo A N L—fo . o Jo
JENN{L,...p}:f;<fo JENN{L,....p}:f;>fo JENN{p+1,....m+n}:a;; >0

_ 3 (1‘_1_11?0) ;> 1 (1.10)

JENN{p+1,....m+n}:a;;<0

where f; := a;; — |a;;] for j € N is the fractional part of the coeflicient of z; and fy :=
b; — |b;] is the fractional part of the right hand side. Note that this inequality is always
violated by the basic solution for basis B. A bit of algebra is required to show that the
inequality is satisfied by all feasible solutions of the underlying MIP; we point to [27,
Chapter 5.3] for one derivation. Returning to (Fz2) and applying this formula to the first
row of the simplex tableau yields the inequality

() (1) =+ () () ==

or, equivalently 50x3+3x4 > 84. Substituting x3 = —3+42x1+x9 and x4 = 23—20x1+ 2525,
yields the inequality 8z1 4+ 2529 > 33, which is exactly the magenta inequality in the right
image of Figure 1.1.

Unlike in the pure integer case, there is no way to choose the optimal basic solution and
simplex tableau row so that a pure cutting plane strategy based on GMI cuts solves every

mixed integer program in a finite number of steps [29]. Obtaining a general pure cutting
plane algorithm for MIPs requires more complicated cuts; see [37], [51], and [33]. The
problem is more straightforward under various assumptions of boundedness: see [15], [21],
(03], [64], and [13].

Note that the cutting plane strategy can be revised to handle instances where the under-
lying MIP is unbounded or infeasible. If the LP relaxation is infeasible in step 1, the MIP
is also infeasible. If the LP relaxation is unbounded in step 1, first note the unbounded
direction r and then run the procedure replacing @ with QN {z € R™*": —L1 <z < L1}
for large enough L depending on the entries of A and b (see [68, Corollary 17.1b], for ex-
ample, for bounds). This new problem is necessarily bounded. If it has a feasible solution
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x then the original MIP is also unbounded (using direction r) and if it is infeasible, then
the original MIP is infeasible. For a discussion of the practicality of pure cutting plane
algorithms and underlying numerical issues see, for example, [75].

1.1.2 The Corner Polyhedron and k-Row Cuts

A cut generation procedure produces a cutting plane separating feasible region F' from
some point z* ¢ F. Formally, it solves the following separation problem: given a mixed
integer linear set F':= {x € ZP x R™™" P : Az = b,x > 0} and a point z* that is not a
member of F, find (a,3) € Q™" x Q such that a’2* < 8 and o’z > 8 for all z € F.
The inequality o’z > 3 is said to separate z* from F.

Such a procedure may use any characteristic of the structure of F' to derive a cut. Most
common approaches, however, tend to generate cuts for a relaxation R of F. Set R C R™*™"
is a relazation of F if F C R. Suppose z* ¢ R and let (a, ) € Q™™™ x Q be such that
alz* < Band afr > B for all r € R. As F C R, it follows that ax > 3 separates F' from

*

T .

A common choice for relaxation R is a corner polyhedron. Let B be a basis for the system
Ax = b for which the corresponding solution is non-negative. The corresponding simplex
tableau is of the form xp + Azy = b, where A € Q™™ b € Q%, and xp and zy index the
basic and non-basic variables, respectively. The affiliated corner polyhedron is obtained by
dropping the non-negativity constraints on the basic variables and then taking the convex
hull. A set C' C R? is convez if Az + (1 — \)y € C whenever z,y € C and X € [0,1]. The
convex hull of a set S C R?, denoted conv S, is the smallest convex set C' C R? such that
S C C. See [66, Section 2] for standard facts regarding convex sets and convex hulls. So
the corner polyhedron for basis B is given by

corner(B) := conv{x € (Z° x R™™"?) : xp+ Axy = b,zny > O} (1.11)

By construction F' C corner(B) and therefore corner(B) is a relaxation of the feasible region
F. As the name suggests, the corner polyhedron is indeed a polyhedron (the intersection
of finitely many halfspaces). In fact, it follows from Meyer’s Theorem [(62, Theorem 3.9]
that corner(B) is a rational polyhedron. Note that any continuous basic variable appears
in exactly one equality constraint and therefore can be removed without loss of generality.
Thus, we may assume B C {1,...,p} in corner(B) and the further relaxations that follow.

Another common choice for relaxation R is a k-row relaxation of the corner polyhedron.
Let Z C B. An |Z|-row relazation of the corner polyhedron is obtained by dropping all



equality constraints except those including basic variable x; for all ¢ € Z. That is,
corner(B,Z) := conv{z € (ZF x R™™" P) ., +alay =b; Vi €T, zx > 0}  (1.12)

where al,...,al are the rows of A. Note that corner(B) C corner(B,Z). The set
corner(B,7Z) can be further relaxed by removing the integrality restrictions on the non-
basic variables. If so, we will denote the corresponding relaxation by cornerg(B,Z). It is

given by
cornerg(B,T) := conv{r € (Z® x RY) :w; +alay = b; Vi € T, xy > O}. (1.13)

We refer to such a relaxation as a continuous k-row relazation. Note that corner(B,Z) C
cornerg(B,Z) and in general the inclusion is strict. In this thesis, we are mostly concerned
with continuous relaxations.!

We refer to cuts that can be derived from a k-row relaxation of the corner polyhedron as
k-row cuts. Any cut that can be derived from a continuous k-row relaxation is (trivially)
a k-row cut; the converse does not hold. However, one common approach to obtaining
k-row cuts is to modify the cuts derived from the continuous k-row relaxation by [lifting
the coefficients of the integer non-basic variables (i.e. to somehow incorporate the inte-
grality information ex-post). See [27, Chapter 6.3.4] and the references therein for formal
definitions; we don’t require them herein.

The CG cuts and GMI cuts introduced in Section 1.1.1 are both examples of 1-row cuts;
split cuts [29] are another classical example of a 1-row cut. Although 1-row cuts are most
commonly used in practice, the example in [29] is of a MIP instance where a pure cutting
plane strategy based only on split cuts (or GMI cuts since all GMI cuts are split cuts [63])
cannot terminate in a finite numbers of steps. See [70] for a generalization of this example.
In [1], Andersen et al. show that a 2-row cut generated from the first simplex tableau for
this instance leads to immediate termination of a pure cutting plane strategy. Note that
in this example all the non-basic variables of the first simplex tableau are continuous and
thus the 2-row relaxation and continuous 2-row relaxation coincide. The 2-row cut derived
for this example is an intersection cut; this class of cuts will be introduced in detail in the
next section.

'In other expositions, a k-row relaxation may also be obtained by first aggregating rows of the simplex
tableau into k£ equations and treating the aggregation of the original variables as a new variable.



1.2 Comparing Families of Intersection Cuts

Recall that general MIPs can model provably difficult problems in complexity theory and
are thought not to admit efficient algorithms. An algorithm solving a MIP of the form
(1.7) is efficient if it runs in time polynomial in the size of inputs ¢, A, and b. For a
discussion of algorithm runtime in the context of MIPs see [50] or [27, Chapter 1.3]. Pure
cutting plane strategies are not proven to be theoretically efficient; they also tend to be
less successful in practice than the state of the art. The code solving MIPs in practice
(a.k.a. solvers) provide practical algorithms, making use of cut generation procedures, but
not at the exclusion of other techniques.

One can think? of a solver as starting with the given instance and iteratively using infor-
mation at hand to choose a strategy/subroutine to run. The goal is to identify a better
solution, prove the incumbent one is good enough, or learn more information about the
problem structure. Under this lens, the running time of the solver depends on how well
it chooses its next strategy and how long the underlying subroutine takes. Two choices a
solver makes when it comes to running a cut generation procedure are:

1. when it should run the procedure (as opposed to apply a different technique), and
2. which procedure to use (i.e. which cut - or often cuts - to generate).

Here we are mostly interested in the latter choice. We study different families of intersection
cuts that can be derived from continuous k-row relaxations of the corner polyhedron and
compare them using the gauge (or “blow up”) measure.

1.2.1 Intersection Cuts

One way to generate cuts for continuous k-row relaxations of the corner polyhedron is by
calculating the intersection cuts for lattice-free convex sets. A systematic framework for
studying corner polyhedra (absent the MIP context) is provided in [19] and [30], and used
extensively in related work. We will adopt this framework (and affiliated notation and
conventions) to define intersection cuts. We consider the mixed integer linear set

k
F = {(x,s)EdeRi:x:f%—ersj} (1.14)

j=1

where dk € Zyy, f € Q1\ Z? and 17 € Q?\ {O} for all j € {1,...,k}. Note that
cornerg(B,T) defined in (1.13) is a mixed linear set of the form conv F; take r/ := (—a;;)ier

2For exposition purposes, but consult [57] or [1] for a more nuanced discussion.
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for j € N and f = (b;);ez. Let T denote the ordered set (r',...,r*). Define R(f;T") C R
by

k
R(f;T) = conv{sE]Ri :f+ersj€Zd}. (1.15)
=1

Remark 1.2.1. If there exists s € R¥ such that f + Z?Zl ris; € 2%, then R(f;T) is a
full-dimensional® rational polyhedron. Otherwise R(f;T) = (.

Proof. 1t is straightforward to show that
R(f;T) = proj,(conv F) := {s € R" : 3z € R* s.t. (7, s) € conv F}.

As f,rl, ... 7% have rational data, it follows from Meyer’s Theorem [62, Theorem 3.9
that conv F is a rational polyhedron. The projection of a rational polyhedron is again
a rational polyhedron and therefore R(f;I") is a rational polyhedron. Note that the ra-
tionality assumption here is required; if #* := (r},r}) is such that r,/r} is irrational,
rl ¢ {2?22 Njrd o A\; > 0V}, and the ray {f + Ar! : A > 0} contains no integral point,
then R(f;T") is not polyhedral.

If there does not exist s € R¥ such that f + Zle ris; € 79 then clearly R(f;T') = 0.

Suppose § € R¥ is such that f+25:1 ris; € 74, Since rt, ... ¥ € Q7 there exists D € Z,
such that Drl ..., Dr* € Z% Let K~ = {j € {1,...,k} s.t. §; < 0} and let 8, =
| minjeg- 8;]. If e’ denotes the i-th standard basis vector then s := §4+D Y., [*mn]el >
0 and f+2§:1 r7s; € 7. Therefore R(f;T') # 0. Moreover {s', s'+De', ..., s'+De"} are
a set of affinely independent points in R(f;I") and therefore R(f;T") is full-dimensional. [

Throughout we will assume that R(f;T') # 0. An inequality Z?Zl aj;s; > [ is valid for
R(f;T) if it is satisfied by every § € R(f;['). A valid inequality for R(f;I") is trivial if it
is of the form s; > 0 for all j € {1,...,k}, or implied by such inequalities.

Remark 1.2.2. Fvery non-trivial valid inequality for R(f; 1) is of the form Z?Zl s > 1
where v > 0.

3The dimension of a set S C R? is the dimension of its affine hull, the smallest affine set containing S.
See [66, Section 1] for additional information regarding dimension, affine spaces, and affine independence.
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Proof. Let Z§:1 ajs; > [ be a valid inequality for R(f;I"). By way of contradiction
suppose that o; < 0 for j € {1,...,k}. Let § € R(f;I') and let D € Z, be such that
Dri € 7% Then s'(f) := 8§+ {De) € R(f;T) for all £ € Z, and so for ¢ large enough
Zle a;[s'(0)]; < B. Thus a; > 0 for all j € {1,...,k}. Since the inequality is non-
trivial, 5 > 0. Multiplying by % we conclude the inequality can be written in the form
Zle v;85 > 1 for v > Q. O

Now, every linear inequality separating conv(F) from (f, ©®) can be expressed with respect
to the variables s; for j € {1,...,k} by substituting the equality constraints. So, to
generate cuts separating (f, Q) from conv(F) we can generate cuts separating @ from
R(f;T) - that is to say, we can find non-trivial valid inequalities for R(f;T") .

One way to obtain such valid inequalities is using lattice-free convex sets. Set B C R? is
lattice-free if it contains no integral points in its interior - that is, if (int B) NZ? = () where
int B denotes the interior of B. Let B C R? be a closed lattice-free convex set with f in
its interior. Let ¢;.5 : RY — R be defined by

1 :
Yrp(r) =< 2 %f AeR, s Su(':h that f 4+ Ar on the boundary of B ‘
' 0 if no such A exists

This function is well defined because B is closed and convex. It is the gauge function
[52, Definition 1.2.4] of B — f and measures the reciprocal of the distance from f to the
boundary of B along r. A function h : R? — R is:

non-negative if h(r) > 0 for all r € R?,

positively homogeneous if h(Ar) = Ah(r) for all A > 0 and r € RY,

subadditive if h(r') + h(r?) > h(rt +r?) for all !, 72 € R and

convez if Ah(r!) + (1= Nh(r?) > h(Ar! + (1 = \)r?) for all X € [0, 1] and r*,7? € R4

Remark 1.2.3. [72, Theorem 1.2.5] Let B C R? be a closed lattice-free convex set with
f in its interior. Then vy.p is non-negative, positively homogeneous, subadditive, and
(therefore) conver.

The intersection cut generated by B for given (f;T') is

k
> ps(r)s; > 1 (1.16)
j=1

This inequality is valid for R(f;T").
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Theorem 1.2.4 ([12]). Let f € Q¢ \ Z% and let T be the ordered set (r',...,r*) with
ri e Q1 \ {0} for all j € {1,...,k}. Let B be a lattice-free convexr set with f in its
interior. The intersection cut generated by B for given (f;T') is valid for R(f;T).

Proof. For the first proof see [12]. This original proof also handles intersection cuts gener-
ated by sets that are not lattice-free. The proof here is akin to the one in [27].

Let 25:1 Y;s; > 1 be the intersection cut generated by B. Let 5 € Rf‘; be such that
f+ Z?Zl ris; = z € Z% Tt suffices to show 5 satisfies Zj::l Y;5; > 1 since R(f;I)

is the convex hull of all such 5. By way of contradiction, suppose Z?Zl Y;5; < 1. Let
Jzo={je{l,... .k} :¢; #0} and Jo = {j € {1,...,k} : ¢, = 0}. We can express T as

T=f+ Y sri+ > s

j€J40 j€J=o
—f—l—zszj( > Zsjrj
J€J=0 j€J=0
(1 —2%33) [+ Z V;j8; (f+ b ) Z 51
Jj€Jz0 J Jj€J=o

Since Zle Y;5; < 1 and ¢;5; > 0 forall j € {1,..., k}, it follows that z = p + ¢ where
p is in the interior of the convex hull of f and {f + Q—J 1 J € Jzo} and ¢ is in the cone
generated by {r? : j € J_o}. By the definition of ¢, each of f + QZ—J for j € J4o is on the

boundary of B and each of r7 for j € J_; is in the recession cone of B. It follows that 7 is
in the interior of B. This is a contradiction because the interior of B contains no integral
points. It follows that 5 satisfies Zle ¥;5; > 1, completing the proof. n

A valid inequality Z?:l v;85 > 1 for v > O is a minimal constraint of R(f;T) if for every
v <y that is distinct from « there exists § € R(f;I") such that 2?21 7;8; < 1. From a cut
generation point of view, minimal constraints are appealing because they guarantee there
is no constraint achieving the same trade-offs; to obtain a smaller or stronger coefficient
for one variable, the coefficient for another must be increased.*

Lattice-free convex B C R? is a mazimal lattice-free convex set if there does not exist
lattice-free convex B’ distinct from B such that B C B’. Every lattice-free convex set is

4Being strong from this point of view and being useful in practice may not always agree. See, for
example, [28], [2] and [39].
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contained in a maximal lattice-free convex set; for a proof (not necessarily the first) see
[17]. Not only are the intersection cuts generated by maximal lattice-free convex sets valid,
but all minimal constraints of R(f;I") can be obtained in this way.

Theorem 1.2.5 ([25, Theorem 1]). Let f € Q4\Z¢ and let T be the ordered set (r!, ... r¥)
with v € Q1\ {Q} for all j € {1,...,k}. If R(f;T) # 0, then every minimal constraint of
R(f;T) is the intersection cut of (f;T') for some mazimal lattice-free convexr set B with f
i its interior.

Connections to the Semi-Infinite Relaxation

Although the semi-infinite relaxation is not required directly in this thesis, we discuss it
briefly for completeness. The continuous semi-infinite relaxation Ry [19] [20] is given by
the set of vectors (z,s) € R x R?" satisfying

r=f+ Z Sy (1.17)
reQd:s,#0

x € Z° (1.18)

s > O and has a finite support. (1.19)

An inequality ZTEQd:sr 20 VrSr = B 1s valid for Ry if it satisfied by every vector in Ry.
All valid inequalities that separate (f,®) from Ry are of the form 3 ga., o ¥(r)s, > 1
where 1 : Q7 — R U {+o00}. A valid inequality of this form is minimal if there is no valid
inequality D, cqa.,, 0% (r)sr > 1 such that ¢’ < ¢ and ¢'(r) # ¢(r) for some r € Q.

Function 1 : Q¢ — R U {400} is a valid or minimal function, respectively, if the cor-
responding inequality is valid or minimal, respectively. Every minimal valid function is
non-negative, piece-wise linear, positively homogeneous, subadditive, and convex [23]. A
full description of R(f;I') can be obtained from the valid inequalities for Ry by restriction;
if 37, cqis, 20 ¥(r)s, > 1is valid for R then Z?Zl ¥(rf)s,; > 1is valid for R(f;T). A sort
of converse of this statement is also true; see [17]. For more details on these important
connections see [20].

1.2.2 Maximal Lattice-Free Convex Sets

Since intersection cuts for maximal lattice-free convex sets provide the minimal inequalities
for R(f;T), the structural properties of such sets is a natural topic of interest for a couple
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reasons. Firstly, one must identify a maximal lattice-free convex set B to generate such an
intersection cut. Secondly, to calculate the intersection cut Z?Zl Yr.p(r?)s; > 1 generated

by B, one must evaluate the gauge 1.5 : R? — R.

A theorem of Lovasz is the typical launching point into the structure of maximal lattice-free
convex sets. Before stating it, we require some definitions. Let P C R? be a polyhedron.
The set FF C P is a face of Pif F = {z € P: ¢’z = k} for some ¢ € R? and k € R such
that P C {x € R?: ¢’z < k}. Note that § and P itself are both faces of P. A face of
dimension 0 is called a vertex of P, while a face of dimension dim(P) — 1 is called a facet
of P. The recession cone of P is given by rec(P) := {r e RY: 2+ \r € PVx € P, Y\ > 0}
and the lineality space of P is given by lin(P) :={r e R¢: .+ \r € P Vo € P, Y\ € R}.

Theorem 1.2.6 ([00]; see [17] or [0] for a proof). Full dimensional C' C R? is a maximal
lattice-free convex set if and only if C' is a polyhedron with an integral point in the relative
interior of each facet and int C NZ4 = (). Furthermore, if full-dimensional C C R? is a
mazximal lattice-free convex set, then its recession cone and lineality space coincide.

An immediate consequence of this theorem is that ;.5 is a piecewise-linear function whose
number of pieces is equal to the number of facets, say ¢, of B. This is easy to see. Since
f € int B, we can express B as B={z € R : djx < 1+d;f Vi € {1,...,t}} where d; is a
row vector in R? for ¢ € {1,...,t}. Then

.g(r) = max d;r.
¢f’B( ) ic{l,...t}
This expression for the gauge of a full-dimensional polyhedron is well-known; we mention
[25, Corollary 2] where it is used to show every minimal valid function for the continuous
semi-infinite relaxation Ry is continuous and piecewise-linear.

Pursuant to the above discussion, one natural way to distinguish families of maximal
lattice-free convex sets is by number of facets. Now, if 2!, 22 € Z4 are such that z} and a2
are congruent modulo two for all i € {1,...,d}, then (2! + z?) € Z*. Hence two distinct
facets F} and Fy of a lattice-free convex set cannot contain points x; € relint(F}) and
x5 € relint(Fy) such that 2! and z? are congruent modulo two. Applying the Pigeonhole
Principle, it follows that any maximal lattice-free polyhedron has at most 2¢ facets.

Remark 1.2.7 ([67] [21] [12]). If full dimensional C C R® is a mazimal lattice-free convex
set then C has at most 2¢ facets.

In two dimensions, all maximal lattice-free convex sets have two, three or four facets. The
following theorem of Lovasz summarizes the classification nicely.
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Theorem 1.2.8 ([60]). In the plane, a full dimensional mazimal lattice-free convex set is
one of the following.

1. Asplit {z e R?:c < axy +bry < c+ 1} fora,b,c € Z, and a,b coprime.

2. A triangle with at least one integral point in the relative interior of each of its edges.

3. A quadrilateral containing exactly four integral points with exactly one of them in
the relative interior of each of its edges. The four integral points are vertices of a
parallelogram of area one.

In three dimensions, all maximal lattice-free convex sets have at least two and at most
eight facets. However, no analogue of Theorem 1.2.8 is known; see [17] for some partial
results on this topic. The work in [71], [10], [9], and [7] is also relevant; however, the
authors focus on the closely related problem of characterizing maximal lattice-free lattice
polytopes - those polytopes having integral vertices. In d dimensions for d > 3, it seems to
be hard to give a nice classification of families of maximal lattice-free convex sets according
to number of facets and the position of the integral points in those facets.

Note that when we say Q C R? is a maximal lattice-free quadrilateral we mean that
@ is a polygon with four facets (i.e. is a quadrilateral) and @ is a maximal lattice-
free convex set. It is not always true that a lattice-free polyhedron C; with k facets
is contained in a maximal lattice-free polyhedron C5 again with k facets. For example
Q := conv {(0,0)7,(0,2)T, (1,0)7,(1,2)T} is a lattice-free quadrilateral strictly contained
in the split {(z1,22) € R?: 0 < z; < 1}. So Q is not a maximal lattice-free quadrilateral.
Any set containing () must contain at least six integral points but, per Theorem 1.2.8, all
maximal lattice-free quadrilaterals contain exactly four integral points.

Note that there exist lattice-free quadrilaterals that are not contained in any maximal
lattice-free quadrilateral (or as an element of a limiting family thereof such as a split).
However, every lattice-free triangle is contained in a maximal lattice-free triangle or an
element of a limiting family thereof. Later we see that splits appear as the limiting set of
an infinite family of lattice-free triangles.

1.2.3 The Gauge Measure

Let £ be a family of lattice-free convex sets in R?. One might think of £ as the family of
all maximal lattice-free convex sets in R? with exactly ¢ facets for some ¢ € {1,...,2¢}, but
the following definitions apply for any well-defined family. The intersection cut generated
by L € £ with f € int L is a valid inequality for R(f;T"). The L-closure for (f;T"), denoted
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L(f;T), is the set of s € R’i satisfying all such intersection cuts. That is, for 5 € R¥ T, we
have s € L(f;T') if and only if ijl Yr.p(r?)s; > 1 for all B € £ with f € int B.

Note that the L-closure is a closed convex set but it is not necessarily a polyhedron. The
most well-known example for which the £-closure is a polyhedron is when L is the family of
maximal lattice-free convex sets in R? with exactly two facets (i.e. £ is the split closure).
There exist other families for which the L-closure is known to be a polyhedron; we’ll
encounter some later. We point to [3] and [] for some sufficient conditions on the family
L to conclude the L-closure is a polyhedron.

Given C C R¥ | we call C' upper comprehensive if for all x € C, 2/ > x implies 2’ € C.

Remark 1.2.9. If L is a family of lattice-free convex sets, then L(f;T) is upper compre-
hensive.

Proof. Let s € R% be such that s € L(f;T'). Let s € RY be such that s > s. Since
Yrp(ri) > 0forall j € {1,...,k} and &' > s > O we have

k
ZWB ()5 2 3 (e 2 1
for all B € £ with f € int B. Thus s’ € L(f;T). O

Theorem 1.2.5 says that if C is the set of all maximal lattice-free convex sets in R?, then
C(f;T') = R(f;T). It is clear that R(f;I') C L(f;I') whenever L is a family of lattice-
free convex sets; that is, £L(f;T") is a relaxation of R(f;I'). To compare the intersection
cuts generated by two families of lattice-free convex sets £; and Ly, we will compare the
sets L1(f;T") and Lo(f;T'). Inherently, this comparison considers all cuts from one family
against all cuts from another.

We compare arbitrary relaxations of R(f;I") - either to each other or to R(f;I") itself -
using the “blow-up” measure for upper comprehensive sets. This measure was first used
to compare cutting plane strength in the integer programming context in [17]. Suppose C
and Cy are convex upper comprehensive sets. Define aCy := {acs : ¢y € Cy}. Since Oy is
upper comprehensive, Cy, C aC} for all @ < 1 and a small « corresponds to inflating C5
towards the origin. Define

, 1
9[01, 02} = g%fl {a . Cl Q OéCg} 3 (120)
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if no such « exists, define 0[C}, Cy] := +00.5 We think of [C}, Cs] as indicating how much
Cy must be inflated to contain Cy. If C} C Cy, then 0]Cy,Cy] = 1 (i.e. no inflation is
required).

Let £; and £, be families of lattice-free convex sets in R?. We compare the intersection
cuts generated by £; and £, on a “worst case” basis. We compare £; to Lo by looking at
the largest amount (over all (f;I")) by which £5(f; ") must be inflated to contain £;(f;T).
Accordingly, we define

k € Z-‘r-i—a
d d
ples Ll = s e (i) o) L EENE (a2
e QI\ {0} Ve {1,... k}

Note that p[Ly, La] # p[Le, L1]. To keep this straight, it is a useful shortcut to think
that p[#1, #2] indicates how well family #; approximates family #2; a smaller number
indicates a better approximation. By definition §[L,(f;T"), Lo(f;1)] > 1 and therefore
pl#1, #2] > 1. This means that the measure does not capture whether family #; is better
than #,, only whether it is at least as good.

On Which Cut Generation Procedure to Use

As mentioned at the start of Section 1.2, one reason to study intersection cut closures is
to provide theoretical insight into which cuts might be useful to generate in practice. For
a discussion of the various theoretical frameworks under which cut quality is evaluated, as
well as some of the challenges in using theoretically good cuts in practice, see [39]. Some
of the gaps between theoretical measures and practical advice are particularly relevant to
the setup used in this thesis. The choice to compare all cuts from one family to all cuts
from another has some drawbacks. The choice of a worst case measure also has limits;
probabilistic analysis may be a fitting theoretical alternative, see [19], [36], and [51]. The
choice to consider a continuous relaxation (i.e. drop the integrality information for the
non-basic variables) also has limits; in practice, coefficients for integer variables can be
strengthened via lifting.

5Note that we require o < 1, which may differ from definitions used elsewhere. We make this choice
because we only want to understand the extent to which C is weaker than Cs. In past work this distinction
was often irrelevant because a relaxation Cy of Cy was compared to Cy itself (i.e. Cy C C4 held trivially).
Here we compare different relaxations of R(f;T') to each other (as opposed to directly to R(f;T) itself) so
the two sets involved may be incomparable with respect to set inclusion.
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Computational experiments are also a key piece in comparing the usefulness of cut gener-
ation procedures in practice; see [13], [38], [58], [59], and [11]. The results in this thesis
provide some insight on d-row cuts that might have good trade-off (in terms of complexity
to generate vs. strength of cut) based on the relative strength of the underlying closures.
Although we compare different classes of d-row cuts to each other for fixed d, such results
can be used to identify candidate strong families of d-row cuts to compare to ¢-row cuts for
d # /¢, asin [11] and [38]. In Section 6.6, we return to this topic and discuss the theoretical
bounds proved in this thesis in the context of past computational work.

1.3 Comparing Families of 2-Row Intersection Cuts

We now turn our attention to the d = 2 case. That is, we are interested in cuts separating
O from R(f;I") where

k
R(f;T) := conv{sER’i:f%—ersjeZQ} (1.22)

J=1

for fractional point f € Q*\ Z?%, ray directions r',... . r* € Q?\ {0} and T as the ordered
set (r!,...,7%). The notation f,7!,... r* and I' will be defined as such in the remainder
of this section.

Per Theorem 1.2.5 and Theorem 1.2.8, every minimal constraint of R(f;I") is the inter-
section cut of (f;T") for some maximal lattice-free split, triangle or quadrilateral with f
in its interior. A valid inequality Zle v;8; > 1 for v > O is a facet-defining inequality
of R(f;T) if the dimension of R(f;T) N {s € R¥ : 30 y;s; = 1} is k — 1. A valid in-
equality Z?Zlyjsj > 1 for v > O is rational if 7; € Q for all j € {1,...,k}. Since f and
{ri:j €{l,...,k}} are rational, every non-trivial facet-defining inequality for R(f;T) is
rational and minimal and therefore is the intersection cut for a maximal lattice-free convex
set.

Given Theorem 1.2.8, it follows that every facet-defining inequality of R(f;T) in R? is an
intersection cut generated by a maximal lattice-free split, triangle, or quadrilateral. This
characterization was first proved in [1]. Although we present it above as a consequence of
later results, the first proof came by studying the structure of the set

k k
By ={zeR z=f+ ersj for s € R such that ijsj <1} (1.23)

Jj=1 J=1
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where Z?zl pjs; > 1 is some facet defining inequality. The interior of By, gives a two-

dimensional representation of the points affected by adding the inequality Z?Zl YPis; > 1to
the linear relaxation of R(f;T"). Exactly which splits, triangles, and quadrilaterals actually
define facets of R(f;T") is provided by [30].

Theorem 1.3.1. Let f € Q*\Z? and let T be the ordered set (r',...,r%) withri € Q*\{0}
forall j € {1,...,k}. The facets of R(f;T) are

1. all intersection cuts generated by a split S where the unbounded direction of S is 17
for some j € {1,...,k}, or where S satisfies the “ray condition”;

2. all intersection cuts generated by a maximal lattice-free triangle T where each vertex
of T is on one of the rays {f + i : X > 0} for some j € {1,...,k}, or where T
satisfies the “ray condition”; and

3. all intersection cuts generated by a maximal lattice-free quadrilateral () where each
vertex of Q is on one of the rays {f + Ar? : X > 0} for some j € {1,...,k}, or where
Q satisfies the “ratio condition”.

Part of this characterization was needed in the first paper comparing intersection cuts for
different families of lattice-free convex sets in two dimensions [15]. Since we will not require
this characterization in our techniques, we decline to define the ray and ratio conditions.

1.3.1 Families of Maximal Lattice-Free Convex Sets in R2

Let C denote the family of all maximal lattice-free convex sets in R?. Theorem 1.2.8 parti-
tions C into three subfamilies: splits, maximal lattice-free triangles, and maximal lattice-
free quadrilaterals. In this section, we define further subfamilies, identify “representatives”
for each family, and also provide the affiliated notation.

A function ¢ : R? — R? is an affine unimodular transformation if there exist ¢ € Z? and
unimodular M € Z%*? (i.e. det M = #1) such that ¢ is given by ¢(z) = Mz +c. We say L
is closed under unimodular transformation if whenever B € L so are all B’ obtained from
B by an affine unimodular transformation. Each family of maximal lattice-free convex
sets L defined here is closed under unimodular transformation. Since “obtainable via
affine unimodular transformation” is an equivalence relation, £ can be partitioned into
equivalence classes. A set of representatives for L is a subset of £ containing at least
one lattice-free convex set for each equivalence class. We will define for each family £ a
normalized member of the family such that the set of all normalized members, denoted L,
is a set of representatives for L.
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For the most part, the families and normalized versions thereof introduced here appear in
[15] and [11], as well as [11] and [32] where the terminology “standard form” is used in the
place of “normalized”. The List of Symbols (page xvi) provides a handy reference for the
notation introduced herein.

Splits

Recall that S C R? is a split if there exist a, b, c € Z with a, b coprime such that S = {z €
R? : ¢ < axy + bxy < c+ 1}. Let S denote the family of splits in R?. By our choice of
definition, all splits are maximal lattice-free convex sets. The split VS := {(z1,z2) € R?:
0 < x; < 1} will be referred to as the vertical split and the split HS := {(z1,22) € R?:
0 < z9 < 1} will be referred to as the horizontal split. We take VIS to be the (unique)
normalized split.

Figure 1.3: Vertical split (left) and horizontal split (right).

Remark 1.3.2. Let S € S be a split. Then there exists an affine unimodular transforma-
tion ¢ : R? — R? such that ¢(S) = VS where VS = {(x1,25)T € R?: 0 < 2y < 1}.

Given (f;T), the split closure is

k
S(f;T) = {s eRt: Zzﬁf;s(rj)sj > 1forall S €S with f € intS} . (1.24)
=1

The split closure is a polyhedron [29].
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Triangles

Let 7 denote the family of maximal lattice-free triangles in R?. This family can be par-
titioned into three subfamilies [10, Proposition 1]. We say that triangle 7" € T is either
a

1. type 1 triangle if T has integral vertices and exactly one integral point in the relative
interior of each edge; or

2. type 2 triangle if T has at least one fractional vertex v, exactly one integral point in
the relative interior of the edges incident to v and at least two integral points on the
edge opposite v; or

3. type 3 triangle if T has exactly three integral points on its boundary - one in the
relative interior of each edge.

Let 77 denote the family of type 1 triangles in R%. A type 1 triangle T € 7T, is normalized
if its vertices are (0,0)7, (2,0)7 and (0,2)7. Let 75 denote the family of type 2 triangles in
R2. A type 2 triangle T' € T5 is normalized if one of its edges contains (0,0)T and (0,1)T
and the other two edges contain in their relative interior (1,1)7 and (1,0)” respectively.
Let 73 denote the family of type 3 triangles in R%. A type 3 triangle T' € T3 is normalized
if each of (0,0)", (1,0)” and (0,1)” is in the relative interior of a different edge of the
triangle and if as well the line defining the edge of T' containing (1,0)7 separates (0,0)”
and (1,1)T. A triangle T € T is normalized if it is a normalized type 1, type 2, or type 3
triangle.

U, 2)
T T T \ T
(U, 1 (1,1 (0,1 \
\
\
(0,0)" (1,007 (0,0)" (1,00
\
\
0,0)T 2,0)7

Figure 1.4: The unique normalized type 1 triangle (left), and examples of normalized type
2 (center) and type 3 (right) triangles.
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Remark 1.3.3. Let triangle T' € T be a type i triangle fori € {1,2,3}. Then, there ezists
an affine unimodular transformation ¢ : R* — R? such that ¢(T) is a normalized type i
triangle.

Given (f;I"), the type i triangle closure for i € {1,2,3} is

k
T.(f;T) = {S e RE: Z@Z)f;T(rj)sj >1forall T € T, with f € intT} . (1.25)

j=1

Given (f; 1), the triangle closure is
k
T(f;T):= {S € Rk : Z@Df;;p(rj)sj >1forall T e T with f € intT} : (1.26)
j=1

Note that T(f;T') = Ti(f;T) N Ta(f;T) N T3(f;T). The triangle closure is a polyhedron
[20]. The type 1 triangle closure is a polyhedron; this follows directly from Remark 1.3.3
and [5, Corollary 1.4]. Tt is open as to whether the type 2 and type 3 triangle closures are
polyhedra.

Quadrilaterals

Let Q denote the family of maximal lattice-free quadrilaterals in R%. A quadrilateral
Q € Q is normalized if each of the points (0,0)T, (0,1)T, (1,0)T, and (1,1)7 is in the
relative interior of a different edge of the quadrilateral.

\
(0,0)” (1,0)T

Figure 1.5: Example of a normalized quadrilateral.
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Remark 1.3.4. For every maximal lattice-free quadrilateral Q) € Q, there exists an affine
unimodular transformation ¢ : R? — R? such that ¢(Q) is a normalized quadrilateral.

Proof. We prove this remark since we require it within this thesis. The proofs for Re-
mark 1.3.2 and Remark 1.3.3 are similar.

Let @ be a maximal lattice-free quadrilateral. By Theorem 1.2.8, there exist ¢, (s, {5, {4 €
Z? each contained in a unique edge of Q such that conv {/, fo, {3, ¢4} is a parallelogram P of
area one. We may assume /1, {y, {3, ¢, are labelled so that they occur on the boundary of P
in that order. Let U; : R* — R? be the unimodular transformation given by Uy (z) = Ix—/;.
Let Uy : R? — R? be the unimodular transformation given by Us(x) = M ~'x where M
is the matrix with columns ¢ — ¢; and ¢4 — ¢;. The entries of M are integer and the
absolute value of the determinant of M is the area of P, which is one. Hence M~! has
determinant 41 and integer entries and therefore U, is unimodular. Then U : R? — R?
given by U(z) = Uy(Uy(x)) = M~ (x —£;) is an affine unimodular transformation. We will
show the image of () under U is a normalized quadrilateral.

By construction, U maps conv {{1, {5, (3, {,} to [0,1]*>. To verify U(Q) is a quadrilateral:
note that U maps each of the vertices of () to distinct points, U maps edges of () to edges
of U(Q) and the interior of @ to the interior of U(Q). To verify U(Q) is normalized, the
last thing to check is that U(Q) is lattice-free. Suppose to the contrary that v € Z? is an
interior point of U(Q). Since U is unimodular, U~ is unimodular and therefore it preserves
the integer lattice. So U~!v would be an integer point in the interior of @), which would
contradict the fact @) is lattice-free. Hence U(Q) is lattice-free, completing the proof. [

Given (f;I"), the quadrilateral closure is
k
Q(f;T) = {s e Rk . wa;Q(Tj)Sj > 1forall Q € Q with f € int Q} . (1.27)
j=1

The quadrilateral closure is a polyhedron [35].

Throughout, we will refer to an intersection cut generated by a split, maximal lattice-free
triangle, type i triangle, or maximal lattice-free quadrilateral, respectively, as a split cut,
triangle cut, type @ triangle cut, or quadrilateral cut, respectively.

1.3.2 Previously Established Bounds and Techniques

We would like to know p[L, £,] for all pairs of families (£, £2) where each family is one of
{S,T1, 72,73, T,Q}. Here we review the best bounds on such p[L;, Ls] as calculated first
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in [15] and improved subsequently in [I 1]. These bounds will be referred to as “previously
established bounds” to distinguish them from any bounds appearing in this thesis.

Each of the following subsections outlines a technique to calculate exactly or bound p[L1, Ls]
for some pairs of families (£, £5). Along the way we keep a “running table” of bounds.
At the end of a subsection we display the just discussed bounds in regular typeface in the
table, and the already introduced values in faded typeface. The final subsection summa-
rizes the discussed bounds and implications thereof, and uses them to bound p[L4,C] for

‘Cl € {8771775’7577—7 Q}

Using Set Inclusion

When one family is a subfamily of the other, a p value of one follows from the definitions.
We provide a proof as a warm-up to using the definitions.

Remark 1.3.5. If £, and Ly are families of lattice-free convex sets in R% and £, C Lo
then p[La, L4] = 1.

Proof. Consider arbitrary k € Z, ,, f € Q*\ Z¢, and ' = (r',...,r*) where r/ € Q¢\ {0}
for all j € {1,...,k}. Let s € Ly(f;T'); by definition, this means Z;?:l VYrp(ri)s; > 1 for
every B € L, with f € int B. In particular, Z?Zl Yr.p(r?)s; > 1 for every B € £y with
f€int B. So, s € L1(f;T") and thus Lo(f;T") C L4(f;T"). By the definition of 6, this gives
O[Ls(f;T), L1(f;T)] = 1. The result follows from the definition of p. O

L L [SIT [T [T [T [ Q)

S
Ti
Ta
T _
T
Q

Table 1.1: Values of p[Ly, L2] = p[row set, column set] determined using set inclusion.

Using e-Relaxations

In fact, exact set containment is not required in Remark 1.3.5. A p value of one also
follows when members of one family can be approximated “arbitrarily well” by members
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of the other. The presentation here unifies the analysis in [15] and [I1] and requires a
strengthened version of [1 1, Proposition 2.1]. We first state a proposition required to prove
the strengthened result.

Proposition 1.3.6. Letk € Z,,, f € QN\Z4, andT = (rt,... r*) wherer? € Q4\{O} for
all j € {1,...,k}. Let B be a lattice-free convex set with f in its interior. Suppose § € R’i
violates the intersection cut generated by B. Then there exists M = M (5,7, ... . r*) such
that s wiolates the intersection cut generated by B := BN {z € RY: ||x — f|lo < M}.

Proof. Let 6 :=1— Zle Y.p(r")8; > 0 be the amount by which § violates the constraint
generated by B. We choose

Moe 2k (mane{l ..... k} ||T‘j||2) (mane{l ..... k} §j)
' J
and B:=BN{z € R?: ||z — f|l < M}. Let S:={i € {1,. k}:@bf;B(Ti):@/Jf;B(’l"i)}
andl);:{L.”,k}\S.wafbrdlzel)“@lmyewﬁg()::m%ﬁzz¢ﬁ3ﬁﬂ§30.TMm

k k
Z¢f;B(Ti)§i = wa;B 32 + Z wf ;B 77ij B( )]
=1 ]

€D

szm sﬁz"”'?—

€D

SZ - (Z 1725 i >

< (maxjeqr, gy ||r7]]2) (maxjeqr, . 4y 55)

k

. )
< wa;B(TZ>§i + 5

0
=1-0+3

< 1.

and so 5 violates the constraint generated by B. The result follows. O]

Now we return to specifying what it means for members of one family to approximate
members of another “arbitrary well”. For B C R? and ¢ > 0, the e-relazation of B is
defined by

relax(B;¢) := {x € R?: ||z — Z||» < € for some 7 € B}. (1.28)
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Proposition 1.3.7. Let £, and L, be families of lattice-free convex sets in RY. Let k €
Zoiy, f€QINZL and T = (r',...,r%) where ri € QI\ {0} for all j € {1,...,k}. Suppose
that for every M,e > 0 and every By € Ly with f € int By there exists By € Ly such that
Bin{z € R?: ||z — f|lo < M} C relax(By;€). Then the inclusion Ly(f;T) C Ly(f;T)
holds, and (therefore) p[La, L1] = 1.

Proof. The result follows from applying Proposition 1.3.6 at the beginning of the proof of
[11, Proposition 2.1]. O

It suffices to verify Proposition 1.3.7 for an arbitrary normalized member of family £, be-
cause the families of sets considered are closed under unimodular transformation. Figure 1.7
shows the proposition holds when £; = § and £y € {75, 73, Q}. The left image illustrates
that a vertical split can be approximated by a normalized type 2 triangle with vertex v
as close to (1,3)” as is necessary and opposite edge {(z1,z2)" € R? : ; = 0}. The right
image illustrates that a vertical split can be approximated by a normalized quadrilateral
with two opposite vertices as close, and equally close, to (0, %)T and (1, %)T as necessary.
Figure 1.6 gives an analogous “proof by picture” when £; = Ty and Ly € {75, T3, Q}.
Figure 1.8 gives an analogous “proof by picture when £, = 73, and Lo € {73, Q}. The
shaded set represents a normalized member of £; and the dashed polygons provide the

subfamily of £, from which to choose By for given e and M.

Figure 1.6: Approximate type 1 triangle by type 2 triangle (left), type 3 triangle (center),
and quadrilateral (right). These constructions appear in [! 1, Theorem 1.3].
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Figure 1.7: Approximate split by type 2 triangle (left), type 3 triangle (center), and quadri-
lateral (right). These constructions appear in [15, Theorem 1.4].

‘\\ﬁ '\\

T ] \\ AT T 2 \\ T
(U, 1 . (1,1 (U, 1 . (4,1
[ e

A ~ . \>

- [~ A
. e

(0,07 = (1,0)7 0,07 F | el (1,0)T

Figure 1.8: Approximate type 2 triangle by type 3 triangle (left) and quadrilateral (right).
These constructions appear in [11, Theorem 1.4].
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AL L [ ST T | Ts [ T]Q

)
T
72
Ts
™
Q

171 -
1711
111171
1717]1

Table 1.2: Values of p[L1, L2] = p[row set, column set] determined using e-relaxations.

Upper Bounds Using a Representative Cut

Bounds on p[L, £5] can be calculated by optimizing the inequality generated by an arbi-
trary member of £, subject to all inequalities generated by members of £;. The following
three theorems provide lower bounds on the optimal value of the relevant optimization
problems. We explain the resulting upper bounds on p[L;, £5] afterwards.

Theorem 1.3.8 (Follows from proof of [15, Theorem 1.6]). Let T' be a normalized type 1
triangle. Let f € Q*\ Z?* be in the interior of T. Define ray directions r*,r? r3 € Q?\ {0}
so that the vertices of T are {f +r' : i € {1,2,3}}. Hence, for T := (r*,r?,r3) the
intersection cut generated by T for (f;T") is Z?Zl Vrr(ri)s; = s1+ sa+ s3 > 1. Then

inf{s; +s2+s3:s€S(f;I)} >

N —

Proof Sketch. Consider the relaxation (P’) of the given optimization problem obtained by
replacing the constraint s € S(f; ") with the constraint s > () and two or three intersection
cuts generated by splits. The chosen splits are illustrated in Figure 1.9; use splits VS,
HS, and S5 for which f is in the interior of the split. Then (P’) is a linear program in
non-negative variables si, s, s3 with two or three constraints of the form ¢Ts > 0 for
1 > 0. The coefficients for each constraint can be calculated explicitly by computing the
corresponding gauge functions. Note that these coefficients are a function of f. Lower-
bounding the optimal value of the objective function as function of f and then minimizing
the lower bound over all f yields the bound of % n
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Figure 1.9: The splits VS (left), HS (center), and S; (right) with dotted facets, imposed
on the shaded normalized type 1 triangle.

Figure 1.10: The fixed triangles Fy (left), F» (top right), F3 (bottom middle), Fy (bottom
right) with dotted facets, imposed on the shaded normalized quadrilateral.
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Theorem 1.3.9 (Follows from proof of [ |, Theorem 1.7], Weaker Bound of % given by [15,
Theorem 1.7]). Let Q be a normalized quadrilateral with rational vertices. Let f € Q2 \ Z?
be in the interior of Q. Define ray directions v, r? r3 r* € Q*\ {Q} so that the vertices of
Q are {f+ri:ie{1,2,3,4}}. Hence, for T := (r', 72,73 r%) the intersection cut generated
by Q for (f;T) is s+ so+ 83+ 84 > 1. Then

inf{s; +so+s3+s4:5€T(f;T)}>

[GVRI

Proof Sketch. The proof is analogous to the proof of Theorem 1.3.8, except three or four
intersection cuts generated by type 2 triangles are used. The chosen type 2 triangles are
illustrated in Figure 1.10; use fized triangles F, Fs, F3, and Fy for which f is in the interior
of the triangle. To get the weaker bound of % choose two of Fi, Fy, F3, and Fj, depending
on position of f inside Q. ]

Theorem 1.3.10 (Follows from proof of [11, Theorem 1.8], Weaker Bound of 3 given by
[15, Theorem 1.7]). Let T be a type 3 triangle with rational vertices. Let f € Q*\ Z?* be in
the interior of T. Define ray directions r*,r*,r3 € Q*\ {0} so that the vertices of T are
{f+r":ie{1,2,3}}. Hence, for T := (r',r?,r3) the intersection cut generated by T for
(f;T) is s1 +s2+s3 > 1. Then

inf{s; +so+s3:s€L(f;1)} > ;
i \ \
\ \ \
\ \ \
§ \ \
) \ \
\ A\ i

Figure 1.11: The type 2 triangles F; (left), Fy (center), and F3 (right) with dotted facets,
imposed on the shaded normalized type 3 triangle.
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Proof Sketch. The proof is analogous to the proof of Theorem 1.3.8, except two or three
intersection cuts generated by type 2 triangles are used. The chosen type 2 triangles are
illustrated in Figure 1.11; use triangles F, F5, and Fj for which f is in the interior of the
triangle. O]

Although the conditions in the preceding theorems may seem a bit contrived, a theorem
of the above persuasion can be revised to upper bound the p value for the two families
involved. If the bound in the theorem is LB, then an upper bound of % on p holds.
In particular, Theorem 1.3.8 gives p[S,T;] < 2, Theorem 1.3.9 gives p[Tz, Q] < %, and
Theorem 1.3.10 gives p[T3, T3] < % A bit of technical machinery is required; see the details
in Section 2.1.1.

ALLLI S| T [T Ts [T] Q |
S L2
Ti
T 1
T3 1

1

1

[1,1.5] [1,1.5]

1
1 1 -
1

™
Q

1
1
1
1

Table 1.3: Upper bounds on p[L, L£5] = p[row set, column set] determined using a rep-
resentative cut. Entries of the form [LB, U B] provide a lower bound and upper bound on
the value. Recall that a lower bound of 1 follows from the definition.

Inapproximability by the Split Closure and Type 1 Triangle Closure

A similar approach to the above strategy of using a representative cut can show p[Lq, L£o] is
unbounded. It suffices to construct for every 5 > 1 a member of L(8) € L, and fractional
point f(/3) such that optimizing the inequality generated by L(S) over the L;-closure gives
a value at most % The following theorem and below examples can be obtained by a
straightforward modification of the proof of [15, Theorem 8.6].

Theorem 1.3.11. For any B > 1, let T'(3) be the normalized Type 2 triangle with vertices

i_( 0 2 (1+15 s_ (0
v _(254-1) , v —( % ,and v° = _98)"
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Let f = (1,3)". Define ray directions r*,r*,1* € Q*\ {0} so that the vertices of T(B) are
{f+r":i€e{1,2,3}}. Hence, for T := (r',r? r®) the intersection cut generated by T([3)
for (f;I') is s1 + so + s3> 1. Then

inf{s; +sy+s3:s€S(f;N)} <

\(b'l —

Families of type 3 triangles and quadrilaterals can be constructed based on the type 2
triangle T'(8) by applying the construction in Figure 1.8. To construct the type 3 triangle
for 8 > 1, perturb T'(3) by tilting the edge of T(3) defined by {(z1,z2)? € R? : 2; = 0}
clockwise using the integral point in the interior of the edge closest to v® as the pivot. To
construct the quadrilateral for § > 1, perturb T'(f) by removing the edge of T'(3) defined
by {(z1,72)T € R?: z; = 0} and replacing it with a vertex v = (e, %)T for small enough
¢ and two edges defined by the lines joining v* with (0,0)7 and (0,1) respectively. See
Figure 1.12. More families of examples are provided in [15, Section 8.4.2]; for instance,
there exist examples for every f = (1, fo)? with 0 < f, < 1.

Another way to show p[Ly, Ls] is unbounded is directly through the definition; i.e. give
(f;T') for which there does not exist o > 0 satisfying £1(f;I') C aLs(f;'). As one might
expect, these two approaches are equivalent - see the discussion in Section 2.1.1. We use this
approach for £; = 7y and £, = S and then use the discussion following Proposition 1.3.7
to obtain results for £y € {73, 73,7, Q}.

Proposition 1.3.12 ([11, Theorem 1.5(1)]). Let

: 1 0
— [ 2 1 _ 2 __
() =)= 0)
and T' = (r*,r?). Then, there does not exist o > 0 such that Ti(f;T) C aS(f;T).

Proof Sketch. Show that S(f,T') = {s € R% : s; > 1} but that (0,2)" € T;(f;I). O
Corollary 1.3.13. For all families L € {S, T2, T3, T, Q}, we have p[Ty, L] = +oc.

Proof. Let f,r!, r?, and I' be as in Proposition 1.3.12. Per the discussion in the e-
Relaxations section and Proposition 1.3.7, we have L(f;T") C S(f;T') forall £ € {72, 73, T, Q}.
If there exists a > 0 such that 71(f;") C aL(f;T), then also T1(f;T') C aS(f;I"). This
contradicts Proposition 1.3.12 and ergo no such « exists. The result follows by the defini-
tion of p. O]
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Figure 1.12: The type 2 triangle appearing in Theorem 1.3.11 for g = 2 (left), perturbing
that triangle to obtain a type 3 triangle (center), and the quadrilateral (right).
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Figure 1.13: The dominating split and £, r!, and r? from Proposition 1.3.12.

ALl | S [T [ B[ T | T ] Q |

S - | [12] | 400 | 400 | 400 | +o0
T +o0o | - |40 | 400 | 400 | 4o
T T 1| - |y [1,1.5]
T 1 1 1 ;

T 1 1 1 1 -

Q 1 1 1 -

Table 1.4: Lower Bounds on p[L;, £5] = p[row set, column set] determined using inapprox-
imability by splits and type 1 triangles.

Lower Bounds using a Specific Cut

As in the preceding two sections, we bound p[L, L] by optimizing an inequality gen-
erated by a member of L, subject to all inequalities generated by members of £;. The
following three theorems provide finite upper bounds on the optimal value of the relevant
optimization problems. These problems consider an inequality generated by a specific
“hard to approximate” member of L5. We explain the resulting lower bounds on p[L;, Ls]
afterwards.

Theorem 1.3.14 (Follows from proof of [15, Theorem 1.6]). Let T be a normalized type
1 triangle. Let f = (3, %)T Define ray directions r',r? r3 € Q?\ {0} so that the vertices
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of T are {f +r":i¢€{1,2,3}}. Hence, for T := (r',r?,13) the intersection cut generated
by T for (f;T) is s1+ s+ s3 > 1. Then

inf{s; +s2+s3:s€S(f;I)} <

N —

Proof Sketch. First, show that s = %]1 satisfies the intersection cuts generated by VIS, HS
and S3 as given in Theorem 1.3.8. Second, show if s € R? satisfies the cuts generated by
VS, HS and Ss, then s € S(f;T"). Then the result follows because § is a feasible solution
to the optimization problem with objective function value % O

Theorem 1.3.15 ([11, Theorem 1.6(1)]). Let @ be the normalized quadrilateral with ver-

tices . . . .
7 4 -2 1
1 _ = 2 _ -~ 3 _ 4 _ —
”_5(4)’U 5(—2)’U 5(1>’Cmd” 5(7)'

Let f = (3, %)T Define ray directions r', 72, r3 r* € Q?\ {0} so that the vertices of Q are
{f+7r:ie€{l1,2,3,4}}. Hence, for T := (r*,r% r3,r1) the intersection cut generated by
Q for (f;T) is s1+ sg+ 83+ 84 > 1. Then

©| oo

inf{s; +sa+s3+ss:s€T(f;1)} <
Proof Sketch. Show that § = %]l satisfies every cut generated by a maximal lattice-free
triangle. For proof of a more general version of this theorem see Section 2.3. O

Theorem 1.3.16 ([!|, Theorem 1.6(2)]). Let T be the normalized type 3 triangle with

vertices ) . )
4 1 -2
1 L 2 - 3 _
v 3(—2) Y 3(4) , and v 3(1)'

Let f = (3, %)T Define ray directions r',r? r3 € Q*\ {Q} so that the vertices of T are
{f+r":ie{1,2,3}}. Hence, for T := (r',r?,r3) the intersection cut generated by T for
(f;T) is s1 +s2+s3 > 1. Then

inf{s; +so+s3:5€ Q(f; 1} <

©| o

Proof Sketch. Show that § = 245‘7]1 satisfies every cut generated by a maximal lattice-free
quadrilateral. O
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Figure 1.14: The instances for Theorem 1.3.14 (left), Theorem 1.3.15 (center), and Theo-
rem 1.3.16 (right).

A theorem of the above persuasion implies a lower bound on the p value for the two families
involved. The only extra step required is to argue the p value can be calculated by solving
the given optimization problem; this is in contrast to using a representative cut to upper
bound where one must also argue it is enough to consider (f;I") with certain properties.
If the bound in the theorem is UB then a lower bound of ﬁ on p holds. In particular,
Theorem 1.3.14 gives p[S, T1] > 2, Theorem 1.3.15 gives p[T, Q] > 2, and Theorem 1.3.16

gives p[Q, Ts] > §.

Table 1.5: Finite lower bounds on p[Ly, £5] = p[row set, column set] determined using a

specific cut.

Pl Lol S | [T | T | T | 2
S - 1[2,2] | +o0 +00 +00 +00
Ti +oo | - |+ +00 +0o0 +00
T N 1,1.5] [1,1.5]
T 1 1 1 -
T T | 1 | 1 1 ~ [ [1.125,+00]
Q 1 1 I | [1125,4] -
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Previously Established Bounds for All Pairs of Families

All previously established bounds are summarized in Table 1.6; this table can be found in
[11, Table 2]. Some of these bounds were accounted for in the preceding subsections; the
balance can be derived from the definition of p. The most pertinent example of such a

derived bound is the bound on p[7z,C].
Proposition 1.3.17. p[T;,C] < 3.

Proof. Fix (f;T)suchthat f € Q*\Z%?and " = (r},... r*) for k € Z,, wherer? € Q?\{0}
for all j € {1,...,k}.

Since p[T3, Q) < 2, it follows that 73(f;T) C 2Q(f;T).

Since p[Tz, T3] < 3, it follows that T3(f;T) C $75(f;T).

Since T5(f; ") is upper comprehensive and % < 1, it follows that T5(f; ") C %E(f, r).
Since p[Tz, T1] = 1, it follows that To(f;T)) € Ti(f;I') and therefore To(f;I") C
%’7’1(]”; ') because 7T1(f;I') is upper comprehensive and % <1

5. Since p[T3, 8] = 1, it follows that T3(f;T') € S(f;T) and therefore T5(f;T) C 2S(f;T)
because S(f;T') is upper comprehensive and % <1.

Therefore T3(f;T) C 2 [S(f; D) NTi(f; D) N T(f; D) N T3(f;T) N Q(f;T)] = 2C(f;T) where
the second equality holds because C = SUT;UT,UT;UQ. The bound on p[7s,C| follows. [

Ll e

The remainder of the bounds can be derived using similar arguments. For example, one
can use the fact upper bounds on p are transitive; if p[Ly, Lo] < k and p[Ls, L£3] < £ then
plLy, L] < kL.

(pllnLo] [ S [ B [ 75 [ 7T [ < [ ¢ |
S - 2 400 400 +o00 400 400
T1 400 - +o00 400 +o00 +o00 400
T 1 1 = | [1.125,1.5] | [1.125,1.5] | [1.125,1.5] | [1.125,1.5
VE 1 1 1 - 1 1.1251.5 1.1251.5
T 1 1 1 1 - 1.1251.5 1.125,1.5
o) 1 | 1 | 1 | [1.125,15] | [1.125,1.5] - 1.125,1.5

Table 1.6: Previously established best bounds for p[Lq, £3] = p[row set, column set| for
dimension two. Derived bounds are indicated in bold.

1.3.3 New Bounds

Let f € Q*\Z*and ' = (r',...,7*) for k € Z,, wherer? € Q*\{0} forall j € {1,...,k}.
Since R(f;T') = C(f;T'), the bounds in the previous section provide insight into how well
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intersection cuts generated by a single family can approximate R(f;T).

1. If all intersection cuts from any one of 75,73 or @ are used, then the corresponding
relaxation 75(f;T), T3(f;T') or Q(f;T) is within a factor of 3 of R(f;T).

2. To the contrary, if all intersection cuts from any one of 73, 73 or Q are used, then
there is a gap of § between the corresponding relaxation 7T3(f;T), T3(f; ) or Q(f;T)
and R(f;T).

These bounds point to type 2 triangles as a natural compromise: the family is simple
and isn’t provably better or worse at approximating R(f;I") based on established bounds.
Tighter bounds on p[Tz, £] for £ € {73, Q} would provide more insight into the strength
of cuts generated by type 2 triangles.

We prove a tighter bound on p[7Tz, Q] in this thesis by improving the bound in Theo-
rem 1.3.9. To do so, we choose a different relaxation of 75(f;I'). Rather than using the
intersection cuts generated by fixed triangles Fi, Fy, F3, and Fy, we select triangles from
a family of type 2 triangles we call ray-sliding triangles. This family is illustrated in Fig-
ure 1.15; the main idea is to choose a parameterized family that captures the trade-off
in cut coefficient on three rays. Unlike fixed triangles, the family of ray-sliding triangles
depends on the fractional point f in the interior of the quadrilateral. Following the proof
sketch of Theorem 1.3.9 above, but relaxing the constraint s € To(f;T") to require s > O
and s satisfy the intersection cuts generated by certain ray-sliding triangles, we can obtain
the following result.

Theorem 1.3.18. Let ) be a normalized quadrilateral with rational vertices. Let f €
Q? \ Z? be in the interior of Q. Define ray directions r*,r* r3,r* € Q*\ {0} so that the
vertices of Q are {f +r":i € {1,2,3,4}}. Hence, for T := (r*,r% r3,rY) the intersection
cut generated by Q for (f;T") is s1 + s2 + s3+ s4 > 1. Then

Ol W~

inf{s; +sa+s3+ss:s€(f;1)} >

A tighter upper bound on p[73, Q] follows.
Theorem 1.3.19. p[T;, Q] < 2.

An upper bound on p[7z, Q] is of particular interest because quadrilaterals have one more
facet than type 2 triangles and, moreover, the family of type 2 triangles are a strict subset
of the family of maximal lattice-free triangles. We would like to understand this bound
better to extend such a result in R? to R? - comparing intersection cut closures of simple
families with fewer facets to closures of complicated families with more facets. To obtain
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Figure 1.15: The dashed trian-
gles show examples from the fam-
ily of ray-sliding triangles. For
ray direction ¢, the family of ray-
sliding triangles has one vertex on
theray {f+7r": 7 > 0}. The op-
posite edge is defined by the facet
of [0, 1]? separating the quadrilat-
eral vertex opposite f + r* from
[0,1]%. Note that this family in-
cludes the fixed triangles in Fig-
ure 1.10.

7
.
N
iR _
H A

40



a tighter bound on p[7z,C|, however, a tighter bound on p[75, T3] would also be required.
With respect to a type 3 triangle, we can similarly define a family of ray-sliding triangles
capturing the trade-off in cut coefficient on two rays. We expect that using this family
and similar techniques to the proof of Theorem 1.3.19, the upper bound on p[7s, T3] can
be improved. See the discussion in Section 6.2.

On our way to proving Theorem 1.3.19, we consider the specialization to the family of
maximal lattice-free parallelograms. We’ve already encountered a member of this family
once in Theorem 1.3.15. A quadrilateral is a parallelogram if each pair of opposite edges
has the same slope. Let Q5 C Q denote the family of maximal lattice-free parallelograms
in R2. A parallelogram is normalized if it is a normalized quadrilateral.

(0,0)7 (1,0)T

Figure 1.16: Normalized parallelogram.

Remark 1.3.20. For every parallelogram P € Q,, there exists an affine unimodular trans-
formation ¢ : R* — R? such that ¢(P) is a normalized parallelogram.

Proof. The remark follows from Remark 1.3.4 and the fact affine unimodular transforma-
tions preserve parallel lines. O

Given (f;T"), the parallelogram closure is
k
Qo(f;1) = {S € Rl—i : Zz/zf;Q(rj)sj > 1 for all Q € Q, with f € int Q} : (1.29)
j=1

Since the quadrilateral in Theorem 1.3.15 is a parallelogram (a square, in fact), we already
know p[Tz, Q] > % We prove this bound is in fact tight.

41



Theorem 1.3.21. p[T5, Q5] < 2.

Our study of the cuts generated by maximal lattice-free parallelograms was motivated by
treating such cuts as a restriction of those generated by maximal lattice-free quadrilaterals.
However, the family of maximal lattice-free parallelograms may be interesting in its own
right. Parallelograms are in some sense a “simpler set” - described by only two slopes.
We can construct parallelograms as the intersection of (not necessarily lattice-free) splits.
The family generalizes naturally to higher dimensions as the family of centrally symmetric
octahedra. We will return to parallelograms in Section 6.1 and, in particular, discuss
comparison of the Qs-closure to others.

1.4 Overview of Remainder of the Thesis

The next three chapters are dedicated to proving Theorem 1.3.21 and Theorem 1.3.19.
Chapter 2 reviews the existing techniques and introduces new concepts required to prove
Theorem 1.3.21 in Chapter 3 and Theorem 1.3.19 in Chapter 4. Chapter 5 investigates
extending these results to higher dimensions, providing an analogue of Theorem 1.3.9 for
d-row intersection cuts for d > 3. Although an analogue can be obtained, the families of
intersection cuts being compared are less natural, echoing the difficulty in characterizing
maximal lattice-free convex sets in dimension d > 3. Chapter 6 summarizes the results
and highlights some open problems.
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Chapter 2

Existing Techniques and New
Families of Triangles

Before bounding p[7s, Q2] in Chapter 3 and p[73, Q] in Chapter 4, we present the tools
and techniques required. As always, let 75 denote the family of type 2 triangles in R2
let T denote the family of maximal lattice-free triangles in R?, let Q denote the family of
maximal lattice-free quadrilaterals in R?, and let Q, denote the family of maximal lattice-
free parallelograms in R%. Our strategy to calculate a target approximation measure - in
this section we choose target p[7s, Q] - closely follows [11] and [15]. Roughly, the strategy
is as follows.

1. Reduce calculating p[T3, Q] to solving the optimization problem (S(73, Q)) in vari-
ables s, 59, 53,5, € R and 7!, 72,73, v, f € R? given by

inf 51+ 82+ 83+ 4 (2.1)
subject to s € Ta(fir',r? e rt) (22)
f+conv{rt,r? 13 ril € Q (2.3)

feQ*\7? (2.4)

rLr? et e Q2 {0} (2.5)
cone{r' r? r® r*} = R% (2.6)

2. To any feasible solution of (S(73, Q)), there is an affiliated normalized quadrilateral
Q € Q and fractional point f in the interior of ). Normalized quadrilateral ) can
be described by the slopes of its edges —a, b, ¢, —d for a, b, c,d > 0. Fractional point
f can be described by its coordinates (g, h)?. Reparameterize (S(7z, Q)) in terms of
a,b,c,d, g, and h.
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3. Find a lower bound for the optimal value of (S(7z, Q)) as a function of parameters
a,b,c,d, g, and h. To find the lower bound, consider a relaxation obtained by re-
placing constraint (2.2) with the constraint s > O and the intersection cuts for a
small number of type 2 triangles. The resulting relaxation is a parameterized linear
program. Find a feasible solution to its dual to obtain a lower bound for the optimal
value of (S(7z, Q)) as a function of a, b, ¢, d, g, and h.

4. Vary a, b, c,d, g, and h to determine for which choices of these parameters the lower
bound is the weakest. Denote this value by LB.

5. Find a feasible solution to (S(73, Q)) and denote its objective function value by UB.

6. If LB = UB then (S(73, Q)) is solved and p[Ts, Q] = %. If LB < UB, even though
(S(7Tz, Q)) is not solved exactly, the bounds U%% < p[Tz, Q] < % follow.

To calculate the lower bound in step 3 as in the proof of Theorem 1.3.9 ([15] and [L1]),
constraint (2.2) was replaced with the intersection cuts for two, three, or four fixed tri-
angles. The resulting parameterized linear program was solved exactly in both analyses,
even though a dual feasible solution suffices for the purposes of lower-bounding. Hence
the analyses are in some sense “tight” - no better bound can be calculated by replacing
the constraint (2.2) with the intersection cuts for the given triangles. In Chapter 3 and
Chapter 4, we will improve the lower bounds calculated in step 3 by choosing different
intersection cuts generated by ray-sliding triangles to replace constraint (2.2). In our anal-
ysis, we also solve the resulting parametric linear programs exactly. This guarantees the
analysis is again “tight” and demonstrates that certain simple families of triangle cuts are
limited in how well they approximate the quadrilateral closure.

To calculate the upper bound in step 5 as in Theorem 1.3.15, specific values for a, b, ¢, d,
g, h, s1, s, s3, and s, that provide a feasible solution to (S(73, Q)) were given. This work
can be extended directly to provide a family of feasible solutions to (S(72, Q)) where the
corresponding normalized quadrilateral can be fixed to any parallelogram. In light of the
parameterized lower bound in step 3, a parameterized family of feasible solutions in step 5
can provide a “tightness” guarantee as well. If the corresponding objective function value
matches the lower bound for the given parameters, then the intersection cuts chosen to
replace the triangle closure constraint are best possible.

The preceding observations will be detailed in the remainder of this chapter. First we refine
the technical details of the proof strategy above and prove two simple lemmas which will be
applied often to solve the optimization problems at hand. We use the proof strategy to re-
derive the previously established upper bound on p[73, Q] and calculate a first upper bound
on p[Ts, Q2]. Then, we provide a parameterized family of feasible solutions to (S(T, Q))
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and use them to re-derive the previously established lower bounds on p[T, Q] and p[T, Qs]*.
Lastly, we define the family of ray-sliding triangles comprehensively.

2.1 Proof Strategy Detail

2.1.1 Step 1: Identify Optimization Problem (S(7z, Q))

Let £, denote a family of lattice-free convex sets in R?. Let £, denote a family of lattice-free
polytopes in R? such that each member has exactly ¢ € Z, , vertices and L, is closed under
unimodular transformation. For such families, we can reduce the problem of calculating
p[L1, Ls] to solving a related semi-infinite optimization problem. The optimization problem
captures the fact 0[C}, Cy] can be calculated by minimizing the defining inequalities of Cs
over (7 . It also incorporates some simplifying assumptions about the fractional points
and ray directions we must consider. The optimization problem is provided by the below
theorem.

Theorem 2.1.1 ([11, Theorem 3.1]). Let L1, Ly denote families of lattice-free convex sets
in R?. Suppose that all sets in Ly are polytopes with exactly ¢ vertices and that Ly is closed
under unimodular transformation. Let Lo denote a set of representatives for Lo. Then
p[cll,cg] 15 equal to the maximum of one and the optimal value of the optimization problem
(S(L1, Ls)) given by

L

inf Z S (2.7)

=1

subject to scLy(firt,...,rH (2.8)

f+conv{rt, ... '} e L, (2.9)

feQi\z? (2.10)

rtort e QU {0 (2.11)

cone{r!,... r‘} = R% (2.12)

Proof Sketch. We provide the main observations required (loosely and without proof). To
compute m for any (f;T') where I' = (r!,... r¥) for some k € Z, , it suffices to

take the minimizer of 1/)?;33 over all B € £, and s € L1(f;I'). In other words, there exists

LObserve here we are solving (S(7, Q)) to obtain a stronger result.
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some B € Ly such that the minimizer of ¢}.zs over s € Ly(f;T) gives m
As L5 is closed under affine unimodular transformation and the definition o% p takes a
supremum over all (f;T') we may assume B € L,. As the definition of p takes a supremum
over all (f;I"), we may rescale the rays r/ in I' so that ¢y.p(r7) =1 for all j € {1,...,k}.
Since 9.p is convex, if Kk = m is determined by the constraint for B, then
for given fractional point f, the value of k is smallest (and therefore p is largest) for

L= (rt,r? ... r% such that f +conv {r,... r} = B. 0

This theorem shows that how well the £;-closure approximates the Lo-closure is captured
completely by how well the £;-closure approximates the “hardest to approximate” inter-
section cut generated by a member of L,. So, it provides the machinery required to obtain
bounds from results such as Theorem 1.3.9 and Theorem 1.3.10. Problem (S(L£4, £2)) is
easiest to parse as a two-stage optimization problem: think first of choosing a member
B of £, and fractional point f in its interior. These choices impute a choice for ¢ rays
I = (r',...,r"). Then, minimize 1”75 over the £,(f;T') to calculate a bound. The value

for m is obtained from the choices for B and f for which this bound is weakest.

Now, in general, the restriction s € £i(f;r',...,r") may require infinitely many linear
constraints and so we refer to this problem as a semi-infinite optimization problem. When
the L-closure is a polyhedron - for example, when £; € {S,7T,Q} - only finitely many
constraints are required. Note that the bounds we prove here do not rely on the underlying
closure being a polyhedron.

Applying Theorem 2.1.1 for £; = T3 and Lo = Q we see that to compute p[Tz, Q], we
can solve the semi-infinite optimization problem (S(7z, Q)) given above by the infimum of
(2.1) subject to (2.2) - (2.6).

2.1.2 Step 2: Parameterize Normalized Quadrilateral and Frac-
tional Point

To solve (S(73,Q)), we first describe Q so that each Q € Q is determined by a small
number of parameters. We choose to parameterize each @) € o) by the slopes of its edges.
Given a normalized quadrilateral @), there is a natural bijection between the edges of )
and the vertices of [0, 1]* given by containment.

1. Exactly one edge of Q contains (0,0)7; this edge must have negative slope; let its
slope be —a for a > 0.

2. Exactly one edge of @ contains (1,0)7; this edge must have positive slope; let its
slope be b for b > 0.
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3. Exactly one edge of @ contains (0,1)7; this edge must have positive slope; let its
slope be ¢ for ¢ > 0.

4. Exactly one edge of Q contains (1,1)7; this edge must have negative slope; let its
slope be —d for d > 0.

b

Figure 2.1: Normalized quadrilateral Q(a,b,c,d) with edge slopes —a,b,c, and —d for

a,b,c,d > 0 and vertices v', v?,v3, and v*.

In fact, any normalized quadrilateral is completely described by values for a, b, ¢, and d. We
denote by Q(a, b, c,d) the normalized quadrilateral with edge slopes —a, b, ¢, —d as given
above. For notational convenience, we also fix a labelling of the vertices of normalized
quadrilateral @ = Q(a, b, ¢, d) so that

1. v! is at the intersection of the edges of @ containing (1,1)” and (1,0)7,
2. v? is at the intersection of the edges of @ containing (0,0)? and (1,0)7,
3. v® is at the intersection of the edges of @ containing (0,0)” and (0,1)7, and
4. v* is at the intersection of the edges of @ containing (0,1)” and (1,1)”.

The coordinates of v',v? v3, and v* are (necessarily) determined completely by the values
of a,b,c, and d. In particular

oli= (Lo = (14 1 b\ v = (02,02)7T = b —ab\"
m b+d’ b+d ’ e a+b’ a+b ’

-1 T r
U3Z:(U§,US)T:( , a4 ) , and v4::(v;1,v;1)T:( d , 1+ Cd) :

at+c’ a+c c+d c+d
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We can restrict Q to {Q(a,b,c,d) : a,b,c,d > 0,ad < bc} and maintain a set of representa-
tives (with respect to unimodular transformation) for the family Q of maximal lattice-free
quadrilaterals.

Remark 2.1.2. Let Q; = Q(a,
quadrilateral. Then there exist a

L ) for a,b,c,d > 0 with ad > bc be a normalized
b
mation ¢ : R?> — R? such that (b(Q

,C,d
¢, cz 0 with ad < bé and affine unimodular transfor-
) =

Q(a,b,é,d).

Proof. Choose (&,13, ¢, cZ) = (b,a,d,c) and ¢ as the map ¢ <[ﬂ> = [_01 (1)} [ﬂ + [(1)}
corresponding to reflection in the line {(z,y)" € R? : z = 1}. O

Therefore, we can use the above parameterization to rewrite (S(72, Q)) as the following
semi-infinite program in variables a, b, ¢, d, g, h, 1, S2, S3, and sy4:

inf 81+ 89+ 83+ 84 (2.13)

s. t. sE’B(() ( ,,b+d ),(a_gg , | ade C+d (2.14)
h 5 — h b —h)\GA—h) 1+ & -

1+ LN\ /by /=1 d
(7) = (o {(327) (28) - (2) (1 £720))) 219
h e —a» 1+ £
b+d a+b a+c c+d
a,byec,d>0 ; abc,deQ ; ad<bc (2.16)
<g> € Q*\ 7% (2.17)

Treating a, b, c,d > 0 with ad < bc and (g, )T € int Q(a, b, ¢, d) as data in the optimization
problem above, we obtain a semi-infinite linear program in variables s, s, s3, and s4. We
denote this program by (P(a,b,c,d, g,h)). It is given by

inf S1+ S22+ S3+ 84 (218)

14+ L — by =1 _ _d_
s. t. s €Ty ((g);< b+d ),(zﬁ;b ),(W ) < e+d - )) 2.19
2\ \n s —h 0 —h)\%—h) 1+ — (2.19)
For i € {1,2,3,4} we will denote v' — f as appearing in (2.19) by 7.
2.1.3 Step 3: Replace the Type 2 Triangle Closure Constraint

with a Small Number of Intersection Cuts

For fixed a,b,c,d > 0 with ad < be and (g,h)T € int Q(a,b,c,d), we would like to lower
bound the optimal value of (P(a,b,c,d, g,h)). To do so, we replace constraint (2.19) with
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the intersection cuts for at least two and at most four type 2 triangles. We can lower
bound the optimal value of the resulting parameterized linear program by finding a dual
feasible solution to obtain a lower bound LB : RS — R. In practice, the parameterized
linear program we must solve is often in the form provided by the following lemma.

Lemma 2.1.3. Let n € Z,. Consider the linear program (LP1) given by

min  17s (2.20)
subject to [llllT + A} s>1 (2.21)
s> 0 (2.22)

where A € R™ ™. If A is invertible and the entries of A~' are non-negative, then

5:= (—; ) A1
14+ 17 A1

is an optimal solution of (LP1) and its optimal value is

17411 1
1+ 17411 1+ 17411

Proof. The dual of of (LP1) is (DP1) given by

max 17v (2.23)
subject to  [11" + AT] v <1 (2.24)
v>0 (2.25)

Note that § > @ because the entries of A™! are non-negative. Computing

(11" + A)s = <1+T1Al]1) (I"A7'1+ AAT'D)
1 _
= (1 - ﬂTAlﬂ) (1A "1+1)1
=1

we see that § is feasible for (LP1) and satisfies the n constraints (2.21) with equality. Let

1
b= () AT
1+ 1" A1
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Note that © > @ because the entries of A™! and therefore also A~1 are non-negative.
Computing

1

117+ AT)o = (—
( o=\

) (11"A "1+ ATATTT)

= ]ITA 111) (1"A"14+1)1

(1 A 1]1> (1"A7'1+1)1
1

we see that 0 is feasible for (DP1) and satisfies the n constraints (2.24) with equality.
Therefore (8, 0) are a pair of primal and dual feasible solutions satisfying complementary
slackness and 3 is an optimal solution for (LP1). Calculating 175 we see the optimal value
is as claimed. O

2.1.4 Step 4: Vary Parameters to Find Weakest Bound

In step 4, we vary LB over all a,b,¢,d > 0 such that ad < bc and (g,n)T €intQ(a,b,c,d)
to find the weakest lower bound LB on the optimal value of (S(73, Q)). When Lemma 2 1.3
is used to find the optimal solution, the corresponding expression is of the form 1—

1+Z7, 1 @i
where a; for i € {1,...,m} are the entries of A~'. In these instances, the following lemma
can be used in finding the weakest lower bound.

Lemma 2.1.4. Let m € Z,. Let a := (ay1,a9,...,an). Then a := a is an assignment
of real values to non-negative variables a; for i € {1,...,m} minimizing the expression

1—- 1+Z+a if and only if a := a is an assignment of real values to non-negative variables
=1 """

a; fori e {1,...,m} minimizing the expression y . | a;.

Proof. Let x > 0. Minimizing 1 — % is equivalent to maximizing % Maximizing % is
equivalent to minimizing x. Setting x = 1+ > _.", a;, the result follows. O]

After calculating the weakest lower bound LB we conclude plTs, Q] < %.

Step 3 and step 4 are best illustrated by way of example, which is provided in the next
section.
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2.2 Previously Established Upper Bound on p[7;, Q]

We present a proof that p[T;, Q] < 2 following [11] and the proof strategy outlined above.
We lower bound the optimal value of (P(a,b,c,d, g, h)) for all a,b,c,d > 0 with ad < be
and (g, h)T € int Q(a,b,c,d). Since we vary a,b,c, and d restricted only by a,b,c,d > 0
and ad < bc, the below remark shows that we can consider only the parameterizations
where (g,h)" € (0,1)? or b < 0.

Remark 2.2.1. Let @y := Q(a,b,c,d) for a,b,c,d > 0 with ad < bc be a normalized
quadrilateral. Let f = (g,h)T € int Qy \ (0,1)%. Then there exist a,b, ¢, and d with ad < bé
and affine unimodular tmnsformatwn o: RQ — R? such that:

1. (b(Ql) Q(d 67 é? CZ): Em’d
2. ¢(f) = (g,h)" where h < 0.

Proof. If h < 0, then no transformation is required. If h > 0, then either (1) ¢ > 1, (2)
h > 1, or (3) g <0 because (g,h)T & (0,1)%. In all three cases, the affine unimodular

transformation required is a clockwise rotation (by 7, 7 or 3” , respectively).
Case 1: g < 1: Choose (a, b, ¢, d) (b, clzv i,%) Note that ad = b—lc < % = b¢ where the

inequality holds because ad < be. Consider the affine unimodular transformation ¢z given

by
G =1 ol G- -1
Then ¢x(Q(a,b,c,d)) = Q(a,b,é,d) and ¢= ([ZD — L ﬁg} andsoh=1—g<0.

Case 2: h < 1: Choose (a,b,¢,d) == (d,¢,b,a). Note that ad = da < ¢b = b¢ where the
inequality holds because ad < be. Consider the affine unimodular transformation ¢, given

by
o () = [0 2] (B =L+ 1)
Then ¢.(Q(a,b,c,d)) = Q(a, b, ¢,d) and ¢, ([ZD - E:}ﬂ andsoh=1—h<0.

Case 3: g < 0: Choose (a,b,¢,d) := (2,%,2,3). Note that ad = =< L= bé where the

inequality holds because ad < bc. Consider the affine unimodular transformation ¢37ﬂ' given

) s (b)) =10 TG - )+

ol

¢

(NJE]
N =N =
N[ =D | =

N[O |
N[O |

N [0 | =



Then ¢3§(Q(a, b,c,d)) = Q(d,l;, ¢, CZ) and ¢377r ([i}) = [1 ; h} and so h =g < 0. O

First we consider the case where (g, h)T € (0,1)? and find a parameterized lower bound
when using the intersection cuts generated by the four fixed triangles F, Fy, F3, and Fj.
For i € {1,2,3,4}, fixed triangle F; is the type 2 triangle containing [0, 1]> with vertex
v' whose opposite edge contains at least two integer points and is defined by the facet of
[0, 1]? separating v*2 med4 from [0, 1]2. See Figure 2.2.

R
U
\\\ ‘Y
T~ / \/ ] 1
E—— )3 j
\\k {
2
/
”u'4
/
PR
\ U
N7 /
— U \
’32 j / JANLY —
~ N m4
—— v 3
: A LPTINC
\ T
\ 2
/ \/ | 1 v
3 f
Kk
2

Figure 2.2: Fixed triangles F; (bottom left), F5 (top), F3 (bottom center), and Fy (bottom

right) fora =3, b=2,¢=3,d=3,g=3,and h = 3.
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Lemma 2.2.2. For fired a,b,c,d > 0 such that ad < be and (g,h)" € (0,1)2, let (P') be
the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing constraint
(2.19) with the constraint s > O and the intersection cuts for fived triangles Fy, Fy, F3, and
Fy. Then, the optimal value of (P') is equal to

1
o (a,b,c,d,g,h) T+t +t+1t3+ 1y
b)h
where th=(0b+d)(1-g) , tz:%
(e -

ts=(a+c)g , and ty=
3= (a+c)yg 4 d
Proof. To calculate the constraints of optimization problem (P’), we must calculate the
intersection cuts generated by F}, Fy, F3, and Fy. First, we calculate the cut coefficients
Y (r?) for j € {1,2,3,4}. By construction, v', v?, and v* are on the boundary of F}
and therefore ;. (') = 1.5, (1?) = ¥p.p (r*) = 1. To calculate ¥ .r (13) we need to find

A > 0 such that f+ A(v® — f) is on the line z = 0. So, we need to solve g + )\(a_—Jrlc —g)=0

for A. The solution is A\ = % and therefore ;. (1?) =1+ @ +1<;)g' The computations
for Fy, F3, and Fy are analogous.
So optimization problem (P’) is given by
min 175
subject to []1]1T + A} s> 1
s> 0
where
(wan=s) 0 0 0
Lo (a0 0
0 0 () 0
| 0 o0 (wtm)
We compute
(b+d)(1—g) O 0 0
P 0 @b 0
0 0 (a+o)g 0
0 0 0 (c+d():£ll—h)



Note that the entries of A™! are non-negative because a,b,c,d > 0 and (g,h)" € (0,1)2.
Apply Lemma 2.1.3 to conclude the optimal value of (P’) is

1 1
R ———
1+ 17411 14ty +ty+ts+1,

as required. N

The analysis is similar for the case where h < 0. However, the intersection cut for fixed
triangle Fy cannot be used because (g,h)T ¢ int Fy. We instead find the parameterized
lower bound when using the intersection cuts for Fy, F5, and F3.

Lemma 2.2.3. For fived a,b,c,d > 0 such that ad < be, and (g, h)" € int Q(a, b, ¢, d) such
that h < 0, let (P') be the parameterized linear program obtained from (P(a,b,c,d,g,h))
by replacing constraint (2.19) with the constraint s > O and the intersection cuts for fized
triangles Fy, Fy, and F3. Then, the optimal value of (P') is equal to

1

T+t +13+1,

LB?(a, b,c,d,g,h):=1-—

d)(1—h
where  ty=(b+d)(1—g) , ts=(a+c)g , and t4:u;).
c
Proof. The optimization problem (P’) is given by
min  17s
subject to []I]IT + A} s>1
s> 0
where
1
(@) 0 0 0

1
(@) 0
cd
0 0 <(c+d)(1—h)>

Note that A is a row sub-matrix of the constraint matrix for Lemma 2.2.2. We denote the
dual of this linear program by (D’). It is given by

max 1%v
subject to []UIT + AT] v <1
v > Q0.
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Consider the (possibly infeasible) solution § obtained by setting the intersection cut con-
straints tight and setting s, = 0. We can compute

-1
1
4 ((M)(—l,g)) 0 0
A o T 1
S =W+ 0 (ei5) 0 I
S4 cd
0 0 <(c+d)(1—h)>

That is,
51
1
G| = ( ! ) 1q
A 1+1"B-11
S4
where
1
(<b+d>(1—g>> 0 0
_ 1
B = 0 <(a+c)g) 0
cd
0 0 ((c—i—d)(l—h))
and thus
(b+d)(1—g) t
B™'1= (a+c)g = |t3
(c+d)(1—h) "
cd 4

Note that § > O because g € [0,1], h <0 and a, b, ¢, d > 0; therefore it is feasible for (P’).

It is straightforward to check that 0 := [5; &3 §4]T is feasible for (D’). The first, third
and fourth constraints hold at equalitﬁy 13%7 construction. The second constraint requires
01+ 09 + 03 < 1; since U1 + 0y + 03 = % where 17 B~'1 > 0, this constraint holds. So
(8,0) are a pair of primal-dual feasible solutions satisfying complementary slackness and
therefore § is optimal for (P’') and ¢ is optimal for (D’). Therefore the optimal value of

(P') is
1
L+t +t5 + tg

"s=1
as required. O
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Now, we can find the worst case lower bound on the optimal value of (S(73, Q)) following
[11] closely.

Theorem 2.2.4 (Theorem 1.7 in [ 1]). The optimal value of (P(a,b,c,d, g, h)) is at least %
for all a,b,c,d > 0 such that ad < bc and (g,h)T € int Q(a,b,c,d). Therefore p[Tz, Q] < %

Proof. By Remark 2.2.1, it suffices to show that the optimal value of (P(a,b,c,d, g, h)) is
at least % for all a,b, c,d > 0 such that ad < bc and (g, h)? € int Q(a, b, ¢, d) where either:
(1) (g, )" € (0,1)2, o1 (2) h < 0.

Case 1: (g,h)" € (0,1)?

The optimal value of (P(a,b,c,d, g,h)) is lower-bounded by LBS2 = LB(?(CL, b,c,d,g,h) as

provided by Lemma 2.2.2. Now LBS2 =1- m where
b)h d)(1—nh
T(a,b,c,d,g,h)::(b—i-d)(l—g)—i-(azb) +(a+c)g+%
1 1 11 1 1
:b+g+d+3+m—b+c—®g+<5+E—E—E>h

Since T'(a, b, ¢, d, g, h) > 0, LBS2 is smallest whenever T is smallest by Lemma 2.1.4. Define
T/ . R++ — R by

1
T'(¢) := inf {T(a, b,c,d,g,h): (g, h)T € [0,1)% a,b,¢c,d € [e, E} } )

For fixed € > 0, T"(¢) is the infimum of a continuous function over a compact set. It
therefore attains its minimum at some fixed values for a,b, ¢, d, g, and h. For fixed a, b, c,
and d, T'(a,b,c,d, g, h) is affine in g and h and therefore attains its minimum for g = 0 or
g=1andalso h=0o0r h=1. Now

1. T(a,b,c,d,0,0) = b—i—%%—d—l—% > 2 because :L‘—f-% >2forallx >0,
2. T(a,b,c,d,1,0) =a+c+1+1>2
3. T(a,b,¢,d,0,1) =1 +b+ 1 +d>2, and
4. T(a,b,c,d,1,1)=a+2+5+c>2.
Therefore T"(e) > 2 for all € > 0. It follows that T'(a,b,c,d,g,h) >
such that ad < be and (g, h)T € (0,1)%. Therefore LBY > 1 — L =

1+2
Case 2: h <0

for all a,b,c,d > 0
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The optimal value of (P(a,b,c,d, g, h)) is lower-bounded by LBf2 = LB?(@, b,c,d,g,h) as

provided by Lemma 2.2.3. Now LBlQ =1- m where
+d)(1—-h
R(a.b,c.d.g.h) = (b4 d)(1 —g) + (a +c)g + CEAL=N
1 1 1 1
—b+z+d+a+(&—b+6—d>g— (Z_‘_E)h

Since R(a,b,c,d,g,h) >0, LB%2 is smallest whenever R is smallest by Lemma 2.1.4. Note
that

1 1
R(a,b,c,d,g,h) > R(a,b,c,d,g,0) :b+z—|—d+c—i+(a—b+c—d)g

since h < 0 and the coefficient of h is non-positive. Define R’ : R,, — R by

1
R'(€) := inf {R(a,b, ¢,d,g,0):g€10,1],a,b,c,d € {e, E] } )

For fixed € > 0, R'(¢) is the infimum of a continuous function over a compact set. It
therefore attains its minimum at some fixed values for a, b, ¢, d and g. For fixed a, b, ¢, and
d, R(a,b,c,d,g,h) is affine in g. Now

1. R(a,b,c,d,0,0):b—i—%%—d—i—é22becausex+%22forallx>0, and
2. R(a,b,c,d,l,O):a—i—c—l—%—i—%l22.
Therefore R'(e) > 2 for all € > 0. It follows that R(a,b,c,d,g,h) > 2 for all a,b,c,d > 0

such that ad < bc and (g,h)" € intQ(a,b,¢,d) N {(z,y)T € R? : y < 0}. Therefore

Therefore the optimal value of (S(7z, Q)) is at least 2 and the bound on p[73, Q] follows
immediately from Theorem 2.1.1. O]

The preceding bound is tight insofar as the linear program (P’) was solved to optimality in
Lemma 2.2.2 and Lemma 2.2.3. It is also tight insofar as it gives a family of quadrilateral

and fractional point pairs whose corresponding lower bound in Lemma 2.2.2 tends to %

This family of quadrilateral and fractional point pairs is given by

{(Q(L,/lie, 126,1>,(E,E)T> :66(0,1)}.

Evaluating T as defined in the previous proof, we have

1 —
T(l, 16 ,\/—6,1,e,e>:2+4\/e(1—e)
V1-—e €

57




which tends to 2 for e — 0.

4 014
U
i
/ l, |
| I
[i] ']
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v ) 3 [
T 1 N
f = U f N —— e
U2 V1

Figure 2.3: Examples of quadrilateral and fixed point pairs from the “weakest lower bound”
family for € = 5 (left) and € = = (right).

Although the previous proof used affineness in g and h to analyze T'(a, b, ¢, d, g, h) for fixed
a,b, c, and d, note that T'(a,b, c,d, g, h) is also a separable function of a, b, ¢, and d for fixed
g and h. It can be expressed as

T(a,b,c,d,g,h) = (ga—k%) + ((1—g)b+%> + (gc+¥) + ((1—g)d+%).

Remark 2.2.5 (Remark 4.4 in [11]). For every pair of constants ci,co > 0, the function

c2

T — cxr+ 02% attains it minimum value 2./cico uniquely at x = o

So given fixed (g,h)T € (0,1)2, the quadrilateral with the corresponding weakest lower

bound is Q(a, b, ¢, d) for a = \/g, b= ,/%, c= ,/I;Th, and d = ,/%. The corresponding

. 1
lower bound is 1 T where

sz(\/gTH¢(1—g)h+¢g(1—h)+¢(1—g)(1—h)) :2(\/§+ \/ﬂ) (x/ﬁ+m).

This expression is largest for (g, h)T = (%, %) where the bound is equal to 1 — Hﬁ = % and

corresponds to the square a = b = c = d = 1. It is smallest for (g, h)? tending towards one
of the vertices [0,1]2. The family of “weakest lower bound” quadrilateral and fractional
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point pairs was constructed by taking (g,h)? — (¢,¢)” and ¢ — 0. Tending the values
of g and h to 0 at different rates can give rise to different, though qualitatively similar,
families of quadrilaterals with weak lower bounds. In these families, the value of b will
tend to 0, the value of ¢ will grow without bound, and the value of d will be around 1. In
the limit, these families of quadrilaterals all tend to a triangle with vertex (0,0)7 where
the fractional point is equal to (or as close as possible to) the vertex.

2.2.1 Specialization for Parallelograms

The families of quadrilateral and fractional point pairs with “weakest lower bound” con-
structed in the previous section do not include any parallelograms. In fact, specializing
Lemma 2.2.2 to parallelograms, the resulting optimal value of (P’) does not depend on g
and h and can be lower-bounded more tightly. Before stating the specialized results, we
note that {Q(«, 5, 8, ) : f > a > 0} is a set of representatives (with respect to unimodular
transformation) for the family of normalized parallelograms.

Lemma 2.2.6. For fized o, 3 > 0 such that « < 3 and (g,h)" € (0,1)2, let (P') be
the parameterized linear program obtained from (P(«, 3,8, a, g, h)) by replacing constraint
(2.19) with the constraint s > O and the intersection cuts for fived triangles Fy, Fy, F3, and
Fy. Then, the optimal value of (P’) is equal to

1
Clta+ptigl

LBy (o, ) :==1

Proof. Substituting into the bound from Lemma 2.2.2 we get

o B 1
LBg (e B, Brev g, h) =1 1+ (a+B)(1—g) + 22 4 (o + f)g + L2
=1—- 1
1+ (a+ ) + 2P
B 1
Clta+pB+i4]
as required. O
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1 for o, B € [0,8]. All

surface plots, contour plots, 2D plots, and images of polyhedra in R? in this thesis were

produced using Matplotlib [5

3.

Lemma 2.2.7. For fized o, 3 > 0 such that o < 3, and (g,h)T € int Q(«, B, B3, ) such
that h <0, let (P') be the parameterized linear program obtained from (P(«a, B3, 3, «, g, h))
by replacing constraint (2.19) with the constraint s > O and the intersection cuts for fived
triangles Fi, Fy, and Fs. Then, the optimal value of (P') is equal to

LB (&, 3,h) =1~

1

60

T+a+B+(L+d)a-n
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Proof. Substituting into the bound from Lemma 2.2.3 we get

1
LBQ<&56757 «, g, h) =1-
1 Lt (04 B)(1—g) + (o + B)g + =00
1+ (a+ B) + er20=h)
1
=1—
l+a+ 8+ <§+%) (1—h)
as required. 0

Theorem 2.2.8 (Specialization of Theorem 2.2.4.). The optimal value of (P(«, 5,5, , g,h))
is at least % for all a, 3 > 0 such that a < 8 and (g,h)T € int Q(o, 8, B, ). Therefore

Proof. By Remark 2.2.1, it suffices to show that the optimal value of (P(«, 3,3, a,g,h))
is at least % for all o, 3 > 0 such that a < 3 and (g, h)? € int Q(«, 8, 3, @) where either
(1) (g,h)" € (0,1)? or (2) h <0.

Case 1: (g,h)T € (0,1)%: The optimal value of (P(a,3,3,q,g,h)) is lower-bounded by

LBF(a, 8) as given in Lemma 2.2.6. By Lemma 2.1.4, LBy(c, 3) is smallest whenever

a+ B+ é + % is smallest. Since this is a separable expression in a and § and = + % is

smallest for 2 > 0 when z = 1 the weakest lower bound is given by LBY (1,1) =1— 1% = 1.

Case 2: h < 0: The optimal value of (P(«, 3, 3, , g, h)) is lower-bounded by LBF («, 3, h)
as given in Lemma 2.2.7. This expression is smallest for h < 0 for A = 0 where it equals
LBE(a, 8). The bound follows as in Case 1.

The bound on p[73, Q] follows immediately from Theorem 2.1.1. O

Corollary 2.2.9. The optimal value of (P(«, 3,5, c,g,h)) is at least g for all o, > 0
with o < B such that o + 3 + é + % > 8 and (g,h)T € int Q(a, B, B, ).

Proof. Following the proof of Theorem 2.2.8 we can check when LBy(a, 3) > %. This holds
Wheneveroz—l—ﬁ—l—é—i-%ZS. O

So, if we use fixed triangles to approximate parallelograms, then the “weakest lower bound”

quadrilateral and fractional point pairs are the quadrilateral Q(1, 1,1, 1) and any fractional

11

point. In particular, the fractional points (5, §)T and (e, €)T for € — 0 provide equal bounds
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of %. This is in contrast to the general quadrilateral case where if we fix (g, h)” and vary

a,b, c, and d to find the weakest bound, choosing (g, h)T = (%, %)T gives the largest bound

of 2 and choosing (g,h)" — (¢,€)” for € — 0 gives the smallest bound of 2.

Keep in mind that these families of “weak lower bound” examples give instances where
replacing the type 2 triangle closure constraint with the intersection cuts for fixed triangles
is worst case. The next section addresses how to show a family of instances is provably
“hard to approximate” within a given factor for any choices of triangle cuts.

2.3 Previously Established Lower Bound on p[T, Q]

We would like to find a feasible solution to (S(7, Q)) of objective function value §. Like
(S(73, Q)), this optimization problem can again be parameterized by a, b, ¢, d, g, h - the tri-
angle closure replaces the type 2 triangle closure in constraint (2.14). Let (P7 (a, b, c,d, g, h))
be the optimization problem

inf $1 + S+ S3 + 84 (2.26)

I+ 5a—9\ (a5 =Ly 4 g
s. t. s@T((g) ;( po e ),(a# )(+ et . (2.27)
h 7 —h @ —n)\=—h)\1+%—h

We look for a feasible solution § to (P (a,b,¢,d, g, h)) for some choice of @, b,¢,d > 0 with
ad < bc and (g, h)T € int Q(a@, b, ¢, d). The corresponding objective function value 173 gives
an upper bound on the optimal value of (S(7T, Q)). The specific feasible solution described
in Theorem 1.3.15 comes from the family of feasible solutions in the following lemma.

Lemma 2.3.1. For every 8 > a > 0 and (g,h)" € (aLJrB’ %#)2 the point
Bl—yg)+h

5, B h)-:( af ) 2t
DI\ aB-a)+aB(l+ B+ B(1+a)) | Bg+(1—h)
EH+(1-yg)

is feasible for (P7(a, 3,3, a, g, h)). Thus

a(f - a)
af(l+p)+ (1 + «)

is a lower bound on p[T, Q] and p[T, Qs for all B > a > 0.

1+
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Proof. The proof follows [11], where the authors analyze the («, 8, g,h) = (5,2, 3, %) case.
Fix 8> a > 0. Let f = (g,h)T and let Q := Q(«, 8,3, ) so that

1 ﬁ T 2 5 —Oéﬂ g

e e e e S B == R~ L)
r3:( —1 —g L—h)T and 7’4:(L—g 1+—ﬁ—h)T
a+ "a+ B ’ a+f8 + B '

Given the bounds on «, 3, g, and h, clearly $(«a, 8, g, h) > ©. Now, to show that $(«a, 3, g, h)
is feasible for (P(«, 8,5, a, g, h)), we need to show that $(«, 3, g, h) satisfies every inter-
section cut generated by a maximal lattice-free triangle. Let T" be an arbitrary maximal
lattice-free triangle containing f in its interior. Let v; > 0 denote the coefficient of s; in
the intersection cut generated by 7. To show 3(c, 3, g, h) := (51, 82, 33, 54)7 satisfies this
intersection cut, we will show that 1181 + ¥98s + Y383 + 1484 > 1.

Now, because T is lattice-free and has three edges, one of the lines defining the edges of T’
must separate f from two of: (0,0)%, (0,1)7, (1,0)%, and (1,1)T. By rotational symmetry
(analogous to Remark 2.2.1) we may assume this line, which we will denote L, separates
(1,0)T and (1,1)” from f. Then, ¢, is given by A% where

(a+B)(1—g)
(a+p3)(1—g)+1

+ A 1+1 <1l = X<
g 1 OH—ﬁg_ 1S

ThUS, 1/11 Z 1+W1(1*9)
Letr::(H)r +( ) r2. Then

(1 o )% ( )1/12 Yrr(r) =1 (2.28)

where the first inequality holds because ¢y is convex (Remark 1.2.3) and the second

inequality holds because f + 7 = (1,0)7 and there are no integral points in the interior of
T.

Let 1/ := (IJ%Q) rd 4+ (14%1) r%. Then

(Ha) Y5 + ( )m V(') =21 (2.29)

where the first inequality holds because ¢ is convex and the second inequality holds
because f + 1’ = (0,1)” and there are no integral points in the interior of 7.
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The rest of the proof is divided into two cases, depending on the coefficient 3.
Case 1: ¢321+B &

Bla+B)1-9)
We check
(a(ﬂa)+aﬁ(1+6)+ﬁ(1+a>>w§
af
— 51 -0) + W+ | =+ 9] v+ g+ (L= mlva+ [ Sk 1= ) v
> (1= )+ W+ (5% )+ (14 g~ agin + .
~~~+[59+(1—h)ws+-(1;h)+(1—g)- P4 by (2.28)
[ﬂ(aJrﬂ)g]ler(l—;a h+(1+a)g+...
B - mest | g
1+a ]

>[5 (oot Al + (T2 )k (L @)g+ By + (1= )]

- (1 Z a) (1=h) = =hgs+ 1 +a)1~g)—all—g)Ps by (2.29)

— 15~ (a+ Bl + (F°

>h+(1+a)g+...

S aem )i -

~-~+[(a+ﬂ)g—a]w3+<

1Za)+(1+0‘)

=[ﬁ—<a+ﬁ>gw1+[<a+ﬁ>g—aw3+(

~l(a+ 81 -g) ~alvr + [~ + 1= gt (TE2) + (14 )
Z(a+5)(1—9)—a+1—m+...
Bt A9+ T G (1Z“>+<1+a) by 91 & s bnds

=1+B—a+<1+a>+1
I6] o

_ (a(ﬂ—a)+aﬁ(;;6)+ﬁ(1+a)>

and therefore 1187 + 1985 + 353 + 1484 > 1 as required.
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Case 2: %ﬁHW

It is straightforward to check that the z-coordinate of f + ksr? is exactly zero for ks =
(Ogi;)@il. Since 13 < -, it follows that the intersection w = (wy, wy)" of T with {f +r? :
A > 0} is such that w; < 0. Now, since T is convex, two distinct sides of T' (not equal to
L) separate the segment wf from the points (0,0)” and (0,1)7. Let line L, define the side
separating w f from (0,0)7 and line Ly define the side separating w f from (0,1)”. Because
T is maximally lattice-free, L; must contain (0,0) and L, must contain (0,1)7.

We may assume w is the vertex of T" at the intersection of L and Ls. Otherwise, whichever
of Ly or Ly intersects the ray {f + Ar® : A > 0} with a smaller z-coordinate can be tilted
on its integral point towards the other to obtain an inequality at least as strong. So,
w = f + 137 for some 75 > 1 — m gives the vertex of T' at the intersection of

Ly and Ly. In particular, L, is the line through w and (0,0)? and L, is the line through
w and (0,1)7.

/\
A
il \/ \
A1 \
r | r \
179 \ 179 \
| \
/ w! A \\ Iy A \\
/A | L
Ly \[ A1 / L, \[ A
| / |
/

Figure 2.5: In the left image, w is not at the intersection of L; and Ls. Line L, intersects
the ray from f in direction 73 at a lesser z-coordinate. Tilting Ly on (0,1)T gives a new

triangle whose intersection cut has the same coefficient on every ray except r* where the
coefficient is smaller.

Note that the cut coefficient 1), is always determined by the intersection of { f+Art: X > 0}
with Ly because g > 245 = v}. This intersection has z-coordinate at most one. Checking
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which facet of T' determines the cut coefficient 1), is a bit more work. The intersection

T
point of {f + Ar? : X > 0} with {(z,y)T € R? : z = 1} is (1, W) . For
73 =1— 575 7a> the intersection point of line L; with {(z,y)T € R? : x = 1} is also

T
(1 , W) . Since increasing 73 will increase the y-coordinate of the intersection

point of L; with {(z,y) € R? : z = 1}, the cut coefficient v, is always determined by the
intersection of {f + Ar? : XA > 0} with L;. This intersection has z-coordinate at most one.

The above two observations show we may assume line L is given by {(z,y)T € R? : z = 1}
because L only determines the cut coefficient ¢, and such choice will give the strongest
coefficient. So, ¢ =1+ (1_+ exactly.

)(a+8)
/
/\ /
/ \\ /
\\/ \\ \l/
Ly /N Ly /N
\
/A — /A —
A | A
= | =
Ly \\ A1 L, \[ /1

Figure 2.6: In the left image, the facet separating (1,0)” and (1,1)” from f does not
determine the intersection cut coefficient for 72. Replacing this facet with {(z,y)" : z = 1}

gives a new triangle whose intersection cut has the same coefficient on every ray except r!
where the coefficient is smaller.
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1 B nmo__
(1 —i—ﬁ) P2+ (1 "’B) Y3 > Ppr(r’) =1 (2.30)

where the inequality holds because 9.1 is convex and the equality holds because f + 1" =
(0,0)T and (0,0)7 is on the boundary of T

Then we check

alf—a)+aB(l+08)+B81+a)\ 1.
( oB >¢ §

— 81 = g) 4 K + | 2+ vat B+ (1= W]va+ |

(1—h)

+(1—g)| s

> 81 - 9) + W+ | =t g] (15— pva) +
(11

+[Bg+ (1 —h)]vs+ [ +(1 - g)] (1+a—as) by (2.29) and (2.30)

— 80—+ W+ 2] 148 - Lt

..+{(1h)+(1 )} (1+a)— (1 - g)ays

«
=B —g) +hen+ |2 Lra

= ga] (=) (2

>+gﬁ+ﬂ—h)

180 -0) + 1 (14 g ) + |+ G- g - w +

_|_<1+ >_|_ gB+ (1 —h) by value of v
5h 1+«
(B2 |2 - ga) a v+ (FE2) 41
+h Bh o l+a

Z<a+ﬂ ) {a'+“ ”}<Ma+ﬁx1—m>+< a >+1+Bl”w“md

<ﬂ2a ) (1+o¢)+1+6

B( o
—1- ;+<1+a>+1+6
_ a(ﬁ—a)+a6(1+ﬁ)+6(1+a>>
- ”:
and therefore 1151 + Y959 + 1353 + 1454 > 1 as required. O
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The lower bound on p[T, Q] is strongest for («,,9,h) = (%,2, %,%) - the instance in
Theorem 1.3.15. The behaviour of the bound as a function of values o and g will be

investigated more closely in Chapter 3.

2.4 Ray-Sliding Triangles

To improve the bounds calculated in step 3 of the proof strategy, our plan is to replace
constraint (2.19) with the intersection cuts for different type 2 triangles. We will select
these triangles from the family of ray-sliding triangles. Here we define the family of ray-
sliding triangles for each ray ¢ € {1,2,3,4}. For each ray 4, this provides an infinite family
of type 2 triangles. For each ray ¢, we also identify a finite subfamily where each member
has a “geometric” interpretation.

A ray-sliding triangle is defined with respect to a given normalized quadrilateral Q(a, b, ¢, d)
and a point (g, h)T in the interior of Q(a, b, c,d). For such fixed quadrilateral and interior
point, define the following ray directions and corresponding rays.

14+ L
1. Ray direction 1 is given by r! := ( +bb+d g)‘ Ray 1is {(g,h)T + Mt : XA > 0}.

2. Ray direction 2 is given by 7? := <§£ B g). Ray 2is {(g,h)T + Ar? : X > 0}.
3. Ray direction 3 is given by r3 := (ﬁ : g). Ray 3is {(g,h)T + Xr®: X > 0}.

4. Ray direction 4 is given by r? := ( etd, h) . Ray 4is {(g,h)T +Xr*: X > 0}.

The following definitions are made in the context of fixed a, b, ¢, d, g, and h and therefore
also fixed 7!, 72, r3, and r*. To avoid cumbersome notation, we allow these parameters to
be implicit from context.

2.4.1 Motivation

Recall that the fized triangle for ray 1 Fy is constructed so that it generates an intersection
cut with the same cut coefficients for 7!, r2, and r* as the intersection cut generated by
Q(a,b,c,d). The edges of fixed triangle F} are defined by:

L. {(z,y)" e R?: 2 =0};
2. the line joining (g, k)" +r! and (1,1)7; and
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3. the line joining (g, h)” +r! and (1,0)7.

Hence one vertex of Fy is v* = (g, h)” + r! and the opposite facet is defined by {(z,y)? €
R?: 2z > 0}.

T
\
A A \
/ \/ /7 il
: P L AR
IRy [N T e
12
s L EIN e N v
—— I /
2,2 2,2
U 7 /
/
/ /
/
/
/

Figure 2.7: (left) Fixed Triangle F; and 7-ray-sliding triangle for Ray 1 RS;(7) for 7 > 1

(center) and 7 < 1 (right) for parameters a = 1, b=2,¢=3,d=1%,g=3,and h = 3.

Suppose we are willing to accept the intersection cut coefficient for r3 as determined by
the edge {(z,y)” € R*: z = 0}, but would like to obtain stronger (i.e. smaller) coefficients
for some of r!,r? and r*. Thinking specifically of improving the coefficient for !, we could
replace the vertex v! with the vertex (g,h)? + 7r! for some 7 > 1, but still enforce the
opposite facet be defined by {z,y)T € R? : z > 0}. One triangle meeting this requirement
is the type 2 triangle RS;(7) with edges defined by:

L {(z,y)" €eR*: 2 =0};
2. the line joining (g, h)T + 7r! and (1,1)%; and
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3. the line joining (g, k)" + 7r! and (1,0)7.

Choosing 7 > 1 will decrease the cut coefficient for !, but necessarily increase the coef-
ficients for 72 and r*. Conversely, choosing 7 < 1 will increase the cut coefficient for 7!
and decrease the coefficient of r? and r*. For some breakpoint 77 < 1 (depending on the
direction of 72 or r*), the corresponding coefficient will no longer decrease since it will be
determined by the edge {(x,y)T € R? : x = 0} for all 7 < 7%. One such breakpoint is
illustrated in the right image in Figure 2.7. We call RS;(7) a “ray-sliding triangle” because
we think of sliding the vertex of our triangle along ray 1. Hence we call ray 1 the sliding-
ray, ray 3 the base-ray, and rays 2 and 4 the off-rays. We define the family of ray-sliding
triangles for ray 7 for all ¢ € {1,2,3,4} formally in the next section.

Although this construction may seem a bit unnatural, we’'ve actually seen this family of
triangles before in Case 2 of the proof of Lemma 2.3.1. For the given quadrilateral and
fractional point, the proof shows that the strongest triangle cuts are generated by triangles
of the above construction.

2.4.2 Formal Definition

For 7 > 0 and ¢ € {1,2,3,4} the 7-ray-sliding triangle for ray i, denoted RS;(7), is the
maximal lattice-free triangle such that

1. [0,1]* € RS;(7) and

2. (g,h)T + 71 is a vertex of the triangle,

provided such a triangle exists.

Remark 2.4.1. RS|(7) is well-defined for appropriate bounds on T.

Proof. We denote (g,h)T by f.

There exists some 77" > ( such that the x-coordinate of f+rminelis 1. For all 7' <
no triangle that contains [0,1]? and has vertex f + 7r! exists because f + 77! is inside
[0, 1]? but not a vertex thereof.

There exists some 7"%* > 1 such that the y-coordinate of f + 7{"**r! is either 0 or 1. We
consider the case where 7" is such that the y-coordinate of 7{"** is 1; the other case is
symmetric. For all 7 > 7" no trlangle that contains [0, 1]* and has vertex f + 7r! exists
because the convex hull of {f + 77!, (1,0)7,(0,1)"} contains (1,1)7 in its interior.

Now consider 7 € (77", 7{"**]. Let L 0)(7) be the line through f + 7r! and (1,0)". Let
L1,1)(7) be the line through f+7rtand (1,1)T. Let T be the triangle with edges defined
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by La,0)(7), Lay(7) and {(z,y) € R* : @ = 0}. Then T is a maximal lattice-free triangle
with vertex f + 77! such that [0,1]2 C T

In fact, T" is the only such maximal lattice-free triangle. Consider any other maximal
lattice-free triangle 7" with vertex f + 7r!. Note that the y-coordinate of f + 77! is
between zero and one. Hence the edges of 7" incident to f + 7r! cannot contain (0,0)”
or (0,1)T (since either such edge would then separate (1,0)T from (1,1)T). So (0,0)T
and (0,1)” must be on the edge of 7" opposite f + 7r! and this edge must be defined by
{(z,y)T € R?> : x = 0}. Then, the two edges of T" incident with f + 7r! must contain
(1,0)” and (1,1)7 respectively. It follows that 7" = T. Note that that triangle 7" matches
RSy (1) as described in Section 2.4.1. O

It follows by symmetry that for all ¢ € {1,2,3,4} triangle RS;(7) is well-defined for appro-
priate bounds on 7. Moreover, RS;(7) is a type 2 triangle.

/
L
<

)

Figure 2.8: An alternative definition would include this 7-Ray-Sliding triangle for Ray 1
RSi(7) for 7 = 3 and parameters a =1, b=2,c=1,d=1, g = %, and h = ;.

Note that the requirement [0,1]*> C RS;(7) could be considered unnecessarily restrictive.
An alternative definition might require: f+7r! be a vertex of RS (1), {(z,y)T € R? : x =
0} define the opposite facet of RSi(7), and RS;(7) be maximally lattice-free. Although
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enlarging the family in this way may provide additional candidate cuts, we have chosen to
require [0, 1]> C RS)(7) for a few reasons. Firstly, it ensures 7{"** is well-defined and it is
easy to verify RS;(7) is lattice-free within this bound. Secondly, it ensures the coefficient
of 73 is always determined by its intersection with {(z,y)” € R? : z = 0}. Lastly, it ensures
the coefficients of 72 and r* are no weaker than those determined by {(z,y)? € R? : y = 0}
and {(z,y)T € R?: y = 1}, respectively.

2.4.3 Standard Breakpoints

For ray-sliding triangle RS;(7) we can identify values for 7 that correspond to natural
geometric breakpoints. As in the proof of Remark 2.4.1, denote by 7" < 1 the smallest

allowable choice for 7 and denote by 7{"** > 1 the largest allowable choice for 7.

UZ
" /
i —
\\ / \/ 1/ .1/
/1 1\ A/ ! I
— v UL
3 j —
My 02

Figure 2.9: 7-ray-sliding triangle for Ray 1 for 7 = 7" (left) and 7 = 7{"** (right) for

parametersa:%,b:2,c:3,d:%7g:%’andh:%.

The cut coefficient improvement realized on r? and r* for 7 < 1 is limited by the underlying
geometry. First consider 2.

1. If the x-coordinate of 72 is non-negative, then for all 7 € [7™" 1] the intersection
cut coefficient for r? is determined by the intersection of ray 2 with the line joining
f+7rtand (1,0)7. Note that if the x-coordinate of r? is 0 and 7 = 7™ then ray 2
is in the recession cone of the corresponding split and the intersection cut coefficient
for 72 is 0.

2. If the x-coordinate of 72 is negative, then there exists 7% € [r™" 1] such that
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e for 7 € [7% 1], the intersection cut coefficient for 72 is determined by the inter-
section of ray 2 with the line joining f + 7r! and (1,0)”. Decreasing 7 in this
range will improve the coefficient for 72; and

e for 7 € [7™" 7] the intersection cut coefficient for r? is determined by the
intersection of ray 2 with the line {(z,y)" € R? : x = 0}. This coefficient
does not depend on 7 and so decreasing 7 in this range does not improve the
coefficient for r2.

2

The analysis for 7* is analogous.

For example, in Figure 2.7, the x-coordinate of r? is positive and so the intersection cut
coefficient is always determined by the intersection of ray 2 with the line joining f + 7r!
and (1,0)T. Thus for 7 < 1, the intersection cut coefficient for r? improves. However,
the x-coordinate of 7* is negative and so the intersection cut coefficient can be determined
by the intersection of ray 4 with either: the line joining f + 7r! and (1,1)7, or, the facet
{(z,y)T € R? : x = 0}. The image on the right illustrates the 7% for which the facet
of RS;(7) determining the coefficient of r* changes. For any 7 < 7% the intersection
cut coefficient for 7* does not improve. We consider 7% to define a natural geometric
breakpoint for 7 since it indicates a change in the cut coefficient formula for an off-ray.

2.4.4 Summary of Families of Ray-Sliding Triangles

There are four families of ray-sliding triangles: {RS;(7) : 7 € [r/™", 7/m**]} for i €

{1,2,3,4}. For each family RS;(7), there are always three breakpoints; they are

1. 77" the smallest allowable choice for 7 (defining a split cut in the limit);
2. Tif iwed _ 1. corresponding to the fixed triangle for ray i; and

3. 7m%: the largest allowable choice for 7 (corresponding to where [0,1]*> would no
longer be contained in the triangle).

There may be two additional ray breakpoints: T2 bl o [7min 1]. These breakpoints

correspond to changes in the cut coefficient formula for off-rays where the facet of the
triangle determining the coefficient changes. These (at least three and at most five) break-
points will be called the standard breakpoints for a family of 7-ray-sliding triangles. Note
that if both off-rays have a corresponding breakpoint, the underlying geometry determines
which breakpoint is smaller. We adopt the convention that if only one additional break-
point applies then it is denoted Tibp ! and that if two additional breakpoints apply, they
are denoted 77" > 772, The subfamily {RS;(7) : 7 € {rmin, 702 700t pliwed pmaril com.
prised of the ray-sliding triangles at standard breakpoints is a natural finite subfamily of
{RSi(7) : 7 € [r"™, 7mee]}
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Appendix A provides the exact values of the standard breakpoints as well as the intersection
cut coefficients for RS;(7) as a function of a,b,¢,d, g, h, and 7 for all i € {1,2,3,4}. Since
the coefficients can be calculated in a straightforward way by intersecting { f +Ar’ : A > 0}
with the appropriate facet of the underlying triangle, we aggregate the results of these
computations in Appendix A for easy reference, and treat the appendix as a catalogue
of intersection cut coefficients. These computations are tedious to do by hand (and it’s
easy to make an error), so we also checked the computations using Sage®. For pedagogical
purposes, we provide one example of the necessary computations here.

min max

We will compute the intersection cuts generated by the family {RS;(7) : 7 € [7{™", 7]"**]}
for instances where v} < g < v? (for example, as in Figure 2.7). Under this assumption,
there is one ray breakpoint, determined by the intersection of the ray { f+Ar* : A > 0} with
{(z,y) e R? : x =0}. Fori € {1 2,3,4}, let denote Ys.rs () (r"). By the construction
of RS1(7) we know that i = ; and ¥3 =1+ (a+c) as computed for fixed triangle Fi in
the proof of Lemma 2.2.2. To calculate 15, we Calculate the value of Ay > 0 such that the
point f + Aor? is on the line joining f + 7r! and (1,0)”. The equation of the line Lo(7)
joining f + 7r! and (1,0)7 is given by

_ { (b+d)h(1—7)+br
b+d)(g—1D(A—=7)+T7

(z—1)

Then for \y := @ +b)7£“atfi;)(l_7), we calculate
9 5 7[b— (a+b)g] B Tlab+ (a + b)h] T
= S dar _<g+(a+b)r—a(b+d)(1—r)’h @1 b —abrd(l-n)

Then we can check p? is on line Ly(7) by calculating

(b+d)h(1 —7)+br
[(b—i—d )(1—7’)—1—7](2_1)

(b+d)h(1 —7)+bT 7[b — (a + b)g]
[b—l—d 1—7')4—7‘} <g+(a+b)r—a(b—|—d)(1—7)_1>
(b+d)h l—T)erT alb+d)(1—g)(1—7)—ar)
[b+d 1—7')—#7'] < (a+b)Tr—ab+d)(1—71) >

—a( b—i—d)h(l—T)—abT
(a+b)T —alb+d)(1—T)

2SageMath [70] was used extensively to perform and verify many of the symbolic computations within
this thesis.
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i — 1 _q_ abtd(=7)
as required. Thus ¥y = =1 (ath)r
Next we calculate the value of 777" The first step is to calculate the value of A; > 0 such
that f + M\ is on the line x = 0. For )\, := (c+d)g e calculate the z-coordinate of

[+ At as (c+d)g=d?
" [(c(iil_)j)g d] (c—id _g> =9 [(C(iig_);l)g d} <d_cgf; d)> =9-y9

and verify that it is indeed 0 as required. We’'ll need the y-coordinate of f + A\sr* later and
calculate it now as
c+d)g cd c+d)g c+d)(1—h)+cd
el (vt = e ) (e )
(c+d)gh —dh+ (c+d)g(1 — h) + cdg
(c+d)yg—d
_ —dh+ (c+d)g — cdg

B (c+d)yg—d
d(1 = h) + cdg

(c+dyg—d -

Then, we calculate the value of 7, for which the line joining f + 77! and (1,1)T contains
f+ gt We obtain the value 727' = 1— m. To check this is correct, first we compute

the equation of the line L,(7) joining f + 7r! and (1,1)7. Tt is given by

_ [+ d)(h =1 —7) —dr
B { (b+d)(g—1)(1_7)+7}(95—1)+1.

We check f 4 Ay is on Ly (77"). Recalling the z-coordinate of f 4 Ayt is 0, we check

c(b+d
(b+d)(h — 1) (gpraara) — dc<b(+d>g)id] (1) t1=1- [d(b +d)(h—1) —de(b+d)g

(b+d) g — 1) (spraara) + cé‘iﬁﬁid db+d)(g—1)+c(b+d)g
d(1—h) + ged
=1+ —-—7T—.
(c+d)yg—d
which is the y-coordinate of f + M\ as required. Now, for 7 € A[T{’””,Tfp 1], we have
Py =y =1- —(Cfd)g. For 7 € [r"', 77" we calculate the value of A, > 0 such that the

point f + A is on the line joining f + 7r! and (1,1)T. The computations are similar to

calculating Ay as above, so we will omit them. We get Ay = (ctd)r Thus for

(c+d)T—c(b+d)(1—7) *
T e [rP', 7] we have 1, = %4 =1- %. The results of these computations can

be found in Appendix A.3 Case 2.
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2.5 Observations and Summary

In this chapter we introduced the techniques we require to prove bounds on p[7Tz, Qs] and
p[T2, Q]. Before moving on to this task we make a couple observations.

Firstly, note that there is a disconnect between the family of instances that

1. give weak bounds when replacing constraint (2.19) with fixed triangle cuts (Figure 2.3
and surrounding discussion), and

2. were proven to be hard to approximate better than a given factor with any triangle
cuts (Lemma 2.3.1).

In fact, the latter family is comprised of parallelograms and therefore Theorem 2.2.8 gives
stronger bounds when using fixed triangles. In Chapter 3 we will see that the bound in
Lemma 2.3.1 is the optimal value of (P(a, 83, 3,c,g,h)) for all 0 < a < B and (g,h)? €
(225 ars)™

Secondly, observe that the bounds in Lemma 2.2.2 and Lemma 2.2.3 are continuous func-
tions of a, b, c,d, g, and h. Moreover, the bounds agree for (g, h)T on the boundary of the
two regions: i.e) for (g,h)T € {(x,y) € R* : y = 0}. These properties arise because the
bounds come from dual solutions of a parameterized linear program for the same opti-
mal basis. It would be nice to improve these bounds and maintain the same smoothness
properties.

Lastly, we mention one technique to prove a target bound:

1. sequentially identify regions of the parameter set where the target bound holds using
a given set of type 2 triangle cuts; and
2. then focus on choosing different sets of type 2 triangle cuts for the other regions.

For example, Corollary 2.2.9 indicates target bound % holds for {(a,b,c,d,g,h) : a =d,b=
c,a+b+ % + % > 8} using fixed triangle cuts. One might hesitate to employ this technique
iteratively: it could lead to a disjointed analysis where different triangle cuts provide
bounds in different regions, with no consistency on the boundaries or intersections. The
practical obstacle we ran into was different: given a target lower bound LB and a parameter
set, there may be many choices of triangle cuts giving the target bound. So after accounting
for one set of parameters, the triangles we chose to analyze the next set of parameters often
worked for the first as well. Eventually, this technique lead to finding parameter sets for
which it is difficult to prove the target bound. Once triangle cuts that work for these “hard
to bound” parameter sets were identified, they could be used everywhere. We'll see these
choices of triangles in the next two chapters.
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Chapter 3

Approximating Parallelogram Cuts
with Type 2 Triangle Cuts

4
/
/
~ /
™~
\ T/t 5/
\ Y —] .1
3 L\ ~L | /Y
< Jf o
™~
ol \ |/
\
\
\/
b?
Figure 3.1: Parallelograms for parameters o = 3, 8 = 2, g = 3, and h = ; (left) and

a=2 =3, g=g3, and h = (right).

The main purpose of this chapter is to prove Theorem 1.3.21 showing that p[Tz, Qs] = g.

We follow the proof strategy in Section 2.1. Let Qa(c,3) := Q(«, 5,5, ). Let 0, :
{Q2(a,B) : @ > 0,8 > 0} denote the family of normalized parallelograms. The value
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of —pml gy 18 equal to the optimal value of semi-infinite program (S(75, Qs)) in variables
«, 57 g, h7 S1, 52, 53, and S4 giVeH by

inf 81+ 59+ 83+ 54 (3.1)

1+ L — B =1 _a
s.t. seTs < <Z> ; < ¥R . g> , (a*a‘g g> , (agﬂ Z o o+l (3.2)
atB ~ arg — ) \amB ~ T o8
14 L B =L o
9 € int | conv 5a+ﬂ ath ath a+h (3.3)
h B N\ zaB o a4 b
a+f3 a+pf a+f o+

a,f>0 ; a,BfeQ ; a<p (3.4)

(Z) € Q2\ Z2. (3.5)

Note that the assumption a < [ follows from Remark 2.1.2. Treating «, 5 > 0 with
a < B and (g,h)T € int Qs(a, B) as data in the optimization problem above, we obtain a
semi-infinite linear program in variables sy, s, s3, and s4 given by

inf s1 4+ 83+ 53+ 54 (3.6)

1_|_L_ B =1 _ _a
. t. seTz< (Z)( Bawhg)’(c_vgg 9>,<aa+ﬁ z |y ot g . (37
atB oHrﬁ_h atf T ats ~

We will denote this program by (P(a, 3, g, h)).

Section 2.2.1 showed the optimal value of (P(a,f,g,h)) is at least % for all applicable
a, B3, g, and h by:

1. fixing a and f3, sub-dividing the interior of Qs(a, 8), and identifying representative
regions Ry := (0,1)? and Ry := int Qy(c, ) N {(z,y)T € R?: z < 0};

2. for (g,h)T € Ry, replacing constraint (3.7) with the intersection cuts for four fixed
triangles and solving the resulting parametric linear program to obtain a bound;

3. for (g,h)" € Ry, replacing constraint (3.7) with the intersection cuts for three fixed
triangles and solving the resulting parametric linear program to obtain a bound; and
then

4. varying the parameters to find the weakest lower bound.

Here we subdivide the interior of Qs(a, 3) differently to identify three representative re-
gions: the Central Region, the South-West Region, and the South Region. This subdivision
is illustrated in Figure 3.2. One reason this subdivision is natural is that the set of standard
breakpoints is the same for all (g, h)? in a region. For example, each family of ray-sliding
triangles has exactly one ray breakpoint in the Central Region.
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Figure 3.2: Central, South-West, and South Regions of base parallelograms for parameters
=13, f=2(left) and o = 2, § = 3 (right).

In Section 3.2 we analyze the Central Region. We replace constraint (3.7) with the in-
tersection cuts for four ray-sliding triangles at their unique ray breakpoint and solve the

resulting parametric linear program. The resulting weakest lower bound is g.

Section 3.3 is investigative in nature; it probes the ray-sliding triangles to use to replace
constraint (3.7) for the South-West and South Regions. We learn that some natural choices
of ray-sliding triangles at standard breakpoints can improve on fixed triangles, but won'’t
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lead to a bound of %. The investigation points us to the triangles we eventually choose for
the South-West and South Regions. A reader on the shortest path (within this thesis) to
proving p[7Tz, Qs] = § may comfortably skip this section.

In Section 3.4 we analyze the South-West Region. We replace constraint (3.7) with the
intersection cuts for RSy(72) and RS3(73) where 75 and 73 fall between the two ray break-
points, serving as a sort of geometric average. In Section 3.5 we analyze the South Region,
using RS5(72), as well as the ray-sliding triangles for ray 1 and ray 3 at their unique ray
breakpoint. We amalgamate the results for the Central, South-West, and South Regions
to conclude p[73, Qo] < % in Section 3.6.

/
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/
/ /
/ //
/ il
/ ) /
/] /
/ / /1]
4 4 4
// /1] / /L
/
/Il /I/ / Il
[ [ [
3 /] 3| [/ 3| /]
v P 1 v P 1 v / 1 1
[ [ [
N \* !
2 2 2
U° T\ U v
N N

Figure 3.3: 7-ray-sliding triangle for Ray 3 for a« =1, g = %, g= 1—10, and h = % and (left)

7 =7 (center) T = 75, and (right) 7 = 727%.
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3.1 Identify Regions of int Q>(«, ) to Analyze

As in Section 2.2, we identify sub-regions of int Q2(cv, 8) and use a symmetry argument to
show it suffices to analyze only these regions. The same regions and symmetry argument
are used in Chapter 4 and thus we present them for an arbitrary quadrilateral. For fixed
a,b,c,d > 0 with ad < be consider the following regions of int Q(a, b, ¢, d):

1. South-West Region: Rsw(a,b,c,d) := {(g, h)T € int Q(a,b,c,d) : g < C%d , h < #C},
2. South Region: Rg(a,b,c,d) = {(g, h)T € int Q(a,b,c,d) : g € [ d b } , h <& },

ctd’ atb = atc
3. and Central Region:
RC’entT‘al(a7 ba C, d) = {(gv h)T € iIth(CL, ba ¢, d) ‘g€ [C_;_Ldv QL_HJ ) h € [aL-|—c7 b—&—Ld} } :

<
'S

iy

N

[~ SW Region dgion = i Region 1
~ sepesprees )
SW- Regitu-i-S:Region
~ ] b
\\1 :
U v°

Figure 3.4: South-West, South, and Central Regions of base quadrilaterals for parameters
a:%, b =6, c:%, and d =1 (left) anda:%, b:%, c¢=06,and d =1 (right).

Since we vary a,b, c,d restricted only by a,b,c,d > 0 and ad < bc, the below remark
shows that we can consider only the parameterizations where: (g, h)? € Reentrai(a, b, ¢, d),

(9,n)T € Rsw(a,b,c,d), or (g,h)" € Rs(a,b,c,d).

Remark 3.1.1. Let Q1 := Q(a,b,c,d) for a,b,e,d > 0 with ad < bc be a normalized
quadrilateral. Let f = (g,h)T € int Q,. Then there exist a,b,¢, and d with ad < bé and
affine unimodular transformation ¢ : R? — R? such that:
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1. ¢(Q1) = Q(a,b

e cz)i and )
2. ¢(f) € Rswi(a,b,c,

d) U R,g( b Ci) U RCentral(&a [;7 éa dA)

Proof. If f € Rsw(a,b,c,d) U Rs(a,b,c,d) U Reentrai(a, b, ¢, d), then no transformation is
required. If f & Rgw(a,b,c,d) U Rg(a,b,c,d) U Roentrai(a, b, c,d), the result follows by

rotating the quadrilateral clockwise 7, m or 3—’7 as described below.

Choose (a,b,¢,d) = (3.2,2,1). Note that ad = = <

b'd’a’c —

Case 1: g>—andh<b+d-

E — bé where the inequality holds because ad < bc. Consider the affine unimodular
transformation ¢z given by

o (L) = 1 ol (G- 1)+ 1]

It is straightforward to verify that ¢z (Q(a,b,c,d)) = Q(a,b,¢,d) and

~

. ([ZD _ [ﬂg} € Rew (0, b,¢,d) U Rs(a, b, ¢, d).

Case 2: g > % and h > b+—d Choose (@, b, ¢, d) := (d, ¢, b, a). Note that ad = da < ¢b = bé

where the mequahty holds because ad < be. Consider the affine unimodular transformation

@B E- T

~ A

It is straightforward to verify that ¢,(Q(a,b,c,d)) = Q(a,b, ¢, d) and

NI NI

-t

Case 3: g < ;47 and h > =1 Choose (&,B,é,ci) = (%,%,é,%). Note that ad = ﬁ <

ﬁ = be Where the inequality holds because ad < bc. Consider the affine unimodular

transformation ¢377r given by

()1 96 1)



It is straightforward to verify that QS%(Q(OL, b,c,d)) = Q(a, b, ¢ cl) and
Gax ([zD = {ihl € Rowl(a,b,¢,d) U Rs(a,b, ¢, d).

The affine unimodular transformation described has the required property in all three cases
and therefore the result holds. O]

For the parallelogram case (a = d = a and b = ¢ = ) the three representative regions are:
1. South-West Region: Rsw(«, 5) := {(g,h)T €int@a(a,B):g< 35, h < ﬁ}

2. South Region: Rg(«, ) := {(g, )T € int Qy(a, B) : g € [QLJFB, a’%ﬂ} , h < O{Lw},
3. and Central Region:

Roensrar(a, ) = { (9. 0)7 € int Qo(a, ) : g € [a+5»a+g]  he lﬁﬁl}
1
72

parallelogram case because a < 3 implies a5 <3 and B > 1

3.2 Central Region

Focusing first on the Central Region, we use the intersection cuts for four ray-sliding
triangles at the first (unique) ray breakpoint, as illustrated in Figure 3.5

Lemma 3.2.1. For fized o, 8 > 0 with o < 3 and g, h with (g, h)" € Reentrar(cv, 8), let (P')
be the parameterized linear program obtained from (P(«,(,g,h)) by replacing constraint
(3.7) wzth the constraint s > O and the intersection cuts for ray-sliding triangles RS (T bpl)

RS (T2PY), RS5(mPY), and RS4(TP"). Then, the optimal value of (P') is equal to

- a8 — a)
a(f—a)+aB(l+8)+(1+a)

)

LBCentral(aa 5) =1

Proof. We order the cuts RS3(727"), RSy (m*"), RSy (T"), RSy(72") in the constraint ma-
trix. Looking up the cuts in Appendix A, the constraint matrix for a general quadrilateral
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Setting b = ¢ = [ and a = d = « the constraint matrix is

[ 1 a « o? T
(H 7(&%’)(1—9)) (1‘7@%)(1—9)) (H 75(&%)(1—9)) (1_7&&%)(1 g>>
__a? _af ___a
El B(a+ﬂ)§ (1+(a+6)h El it L+ g
[0} 012
1+ 5619 <1_7B(a+ﬁ)g e T 1 - g
a 2 2 Ozﬁ
_(1_7@%)(141) 1+ aeanm (1_7/3@%)(1%) 1+7(a+/3)(17h))_
So, optimization problem (P’) is given by
min 175
subject to [ﬂﬂT—f-A}SZ]]
s>0
where
= 00 07rtooo][t 1 F -5l ooo
(1 0 0 of|loao0of|[-% 2 -1 1[]0ao0o0
a+B) |0 0 5 000105 -4 1 —1f|00 10
0 00 5%]1000a|-1 1 -2 2/[[000 «
B a
First we assume a # 3. We compute
1 00 0][8 a0 0]t 00 0][t—g 00 0
a5 02000 @ ao0f|02 00 0 h O O
“\B—a/|0 01 0[]0 0 B all0 01 0 0 0g 0 |’
000 2Xla0O0al0o0o0?1l 0 00 1-nh
1 00 0][8 a0 0] [(1-yg) B(1—g)+h
aig (P 0L 000 aao0 bl 0B big
“\B=a/ |0 0 1 0[]0 0 B8 a g “\B-a) |Bg+(1-h)
000 2]a00a £t (1—g)+ 1L
and
1A = s 1+ﬁ+1+l (- (aB(1+p8)+B(1+a)).
B—a a a(f - a)




Note that the entries of A1 are non-negative because a, 3 > 0, « < 3 and (g, k)" € [0,1]?.
We apply Lemma 2.1.3 to conclude the optimal value of (P') is
1 a(f —a)

BT 7 i gy SRV G R BTG ey

whenever « # f3.

If o = 3, then the optimal primal and dual solutions can still be constructed in the same
way and the objective function value is 1. We handle this case in detail in the general

quadrilateral analysis; see Lemma 4.1.1. O
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@ 4.0 1
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Figure 3.6: Contour plot of LBcentrai(cv, B).

We vary « and ( to find the weakest bound.

Lemma 3.2.2. For all a, > 0 with o < 3, LBcentrai(e, 5) >

Nelles)
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Proof. For a = 8 we have LB¢enra(@, ) = 1 so we may assume a < 3. Now

1 where . §) = afB(l+6)+ (1 + «)
e here g(a, B) : a(B—a) :

So, for a, 8 > 0, LBcensrai(v, ) > % if and only if g(«, 5) > 8 and

LBCentral(aa ﬁ) =1

g(a, B) > 8 <= af +af®+ B+ af > 8af — 8a?
< af® + (1 - 6a)B +8a* > 0.

This inequality holds trivially for a < % since all the terms are non-negative. Fixing av > %,
we can view af3? + (1 — 6a)8 + 8a? as a degree two polynomial in 3. Its discriminant is
(1 —6a)* —4a(8a®) = (=1 4 2)*(1 — 8a) which is negative because a > #. Since
af? + (1 — 6a)B + 8a? is positive for 3 = 0, it follows that the polynomial is positive

everywhere. Therefore g(a, 3) > 8 for all a, § > 0. ]

Note that LBeentrai(e, 5) exactly matches the objective function value of the feasible so-
lution to (P(«, 3,g,h)) given in Lemma 2.3.1. In fact, if we were to calculate the opti-
mal solution to (P(«,f,g,h)) in Lemma 3.2.1 using Lemma 2.1.3, it is exactly equal to
$(a, 8,9,h) in Lemma 2.3.1. Therefore, we have solved (P(«a, 3,g,h)) for all 5 > a > 0
and (g, h)? € int Reentrai(a, B).

3.3 Investigate Triangle Choices for the South-West
and South Regions

In the South-West Region, the ray-sliding triangles on rays 1 and 4 have no ray breakpoints
while the ray-sliding triangles on rays 2 and 3 have two ray breakpoints. In the South
Region, the ray-sliding triangle on ray 2 has two ray breakpoints while the ray-sliding
triangle on ray 4 has no ray breakpoints. Since each ray-sliding triangle has exactly one
ray breakpoint in the Central Region, it is not immediately obvious how to choose ray-
sliding triangles consistently with the Central Region analysis.

3.3.1 First Breakpoints

As a first attempt, we choose the ray-sliding triangle for ray 7 at the first breakpoint if it is
defined and use a fixed triangle otherwise. We restrict our analysis to the family of paral-
lelograms where o = % and fractional points (g, )" € [0,1]%. This restricted case suffices
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to show both how the bound can be improved and limits on the gains. This restriction
isn’t too unnatural - it stems from the example showing p[7T, Q] > g in Section 2.3.

South-West Region

First we consider the South-West Region. The candidate choices of ray-sliding triangles
are illustrated in Figure 3.7.
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Figure 3.7: Clockwise from top left: Fy, RSy(7%"), RS5(72"), and F, for a = 3, 8=2,
_ 1 1
g=gand h=z.
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Lemma 3.3.1. For fized 3 > 1 and g,h such that (g,h)T € Rsw (%,B) N [0,1]2, let

(P') be the parameterized linear program obtained from (P(%,ﬁ,g,h)) by replacing con-

straint (3.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
Fy, RSy (21, RS5(72PY), and Fy. Then, the optimal value of (P') is equal to

B(—1+p)

LBSWl(ﬁ)g’h> =1- 255_’_ (1 _6_54)9_/8(1 +52 _B?))h

Proof. We order the cuts RSs(72""), Fy, Fi, RSy(m2P"). Looking up the cuts in Appendix A,
the constraint matrix for a general quadrilateral is

(1 + o) (- awes) (Frases) (1wt |
1 (1+% 1 1
1 1 (1+m) 1

ad

_(“W) (HW) (“m)

(1 + aitm) |

Setting a = d = % and b = ¢ = 3, optimization problem (P’) is given by

min S; + S9 + S3 + sS4
I B I S I 1Y
1+ ) (o) (Caees) (- o) "
1 (1+ 1 1 o
S. t. 5 s
! ! (1+ t5) ! :
(1-wem) (1 mben) (- moen) (U mboem) |
L (1+82)(1-h) B(+p2)(1—h) B2(1+52%)(1=h) (1+82)(1-h) ) |
51,52,53,54 > 0.
The dual (D’) of (P') is given by
max v+ v +v3 -+ vg
I B 1 Y]
L+ ma 1 1 (1~ arm) -
‘ot ) (T+67h , saEan) | |v2| < g
1 1 >~
(1+ s ! (1 wm) (1 b 2
(1 S A 1 1 (1 n #) 4
L B2(1+p8%)(1-g) (1+p%)(1=h) } |

V1,V2, V3,04 2 0.
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It is straightforward (enough) algebra to show that

B3+B85+(1—p*—p5)g—B(1+B8*—B)h
(1+8)[28°+(1-p—B1)g—B(1+3>—%)A]
B2(=1+8)(1+8%)h
285+(1-B—pB1)g—B(1+B2—53)h
B2(=1+8)(1+8%)g
285+(1-B—B1)g—B(1+B2—53)h
B°(1—h)+85(1—g)
(1+B)[2B5+(1—B—pB%)g—B(1+B2—B3)A]

Va3

and

B°(1—g)
235+(1-—p%)g—B(1+B2—33)h
B(=1+8%)h
b= | 2PFA—B—BNg—BO+F>—B)h
’ (1-8)(1-8%g
235+(1-6—p*)g—B(1+B2—33)h
B2(1—=B+82)(1-h)
235+(1-—p*)g—B(1+B2—33)h

are a pair of primal and dual optimal solutions. Therefore the optimal value of (P’) is
B B (-1+5)

2+ (1~ B~ g~ B+ P2~ BY)
as required. N

Corollary 3.3.2. The optimal value of (P(%,B,g,h)) is at least 0.867 for all B > 1 and
g, h such that (g, h)" € RSW(%,B) N[0, 1]%

15 =1

h = LBSWl(ﬁ?Q? h)

2
Proof. First note that st(%, B)N[0,1)° C [O, ﬁ] . Now, by Lemma 3.3.1, the optimal

value of (P(%,ﬁ,g, h)) is greater than or equal to LBsw1(5,9,h) = 1 — 5;((?;}?))

D(B,9,h) =2B°+ (1 — B —B%g — B(1 + % — 8%)h. Note that 3(—1+ 3) > 0 and
D(B,9,h) >28° + (1= —8")g— B(1+ %)
2°(1+ %)+ (1= —p*) - B+ 5%

where

= I+ 7
28T+ 280 +1—-28 - —
_ o

>0

2
for all 3> 1 and (g,h)T € [0, ﬁ} . Hence for fixed 8 > 1 the lower bound LB(j, g, h)

is smallest whenever D(f3, g, h) is smallest.
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For fixed § > 1 the denominator D(f,g,h) is affine in g and h. The coefficient of g in
D(B,g,h)is (1 — B — B%), which is negative for all 3 > 1. The coefficient of h in D(f3, g, h)
is —3(1 + 32 — 33), which is non-positive for all § < % and non-negative for all g >

For fixed § < g, it follows that the smallest bound is given by

3
5

11 )_1_ B(=1+ 81+ 5
I+5 1P 281+ )+ (1= B — 5 = L+ 5> = &)
L _B3+B4_65+56
1—28—p%+20854287

LBSWl <ﬁ ’

For fixed 8 > %, it follows that the smallest bound is given by

| I e (R
LBSWI(Bv m70)_1 255(1+ﬁ2)+(1_5_54)
i _53+64_55+ﬁ6
1—B—pt+28°+267
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Figure 3.8: Plot of LBgy <B, ﬁ, 0> in solid orange and L Bgy (ﬁ, #, ﬁ) in dashed
blue.

By inspection, the smallest bound is at least 0.867 and it occurs for g around 1.84, g = ﬁ,
and h = 0. O]
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South Region

Now we consider the South Region. The candidate choices of ray-sliding triangles are
illustrated in Figure 3.9.
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Figure 3.9: Clockwise from top left: RSi(7{""), RSy(r""), RSs(m5""), and Fy for o = 1,
Bz?,gz%andhzé.
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Lemma 3.3.3. For fized 3 > 1 and g,h such that (g,h)" € Rg (%,B) N[0, 1)%, let (P)
be the parameterized linear program obtained from (P(# B,g,h)) by replacing constraint

(3.7) with the constraint s > O and the intersection cuts for ray-sliding triangles RSy (r"),
RS> (T2PY), RSs(mPY), and Fy. Then, the optimal value of (P') is equal to

B B*(-1+5)
_ﬁ2+53+254 _53g_h

LBSl(B?.g? h) =1

Proof. We order the cuts RS5(r"), Fy, RSy (7)), RSy ().
Appendix A, the constraint matrix for a general quadrilateral is

Looking up the cuts in

Setting a = d = % and b = ¢ = 3, optimization problem (P’) is given by

(1 Graes) (- wieg) (o) (U et |
1 1+ (ail;a)h 1 1
(1 + ﬁ) (1 - c(afb)g> (1 + ﬁ) (1 - (cfdw)
_(“W L+ amion) (U~ meam) (U e ) |

min 51 + S22+ 83 + 54
i B B 1 1 - 1 1
(1 + o) (- o) (amenes) (U mesa) "
1 (1 e 1 1 o
s. t. P 1
S S 1 b 1 S
(1 + B(1+62)g) (1 62(1+ﬁ2)g> (1 + <1+52)g> (1 (1+62)g> sz
(1 ~maw) L ameae (1 ~ PR (1 + e
51,852,853, 54 Z 0.
The dual (D’) of (P’) is given by
max v+ v2 + vz + U4
! ; 1 o )
L+ w9 L (1+ putems) (1 wembem) o
e (T ) <1+L2> (1—ﬁ) 1+ gy v
- = 157k PR BATA R 2| <
1 1 -
L+ s . i) (1w o
(1 ~ R 1 11 _ (1 TN B
i = 5% A 0=h)

U1, V2,03, V4 Z 0.
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It is straightforward (enough) algebra to show that

B°—B3(145)g—(1-B*)h
(14+8)(—=B>+p3+2B*—p3g—h)
—B(=B)(1+B*)h
G = (=B2+8°+261—B3g—h)
: B*(1+B8g—h)
(14+8) (- B>+p3+2B*—B3g—h)
B*(1-g)+B°(1-h)
(1+8)(—=B>+p3+2B*—p3g—h)

and

B*(1-g)
_62+63+264_539_h
(=1+8YA
b= | BT
' B (=1+8)g
BA(1—h)
7ﬂ2+ﬂ3+2ﬂ47ﬁ397h

are a pair of primal and dual optimal solutions. Therefore the optimal value of (P’) is

Ta B*(=1+p)
reis (—ﬁ2+53+2ﬁ4—63g—h

as required. O

) = LBSl(ﬁaga h)

Corollary 3.3.4. The optimal value of (P([‘lg,ﬁ,g,h)) is at least 0.862 for all B > 1 and
g, h such that (g, h)" € RS(%,B) N[0, 1]2.

Proof. First note that RS(%,B)O[O, 1> C {(a:,y)T ER?: 2 ¢ [#, %} Y € [0, Tlﬁg} }

Now, by Lemma 3.3.3, the optimal value of (P(%,/B,g,h)) is greater than or equal to

LBsi(B,g.h) = 1 — 5;(@%) where D(8,g,h) = —2 4+ 83 + 26* — 3¢ — h. Note that

%=1+ ) >0 and

(=2 + 5 +28Y(1+5%) =5 —1
1+ 32
_1_62+ﬁ3+ﬁ4+256
14 2

D(B3,g,h) >

>0

forall B>1, g€ [ﬁ, %} and h € [0, #} Hence for fixed 8 > 1 the lower bound

LB(B, g, h) is smallest whenever D(f3, g, h) is smallest.
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For fixed § > 1 the denominator D(f,g,h) is affine in g and h. The coefficient of g in
D(8,g,h) is —(3, which is negative for all 3 > 1. The coefficient of h in D(8, g,h) is —1,
which is negative for all § > 1. For fixed g > 1, it follows that the smallest bound is given
by

tha (s 2 L\, P14+ B)(1+ )
1 -1 —
RN s (=82 + B3+ 28 (1 + 5%) = 5° =1
L _62+63_54+55
_1_B2+53+54+2ﬁ6
Near Minimizer 100 Bird's Eye View
091 08
.90 0.96
2 089 2 094
2 2
‘g 088 % 092
B ~ 090
0.87
0.88
086 B =182 with bound at least 0.862 0.86
125 150 175 200 225 250 275 300 325 25 50 75 100 125 150 175 200
& B

Figure 3.10: Plot of LBg; (8 L ).

y Wa m
By inspection, the smallest bound is at least 0.862 and it occurs for § around 1.82, g = 5 522
and h = 7 +152. O
Observations

The above choices improve on the bound provided in Lemma 2.2.6. For example, the
optimal value of (P(1,1,g,h)) for any (g,h)" € [0,1]* can only be lower-bounded by 2
using fixed triangles but it can be lower-bounded by 1 using the triangles described above.
However, the analysis also shows that the selected triangles are insufficient to lower bound
the optimal value of (P(«, 8, g, h)) by g for all applicable choices of «, 3, g, and h. Moreover,
the bound calculated is not consistent for (g, h)T at the meeting of the Central, South-
West, and South Regions, nor on the boundary of the South and South-West Regions.
Together, these two facts suggest a better analysis may be possible.
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3.3.2 Testing Other Choices of Standard Breakpoints

Recall that in the South-West Region there are:

1. three standard breakpoints for the ray-sliding triangles for each of rays 1 and 4; and
2. five standard breakpoints for the ray-sliding triangles for each of rays 2 and 3.

If we aim to use one ray-sliding triangle at a standard breakpoint per ray to prove the
bound of g, there are 3-5 -5 -3 = 225 possible combinations. One might ask:

1. The first combination we guessed didn’t prove the % bound, but can another combi-
nation work?; and

2. Even if there isn’t one “global best choice”, is it possible that for every applicable
a, B, g, and h, there exists a combination that works?

Empirical evidence says that the answer to both of these questions is “no”. Although other
choices may improve on the bounds in Section 3.3.1, a bound of % cannot be obtained. To
show this, we fix the parameters «, 3,9, and h to specific numerical values, solve 225
linear programs, and observe that each has optimal value strictly less than g. We will
solve these linear programs using a numerical solver and, accordingly, standard caveats
about numerical round-off, and the distance from the true optimal value apply (hence this
evidence is said to be “empirical” rather than “mathematically rigorous”).

We choose the parameters («, ,g9,h) = (%,2, %, %) for our experiments. Note that

(%,%)T € Rsw (%,2). Let A; for i € {1,2,3,4} denote the set of possible intersec-
tion cut coefficients obtained from a ray-sliding triangle for a standard breakpoint for ray
i. For example |A;| = 3 and its elements are (¢y.7(r'), ¥ ;.10(r?), Yo (r?), Ypr(rt))? for
T € {RS;(r{™™), F}, RS, (7"**)}. Looking up the cuts in Appendix A and substituting our

)
choice of parameters a = d = %, b=c=2,g=h= % we calculate

137 117 [ ([T 77 7 17 [
% 1 190 ?) 295 190 1 %
Al - 2 ) ) 2 ) AZ - 1 3 El) ) 197 ) 9 190 )
51715175 sl sl |wl 1] |9
I B P B E | |3 [18] || |3
9 J 9 \ L9 9 L 9 9 9
13 (13 13 13 13 ([T 1 13
I A A HEE
A3 = g y 2% ) 1& 9 1 3 i > 7a‘nd A4 = 1 1] 25
9 9 9 9 9
1 i I vl I I R Bl (1] |12
9 L 9 1 9 J \ 9 9
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Then for all a; € Ay, as € As, az € Az, and ay € A4 we need to solve

min S; + Sg + S3 + S4

(al)T S1

. ((IQ)T S92
subject to ()T | |55 >1

(a4)T 54

51, 82, 83, 84 Z 0.

The problem data is reasonable and we use Python and scipy.optimize to do the heavy
lifting of solving these problems.! The linear program with largest objective function value
is given by the assignment

[y

3

, Qo 1= ;and a4 1=

©|zk|Solsei~

=

)

|
STS—
ol~o|¥ uro|g

9
7
9
5
1
9

corresponding to using the cuts for RSy (77""), RS,(t2"), RSs(mi") and RSy (7)"**). The
objective function value calculated is a little below 0.883.

Although these experiments suggest that using one ray-sliding triangle per ray won'’t lead
to a bound of %, they can be modified to give insight into alternative candidate ray-sliding
triangle sets. Firstly, we solve the linear program

min S$; + Sg9 + S3+ Sy
subject to  (a1)'s >1 Va, € A;
(ag)Ts >1 Vas € Ay
(a3)Ts > 1 Vas € As
(as)Ts > 1 Vay € Ay

51,52, 83,54 Z 0.

It’s optimal value is around 0.90. For the optimal solution found, the tight primal con-
straints are those generated by the intersection cuts for RSy (7%), RSy (12", RSs(t2%%),
and RSg(Tgp 1). So, if we are willing to use more than one ray-sliding triangle per ray, these

1Scipy [72] was used to perform numerical experiments that informed the choice of intersection cuts
made throughout this thesis.

97



four triangles would be a reasonable candidate set to try. Alternatively, if we are willing to

consider choices for 7 other than standard breakpoints, we might want to choose RS (72)
for 75 € (7oP%, 72"") and RSs(73) for 75 € (7272, 72P'). To further investigate this option, we
choose to fix Fy and Fy, vary 75 between 7,7 % and Té)p ! and vary 75 between Té’p 2 and Té’p )
The results are illustrated in Figure 3.11. The optimal value of the corresponding linear

program is largest for some unique choice of 75 and 73, indicated in the figure by the black
dot. Denoting these values as 7, and 73, then these two triangles (or these two triangles

plus F; and F}) are a reasonable candidate set to try.

F 0.90
" 0.85
" 0.80
" 0.75
" 0.70
" 0.65
0.60

Figure 3.11: Optimal value of linear program min s; + sy + s3 + s4 subject to s > (0 and

s satisfying the intersection cuts generated by Fy, RSy(72), RS3(73), and F}, as a function

of € [Té’pQ,szpl] and 73 € [rgpz,rgpl].
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This discussion has led us to the choices for ray-sliding triangles we use for the South and
South-West Regions in Chapter 3 and Chapter 4. When these triangles appear later, we
define and analyze them analytically, and do not depend on the discussion here.

3.4 South-West Region

We return to bounding the optimal value of (P(«, 3, g, h)) analytically, focusing next on
the South-West Region. We use the intersection cuts for the two triangles RS»(72) and
RS5(73) where

(a+6)(1—g)
L+ (a+B8)(1-g)

g — (O‘+ﬁ)<1_h)
2 af+ (a+B)(1—h)

and 73 :=

These triangles are illustrated in Figure 3.12.
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Figure 3.12: RS5(72) (left) and RS;(73) (right) for a =4, =32, g=¢ and h = 1.
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Lemma 3.4.1. For fized o, 3 > 0 such that o < 3 and g, h such that (g, h)" € Rsw(a, B),
let (P') be the parameterized linear program obtained from (P(«, 3,9, h)) by replacing con-
straint (3.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RSy(79) and RS3(73). Then, the optimal value of (P') is greater than or equal to

a(f — o)

EBaw(en 0 0 = L G ) T el Ao 1 A —g) + (LT a)a 1 B~ h)

Proof. Looking up the cuts in Appendix A and specializing for a = d = a and b = ¢ = j3,
the constraint matrix is

M(a, 8,9, h) = [glm)‘flh); EHmEi%h); El(a+ﬁa(1h)§ EHM,;E?M;]
I eny) -eone) UtTewoy) - ey

So, optimization problem (P’) is given by

= —

min sy + s2 + 53+ 54

S1
. a __aB o __aB
5.t [El (a+ﬂ)(1h)§ El MCE: (1h>§ El (a+ﬂ)(1h)§ El + (a+ﬂ)(1h)§] 52| 5
o 1 o 1 o -
It emay) U wwoe) UTesae) - eoae Zi

81,892,83,54 > 0.

The dual (D’) of (P') is given by

max vi + vg

! ) S
l-wman) M emag

af
1+ e

« 1
l-wmam) M o

__aB o
It @mawn) - emay
vy, v > 0.

Note that the first and third dual constraints coincide, as do the second and fourth dual
constraints.

We will show that

(1+a)(a+B)(1—h)
a(f—a)+a(148) (a+8)(1—g)+(1+a) (a+p8)(1—h)
a(1+8)(a+p)(1—g)

a(B—a)t+a(l+8)(a+p)(1—g)+(1+a)(a+pB)(1-h)

D=
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is feasible for (D’). Thus, the optimal value of (P’) is bounded below by LBgsw («, 3,9, h)
because

s (1 a)@tB)(1-h) +a(l+H)a+H(l-g)
a(f—a)+a(l+B)(a+B)(1—g)+ (1 +a)a+B)(1-h)
a(f — a)

a(f—a)+a(l+B)(a+B)(1-g)+ (1 +a)(a+B)(1-h)

Now we show that © is feasible for (D'). Each entry of ¢ is of the form C - + for some
constant C' where

K=of—-a)+a(l+8)(a+8)(1—-g) +(1+a)a+p)(1—h)>0

for any fixed o, 8 > 0 with a < 3, g < Jrﬁ, and h < ﬁ So, to verify v > O, we check
that the corresponding constant C' is non-negative for each entry To verify 01 > 0, note
that (1+a)(a+8)(1—h) >0 for any fixed o, f > 0, and h < =%5. To verify 9, > 0, note

that a(1 + B)(a+ B)(1 — g) > 0 for any fixed o, f > 0, and ¢ < e

Having shown ¢ is non-negative, we next verify that ¢ satisfies the constraints of (D’). As
each constraint is of the form (17 + [k, ks])v < 1, it suffices to check

- a8 —a)
R S B T+ Al Al -9+ (A +a)a+ H—h)'

To verify © satisfies the first constraint, we calculate
a+ )1 -g)+ 1+ a)(a +5)(1—h)>'

LHS‘(a( &) FallT
1

Bl
() (et -0+ (g ) @0+ Ha+ ) -9)
—a(lt+a)+a(l+p)
ot BH(I—g)+ (L+a)at H-H)

(8~ )
a(F @)t a(l1 Aot A~ g)+ L+ a)a A1 H)

a(f—a)+a(l+ B8)(a+

and conclude that © satisfies the first constraint; moreover, it satisfies this constraint with
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equality. To verify ¢ satisfies the second constraint, we calculate

LHS =

1
(=T —graraETIas)
o )= (—2 ) (@ + et A
(o) @+ e+ aa-m - ( ) (@t +8)a+5)1 - g)

(a+B)(1—g)
aB(l+a)—a?(1+8)
a(f—a)+a(l+B)(a+pB)(1—g)+ (1+a)a+pB)(1—h)
a(f - a)
a(f—a)+a(l+pB)(a+pB)(1—g)+ (1+a)a+B)(1—h)

and conclude that © satisfies the second constraint; moreover, it satisfies this constraint with
equality. As the first and third dual constraints coincide, ¢ satisfies the third constraint
with equality. As the second and fourth dual constraints coincide © satisfies the fourth
constraint with equality. Therefore, 0 is feasible for (D’) and thus the optimal value of
(P') is at least LBsw (a, 8,9, h). O

Proposition 3.4.2. The optimal value of (P') in Lemma 3.4.1 is exactly LBsw(c, 5,9, h).

Proof. See Appendix B.1 where a primal feasible solution of objective function value
LBsw(«, B8, g,h) is provided. ]

3.5 South Region

In the South Region, we use the intersection cuts for the three triangles RSy (7", RSy(72),
and RSs(7"") where
o arp0-n)
af + (a+ B)(1 —h)’
consistently with our choice of 75 in the South-West Region. These triangles are illustrated
in Figure 3.13.

Lemma 3.5.1. For fized o, 3 > 0 such that o < 3 and g, h such that (g,h)" € Rs(a, B),
let (P') be the parameterized linear program obtained from (P(«, 5, g,h)) by replacing con-
straint (3.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RSy (TPPY), RSy(73), and RS5(t2Y). Then, the optimal value of (P') is greater than or equal
to

a(f —a)

EBs(oo B 1) = 1= =y ¥ a4 ) + (Lt &)@+ A1 =)
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Proof. Looking up the cuts in Appendix A and specializing for a = d = a and b = ¢ = j3,
the constraint matrix is

« a2 1 «
(1 * Batpys ) (1 - —ﬂ(a+ﬂ)g) (1 + —(a+5>g> (1 - —(a+5>g>
. e af o af
M(a,B,9:0) == | (1~ @rpyam ) (1t @oaw) - @eam 1+ —(a+/3)(17h)>
1 « e} o?
It emag) I~ oo (1 * B9 (1 ~ B g
?,’4
—— \ ] ~~
R 3 P g
117 L~
o~
V,L 2
N /
! /
\ [~
\ U
i \ /
ST L vl
P \ I~
Y ABR .
2
CHV RNV
N
Il

Figure 3.13: Clockwise from top: RS,(7), RSs(t"), and RS (") for a =
_1 _ 1
g=s5and h=g

Wl
=
I
[\J eV
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So, optimization problem (P’) is given by

min 51 + s2 + 83+ 54

o a? 1 [
(1 + 75(&%)9) (1 BlatBlg ) (1 + 7(a+ﬁ)g> (1 - Wﬁ)g) Zl
Y- L o __aB 2
st (1= @gem) (rasim) (- esem) (O e s 21
1 [} o a?
It amag) - oo (1 * BarAag (1 ~ Barmag )] Lsa

51, 82, 83, 54 > 0.

The dual (D’) of (P’) is given by

max v1 + vy + v3

o 1 ]
E” B(a+ﬂ)g§ 1 - amaw EH (a+ﬂ)(lg);
__a® __aBf L a v
' seme) Heman) ' emoe {1] -1

subject to . N V2
%1 +@rmg) U wpam) (Ut sy v3
af a?
- @e) Ut emaw) - semmay
v1,v2,v3 > 0.
We will show that
aB(1+8)g
aF=al e BB (1) ot A (—T)
5. (1) (0tB) (1oh)
S G s R Rl
aB(148)(1—g)

a(f-a)t+af(1+8)+(1+a)(a+B)(1-h)

is feasible for (D’). Thus, the optimal value of (P’) is bounded below by LBg(«, 3, g, h)
because

(7 OB0E g+ (Lt @)fa+ A= h) +aB(1 +B)(1 —g)
a(f—a)+aB(l+ )+ (1+a)(a+B)(1—h)
_ ap+A+(ta)atBL-h)
alf—a)+af(l+8)+ 1+ a)a+B)(1—h)
a(f —a)
a(f—a)+af(l+8)+(1+a)(a+B)(1—h)

=1

Now we show that ¢ is feasible for (D’). Each entry of ¢ is of the form C - + for some
constant C' where

K=af—a)+ap(l+8)+1+a)a+p)(1—h)>0
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for any fixed o, > 0 with o < 3, and h < aaTB So, to verify v > O, we check that
the corresponding constant C' is non-negative for each entry. To verify ©; > 0, note that
afB(1+ B)g > 0 for any fixed o, > 0, and g € [ﬁ , a%] To verify 05 > 0, note that

(1+a)(a+B)(1—h) >0 for any fixed o, f > 0, and h < =2—. To verify 93 > 0, note that

af(1+ B)(1 —g) >0 for any fixed a, 3 > 0, and g € [a+ﬁ7af_5]

Having shown ¢ is non-negative, we next verify that ¢ satisfies the constraints of (D’). As
each constraint is of the form (17" + [k, ks, k3])v < 1, it suffices to check

a(f —a)
alf—a)+af(l+8)+ (1 +a)(a+B)(1—h)

To verify © satisfies the first constraint, we calculate

k01 4 koty + kg3 <

1

w15 = (e e A e T ) l(m )g)mm1+m>
—(Q%HSh_hJ(U+axa+ﬁ -+ (s )aM1+mu—g»]
2 «
(e o craeTaan) [((iﬂf> o)+ (555
:< a(l+8) —a(l+a) )
alf—a)+ap(l ;(g)_-i-a()l +a)(a+B)(1—h)

T aB—a)+aB(l+B) +(L+a)atB)(l-h)

and conclude that © satisfies the first constraint; moreover, it satisfies this constraint with
equality. To verify v satisfies the second constraint, we calculate

012

ﬂ+axa+mﬂ—h0'l_(ma+mg

- Dla .
‘*Qa+muhﬂ<ﬂ+ o+ B)(1—h) - (( T m)(ﬁ0+ﬁx 9)
)

)
:(a(ﬂ—a)+a/3(1+ﬂ)Jlr(1+04)(0¢+5)(1—h)> [ (3 f) i) (Wﬂ
—a?(1+8)+ aB(l+ )

a(f—a)+aB(l+8)+(1+a)(a+B)(1-h)
a(f —a)
af—a)+af(l+8)+ 1+ a)(a+B)(1—h)

1

LHS:(MB—m+aM1+m+

)&wu+mm+
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and conclude that © satisfies the second constraint; moreover, it satisfies this constraint
with equality. To verify v satisfies the third constraint, we calculate

(( ! g><a5<1+ﬂ>g>+.-.

1
LHS(a(ﬁ—a>+a5<1+m+<1+a><a+5><1—h>>' )

«

((a+ﬁ>(1—h)

B (a(ﬂa) +a(ﬂ<1 ;)/3) i((ua))(aw)(l h)) | [(agl:ﬂ)m) Tallta)+ (a;cilfﬂf))]
B a(l+8)—a(l+a

aB-a)+aB(l+8)+ (1 +a)(a+B)(1—h)
_ (B —a)
Calf—a)+aB1+B)+ 1+ a)(a+B)(1—h)

«

Bla+B)(1 —g)

) (1+a)(a+A)(1— ) + ( ) (aB(1+ B)(1 —g>>]

and conclude that © satisfies the third constraint; moreover, it satisfies this constraint with
equality. To verify v satisfies the fourth constraint, we calculate

L (67
s = (a(ﬂ—a)+aﬁ(1+6)+(1+a)(a+ﬁ)(1—h)> ' l‘ (((H)g> (aB(1+B)g) +...

a8 -1 - (aragg) @+ a0 _M
- ! (o (BAEBY | 14 ay — (O EE)
_(a(ﬂ—a)+aﬁ(1+ﬂ)+(1+a)(a+6)(1—h)> [ ( @i D )* AL+ a) ((a+6)

—a?(1+8)+ aB(l+ )
a(f—a)+aB(l+8)+(1+a)(a+B)(1-h)
a(f —a)
af—a)+af(l+8)+ (1+a)(a+ B)(1—h)

and conclude that v satisfies the fourth constraint; moreover, it satisfies this constraint
with equality. Therefore, © is feasible for (D’) and thus the optimal value of (P’) is at least
LBS(OZ,B,g,h)' L

Proposition 3.5.2. The optimal value of (P') in Lemma 3.5.1 is exactly LBs(«, 3,9, h).

Proof. See Appendix B.2 where a primal feasible solution of objective function value
LBs(a, 3,9, h) is provided. ]
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3.6 Proof of Theorem 1.3.21

We find the worst case bound on the optimal value of (P(«, 3,g,h)) over all 0 < a < 3
and (g, h)T € int Q(a, B) to bound p[Tz, Qa).

1

a=- =2
14 7
09144
10 09112
0.9080
0.9048
= 05
09016
0.8984
0.0 A 0.8952
0.8920
04 T T T 0.8888
-0.4 0.0 0s 10 14
q
a=2,=3
27 1 0.9666
201
09636
15
B 0.9150 0.9606
0.9126 10 - 0.9576
101
0.9102
= 05 A 09546
0.9078
= 05 0.9054 0.0 - 09516
0.9030 Dosss
0.9006 -0.5 1 -
] 08982 09456
" 0.8958 —101
03 e . 09426
Zoas 0.00 050 100 145 —0.3 0.5 13
g g

Figure 3.14: Contour plots of the lower bound on the optimal value of (P(3,2, g, h)) (top),
(P(3,2,9,h)) (left) and (P(2,3, g, h)) (right) as a function of g and . To obtain the bounds
outside of the South-West, South and Central Regions, the mapping in Remark 3.1.1 is
used.

Theorem 3.6.1 (Theorem 1.3.21). The optimal value of (P(«,3,g,h)) is at least § for
all a, 3 >0 with o < § and (g, k)" € int Qz(cv, B). Therefore p[Tz, Qa] < 3.
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Proof. By Remark 3.1.1, it suffices to show that the optimal value of (P(«,f,g,h)) is
at least 5 for all o, > 0 with o < 3 and (g,h)" € intQa(a, ) where either: (1)
(97 h)T S RCentral(a,B>7 (2) (97 h)T < RSW(O‘75>7 or (3> (97 h)T € RS(aaﬂ)' If a= Ba then
the bounds provided by Lemma 3.2.1, Lemma 3.4.1, and Lemma 3.5.1 are equal to 1 > g.
Thus we may assume that a < . We show that in all three cases the optimal value of
(P(a, 8,g,h)) is lower-bounded by LBeentrai(, 5).

Case 1: (97 h)T € RC’entral(aa 5)

The optimal value of (P(a,f3,g,h)) is lower-bounded by LBcentra(e, 5) as provided by
Lemma 3.2.1.

Case 2: (g,h)T € Rsw(a, B)

By Lemma 3.4.1, the optimal value of (P(«, 3, g, h)) is lower-bounded by

o o(f - a)
LBswionf.9:h) =1 = S Tl + Bla+ A —g) L+ a){at B =)
Now LBgsw(a, 8,9,h) =1 — m where
(a4 B)@t B, . (Qta)ath)),
O G = e LM G = (e

Since T'(a, B,9,h) > 0, LBgsw is smallest whenever T is smallest by Lemma 2.1.4. Note
that the coefficients of g and h in T'(«v, 3, g, h) are non-positive. Therefore

and

a(f —a)
a(f—a)+aB(l+ )+ 6(1+a)
Therefore the optimal value of (P(«, 8, g, h)) is lower-bounded by LBcentrai(cv, B)
Case 3: (g,h)T € Rs(a, )
By Lemma 3.5.1, the optimal value of (P(«, 3, g,h)) is lower-bounded by

a(f —a)

a(f —a)+aB(l+8)+ (1+a)(a+B)(1—h)

LBsw(Oé, ﬁ, g, h) Z 1-— = LBCentral(a, ﬁ)

LBs(a,B,h) :==1—

Now LBg(a, B,h) =1 — m where
_ (aB(+5) A+t B, _
o) = (grag) + (T ) 4

108



Since T'(a, B, h) > 0, LBgw is smallest whenever T is smallest by Lemma 2.1.4. Note that
the coefficient of h in T'(«, 8, h) is non-positive. Therefore

ez (ozts) - (828) (529

(8~ )
LB ) 77}7’21_ :LBenra ’ .
S 2 G s ) 4 By @)
Therefore the optimal value of (P(«, 5,¢,h)) is lower-bounded by LBcentra(, §) for all
a,B >0 with a < 8 and (g, h)? € int Qa2(a, B). Since LBcentrai(cv, ) > % for all o, 3 > 0
with « < 8 by Lemma 3.2.2, it follows that the optimal value of (S(73, Q)) is at least %.
The bound on p[73, Q] follows immediately from Theorem 2.1.1. O

and

3.7 Observations and Summary

Together Theorem 3.6.1 and Lemma 2.3.1 imply that p[73, Qo] = g. Hence we have proved
the main result in this chapter. Before moving on to general quadrilaterals, we note a
couple similarities in the proof that p[7s, Qs] < % using fixed triangles (Theorem 2.2.8)
and the stronger bound proved here.

In both the analyses finding the weakest lower bound relied on the lower bound being of
the form 1+ lJrT(—ﬁgh where T is an affine function of g and h. This is not an accident.
We choose 7 values so that for T = RS;(T ) there is some A(g,h) € {g,1 —g,h,1 —h} and
constants x; such that ¢sp(r/) = 1+ —1— y for all j € {1,2,3,4}. When the constraint
matrix is of the form in Lemma 2.1.3, matmx A can therefore be expressed as DA’ where
D is a diagonal matrix with each diagonal entry in {1 I ﬁ} The corresponding
objective function provided by Lemma 2.1.3 is 1+ m Now A~tis A/~*D~1 and D!
is a diagonal matrix with each diagonal entry in {g,1 — g, h,1 — h}. From here it is easy
to see that the bound will be of the form 1 + where T is affine in g and h.

7lg

In both the analyses, if we fix a and 3, the weakest lower bound occurs for f on the
boundary lines of the partition of int Qs (c, 5). Using fixed triangles, this gave the weakest
bound occurring for f tending to the corners of [0,1]2. The bound is constant across
[0,1]?. Using ray-sliding triangles as described in this chapter, this gave the weakest bound
occurring for f tending towards the corners of Reentrai(a, ). Interestingly, the bound is
constant across Reentrai(v, 3).
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Chapter 4

Approximating General Quadrilateral
Cuts with Type 2 Triangle Cuts

vt
Y
v 4 |
|
\ )
\ /
/i 0\ 1 1 3 / [ 1] |
T U /U / /
w3 J 1 | ] 3] >
[ ~ f ]
— g -\
2 >
” v v

. . . _ 1 _ 1 —
Figure 4.1: Quadrilaterals for parameters a = £, 2,c=3,d=35,9=
(left);a:%,b:&c:%,d:l,g:%,andh

d=1, 9=+, and h = & (right).

In this chapter we prove Theorem 1.3.19 showing that p[73, Q] < g. We follow the proof

strategy in Section 2.1. Per Section 2.1.1 the value of m is equal to the optimal value
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of semi-infinite program (S(73, Q)) in variables a, b, ¢, d, g, h, $1, S, S3, and s4 given by

inf 81+ S92+ 83+ S4 (4.1)

1 b
st aen () (@00 (200 (5 0) e
h b-Td_h atb a+c ctd
1 b —1 L
(i) eme (com{ () (2) - (52) - (1 2 }) (9
h rd P P T+

a,bc,d>0 ; abc,deQ ; ad<bc (4.4)

(i) € Q?\ 7% (4.5)

Treating a, b, c,d > 0 with ad < be and (g, h)”T € int Q(a, b, ¢, d) as data in the optimization
problem above, we obtain a semi-infinite linear program in variables si, s9, s3, and s4 given

by

inf S1 + S9 + 83+ sS4 (4.6)

st 567;( (g);( )( )( @)
h lﬂr_d_h a+g h a_-‘rc_h 1+c+d

We will denote this program by (P(a,b,c,d, g, h)).

We will lower bound the optimal value of (P(a,b,c¢,d, g, h)) for all a,b, ¢, d > 0 with ad < be
and (g,h)T € int Q(a,b, c,d). Following Section 3.1, we identify the following three sub-
regions of int Q(a, b, ¢, d):

1. South-West Region: Rsw(a,b,c,d) := {(g, h)T € int Q(a,b,c,d) : g < C%d , h < a%rc}
2. South Region: Rg(a,b,c,d) := {(g,h)" € int Q(a,b,c,d): g€ [ﬁ, a%b} , h < ﬁc},
3. and Central Region:

Reensrai(a, b, e,d) == {(g,h)T € int Q(a,b,c,d) : g € [-4, 2] , he [-%, 2]}

c+d’ a+b a+c’ b+d
The symmetry argument in Remark 3.1.1 shows it suffices to analyze (P(a,b,c¢,d, g, h)) for
given a, b, c,d > 0 with ad < bc only for (g, h)” in one of these three regions.

In Section 4.1 we analyze the Central Region. We replace constraint (4.7) with the intersec-
tion cuts for four ray-sliding triangles at their unique ray breakpoint. Solving the resulting
parametric linear program exactly we obtain a lower bound LBeenrai(a, b, ¢, d, g, h). Lower
bound LBcentrai(a,b,c,d, g, h) is at least ‘—51 for all a,b,c,d > 0 with ad < bec and g, h such
that (g, k)" € [0,1]2.

In Section 4.2 we analyze the South-West Region. We replace constraint (4.7) with the
intersection cuts for four ray-sliding triangles: two ray-sliding triangles for each of rays
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2 and 3. For each ray i € {2,3} we choose the ray-sliding triangles for both ray break-
points. Solving the resulting parametric linear program exactly we obtain a lower bound
LBsw/(a,b,c,d,g,h). For fixed a,b,c,d, the lower bound is affine in g and h and weakest

for (g, h)T = (C%d, GLJFC)T = Recentrai(a, b, c,d) N Rgw(a, b, ¢, d). Therefore a lower bound of

% follows from the bound on LBeenirai(a, b, c,d, g, h).

In Section 4.3 we analyze the South Region. We replace constraint (4.7) with the inter-
section cuts for four ray-sliding triangles: one ray-sliding triangle for each of rays 1 and 3
and two ray-sliding triangles for ray 2. For each ray i € {1,3} we choose the ray-sliding
triangle at its unique ray breakpoint. For ray 2, we choose the ray-sliding triangles for
both ray breakpoints. Solving the resulting parametric linear program exactly we obtain a
lower bound LBg(a,b,c,d, g, h). For fixed a, b, ¢, d, the lower bound is affine in g and h and
weakest for (g, h)" € {(z,y)" € Rs(a,b,¢,d) : y = 7%} = Reentrai(a, b, ¢,d) N Rg(a, b, ¢, d).
Therefore a lower bound of % follows from the bound on LBceptrai(a, b, c,d, g, h).

We amalgamate the results for the Central, South-West and South Regions to conclude
p[Ts, Q] < % in Section 4.4.

4.1 Central Region

Focusing first on the Central Region, we use the intersection cuts for four ray-sliding
triangles at the first (unique) ray breakpoint, as illustrated in Figure 4.2.

Lemma 4.1.1. For fized a,b,c,d > 0 with ad < bc and g, h with (g, h)T € Reenrar(a, b, ¢, d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing
constraint (4.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RSy (TI7Y), RSH(TY), RS5(T"), and RS4(1i""). Then, the optimal value of (P') is equal

to
bc — ad

LB entra 7b7 7d7 7h =1-
Centrat(,b, ¢,d, g, h) be — ad + 1§ +15 + 5 + ¢

where

a+b
a

t9 = (b+d)be(1 —g) +ch] , t§ = ( ) [ch + acy],

t$ = (a+c)beg +b(1—h)] , and t§ = (c—gd) [b(1 —h) 4+ bd(1 — g)].
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Proof. We order the cuts RS3(7"), RS, (72Y), RSy (r%*

), RSy(72") so the constraint

matrix is nicer to work with. Looking up the cuts in Appendix A, the constraint matrix is

[ 1 a a ad 1
(o) (- eieg) (Crmses) (- wetes)
ad ab a ad
L= oram (1 + @ Ll = L+ o
d ad 1 d
L+ Sorag (1~ s 1+ @y 1= g
d ad ad cd
_(1 ~ Gr(=h) (1 + @ a=n (1 ~ Wato) (=R L+ (c+7d)(1—h)> |
So, optimization problem (P’) is given by
min 175
subject to []1]1T + A} s>1
s> 0
where
25 00 071 -1 g g 0 0 0
P R S B e A N N
0 0 45 04 -4 1 —1/|]0 0 F 0
a c d
0 00 4|Ll-1 1 -¢ § 0o 0 0 S
First we assume ad # bc. We compute
b+d O 0 0 bc ac 0 0 1—-g 0 0 O
- 1 0 22 0 0|0 ac ac 0 0 2o o
- \bc—ad 0 0 a+c O 0 0 bc bd 0 0 g 0]
0 0 0 <i{bd 0 0 bdJ[ 0 0 0 =2
(b —1(— ci)b[l))c((l -9) +)ch] tg
_ 1 2 (ch + acg 1 t
A= a =({——) |2 d
(bc—ad> (a+ c)[beg + b(1 — h)] (bc—ad) i R
(54) [b(1 = k) + bd(1 - g)] ty
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Note that the entries of A are non-negative because a,b,c,d > 0, ad < be, and (g, h)? €
Reentrai(a, b, c,d) € (0,1)% Apply Lemma 2.1.3 to conclude the optimal value of (P’) is

1 _1 bc — ad
1+ 17411 be —ad + t§ +t§ +t§ +t§

whenever ad < be.

= LBCentral(a7 b7 C, d7 g, h)

If ad = be, then A isn’t invertible. However, we can still construct primal and dual feasible
solutions with equal objective function value of 1 as required. We refer the reader to Ap-
pendix C where we reprove this lemma by explicitly constructing the solutions and checking
primal feasibility, dual feasibility and optimality, rather than relying on Lemma 2.1.3. [

Lemma 4.1.2. For all a,b,c,d > 0 with ad < bc and g, h with (g,h)T € [0,1]?,

4
LBCentral(a'a ba C, da g, h) Z g

Proof. 1f ad = bc, then LBcentrai(a,b,c,d,g,h) =1 > %. So, we may assume ad < bc. Now

LBCentral(a7 b, C, d, g, h) =1- m where

t¢ 419+t +1¢
T(a,b,c,d,g,h) = 2—2—2 4

(a7 7C7 797 ) bc— ad
Now t¢ > 0 for all i € {1,2,3,4} and bc — ad > 0. Therefore T'(a,b,c,d,g,h) > 0 and

LB¢entrai(a, b, c,d, g, h) is smallest whenever T'(a,b,c,d, g, h) is smallest by Lemma 2.1.4.
Define 7" : R, — R by

1
T'(¢) = inf {T(a, b,c,d,g,h): (g,h)" €[0,1)% a,b,c,d € [e, —} } .
€

For fixed ¢ > 0, T"(¢) is the infimum of a continuous function over a compact set. It
therefore attains its minimum at some fixed values for a, b, ¢, d, g, and h. For fixed a, b, c,
and d, T'(a,b,c,d, g, h) is affine in g and h and therefore attains its minimum for g = 0 or
g=1andalsoh=0o0r h=1.

Case 1: (g,h)T = (0,0)T

(b+ d)[be] + (a + c)[b] + (<52) [b+ bd)
bc — ad
be(b+d+2+3) +ab+b+bd
bc — ad
>mw+d+2+@
- be
> 4

T(a,b,c,d,0,0) =
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where the last inequality holds because d + é > 2 for d > 0.
Case 2 : (g,h)" = (0,1)"

b+ d)b atb ctd) [pd
Tlab.e.do,1) = Lt et d+ (52) [+ (5F) )
bc — ad
be(b+d+2+ ¢+ 1)+ cd+bd
bc — ad
be(b+d+2+1+1)
> a
o be
>4

where the last inequality holds because b + % > 2 for b > 0.
Case 3 : (g,h)T = (1,0)T

ath be + b + (<£4) [b
bc(1+a+c+1+§+%)+ac+ab
bc — ad
Jbe(ltatetl+5+7)

- be

> 4

where the last inequality holds because ¢ + % > 2 for ¢ > 0.
Case 4 : (g,n)" = (1,1)T

b+d ath )
Tlabed 1) = LFD+ ER)fetad+(a+ b
bc — ad
b2+ L+ 10t ) +det dtac
bc — ad
Jbe@+iHltato)
B bc
>4

where the last inequality holds because a + i > 2 for a > 0.

Therefore T"(e) > 4 for all € > 0. It follows that T'(a,b,c,d, g,h) > 4 for all a,b,c,d > 0

such that ad < be and (g, h)T € [0,1)2. Therefore LBcentrai(a,b,c,d,g,h) > 1 — ﬁ =
4

5 O
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4.2 South-West Region

In the South-West Region, we use the intersection cuts for ray-sliding triangles for rays 2

and 3 at both ray breakpoints, as illustrated in Figure 4.3.

Lemma 4.2.1. For fived a,b,c,d > 0 with ad < bc and g, h with (g,h)" € Rsw(a,b,c,d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing
constraint (4.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RS (37%), RSy(TPY), RS5(T%), and RSs(t"). Then, the optimal value of (P') is equal

to

where

LBsw(a,b,c,d,g,h) :=1—

bc — ad

be —ad + 7V + t5W 4+ 5V + 13V

7" = 0+ da(l —h)+be(l—g)] . 5" = (a+b)[(1—h)+d(1-g),

W = (a+)b(1 —h)+bd(1—g)] , and 5"V = (c+d) {

Proof. Looking up the cuts in Appendix A the constraint matrix is

(1~ o)

So, optimization problem (P’) is given by

where

‘H
I~y

o o ol

d

—
o Ol‘»—'O
>

L= graam) (1+ amas
- graam) L+ e
Lt srang) (- wmwag
It waas) (- @wes

min

subject to

0 0 —d

0 0 —d
= O 1
0 15| L1

1

L+ Groan—g
L+ seom=g

s> 0
bc —c
ad
ad —C?
-a
a
—a ¢

ad

~ blato)(1-R)

cd
cd

—C
ad

S
o O O'i“H
U

1+
1+
1—

-

IS
S

o O+

b(1 —
d

h)

cd

cd

ad

+0(1—g)

(c+d)(1—h)
(c+d)(1—h)

(G

(15

ctd)(1-g) / |
0 0
0 0
1
e U
0 =7




v
| 7 s =
\\\\:_____ / /I 1 =
1 | e e 1Y —
T ~ T —— | [
S y >
S
|
/
4
/ [
i
™ 3 / [ ! /
e / ) [ oAl
S~ T J/ u° |
i < /
T~ -y f
]
v? N
ol
Figure 4 3: Triangles
RSy (7P i %) (top left),
RS, (. ”1) (middle left),
el RSg( Ty %) (middle right), and
& Sy(75"") (bottom)
/ fora—;’,bzfi,c:%,dzl,gz%,andh:4—11
1
= 7] / / v To provide examples where the corresponding triangles fit
e | on the page at a reasonable scale, we use different param-
™~ {f eters a,b,c,d, g and h for some examples. Ray-sliding tri-
| angles tend to a split as 7 approaches 7™, so its easy to
vr construct instances where some vertex of the triangle has
a very large coordinate.
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First we assume ad # bc. We compute

b+d 0 0 0 a 0 0 be|l [1—h 0 0 0

A_1_< 1 ) 0 a+b O 0 1 0 d 0 0 1—-h 0 0
bc — ad 0 0 a+c 0 0 b bd O 0 0 1—g 0 |’

0 0 0 c+d/ [0 2 0 b 0 0 0 1-g

g i N

_ 1 +d(1 — 1 SW

AT = (bc—ad) (a+c)[b( —h)+bd(1—9g)]| ~ (bc—ad) tzsw ; and
[b (1—h) (1 )} th

174 1= ( ) W + 15 15V 5V

bc — ad

Note that the entries of A~! are non-negative because a,b,c,d > 0, ad < bc and (g, h)? €
Rsw(a,b,c,d) C {(z,y)f € R? : 2 < 1,y < 1}. Apply Lemma 2.1.3 to conclude the
optimal value of (P’) is

B 1 1 bc — ad
1+ 1741 be—ad+ 5 + 5V + 5V + 5V

= LBsw((l, b,c,d, g, h)

whenever ad < be.

If ad = be, then A isn’t invertible. However, we can still construct primal and dual feasible
solutions with equal objective function value of 1 as required. We refer the reader to Ap-
pendix C where we reprove this lemma by explicitly constructing the solutions and checking
primal feasibility, dual feasibility and optimality, rather than relying on Lemma 2.1.3. [

Lemma 4.2.2. For all a,b,c,d > 0 with ad < bc and g, h with (g,h)T € Rsw(a,b,c,d),

LBSW(G’7 b7 ¢, d7 g, h) Z

ol

Proof. Note that 7" > 0 for all i € {1,2,3,4} but the coefficients of g and h in 7" are
negative for all ¢ € {1,2,3,4}. Since bc > ad we have

d a
LB b.e,d,g,h) > LB b,c,d, ——
SW(aa ,C6, 4, g, ) - SW (a c, —|—d CL‘I—C)
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because g < +d and h < %= whenever (g, n)T € Rsw(a,b,c,d).

Note that LBcentral (a b,c,d

) =1— bcfad
’ c+d’ a+c —ad+T

ea () (2] () (25
S CANESIRE (A NE]

—1— be—ad
bc—ad+T

where

where

Note that LBgsw (a,b,c,d, - S a+c)

= (b+d) KGTC) + (cbfdﬂ + (a+b) [(aic> + (cfdﬂ +...
e[ (28] e () ()

So LBgw (a b, c, d, o a+c) = LBcentral ((l b, c, d, —d aic) As c+_d [0, 1] and a_+c €
[0, 1], it follows from Lemma 4.1.2 that LBgw (a,b,c,d, Cid, #) > 2 and therefore
LBsw(a,b,c,d, g, h) > %. a

4.3 South Region

In the South Region, we use the intersection cuts for ray-sliding triangles for rays 1 and 3 at
their unique ray breakpoint and ray 2 at both ray breakpoints, as illustrated in Figure 4.4.

Lemma 4.3.1. For fized a,b,c,d > 0 with ad < bc and g, h with (g,h)T € Rs(a,b,c,d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing
constraint (4.7) wzth the constraint s > O and the intersection cuts for ray-sliding triangles
RS, (T1PY), RSy(72%), RSy(72Y), and RS5(7"). Then, the optimal value of (P') is equal

to
be — ad

LB b,c,d,g,h) :=1—
s(a,b.c,d g, b) be —ad + ] + 5 + 5 + 5

where
=(b+d)[a(l—h)+bc(1—g)] , t5=(a+b)cg+ (1—h),

t5 = (a+c)beg+b(1—h)] , and t] = (c+d) —h)+b(1—g)

aUl
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Proof. Looking up the cuts in Appendix A the constraint matrix is

So, optimization problem (P’) is given by

min 17
subject to
s 2
where
s 0 0 0 d  _ad
1
o0 & 0||-d ad
0 0 0 |1 -—a

First we assume ad # bc. We compute

() (wtm) ()
L= i) (L @oim (1 ~ @roam
L= ) (U @) (- e
Lt ri=g) I~ @wig) (T s

(117 + A] s > 1

(1)
1
1 —d] |5
—c cd 0
—aded || 0
a ad
b b 0
0 a 0 be
c 1 0 O
bc 0 b O
0 0% b

b+d 0 0 0
A‘l—( 1 ) 0 a+b 0 0
bc — ad 0 0 a+c 0
0 0 0 c+d
(b+d)[a(l —h) 4+ be(1 — g)]
1 (a+b)cg+ (1

o (25)

be — ad
(c+d)[5(1—h)+

174711 =
(bc —ad
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(a+ c)[bcg + b(1 — h)]

)] :<

b(1 - g)]

(1 T b(ctd)(1—g)

o O ok

(1

1
1

-

s

S O+

1

)(tf+t§+t§+t45).

be — ad

p -
(c+d)g)
cd

+ T a=m
cd

+
ad

).

57
‘HOO

S}

o+
S

‘)—‘OOO

o
+
Q|

1—-h
1—h

, and

)

1
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Note that the entries of A are non-negative because a,b,c,d > 0, ad < be, and (g, h)? €
Rs(a,b,c,d) € {(z,y)T € R? : 0 < o < 1,y < 1}. Apply Lemma 2.1.3 to conclude the
optimal value of (P’) is
B 1 1 bc — ad
1+ 17411 be—ad+t5 +15 +t5 + 15

whenever ad < be.

= LBg(a,b,c,d, g, h)

If ad = be, then A isn’t invertible. However, we can still construct primal and dual feasible
solutions with equal objective function value of 1 as required. We refer the reader to Ap-
pendix C where we reprove this lemma by explicitly constructing the solutions and checking
primal feasibility, dual feasibility and optimality, rather than relying on Lemma 2.1.3. [

Lemma 4.3.2. For all a,b,c,d > 0 with ad < bc and g, h with (g,h)" € Rs(a,b,c,d),

4
LBg(a,b,c,d,g,h) > 5
Proof. Note that tf > 0 for all i € {1,2,3,4} but the coefficient of h is negative for all
i€ {1,2,3,4}. Since bc > ad we have

LBs (a,b,c,d,g,h) > LBg (a, b,c,d, g, L)
a—+c

because h < -2 whenever (g,h)" € Rs(a,b,c,d).

Note that LBcentral (a, b,c,d, g, aL—Q—c) =1- % where

T=(b+4d) [bc(l —-9)+ <acfc)] + (a:b) KGTJ +acg} +...
.+ (a+c) [bcg—!— (alfc)] + (Czd) [(GTJ —|—bd(1—g)} .

Note that LBg (a, b,c,d, g, a%c) =1- % where

reveal(E) ol s (5]
oo s ()] e a () }.

So LBg (a, b, c, d,g,a%c) = LBCentral (a, b,c, d,g,a%rc). As [C+d, aib} C [0,1] and % €

[0, 1], it follows from Lemma 4.1.2 that LBg (a, b,c,d, g, a+c) >z 4 and therefore
LBs (a,b,c,d,g,h) > %. ]
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4.4 Proof of Theorem 1.3.19

We combine the lower bounds obtained in the preceding sections to quickly arrive at
Theorem 1.3.19.

Theorem 4.4.1 (Theorem 1.3.19). The optimal value of (P(a,b,c,d, g, h)) if at least 3 for
all a,b,¢,d > 0 with ad < be such that (g, h)" € int Q(a, b, ¢,d). Therefore p[Ts, Q) < 2.

Proof. By Remark 3.1.1, it suffices to show that the optimal value of (P(a,b,c,d, g,h)) is
at least % for all a,b,c,d > 0 with ad < bc and (g, h)T € int Q(a, b, ¢, d) where either: (1)
(9,0)" € Reentrai(a, b, c,d), (2) (9,h)" € Rsw(a,b,c,d), or (3) (g,h)" € Rs(a,b,c,d). The
bound holds in case (1) by Lemma 4.1.2, in case (2) by Lemma 4.2.2, and in case (3) by
Lemma 4.3.2. It follows that the optimal value of (S(73, Q)) is at least 3. The bound on
p[T2, Q] follows immediately from Theorem 2.1.1. O

4.5 Observations and Summary

We have proved the main result in this chapter, showing that p[73, Q] < %. See Section 6.3
for a broader discussion of these results and related open problems for 2-row intersection
cuts. The following observations, however, are best understood alongside the technicalities
in this chapter.

Unlike in the proofs of Theorem 2.2.4 and Theorem 1.3.21, the analysis we provide here
is not tight. The optimization problems in Lemma 4.1.1, Lemma 4.2.1 and Lemma 4.3.1
are solved to optimality. The bound provided in Lemma 4.1.2 is tight as stated: take
(a,b,c,d, g, h) = (3, 1,1, %, 1,0) for ¢ — 0. However, we did not construct a family of
quadrilateral and fractional points pairs which demonstrate that the ray-sliding triangles
selected in this chapter do not achieve a better approximation than %. The gap here is
that creating an example with (g, h)T € Rcentrai(a, b, ¢,d) would push the fractional point
away from {0,1}* where the bound in Lemma 4.1.2 is tight. Running some numerical
experiments, it is easy to construct instances where the bound in Lemma 4.1.1 is less than
8

5- The weakest bound the experiment found was around 0.8284, but this provides little

analytical insight into a tight bound on LBcenirai(a, b, c,d, g, h) over Reeprai(a,b, ¢, d).

The optimal values calculated here can be specialized for the parallelogram case (i.e.
a =d=«aand b= c = ) to recover those calculated in Chapter 3. Since the same
intersection cuts were used in the Central Region in both analyses (i.e. in Lemma 3.2.1
and Lemma 4.1.1), the optimal values obviously coincide. However, the optimal values in
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the South-West Region (i.e. Lemma 3.4.1 and Lemma 4.2.1) agree even though different
sets of ray-sliding triangles were used. In the parallelogram analysis, we used a total of two
ray-sliding triangles, each at a geometric average of their respective ray breakpoints. In the
general quadrilateral analysis, we used a total of four ray-sliding triangles: for the same
rays, we used the ray-sliding triangles for both ray breakpoints. Similarly, the optimal
values in the South Region (i.e. Lemma 3.5.1 and Lemma 4.3.1) also agree.

Finding the weakest lower bound in this chapter again relied on the lower bound being of
the form 1 + m where T' is an affine function of ¢ and h. This phenomenon is
explained in Section 3.7. However, in contrast to the parallelogram case, the bound is not
constant across Reentrai(@,b, ¢, d, g, h).
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Chapter 5

Extensions to d-Row Intersection
Cuts

We are interested in extending results to the mixed integer linear set

k
R(f;T) ::conv{seler :f+Z7“jsj€Zd} (5.1)

j=1

for d > 3. As for d = 2, all minimal valid inequalities are intersection cuts generated by
maximal lattice-free convex sets. However, the structure of maximal lattice-free convex sets
in R? is not well understood as it is in R?. Giving a classification of families of maximal
lattice-free convex sets in R? has proven difficult. Even for d = 3, the classification is
complicated; see the discussion in Section 1.2.2.

Here we take a different tact that does not require a classification result; we try to prove
an analogue of Theorem 2.2.4 that holds for all dimensions d > 2. First, we provide a
complete statement and proof of the proposed analogue in Section 5.1. We define two
families of maximal lattice-free convex sets in R, denoted F,; and P, and prove a theorem
upper-bounding p[Py, Fy]. For d = 2, the theorem implies Theorem 2.2.4 from [11].

The families we choose are not arbitrary. JFy is a family of octahedra and its members
have the largest possible number of facets for a maximal lattice-free convex set in R%. In
fact, this family has been studied before in computational experiments for d € {2,...,10}.
The experiments showed that adding an inequality from a specific canonical member of
F4 within a solver can have a positive impact on the branch and cut performance and the
closed gap at the root node. See [13] for more information on these experiments and [57]
for more information on measures of solver progress.
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The families F; and Py are chosen not just by facet structure but also so that certain
properties of maximal lattice-free quadrilaterals and type 2 triangles in R? extend directly
to R?. In Section 5.2, we discuss these properties in greater detail. In Section 5.3, we
discuss the limitations and strengths of the bound proved and provide a contrast to other
results known to hold for arbitrary dimension d.

5.1 Approximating Octahedra Cuts with Pyramid Cuts:
A Generalization of Theorem 2.2.4

Throughout we assume d € Z, is at least 2.

5.1.1 Families of Octahedra and Pyramids in R?

The canonical octahedron Oy in R is the polyhedron defined by
Oy:={reR: 072 <1Voe{-1,+1}"}.

For i € {1,...,d}, let €' denote the i-th standard basis vector; i.e. the i-th entry of ¢’
is 1 and the other entries are 0. It is straightforward to check that O, is the convex hull
of {#e', +e2, ... +e?} and therefore that Oy is a polytope (i.e. a bounded polyhedron).
The canonical octahedron Oy is the polar of the d-dimensional hypercube with vertices
{+1, —1}4, where the polar of set A C R? is defined by A := {y e R?: yT2x <1V z € A}.

Let P C R? be a polytope. A linear inequality ¢’x < k is valid for P if it is satisfied by
every x € P. Recall that the set ' C P is a face of P if F = {x € P: ¢z = k} for some
c € R? and k € R such that ¢’z < k is a valid inequality for P. Note that () and P are
both faces of P. A face of dimension 0 is called a wvertex of P, while a face of dimension
dim(P) — 1 is called a facet of P. For example, the vertices of O are {+el, +e?, ..., et}
and the facets of Oy are {F, : 0 € {=1,+1}?} where F, := {z € Oy : ¢Tz = 1}. Now,
ordering the faces of arbitrary polytope P by inclusion, we obtain a lattice!, which we call
the face lattice of P. Two lattices are the same if there is an order preserving bijection
between them.

A polytope O C R?is an octahedron if O (is full-dimensional and) has the same face lattice
as the canonical octahedron Oy. Per our usual convention, the family of maximal lattice

1A bounded partially ordered set where each pair of elements has a unique minimal upper bound and
a unique maximal lower bound. We refer the reader to [76, Chapter 2.2] for details.
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free octahedra in R? is the set of all polytopes P C R? such that P is an octahedron and
P is a maximal lattice-free convex set. We will denote this family by O,;. The canonical
octahedron is not lattice-free, but scaling and translating we can obtain the maximal
lattice-free octahedron Od = g@d + %Il.

»

]
G

SR O I
| T,

/

Figure 5.1: Canonical octahedron Oy (left) and its face lattice (right). Face lattice images
in this thesis were generated using polymake [16].

A polytope P C R? is a parallelepiped if there exist ¢ € R? and linearly independent
2., 20 € R such that P = {z € R?: 3\ € [0,1)¢ for which = = ¢+ 3%, A2’} We
call such 2',..., 2% the edges of P. The volume of P is given by [[Z, ||2/||. Note that a
parallelepiped in R? has 2¢ vertices and 2d facets. Its face lattice is the same as that of
the unit hypercube [0, 1]%,

A straightforward extension of Theorem 1.2.6 shows that any maximal lattice-free polyhe-
dron in R? with 2¢ facets has exactly one integral point in the relative interior of each facet.
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We defer the proof to Section 5.2.2. Therefore |O N Z¢| = 2% for any maximal lattice-free
octahedron O € O,;. A maximal lattice-free octahedron O € Oy is a unit-core octahedron
if conv(O N Z%) is a parallelepiped of volume one. Let U, denote the set of all unit-core
octahedra in R%. A unit-core octahedron O € Uy is a normalized octahedron if conv(ONZ?)
is the unit hypercube [0, 1]%.

Remark 5.1.1. Let U € U, be a unit-core octahedron. Then there exists an affine unimod-
ular transformation ¢ : RY — R? such that $(U) = N where N is a normalized octahedron.

2.0
2.0
1.5
1.5
1.0
1.0
0.5
0.0 -
' 0
5
0
5

-0.5 - £
' 20 —os i
10 o0 . 0.
8.8 . _](-).

20 15 1.0 05 g9 —05_1¢9 —10 '

oo

20 15 1.0 o5 0.0 —0.5-1,0

Figure 5.2: Normalized octahedron O3 with embedded hypercube [0, 1]? illustrated on the
left and facet separation property illustrated on the right.

Let U, denote the set of all normalized octahedra in RY. Let O € U, be a normalized
octahedron with vertices {v', ... v*}. We say O has the facet separation property (or is
facet-separable) if there is a bijection b : {v!,... v*} — {1,...,d} x {0,1} such that if
b(v?) = (j,A) then

1. 0 <ol <1forallke{l,...,d}\{j}, and
2. if A =0 then v} <0 and if A =1 then v} > 1.

That is, O € U, has the facet separation property if and only if there is a unique facet
defining inequality of [0, 1]¢ separating each vertex of O from [0, 1]¢. If O has this property
then we can label the vertices of O as v!,...,v?? so that for all i € {1,...,d}:

L. v} <0,

2. v > 1, and
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3. 0 < v, vt < 1forje{1,...,d}\ {i}.

AR
Under such a labeling, we refer to v’ and v¥** as an antipodal pair of vertices. Necessarily,
v' is contained in the 2971 facets of O that contain {z € {0,1}? : x; = 0} and v®*? is
contained in the 277! facets of O that contain {z € {0,1}?: z; = 1}. In particular, there
is no facet of O that contains v and v+,

We call an octahedron O € Oy a facet-separable unit-core octahedron if there exists an
affine unimodular transformation ¢ : R? — R? such that ¢(O) is a normalized octahedron
with the facet separation property. Let F; denote the set of all facet-separable unit-core
octahedra in R?. By Remark 1.3.4, F, is the family of all maximal lattice-free quadrilaterals
in R?. In dimension d > 3, F; is non-empty (it contains Oy), but it may not contain
all maximal lattice-free octahedra. See Section 5.2 for further discussion of this class of
octahedra.

Let V := {vy,...,v:} C R? be a set of k > d points such that dim(V') = d — 1 and conv V
has k vertices. Let hyperplane H be the affine hull of V' (i.e. the unique hyperplane
containing every element of V). Let z € R? be some point not on H. Any polytope P
of the form conv{wvy, ..., vg, x} for some vy, ..., v, and z as described is called a pyramid.
Pyramid P is of dimension d and has k 4 1 vertices and k + 1 facets - one facet is defined
by H, and the remainder contain x. We call pyramid P a type 2 pyramid if

(i) P is lattice-free,
(ii) P has 2471 + 1 facets,
iii) P contains one integer point in the relative interior of each facet that contains x, and
g
iv) P contains at least 297! integer points in the relative interior of the facet defined b
ger p Yy

H.

It follows from Theorem 1.2.6 that any type 2 pyramid is a maximal lattice-free convex
set. Let P, denote the family of type 2 pyramids in R?. Observe that the family P, is the
family of all type 2 triangles in R2.

We will prove the following theorem, bounding p[Py, Fa).

Theorem 5.1.2. Let d € Z, be at least 2. Let Fy4 denote the family of facet-separable
unit-core octahedra in R%. Let Py denote the family of type 2 pyramids in R%. Then
p[Pa, Fa] <2 — é

5.1.2 Proof of Theorem 5.1.2

Let F; denote the set of all facet-separable normalized octahedra in R?. It follows from

Theorem 2.1.1 that m is equal to the maximum of one and the optimal value of the
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optimization problem (S(Pg4, F4)) given by

2d

inf ) s (5.2)

=1

subject to s € Py(firt, ... r* (5.3)

f+conv{rt,. .. e F, (5.4)

feQi\z (5.5)

. 2deQd\{®} (5.6)

cone({rt,... r*"}) = (5.7)

Now, we reparameterize this problem with respect to data v',...,v** € Q% and f € Q*\Z*
for which O := conv({v!,... ,v*}) € Fyand f € int O. As discussed in Section 5.1.1, since
O is facet-separable, we may label vertices v!, ..., v?? so that for all i € {1,...,d}: v! <0,
v > 1, and 0 < vj,v;jﬂ < 1forj € {1,...,d}\ {i}. Under this labeling, (v%, v4%) are

an antipodal pair. For all i € {1,...,2d}, let ' = v’ — f. For given data v',...,v*® and
f, consider the semi-infinite program

2d
inf Z Si (5.8)

i=1
subject to s € Pa(firt, ... ). (5.9)
Denoting this problem by (P(f,v!, ... v%*)), our goal is to lower bound its optimal value.

To do so, we will lower bound the optimal value of the parameterized linear program
obtained by replacing constraint (5.9) with the constraint s > () and the intersection cuts
for a finite number of type 2 pyramids.

We will choose these type 2 pyramids to be fized pyramids, which are defined with respect
to a given octahedron O = conv({v!, ..., v*}) as above. For i € {1,...,2d}, let C; be the
cone with apex v’ that is defined by the 297! facets of O containing v*. Fori € {1,...,d},
fixed pyramid 7; is equal to C; N {z € R?: 2; < 1}. Fori € {d+1,...,2d}, fixed pyramid
T; is equal to C; N {z € R?: ; > 0}. Note that T} is a type 2 pyramid by construction.
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-1.0-0.5 0.0 o5 1.0 15 20

Figure 5.3: Fixed pyramid of normalized octahedron O3, from two points of view.

Proposition 5.1.3. Let i € {1,...,2d}. Suppose f € int (T; N O).

1. Ifie{l,...,d}, then
(a) Yy (r') =1 for all j € {1,...,2d} \ {i +d}, and
(b) Ypr,(rtd) =1+ aid where a;q = a;1q(f, v = vlf—df_ll
2. Ifie{d+1,...,2d}, then
(a) Yy (r’) =1 forall j € {1,...,2d} \ {i — d}, and
() Gy (r ) = 1+ 21 where g o= ai_o(f,vi~) = .
i— Vi—d

Proof. We will prove 1. where ¢ € {1,...,d}. The proof of 2. is analogous.

Since O has the facet separation property, all the vertices of O except for v+ are on the
boundary of T;. As 1/ = v/ — f, 1(a) follows.

As v > 1 and by our choice of T}, we know ;.7 (r"") is determined by the intersection
of {f + Arit? : X\ > 0} with {z € R? : z; = 1}. Hence ¢;.7,(r"") > 1 and therefore it

can be expressed as 1 + a-1+d for a;1 4 > 0. So, by the definition of the gauge function,

to find a;y4 so that V., (ritd) =1+ a~1+d we can find a;,4 such that the x;-coordinate of
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[+ (ﬂ) ri*td is equal to 1. Now

1+a;1q

Qi+d i+d Qi+d itd
=1/ —_— i) =
{f+(1+az+d>r L f+<1+az‘+d)( )=

(1 + aerd)fz =+ aerd( i fz) =1+ Qjtd
& aiya(v; S =1-f

1—f;
< Qitd = m
By our assumption on the labelling of v?, 2 since i € {1,...,d} we have v:** —1 > 0.

As f € int(T; N O) and ¢ € {1,...,d} we have f; < 1. So we can see that a;14 > 0.
Therefore 1(b) follows.

Note that in 2. where i € {d+ 1,...,2d} we have vf:j < 0 and f;_q > 0 so it is clear that
a;—q > 0 in this case as well. O

Observe that for all « € {1,...,2d}, the function a;(f,v") is affine in f. For f € (0,1)%, we
calculate the optimal value of the optimization problem obtained from (P(f,v?,. .., v%%))
using the intersection cuts for fixed pyramids 77, ..., T5.

Lemma 5.1.4. Let v',... 02 € Q? and f € Q?\Z? be such that conv({v',... v*4}) e Fy
and f € (0,1)%. Let (P") be the linear program obtained from (P(f,v', ... v*)) by replacing
constraint (5.9) with the constraint s > O and the intersection cuts for Ty, ..., Tsy. Then,
the optimal value of (P') is equal to

1
LBJ(f,vh, ..., v*) =1~ 1—1—2 )
=1 "

for a; as given in Proposition 5.1.5.

Proof. Using Proposition 5.1.3, the optimization problem (P’) is given by

min S1+ SS9+ ...+ Soq
I+ 1 1
L1+ 1
subject to 1 1 1"‘% 1 s> 1
1 1 1 + -
a4
s>0
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This optimization problem is of the form in Lemma 2.1.3 where A is the diagonal matrix
with diagonal entries - for all ¢ € {1,...,2d}. Note that A~! is the diagonal matrix with

entries a;, and therefore A~1 is non- negatlve because a; > 0 for all i € {1,...,2d}. We can
therefore apply Lemma 2.1.3 to conclude that the optimal value of (P’) is equal to

1 1
BT T
+Zz 1(11

as required. N

We vary f,v',...,v%? to find the weakest bound.

Lemma 5.1.5. Let v',... v € Q7 and f € Q%\ Z? be such that conv({v', ... v*}) e Fy

and f € |0, 1]d. Then LBg(f,vl, .. ,U2d) > QJL_l

Proof. Let T(f,v',... ,v%) = Zfdl a;(f,v). By Lemma 2.1.4, we can lower bound

LBI(f,v',...,v*) over all f € [0,1] and v',...,v** such that conv{v!,...,v*} € F,

by lower-bounding T'(f,v!,...,v*?) over the same set. So, we want to lower bound the
optimal value of the optimization problem (P1) in variables f, v, ..., v?¢ given by

inf T(f,0', ..., v*) (5.10)

subject to conv{v!,... ,v*} € F, (5.11)

feo, 1% (5.12)

Since F,; # 0, (P1) is feasible. Note that a;(f,v*) >0 for all i € {1,...,2d} and therefore
the optimal value of (P1) is bounded below by 0. Suppose the optimal value is K > 0 and
consider a sequence

{Sw)}ﬁzl = {[f(@? (@17 cee 7@2d)(£)]}521

of feasible solutions with objective function value tending to K. Then for £ > 1, we may fix
the assignment (v',...,v%?) := (9',...,9?)® in (P1) to obtain a problem whose objective
function is affine in the variable f. Therefore there exists some f© € {0,1}¢ such that
the objective function value of ( 1o, (01, ...,9%9)®) is less than or equal to the objective
function value of (f©, (o',...,924)®). So we may construct a sequence

{857 1 = {79, @' )

of feasible solutions whose objective function value tends to K such that fO € {0,1} for
all £ > 1. In the sequence {f(},; some f* € {0,1}% occurs infinitely often. So, we can
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construct a subsequence of feasible solutions with objective function value tending to K
where the assignment of values to variable f is some fixed element of {0, 1}%. By symmetry,
we may assume that f = Q.

Substituting f := 0, we see that we can lower bound the optimal value of (P1) by calcu-
lating a lower bound on the optimal value of (P2) given by

d
1
i f -7 5.].3
ot Y (513
subject to  conv{v',... v*} € Fu. (5.14)
Relabeling the variables 2% := v*4 for all i € {1, ..., d} and introducing additional variable

A € R%, we consider the relaxation (P3) of (P2) given by

1
inf ; P (5.15)
d
subject to Z Nt =1 (5.16)
=1
1A =1 (5.17)
A>0 (5.18)
zi>1 Vie{l,...,d} (5.19)
0<ai<1l Vie{l,....d}je{l,....d}\{i}. (5.20)

Note that (P3) is indeed a relaxation of (P2) because it enforces three necessary conditions
for conv {v!,... 0¥} € Fyr v} > 1forall i € {1,...,d}, 0 < v* < 1 forall i €
{1,....d}, j € {1,...,d} \ {i} and 1 € conv {v¥ ... v*}. We may restrict \; > 0
for all + € {1,...,d} because only ' has i-th coordinate greater than or equal to one,
and therefore z* must have non-zero coefficient in any convex combination of {z!, ... 2}

summing to 1.

Next, we show that restricting z° to be of the form z* = p,e’ for y; > 0 for alli € {1,...,d}
does not change the optimal value of (P3). Let (5\, 21, ..., 2%) be a feasible solution to (P3)
such that ¢ > 0 entries f; for j # i are non-zero. We construct a solution (5\, .., 3t
such that ¢ —1 such entries are non-zero and the objective function value is strictly smaller.

Given (A, @%,...,2%), let i #£ j € {1,...,d} be such that #h = r > 0. Define (\,7',...,29
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as follows:

A=,
=1 Vie{l,...,d}\ {37},
7= 7' — ke!, and
)
Y= +r|—]¢€.
Aj
First we verify (X, &',..., &%) satisfies the constraints of (P3). Since A = ) and \ is

feasible for (P3), clearly 17X = 1 and A > © and so \ satisfies (5.17) and (5.18). For

all i € {1,...,d}, 7 > 2! > 1 where the first inequality holds by construction and the

second inequality holds because (z1, ..., 2%) satisfies (5.19). Therefore (7!, ..., 7%) satisfies

(5.19). Foralli € {1,...,d} and j € {1,...,d} \ {i}, 0 < & < &’ < 1 where the first
two inequalities hold by construction and the second inequality holds because (&1, ..., 29)
satisfies (5.20). Therefore (71, ..., 7%) satisfies (5.20). Lastly, we calculate

d Q d
Z S\Jﬁ = Z S\ZJ%Z — S\i/@ej + S\jf@ (;\—;) el = Z 5\255’ =1

i=1

and therefore (X, z',...,z4) satisfies (5.16). The objective function value changed by
- L — A§_1 2 strict decrease. So we may restrict x' = e’ for i € {1,...,d} and
itk —1 Th—

7 )\j J

not change the optimal value of (P3).

Setting z; = p,e’, and solving constraint (5.16) gives u; = A% We can substitute this
identity into the objective function and eliminate constraints (5.16), (5.19), and (5.20) to
obtain a new optimization problem. Thus we can lower bound the optimal value of (P1)
by lower-bounding the optimal value of (P4) with variable A € R? given by

\

inf : 5.21

in ; Y (5.21)
subject to 1"\ =1 (5.22)
A> 0. (5.23)

Note that the constraints imply A € (0,1)¢ for all feasible solutions of (P4). Let h()\) =
] . 2 .
Zf:“f—g\i. For i € {1,...,d} we calculate c‘% = ﬁ and g—x’%} = ﬁ Since h

is a separable function of the )\;, its Hessian is the diagonal matrix with entries ﬁ
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for i € {1,...,d}. Since ﬁ > 0 for \; € (0,1) it follows that the Hessian of h is

positive definite on (0,1)? and therefore h is strictly convex over (0,1)%. Noting that the
constraints of (P4) are linear, we see that (P4) is a convex optimization problem whose
objective function is strictly convex on the feasible region.

We can solve (P4) exactly using standard tools from convex optimization. Noting that h
is a O function on (0,1)%, we have X is a minimizer of h(\) over {\ € (0,1)¢: 17X = 1} if
and only if VA(A)T(A—X) > 0 for all A > 0 such that 1"\ = 1. We claim A\* = 11 satisfies
this condition. Note that VA(A*) = ﬁ]l. Then for any A > O such that 1"\ = 1

V(h(A)T(A =) = ( d 521)2> i (A - 2)

i=1
& . 1
Y . — p -
() (20 -2)
=1 i=1
d2
= 1-1
(@) -0
= 0.
So A* is an optimal solution to of (P5); its objective function value is 4. We conclude
that -2 is a lower-bound on the optimal value of (P1). Thus
1 d—1 d
LB(fv', ... 0" > 1~ =1- =
o0 2 1+ L 2d—1 2d—1
as claimed. O

For f ¢ (0,1)¢ with f; < 0, we calculate the optimal value of the optimization problem
obtained from (P(f,v,...,v*?)) using the intersection cuts for fixed pyramids T, ..., Ty,
and Td+2, e ,ng.

Lemma 5.1.6. Let v',...,v* € Q% and f € Q?\Z? be such that conv({v',... v*4}) e Fy
and f € conv({v!,...,v*})N{z € R?: 2, < 0}. Let (P') be the linear program obtained
from (P(f,v',...,v*%)) by replacing constraint (5.9) with the constraint s > O and the

intersection cuts for Ty, ..., Ty and Tyya, . .., Toq. Then, the optimal value of (P’) is equal
to
1
LBY(fv', ..., 0*) =1~ ,
' 1+ Z@Zig ai(f: ’UZ)

for a; as given in Proposition 5.1.5.
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Proof. The optimization problem (P’) is given by

min S; + Sg+ ...+ Sog
subject to [HHT + A} s>1

s>0
where
11+$ 1 1
A 1 1 1+$ 1
1 1 1 o1+ R

azd

Note that A is a row sub-matrix of the constraint matrix for Lemma 5.1.4. We denote the
dual of this linear program by (D’). It is given by

max S;-+S2+ ...+ Soq
subject to []1]1T + AT] v<1
v > 0.

Consider the (possibly infeasible) solution § obtained by setting the intersection cut con-
straints tight and setting s; = 0. We can compute

59 a2
53 1 as
T 2d ..

: L+ 5, a :
S2d 24

Since f; € (0,1) for all i € {2,...,d} we have as, ..., aq,a412,...,a99 > 0. Since f; < 0 we
have agzy1 > 0. Therefore § > 0.

52

3.
It is straightforward to check that ¢ := | ° | is feasible for (D). The second through last

~

S2d
2d

constraints hold at equality by construction. The first constraint holds because sz:—?%iaz <
i=2 Fi
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1. So (8,0) are a pair of primal-dual feasible solutions satisfying complementary slackness
and therefore $ is optimal for (P’) and v is optimal for (D’). The optimal value of (P’) is

2d
]1T§ Zz 2a'Z =1—= 1
1+zz 2al 1_’_21 Qaz

as required. O

Theorem 5.1.2 follows quickly from the above lemmas.

Theorem 5.1.7 (Theorem 5.1.2). The optimal value of (P(f,v',...,v*)) is at least 7f—~
for all vt, ... 02 € Q% and f € QF\ Z? such that O := conv({v?,...,v*4}) € F; and
feintO. Therefore p[Py, Fg) <2 — %

Proof. Since we vary over all possible v!, 2d we may use rotational symmetry to con-

sider two cases: (1) f € (0,1)% and (2) f € conv({v?,...,v*})N{zr € R : 2y < 0}. The
bound holds in case (1) by Lemma 5.1.5. For (2), consider the bound LB{(f,v!,. .., v%*)
provided by Lemma 5.1.6. Note that f; only appears in Zde a; in the term ag,q where it
has negative coefﬁment ——- Given f, let f’ be the vector obtained from f by setting

the first coordinate to 0. Then

d
LB(li(f7U17"'7/U2d) ZLBld(f/7v17"'7v2d) Z
2d — 1
where the second inequality holds by Lemma 5.1.5 since [’ € [ 1]4.
It follows that the optimal value of (S(Pg4, Fq)) is at least 57. The bound on p[Py, F4]
follows immediately from Theorem 2.1.1. O

5.2 Octahedra as a Generalization of Quadrilaterals

The family of all maximal lattice-free octahedra in R? is exactly the family of all maximal
lattice-free quadrilaterals. Every maximal lattice-free octahedron in R? is a unit-core oc-
tahedron. Every normalized octahedron in R? has the facet separation property. Here we
investigate if these characterizations extend to R

In Section 5.2.1, we provide additional definitions. Notably, we define the family of symmet-
ric octahedra in RY, which generalizes the family of parallelograms in R2. In Section 5.2.2
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we investigate the question: are all maximal lattice-free octahedra in R unit-core octahe-
dra? In Section 5.2.3 we investigate the question: do all normalized octahedra in R? have
the facet separation property? We investigate these questions for general octahedra in RY,
as well as the restrictions to symmetric octahedra and to octahedra in R3; not to bury the
lede, the answers to these questions remain open.

5.2.1 Antipodal Facets and Vertices, Symmetric Octahedra

As in Section 5.1.1, let Oy denote the canonical octahedron in R%.

The vertices of Oy are {+e!, +€2,..., +e?}. Fori e {1,...,d}, let F; and G;, respectively,
denote the facets of Oy containing ¢’ and —e’, respectively. It is easy to verify that (F}, G;)
is a partition of the facets of O,4. We call ¢ and —¢' antipodal vertices of O,. Since any
octahedron O has the same face lattice as Od, for each vertex v of O there exists a unique
vertex v of O such that the facets containing v and ¥ are a partition of the facets of O. In
this case we call v and v antipodal vertices of O. For example, in Figure 5.1, the vertices
labeled 4 and 5 in the face lattice image are antipodal vertices.

The facets of Oy are {F, : 0 € {—1,+1}%} where F, := {z € Oy : cTx = 1}. For
o€ {—1,+1}4 let V, and V_,, respectively, denote the vertices of O, contained in F, and
F_,. It is easy to verify that (V,,V_,) is a partition of the vertices of Od. We call F,, and
F_, antipodal facets of O,. Since any octahedron O has the same face lattice as Oy, for
each facet F' of O there exists a unique facet F of O such that the vertices in F and the
vertices in F are a partition of the vertices of O. In this case we call ' and F antipodal
facets of O. For example, in Figure 5.1, the facets labeled 034 and 125 in the face lattice
image are antipodal facets.

Polytope O C R is a symmetric octahedron if there exists an affine invertible map L such
that O = L(Od). Note that symmetric octahedra are indeed octahedra because a polytope
and its image under an affine invertible map have the same face lattice. For i € {1,...,d},
L(e') and L(—e') are antipodal vertices of O. For o € {—1,+1}¢, L(F,) and L(F_,) are
antipodal facets of O. The family of all (maximal lattice-free) symmetric octahedra in R?
is exactly the family of all (maximal lattice-free) parallelograms.

5.2.2 Unit-Core Octahedra in R

Let B be a lattice-free convex set. The [attice core of B is the convex hull of the integral
points in B; i.e. conv(B N Z%). This is typically called the integer hull of B. We use
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different terminology here to highlight one distinction - the integer hull of an arbitrary
convex set may contain integral points in its interior, but the lattice core of a lattice-free
convex set will never contain integral points in its interior. Using this terminology, an
octahedron in R? is a unit-core octahedron if its lattice core is a parallelepiped of volume
one.

By Theorem 1.2.8 the lattice core of a maximal lattice-free octahedron in R? is a paral-
lelogram of area (i.e. volume) one. One way to prove this characterization holds in R? is
using parity bases as an intermediate object. The parity function parity : Z% — {—, +}% is
given by

+, if w; is even

[parity (w)]; = {

—, if w; is odd.
A finite set W C Z¢ is a parity basis if

(i) (W] =2,
(ii) {parity(w):w € W} = {—,+}%, and
(iii) conv(W)NZi=W.

It is straightforward to show that parity bases are closed under affine unimodular trans-
formation. The set of integral points in a maximal lattice-free octahedron form a parity
basis.

Proposition 5.2.1. Let P C R? be a mazimal lattice-free polyhedron with 2¢ facets. Then
W := PNZ% is a parity basis.

Proof. Let I} and F; be any two distinct facets of P. By Theorem 1.2.6, there exist integral
points w; € relint F; and ws € relint Fy. If parity (w') = parity (w?) then sw! + fw? is an
integral point in the interior of P. This contradicts the fact P is lattice-free. Since P has
24 facets it follows by the Pigeonhole Principle that all the integral points in a given facet
of P have the same parity.

Let F be a facet of P. All the elements of F' N Z? have the same parity. Next we show
that |[FFNZ4| = 1. For a contradiction, suppose |F'NZ%| > 2. Pick 2! € F'NZ* arbitrarily.
Then we can choose z? # 2! € F NZ? such that ||z' — 2?|| is smallest (breaking a tie
arbitrarily). Since every element of ' N Z¢ has the same parity, parity(z!) = parity(2?).
Let 7 := 12"+ 122 Now z € FNZ% and ||z' —Z|| < ||2' — 2?||. This contradicts our choice
of z2. We conclude |F N Z4| = 1.

Now P has 2¢ facets and each facet of P contains exactly one integral point; thus |[W| = 24.
Moreover, since the integral point in each facet has a different parity, {parity(w) : w €
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W} = {—,+}¢ Lastly we note that since P is lattice-free, there are no integral points
in the interior of conv(W). Thus, conv(W) N Z% = W. We conclude that W is indeed a
parity basis. O]

Corollary 5.2.2. Let O € Oy be a mazimal lattice-free octahedron. Then W := O NZ< is
a parity basis and therefore |W| = 2.

The following argument shows that if O C R? is a maximal lattice-free quadrilateral, then
its lattice core is a parallelogram of area one.

1. By Corollary 5.2.2, O contain four integral points {v!,v% v3 v*} - one in the relative

interior of each of its facets. Moreover, {v*,v? v3 v*} form a parity basis.

2. For any parity basis {w!, w? w3 w?} in R? the set conv({w', w? w? w*}) is a par-
allelogram of area one (follows from Pick’s Theorem, for example).

3. Therefore, the lattice core of O, which is conv({v?,v? v3 v1}), is a parallelogram of
area one.

This argument does not directly generalize to d dimensions. Although 1. holds, 2. does
not hold even in R3.

Howe’s Theorem and Parity Bases in Higher Dimensions

Let {w!,w?, ..., w®} be a parity basis in R3. Note that conv({w', w?, ... w®}) is a full-
dimensional polytope with integral vertices and no integral points in its interior. The
following theorem can be used to construct examples where conv({w!, w?, ..., w®}) is not

a parallelepiped of volume one.

Theorem 5.2.3 (Howe’s Theorem [07]). Let P C R3 be a full dimensional polytope that
has integral vertices and no integral points in its interior. If P has eight vertices, then
there is a unimodular transformation from P to a polytope B with vertices

0 0 0 0 1 1 1 1
0 3 1 ) 0 9 1 ) 0 3 ﬁl ) 52 ) and Bl + 62
0 0 1 1 0 o Q9 a1+ Qo

where B, B2, a1, a9 € Ly, Pi(ar + ag) — ar(Bi + B2) = 1, and Bi + B2 and ay + g are
relatively prime.

Let B be the polytope with vertices as given in Howe’s Theorem. Note that the vertices
of B form a parity basis. Restricting to the vertices on the x; = 0 hyperplane, we get an
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Figure 5.4: Polytope B as in Howe’s Theorem for (81, a1, 82, ag) = (1,0, 1,1) (left) and its
face lattice (right).

embedding of the square [0, 1]?. Restricting to the vertices on the z; = 1 hyperplane, we
get an embedding of a parallelogram with edges (81, a1)” and (B, ). Thinking of B as
the convex hull of these two-dimensional parallelograms embedded at distance one in three
space, we see that polytope B is not a parallelepiped for many choices of 1, aq, 82, and
ay. For example, we can choose (51, a1, B2, a0) € {(1,0,1,1),(1,1,5,3)}. See Figure 5.4
and Figure 5.5.

Now, polytope B contains the simplex S with vertices (1,0,0)%, (0,1,0)%, (0,0,1)7 and
(1,81,01)T.  As noted in [67], S has volume %(ﬁl + ayq). Choosing (S, aq, B2, ) =
(3,5, 13,22) satisfying the hypotheses of Howe’s Theorem, S has volume % > 1 and there-
fore B has volume greater than one.

Now suppose W is a parity basis and P = conv(WW) is a parallelepiped. The image of
W under any invertible map is a parallelepiped and therefore the image of W under the
unimodular transformation provided by Howe’s Theorem is a parallelepiped. Since poly-
tope B in Howe’s Theorem is a parallelepiped only when (/, aq, B2, a0) = (1,0,0,1) and
unimodular transformations preserve volume, it follows that conv(W) must have volume
one. To summarize: if W is a parity basis in R3, then conv(W) needn’t be a parallelepiped
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Figure 5.5: Polytope B as in Howe’s Theorem for (81, a1, B2, ag) = (1,1, 5,3) (left) and its
face lattice (right).

and conv(W) needn’t have volume one, but if conv(W) is a parallelepiped then it must
have volume one.

The construction in Howe’s Theorem can be extended to d > 3. For d = 4, take two
arbitrary parity bases C} and Cy for Z®. Let C' := conv({(c1,0) : ¢; € C1} U {(co,1) :
ca € Cy}). Then, it is easy to check C' is a parity basis in Z* and we can make sure
conv C' is not a parallelepiped and volume(conv C') >> 1. We can recursively construct
more complicated parity bases for larger d. However, not all parity bases in R¢ for d > 4
can be constructed in this way. There exist parity bases in R* whose members do not lie
on two adjacent lattice planes; for more information see [67].

Are All Maximal Lattice-Free Octahedra Unit-Core Octahedra?
The above discussion shows that we can’t generalize the R? argument presented after
Corollary 5.2.2 to R%. However, it does not answer the question at hand.

Open Question 5.2.4. Is every mazimal lattice-free octahedron in RY a unit-core octa-
hedron? Is every mazimal lattice-free octahedron in R® a unit-core octahedron? Is every
symmetric maximal lattice-free octahedron a unit-core octahedron?

For symmetric octahedra in R?, one strategy we used to approach this question was to
parameterize the problem and try to determine if the underlying system was consistent.
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Parameterize a symmetric octahedron by (C,b) € R3*3 x R? with C non-singular so that
Oy ={r €R*: (Co)'z <1+0"b Vo€ {-1,+1}}.

Then, Open Question 5.2.4 can be posed as follows: for which 5, oy, B2, a0 € Z>o with
Br(ag +ag) —ay (B + B2) = 1 does there exist C' € R**? non-singular and b € R? such that
O(cp) 1s a maximal lattice-free octahedron with

0 0 0 0 1 1 1 1
OwwnNZ= 0], (1], [o],{t]. (o). (8], [B] |Bi+5];?
0 0 1 1 0 a7 (6] a1 + Qi

Q(B1.01,B2.02)=:Q

For 0 € {—1,+1}3 let F, :={z € Oy : (Co)'x =1+ 0o'b}; the facets of Oy are
exactly {F, : 0 € {-1,+1}°}. If

C1 C C3 by 01
C:=\|cs 5 cg|,b=1|by|,ando:= |09,
C7 Cg Cg b3 03

the inequality (Co)Tz < 1+ o”b defining facet F, can be expressed as
ZL‘l(0'161—|—0'202+0'303)+ZE2(O’1€4+O’205+0’306)—|—173(0'107—|—O'208+0'309>—(01b1+02b2+0'3b3) S 1.

If Ocpy NZ? = @, then there exists ¢ : Q@ — {—1,+1}* such that ¢ is on facet F, for all
q € Q. Suppose without loss of generality that ¢((0,0,0)7) = (—1,—1,—1). Then

1. bl—l—bg—f-bg = ]_, and
2. o1by + 09by + 033 < 1 for all 0 € {—1,+1}3\ {(-1,-1,—-1)}.

Here 1. is obtained by substituting (0,0,0)7 into the constraint defining facet F1,-1,-1)-
We obtain 2. since (0,0,0)7 is on none of the facets F, for o € {—1,+1}*\ {(-1,—1,-1)}
but (0,0,0)7 € O(cp)- More generally, we can derive such equations and inequalities for all
q € Q. Let g = (q1,¢,q3)" € Q and suppose ¢(q) = o for 0 = (01,09,03)7 € {—1,+1}3.
Then the equation

qi(o101+ 0202+ 03¢3) +q2(01¢4+ 0905 +03¢6) +q3(0107+ 0208 +03¢9) — (0101 + 0202 +03b3) = 1
must hold. Moreover, for all r = (ry,r9,73)7 € Q \ {q}, the strict inequality

r1(o1014+ 09+ 0303) +19(01C4+ 0905+ 03¢6) +13(01C7+ 0908+ 03¢9) — (0101 +09ba+03b3) < 1
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must hold. To determine candidate (31, a1, B2, a2 € Z>g, we can first determine candidate
bijections ¢ : @ — {—1,+1}® such that the implied equations and strict inequalities
could be consistent. When the resulting system must be inconsistent, a version of Farkas’
Lemma can be used to provide a certificate of inconsistency. Many of these bijections
can be discarded, providing information about the way in which ) must be embedded in
O(cp)- We won’t be specific; most of the information can be described (and justified) in a
geometric way as well. For example, one may limit the pairs of vertices of ) that may be
embedded into antipodal facets of O.

Such an approach doesn’t generalize directly to R? because no simple characterization of
parity bases is known. It also doesn’t generalize directly to general octahedra in R? since
the normals of the facets cannot be described with so few parameters. Some candidate
bijections may be discarded in this way using the underlying geometric characterization
directly. However, restricting possible bijections of elements of () to facets of O is only the
first step in this approach.

Lastly we remark that we require unit core octahedra in Section 5.1 because a set of
representatives (with respect to unimodular transformation) for the family of maximal
lattice-free octahedra is required. Alternatively, we could construct a different set of rep-
resentatives. If so, the definition of fixed pyramid would need to be modified; in R3 this
might be possible since Howe’s Theorem gives a good description of the embedded lattice
polytope. In higher dimensions this seems less tractable.

5.2.3 The Facet Separation Property in R?

We are interested in the facet separation property in R% and specifically the answer to the
following question.

Open Question 5.2.5. Is every unit-core octahedron in R? facet-separable? Is every
unit-core octahedron in R? facet-separable? Is every symmetric unit-core octahedron facet-
separable?

The following counterexample shows that enforcing the local structure of an octahedron
at one vertex does not suffice to obtain the facet separation property.

Untruth 5.2.6. Let w € RY. Let D = {1} x {0,1}471. Let P = {w}+C be the Minkowski
sum of {w} and some polyhedral cone C with 24~ facets. Let the facets of P be denoted
Fi,...,Foan. Let¢: D — {F;:ie€{1,...,2¢71}} be a bijection such that g € relint(¢p(g))
forall g€ D. If [0,1]* C P, thenwy > 1 and 0 < w; < 1 for all j € {2,...d}.
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Counterexample 5.2.7. Let
1. a; = (6,-3,—1), by =6,

2. CLQI( 32) b2—3,
3. a3 = (6,3,—1), b3 =9, and
J. 4:(121) by — 4.
LetP:{xeR?’:ax<b Vi € {1,2,3,4}}. Now P = {w} + C forw = (3,3,3)" and

={r eR:alz <0Vie{l,23,4}} (a polyhedral cone with 4 = 237" facets). Let
F1 =(Pn{zx eR3:alz =b}). Then F,N{0,1}3 = {(1,0,0)T}. Let I, = (PN {z €
R3 : alz = by}). Then F,n{0,1}3 = {(1,0,1)T}. Let F3 = (PN {x € R : alz = b3}).
Then F3N{0,1}3 = {(1,1,0)7}. Let Fy = (PN{z € R®: alz = 0,}). Then F,N{0,1}® =
{(1,1, )T}, The unit cube [0,1]> C P. However, ws > 1, showing that this is indeed a
counterezample.

If a normalized octahedron has the facet separation property, then the following (weaker)
property holds. Let O C R? be a normalized octahedron with vertices v!,...,v%. Let
f € (0,1)% Let L; be the line segment joining f to v® for all i € {1,...,2d}. Let
G, ..., Gaq denote the facets of [0, 1]¢. We say O has the ray-piercing property if there is a
bijection ¢ : {L1, ..., Lag} — {G1,...,Gaq} such that L;N¢(L;) # 0 for all i € {1,...,2d}
and L; N ¢(L;) = 0 for all ¢ # j € {1,...,2d}. This property is, in fact, sufficient for
the proof in Section 5.1 to work. Either proving the ray-piercing property holds for all
unit core octahedra, or showing the ray-piercing property and facet separation property
are equivalent would provide more insight into the family F;.

5.2.4 The Unit-Core and Facet Separation Properties for Other
Polyhedra

Both the unit-core and facet separation properties are not unique to octahedra and can be
defined more generally.

The unit-core property can be generalized to maximal lattice-free convex sets in R? with
exactly 2¢ facets. Although quadrilaterals are the only maximal lattice-free polyhedra in
R? with exactly four facets, octahedra are not the only maximal lattice-free polyhedra in
R? with exactly eight facets. One example is provided in Figure 5.6. For more examples
see [18]. As per Proposition 5.2.1, the set of integral points in a maximal lattice-free
polyhedron P with 2¢ facets is a parity basis. For any such P, we again ask if conv(PNZ4)
is a parallelepiped of volume one (i.e. if P is unit-core).
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10705

Figure 5.6: The polytope on the left has 8 facets, is maximally lattice-free, and unit core.
It is not an octahedron; its face lattice is provided on the right.

Open Question 5.2.8. Is every mazimal lattice-free convex set in R? with 2¢ facets unit-
core? Is every mazimal lattice-free convex set in R3 with 8 facets unit-core? Is every
symmetric maximal lattice-free convex set in R? with 2% facets unit-core?

The facet separation property is not specific to polyhedra which are maximally lattice-free,
but rather applies more generally to any polyhedron and its embedded dual. Let P C R?
be a polytope with face lattice F(P). We say polytope Q C R? is a combinatorial dual of
P if its face lattice F(Q) is the opposite lattice to F(P); that is, if F(Q) is isomorphic
to F(P)°P. Suppose the facets of P are Fi,..., Fy and the vertices of its combinatorial
dual @ are vy,...,vg. Let ¢ : F(P)°® — F(Q) be the bijection between F(Q) and F(P)°P
showing () is a combinatorial dual of P. Note that ¢ maps facets of P to vertices of (). By
relabelling, we may assume ¢(F;) = v; for all i € {1,...,k}. We say Q is combinatorially
embedded in P if v; € F; for alli € {1,...,k}. We say the facet separation property holds
for (P,Q) if there is a unique facet defining inequality of () separating each vertex of P
from Q.

Open Question 5.2.9. When does the facet-separation property hold for polytopes and
their embedded combinatorial duals?

5.3 Observations and Summary
Theorem 5.1.2 serves as an analogue to Theorem 2.2.4 in many ways:
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1. we consider octahedra, which are maximal lattice-free convex sets in R? with the
maximum number of facets;

2. to approximate a given octahedron cut, we pick one type 2 pyramid for each vertex
of the octahedron; and

3. we obtain an approximation factor which is constant (bounded above by 2 for any

d).

One shortcoming, however, is that the expressiveness of the sets involved is not clear.
Besides questions regarding the structural requirements on F; captured in Section 5.2, it
is also unclear how well the Fy-closure approximates the the corner polyhedron.

We mention two existing d-dimensional inapproximability results to put this constant factor
approximation in context. The work in [3] compares the i-hedral closures for various
i€ {1,...,2¢}. Here the i-hedral closure is obtained from all intersection cuts for lattice-
free polyhedra with at most ¢ facets.

Theorem 5.3.1 ([%, Theorem 2]). Fori € {1,...,2¢} let L denote the family of lattice-free
(not necessarily mazimal) polyhedra in R with at most i facets. Let L denote the family of
all lattice-free (not necessarily mazimal) polyhedra in RY. Ifi < 297 then p[L%, L4, ] = oo.

If i > 2471+ 1 then p[£%, £9)] < 4d3 2

The results in [3] also compare the closures for different families of intersection cuts in
R? for d > 3. Colloquially, the main inapproximability result shows that one must use
lattice-free convex sets that do not contain a line to obtain a good approximation of the
corner polyhedron. Both the families we consider (P, and JF;) have at least 2471 + 1 facets
and are bounded.

20r more accurately 4FIt(d) were Fit(d) denotes the flatness constant, the maximum lattice-width of
a lattice-free set.
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Chapter 6

Conclusions and Future Work

In the first two sections we provide some additional information and open questions about
comparing intersection cuts generated by parallelograms and type 3 triangles to other
families of cuts. Thereafter, we turn to questions of a broader scope.

6.1 Parallelograms

The results in this thesis show that p[T3, Qo] = p[Ts, Qo] = p[T, Q] = 2. Clearly
plQ, Q2] = 1 by Remark 1.3.5. The values of p[L, Qs] for the remainder of the families
discussed in Section 1.3.1 follow quickly from existing results.

Remark 6.1.1. Let Q5 denote the family of mazimal lattice-free parallelograms in R%. Let
S denote the family of splits in R%. Let T, denote the family of type 1 triangles in R2.
Then: (1) p[Q2,S8] =1, (2) p[T1, Q2] = 00, and (3) p[S, Qo] = 0.

Proof. The right image of Figure 1.7 illustrates that a vertical split can be approximated
by a normalized parallelogram with two opposite vertices as close, and equally close, to
(0,2)" and (1,1)” as necessary. Therefore (1) holds. Then (2) follows by transitivity of
bounds on p: if p[T;, Q] < oo then p[Ti,S] < oo but we have p[77,S] = co by Proposi-
tion 1.3.12. The construction of quadrilaterals which are “hard to approximate by a split”
described following Theorem 1.3.11 does not yield a family of parallelograms. However, the
techniques in [15] can be extended in a straightforward way to provide such an example,

showing (3) holds. O
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Other than p[Qs, S|, however, we cannot immediately obtain p[Qs, L] for other families of
maximal lattice-free convex sets in R? via a straightforward extension of existing techniques.
We are particularly interested in these values to understand the strength of the simpler
family Qs in approximating the corner polyhedron.

Open Question 6.1.2. Calculate or bound p|Qs, L] for L € {T1,T2, T3, Q}.

6.2 Type 3 Triangles

To tighten the upper bound p[73,C] < %, it would suffice to prove p[Tz, T3] < K for some

K < % One approach to doing so is to use the proof strategy in Section 2.1 and try
to define an analogue of ray-sliding triangles with respect to a given normalized type 3
triangle. Any normalized type 3 triangle can be described by the slopes of its edges as

illustrated in Figure 6.1.

S

Figure 6.1: A type 3 triangle may be parameterized with respect to the slopes of its edges
—a,—b,d for a,b,d > 0 with a < 1 and b > 1 as illustrated here for a = %, b =2, and
d = 1. A fractional point in its interior f = (g, h)? for g = % and h = % is also shown.

A ray-sliding triangle can be defined with respect to a normalized type 3 triangle in a
straightforward way. Only three families of ray-sliding triangles are defined: one for each
ray direction r* = v* — f. Figure 6.2 illustrates two members of the family of ray-sliding
triangles for ray 1. Omne vertex of such a triangle is f + 77! for 7, within appropriate
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bounds and the opposite edge is defined by {(z,y)" € R* : x +y = 0}. A ray-sliding
triangle for ray 2 has one vertex equal to f 4 772 for 7, within appropriate bounds and the
opposite edge defined by {(z,y)T € R? : z = 1}. A ray-sliding triangle for ray 3 has one
vertex equal to f + 73r® for 73 within appropriate bounds and the opposite edge defined

by {(z,y)T e R?:y =1}.
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Figure 6.2: Examples of fixed triangle (left) and ray-sliding triangle (right) for ray 1 defined
with respect to the base type 3 triangle and fractional point in Figure 6.1.

The next step in the proof strategy is to select the ray-sliding triangles whose intersection
cuts will replace the type 2 triangle closure constraint. In the quadrilateral case, the ray-
sliding triangles chosen gave a worse intersection cut coefficient on the one sliding-ray to
obtain better cut coefficients on two off-rays (i.e. choosing 7 < 1). No analogous choice can
be made for type 3 triangles: weakening the coefficient on the one sliding-ray strengthens
the coefficient on the one off-ray. In fact, if we define natural geometric ray breakpoints
for these ray-sliding triangles then one such breakpoint corresponds to 7 > 1. One ray
breakpoint is obtained from decreasing 7 < 1 until there is no gain on the coefficient for
the unique off-ray. The other ray breakpoint is obtained from increasing 7 > 1 until the
coefficient for the base-ray is no longer determined by its intersection with the base of the
type 2 triangle. See Figure 6.3.
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Figure 6.3: Examples of ray-sliding triangles for ray 1 at the breakpoint for 7 < 1 (left)
and 7 > 1 (right). The base type 3 triangle is given in Figure 6.1 and the fractional point

s f= (3,47

Computational experiments suggest that choosing the ray-sliding triangles for each ray
at the geometric breakpoint for 7 > 1 might provide a stronger bound than for 7 < 1.
However, experience has shown that choosing “close to the right set of type 2 triangles, but
not quite the right set” based on computational results is easy to do. When experimenting
with quadrilateral cuts, there were frequently many choices of ray-sliding triangle cuts that
approximate a given quadrilateral cut within a target bound. We expect the same is true
for type 3 triangle cuts as well.

Open Question 6.2.1. Show p[Tz, T3] < K for some K < %

6.3 2-Row Intersection Cuts

One appeal of type 2 triangle cuts is that the previously established bounds on p[7s,C]|
equalled those for p[73,C] and p[Q, C]. However, the proof p[Tz, Q] < % breaks this symme-
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try. The bound p[T;, Q] < 2 follows since p[T3, Tz] = 1, p[T2, Q] < 2 and the transitivity of
the upper bounds. An argument analogous to Proposition 1.3.17 gives that p[73,C] < ;E;.
Now, all the established bounds on p[73, Q] and p[Q, T3] are calculated using type 2 tri-
angles as an intermediary, but it’s not clear if the best possible bound can be calculated
in this way. Answering this question would be a good next step in capturing the relative
strength of intersection cuts from a single family in {73, 73, @} in approximating R(f;T).

Open Question 6.3.1. Does p[Ts, Q] = p[Tz, Q|7 Does p|Q,Ts] = p[Tz, T3 ?

The example in Figure 6.4 gives some insight into approaching this question. It provides a
quadrilateral such that for r* = v'— f, there exists a type 3 triangle cut that is stronger than
any one ray-sliding triangle cut. For this example, however, there may be some combination
of ray-sliding triangle cuts or other type 2 triangle cuts that do as well as the type 3 triangle
cut. Moreover, the values p[Tz, Q] and p[T3, Q] take the worst case over all (f;T). It may
be the case that there exists (f;I') such that 0[To(f; "), Q(f; )] # 0[T:(f; 1), Q(f; T')] but
p[T2, Q] and p[Ts, Q] coincide.

U
i
.=,
A Led—
s

Figure 6.4: Suppose we want to construct a ray-sliding triangle with the same cut coefficient
or smaller on each ray as the dotted type 3 triangle. For the base {(z,y)’ € R? : x = 0}
the cut coefficient for r® is weaker. For the base {(z,y)” € R? : y = 0} the cut coefficient
for r? is weaker. For the base {(z,y)T € R? : y = 1} the cut coefficient for r* is weaker.
For the base {(z,y)T € R? : z = 1} the cut coefficient for r? is weaker. Since we cannot
select a base for the ray-sliding triangle it cannot be constructed.
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One nice property of proofs here is that they prescribe a set of at most four ray-sliding
triangle cuts to approximate a given quadrilateral cut. So, even though p[7z, Q] is a worst
case bound, the techniques capture the behaviour of the bound on 0[T5(f;T"), Q(f;T)] as
we vary parameters. In fact, we calculate the value of [T5(f;T"), Qa(f;T')] exactly in the
Central Region. For the practical problem of cut generation, exactly providing the triangles
might prove useful.

From a mathematical point of view, however, it might be interesting to give a less construc-
tive proof. The proofs used (a great deal of) algebra to derive some global properties of the
semi-infinite programs (S(72, Q2)) and (S(7z, Q)). For example, the bound as a function
of parameters a, b, c, and d is affine in f in each region of the partition of Q(a,b,c,d).
Moreover, the value of f in the worst case bound tended to the “center” of the underlying
quadrilateral - to (%, %)T in the parallelogram case and to the Central Region in the gen-
eral quadrilateral case. It would be interesting to try to exploit these properties to provide
a global proof that does not rely so heavily on solving the underlying low dimensional

optimization problems.

Open Question 6.3.2. Can we bound p[Ts, Q] by characterizing directly the instances
achieving the supremum?

We point to Chapter 5 as motivation, where abstracting out the key properties of the
bound using fixed triangles led to a generalization to d-row cuts.

Lastly, the values for p[Ts, Q] and p[T3, Q2] were bounded by considering only the intersec-
tion cuts generated by ray-sliding triangles. Since we know p[Ts, Qs| exactly, this shows we
can achieve the best bound using ray-sliding triangles. In fact, Chapter 3 and Chapter 4
provided two different sets of ray-sliding triangles that work to prove the bound for the
South-West and South Regions. However, we do not know if the same is true for bounding

o7z, QJ.

Open Question 6.3.3. Can the exact value of p[Tz, Q] be obtained using intersection cuts
from ray-sliding triangles?

Proving a lower bound of p[7Ts3, Q] > % would suffice to answer “yes”; however, this lower
bound seems doubtful given the analysis in Lemma 4.1.2 is not tight. To prove a tighter
lower bound, an instance where the corresponding quadrilateral is not a parallelogram is
required.
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6.4 d-Row Intersection Cuts

Section 5.2.2 and Section 5.2.3 provided some open problems related to the structure
of maximal lattice-free octahedra. Section 5.2.4 provided generalizations of these open
problems to arbitrary polyhedra. More general questions relating to a classification of
maximal lattice-free convex sets in R¢ also remain open.

However, Theorem 5.1.2 provides techniques for proving constant factor approximations
in R¢ absent such a classification. Although the result in [3] shows that lattice-free convex
sets with at least 297! 4 1 facets are required to obtain a finite approximation of the
corner polyhedron in general, a refined list of the lattice-free convex sets required would
be interesting.

Open Question 6.4.1. Let Foa be the family of mazimal lattice-free convex sets in R?
with 2% facets. Let Og be the family of maximal lattice-free octahedra in RY. Is p[Og, Fad]
constant?

Colloquially, we’d like to understand how rich a family of maximal lattice-free convex sets
is required to obtain a finite approximation of the corner polyhedron. For example, a
polytope P C R? is centrally symmetric if it has a center : a point x5 € R¢ such that
o + x € P holds if and only if xg — x € P. The family of centrally symmetric octahedra
in R? is exactly the family Q,. The problem of bounding p[Qs,, Q] naturally extends to R?
via centrally symmetric octahedra.

Open Question 6.4.2. Let O, be the family of maximal lattice-free octahedra in R?. Let
SO, be the family of mazimal lattice-free centrally symmetric octahedra in RY. Bound
p[SOy, Oyl.

These theoretical questions may be amenable to using tools from convex geometry to move
past comparisons based only on facet count.

6.5 Other Comparison Measures

To upper-bound p[L, L] for various families £; and L appearing in this thesis, we often
explicitly give a small number of cuts generated by members of £; with which to ap-
proximate a given cut from L£5. With this in mind, we propose an alternative theoretical
measure of the relative strength of the intersection cuts generated by members of £, and
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Lo. It is designed with the intent of capturing the effect of limiting the number of cuts we
may choose from the second family to g. Let £, and L, be families of lattice-free convex
sets in R%. Suppose L is a family of polytopes with exactly ¢ extreme points. Define

1 . .
_— = inf sup min E S
pgl L1, Lo] forl,.rteRd: FCLy|Fl=g | Sty dpn(r)si>1 VBEF 4=
fAconv(rl,...,rt)eLls, f€int B VBeF s>0

féeint (f+conv(rl,...,r))

The infimum captures choosing a “hard to approximate” member of Ly; the supremum
captures choosing the “best” g members of £, with which to approximate the given cut;
and the inner-most optimization problem computes the corresponding bound. This min-
max relationship can be viewed as a “game” of sorts with the following rules:

1. The “L, player” chooses f,71,...,r" such that f + conv{r! ... r‘} € L.
2. The “L; player” chooses Fi, ..., F, € L attempting to achieve the highest possible
value of

¢ ¢
min Zsi subject to Zdjf;Fj(ri)si >1 Vje{l,...,g}.
i=1 i=1

This measure can be applied to our analysis of approximating parallelogram cuts with type
2 triangle cuts. The proof of Theorem 1.3.21 shows that p4[Tz, Qs < %. In the South-West
Region, we only required two cuts in Lemma 3.4.1. However, we can compute the same
bound using four cuts as in Lemma 4.2.1. Hence, for given (f,I") (or a, b, ¢, d, g, h depending
on your parameterization), the same bounds can be obtained using different numbers of
cuts. The value of p3[Tz, Qs is not given by the results in this thesis - are exactly four cuts
needed to obtain a bound of % in the Central Region? In general, it would be interesting
to investigate instances where p[Ly, £2] is not big, but p,[Lq, Ls] is big for small g.

Alternative theoretical constraint measures that move away from the gauge measure have
been proposed in other work. These measures include depth of cut, volume cut off, and
change in objective function value, among others. Many of the measures of “goodness”
are amenable to questions related to limiting the number of cuts used (“if you can only
pick at most k cuts, which ones?”) as well as limiting the number of rounds of cuts added
(“you may only generate one round of cuts at the root node, which ones?”, “you may not
generate cuts recursively, which ones?”). For more details see, for example, [39] [55] and

[05].
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6.6 Connections to Computational Results

With the families of intersection cuts of interest firmly in hand, we return to computational
work on the strength of multi-row cuts. As far as 2-row cuts are concerned, [38] and [14]
are most applicable. Both papers consider the strength of 2-row cuts generated by type
2 triangles relative to 1-row cuts and split cuts. The type 2 triangle cuts are computed
using (different) greedy heuristics and also strengthened via lifting where applicable. Both
papers report mixed results and highlight the sensitivity of the conclusions to the instances
used (ex. 2-row cuts perform better on instances that look like a continuous relaxation,
versus arbitrary MIPLIB instances) and the need for careful experimental design. The
authors of [59] provide more computational information on the relative strength of the
underlying multi-row models - for example, they speak to the impact of dropping variable
bounds and integrality restrictions.

The cost of generating the cut and lifting [11] may also degrade the usefulness of multi-
row cuts in practice. Accordingly, theoretical bounds on the richness of cuts from simple
families of lattice-free convex sets can provide guidance. Good approximations allow that
experiments based on “easy to generate” d-row cuts may speak to the strength of all d-row
cuts. The discussion in this thesis suggests further experiments based on type 2 triangles
and parallelograms, as well as d-row cuts based on type 2 pyramids or symmetric octahedra
as in [43].
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Appendix A

Cut Coefficient Formulae for
Approximating Given Quadrilateral

Cut

/\
y=cx+1 y=—dr+d+1
\
[\ 1/
/J&/
N
vk
y=—ar [ T—— N/ y=0br—b

Figure A.1: Base quadrilateral for parameters a =
h=1
2

1
5
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Consider the normalized quadrilateral Q(a,b,c,d) parameterized by a,b,c,d > 0 as de-
scribed in Section 2.1.2. Assume that ad < be. The vertices of Q(a, b, ¢, d) are:

b = (14 ) e e = (e 22
voi=(v,,0,)"0 = brd’ brd , v = (v, )t = atbh’ axb)

, —1 ’ d d \"
v3::(vfc,vj)T:< , a ) , and v4::(v§,v§)T:< i ) :

a+c’ a+c c+d’ c+d

Note that v; < v} and v < v, because ad < be. Also consider fractional point f = (g,h)"
in the interior of Q(a,b, ¢, d).

Define ray direction r* by r* = v’ — f fori € {1,2,3,4} and " := {r',r? 13 r*}. We refer to
ray i as the ray {f+ M’ : A > 0}. For B as a vertical split, horizontal split, or 7-ray-sliding
triangle, we calculate the intersection cut ¢y g(r')s1 4+ g(r?)sa+1; 5(r®)ss+1; p(r*)ss >
1 where the coefficients s g(r*) are given by functions of a,b,c, d, g, h, and 7.

A.1 Vertical Split

Let VIS denote the split {(z,y) € R* : 0 < = < 1}. Note that VS generates a valid cut
for R(f;T") whenever f € int VS - that is, whenever 0 < g < 1. The intersection cut
coefficient formulae for V.S depend on the directions of 7? and r#, which in turn depend on
the z-coordinate of f, relative to those of v? and v*.

Case 1: 0 < g < vi: The intersection cut for VS is

( orar=a) o+ (- @rmre) O arag) = (- raa—g) =21

Case 2: v} < g < v2: The intersection cut for VS is

(=) (~rma) =+ () = () 2!

Case 3: vfc < g < 1: The intersection cut for VS is

(=) (O arm) =+ (g o ()2

Note that when g = v or g = v2, two of the above cut formulas apply. A straightforward
substitution shows that the two formulas agree on these boundary points. When g = v}
the coefficient for s, is 0 and when g = v? the coefficient for s, is 0, as expected.
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Figure A.2: Vertical split for parameters a = %, b=2,c=3,d= %, g= %, and h = %

A.2 Horizontal Split

Let HS denote the split {(z,y) € R* : 0 < y < 1}. Note that HS generates a valid cut
for R(f;T") whenever f € int HS - that is, whenever 0 < h < 1. The intersection cut
coefficient formulae for HS depend on the directions of r! and 73, which in turn depend on
the y-coordinate of f, relative to those of v! and v3.

Case 1: 0 < h < v}: The intersection cut for HS' is

(- grar=n) = (@)= (- arar—n) = (1 eraam) 2

Case 2: UZ <h< U;: The intersection cut for HS is

(= gramm) = (@)= (- aran) »+ ( erarm) =2t
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Case 3: U; < h < 1: The intersection cut for HS is

Note that when h = U; or h = U;, two of the above cut formulas apply. A straightforward
substitution shows that the two formulas agree on these boundary points. When h = US
the coefficient for s3 is 0 and when h = v; the coefficient for s; is 0, as expected.

UZ
/
i T
JAA L 1
—
3 A f
- N
Figure A.3: Horizontal split for parameters a = é, b=2,¢c=3,d= %, g= %, and h = %

A.3 7-Ray-Sliding Triangle for Ray 1

Let F' = {(z,y) € R? : z = 0}. Fix 7 € R, such that the z-coordinate of f + 7r! is at
least 1. Let L(10)(7) be the line through f + 7r! and (1,0)". Let L 1)(7) be the line
through f + 7r! and (1,1)". Suppose F, L )(7), and L 1)(7) bound a triangle T with
points (0,0)7, (0,1)%,(1,0)7, and (1,1)7 on its boundary. Then T is RS;(7) as defined in
Section 2.4. There are three, four, or five standard breakpoints; the number of breakpoints
depends on the directions of r? and r*, which in turn depend on the z-coordinate of f,
relative to those of v? and v*. In all cases, the following three breakpoints apply.

1. If g < 1, the smallest 7 value for which RS;(7) is defined is 7" :=1 — m.
Note that this corresponds to a vertical split. If g > 1, triangle RS;(7) is defined
for all 7 € (0,1]. We define /™" = 0 in this case for convenience, but note that

f & int RSy (1) for 7 = 0.

171



2. The value of 7 corresponding to not sliding along ray 1 is 77 := 1. The corre-

sponding intersection cut for fixed triangle Fj is

81+82+<1+ )83+5421-

(a+c)g

3. The largest 7 value for which RS;(7) is defined is either determined by the intersection
of ray 1 with y = 0 or the intersection of ray 1 with y = 1, depending on the direction
r!. Accordingly we define:

b : 1
1 —+ m if h > Uy
mazr .__ d s
Ty =<1+ T-n)(btd)—d if h < ’U; .
0 otherwise

Note that RSi(7) generates a valid cut for R(f;I") whenever f € int RS (7).
1. For g € (0,1] and h € [0,1], RS1(7) generates a valid cut for all 7 € [77", 7{"47].

2. For g > 1, RS (1) generates a valid cut for all 7 € (0, 7{"*].

3. For g <0, RS;(7) never generates a valid cut.

4. For h > 1, RS, (7) generates a valid cut whenever 7 < 1 (and for some 7 > 1, though
these values aren’t required for our purposes).

5. For h < 0, RSi(7) generates a valid cut whenever 7 <1 (and again for some 7 > 1).

U U
VLT \
\ N \
/ \/ /A / \/ L~/ I
3/ ¥ [ 3/ ¥ [
7y 7y

Figure A.4: (left) 7-Ray-Sliding Triangle for Ray 1 RSi(7) for 7 = {; and (right) Fixed

)
Triangle F for parameters a = %, b=2,¢c=3,d= %, g= %, and h = %
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fw:ed max

Case 1: 0 < g < v?: There are three standard breakpoints: 77" < 7 < 7", For all

T € [r{Mn, Trer

Case 2: v} < g < v% There are four standard breakpoints: 7" < 77! < pfived < pmaz
where

], the intersection cut for ray-sliding triangle RSi(7) is

d

bpl  _ 1—
cb+d)g+d

1

For all T € [rj"", Tfp 1], the intersection cut for ray-sliding triangle RS;(7) is

() (52 e ) o o

For all 7 € [Tfp ' 7mar] the intersection cut for ray-sliding triangle RS (7) is

Note that when 7 = Tfp ! two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding

intersection cut for ray-sliding triangle RSy (7%") is

Case 3: v2 < g: There are five standard breakpoints: 77" < pr 2 < prl < Tf ired Tnar
>4 p 1 >7T >xTy =T >7
where

b
Calb+d)g+b

d

bp2
=1 -
T cb+d)g+d

1 , and Tfpl =1

For all 7 € [/ 777%]  the intersection cut for ray-sliding triangle RS (1) is

(B g oo g (- )

For all 7 € [772, 77!, the intersection cut for ray-sliding triangle RSy (7) is

(2 e () ) o
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Figure A.5: (left) Tfp ?_Ray-Sliding Triangle for Ray 1 where lep 2 = % and parameters
a=4,b=2c¢=3,d= %, g= %, and h = ;11 and (right) Tfpl-Ray—Sliding Triangle for Ray
1 for Tfpl = g and parameters a = %, b=2,¢c=3,d= %, g= %, and h = %

For all 7 € [r', 79  the intersection cut for ray-sliding triangle RS, (7) is

Note that when 7 = Tfp % two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding

intersection cut for ray-sliding triangle RS (7?) is

(v wrag) (- rm) = () v () 2
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Note that when 7 = Tfp ' two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding
intersection cut for ray-sliding triangle RS;(7"!) is the same as in Case 2.

Checking Consistency for ¢ = v} and g = v2: Note that when g = v, both Case 1 and

Case 2 apply. The formulas are consistent because 7" = 7?'. Note that when g = v?

x)
both Case 2 and Case 3 apply. The formulas are consistent because 7{"" = Tfp 2,

A.4 71-Ray-Sliding Triangle for Ray 2

Let F' = {(z,y) € R? : y = 1}. Fix 7 € R, such that the y-coordinate of f + 7r? is at
most 0. Let L)(7) be the line through f + 77 and (0,0)". Let Ly )(7) be the line
through f + 7r* and (1,0)”. Suppose F, L) (7), and L ) (7) bound a triangle T with
points (0,0)7, (0,1)7,(1,0)", and (1,1)T on its boundary. Then T is RSy(7) as defined in
Section 2.4. There are three, four, or five standard breakpoints; the number of breakpoints
depends on the directions of ' and 3, which in turn depend on the y-coordinate of f,
relative to those of v! and v3. In all cases, the following three breakpoints apply.

1. If A > 0, the smallest 7 value for which RS5(7) is defined is 73" := 1 — Wll)wab
Note that this corresponds to a horizontal split. If A < 0, triangle RS5(7) is defined
for all 7 € (0,1]. We define 7" = 0 in this case for convenience, but note that
f & int RSy(1) for 7 = 0.

fized

2. The value of 7 corresponding to not sliding along ray 2 is 7 := 1. The corre-
sponding intersection cut for fixed triangle F} is

cd
14— > 1.
51+82+53+< +(c+d)(1—h))s4_

3. The largest 7 value for which RS5(7) is defined is either determined by the intersection
of ray 2 with x = 0 or the intersection of ray 2 with x = 1, depending on the direction
r?. Accordingly we define:

b . 2
1+ aT)o=b if g > vz

Tém,aﬂ?:: 1+m lfg<'()923
%) otherwise

Note that RS>(7) generates a valid cut for R(f;I") whenever f € int RS5(7).

1. For g € [0,1] and h € [0,1), RS5(7) generates a valid cut for all 7 € [r5" 7inae].
2. For h < 0, RSy(7) generates a valid cut for all 7 € (0, 75**].
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3. For h > 1, RS5(7) never generates a valid cut.
4. For g > 1, RSy(7) generates a valid cut whenever 7 < 1 (and for some 7 > 1, though

these values aren’t required for our purposes).
5. For g < 0, RSy(T) generates a valid cut whenever 7 < 1 (and again for some 7 > 1).

Y
U
~_ "
I AL /N
T~ T I U
—— .34< pdbi |
~
T —]
/)VQ
1%
4
U
\\\ "
—— /i 1\ /1
T —
\\\ v3 // j
1
/7‘2
U

Figure A.6: (top) 7-Ray-Sliding Triangle for Ray 2 RSs(7) for 7 = 11 and (bottom) Fixed
Triangle F, for parameters a = %, b=2c=3,d= %, g= %, and h = %

Case 1: h < v3: There are five standard breakpoints: 75" < 7372 < 7P! < of"ed < ppae

where
pr2 =1 bC and prl 1 ad
2 (a+Db)(1 —h) +bc’ 2 (a+0b)(1—h)+ad
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For all 7 € [r5min 5” 2], the intersection cut for ray-sliding triangle RSy (7) is

[P +1+ S [ O R P
b+d)(T-h))" ” (@atrod-n)™ c+a(i—n)™="
For all 7 € [t 72", the intersection cut for ray-sliding triangle RS, (7) is
d | (a+b)(1—7) od
(1‘<b+d><1—h>>sl+<f>5”<1‘ o) (1 )
For all T € [t 7279 the intersection cut for ray-sliding triangle RSy (7) is
(a+b)(1—71) 1 (a+b)(1—71) cd
(=) e (7) e (- i) o (v i)

Note that when 7 = pr % two of the above cut formulas apply. A straightforward substitu-

tion shows that the two formulas agree on this boundary point and that the corresponding
. . cq- . bp2y -
intersection cut for ray-sliding trlangle RSy(15"") is

d c cd
(1 - (b+d)(1fh)> $1+ (1 + (a+b)(1 h)) S2 + (1 - (a+c)(17h)> S3 + (1 + (c+d)(1fh)> 542 1.

Note that when 7 = 7'2 , two of the above cut formulas apply. A straightforward substitu-
tion shows that the two formulas agree on this boundary point and that the corresponding
intersection cut for ray-sliding triangle RSy () is

d d
<1 - (b+d)(17h)> $1+ (1 + (a+b)( )> S2 + (1 - b(a+g)(17h)> s3 + (1 + (c+d)(1 h)> 542 1.

Case 2: vz’ <h< v : There are four standard breakpoints: 737" < pr < 7'2f iwed Tyar

where

prl —1_ ad
2 (a+b)(1—h)+ad

For all 7 € [r3" 72P'], the intersection cut for ray-sliding triangle RSy (7) is

(- grarmm) = (3) = (- e ) »+ (1 i) 2

For all 7 € [t%' 727 the intersection cut for ray-sliding triangle RSy (7) is

Note that when 7 = T§p ! two of the above cut formulas apply. A straightforward substitu-
tion shows that the two formulas agree on this boundary point and that the corresponding
intersection cut for ray-sliding triangle RSy (72"") is the same as Case 1.
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Case 3: vy < h < 1: There are three standard breakpoints: 75" < el < ez For all

T € [ 73] the intersection cut for ray-sliding triangle RSy(7) is
(a+b)(1—1) 1 (a+b)(1—1) cd
(=) e () (= ) e (o g ) 2

Checking Consistency for h = v, and h = v,: Note that when h = v}, both Case 1 and

Case 2 apply. The formulas are consistent because 75%" = Tpr ?. Note that when g = v;,
both Case 2 and Case 3 apply. The formulas are consistent because 75" = Té’p L

<

)

(V]

et Figure A.7: (top) 77'-Ray-Sliding
— Triangle for Ray 2 for 727" = = and
parameters a = %, b =2 ¢=3,
i d:%,g:%,andh:%,and

J (left) 727°-Ray-Sliding Triangle for
Ray 2 for Té’p ? = % and parameters
a=2b=2c=3d=39=3,
AN and h = 3.

A.5 7-Ray-Sliding Triangle for Ray 3

Let FF = {(z,y) € R? : z = 1}. Fix 7 € R, such that the z-coordinate of f + 77 is at
most 0. Let L)(7) be the line through f + 77 and (0,0)". Let L()(7) be the line
through f + 7r* and (0,1)". Suppose F, L0)(7), and Lg1)(7) bound a triangle T with
points (0,0)7, (0,1)T,(1,0)”, and (1,1)7 on its boundary. Then T is RSs(7) as defined in
Section 2.4. There are three, four, or five standard breakpoints; the number of breakpoints
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depends on the directions of r? and r*, which in turn depend on the z-coordinate of f,
relative to those of v? and v*. In all cases, the following three breakpoints apply.

1. If g > 0, the smallest 7 value for which RS3(7) is defined is 7}"" := 1 — m.

Note that this corresponds to a vertical split. If g < 0, triangle RS3(7) is defined
for all 7 € (0,1]. We define 75" = 0 in this case for convenience, but note that
f & int RS5(7) for 7 = 0.

2. The value of 7 corresponding to not sliding along ray 3 is 74 := 1. The corre-
sponding intersection cut for fixed triangle Fj is

1
1+ ——r—— > 1.
< +(b+d)(1g))81+82+83+84_

3. The largest 7 value for which RS3(7) is defined is either determined by the intersection
of ray 3 with y = 0 or the intersection of ray 3 with y = 1, depending on the direction
r3. Accordingly we define:

a : 3

1+ CE = it h > vy

maxr .__ c : 3
7—3 = 1 —+ W lf h < 'Uy .

0 otherwise

Note that RS3(7) generates a valid cut for R(f;I") whenever f € int RS5(7).

1. For g € [0,1) and h € [0,1], RS3(7) generates a valid cut for all 7 € [75¥" 7inae],

2. For g < 0, RS;3(7) generates a valid cut for all 7 € (0, 7§"*7].

3. For g > 1, RS3(7) never generates a valid cut.

4. For h > 1, RS5(7) generates a valid cut whenever 7 < 1 (and for some 7 > 1, though
these values aren’t required for our purposes).

5. For h < 0, RS;3(7) generates a valid cut whenever 7 < 1 (and again for some 7 > 1).

Case 1: g < v%: There are five standard breakpoints: 7" < 702 < 700 < pfived < pmaz
where

a

bp2 C bpl
=1 and =1 .
E E bato)(l-—g)+a

dla+c)(1—g)+c

For all 7 € [r"", 72%%] the intersection cut for ray-sliding triangle RSs(7) is

(gram=a) o (@)= () o+ (- eran) =2t

For all 7 € [727%, 7%'] the intersection cut for ray-sliding triangle RSs(7) is

(“Mu—m)“(l‘Mw)S?*(i)Sg*(l‘W)““
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Figure A.8: (left) 7-Ray-Sliding Triangle for Ray 3 RS;(7) for 7 = {5 and (right) Fixed

)
Triangle Fj for parameters a = %, b=2,c=3,d= %, g= %, and h = %

For all 7 € [t2", 727%] the intersection cut for ray-sliding triangle RS3(7) is

Note that when 7 = r§p 2 two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding
intersection cut for ray-sliding triangle RSs(74°) is

1 a c c
(1 + —(b+d><1—g>) s1+ (1 - —<a+b><1—g>) S2 + (1 + —(a+c)d<1—g>) s3 + (1 - —(c+d)(1—g)> s¢ 2 L.

Note that when 7 = Té’p ' two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding
intersection cut for ray-sliding triangle RS3(72%") is

1 a a ad
(1 + <b+d><1—_g>) s1+ (1 - (a+b)(1—g>) S2 + (1 + b(a+c)(1—‘g>) s3 + (1 - b<c+d>(1—g‘>) s¢ 2 L.

Case 2: v} < g <02 There are four standard breakpoints: 73" < 72" < pfired < pmax
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where
Lo a .
3 bla+c)(l—g)+a

For all 7 € [77"" 72! the intersection cut for ray-sliding triangle RS5(7) is

(+aran=g) 2+ (- awwag) = () o (- g )=

For all 7 € [72', 7§"%] the intersection cut for ray-sliding triangle RSs(7) is

Note that when 7 = r?’jp ! two of the above cut formulas apply. A straightforward substi-
tution shows that the two formulas agree on this boundary point and the corresponding
intersection cut for ray-sliding triangle RSs(7e"') is the same as in Case 1.

/
]
/ /f
/ /1[4
/ /
/ /
/ /
) / .
\ v g/k / i
\ B g N
/ \/ | 1 \E N
w3~ I
k N

Figure A.9: (left) 72*'-Ray-Sliding Triangle for Ray 3 for 7.P' = 3 and parameters a = 2,
b=2c¢=3,d=3,9=3,and h =3 and (right) 7272 Ray-Sliding Triangle for Ray 3 for

bp2
rd :%andparametersa:%,sz,c:l,d:Zg:%,a,ndh:%.
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Case 3: v2 < g < 1: There are three standard breakpoints: 73" < 7@ < 7maz - For all
T € [r"" 73] the intersection cut for ray-sliding triangle RS3(7) is

) A G o I O R (e e ) R

Checking Consistency for ¢ = v} and g = v2: Note that when g = v, both Case 1 and

Case 2 apply. The formulas are consistent because 75"" = Té)p 2. Note that when g = v
both Case 2 and Case 3 apply. The formulas are consistent because 75" = 757

A.6 7-Ray Sliding Triangle for Ray 4

Let F' = {(z,y) € R? : y = 0}. Fix 7 € R, such that the y-coordinate of f + 7r? is at
least 1. Let Lo 1)(7) be the line through f + 7r* and (0,1)". Let L 1)(7) be the line
through f + 7r* and (1,1)". Suppose F, L(1)(7), and L 1)(7) bound a triangle T with
points (0,0)7, (0,1)%,(1,0)”, and (1,1)7 on its boundary. Then T is RS,(7) as defined in
Section 2.4. There are three, four, or five standard breakpoints; the number of breakpoints
depends on the directions of r* and 73, which in turn depend on the y-coordinate of f,
relative to those of v! and v3. In all cases, the following three breakpoints apply.

1. If h < 1, the smallest 7 value for which RS,(7) is defined is 7} := 1 — m.
Note that this corresponds to a horizontal split. If h > 1, triangle RS,(7) is defined
for all 7 € (0,1]. We define 7" = 0 in this case for convenience, but note that
f & int RSy(1) for 7 =0.

2. The value of 7 corresponding to not sliding along ray 4 is 7{** := 1. The corre-
sponding intersection cut for fixed triangle Fj is

81+<1+ >82+83+S4>1-

ab
(a+b)h

3. The largest 7 value for which RS, (7) is defined is either determined by the intersection
of ray 4 with = = 0 or the intersection of ray 4 with x = 1. Accordingly we define:

d . 4

1+ glerd)—d if g>v,

;=014 7(179)(2“[)76 if g <vi
00 otherwise
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Figure A.10: (left) 7-Ray-Sliding Triangle for Ray 4 RS,(7) for 7 = & and (right) Fixed

10
Triangle Fj for parameters a = %, b=2¢c=3,d= %, g= %, and h = %

Note that RS4(7) generates a valid cut for R(f;I") whenever f € int RS,(7).

1. For g € [0,1] and h € (0,1], RS4(7) generates a valid cut for all 7 € [7j¥", 797].

2. For h > 1, RS4(7) generates a valid cut for all 7 € (0, 7;**].

3. For h <0, RS4(T) never generates a valid cut.

4. For g > 1, RS4(7) generates a valid cut whenever 7 < 1 (and for some 7 > 1, though
these values aren’t required for our purposes).

5. For g < 0, RS4(7) generates a valid cut whenever 7 < 1 (and again for some 7 > 1).

Case 1: 0 < h < v}: There are three standard breakpoints: 7" < el < pmar - For all

T € "™ 7] the intersection cut for ray-sliding triangle RSy(7) is
(c+d)(1—1) ab (e+d)1-1) 1
(- Sarar ) () = (-5 ga ) o ()

Case 2: v} < h < v} There are four standard breakpoints: 7" < P! < 7" < pmas

where

prl —1_ ad
4o (c+d)h+ad

For all 7 € [7"" 72!, the intersection cut for ray-sliding triangle RS,(7) is

183



For all 7 € [Tfp ' 7mar] the intersection cut for ray-sliding triangle RS,(7) is

Note that when 7 = Tfp ! two of the above cut formulas apply. A straightforward substitu-
tion shows that the two formulas agree on this boundary point and that the corresponding

intersection cut for ray-sliding triangle RS, (7%") is

(“M)“(”wibb)h)“(l_M>83+<1+<cidd>h>s4>1'

Case 3: v; < h: There are five standard breakpoints: 7" < Tfp 2 < Tfp < 7;{ iwed Tnae

where

be ad
bp2::1_7 and bplizl_ .
T4 (c+d)h +be’ T4 (c+d)h +ad

For all 7 € [r"" 72%%] the intersection cut for ray-sliding triangle RS,(7) is

() e (i) = (an) o (B

For all 7 € [t 7%"1], the intersection cut for ray-sliding triangle RS, (7) is

(o ) o ) ) (s

For all T € [t 779 the intersection cut for ray-sliding triangle RSy(7) is

Note that when 7 = Tj:p ?_two of the above cut formulas apply. A straightforward substitu-
tion shows that the two formulas agree on this boundary point and that the corresponding

intersection cut for ray-sliding triangle RSy(72%?) is

Note that when 7 = Tfp ! two of the above cut formulas apply. A straightforward substitu-
tion shows that the two formulas agree on this boundary point and that the corresponding
intersection cut for ray-sliding triangle RS, (7*") is the same as Case 2.
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Figure A.11: (left) Tfp *_Ray-Sliding Triangle for Ray 4 for Tfp 2= 1% and parameters a = é,

b=3,¢=1,d=2g=g, and h = 3 and (right) 727! _Ray-Sliding Triangle for Ray 4 for
bpl __ 35 1

Ty =& andparametersa:%,b:2,c:3,d:§,g:%,andh:%.

Checking Consistency for h = v} and h = v,: Note that when h = v, both Case 1 and

Case 2 apply. The formulas are consistent because 7,%" = Tfp '. Note that when g = v;,
both Case 2 and Case 3 apply. The formulas are consistent because 77" = Tfp 2,
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Appendix B

Proofs of Proposition 3.4.2 and
Proposition 3.5.2

B.1 Proof of Proposition 3.4.2.

We prove Proposition 3.4.2; the statement of which is reproduced below for convenience.
Proposition 3.4.2. The optimal value of (P') in Lemma 3.4.1 is exactly LBsw (v, 5,9, h).
Proof. For fixed a, 8 > 0 such that a < 8 and g, h such that (¢,h)" € Rsw(a,f3), the
optimization problem (P’) is given by
min S+ So + S3+ S4
af af 51
. [El - (a+ﬁ)(1h)§ El t @maw (1h>§ El - (a+ﬁ)(1h)§ El + (a+a><1h>§] s2| 5 q
o 1 a 1 o} -
Hamug) ' emoeg) U esea) ' emos)] |

81,82,83,54 > 0.

By Lemma 3.4.1, LBsw («, 3, g, h) is a lower bound on the optimal value of (P’). Here we
find a feasible solution to (P’) of objective function value LBgw (v, 3, g,h) and conclude
the optimal value is exactly LBsw (v, 5, g, h) as claimed. Our choice for feasible solution
to (P’) depends on the sign of g and h. There are three cases: (1) g > 0,h > 0, (2)
g<0,h>0and (3) g >0,h<0.

186



Case 1: ¢ > 0,h >0
Note that since (g, h)? € Rsw(«, ) we have g € [0
that

, aigland h € [0, 255]. We will show

a(a+8)[B(1—-g)+(1—h)+(a—B)g]
a(ﬁfa)Jra(lJrﬁ)(Oerﬂz)(17g31+(1+a)(a+f3)(17h)

§ .= | PlalB-a)ta(l+h) a+,32) (1- %)+(1+a)(@+5)(1 h)]
—a?yg
a(B—a)+a(1+8)(a+B g)+(1+a)(a+B)(1-h
( )(aJr(ﬁ) [ag’§1*9))4(r5(1)*h()+(04)*(5)h] R
Bla(B—a)+a(1+8)(a+8)(1-g)+(1+a)(a+8)(1—h)]

is a feasible solution of (P’) with objective function value LBgw («, 3,9, h). The solution
§ can be constructed by adding the constraints for fixed triangles F} and Fy to (P’) and
then solving the linear system obtained by setting all four constraints tight. First we check
the corresponding objective function value by calculating

175 =

ala+ BB —g)+ (1 —h)+ (a—B)g] + (ﬁz—a2)h Fa(f?—a?)g+ ((H-ﬂ)[aﬁ(l—g)+ﬁﬁ(1—h)+(a—5)h]
(B — )+04(1+5)(04+ﬂ)( 9)+ (1 +a)(a+B)(1—h)

ala+B)B(1—g)+(1—h)]+ (a+ﬁ)[a5(1ﬁg)+ﬁ(1 h)]
~aB-a)+a(l+B)a+B)(1—g)+ (1+a)(a+B)(1—h)
_ a(l+B)(a+B)(1—g) +(1+a)(a+B)(1—h)

a(f—a)+a(l+B)(a+B)(1—g)+ (1+a)a+pB)(1—h)

a(f — a)

:1_a(ﬂ*a)+a(1+ﬂ)(a+ﬁ)(1*9)+(1+0<)(0<+ﬂ)(1*h)'

To check § is feasible for (P’), first we show that § is non-negative. Each entry of § is of
the form C' - % for some constant C' where

K:=af—-a)+al+p)(a+p)1—g)+(1+a)(a+p)(1—h)>0

for any fixed o, f > 0 with o < (3, g € [O, a;:‘_ﬁ] and h € [O +5] So, to verify

s > 0, we check that the corresponding constant C' is non-negative for each entry. To
verify §; > 0, note that

ala+ BB —g)+ (1 —h)+(a=P)g] = ala+B)[1+ B —h+ (a—20)g]
(1+B)(a+p) —a+(a—2p)a]

af
=afa+B+af+B*—a+a®—2af)

[

[

N ||

=a[B+ B>+ a® — af
=a[B+ B(B— ) + o]
>0
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for any fixed a, 5 > 0 with a < 3, g € [O, o

o } and h € [0 , a;;;ﬁ} To verify 8, > 0,
note that &=k > 0 for any fixed o, 5 > 0 with a < 3, and h € [O +,6’]' To verify

§3 > 0, note that a(f% — a?)g > 0 for any fixed o, 3 > 0 with a < 3, and g € [O
To verify 54 > 0, note that

(a+B)[aB(l —g)+ B —=h)+(a—=B)h]  (a+B)[B+aB—aBg+ (a—26)h]

o
el

B - B
> (a+B)(B+af) —a?B+ (a—2B)a
- B
_a,B—l-aQB—l—ﬂz—l—aBQ—a2/6+(a—2/8)a
- B
_52+a,62+042—aﬁ
B B
_af+a’+ B8 - a)

B
>0
for any fixed o, 8 > 0 with a < 3, g € [O a+3] and h € [O, a;IB]

Having shown § is non-negative, we next verify that § satisfies the constraints of (P’).

Note that each constraint is of the form (17 + [ky, kg, ks, k4])s > 1. Since we know 175 =

a(f—a) . N N N
1-— a(B—a)ta(l+B)(atB)(1-g)T(Ita)atBI-h) "° only need to check k151 + koSo + k3S3+ kysy >

a(Bfa)+a(1+B)(a+oég?;f;)+(l+a)(a+,8)(17h)' To verify § satisfies the first constraint, we calculate

1
<a<ﬁ—a) +a(l+B)(a+B)(1—g) + (1 +a)a+p)(1- h)) '

{ (o) @+ 8180 =0+ 0 -0+ @) + (o) (B s

(m) (a(B? — a?)g) + ((a - ;;fl - h)) ((a + B)[eB(1 — g) +ﬂﬁ(1 —h)+(a— 5);4) }

LHS =

1
((1 ha(B —a) +a(l+B)(a+B)(1—g) + (A +a)a+p)(L—h >1)'
[—o ma—gwuf h) + (o = B)g] + a(B — a)h — a2(B — a)g + afaB(1 — g) + B(1 — h) + (a — B)h]]
( 21— h)+a(B—a)h+ a[B(1 — h) + (o — B)A] )
B—a +a(1+ﬁ)(a+6)(1—g)+(1+a)(a+6)(1— h)]

_ ( (I —ha(B - a) )
)Ne(B —a +a(1+5)(a+ﬁ)(1—g)+(1+a)(a+ﬁ)(1— h)]
(B — )
a(f—a)+a(l+B)(a+B)(1—g)+ (1 +a)at+B)(1—h)
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and conclude that § satisfies the first constraint of (P’); moreover, it satisfies this constraint
with equality. To verify § satisfies the second constraint, we calculate

1
LHS = (aw By SUPS G) BRYC) T s ey G Yy T h)) '

K(aw;(l—g)) (@l A=)+ 0=+ @)~ (o) ((ﬁQ _,8a2)h> o

(m) (a(B? — a?)g) — ((a - B()l(l - g)) ((04 + B)aB(1 - g) +5ﬁ(1 —h)+ (a— B)h]) ]

1
a ((1 -9l -a)+a(l+B)(a+ (1 —g) + (1 +a)(a+B)(1 - h)]) '

a(B — a)h aloB(1— g) + B(1— h) + (a— B)A]
[(a[ﬁ(l C 4 (L= h) + (@ B)g]) - (T) +a(B-a)g— ( . )}
:( aB(l—g) —a*(1-g) )
=9 —a) +all+ B+ A1—g) + 0+ a)et B —h)]

_ af—a)
S aB-a)+a(l+B)(atB)(1-g)+(1+a)a+ )1~ h)

and conclude that § satisfies the second constraint of (P’); moreover, it satisfies this con-
straint with equality. Thus § is a feasible solution of (P’) with objective function value
LBsw(«, 8,9, h) as required.

Case 2: ¢ < 0,h >0

Note that since (g, h)T € Rsw(c, 3) we have h € (0 , ﬁ] and g € [—% , O). We will
show that

a(a+p)[B(1—g)+(1-h)]
a(ﬂfa)Jra(lJrﬁ)(&J(rﬁﬁz)(13€%+(1+a)(a+5)(17h)

§ = 5[0(5*a)+a(1+5)(a+5)(()1*9)+(1+a)(04+B)(1*h)}
(a+B)[aB(1-g)+B(1—h)+(a—B)h]
Bla(B—a)+a(1+8)(a+B)(1-g)+(1+a)(a+B)(1-h)]

is a feasible solution of (P’) with objective function value LBgw (o, 3, g, h). The solution §
can be constructed by adding the constraint for fixed triangle F to (P’) and then solving
the linear system obtained by setting all three constraints tight and restricting s3 to be 0.
First we check the corresponding objective function value by calculating

[Ts - Blat BB -g) +(A-h)]+ (8% = a®)h + (a+ B)[aB(1 = g) + B(1 = h) + (o — B)A]
Bla(B—a) + a(l+ B)(a+ B)(1—g) + (1 +a)(a+ B)(1 - h)]
Bla(a+ B)(1+B)(1 —g) + (a+ B)(L + a)(1 — h)]
Bla(B — a) + a(l + B)(a+ B)(1 —g) + (1 + a)(a + B)(1 — h)]
a(f — a)
a(f—a)+a(l+B)(a+B)(1—-g)+ (1 +a)a+B)(1—h)

=1-

189



To check § is feasible for (P’), first we show that § is non-negative. Each entry of § is of
the form C' - % for some constant C' where

K=o -a)+a(l+p)(a+B)(1—-g) +(1+a)a+B)(1—-h)>0

for any fixed o, 5 > 0 with o < 3, h € <0 , Oﬁﬁ}, and g € [—3,0). So, to verify § > O, we
check that the corresponding constant C' is non-negative for each entry. To verify §; > 0,
note that a(a+5)[B(1—g)+(1—h)] > 0 for any fixed o, 5 > O with o < 8, h € (0 : QLJFB} :

and g € [—3,0). To verify 35 > 0, note that Wﬁ# > 0 for any fixed o, > 0 with
a<f,and h € (0 , QLJFB] Clearly §3 > 0 because 53 = 0. To verify 54 > 0, note that

(a+ BBl —g) + B(L=h) + (= P)h] _ (a+P)[B+af — afg + (a = 26)h]
’ > (a+6)(6+aﬁ)i(a—2ﬁ)a
_ a,8+a26+/3;8+ af® +a® —2af
_ a%%(ﬁ—;)iaﬁ%a?

>0

for any fixed o, 8 > 0 with o < 8, h € (o, ﬁ} and g € [~20).

Having shown § is non-negative, we next verify that § satisfies the constraints of (P’).
Note that each constraint is of the form (17 + [ky, ko, ks, k4])s > 1. Since we know 175 =

(B=a) A N N .
1— a(ﬁ—a)+a(1+6)((%+O,é))(1fg)+(1+a)(a+B)(1—h)’ we only need to check k181 + koSy + ksSs + kysy >

To verify § satisfies the first constraint, we calculate

a(f—a)t+a(l+p)(a+p)(1-g)+(1+a)(a+p)(1=h)

1
LS = (a(ﬁ—m+a<1+5><a+ﬁ><1—g>+<1+a><a+ﬂ><1—h>>'

(=) e s w0 -0 0=+ (it ) (5)
(( af )((a+6)[a6(1—9)+6(1—h)+(a—ﬁ)h])]

a+p)(1-h) B

_ (—a2[5(1 —9)+ A=W+ af-a)h+alaf(l—g)+ (1 —h)+ (- ﬁ)h])
(1 =h)[a(B—a)+all+p)(a+ )1 —g)+ (1 +a)(a+B)(1—h)]
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( a(f—a)(l—h) )

(1 =h)[a(f—a)+a(l+p)(a+ )1 —g)+ (1 +a)(a+B)(1 - h)]
a(f - a)

a(f —a)+a(l+B)(a+B)(1-g)+ (1 +a)a+p)(1-h)

and conclude that § satisfies the first constraint of (P’); moreover, it satisfies this constraint
with equality. To verify § satisfies the second constraint, we calculate

1
LS = (e Tt T e T A T AT TR
1 ! (8% —a?)h
[(mmu—g))W”)W“‘g”“‘hm‘(mmu—g))( )

~ (<a+/§<1_g>> ((a+ﬁ)[aﬁ(1—g) +ﬁ6(1—h)+(a—ﬁ)h]>]

_ (aﬁ[ﬁ(l —9)+ (0 -h]—aB-a)h—alaf(l—-g)+B(1—-h)+(a— ﬁ)h}>
B —=g)la(f—a)+a(l+p)(a+p)1—g)+ (1 +a)(a+p)(1—h)

_ ( aB(8 — a)(1 - g) )
B~ g)a(B—a) + a(l 1 B)(a + B)(1 —g) + (1 + a)(a + A1 — )
a(8 — a)

a(f—a)+a(l+B)(a+p)(1—-g)+ (1 +a)(atf)(1-h)

and conclude that § satisfies the second constraint of (P’); moreover, it satisfies this con-
straint with equality. Thus § is a feasible solution of (P’) with objective function value
LBsw(a, 8,9, h) as required.

Case 3: ¢ >0,h <0

Note that since (g,h)" € Rsw(«, 3) we have g € (0
show that

) o%ﬁ} and h € [—ag , 0). We will

a(a+B)[B(1=g)+(1=h)+(a=B)g]
a(B—a)t+a(l+8)(a+p)(1—-g)+(1+a)(a+p)(1-h)
0

w>
I

a(B?—a?)g
a(B—a)ta(l+8)(a+B)(1-g)+(1+a)(a+B)(1—h)
(at+B)[a(1—-g)+(1—h)]
a(B—a)ta(l+8)(a+B)(1-g)+(1+a)(a+B)(1-h)

is a feasible solution of (P’) with objective function value LBgw (v, 5, g, h). The solution §
can be constructed by adding the constraint for fixed triangle F} to (P’) and then solving
the linear system obtained by setting all three constraints tight and restricting sy to be 0.
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First we check the corresponding objective function value by calculating

(s 0lat BB —g) + (L= h) + (0~ Ag] + (8~ a2)g + (a+ Bl —g) + (1~ h)]
a(f—a)ta(l+B)(a+B)(1—g)+ (1 +a)a+B)(1-h)
_ afa+B)(1+8)(L—g)+(a+B)1+a)(1—h)
a(f—a)+a(l+B)(a+B)(1—-g)+ (1+a)(a+B)(1—h)
a(f — a)
a(f—a)+a(l+B)(a+B)(1—-g)+(1+a)(a+B)(1-h)

=1-

To check § is feasible for (P’), first we show that § is non-negative. Each entry of § is of
the form C' - & for some constant C' where

K:=aB -a)tal+B)(a+B8)(1-g) +1+a)(a+p)(l-h)>0

for any fixed o, 5 > 0 with o < 3, g € (O, a;iﬁ], and h € [—ag, 0). So, to verify

5 > 0, we check that the corresponding constant C' is non-negative for each entry. To
verify §; > 0, note that

ala+B)[B(1—g)+ (1 —h)+(a—B)g]=ala+B)[1+8—h+(a—28)]
> al(a+B)(1+B) + (o —28)q
= ala+ 6+ 5(8 - a) + o)
>0
for any fixed o, 5 > 0 with o < 3, g € <0 , at5|> and h € [—ag, 0). Clearly $5 > 0

because §; = 0. To verify 83 > 0, note that a(8? — a?)g > 0 for any fixed o, 8 > 0 with
a< B, and g € <0 : aO‘Tﬁ} To verify 54 > 0, note that (o + §)[a(1 —g) + (1 — h)] > 0 for

anyﬁxeda,ﬂ>0witha§/3,g€<0 ],andhE[—ag,O).

_a_
) ot B
Having shown § is non-negative, we next verify that § the constraints of (P’). Note that
each constraint is of the form (17 + [k, ko, ks, k4])s > 1. Since we know 175 = 1 —

a(B—a)—i—a(H—B)(a—&-oé()?l_—ag))—&—(l—&-a)(a+5)(1—h)’ we only need to check ki8, + koSy + kgSz + kssSy >
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a(f—a)
a(f—a)t+a(1+p8)(a+p)(1—-g)+(1+a)(a+p8)(1-h

7 To verify § satisfies the first constraint, we calculate

1
(a(ﬂ —a)+a(l+p)(a+B)(1—-g)+ (1 +a)(a+p)(1 - h)) .

) (oot BB~ g) + (1 — 1) + (o — Bg]) +

LHS =

[‘(M’h—h)

~(sin) -+ (i) ool - -0
1-—

<—a2[5(1—g)+(1—h)+(a—ﬁ)g]—a (8 — a)g + aBla( (1—h)])
(1 =h)[a(f—a)+a(l+p)(a+ )1 -g)+ (1+a)(a )( hl

( a(8 —a)(1— ) )
(L= Ra(B—a) +a(l+ B)a+ A1 —g)+ (1 +a)at A h)
a(8 —a)

a(f —a)+a(l+f)(a+B)(1—g)+ (1 +a)a+p)(1-h)

and conclude that § satisfies the first constraint of (P’); moreover, it satisfies this constraint
with equality. To verify s satisfies the second constraint, we calculate
( : )

a(f —a)+a(l+f)(a+ )1 -g)+ (1 +a)(at B)(1 = h)

l((awl) (a(a+ BB —g)+ (1= k) + (= B)gl) + ..

LHS =

)(1—9)

() @ 0 - (g ) (s Dl -+ (- hm]

a+p)(1-g)
<a[5(1—9)+(1—h)+(a—ﬂ)9} a(f —a)g —afa(l —g) + (1—h)]>
(1=g)e(B—a)+a(l+B)(a+p)(1—g)+ 1+ a)(a+ B)(1—h)
:< a(f —a)(1—-g) )
(1= g8 —a)+a(l+B)(a+ B)(1—g)+ (1 +a)(a+ B)(1 - h)]
a(f —a)

a(f —a)+a(l+B)(a+B)(1—g)+ (1 +a)a+p)(1-h)
and conclude that § satisfies the second constraint of (P’); moreover, it satisfies this con-

straint with equality. Thus § is a feasible solution of (P’) with objective function value
LBsw(a, 8,9, h) as required. ]
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B.2 Proof of Proposition 3.5.2

We prove Proposition 3.5.2, the statement of which is reproduced below for convenience.

Proposition 3.5.2. The optimal value of (P') in Lemma 3.5.1 is exactly LBg(c, 5,9, h).

Proof. For fixed a, 3 > 0 such that « < 8 and g, h such that (g,h)T € Rg(a, ), the
optimization problem (P’) is given by

min S; + so 4+ S3+ S4

(romtem) () (0 i) (1~ o) o
st | (- @en) (eten) (- esfon)  (esem) | o] 21

1

1 o o2
L+ araag ~ @I =g) (1+ 76(0&6)(1—9)) (1_ 7ﬁ<a+ﬁ><1—g>> 54

S1,52,53,54 > 0.

By Lemma 3.5.1, LBg(«, 8, g, h) is a lower bound on the optimal value of (P’). Here we
find a feasible solution to (P’) of objective function value LBg(«, 3, g, h) and conclude the
optimal value is exactly LBg(«, 3, g, h) as claimed. Our choice for feasible solution to (P’)
depends on the sign of h. There are two cases: (1) h > 0, and (2) h < 0.

Casel: h>0

Note that since (g, h)" € Rg(, 8) we have g € [o%ﬁ , (x‘%ﬁ} and h € [O : Oﬁﬁ} We will
show that

a[B% B (a+B)g+(8>—a?)h]
Bla(B—a)+aB(1+5)+(1+a)(ath)(1-h)]
(B2—a*)h

5 — | Bla(B=a)+ap(1+p)+(1+a)(a+B)(1-h)]
: a(a+8)[B+8%g+(a—28)h]

Bla(B—a)+aB(1+8)+(1+a)(a+p)(1-h)]
ap*+af+p%4(a+p)(a=28)h

Bla(B—a)+af(1+8)+(1+a)(a+p)(1-h)]

is a feasible solution of (P’) with objective function value LBg(c, 3, g,h). The solution
§ can be constructed by adding the constraint for fixed triangle Fy to (P’) and then
solving the linear system obtained by setting all four constraints tight. First we check the
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corresponding objective function value by calculating

a8 = B*(a+ B)g + (B2 — a®)h] + (8% — a®)h + ala + B)[B + f2g + (a — 26)h] + ...

- +af+af+ B+ (a+ B)(a—28)h
Bla(B —a) + aB(l+ ) + (1 + a)(a+ B)(1 — h)]

8% + (82 — a®)h] + (8% — a®)h + ala+ B)[B + (a = 26)h] + af® + af + B2 + (a + ) (a = 26)h

Bla(B — ) + af(1+ ) + (1 + a)(a+ B)(1 - h)]
af+ (1+a)(B2 —a®)h+apla+B)+ap?+af+ %2+ (1+a)(a+ B)(a—28)h
Bla(B —a) + aB(l+ ) + (1 + a)(a+ B)(1 - h)]
af® +a?B+apf?+apf®+abf+ B2 - B(1+a)(a+ B)h
Bla(B — @) + af(l+ ) + (1 + a)(a+ B)(1 — h)]

_ af® 4+ af® + B(1 4+ a)(a+ B)(1 — h)

- Bla(B—a)+af(l+5)+ (1+a)(a+ B)(1—h)]
a(f —a)

a(f—a)+aB(1+8)+ (1 +a)a+8)(1—h)

175 =

=1

To check § is feasible for (P’), first we show that § is non-negative. Each entry of § is of
the form C' - % for some constant C' where

D =pla(f—a)+ap(l+pB)+(1+a)a+p)(1—-h)]>0

for any fixed a, 8 > 0 with a < 3, and h € [0 , O%ﬁ} So, to verify § > 0, we check that

the corresponding constant C' is non-negative for each entry. To verify §; > 0, note that
alf® — Ba+ B)g + (8% — a?)h] > «a|B® — B3] = 0 for any fixed «, 3 > 0 with a < 8,

g € [aaTﬁ , o%ﬁ}’ and h € [0 , QLJFB] To verify §, > 0, note that (5% — a?)h > 0 for any

fixed a, 8 > 0 with a < 3, and h € [O , ﬁ} To verify §3 > 0, note that

ala+ B)[B+ g+ (a—2B8)h] > alf(a+ B) + af® + (a — 26)a]
= alaB® + B(B — a) + o]
>0

for any fixed o, 8 > 0 with a < 3, g € [ﬁ,%}, and h € [O , ﬁ} To verify s, > 0,
note that

af®+aB+ 2+ (a+p)(a—28)h > af® + af + % + (a — 26)a

=af*+B(B—a)+a?
>0
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for any fixed o, 5 > 0, and h € [0 , o%ﬁ}

Having shown § is non-negative, we next verify that § satisfies the constraints of (P’).

Note that each constraint is of the form (17 4 [k, ko, ks, ks])s > 1. Since we know
175 =1~ a(?/ga)-)f-aﬁ(l-l-aﬁ()ﬁ-‘r_(?i-a)(Oé-‘rﬁ)(l—h)’ we only need to check k18; + koS + k3S3 + kySy >

ST BT L) e A - To verify § satisfies the first constraint, we calculate

1
s = (B[a(ﬁfa) +aB(1+8)+ (1+a)(a+B)(1 7h)]> '
2
% ) (alBd — B2(a 2 _ 2 A 22
[(ﬁ(a+ﬁ)g)( 5 = e B+ (7 = ) = () (97 -t ¢

R 20 + (a — 26)h]) -
o+ (et s s+ v =20 -

o 2 2
(a+5)g) (af? +aB+ B% + (a+ B)(a — 2B)h)

1
B (62(a +B)gla(B — o) + aB(1+ B) + (1 + a)(a+ B)(1 — h)]) '
[(az[ﬂf” —B2(a+B)g+ (B2 —a®)h]) —a*(B2 —aP)h+ ...

o+ aBla+ BB+ B%g + (a—28)h] — aBlaf? + aB + B2 + (a+ B)(a — 2ﬁ)h]}

_ ( —a2B(a + B)g + aB(a + B)g )
B2(a+ B)gla(B —a) + a1+ ) + (14 a)(a+ B)(1 — h)]

_ a(f —a)

Ca(f—a)+aB(l+B)+ (1+a)(a+B)(1-h)

and conclude that § satisfies the first constraint of (P’); moreover, it satisfies this constraint
with equality. To verify s satisfies the second constraint, we calculate

1
LHS = (ma(ﬁ ) 1B+ B) T (1)t A h)]) '

(Y ) (alBd — B2(a 2 _ 2 _ag 2 _ 2
[ (G ) @1~ s ma+ @ = a2 + (ot ) (P = e + ..

- (M"m) (a(a+ B)B + B2g + (a — 2B)A]) + (%) (aB? + aB + % + (a + B) (o — 2B)h)
1
B (ﬂ(a+ﬂ)(1 —h)[a(ﬂ—a)+aﬂ(1+B)+(1+a)(a+ﬂ)(1—h)})'

[— o?[8® — B2 (a+ B)g + (B° — @®)h] + aB(B® — a®)h + . ..

=P (a+ B)B+ B9+ (a—2B)h] + aBlap® + aB + B + (a+ B) (o — 26)h]]

196



1
B (B(a-irﬁ)(l = h)[a(B — o) +aB(l+B) + (L + a)(a+ B)(1 - h)}) .

—a?(8% —a®)h +aB(B? — a®)h — o (a+ B)[B + (o — 28)h + aBlaf + B + (a + B) (o — 25)%@]

1
(B(a+ B)(1 — h)[a(B — a) + aB(1 + B) + (1 + a)(a+ B)(1 — h)}) '

a(B—a)(B% — a®)h — o®(a + B) (o — 28)h + af(a + B)(a — 28)h — &®Bla + B) + af?(a + B)

_ _a(ﬂ —a)?(a+ B)h + ala —28)(8 — a)(a+ B)h + aB(B — a)(a + B)
Bla+B)(1 —h)a(f —a) +af(1+8)+ (14 a)(a+ B)(1 - h)]
_ aB(B—a)(a+B8)(1—h)
Bla+B)(1 = h)a(f —a) +af(l+8) + (1+a)(a+ B)(1 — h)]
B a(f - a)
T aB-a)+aB(1+8)+ (14 a)a+ B)(1—h)

and conclude that § satisfies the second constraint of (P’); moreover, it satisfies this con-
straint with equality. To verify § satisfies the third constraint, we calculate

1
LS = (maw “ ) 1 aBA 1A+ (It a)(at B h)]) '

[ (W) (alB® = B*(a+ B)g + (8% — a®)h]) — (

«

2 2
(a+6)(1—g))((6 oh) -

# ala 2 o — — a 2 a 2 a o —
"+<B( )(( +B)[B + B%g + (o — 2B)h]) (6 )( B2 +ap + B + (a + B)(a — 28)h)

a+p)(1-g9) (a+B8)(1-9)

1
B (62(a+ﬁ)(1 —g)aB—a)+aB(l+ )+ (1+a)(a+B)(1 - h)}) ‘
[a6[53 - B (a+B)g+ (B2 —a®)h] —aB(B® — a®)h + ...

P (a+ BB+ B9+ (o —28)h] — o’[ap® + aB + B + (a+ B)(a — 2/3)h]]

_ ap[B® — B (a + B)g] +a®(a + B)[B + B%g] — a®[aB® + aB + 5]
B2(a+B)(1 —g)la(B—a)+aB(l+8) + (1+a)(a+ B)(1 - h)]
_ apt — ap®(a+ B)g + o?B%(a + B)g — a’B?
B2(a+B)(1 — g)[a(B — a) +af(l + B) + (1 + ) (a + B)(1 — h)]
_ af?(a+B)(B—a)(1—g)
B2(a+ B)(1 — g)[a(B — a) + af(l + ) + (1 + &) (e + B)(1 — h)]
a(B = a)
~a(B—a)+aB(1+8)+ (1+a)(a+B)(1—h)

and conclude that § satisfies the third constraint of (P’); moreover, it satisfies this con-
straint with equality. Thus § is a feasible solution of (P’) with objective function value
LBs(a, B, g,h) as required.
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Case 2: h <0
Note that since (g,h)" € Rs(a, 3) we have g € [QLJFB : o%ﬁ] and h € [—ag,0). We will
show that

aB?—aB(a+p)
a(B—a)+aB(1+8)+(1+a)
0

=l

a+B)(1-h)

§ = alat+B)[(1—h)+8g]
a(Bfa)JraB(lJrﬁ)Jr(lnLa)SaJrB)(lfh)
aB+(at+B)(1-h
a(f—a)+aB(1+8)+(14a)(a+p8)(1—h)

is a feasible solution of (P’) with objective function value LBg(«, 3,9, h). The solution §
can be constructed by solving the linear system obtained by setting all three constraints of
(P’) tight and restricting ss to be 0. First we check the corresponding objective function
value by calculating

ap® —af(a+B)g+ala+ B)[(1 —h)+ Bgl+aB + (a+B)(1 - h)
a(f—a)+aB(1+8)+ 1+ a)a+B8)(1—h)
_ af(1+B)+ (1 +a)(a+p)(1—h)
alf—a)+aB(l+8)+(1+a)a+8)(1—h)
a(f —a)
a(f—a)+af1+8)+ (1 +a)(a+B)(1—h)

175 =

=1

To check § is feasible for (P’), first we show that § is non-negative. Each entry of § is of
the form C -  for some constant C' where

D=aof—a)+af(l+8)+ (1 +a)(a+8)(1—-h)>0

for any fixed o, 8 > 0 with o < 8, and h < 0. So, to verify § > (0, we check that
the corresponding constant C' is non-negative for each entry. To verify §; > 0, note that

af?—af(a+8)g > aBf?—aB? =0 for any fixed o, 3 > 0 with o < 8, and g € [O[‘;‘Tﬁ , ozLiB}

Clearly sy > 0 because $o = 0. To verify §3 > 0, note that a(a + B)[(1 — h) + Bg] > 0

for any fixed a, 5 > 0, g € [QLJFB,C%B], and h € [—ag, 0). To verify §4 > 0, note that

af + (a+ B)(1 —h) > 0 for any fixed o, 5 > 0, and h < 0.

Having shown § is non-negative, we next verify that § satisfies the constraints of (P’).
Note that each constraint is of the form (]IT + [k1, ko, k3, k4])s > 1. Since we know

176=1- a(,@—a)+a5(1+a,6%8+_(?zra)(a+ﬂ)(1—h)7 we only need to check k18; + koSy + k3S3 + kySy >
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a(f—a)
a(f—a)+aB(1+8)+(1+a)(a+p)(1-h)

To verify § satisfies the first constraint, we calculate

: “ 270{ (6%
LHS(aw—a)+aﬁ<1+m+<1+a>(a+ﬁ><1—h>>'l(M)W S+ B)g) + .

1 a
gy ) @t a0 =+ a0~ () @8+ (a9 - h))]
_ (oﬂﬁ —a?(a+B)g+ala+B)(1—h)+aB(a+ B)g—a?B—ala+ B)(1 - h))
(a+B)gla(B — ) + af(1+ B) + (1 + a)(a+ B)(1 — h)]
_ ( a(f — a)(a+ By >
(a+ B)gle(B — @) + af(1+ ) + (1 + a)(a + B)(1 — h)]
a(f —a)

a(f—a)+ap(l+8)+ (1 +a)(a+p)(1—h)

and conclude that § satisfies the first constraint of (P’); moreover, it satisfies this constraint
with equality. To verify § satisfies the second constraint, we calculate

1 a )
biS = (Oé(ﬂ—oz)+aﬁ(1+ﬂ)+(1+a)(a+5)(1—h)> ' l_ (M(l_h)) (aB® —aBla+B)g) + ...

) (e - B NaB+t(a _
(=) et A1 =1+ 80+ ( gy ) (@B + (a 8)(1 = 1)

_ B+ a?fla+PB)g —o’(a+ B)[(1 - h) + Bg] + ?B + af(a+ B)(1 — h)
(a4 B)(1 = h)[a(B —a)+aB(l+8)+ (1 +a)(a+B)(1 - h)
_ a(f —a)(a+pB)(1—h)
(a+B)(1 = h)[a(B — @) + aB(1+ B) + (1 + a)(a+ B)(1 - h)]
_ a(f —a)
Ca(B—a)+aB(l+B)+ (1+a)(a+B)(1—h)

and conclude that § satisfies the second constraint of (P’); moreover, it satisfies this con-
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straint with equality. To verify § satisfies the third constraint, we calculate

1

1
(a(ﬂ —a)+af(1+6)+

LIS = (<a+m<l =9

(1+a)(a+ﬁ)(1—h)>' )(aﬁ —af(a+B)g) +

a2

A (Garay) @t 1 =+ 0 - (G gy ) (@8 + (@t A1)

_of® —ap(a+B)g+a’(a+p)[(1—h)+ Byl —a’B—a(a+B)(1—h)
Bla+B)(1 - g)la(B —a) + af(1+ ) + (L+a)(a+ B)(1 - h)]
af® —ap*(a+ B)g +aBla+f)g —a®B
Bla+B)(1—g)a(B — o) +aB(l+8) + (L +a)(a+ B)(1 - h)]
_ aBla+B)(8 - a)(1 - g)
Bla+B)(1 = g)la(B —a) + af(1+ ) + (L +a)(a+ B)(1 - h)]
a(f —a)
~a(f-a)+aB(l+8)+(1+a)(atB)(1-h)

and conclude that § satisfies the third constraint of (P’); moreover, it satisfies this con-
straint with equality. Thus § is a feasible solution of (P’) with objective function value
LBs(a, 3,9, h) as required. ]

200



Appendix C

Proofs of Lemma 4.1.1, Lemma 4.2.1
and Lemma 4.3.1 Covering ad = bc
Case

We prove Lemma 4.1.1, Lemma 4.2.1, and Lemma 4.3.1, the statements of which are
reproduced below for convenience.

Lemma 4.1.1. For fived a,b, c,d > 0 with ad < bc and g, h with (g, h)T € Reentrai(a,b, ¢, d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d,g,h)) by replacing
constraint (4.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RSy (771, RSy(72"), RS3(mPY), and RS4(T2"). Then, the optimal value of (P') is equal

to
bc — ad

LBcentrai(a,b,¢,d, g, h) =1 —
Central 9,h) be — ad + t§ + 1§ + 1§ + 1§

where

a+b

t9 = (b+d)[be(1 — g) +ch] , t§:< >[ch+acg],

t$ = (a+c)beg+b(1—h)] , and t{ = (c;d) [b(1 —h) 4+ bd(1 — g)].
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Proof. Optimization problem (P’) is given by

min 17s
subject to [ﬂﬂTqLA}sZ]l
s>0
where
1 a a 1
10 5 0 0 -4 2 -1 1 aLer
A'_00§0g6—ag1—100#00
a c d
0 00 L|{Ll-t 1 -¢ s1Lo o o
The dual (D’) of (P’) is given by
max 17w
subject to []1]1T+AT]1)§]1
v > 0.
Let
tf
. 1 ty
§:=
be —ad + 1§ + 15+t +t§ ) |t
ty
and _

Uy

= ( : ) v
© \bc—ad+t§ +t§ +t§ +17 ) |us
_u4

(1 — g)[be(b+ d) + b(c + d)]
B 1 hle(b+d) + ¢ (2£2)]
o <bc—ad+tf+t§+t§+t2> glc(a +b) + be(a + )]

| (1= R)[b (<) +bla+c)]

We claim that § and ¢ are a pair of primal and dual optimal solutions for (P’) and (D’).

First we show that § is feasible for (P'). Note that for all i € {1,2,3,4}, we have t§ > 0
because a,b,c,d > 0 and (g,h)T € Reentrai(a,b,c,d) € (0,1)2. Thus § > O because
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be — ad > 0. To check § satisfies the four intersection cut constraints we calculate

= 00 0 1d_b1%%b$d000
0 2 0 0 —d b1 0 % 0 0
T . T h P a a+b
(]1]1+A)3—]111+00§0 & d 1 qflo o L o0
y d
0 00 -1 1 g glLo 0 0
1 2l 22
_ +
(bc—ad+t§+t§+t§+t2>(s ?)
where
t
A1 T tg
st =11 4
&
ty
=t + 1§ +1§ +t)1
and
5 00 071 -1 ¢ e 0 0 07][¢
a2 . 0 7 (1) 0 _d% gd -1 0 ? X tg
0 0 O 1 -1 1 ) d 0 0 0 ct+d t1
= 00 0]r1 -1 § -¢ be(1 —g) +ch
o %0 0 _% g -1 1 ch—i—acg
=10 0% 0 & d 1 beg +b(1 —h
0 00 4|1 17— 5] [a-n +bd1—
L0 0 0] [(bec—ad)(-yg)
0 20 0 (be — ad) [2]
=lo o0 1 o (be — ad)
g (be — ad) [ =1
_0 0 0 Tnl L c—a d
(be — ad)1
Thus
117 + A) § = 1415 15 + 15 +be—ad) 1
( ) <c—ad+tc+tc+tc+t4)(l 5 +t5 + 15 +be — ad)
1
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and so § satisfies all the primal constraints. Moreover, it satisfies these constraints with
equality. The objective function value of s is
t9 +t§ + 1§ +1¢ be — ad

175 = =1- :
" T be—ad + 49+ 1§ + 15 + 1§ be —ad + 1 + 15 + 1§ + 15

Next we show that © is feasible for (D). As we noted before bec — ad > 0 and t§ > 0 for
all i € {1,2,3,4}. It is clear that wuy, ug, ug, and uy are non-negative because a,b,c,d > 0
and (g,h)T € Reentrai(a,b,c,d) C (0,1)2. Thus © > @. To check 9 satisfies the four dual
constraints we calculate

o 000 1 .;g gd 17 [t 0 0 0
0 -5 0 0 -1 2 -2 1 0O £ 0 0
T T\ ~ __ T a+b a c h M
(]1]1 +A )U— ]1]1 + 0 O %Jrc 0 % 1 1 _% 0 0 é 0 v
d a c
0 0 0 Lf[-¢ 1 -1 ¢ 0 0 0 4
1 A1 A2
= -
<M—wﬂ+¢?+¢§+¢g+¢f)(v )
where
(1 —g)[be(b+d) + b(c+ d)]
’LAJl _ ]I]IT h[C(b+ d) +c (QT—H))]
gle(a+b) + be(a + ¢)]
(1= M (54) +bla+o)]
= (7 +1§ +§ +t))1
and
e 0 0 0771 -4 4 7[00 0] [y
o |0 5 0 0 f]|-1 L -4 0 20 0] |u
0 0 % 0|2 -1 1 —¢/[0 0 ¢ 0]/ us
d a c
L0 0 0 fll-g 1 -1 g1[0 0 0 %] lu
a0 0 0771 —4 4 17 [be(b+d) +b(c+d)
I U= 0 -1 & 4 ac(b+d) + c(a+0)
10 0 a%rc 2 ¢ -1 1 =% |cla+b)+be(a+c)
| 0 0 0 Hll-3 1 -1 5] [blct+d)+bdla+c)
'bJ%d 0 0 07 [(bc—ad)(b+d)
|0 & 00 (be — ad) <]
0 0 a%_c 0 (be — ad)(a+c)
[0 0 0 | [(bc—ad) [<]
= (bec — ad)1.

204



Thus

1
be — ad 4+ t§ + 1§ +t§ +t¢

(1111T+AT)@:( >(t?+t§+t§+tf+bcad)11=]1

and so v satisfies all the dual constraints. Moreover, it satisfies these constraints with
equality.

So s and v are a pair of primal and dual feasible solutions satisfying complementary slack-
ness. Therefore, § is an optimal solution for (P’). So the optimal value of (P’) is exactly

bc—ad
1 - bc—ad—l—tlc?—l—?g-l—tg-l—tg = LBCentral(aa b> C, da g, h) D

Lemma 4.2.1. For fized a,b,c,d > 0 with ad < bc and g, h with (g,h)" € Rsw(a,b,c,d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing
constraint (4.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
RSy (72%), RSy (T3P"), RSs(me"?), and RSs(1i?"). Then, the optimal value of (P') is equal

to
bc — ad

be —ad + 7V + t5W + 5V + 13V

LBsw(a,b,c,d,g,h) :=1—
where

1" =+ d)a(l —h)+bc(1—g)] , 5 =(a+b)[(1—h)+d(1-g)],
b(1 — h)

W = (a+c)b(l —h)+bd(1—g)] , and 5V = (c+d) y +b(1 —g)
Proof. Optimization problem (P’) is given by
min 17
subject to []1]1T+A}5211
s> 0
where
= (1) 0 0 —~d be —c cd] [57 (1) 0 0
A;:Oﬂ? 0| |-d ad -9 0 = 0 0
0 0 5 0|1 —a § ——<||0 0 4= 0
a ad
0 0 0 L1 —a § -FlL0o 0 0 gy
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The dual (D’) of (P’) is given by

max 17v
subject to []UIT + AT] v <1
v > 0.
Let FSW

1 5"
§:= S
be —ad + 5V + 5V + 5V + 17V ) |13

i
and -
U1
D= ( 1 ) (5)
o \be—ad+ W + 855V + 5V + 5V ) | us
_u4
[ (1 —=h)[a(b+d)+ (a +b)]
o ( 1 ) (1= h)bla+c)+ L(c+d)
o \be—ad + 5V 5V 5V 5V ) | (1 = g)ld(a+b) + bd(a + )]
| (1 —g)[be(b+d) + b(c+ d)]

We claim that § and ¢ are a pair of primal and dual optimal solutions for (P’) and (D’).

First we show that 3 is feasible for (P'). Note that for all i € {1,2,3,4}, we have 7" > 0
for all a,b,c,d > 0 and (g,h)T € Rsw(a,b,c,d) C {(z,y)T € R? : x < 1,y < 1}. Thus
5 > 0O because bc — ad > 0. To check s satisfies the four intersection cut constraints we
calculate

= (1) 0 0 —d bc —cd cd 7b-&1-d (1) 0 0
0 = 0 0/||-d ad —-% 0 L 0 o0
T A T 1—h b a+b a
(W a)s={m+ ) T & 0|1 —a g —|]o 0o X of]®
a ad
0 0 0 [l —a § =%1L0 0 0 g

_ 1 Al A2
B (bc—ad+tfw+t§W+t§W+th> (E+5)
where
gV
A1 7 [t5Y SW | ,SW | ,SW | ,SW
=11 t?gW =@+ Y )1
t%W
4
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and

1 B - -
ih ? 0 0 ~d be —c edl g O 0 07V
T RO A B O R B
0 0 5 0|1 —a § —|][0 0 g o0]|5Y
=9 d o are O 3
o0 0 |l —e 2 o—elo o 0 2]l
_ﬁ 0 0 0 [—d bc —c cd ] [a(l —h)+be(l—g)
_| 0 =R 0 0 ad g ed | (10 +d(—g)
00 S o 1 —a §  —c||b(l=h)+bd(l~g)
0 0 09 L1 —a ¢ o bO—h) | oy
- tmel = b bd L 73 (1-9)
—ﬁ 0 0 0 | [(bc—ad)(1—h)
0 0 & 0| |(bc—ad)(l-g)
0 0 0 | [(c—ad)(l-g)
= (bc — ad) 1.
Thus
1
e <bc_ad+tiqw+t§W+t§W+th>(1 +iy 50 1+ be —ad)
=1

and so § satisfies all the primal constraints. Moreover, it satisfies these constraints with
equality. The objective function value of § is
s — W+ 5+ 5V W L be — ad
be —ad + 9V +t5W + 15V + 17V be —ad + 9V + 5V + 5V + 7V

Next we show that o is feasible for (D’). As we noted before bc — ad > 0 and t?" > 0 for
all i € {1,2,3,4}. It is clear that uy, us, us, and uy are non-negative because a, b, c,d > 0
and (g,h)T € Rsw(a,b,c,d) C {(z,y)T € R? : x < 1,y < 1}. Thus © > O. To check o
satisfies the four dual constraints we calculate

e 0 0 07f=d —d 1 1 %h 0 8 8
0 — 0 0 bc ad —a -—a T

]1]1T+AT = ]1]1T+ a+b 1 P 1-h 1

( ) 0 0 atc 0 —C —% 5 % 0 0 q 0
0 0 0 glled ed — =%]]0 0 0

1 ~1 ., A2
v+ v
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where

—h)la(b+d) + (a + b)]

(
51— qq7 | A= D)bla+ o)+ gle+d)]
(1 —g)ld(a+b)+ bd(a+ c)]
(1 —g)[be(b+d) + b(c+ d)]
=t 5 18V 148
and
7 0 0 07[-d —d 1 17[ 0 0 0] fu
2 |0 %—s—b 0 0 bc ad —a -—a 0 ﬁ 0 0 U
00 A 0| - ¢ a0 0 £ 0| |us
| O 0 0 CJ%d_ led  cd —c —%d_ 0 0 0 ﬁ Uy
42 0 0 07[-d —-d 1 17[alb+d+ a+b
10 a%rb 0 0 bc ad —a —a bla+c)+ c+d
Tl0 0 A 0| |- =% 5 % | lda+b) +bda+c
0 0 0 C%d led cd  —c —%] |be(b+d)+b(c+d)
_1 -
|0 g 0 0 [(be—ad)(a+Db)
0 0 a%rc 0 (be — ad)(a + ¢)
[0 0 0 —5] [(bc—ad)(c+d)
= (bc — ad)1
Thus

1
be —ad + t5W + 5V 415V + 45V

(]1]1T+AT)@:< >(th+t§W+t§W+t§W+bcad)n:n

and so v satisfies all the dual constraints. Moreover, it satisfies these constraints with
equality.

So s and v are a pair of primal and dual feasible solutions satisfying complementary slack-
ness. Therefore, § is an optimal solution for (P’). So the optimal value of (P’) is exactly
1— be—ad = LBgsw/(a,b,c,d, g, h). ]

be—ad+t7W +t5W 5V 45 W

Lemma 4.3.1. For fized a,b,c,d > 0 with ad < bc and g, h with (g,h)" € Rs(a,b,c,d),
let (P') be the parameterized linear program obtained from (P(a,b,c,d, g, h)) by replacing
constraint (4.7) with the constraint s > O and the intersection cuts for ray-sliding triangles
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RS, (T1PY), RSy(727%), RSy(72Y), and RS5(7"). Then, the optimal value of (P') is equal

to
be — ad

LB b,c,d,g,h) :=1—
s(a,b.¢c,d g, b) be—ad + ] + 5 + 5 + 5

where
t! =(b+d)[a(l—h)+bc(1—g)] , t5=(a+b)eg+ (1—h),

t5 = (a+c)beg+b(1—h)] , and tJ = (c+d) g(1-h)+b(1—g)

Proof. Optimization problem (P’) is given by

min  17s
subject to [ﬂﬂT—kA}sZ]l
s>0
where
1 a
Lo0 0]t M 1 ) 0 0 0
A= 0 1nh 0 0 —d be —C cd 0 atb 0 0
0 0 & 0 ||-d ad -% «d|]|0 0 = 0
a ad 1
0 0 0 |l —a § =%IL0 0 0 g
The dual (D’) of (P’) is given by
max 17v
subject to [IIHT + AT} v<1
v > 0.
Let 15

~

1 t5
S =
be —ad+t5 +t5 +t5 +15 ) |13
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and

Uy

0= ! 12
Co\be—ad+t7 +t5 +t5 + 17 ) |us
Uy

glc(a +b) + be(a + ¢)]
:( | ) (1= W)lafb +d) + (a +1)
T \be—ad+t5+t5 +t5 +t5 ) | (1= R)[b(a+c) + 4(c+d)]
_(1—9)[bc(b+d)+b(c+d)]

We claim that § and ¢ are a pair of primal and dual optimal solutions for (P’) and (D’).

First we show that § is feasible for (P'). Note that for all i € {1,2,3,4}, we have t¥ > 0
for all a,b,c,d > 0 and (g,h)T € Rs(a,b,c,d) C {(z,y) € R?: 0 < x < 1,y < 1}. Thus
5 > O because bec — ad > 0. To check § satisfies the four intersection cut constraints we
calculate

1 a
A A | A
T o T ih - C —C C atb “
(7 +a)s =m0+ | T L0 —d ad -~ cd||lo 0 L olf®
o 0 0 & —a $ =%l lo0o 0 0 4
:<bcad+t5+ts+ts+t4>
where
ty
A1 T |15 S | 4S | 4S 48
S = ]1]1 tg = (tl + t2 + t3 + t4)]1
t
and
[1 T1r ¢ d 1 rt
g 0 0 0 re - 1 —d] g O 0 07y
A2:0ﬁ(1) 0| |-d b - cd O#b(l) 0 tg
0 0 1—h (1) —d ad —% Cdd 0 0 ate (1) t%
a a
_0 O 0 H_ _1 —Qa b —7 O 0 0 +d t4
% 0 0 0 _% —%d 1 —d [a(l —=h)+be(l—g)
|02 0 0| |-d b - cg+ (1 —h)
1o 0o £ o0||-d ad -¥ cd beg +b(1 —h
1=h 1 b d b
_0 O 0 H_ _1 —Qa % —%_ _E(l—h)+b(1— )




1
g 0 0 0 (be — ad)g
0 25 0 0| |(be—ad)(1-h)
“lo 0 & 0 | |(be—ad)(1-h)
00 0 5] Lbe—ad)(l-yg)
= (bc — ad)1.
Thus
( S <bc—ad—|—t5+t5+t3+t4>(1 2 Tl3 Ty C a)
1

and so § satisfies all the primal constraints. Moreover, it satisfies these constraints with
equality. The objective function value of § is

R I R B bc — ad

175 = =1- .
be — ad + 7 + 15 + 15 + be —ad +t7 +t5 + 15+t

Next we show that © is feasible for (D’). As we noted before bc — ad > 0 and t > 0 for
all i € {1,2,3,4}. It is clear that wuy, ug, uz, and uy are non-negative because a,b,c,d > 0
and (g,h)" € Rs(a,b,c,d) C {(z,y)T € R?:0 < x <1,y < 1}. Thus © > 0. To check v
satisfies the four dual constraints we calculate

1
= ? 0 0 gd —d —-d 1 3 ? 0 0
0 —=— 0 0 —22  bhe¢  ad —a 0 — 0 0
17+ A7) o= [ 117 + atb e wd  a Ik b

1
= s 99 ) (01 +9%)
bc—ad+ty +t5 +t3 + 13
where

gle(a+b) + be(a + c)]

ol — 117 (1 =h)la(b+d) + (a+b)]
(1= h)[b(a+c)+ L(c+a)]
(1 —g)[be(b+d) + b(c + d)]

= (7 +t5 +t5 + )1
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and

-1 T 1 T
2 |0 g5 0 0 @ pe ad —a| |0 = 0 0| fu
0 0 = 0 1 —c -9 ¢ 10 0 5 0| |us
1 ad 1
L 0 0 0 - _—d cd cd — 7 4 _0 0 0 g U4
(52 0 0 07[ ¢ —d —-d 17 [e(a+b)+be(a+tc)
10 %M 0 0 W pe ad —a alb+d)+(a+0b
100 = 0 1 —c -9 q bla+c)+ b(c+d)
[0 0 0 gl l-d cd cd —%] |be(b+d)+b(c+d)
'bJ%d 0 0 07 [(bec—ad)(b+d)
|0z 0 0 [(be—ad)(a+b)
0 0 %ﬂ, 0 (be — ad)(a + ¢)
L0 0 0 5] L(bc—ad)(c+d)
= (bc — ad)1
Thus
1

(11]1T+AT)@:< >(tf+t§+t§+tf+bc—ad)]1:n

be—ad + 7 +t5 + 5 + 15

and so v satisfies all the dual constraints. Moreover, it satisfies these constraints with
equality.

So s and v are a pair of primal and dual feasible solutions satisfying complementary slack-
ness. Therefore, $ is an optimal solution for (P’). So the optimal value of (P’) is exactly
1 be—ad = LBgs(a,b,c,d, g, h). H

" be—ad 55 U5 5
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