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ABSTRACT In this paper, a predictive-control-based approach is proposed for pandemic mitigation with
multiple control inputs. Using previous results on the dynamical modeling of symptom-based testing, the
testing intensity is introduced as a new manipulable input to the control system model in addition to the
stringency of non-pharmaceutical measures. The control objective is the minimization of the severity of
interventions, while the main constraints are the bounds on the daily number of hospitalized people and
on the total number of available tests. For the control design and simulation, a nonlinear dynamical model
containing 14 compartments is used, where the effect of vaccination is also taken into consideration. The
computation results clearly show that the optimization-based design of testing intensity significantly reduces
the stringency of the measures to be introduced to reach the control goal and fulfill the prescribed constraints.

INDEX TERMS Epidemic modeling, compartmental systems, nonlinear optimization, predictive control.

I. INTRODUCTION

COVID-19 pandemic is one of the biggest challenges the
world has been facing with. The virus spreads fast, causes
severe disease and easily develops new variants that are
more infectious and more resistant to drug treatments than
their predecessors. To contain the spread of the virus and
reduce the social and economic damage caused by the dis-
ease, governments are developing intervention strategies.
Choosing a right management policy is a sensitive task
where several potentially contradicting objectives have to
be taken into consideration. The most important limiting
constraint is the capacity of the healthcare system, which
can be easily overwhelmed if the spread of the disease is
not controlled. It is clear that the transmission of the virus
can be efficiently slowed down by appropriate restrictions
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(social distancing, lockdown), but these measures have neg-
ative impacts on the society and the economy that cannot be
neglected. These impacts can be reduced by combining the
restrictive measures with regular testing (quarantining) and
pharmaceutical interventions, e.g. vaccination. The latter also
have cost and their availability may be limited. Finding the
optimal management policy is therefore a complex problem
of balancing between different objectives while several con-
straints and limitations have to be satisfied.

Reliable quantitative models are of key importance in
the development of epidemic management strategy, they are
necessary for analyzing, reconstructing and predicting the
transmission dynamics of infections. [29], [37], [38]. Nat-
urally, different goals and needs require various modeling
approaches with models of different levels of detail and
descriptive power [10]. For the tracking of the stochastic pro-
cess of consecutive infections on an individual level, possibly
with detailed spatial information, agent-based models can be
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used successfully [13], [27], [28]. Another popular direc-
tion is the application of artificial intelligence and machine
learning for epidemic modeling and prediction [8], [16], [31].
However, the most wide-spread approach is probably the
deterministic compartmental framework, where models are
given in the form of nonlinear differential equations, usu-
ally derived from a susceptible—exposed—infected—recovered
(SEIR)-type description [2], [6], [11], [19], [29].

In a control theoretic setup, the epidemic dynamics is con-
sidered a system operator which maps inputs to outputs [24].
The inputs contain manipulable components such as the
quantified effects of different measures (e.g., social distanc-
ing, curfews, lockdowns, quarantine policy) or vaccination,
and also non-controllable disturbances like the appearance
of a different virus variant or the change of weather. The
outputs are typically important observed and/or controlled
time-dependent quantities such as the daily and cumulative
number of infected or the number of people requiring hospital
treatment. Epidemic control design has a huge literature, and
majority of the proposed solutions are based on compartmen-
tal models given in ODE form [12].

The most frequently targeted control goals are the mitiga-
tion or even the complete suppression of the epidemics [14].
The key manipulated input variables for this are the infection
rate and the recovery speed if there is any efficient therapy
for the disease [22]. Moreover, vaccination intensity can also
be considered as a possible input [1], [33]. In addition to the
control goals, several important constraints must be taken into
consideration related to e.g., the capacity of the healthcare
system, the costs of the introduced measures or the toler-
ance level of the population. A reasonable choice to balance
between these often contradicting considerations while still
handling the nonlinear dynamics in an appropriate way is
the application of model predictive control (MPC) [15], [32].
Social distancing is used as as input in [21] and [20] to sup-
press the peak of infections together with the minimization of
economic loss using the MPC framework. In [24], temporal
logic is used for the problem formulation and solution of
different scenarios corresponding to the COVID-19 pandemic
with complex and possibly time dependent constraints. The
computation of an output feedback law was made efficient
in [25] by proposing a suboptimal solution requiring convex
optimization resulting in a fast solution.

Recent examples from real life show that testing together
with an appropriate quarantine policy may have a significant
effect in suppressing epidemic waves [18], [30]. China and
Taiwan are well-known examples of mass testing, efficient
contact tracing and extremely strict quarantining during the
COVID-19 pandemic [34]. In Europe, Denmark has success-
fully applied the combination of intensive testing and other
non-pharmaceutical measures to minimize the burden on its
healthcare system [41]. However, the effect of testing seems
to weaken with the increasing infectiousness of new virus
variants such as the Omicron (B.1.1.529). These observations
have been mathematically supported and explained by the
symptom-based testing model introduced and analyzed in [5].
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Based on the above, the aim of this paper is to introduce
testing intensity as a manipulable control input in addition to
the previously used measures, and explore the corresponding
potential benefits and limits in the framework of model pre-
dictive control of the COVID-19 pandemic.

Il. COMPARTMENTAL MODEL OF TRANSMISSION
DYNAMICS

A. MODEL DESCRIPTION

In order to describe the evolution of the COVID-19 epidemic
with adequate precision, we create a compartmental model
based on the one originally published in [24], with its vari-
ations being used in [7] and [26] as well. In the original
model, the total population is split into eight compartments:
susceptible individuals (xg), who have not contracted the
disease yet, and neither have immunity due to vaccination;
latent infected (xp), who carry the disease, but have no
symptoms, and are not yet infectious; asymptomatic (xa)
subjects are infected, but have no symptoms, their infec-
tion is not confirmed by testing, and eventually recover
without intervention - nevertheless, they can transmit the
disease to others; presymptomatic (xp) people can already
infect others, but their symptoms have not appeared yet;
symptomatic infected (x1) present symptoms of the disease,
can infect others, and some of them require hospitaliza-
tion to recover; hospitalised (xpy) patients cannot infect oth-
ers due to isolation, and might recover or die; recovered
(xr) people are considered to be totally immune to the
disease (on the length of the control horizon); and there
is a compartment for deceased individuals (xp). The over-
all infection rate parameter is written as (1 — v)B which
includes the effect of disturbances (e.g., varying infectious-
ness of the virus, seasonal effects, changes in behaviour
and mobility of the population) in B, and also that of the
introduced measures and restrictions (from mandatory mask
wearing to total lockdown) which are considered manipula-
ble within appropriate limits and represented by the scaling
term 1 — v. A more detailed description of the model is
available in the original article [24].

In this work, the model developed in [24] is modified to
include the effect of vaccinations, and is equipped with a
second input (x), which is the number of symptom-based
tests carried out during a unit time interval. Symptom-
based test means that people who are developing special,
a-priori defined symptoms are selected at high probability for
PCR testing. If the test is positive the person is quarantined.
Following the concept of [5] the control input enters the
model through the transition rate ¢ defined as follows:

1
xi+xvi+o’

p=K ey
where o is the so called secondary symptom pool, i.e. the pro-
portion of individuals, who are not infected with COVID-19,
but produce the same set of symptoms. Comparing (1) with
the formula originally introduced in [5], it can be seen that the
original formula contains an additional parameter p, which
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is the probability that an individual from compartment / or
VI produces the symptoms on which the testing is based.
In our model, we omit this parameter and investigate vari-
ous choices of the symptom pool using a slightly different
methodology as described later in one of the case studies.

People who have been tested positive are quarantined.
Therefore, a new compartment xq is added for quarantined
individuals: these are symptomatic infected people (from xp),
whose infection was confirmed by a test, are legally obliged
to stay at a given location, and thus are unable to get in
contact with susceptibles and transmit the disease. The rate
of transition from x| to xq depends on the intensity of the
testing policy (¢).

Also, we have slightly changed the definition of com-
partment A to adapt the model to the concept of symptom
based testing. In our model the * Asymptomatic’ compartment
collects those individuals who do not develop the specific set
of symptoms on which the testing is based. So in contrast
to the original definition used in [24], in the present model,
symptomatic individuals may also be admitted to compart-
ment A if their symptoms differ from the a-priori defined
symptom set.

Next, a copy is created for compartments xs, x., xp, X,
xQ, with identical meaning, only for those individuals who
already have some level of immunity due to vaccination:
Xv, XVL, Xvp, XvI, XvQ respectively. The possible transitions
from these new compartments remain unchanged, only the
parameters (e.g., probability of hospitalization) are differ-
ent. The transition from non-vaccinated compartments to
vaccinated ones is determined by parameter y, standing for
the ratio of total population being vaccinated in a unit time
interval.

The model may suggest that only the people in compart-
ments S, L, P can get vaccinated. Actually, this is not the case.
When a vaccination campaign is carried out, people in A and
R compartments can get vaccine as well, since they cannot be
distinguished from the members of the other compartments.
As the vaccinated Asymptomatic or Recovered individuals
remain in their A or R compartments, so they do not influence
the transition dynamics. By definition, people in compart-
ment / show symptoms, so they are declared ill, therefore,
they are not vaccinated either. The I — VI transition can thus
be neglected.

The final layout of the model, showing all the compart-
ments, transitions, and the parameters influencing them can
be seen in Fig. 1. Formally, the model is described by dynamic
equations (2) as follows:

Xs = —(1 =v)B(xp+x1+xvp+xvi+ ...

dxa) Xs —yxs (2a)
L= (1—=v)Bp+xr+xvp+xvi+...

dxA) Xs — axL — YL, (2b)
Xp = agxp, — ppxp — YXp, (20)
X1 = ppXp — pIX1 — @XI, (2d)
XQ = @x1 — poxqQ, (2e)
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xy = —(1=v)(A = Vep)Bxp+x1+ ...

XVP + Xvi + 8xa) xv + x5, (2f)
xvL = (1 = v)(1 — Ver)B (xp +x1 + . ...

Xyp + Xvi+08XA) Xy — axvL + YXL (2g)
Xvp = aqyxvL — pPpXvp + YXp, (Zh)
XVL = PpXVP — PVIXVI — QXVI, (21)
AVQ = @XVI — PVOXVQ, (2

ia = ol —@xL + a(l —gv)xvL — paxa, (2k)
XH = pxi+ ponxqQ + pvinvavi+ ...
PvQnvxvQ—hxy, 2
IR = paxa + pr(1 —mxr+ po(l —mxq + ...
+ovi(l —ny)xvi + ...
pvo(l — nvQ)xvg + h(1 — w)xy, (2m)
Xp = huxy, (2n)

It is visible from the above equations that separate birth/death
processes are neglected, and the state variables denote the
proportion of individuals in the corresponding compartments,
i.e. the sum of the state variables is 1 in each time instant. In a
more compact form, we can write the system as x = f(x, u),
with x = [)CS XL Xp X[ XQ XV XVL XVP XVI XVvQ XA XH XR
xp]’, u = [vk]”, and f is standing for the right hand side of
the equations. As commonly done in literature, we suppress
the time argument ¢ of the variables x and u.

B. MODEL PARAMETERS

Model parameters characterising the transitions among
non-vaccinated compartments were set in accordance with
related literature [9], [17] with slight modifications to include
the effect of measures specific to Hungary [7], [29]. The
parameters of the vaccinated compartments are distinguished
from the parameters of the non-vaccinated by the V subscript.

The parameters of the “vaccinated” part of model have
been chosen based on the following considerations. First,
due to the vaccination, the transmission rate of infection
(transition V. — VL) is significantly smaller than in the
non-vaccinated case. Specifically, we use B(1 — Vegr) for
vaccinated compartments, where Vg is the vaccine efficiency
taking values from the interval [0.4, 0.9]. Secondly, since a
vaccinated individual is less likely to develop symptoms than
a non-vaccinated person, therefore gy is smaller than g. The
nominal value has been chosen by using the related literature
(see, e.g. [35], [36]). Thirdly, the probability of hospitaliza-
tion is also different for the vaccinated and non-vaccinated
cases [4], [23]. These specific values have been fine tuned
by studying the epidemiological data registered in Hungary.
By analysing Hungarian statistical data, we have found that
the other parameters of the two model parts can be chosen
identical.

There are two new parameters in the model that were not
introduced in the earlier model derived in [24]. The firstis o,
i.e. the size of the secondary symptom pool. This parameter
influences the effectiveness of testing through equation (1).
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FIGURE 1. Compartmental model.

Predominantly, we assume that testing is based on the whole
set of common symptoms of COVID-19. Taking a typical
influenza epidemic as a baseline, we set 0 = 1073 (equiv-
alent to about 10000 individuals) in accordance with the
average number of individuals developing similar symptoms
without COVID-19 infection. By restricting the symptom
set and considering more severe disease progression as a
candidate for testing, this value gets smaller. A preliminary
analysis of the impact of different ¢ values on the efficiency
of testing is presented in [5].

The next important parameter is y, that is the rate of
vaccination. By analysing the Hungarian statistical data we
have chosen for y to represent a reduced intensity vaccination
after the initial vaccination peak, between the lowest and
highest values documented. The current value of y, which
is 0.0025, corresponds approximately to 2500 new vaccinated
individuals per day.

C. DISCRETIZATION

The control design procedure presented in the next section
requires a discrete time model. Therefore the above equations
were discretized using the fourth order Runge-Kutta method
with sampling time 7y = 1 day. Numerical simulations
have been carried out with various input signals (v, k) to
verify that the discrete time model approximates the contin-
uous dynamics with sufficient accuracy. The discrete time
model is denoted by F(-), that is the dynamical equations
can be written in compact form as follows: x(k + 1)
F(x(k), v(k), k(k)).

IIl. CONTROL POLICY DESIGN BY NONLINEAR
OPTIMIZATION

The aim of a mitigation strategy is to control the epidemic
course such that the epidemic peak is reduced and the harmful
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TABLE 1. Parameters and values for non-vaccinated (NV) and
vaccinated (V) subjects, applied in the simulations.

Value

Parameter
NV |V

Interpretation

NV |V

Transmission rate

0.75

Efficiency of vaccination

0.4—-0.9

Latent period (days)

2.5

Pre-symptomatic infectious period
(days)

3

Relative transmissibility of asymp-

0.8

tomatic

—1 Infectious period of asymptomatic
Pa (days)
Prob. of developing symptoms 0.6 0.012
Infectious period of symptomatic
cases (days)
Quarantine period (days) 4 4
Hospitalization — probability  of
symptomatic cases
Average length of hospitalization
(days)
Probability of fatal outcome, given
hospitalization
Secondary symptom pool
Rate of vaccination
Population size (Hungary)

0.145

0.0025
9 800 000

=Ra| =

effects of the disease caused by the virus are minimized.
This can be achieved by keeping the population size in certain
compartments under a predefined limit. For example, to avoid
the overwhelming of healthcare capacity, compartment H is
constrained from above by the number of maximum avail-
able hospital beds. Since the interventions (social distancing,
testing, vaccination, etc.) have social and financial costs,
the mitigation goals have to be achieved by using the min-
imal necessary control actions. To meet all of these require-
ments a constrained optimization problem can be formulated
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as follows: the optimization to simply improve the cost function
1 N by generating less effective (in our case smaller) con-
min — Z v(k)? (3a) trol actions at the end of the horizon. Turning off the
VK P2 . L. .
k=1 controller in the last few steps leads to high increase in
W.I.L. the constrained state variable, which can therefore easily

(3b) exceed the limit right after leaving the control window.
In our case the control action in the safety time window
is defined as follows: the first input is kept at its last

x(i+ 1) = F(x(@), v(j(i)), k()), x(0) = xo
i=0..N+K—1 (3¢)
li/L] ifi<N

G 3d (N-th) value, the second input (testing) is turned off, i.e.
Jj@) = " (3d) , ,
IN/L] ifi>N no test is performed after the control horizon.
k(@) =0, ifi>N (3e) o Constraint (3g) defines upper and lower bounds for con-
0 < k(i) < (i) + xvi(i) + o) (3f) Frol mput. v. Setting v = 0 correspon'ds. to applying no
. _ intervention. The upper bound quantifies the effect of
0= 1‘:]0(11)) =V (3g) the strictest measure, i.e. the total lockdown of the cities.

B Based on [40], we have chosen v = 0.8 for this upper
Z k(k) =k (3h) bound.

k=0 . o Constraint (3f) comes from the definition of «: the num-

H = XH (3i) ber of tests carried out in a unit time interval cannot be

where the notations and variables are explained as follows: larger than the total number of symptomatic individuals.

e Vv=[v(0),...v(IN/L]D], & = [k(0),...k(N — 1)]. o Constraint (3h) describes the assumption that the total

o N is the length of the time horizon the input sequence number of PCR tests available on the control horizon

is computed over. Using the concept of model predic-
tive control, the input sequence is determined over a
finite time horizon. As k starts from 0, we obtain an
input sequence for the time interval [0, (N — 1) - T§].
In this paper we take this step and analyse the result
obtained. In closed loop control the process could be
continued: the first element of the control sequence
would be applied to the system for 7 time period, then
the state vector x; would be measured (or estimated) and
the optimization (3) restarts to obtain the next control
sequence for time interval [T, N - T;]. Feedback control
is necessary in real application to attenuate modeling
uncertainties and possible measurement noises. In the
current study we focus on the analysis and optimization
based design of the control policy, therefore we stop
after the first step and do not implement a full feedback
controller.

The cost function evaluates the cumulative squared
norm of the first control input, which quantifies the
non-pharmaceutical measures applied to the society.
The aim is to find a control policy that applies only
the minimal necessary restrictions. The squared norm
of the inputs is normalized by 1/72, where 7 is the upper
bound of v. v corresponds to the strictest measure, which
is the total lockdown of the cities (see below). By this
normalization, a unit cost is assigned to the total lock-
down so the control cost measures the stringency of the
interventions relative to the strictest measure. Currently
each control action v(i) has the same weight in the cost
function, but naturally it is possible to choose different
weighting strategy as well.

K is the length of the safety time window. This is a
short (few weeks length) time interval following the

is a-priori fixed. This maximal value is denoted by «.
The constraint prescribes that the number of all tests
performed in the control period should not exceed «.
With this constraint the optimization algorithm tries to
find the optimal distribution of available test capacity.
Parameter L and definition of index j. Since the first con-
trol input determines rules and restrictions that have to
be performed by the society, it takes time to have impact
on the dynamics. Therefore it is of no use changing
the control input at each sampling instant. We therefore
prescribe that v is updated only at every L-th time step.
Constraint (3i) introduces an upper bound for the num-
ber of hospitalized patients. This is now xg = 1073 cor-
responding to the maximal number of available hospital
beds safely usable for COVID-treatment in Hungary.
Note that there is no terminal constraints introduced
for the final state x(V). In a general MPC design this
constraint is used to guarantee recursive feasibility of
the optimization and the stability of the closed loop
system. In our case this is not necessary for two reasons.
First, we focus on the computation of the control policy
and do not implement a feedback controller (see the
second bullet point above). Second, in the numerical
examples we will choose the control horizon N long
enough to cover the entire “lifetime” of the epidemic:
by the end of the control horizon the critical compart-
ments (SLPA) will start emptying and the corresponding
states converges to zero. The convergence to the origin
follows from the structure of the model: the model does
not contain feedback branches: the individuals migrate
only forward from compartment S to compartments D
and H.

The optimization problem to be solved is nonlinear and
nonconvex. Finding a solution to it is challenging mainly
due to the complexity of the dynamical model and the long

control window, where the control input is not updated,
but the constraints have to be satisfied. This prevents
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control horizon. To make it easier to solve we take three
simplification steps.

« First, state variables xr and xp do not affect the dynam-
ics of the others, there are no constraints prescribed for
them and they do not appear in the cost. Therefore these
two state variables can be removed from the model.
The reduced state vector and dynamical model will be
denoted by ¥ and F, respectively.

o Second, instead of k, we choose ¢ = «k/(x1 + xvi +
o) as the input variable. In this way, the rational term
1/(xt + xv1 + o) is removed from the optimization
problem. To satisfy the constraints prescribed for «,
we first introduce an additional state variable z with the
following discrete time dynamics: z(i + 1) = (i) -
(x1(@) + xvi(i) + o). Clearly, z integrates input «, so
Z(N—-1)= Ziv:_()l k(7). Therefore, (3h) can be replaced
by z(N —1) < k, which is also linear. Although changing
the input variable involves a new state with polynomial
dynamics, we have found that, this solution is still better
from a computational point of view than leaving rational
terms in the optimization problem. After determining
input sequence ¢, the actual control input « can be
obtained by using the formula « (i) = ¢(j(i)) - (x1(i) +
xvi(@) + o).

o The third modification we make is to replace the hard
constraint (3i) with a soft one. For this, a new nonneg-
ative decision variable ¢ is introduced and added to the
right hand side of (3i). This allows for a small violation
of the constraint. Large values for ¢ are penalized in the
cost by an additive term ce, where ¢ > 0 is a suitably
chosen scaling factor. With the original hard constraint
the solver tends to run into infeasibility as xg approaches
its limit. Using the proposed soft constraint this issue can
be eliminated.

« Finally, to avoid oscillations in control input «, we con-
strained ¢ to change only weekly, together with v. As xy
and xvq still change daily, this constraint does not imply
that « remains constant for a week, but the control
input is suitably smoothed out. The constraint can be
interpreted as limiting the percentage of symptomatic
patients tested in each week.

The final form of the optimization problem is summarized
below.

N

1

r{}i{pn = Z v(k)* + ce (4a)
’ i=1

W.I.t.
[i(i + 1)} _ [ FG@, vi@)), ¢ (i) }
i+ D] [z)+e(O)a@)+rvi)+o) |

(4b)
7(0) = %o (4c)
i=0.. . N+K—1 (4d)

.. Ju/Ll ifi<N
0 = :LN/LJ ifi>N (4e)
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e(IN/L])=0 (4f)

0 <g@(() =<1 (4g)

0 <v(j) <V (4h)
N—-1) <k (41)
xgH <X¥g+e >0 4y)

The above problem can be solved in a numerically stable way,
for various initial conditions and parameters.

IV. CASE STUDIES

In this section we present control strategies for different epi-
demic scenarios in order to demonstrate the applicability of
the predictive algorithm and draw conclusions about optimal
management planning. Three main scenarios are considered:
first the effect of vaccination is examined in cases of different
vaccine efficiency (subsection IV-A), then the effectiveness
of the symptom based testing as a control input is investigated
(subsection I'V-B). Finally, we analyse the effect of changing
the symptom set, on which the testing is based IV-C). In all
of the three scenarios the control horizon is N = 168 days,
the safety period is K = 30 days (1 month). We constrain
control input v to change only weekly, i.e. L = 7. The initial
state xp for every simulation test is chosen as follows:

xp.(0) = 5000/T1, xp(0) = 4000/T1, xA(0) = 2000/TI,
x1(0) = 100/11, xug(0) =200/I1, xg(0) = 100/1I1,
xyL(0) = 200/T1, xyp(0) = 50/11,
xvi(0) = xvq(0) =0,
xr(0) = xp(0) =0,
xy(0) = depends on the scenario,

xs(0) = 1 — ““sum of the other states™

In the cost function the coefficient ¢ penalizing the soft con-
straint violation is chosen to be ¢ = 1000. The optimization
problem has been formulated in CasADi [3] and solved by the
off-the-shelf nonlinear solver IpOpt [39]. The computations
have been performed on a Dell Vostro 5471 laptop equipped
with an Intel i7 processor and 8GB RAM. On average, one
simulation takes 1-2 minutes to complete. The resulting con-
trol input sequence is tested on the continuous time model in
open loop configuration by using the ode45 solver of Matlab.

A. TESTING STRATEGIES FOR DIFFERENT STATES OF
VACCINATION

In this scenario the optimization problem (4) was solved with
different initial values for xy and Vegr. Specifically, xv(0) €
{0.2,0.3,0.4,0.5,0.6,0.7,0.8} and Ve € {0.4,0.5,0.6,
0.7, 0.8, 0.9}. We examined the impact of the initial vaccina-
tion coverage (xy(0)) and vaccine effectiveness on the control
strategy and the course of the epidemic. In all cases the
optimization returns a feasible solution, i.e. all constraints can
be satisfied. The values of the cost function for every studied
(xv(0), Vegr) pairs are shown in Fig. 2. It can be seen that
initial vaccination is an important factor, as it fundamentally
determines the course of the epidemic. On the other hand,
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choosing an efficient vaccine is also essential: increasing
the efficiency by 0.1 can reduce the total cost to its fifth:
see e.g. the row corresponding to xy(0) = 5 - 10°. The
second (bottom) figure of Fig. 2 shows that the total cost
depends approximately linearly in both variables.

Figs. 3-6 plot the state evolution and corresponding control
inputs in two representative cases: First, the optimization was
carried out with a fixed vaccine efficiency of 0.8 and different
xy(0) values (Fig. 3). The significant effect of the ratio of
vaccinated people is clear from the plots. With an approxi-
mately 60% ratio of vaccinated, we could prescribe a lower
constraint for xy by setting H = 5 - 107*. Still, a medium
intensity testing is enough to keep the number of hospitalized
people well under the predefined limit, and there is no need
for further restrictions. Conversely, a low rate of vaccination
requires strict measures and intensive testing in parallel to
keep the main constraints. Secondly, xy (0) was fixed and Vg
was changed (Fig. 6). As it can be expected, a less efficient
vaccine implies the need of significantly stricter measures.
Note that in this scenario the upper bound of hospitalized
people is reached, and majority of the available tests are
used in all cases. Comparing these results with the previous
ones suggests that a high vaccination coverage is definitely
preferred even with a less efficient vaccine.

In addition, we have run all simulations without precise
planning of « in order to see how important is to system-
atically design the testing strategy. The results are plotted
in Figs. 3-6 by dashed lines. In these scenarios we have
designed k to be approximately constant when maximal test-
ing intensity is reached, and prescribed that the majority of
the tests should be used (if possible, i.e. there are sufficient
number of infected) by the end of the control horizon. It is
visible that the price of not carefully planned testing can be
that significantly stricter measures have to be applied on the
society. The difference is particularly striking at a medium
vaccination coverage, i.e. when xy(0) = 0.6. In this case the
total intervention cost can be halved by a carefully planned
test strategy. Beside the reduction of the total cost, the high
peaks of control input v are avoided as well. This implies that
extremely strict interventions (such as the closing of schools
or a total lockdown) could be avoided by thoughtful use of
testing capacity. It is important to note that the above results
were obtained by assuming the least strict quarantine policy
when only the officially recorded infected are quarantined.

B. COMPENSATING LESS EFFICIENT VACCINATION BY
TESTING

This scenario is focusing on the potential usefulness of symp-
tom based testing. The same set of optimization problems as
in the previous section are solved with different upper bounds
for the testing capacity. The values of the cost function
obtained in the examined 2 x 36 simulation cases are collected
in Fig. 7. We examined whether strict non-pharmaceutical
measures (v) induced by the use of a less efficient vaccine can
be alleviated by applying more intensive testing. By analysing
the results in Fig. 7 it can be seen that testing is an effective
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FIGURE 2. Cost of intervention in function of initially vaccinated people
and vaccine efficiency (top), with 8 = 0.75 (virus variant delta) and

k = 0.1, ie. approximately one million tests available for the length of the
control horizon (N = 168 days). Three dimensional plot of the cost of
intervention (bottom) illustrating the convexity and close to linear nature
of the function.

auxiliary control input: if the test capacity is high enough then
even a really low (about 20%) vaccination coverage with an
average vaccine efficiency can be successfully compensated
by intensive testing and quarantining.

Fig. 8 presents the control input and state trajectories
in two particular cases selected from the simulations col-
lected in Fig. 7. The first case corresponds to initial values
xv(0) = 04, Vg = 0.5, k = 0.2, i.e. a low-efficiency
vaccine is applied but large number of test is available. In the
second case the initial value of vaccinated compartment is
the same (xy(0) = 0.4), but Voif = 0.8 and k = 0.05, i.e.
an efficient vaccine is used but the testing capacity is limited.
It can be seen that the values of the cost function in the two
cases are very close to each other (0.0558 in the first, and
0.0516 in the second case), i.e. the strictness of the social
distancing measures (control input v) is similar. Although a
less effective vaccine would result in stricter interventions,
this can be avoided by allowing more intensive testing.

C. TESTING STRATEGIES BY MODIFYING THE INDICATOR
SYMPTOM

The proposed model is readily capable of studying various
testing strategies characterized by the choice of the indicator
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FIGURE 3. Representative figure of the model states and total number of
infections, showing the effect of the initial value of the number of
vaccinated people, with 8 = 0.75, k = 0.1, and Vg = 0.8. Colors
represent values xy(0) = 2 - 106 (dark blue), x(0) = 4 - 10° (light blue)
and xy(0) = 6 - 10° (light green). Dotted lines show the trajectories for the
same scenarios, but with approximately constant (non-optimized) «.
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FIGURE 4. Representative figure of the control inputs, showing the effect
of the initial value of the number of vaccinated people, with g = 0.75,

i = 0.1, and Vg = 0.8. Colors represent values xy(0) = 2 - 10% (dark
blue), xy(0) = 4 - 10° (light blue) and xy(0) = 6 - 10° (light green). Dotted
lines show the optimal inputs for the same scenarios, but with
predefined suboptimal testing strategies (additional constraints on «).
We can see the percentage of tests used (compared to the number of
tests available) in the legend of the bottom figure. Control costs are
shown in parenthesis in the legend of the control input diagram v.

symptom as long as the assumption holds that hospitalization
is unlikely for other symptomatic infections. A change from
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FIGURE 5. Representative figure of the model states and number of
infections, showing the effect of vaccine efficiency with 8 = 0.75, k = 0.1,
and number of initially vaccinated people x(0) = 4 - 106 (appr. 40% of
the population). Colors represent values Vg = 0.5 (dark blue), V¢ = 0.7
(light blue) and V¢ = 0.9 (light green). Dotted lines show the trajectories
for the same scenarios, but with approximately constant

(non-optimized) «.
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FIGURE 6. Representative figure of the control inputs, showing the effect
of vaccine efficiency with g = 0.75, k = 0.1, and number of initially
vaccinated people xy(0) = 4 - 106 (appr. 40% of the population). Colors
represent values Vg5 = 0.5 (dark blue), Vg = 0.7 (light blue) and

Vetf = 0.9 (light green). Dotted lines show the optimal inputs for the
same scenarios, but with predefined suboptimal testing strategies
(additional constraints on «).We can see the percentage of tests used
(compared to the number of tests available) in the legend of the bottom
figure. Control costs are shown in parenthesis in the legend of the control
input diagram v.

the whole set of common symptoms to a more severe disease
course will affect the model parametrization in numerous
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FIGURE 7. Comparison of the values of the cost function, if different
number of tests are available: i = 0.05 (left) and = 0.2 (right). Properly
divided over the length of the horizon, higher number of tests can
significantly reduce the cost, and thus compensate for a less efficient
vaccine.

ways. On the positive side, the secondary symptom pool
shrinks, hence, the raw testing efficacy is increased. Never-
theless, by channeling more individuals to the A branch will
increase its relative transmissibility and average infectious
period. Moreover, that branch is not subject to testing, hence,
more infections can stay potentially undetected. Finally, the
infecteds in the (indicator) symptomatic / branch have an
increased possibility of hospitalization corresponding to a
more severe disease course.

We investigated a plausible scenario by introducing a new
parameter ¢ to the model capturing the probability that a
symptomatic infected displays the indicator symptom. The
baseline corresponding to the parametrization in Table 1 is
¢ = 1. As in the model ¢ itself represents the probabil-
ity of developing indicator symptom and 7 is the proba-
bility of hospitalization thereafter, it is straightforward to
see that they are directly and inversely proportional with ¢,
respectively. The change in relative infectivity § may be
obtained as a weighted average of the baseline § and 1
(the latter being the relative infectivity of the I branch wrt.
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FIGURE 8. Comparison of model states (top) and control inputs (bottom)
for two scenarios with similar intervention cost: strong vaccine and low
amount of tests (V¢ = 0.8, i = 0.05, dark blue) against weak vaccine
and high amount of tests (Vg = 0.5, & = 0.2, light blue). Control costs
are shown in parenthesis in the figure of v, next to the V¢ parameter
values.

to itself) with weights (1 — ¢)/(1—¢¢) and (g — g¢)/(1—q¢)
referring to the original A branch and the newly redirected
individuals, respectively. The effect on the infectious period
of the A branch pp may be treated analogously. Sum-
marizing these basic considerations lead to the following
adjustment of the aforementioned parameters as functions
of ¢.

q¢) =q-¢,
ni) =n/¢,
81 — 1—
5(¢) = I-q@)+qg(1-29)
1—q-¢
pall — @)+ Wlp,lq(l -
pa(g) = - ,
I—q-¢

where g, n, 8, pa, pp, p1 on the right hand side of the equa-
tions refer to the baseline values presented in Table 1.
We assumed that a change of ¢ = 0.75 results in the
shrinking of the secondary symptom pool o from
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FIGURE 9. Representative figure of the model states and total number of
infections, showing the effect of the initial value of the number of
vaccinated people using an altered indicator symptom characterized by

¢ =0.75 and o = 10~* with parameters 8 = 0.75, = 0.1, and Vg = 0.8.
Colors represent values xy(0) = 2 - 108 (dark blue), xy(0) = 4 - 10° (light
blue) and xy/(0) = 6 - 10 (light green).
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FIGURE 10. Representative figure of the control inputs, showing the
effect of the initial value of the number of vaccinated people using an
altered indicator symptom characterized by ¢ = 0.75 and o = 10~# with
parameters g = 0.75, i = 0.1, and V¢ = 0.8. Colors represent values
xy(0) = 2 - 108 (dark blue), x(0) = 4 - 108 (light blue) and xy(0) = 6 - 10®
(light green). We can see the percentage of tests used (compared to the
number of tests available) in the legend of the bottom figure. Control
costs are shown in parenthesis in the legend of the control input
diagram v.

1073 to 10™* and collected the results of the simulations in
Figs. 9 and 10. Comparing with Fig. 3, we observe a potential
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for overall cost reduction due to a more optimal choice of the
indicator symptom.

V. CONCLUSION

A control theoretic approach for the management of
pandemic mitigation was proposed in this paper. The
main idea behind the methodology is the integrated
design of non-pharmaceutical measures and testing intensity.
Therefore, the testing effort is introduced as an additional
manipulable input of the control model, thus a multivariable
nonlinear control problem is defined. The dynamical descrip-
tion of symptom-based testing was adopted from [5]. The epi-
demic model used for the computations is in nonlinear ODE
form containing 14 compartments. It includes a simplified
model of vaccination as well. The model is parameterized
using the literature and Hungarian statistical data on the
COVID-19 pandemic. The design goal is the minimization
of the unwanted effects of the restrictive measures, while the
constraints are focused on the maximum tolerable burden of
the healthcare system and the total available number of tests.
These somewhat contradicting aspects are handled within
the framework of nonlinear model predictive control, which
requires the solution of a constrained nonlinear optimization
problem. Several scenarios have been studied with different
vaccination coverages, different possible vaccine efficiencies
and various choices of the indicator symptom. The obtained
computation results clearly show that the integrated design
can efficiently reduce the severity of non-pharmaceutical
measures. It has also been shown that reduced vaccine effi-
ciency or a lower vaccine coverage can be successfully
compensated by appropriately scheduled testing. Finally, the
effect of changing the indicator symptoms is investigated.
It has been shown, that careful selection of the symptom set
can further enhance the overall cost reduction. These results
clearly prove that testing can be an important auxiliary control
input in pandemic management even if the available number
of tests is limited.

Although the proposed epidemic model has been con-
structed with careful considerations, there is a room for
refinement. Firstly, in the current model only a simplified
vaccination dynamics are used due to the assumption that
majority of the vaccinations have already been taken place
before the studied epidemic waves. Secondly, the waning
of immunity after vaccination or infection is not taken into
consideration which is an acceptable approximation for the
modeled roughly half year long time interval. Thirdly, quar-
antining affects only infected individuals in the model which
suggests that testing can be an even more efficient control
input with stricter quarantine policies. Finally, we do not anal-
yse the effects of parameter uncertainties and measurement
noises. By revising the modeling assumptions, the dynamics
can be modified and thus enabled to describe more subtle
dynamic behavior. After a precise robustness and sensitiv-
ity analysis, the control synthesis can be completed with
robustness guarantees. These topics will be part of the future
research.
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