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Abstract

We compute the N = 2 supersymmetric partition function of a gauge theory on a four-
dimensional compact toric manifold via equivariant localization. The result is given by
a piecewise constant function of the Kahler form with jumps along the walls where the
gauge symmetry gets enhanced. The partition function on such manifolds is written
as a sum over the residues of a product of partition functions on C2. The evaluation
of these residues is greatly simplified by using an “abstruse duality” that relates the
residues at the poles of the one-loop and instanton parts of the C? partition function. As
particular cases, our formulae compute the SU (2) and SU (3) equivariant Donaldson
invariants of P> and IF,, and in the non-equivariant limit reproduce the results obtained
via wall-crossing and blow up methods in the SU (2) case. Finally, we show that the
U (1) self-dual connections induce an anomalous dependence on the gauge coupling,
which turns out to satisfy a N' = 2 analog of the A/ = 4 holomorphic anomaly
equations.
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1 Introduction, summary and open questions

The study of A/ = 2 supersymmetric Yang-Mills gauge theories in four dimensions
(SYM) led to many interesting and deep results which opened a new perspective in
the understanding of non-perturbative effects in gauge theories [1,2].

Major progresses in this respect have been obtained by making use of equivariant
localization for the gauge theory in the so-called 2-background [3]. This allowed for
the exact computation of the supersymmetric path integral and low energy effective
action on R* [3—5] and its orbifolds by a discrete group R*/ I" [6-11]. The first explicit
computation of the gauge theory partition function on a compact manifold, using
equivariant localization, was performed in [12] on the four sphere $* and extended
to the squashed case in [13]. These results were generalised to some non-orientable
manifolds in [14,15]. The extension of these results to toric compact manifolds was
prompted by [16], and the S? x S? and IP? cases were considered in [17-19]. The gauge
partition function was formally written as a contour integral picking a specific set of
poles associated to (semi-)stable gauge bundles. For recent results see also [20,21].

In this paper, building on the above-mentioned results, we derive a localization
formula valid for arbitrary compact toric manifolds and arbitrary rank of the gauge
group for the topologically twisted theory. More in detail we tackle some cases which
were left open in previous works: in the SU (2) case our formulae are applied for all
values of the first Chern class to the [F,, manifolds where Donaldson invariants are
subject to a non trivial wall crossing. New results are also obtained for the extension
to the SU (3) gauge group for P2. Our work follows a gauge theory approach with the
use of recursion formulae to establish the analytic properties of the partition function,
alternative to wall crossing computations, in which the conditions for bundle stability
come from the consistency of the computation.

The computation of the gauge theory partition function on compact manifolds
presents a main additional difficulty with respect to the non compact case, namely
one has to perform an integration over the Coulomb branch parameters, which are in
this case integrable zero modes of the dynamical fields. After the topological twist,
the NV = 2 gauge theory turns into a cohomological field theory [22] and therefore
the correlators of BPS protected observables are expected to be independent both
on the metric and on the gauge coupling. Indeed this is not trivial in cohomology,
because of boundary effects in the field space. As we will show the integration over
the zero modes induces an anomalous dependence in these parameters having two
related important consequences: the first is to produce some constraints on the sum
over the fluxes of the gauge field, which in turn induces a non-trivial wall-crossing
behaviour of the partition function. The second is that the partition function acquires
an anomalous dependence on the gauge coupling which can be characterised in terms
of a holomorphic anomaly equation. Indeed, the Coulomb moduli space over which
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we integrate is non compact and this induces an anomaly arising from the boundary
term. Moreover, in the topologically twisted N' = 2 theory the coupling appears in
the gauge fixing term which is metric dependent. This in turn implies an induced
anomalous dependence of the partition function on the metric of the manifold and the
related wall crossing behaviour.

A careful analysis of the zero modes sector gives a prescription for the computation
of the partition function. After gauge fixing the Weyl symmetry, the partition function
is written as a sum over the residues characterised by an ordering of the fluxes of
the gauge field along the Kihler two-form. This ordering is crucial in selecting the
relevant contributions !. The integral over the zero modes turns out to be ill defined
at the walls of marginal stability where two (or more) fluxes coincide. The resulting
partition function is therefore piece-wise dependent on the choice of Kihler two-form,
with jumps at the walls where two (or more) fluxes of the gauge field curvature along
the Kihler two-form get equal.

On the mathematical side, gauge theory correlators compute the Donaldson invari-
ants of the four manifold [22]. More precisely, the supersymmetric partition function
in the ©2-background computes equivariant Donaldson invariants [23]. The above-
mentioned jumps of the gauge theory partition function correspond to the well-known
wall-crossing behaviour in Donaldson theory, which in the framework of algebraic
geometric is induced by changes in the stability conditions of the sheaves. The sum
over gauge theory fluxes is shown to properly select the (semi-)stable equivariant
sheaves and to nicely reproduce their topological classification [24,25]. The results
we obtain for the partition function are tested against existing results in the mathe-
matical literature for the SU (2) case, based on wall crossing and blow up formulae.
Some new explicit predictions for the SU (3) case on IP? will also be given.

The anomalous dependence on the gauge coupling discussed above is expected to
be the UV ancestor of the holomorphic anomaly equations in the IR, closely connected
to analogous results first found in string theory models [26] then in the case of the
computation of the partition function of the N' = 4 SYM [27] and in the Donaldson
invariants generating functions [28-31]. More recently, the derivation of the holomor-
phic anomaly for the twisted version of the N' = 4 SYM and its relation with the mock
modular forms has been discussed in [32]. It would be also interesting to extend our
approach to the topologically twisted theories considered in [33,34] which generically
localize both to point-like instantons and anti-instantons configurations.

In this paper we mainly focus on the holomorphically decoupled sector of the
theory and rely on equivariant localization. The path integral computing the partition
function of a gauge theory on a toric manifold localizes on the fixed points of the torus
action, namely on point like instantons sitting at the origin of each toric patch covering
the manifold. The path integral is computed in terms of the residues of a product of
partition functions, one for each toric patch. The residues are taken at the fixed points
of the torus action and are specified by the fluxes of the gauge field along the Cartan
subalgebra. To compute such residues we use a surprising “duality” relation between
the residues computed at the poles of the one-loop and instanton part of the partition

1 Notice that on non compact manifolds, like ALE spaces, the sum over all fluxes is unconstrained since
the Weyl symmetry is explicitly broken by the choice of the scalar vev at infinity.
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function. This duality is rooted in the so called AGT correspondence [35] which
connects the partition functions of the AV = 2 class S theories to the conformal blocks
of a two dimensional conformal field theory (CFT). In the case of SU(2) SYM such
“duality” between the residues is a direct consequence of the Zamolodchikov recursion
relations for the conformal blocks [36]. In this paper we will present a generalization of
such relation, valid for higher rank unitary gauge groups. Once again the gauge theory
quantities can be put in correspondence with the two-dimensional CFT ones: the poles
of the one-loop and instanton partition functions can, in fact, be put in correspondence
with the conformal dimensions of the null states of the reducible Verma module and
the roots of the associated Kac determinant[37]2.

There are several open questions and aspects to be further analyzed, let us mention
some of them. It would be interesting to extend the present computations to gauge
theories with fundamental and adjoint matter fields and perform a more thorough
analysis of the higher rank cases. The latter point would provide new results for the
Donaldson invariants in the higher rank case for which very few results are known at
the moment, with the notable exception of [39,40]. Moreover, it would be useful for
a large N analysis and for the study of holography for compact manifolds. Also, the
insertion of defect operators would be an interesting aspect to investigate.

The results obtained in this paper are based on equivariant localization on the
microscopic UV Lagrangian in the Q2-background. It would be very interesting to
study the limit of vanishing €2-background in order to establish a connection with
the integration over the u-plane [41] which is based on an IR analysis using the
abelian effective gauge theory. This would possibly allow to make manifest the duality
properties of the partition function and in particular to connect our results on the N/ = 2
holomorphic anomaly to the theory of mock modular forms.

Further directions concern the uplift of our results to five and six dimensional
gauge theories. In the case of the product manifolds M x S' and M x T2 this would
correspond on the mathematical side to K-theoretic and elliptic Donaldson invariants
respectively. More generally, one could try to extend the gluing techniques exploited
in this paper to toric manifolds in higher dimensions.

The paper is organized as follows: in Sect. 2, we use the localization method to derive
a formula for the gauge partition function on a compact manifolds. We describe the
integration over the zero modes and the holomorphic anomaly in the gauge coupling.
In Sect. 3 we discuss the properties of the localized partition function which will be
relevant for the computations of the following sections and in particular we discuss
a remarkable duality between the perturbative and the instanton part of the partition
function which will greatly simplify our computations. In Sect. 4 we specialise the
findings of the previous sections to the case of toric manifolds. In Sects. 5 and 6 we
analyse the cases of SU(2) gauge theory on P2 and IF,, manifolds. In Sect. 7 we present
some preliminary results for the SU (3) partition function on . Finally, several useful
results are collected in the Appendices.

2 This generalization has been obtained in collaboration with R.Poghossian in an unpublished work. Later
it has been applied to the SYM with gauge groups of rank two in [38].

@ Springer



Gauge theories on compact toric manifolds Page50f46 77

2 Localization on compact manifolds

It is well known that the AV = 2 SYM with gauge group U (N) can be formulated on
any differentiable Riemaniann four-manifold by making use of twisted supersymmetry
[22]. The bosonic content of the A = 2 gauge supermultiplet includes a gauge vector
A, a complex scalar ® and a self-dual two-form B which is an auxiliary field. The
fermionic components are a one-form W, a scalar 1 and a self-dual two-form x V.
Fields are paired by a scalar supersymmetry charge Q.

2.1 Equivariant localization

The supercharge Q can be viewed as an equivariant derivative acting on the super-
manifold with coordinates the fields 9t = (A, o, x 1) and equivariant differentials
M = (¥, n, BY). The supersymmetry action can be further deformed using an
isometry dy of M

Q=Q0+iwy=0+4ip+ity , Q> =8c+3dy 2.1

where ty, t¢ is the contraction along the vector field V and @, i.e. i 109 = 34N,
ity M = Sy M. The V-deformation represents the 2-deformation of the theory. In
the toric case, itis a U (1)2 local Lorentz rotation which, for each toric patch, is the
local ©-background on C? with the appropriate choice of weights (See Sect. 4 for
details).

The scalar supercharge action is

QA =V, QV =iy F + D, Qb =iy,
QP =1, On =iwyD® + [P, P, (2.2)
Oxt=BY, QBT =iLlyxt+[® x],

with Ly = (Duy +ty D) = —idy the covariant Lie derivative associated to the action
of the vector field V and D = d + [A, -] the covariant derivative. Notice that the
consistency of the last line implies that the self-duality of the two forms is preserved
by the V-action, namely Ly+ = «Ly. This is equivalent to the statement that V
generates an isometry of the four manifold.

The N' = 2 SYM Lagrangian can be written

L="Te (FAF)+QV 2.3)
8
where 7 is the complex coupling, the trace is in the fundamental representation and
2

V="Tilix" A Ft + %;ﬁ ABT + W AQU) 4 Ax@nT]. (24

@ Springer



77 Page 6 of 46 G. Bonelli et al.

Consistently, the action is gauge and Ly invariant. In (2.4), after integrating out the
auxiliary field B, one gets
=T (FFAFT)+ Ty (FFAFY) +... (2.5)
8 8
where T = % + i%. In the topological theory t and 7 are independent parameters.

Indeed, at the quantum level, the real part of t is not a physical parameter, since it can
be absorbed by an anomalous U (1) transformation.

2.1.1 SUSY fixed points

The path integral of the deformed gauge theory localizes around the fixed locus of the
supersymmetry. To identify the set of fixed points of the twisted supersymmetry (2.2),
we start by setting as usual all fermions to zero and then we impose the vanishing of
their supersymmetric transformations

ityF+D® =0, ityD®+[D, D] =0. (2.6)

By applying ¢y to the first equation and using L%/ = 0 and the reality condition & = &
one finds )
tyD® =0. 2.7

Using (2.7) into (2.6), we get B
[®,P]=0 2.8)

which projects the field ® onto the Cartan subalgebra. Finally acting with the covariant
derivative on the Lh.s. of (2.6) one finds

LyF =[F,®]=0 (2.9)

where in the last equation we used the reality of F' and (2.8). At the supersymmetric
fixed points one then finds for the equivariant gauge field

§lep, = (F + ®)pp. = Fuh®. (2.10)

The hy’s, @ = 1, ..., N — 1 are the generators of the Cartan subgroup of the gauge
group, satisfying

Tr (h*hP) = G*F (2.11)

where Gy is the Lie algebra Cartan matrix.
The field components §, can be further split as

Fo = T 4 g 2.12)
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where the first term describes the contributions of point-like instantons sitting at the
fixed points of the toric action while the second one specifies the topological contri-
bution of the fluxes which can be expanded as

X
FON =27 Y kbwe. (2.13)
=1

in a basis {w¢}, £ = 1, ... x of equivariant two-forms H‘z, (M; Z), x being the Euler
characteristic of the manifold M and k!, a set of integers.

2.1.2 BPS observables

The BPS observables of the topologically twisted gauge theory are built by the equiv-
ariant version of the usual descent equations [18]. The supersymmetry transformations
(2.2) can be succinctly rewritten as the equivariant Bianchi identity [42]

DF=(-9Q+D+ity) F+V¥V +d)=0. (2.14)

for the equivariant curvature
S=F+V+9 (2.15)

Indeed, (2.2) can be obtained from the above by expanding in the de Rham form
degree.
In these variables the supersymmetric action takes the simple form

it
Stop = g fM tr 32 (2.16)

More generally, one can consider the intersections of the equivariant forms built out
of § with elements of the equivariant cohomology of the manifold, 7 € Hy, (M) as

Stop,sources = / A ,P(g) (2.17)
M

with P a gauge invariant function of §. In the following we will discuss the case in
which P is a quadratic polynomial, while for compact toric manifolds the source 7°
reads

T =2mit 4+ xtwp + x%wp Awp + T . (2.18)

Moreover, T is an arbitrary polynomial of order two in the equivariant parameters
and X = {x%, x“/} are the variables of the Donaldson polynomials. Actually, these
generate the equivariant extension of surface and local observables which are the
relevant ones for the computation of Donaldson polynomials. Let us remark that the set
of equivariant observables is richer than the non-equivariant ones and the equivariant
Donaldson polynomials give a finer characterization of the differentiable manifolds.
From the quantum field theory view point, this is because the 2-background probes
the gauge theory revealing a finer BPS structure.

@ Springer



77 Page 8of 46 G. Bonelli et al.

2.2 Integrating around fixed points

After having written the fields of the theory as the classical solution plus its fluctua-
tions, the computation of the partition function of the supersymmetric gauge theory
with gauge group SU(N) on C? proceeds by integrating out the fluctuations®. The
functional integral then reduces to an integration over the moduli of the classical solu-
tions which can be performed using the localization formulae at the supersymmetric
fixed points (2.12). The final result is given as a series in the supersymmetric gauge
parameter g raised to the power k, the instanton winding number, parametrized in
terms of the vacuum expectation values of the scalar fields, a,, u = 1, ..., N, and of
the deformations, €1, €7, introduced to regularize the theory see [3—5] for a complete
explanation. To move to the case of toric manifolds we observe that at the origins of
the toric patches, which are fixed points under the toric action, the supersymmetry
equations become exactly those of point like instantons sitting at the origin of C?
after the replacement a — a’, €, — ef and g — ¢°. Therefore the contribution of
Spoint to the gauge theory partition function factorises in a product of local factors,
each of them being given by the partition function Z¢2 (aﬁ, ef, eg, q%) with scalar vevs
afl, equivariant parameters €’ and gauge couplings ¢* determined by the non-trivial
gluing of the charts.

The equivariant parameters €’ describe the transformation properties of the local
coordinates Zfz with respect to the U (1)? isometry of the manifold. The parameters aﬁ
describe the asymptotic values of the scalar field in the chart €. They can be written
in terms of the vev a(}( and the integers ry, s = 1,...by = x — 2, by being the second
Betti number, codifying the non-trivial gluing of the charts. Finally, the couplings
g% = q %, where  is the zero form part of 7 evaluated at the fixed point in chart
£, take properly into account the contribution of surface and local observables.

On an open toric variety the final result would then be given just by the sum over all
possibile gluings rJ, as a function of the asymptotic values of the scalar fields aé at the
space boundary. On a compact manifold one has instead to further proceed to integrate
over aé, which are in this case normalizable zero modes of the dynamical fields in the
path integral. The integral can be written as an infinite sum over the residues labeled
by a double sequence of integers {k., k2}. One finds

o’ o

Zy = Z Z Resa&_

1 s
k) Ztuil(ag, Ty €1, €2, 4, X) (2.19)
ry (kb.k3) “

with Zgy) given as a product of the contributions of point like instantons in each chart.
Finally, the sum over ¢ and (kl, k2) can be combined into a single sum over k'
bringing all poles to the origin

Zy =) Resa,—0 Zpun(da. k. €1, €2, ¢, X) (2.20)

kg

3 see [45] for a modern review of this classical result.
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with

X
Ziun(ag, Ky €1, €2,4, X) = [ | Zea(al, €1, €5, 49 (2.21)
(=1

and
al = ay + kb el + k5T € (2.22)

@ =

as follows from (2.10) and (2.13). It is important to observe that transitions between
the charts, i.e. differences afl — a; will depend only on (y —2) (rather than yx ) intergers
r; made out of kf(, and parametrizing all possibile non-trivial gluings of the charts.
One can therefore view (2.21) as the equivariant version of formula (2.19). Similarly,
the quantities r;, can be viewed as the non-equivariant version of the gauge fluxes kfl.

The two are related via

r = 1 Fy = Lk‘f f wy (2.23)
* 2 Jp, 27 % Jp,

where Dy are the divisors of M.

2.2.1 Integrating out the zero modes

The partition function of our theory is given by a functional integral. How to go from
the functional integral to the integration over the zero modes takes the name of method
of the collective coordinates in the physics literature. A recent review of this method
for the supersymmetric case is [45]. We now proceed to perform the path integral over
the zero modes of the fields. These zero modes are in the Cartan subalgebra of the
SU (N) gauge as it follows from (2.8) and (2.2). Since we are considering compact
toric surfaces, which are simply connected, there are no zero modes for the one-form
fields A and W. Moreover after the topological twist the zero modes of B+ and x
are (1, 1) forms and can be expressed in terms of the Kahler form  of the manifold
as

xT=xah®0 , BY=byh%w
® = a, h® . =ngh® (2.24)

The indices are raised and lowered using (2.11). The zero modes are invariant con-
figurations in the field space under the V-isometry action, therefore Q> = 0 in this
sector and the coefficients in (2.24) are constant.

It is important to notice that the presence of bosonic and fermionic zero modes leads
to an ambiguity in the definition of the path integral measure. Indeed the fermionic
zero modes x, n do not appear in the gauge theory action (2.3), moreover Zgyj(ay)
is meromorphic in a, and if integrated over the zero modes a,, a, would yield a
divergent result. To cure this ambiguity, we deform the action by adding the Q-exact
term

QY =2isQTr[Im(®) x* A w], (2.25)
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where s € R is a real gauge-fixing parameter *. Collecting the contributions from
(2.4) and (2.25) one finds the zero modes action

2
Syeromodes = ST X% + 2is Im(ag)b® + gz b b® + 271 by (2.26)

where we normalise the volume as f yONw= 1 and we introduce the notation

1
Koy = —/ A Fy = okt (2.27)
27‘[ M
with 1
Be=— | oAw. (2.28)
2 M

2.3 The SU(2) case

Let us consider the SU (2) case. The integrals over (1), x, b) can be easily performed

2
[% nx—%& b*—2mibk—is Im(a)b]

(2.29)

/ dy dy dbe s/ 21 e—glz(slm(a)um)z
8

leading to

1 2 _2 sT 2 2
Zy = mzs gn’ [ da Adie 2 (sIm(@)+271) Zaa(a, ¥, €a g, X) (2.30)
C
r

To perform the integral over a, we observe that the partition function Zgy(a, r, €4,
¢, X) is ameromorphic function of the moduli with poles ata = a*1-¥2) = kle; +k%e,
labeled by two integers (kl, k2). Therefore, one can write

Zsi(a, r’, €4, q, X) = [regular part]

I Z Resa(kl,kz)zfu“ (a’ rS’ €a, 4, X)

D) + [more singular terms] (2.31)
a—ak

k1 k2

Since the theory is asymptotically free we expect that the regular part in @ can be
regularized out of the integral. All the poles are crucially along the real axis. The
contribution of the more singular terms vanishes upon integration over Re(a). The
contribution of the second term leads to

4 We take s to be positive for the sake of simplicity. Actually the result of the zero modes integration does
not depend on s.
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7g%(slm(a)+2m()2 7g%(sy+2mc)2

/da/\dée _/ dxdye
c 4n? a — aki.k2) © g2 272 X +iy
dy -2 (sy+2mk)?
B _/ e T sy
R 2
24/2mk
\/Eg g V2., g Zﬁmc
= eV dy = Erf
2ns Jo 2s54/2m 8
(2.32)
ki,ky) _ : dx . —
where we wrote a — a%1-k2) = x +1iy and used fR xﬁ.y = —(mi)sgn(y) and Erf (x) =

%; f(f e " du. Plugging the result of the integral into (2.30) one finds

Zu=313"3 B (2ﬁnx/g) Res, g0 Zun(@r’ e q).  (2.33)

The sum over (k', k%) can be grouped together with the sum over 7* into a sum over
the equivariant fluxes kfl bringing the poles to the origin in the a variable

Zy =4 Bt (6y/2772) ResacoZeun (@ k. €q. ) (2.34)

it

where, as usual, 77 is the imaginary part of t.

2.3.1 Holomorphic decoupling limit

A decoupling limit of the gauge parameter can then be defined by tuning g — 0 keep-
ing 7 finite °. In this limit, the Erf-function reduces to a sign(x) factor. Alternatively,
the same result is obtained by performing first the limit g — 0 and then the integral
over the zero modes. In this way, the integral (2.29) is replaced by

/ dy dn dbel3 nx=2ribe—isIm@p] _ o s (Im(a) + 2”—") (2.35)
S

The integral over a reduces then to an integral over Re(a) along the line Im(a) =
—2mk /s and it can be written as a sum over all the residues weighted by the sign of «

Zy =13 sign(c)Resq—0Zsun(a, k', €4, q) = Y Resa—oZrun(a, k', €4, q) .
Kt k¢, k>0
(2.36)
We notice that the partition function depends on the choice of the Kahler form w, only
through the restriction k = B¢k’ > 0 in the sum over the k’s with 8, the equivariant

5 We notice that we can tune the gauge -fixing parameter g to any value independently from 7. Setting
g = 0 corresponds to the §-gauge.
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volumes defined in (2.28). This implies in particular, that the partition function is
piecewise constant along the space of Kahler forms with jumps across the walls where
a Kahler cone chamber vanishes (see Sects. 4 and 6 for details).

It is important to observe that the condition ¥ > 0 in the sum can be viewed as a
restriction to slope stable gauge bundles. Moreover, we will later show that only stable
and semi-stable sheafs contribute to the sum (2.36), since the contributions coming
from the tuplets {k} associated to unstable sheafs will always cancel against identical
contributions with opposite signs coming from the tuplets in their Weyl orbit. This
provides as highly non-trivial consistency check of the localization formula (2.36) and
suggests a generalization to higher rank that we will briefly sketch in the next section.

2.4 The higher rank case

A localization formula for the higher rank case can be obtained following mutatis
mutandis the same steps, but now the derivation involve a multiple integration over
the Cartan modes ay, « = 1, ... N — 1. Again the integration over the real parts of
ag picks the residues at a, = O (let us say in the order a; >> ay) while that over the
imaginary parts will now produce a generalized error function. Again, one expects that
in the limit g — 0, this error function should reduce to a piece-wise constant sign-
function with jumps in the moduli space of Kahler forms along the walls of marginal
instability. A path integral derivation of this formula goes beyond the scope of this
paper, but in analogy with the results for SU (2) we expect again a formula given in
terms of a sum of residues of Zg over the tuplets {kﬁ} associated to slope stable
gauge bundles or equivariantly equivalent stable sheafs.

In this section, we review the concept of slope stability for U(N) gauge bundles.
We refer the reader to Appendix D for a review on sheaf stability.

A bundle FE is said to be (semi) stable if for every proper sub-bundle G C E the
slope
_ f yuC1(E) Aw
G
of the bundle is greater or equal than the slope ©(G) of the sub-bundle. Here ¢ (E) =
%trF (E) is the first Chern class and r(E) is the rank. The semi stability of the
bundle is equivalent to the hermitian Yang-Mills equations via the Hitchin-Kobayashi
correspondence [43,44]. Namely, for an holomorphic vector bundle E, we have

W(E) (2.37)

wANFg=2nu(E)wNowlg. (2.38)

Actually, if the vector bundle E admits a sub-bundle G, then its gauge connection
splits in blocks as®

* U
Ap = (v* AG) (2.39)
and its curvature as
Fp=(" * (2.40)
E=\wFg+vnavt)- ’

6 Notice that the specific block diagonal decomposition is obtained by fixing the Weyl group symmetry.
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Inserting the last in the hermitian Yang-Mills condition above and projecting on the
sub-bundle G one finds that

oA[Fg+vAav=2nuE)orwlg. (2.41)

Taking the trace, integrating over M, and using that f Tr(v A vT) A w > 0, we find
the slope semi stability condition

n(G) = n(E) (2.42)

Evaluating (2.42) for all possible sub-bundles and using (2.27), we find the N — 1
inequalities

1 n—1 1 N-—1
;ZKN_QSNZKQ for n=1,...N—1 (2.43)
a=0 a=1
In particular for N = 2, 3 one finds

SUQ): k>0
SUB):  ki+k >0 and 2«1 > k2 (2.44)

As anticipated, the restriction ¥ > 0 in the localization formula sum (2.36), ensures
that only slope semi (stable) bundes contribute to the partition function. Similarly
for SU (3) we expect that the partition function should be given by a sum (with some
signs determined by the path integral) restricted to bundles satisfying the slope stability
condition (2.44).

The equivariant version of slope stability conditions has been worked out in [46].
Equivariant stability is again defined by the requirement that the slope w(F) of an
equivariant subsheaf F of the sheaf E is smaller than the slope of the sheaf itself
w(E). For SU(2) and SU(3) on P2 one finds (see Appendix for details)

SUQ): K" <k"+kP
SUB): k<> k. K+ < 3y kG
ol ol

Kty + ks +k3 <3kl o KK K <3 k249
ol

a,l

with m # n # p is always understood. There are 3 conditions for SU(2) and 12 for
SU(3) where the two lines arise from one and two-dimensional sub-sheafs. The two
notions of stability are equivalent, so one expect that only bundles satisfying these
more restrictive conditions will contribute to the partition function.

In Sect. 7 we will apply these ideas to the SU (3) theory and evaluate the first
instanton corrections to the Donaldson partition function on P2
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2.5 Holomorphic anomaly equation

The anomalous dependence in the gauge fixing parameter g of the AV = 2 partition
function can be physically understood as coming from the contribution of abelian anti-
instantons. These are the fluxes of the gauge field along the Kihler form, contributing
to the zero-mode action as it follows from (2.5). The anomalous dependence can be
obtained by taking the derivative of (2.33) with respect to the coupling g.

By using the fact that

”2—Erf(/c,/2mz) —iX(qq)? (2.46)
\/_
one finds 5 )
Tl _ 2
5,* = 37 oM =55 sz(qq)” /?ReSa—o Zuni (@) (2.47)

2
The qKT term cancels against a similar contribution coming from the classical part’.
This provides a generalization of the well-known holomorphic anomaly equation in
the N' = 4 SYM discussed in [32].

An alternative derivation of the above equation for SU(2) N' = 2 SYM can also be
given by proceeding to the direct evaluation of the derivative of the partition function
with respect to the gauge coupling g. This leads to the calculation of the v.e.v. of a
Q-exact operator which is nonetheless different from zero due to boundary effects.
Indeed, by deriving with respect to g one gets the following integral over the zero-
modes

4 9 dada 25
- "a_ZM = /db ¢ —dydnQ (Xbegsbzz”f“zfuu(a)> (2.48)

where Zgyy is a meromorphic function of a (we omitted for simplicity its dependence
on the other parameters which does not matter for the present argument). By using the
fact that on the zero modes Q = ”zaa_a + x aa_b* we can absorb the fermionic zero modes
(x, n) and reduce (2.48) to a boundary term

dada 9 &2 ;
/ db C;;‘ - (b o~ b7 —2mibx zfuu(a)> (2.49)
Now by using the analytic properties of Zgy(a) and %& = —78? (a) we get

4 9 ] 2 i
———Zy = L ZRCSquu/dbbe_%bz_znlhK

gag 2%
= V25" Y (Resa—oZgan (@) k € 2y (2.50)
kZ

7 Remember that 7 = 7 — i 2—72’
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in agreement with (2.47). Alternatively one could evaluate the boundary term at infinity
leading to the same result. Let us observe that the derivation we outlined here is valid
for general A" = 2 gauge theories, the details of the theory depending on the explicit
form of Zyy. The situation is very different from the N' = 4 theory because of the non
renormalization of the gauge coupling and the corresponding vanishing of the U (1) g
anomaly. This is due to the appearance of extra zero modes. In this case it is the non-
abelian sector of the R-symmetry group which is anomalous, inducing a non-trivial
bundle structure of the zero-modes over the fixed point locus. The boundary term is
therefore obtained in terms of the non-trivial Chern classes of the R-symmetry bundle.
This more intricate structure has been analysed in detail in [32] from the viewpoint of
the effective abelian theory in the IR.

3 The partition function on C?2
In order to set the notation, let us briefly recollect here the results for the partition func-

tion of the SYM on C? which are needed in the subsequent sections. For a pure U (N)
SYM on C? we have a product of the classical, one loop and instanton contributions

Z(C2 = chassical,(C2 Zone—loop,(C2 Zinst,(C2 (3.51)

with a parametrizing the expectation value at infinity of the scalar field in the vector

multiplet, €, describing the Q-background and g = "' . The classical part is given
by
2u "% Zu,v “%v
chass,(C2 = q7 e = 617 Nerey (3.52)
withay, = a,—a, withu = 1, ..., N. Theresults for the SU (N) theory are recovered

by imposing the traceless condition ) _, a, = 0. The one-loop partition function reads

N
1
Zioop 2 = [ ] (3.53)
1loop,C et T (ay)

with I'> (x) the Barnes Gamma function (see Appendix .1 for definitions and details).
Finally the instanton partition function is given by a sum over the array ¥ = {Y,,} of
N Young diagrams

Zinst,(C2 = quyl Zy (3.54)
Y

where

N —_
Zy = 1_[ l_[ [auv+€l(i—lvj)—62(j—1—[,,”')] :

u,v=1 (i,j)ey,

< 1 [aw-at-1-tp+ai-in] 659

(i, ))eYy
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{l4j} and {I,i} denote the length of the rows and columns respectively of the diagram
Yy, and |Y| counts the total number of boxes in Y. For instance in the case of the
SU (2) theory one finds, setting a = aj;

2q
Z, €1, 6,q) =1 3.56
s €2(4> €1, €2,9) = 1+ €16 ((e1 +€)? —a?) (3:50)
5 2(4€2 +4e2 — a®) + 1€

€22 ((e1 + €)? — ad)((e1 +262)? — a?)((2€1 + €)? — a?)

More generally, the instanton partition function for SU(2) can be written in the
Zamolodchikov’s form [36]

o0 mn
q"" Ry Zinst (me — ney)
7 — 14 3.57
inst,C2 (@) Z (a +me; +ner)(—a + me; + ney) ( )

m,n=1

k=2 []  [] — (3.58)

i=—m+1 j=—n+1 €1+ je
(0,)#(0,0), (mn)

The instanton partition function can then be written in general as an infinite sum in ¢¥
with coefficients given by rational functions with poles at a, = j:a,gm’") where

"™ = muv€r + nuver (3.59)

with my, n, some positive integers. On the other hand Zone —100p (see (.3) and (.5)) has

zeros exactly at these locations for €1€2 > 0, so the full partition has no poles in this
case.

Remark 1 The partition function Z¢> has poles if and only if €1e2 < 0.

3.1 An abstruse duality

In this section we show that the residues of the gauge partition function at the poles
of its one-loop and instanton parts exactly coincide.

3.1.1 The SU(2) case

We start by considering the SU(2) case. We will show that the following identity
holds

Ze2(a+a™m)

——— = i 3.60
uiI}) Ze2(a+ amm) sign(er) ( )

with
a"" =me; +ney, A" =me —ne; 3.61)
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where m, n are arbitrary nonzero integers. Similar formulae exists in the case in which
we flip the sign of m with sign(e) replaced by sign(e;). To prove the duality relations
we first observe that

chass,({Z2 (&(m,n)) = chass,({Z2 (a(m,n))qmn (3.62)
that follows from (3.52). On the other hand, using (3.57) one finds that for mn > 0

g™ Rypn Zingy 2@

(3.63)
2(me1 + nep)

Res,_ g (Zing c2(a)) = —

Finally, let us consider the one-loop partition function. To this aim, it is convenient to
use the representation

i d A* 4t s s
NG -so(-5 [ f [4rse] ) oo
! s=0

1

to write products/determinants as sums/traces. Using this representation one can write
the one-loop partition function as

d [ A° [>dr
Z1100p,c2 = Exp T | To b L xc2(y, 11, 1) . (3.65)
5=

in terms of the character xc2

y+y~!

xc2(y, i, ) = ————— (3.60)

. (I=m) (I = 1)

counting the Lie valued holomorphic functions on C? and
tH=e 1, p=e'2, y=et9 (3.67)

The ratio between Z e _joop, 2 (@ +a™") and Zone—1oop(a + a™") can be computed in
terms of the difference of the corresponding characters. For instance, for €1, €2 > 0,
the difference of the associated characters in the limit where § = ¢~'® ~ 1 reduces to

(t{"tgn + \rltl_’"zz_” —of'y " — \rltl—ng’)
(=) —1)

-1
3 etiertie) L p=1 (3.68)
=—n

)#(0,0)

X2y, 11, 0) — xc2 'ty " 1, 1) =

m—1
I

i=—m j
@,J
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One can recognize in the double sum of the right hand side of (3.68) the character
associated to the product (3.58)

m—1 n—1 1
mn
O EEEE— o 3.69
2(mey +ney) 1__[ jlz__[n ie] + jer ( )
(i, /)#(0,0)

We conclude then that

Rinn leocup,(C2
2(7’16] + n62) —a a=a-+qm.n

~ _leoop,(C2 |a=&(m,n) (3.70)

Collecting (3.62), (3.63) and (3.70) one finds that the second line of (3.60) is verified.
A similar analysis holds for €; < 0 leading again to (3.68) with n~! replaced by 1
contributing an extra minus sign.

3.1.2 The higher rank case

A generalization of the abstruse duality formula (3.60) holds for theories with unitary
gauge groups of arbitrary rank. We have no proof of this duality but we checked its
validity up to four instantons for SU(3) and SU(4) gauge theories. We claim that
the expansions of the gauge partition functions around the poles of its one-loop and
instanton parts are related by

Z(Cz(au +au e Ea»‘])

lim = —sign(er) (3.71)
w0 Zeo(a, + a,ﬁm "), €4,q)
with
a"" =myer +nuer . a"" = a™" +ny@uy — Sur) (3.72)

and (my, n,) two ordered sequences of positive integers

mp>my>...my=0 s ng>ny>...>ny=0 (3.73)
Explicitly
(m,n) =mi€; +niey &gm,n) = mi€]
abgm’") =mge; +nge A(Am’n) =mse| +nz€ (3.74)
a](\',"’") =0 &](\;” " = nie

with & running from 2 to N — 1.
Similar identities hold for any choice of SU (N) roots ay,y = (8,5 — 8,y7)- For the
classical part one finds

chass c? (a(m n)) = (:lass,(C2 (algm’n))qmlnl (3.75)
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that follows from (3.52). As before, the ratio of one-loop contributions can be extracted
from the difference of the one-loop characters

Ax(t1, ) = xe2(u yI™™ 11, 1) — xe2 (0 ST 11, 1) (3.76)
(m,n) ~ A(m,n)
with y"" = e~tad™ i — et Ly — gt

Plugging these formulae into (3.76) one finds generically for €1, €5 > 0 in the limit

D A 1

1
Ax(t. t - tmuv nuu (1 _ tnl(auN“F‘svl*au]*(SvN))
x (1, ) = 01— —n) E Duvl) 2

1

N-1
S —(1 A=) (t{"l _ tl—ml)(tgl _ tz_’”) + Z(ﬁ'm _ tl—mm)(t;a _ tz—nm)
! 2 i=2

N—1
+ Y@ =G - |+ Z(UMN +y;l -2 3.77)
n=2 u=1
mi—1 nj—1 my—1  ng;—1
i J
~ 22 fﬁﬁz > 2 i
i=—my j=—n i=—my; j=—ny;

my;—1 ny;—1

+ Z Z tltz +Z(Uu1v+‘71u 2)

l—fmu ]—7’114

leading to
(m,m) N-1
Zitoop.c2(ay +ay )
o . Y —Plene)a 1—[ (aza1) (3.78)
leoop 2 (au + a ) a,—0 i
with

my—1 n;—1 N—1 my—1  nz—1 myg—1 nyz—
Pene = [] T] (i€1+j62)1_[|: [T II Ga+ied [T 1 <ze1+m)}
=2

i=—my j=—ni i=—mg j=—ni; i=—my j=—ng

(3.79)

In the case where m1n,1 = (m, — m1)(n, —n1) = 0 for a given u, the corre-
sponding term a;; in (3.78) is missing. For the ratio of the instanton contributions one
finds

miny

Zlnst c2(ay + a(m n)) q

Zinst.c2 (@ + @) =0 P(ey, &) a1 [14, (azarz)

(3.80)
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Collecting (3.75),(3.78) and (3.80) one finds
Zea(a"", €q, q) ~ =Zc2 (@, €a, q) (3.81)

as claimed. For €; < 0 the same results are found with a flipped overall sign.
For example for SU (3) taking m| = my = n; = np = 1, one finds from (3.78)

Zl]OOp,C2 (au + al(,m’n))

~(m)y o
leoop,C2 (au + ay ) Ay —

. —ajarerea(e] + €2)? (3.82)

and

a%—}—a%—al a2—3(61+62)2 n
€16 (a? — (€1 + €)2)(a3 — (€1 + €2)2)(a}, — (€1 + €)?)

Zinst,(C2 =1+2q
A~ (m,n)
4 Zinst,C2 (au . q)

3.83
€1 € (€1 + €)%aran (3.83)

4 The partition functionon M

The gauge theory partition function on a compact toric M (2.36) is given as a residue
formula of the exact semiclassical integrand Zg,;. This in turn can be written as a
product of a classical, one-loop and instanton contribution

N
Zsan (A, kﬁ) = 1_[ Z classical (Guy s kﬁv) Zonefloop(auvv kﬁu) Zinst(@yv, kﬁv) (4.84)
uFv

each one given as a product of contributions for each toric patch. In the case of
SU(2), one can simply relabel the variables (a2, kfz) — (a, k%). The formulae for
Zone—toop(@uvs kb)y Zinst @y, k) SU(N) follow from those of SU(2) by sending
(a, k%) to (ayy, kﬁv) and taking the product over all pairs (u, v) with u # v. Without
loss of information we can then restrict to the SU (2) case. The classical part is given
explicitly for the SU (N) case. In the following, after fixing the relevant data of the toric
geometry, we compute the classical, one-loop and instanton contributions separately.

4.1 The toric data

As explained in Sect. 2, the function Zg(a, k°, €4, g) can be written as a product of
partition functions Z¢2 (a*, ef, ef, q*%) accounting for the contributions of instantons
localized at the origins of each chart £ = 1, ... x covering the manifold M. The equiv-
ariant parameters eg describe the transformation properties of the local coordinates
z% with respect to the action of the vector field V on the manifold. For a toric man-
ifold, they can be determined recursively (see Appendix 1 for details) starting from
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(e} , e%) = (€1, €2) via the relation
+1  e+1
(e &™) = (—Copr41 € + €5, —€]) (4.85)

with Cypr = Dy - Dy the intersection matrix between the equivariant divisors Dy. We
recall that only b, = y — 2 divisors are homotopically independent, so we can take
the subset {Ds}, s = 1, ... by as a basis of homotopically independent cycles.
Similarly, the scalar vevs, which parametrise the solutions of (2.10), can be written
as in (2.22). Finally, as anticipated in Sect.2, the Donaldson observables are charac-
terised by the choice of an equivariant polyform (2.18). We normalise the two forms
{wy} such that |

1
—_ A A E— ;= C ’ 486
(27)? fM A= o Dy we o .

As we said already, in presence of Donaldson observables, the induced gauge coupling
in each chart is given by ¢* = ¢ %% with Q, given by the zero form part of 7 evaluated
at the fixed point, zf = zg =0, in chart £.

4.1.1 Classical term

The contribution of the classical action to the partition function on M can be written
as

X
¢ b L Aptc? el A
Zc]ass(a, k5 €1, €2, q’ X) = 1_[ Zc]ass’(cz(a ) 6]7 629 q ) = q k+CI N e (4'87)
(=1

Withc% = [yc1Acr= ﬁfMtrF/\trF and

2
Ak _ Z XX: (Cluv + kﬁUEf + kﬁjIGS) _ Z CZ’"kﬁvkl;nv
- 0 = R —
wv =1 4Neje, . 4N
X (a + ket +k£'Hee)2 Q
A== Y (4.88)
[
uv (=1 4Neje,

We notice that the partition function does not depend on an overall U(1) shift of the
fluxes kﬁ — kﬁ +¢*, so we can use this freedom for example to set c% =0,1,..[N/2]
in the case of SU (N) theory.

In deriving the right hand side of (4.88) we used the identities

4
=1 € 62
GZ ef—l
€ €
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following from (.11). Remarkably, the classical partition function on M without
observables does not depend on the scalar vev a.

4.1.2 One loop term

By making use of (3.53), the one loop partition function on M can be written as the
product

X

Zonefloop(a’ kv 61 s 625 C], X) = 1_[ Zonefloop)(cz (aea 6{5 Gga CIZ) (490)
=1

We will first prove that, although each factor is given by an infinite product, the total
result involves only a finite number of factors. To see this, it is convenient to consider
the character representation of the one-loop contributions, so from (3.66) we get

_k€+l

Xy (O (O 1 ()7 (o
XM(kly,n,tz):Zy(l) (12) zy (125 () _ Z d¥, e P
= (1 —H —ib) o

4.91)
It is easy to see that xps(K|y, 71, #2) is a finite polynomial given that it is a rational
function and that it has no poles in the limit where one of the ¢! goes to one. For
instance, for a given £, in the limit where #; ~ 1, the two terms £ and £ + 1 in the sum
lead to

kt+2

¢ it ¢ s tl+1 ke tl+l
~y () (1) L 2

...r0 1 4.92
(1 —tH(—1b) (l—tf“)(l—tzl“) + +regular terms ( )

Xoneloop | tf ~1

where we used that (r\ !, 5Ty = (f ) e, (1H)~") as it follows from (4.85).
Consequently, the one-loop partition function can be written as the finite product

_dk
Zoneloop(a, K, €1, €2) = 1_[ (pa-+mey +ney) “mw (4.93)

m,n,p

with p = 4 and where dX p are the expansion coefficients of the one-loop character.

4.1.3 Instanton term

The instanton contribution is

X
Zinsi(a. K, €1,€2, 0. X) = [ | Zingr.c2(a". €] €5, ¢°) (4.94)
=1

with Z.

inst,C2 given as a sum over Young diagrams contributions (3.54).
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4.2 The residue sum

In this section we study the residues of Zy,; in the SU (2) case. We start by focusing
on the contribution of a single chart Z2 (ae, eﬁ, ql). Near a =~ (0 this function can
have a zero or a pole depending on the relative signs of the €’s and whether or not
the k¢, k¢t are zero. The different cases are listed in the following:

e when k¢, k¢t1 # 0, the function Z2 (a(, eﬁ, qz) has a pole if efef < 0O and is
regular otherwise

e when k¢ = 0, the result is the same if ef < 0 and gets suppressed by an extra
factor of a if ef > 0. Similar suppression factors are obtained for k**! = 0 in the
case of ef < 0 and ef > 0 respectively.

Using the fact that in a compact toric manifold there are two and only two patches
with efef > 0 (see Remark 3 in Appendix), we conclude that

Remark 2 The pole of Zg, associated to a tuplet of non-vanishing integers {k‘} is
always of order x — 2. On the other hand, since efeﬁ“ is always negative, every

vanishing k* in the tuplet reduces the order of the pole by one.

Now let us consider the sum over the residues of Zg,. It is convenient to introduce
the following operator
Pek") = (1)’ k" (4.95)

that flips the sign of the £ component of the vector k.
Then we state the following property

m+x—2
Ress=0 [] (14+Po) Znn(a, K, €0, 9) =0 Ym € {1,..., x} (4.96)

{=m

To prove this, we recall that for any k, the full partition function has at most y — 2
poles. Let us consider first the x = 3 case. In this case one has a single pole so each
term in the product contributes with its residue. According to the abstruse duality
(3.60), under a flip of the sign k¢, this term picks up the sign efeé“ = —1, so the two
contributions cancel against each other. Similarly for x = 4 one can achieve a similar
cancellation after flipping two signs in (4.95). A detailed derivation of the general case
is presented in Appendix .2.

An important consequence of (4.96) is that the sum over all tuplets {k¢} of the
residues of Zgy) cancels, so that a non-trivial result is found for the sum (2.36) weighted
by sign(x).

It is important to observe that the residue of Zgy) for a given k gives in general a
resultinvolving negative powers of g and divergent contributions in the non-equivariant
limit ¢, — 0, while the partial sum

1 z :
Zorvit (K, €4. ¢) = S7-Resa—o [H(l + Po)sign(x) Zsun (a, K, €q, q)} (4.97)
=1
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involving the residue of Zg,; and all its sign flips does not include the terms with
negative powers of g, although it still can be divergent in the non-equivariant limit.
Here ¢ is the number of zero entries in {k%}. This allows us to write the partition
function as a sum over orbits labeled by tuplets {k’} of non-negative integers

Zu(ea:q) =Y _ Zomit(k, €a. q) (4.98)
k>0

Moreover, the orbits of the vector {k*} with positive components only can be clas-
sified into three groups

X

Stable Vi 28ik' < Zﬂg Kt (4.99)
=1
X

Semi stable Ik’ 2Bkl = Zﬁ( Kkt (4.100)
=1
) ) X

Unstable 3k 28 k" > > Bk’ (4.101)
=1

It is easy to see that the contributions from unstable orbits exactly cancel. In this case
one can write

1 X .
Zunstorbit (K, €4, ) = ZKRCSGZO I+75) 1_[(1 + Pe)sign() Zeun (a, K, €4, q)
i

1 ) X
= saResam | (1 + Ppsign(e) [ [(1 + P Zun(a. k. €4, ) | =0
O£i

(4.102)

where in the last line we used the fact that if k belongs to an unstable orbit all the flips
in signs of the k7 do not change the sign of «. The last equation follows then from
(4.96).

Finally in the case of semi-stable orbits, some contributions are missing since « = 0
for specific choices of signs. The contribution of the tuplet {k*} from a semi stable
orbit is two times less than that of the same tuplet for a stable orbit.

One can see a correspondence between the classification of tuplets of fluxes {k¢}
(4.99-4.101) and Klyachko’s classification of sheaves on a manifold (and therefore
between the poles of the partition function and the sheaves on a manifold)[24,46].
According to Klyachko every sheaf is characterized by y filtrations of vector spaces.
If we identify the fluxes {k*} with the positions of the jumps in the filtrations, we will
see that (4.101) corresponds to the filtrations defining only unstable sheaves, while
(4.99) is the necessary condition to have a stable sheaf among all the sheaves described
by corresponding filtrations. The intermediate condition (4.100) guarantees that there
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is a semistable sheaf among all of the sheaves described by the corresponding filtrations
(see Appendix .3 for the details). The fact that the contribution of the unstable orbits
vanish is in agreement with the known fact that unstable sheaves do not contribute
to the Donaldson invariants. The correspondence between the poles of the partition
function and the sheaves on a toric manifold was first noted in [18].

An interesting observation is that the contribution of an orbit Zywi (K, €4, q)
changes exactly when some of the sheaves defined by the corresponding filtrations
change their stability type.

4.3 Comparison against wall-crossing formulae

In this section we check that the localization formula for the Donaldson partition
function agrees with the results obtained via wall-crossing. We focus on SU(2) SYM
on a compact toric manifold with x > 3. Let us consider the difference between
the partition functions for two different choices of the Kahler form, @ and «’. The
localization formula for the difference can be written in the form

Zh -2 =2 ) ResecoZui(arereq,X) (4.103)

re2Z* =2 ¢
kK’ <0

The sum with k«’ < 0 can be alternatively written as twice the sum over those r*
satisfying ¥ > 0 and ¥’ < 0. This sum can be interpreted as the contribution of the
jumps made by the partition function when crossing the walls « = 0 in the space of
Kaihler forms.

We denote by 7 = kea)[|2_f0rm = [F] € H*(M) the non-equivariant class of the
gauge field strength F'. The two-form 7 is determined by the coefficients r*. We notice
that the condition kx” ~ ([ @ A F)([ 7 A ') < 0 requires that 7 is a space-like form
[P AF < 0since w, @ are time-like forms [w Aw > 0, [0’ A > 0% and belong
to the Kéhler cone. Consequently

1
Ak:—gffAf>O (4.104)

and therefore the difference (4.103) has a well defined weak coupling expansion given
by truncating the sum over the r* to a given value of Ak. On the other hand for
manifolds with x = 3, namely P2, kk’ = r? > 0 so the difference vanishes and no
walls are found as expected.

In the mathematical language, following [23], a wall is defined as follows.

Definition For every class £ € H>(M, Z) \ {0} such that (£ - £) < 0 there is a wall
W :={L € H*(M,R)| (L - &) =0} of type c1, c3° if

1. W& £,

8 We remind that since b;’ = 1 the space H 2(M) with scalar product [a A b has a Minkowski-like
signature

9 ¢y is the second Chern class.
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vy —Uf
(%]
oy
*
o1 P!
% %
—Uy Uy
g3 U1
09 U§
U3 UT _U?’;

Fig. 1 Toric fan of P2
2. & + ¢y is divisible by 2 in H*(M, Z);
3. 2 —dey < (£ -E).

As it is shown in [23] the difference between the equivariant Donaldson invariants )
in a chamber containing a polarization @ and a chamber containing a polarization o’

can be found as y
=> & (4.105)
H

where the sum goes over all classes & defining the walls of given c¢; and arbitrary ¢
such that [ @' -§ <0 < [ - & and the contribution from a class & is given by

§: = Res,— oo]_[z 2, &P, a—inE, qn? (4.106)

with €2 being a form defining the observable and & being any equivariant extension of
the class &. We 1dent1fy the class & with the non-equivariant two-form 7. Then taking
into account that ¢ — a¢~! = i% 1 IS —i st (see the localization theorem in [47]) we
see that formulae (4.103) and (4.105) match up to an overall numerical coefficient in
the definition of the Donaldson invariants.

5 Donaldson invariants for P2

In this section we consider SU(2) SYM on P2, The results on P2 are well known for
any choice of c¢1, so one can use them to test our approach in Fig. 1.

5.1 Geometric data

The fan of P? is specified by the vectors (see Appendix 1 for a brief introduction
on toric geometry):

(v1, vz, v3) = (eq, €2, —€| — €3) (v}, v3,v3) = (—e3, e],e; —e]) (5.107)
1> V2, U3 2, €1, € — €
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Table 1 Observables on P2

o) () at Q

1 (%,%) (€1, €2) a+kle] + K2 lep+x%e +x1 2y + T

2 <;—%,i—?) (€2 —€1,—€]) a+k*(ez —€1) —kep  x2(er —€1) — x3ep + x5 (612—6162)+T
3 (;—;,%) (—e2, 61 —€1) a—key+kl(e—e) xl(e] —er) —x3er +x13 (e%—elez)-i-T

The three vectors satisfy
vi+vtuvz=vi+v3+v;=0 (5.108)

Comparing with the general toric formula

Vo1 + Vo1 —heve =0 (5.109)
we conclude that iy = —Cyy = —1. The non-trivial intersection numbers are
Dy-Dy =Dy Doy =1 (5.110)

In addition, the relation (5.108) determines the weights of the homogeneous coor-
dinates in the description of the toric manifold as the quotient of C3 \ {0} by the
equivalence relation

1, y2,¥3) ~ (Ay1, A y2, A y3) (5.111)

Intable 1 we display the local coordinates (zf , zé) ineach chart £ and the corresponding
equivariant parameters (ef, ef).

To each chart we associate an equivariant two form wy. The zero form part of w,
at the origin z‘f/ = zﬁl = 0 of the chart ¢’ is given by

€1 0 €] — €
[welp =] e2e2—€1 0 (5.112)
0 —e¢ —€)

We collect the geometric data in Table 1. Finally the Kihler form on P? is w =

a(w; + wr + w3) with o a real positive number giving the volume of the manifold
which was normalized to 1 in Sect. 2.2.

5.2 Donaldson invariants

To compare with the existing literature we set the Donaldson variables to

2=z , B =P = x2 -y , T =xe€1e , xl=x*=0 (5.113)
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- Simple zero
- Regular point

- Simple pole

- contributing order of g
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Fig.2 Poles of Zgyy (with r = k! + k2 4+ k3 = 6) in the U(2) theory on P2

or equivalently
Q0 = (0, —ze1 + x(€1)% —z62 + ¥(e2)?) (5.114)

The classical contribution to the partition function becomes

2
Zclass = qu+Tl€AQ (5.115)

where
Av=—— , r=k'++ ., d=rmod2 (5.116)

As we discussed before, for P? there are only poles of order one. Let us consider the
contribution of an orbit defined by the triplets {k!, k2, k®} of positive integers'’. Such
orbit contains 4 terms with x > 0. The types of orbits can be grouped as follows:

e Unstable orbits: they are generated from a triplet (ki, k2, k3) violating one of
the triangle inequalities, let us say k; + k2 < k3. There are four contributions
(£k1, ko, k3) which cancel against each other in pairs.

e Stable orbits: they are generated from a triplet, satisfying the triangle inequalities
ki + k; > ki, and its flips. They contribute with a factor 2 — 6 = —4.

e Semistable orbits: they are generated from a triplet (k1, k2, k3) saturating one of
the triangle inequalities, let us say k1 + k» = k3. A contribution is missing, so that
their contribution is weighted by a factor 2 — 4 = —2.

If one of the k;’s is zero, the number of flips is two times less, but it is compensated
with the additional factor 1/2¢ from (4.97).

10 Triplets involving a vanishing k' lead to a regular Zg,); with vanishing residue.
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In Fig. 2, we display the poles in the a-plane for r = 6. Stable points are points
inside the triangle, while semi-stable ones lie at the boundary of the triangle. The
partition function can then be written as

Zy(eq,q) =—4 Z Zstablepoint(k» €a,q) — 2 Z Z semi stable point K, €4, 9)
k>0 k>0

(5.117)

The contributions of each orbit can be computed by using the abstruse duality (3.60).
Indeed, since Zg); has at most a single pole, its residue can be written as

Resa—0Zsun(a, K, €4, ¢) = Resg—_oZun (0, K, €4, q)

N FEIN
Ar+-L Aos | | 0 L
=q k+ 4e QZl]()()p(ks €1, 62) Zinst,(Cz (a ’ 61 ’ 62’ 4q )

¢
(5.118)
with
Ay=1 (2k1k2 + 2K23 + 263K — (kN — (kD)2 — (k3)2)
~ k
Zioop(K, €1, €2) = 1_[ (mey + ney) ™ (5.119)

m,n,p

with d,];np the expansion coefficients of the one-loop dual character

R X t@ k te 7k/d+l n tﬁ 71{@ t[ kl+l
xm(K|ty, 1) = Z (t) (2()1 - t‘)(l(l)t‘) ) _ 1= Zd,',‘m 'y
(=1 1 2 m,n

(5.120)

where the —1 removes the zero eigenvalue associated to the residue. It is interesting
to observe that the stable orbits are characterised by polynomials with expansion
coefficients d¥  all positive, while semi-stable ones correspond to characters with all
positive coefficients except one. The same pattern is observed for higher rank theories.
We stress the fact that, although the two sides of equation (5.118) lead to the same
results, the right hand side of (5.118) is easier to evaluate since Ay is always positive
and the instanton part is regular at 4"

In order to compute the Donaldson invariants up to order ¢, for instance, it is
enough to take the sum over k with k¢ < 3. The non-trivial contributions come from
the orbits

cr=1 k={(,1,1),(1,2,2),....} + permutations
c1=0 k={(,1,2),(1,2,3),....} + permutations (5.121)
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where the terms “+permutations” in the above formula are referred to the permutations
of k. Setting

5 1
2o q) =57

4 “M I3 =k +k2+k3 mod 2 (5.122)

one finds

1
2%

, | (xe1(ea—€1)—z(3€1+€2))
Za (P% g €1, €0) = qedaraTslatal 4 g2(

e} e1 — e)e

(612 + E%)e%(XﬂQ*Z(fﬂ“Q)) e%(xél(4€1+ez)*Z(561+62))
2 2 _ 2.2 + 2 2 _ 2
€i(e1 — €)7€) €1 (e1 — €2)

etxalHea) (@ +50)) 1kl —a)a—z+3a)

+

+
2(e1 — €2)2€3 €1(e2 —€1)ed

e%(xel e2—z(e1+€2)) efgz(el +ez)7%x(e]2 —Te 52+e§)

)+... (5.123)

€1(er — €2)%e €i(er — e)%e

2
1 *€
e~ are1(e1—4e)—ze (€1 — 2¢€2) e~ E1txare— o= (2¢€1 — €2)

2(e1 —e)e2 2¢1(€1 — €2)

ZC%:O(PZ,Q,Q,Q) =gq(

1 2
emiEre (¢ + 6

— )_|_

2€1€)

(5.124)

In the limit of €, €2 — 0 one recovers the standard non-equivariant Donaldson
invariants

2 2 2 4
2 _ q X Xz z
Zc%zl(IP’ q) =q+ 6 (19—2! +5—2! +3—4!) +... (5.125)
3qz 13 x?z  xz7 2P
2 N _ 24z o 12Xz Xxzm T
ZaoPhq)=——+q ( s o "3t 6120

6 Gauge theorieson [,

In this section we consider SU (2) gauge theories on F;, depicted in Fig. 3.

6.1 Geometric data
The four vectors of the toric fan of [F,, satisfy the relations
vit+uv3t+nuy=vy+uv4=0 (6.127)
leading to the identification

(1, ¥2, ¥3, y4) ~ (A y1, A ya, A yz, A0 yy) (6.128)
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Us
02
01
(%1

3 04

vy vy
Fig.3 The toric fan of ;. oy labels the cone of dimension two relative to the £-th C2 coordinates patch
The non-trivial intersection numbers following from (6.127) are
Cyu=—-Cpn=n, Cpe1=1 (6.129)

To each chart we associate an equivariant two form wy. The zero form part of w, at
the origin of chart £ can be found to be

€] 0 0 €1
__ | €e2€ex+ne 0 0
[wele = 0 —e —el 0 (6.130)
0 0 —€) — neEp —€
The coefficients of the non-equivariant curvature are
r=k'+k—nk
r=k 4kt (6.131)

We collect the geometric data in Table 2.

6.2 The Donaldson invariants

We take the Kihler form tobe w = aw;+pws withae—n g > 0, and set the parameters
of the observables as

xl=x2=0x=z,x*=2

X12 =x23 =.X14 — O,x34 = x
Or equivalently
Q = (0. ~z1e1, ~21€1 — 22(e2 + n€)) + x(€1€2 +ned), ~22e2)  (6.132)

The maximal order of a pole is x — 2 = 2 and any k’ becoming zero decreases its
order by one, see Fig 4 for an example.
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Fig.4 Poles of Zg in the U(2) theory on Fy for (r, r'): a) (-4,3), b) (4,3)
The classical contribution to the partition function is

Zelass = qu+§eAQ (6.133)

where we choose the first Chern class to be ¢; = (r mod 2)ws -+ (+' mod 2)wy, so that
Ap = %(2r r+nr’?)

¢ = 2(r mod 2)(r' mod 2) + n(r' mod 2)* (6.134)

In the following, we label the first Chern class ¢y = p3 w3 + ps w4 by the pair of
integers (p3, pa) defined mod N.

Hirzebruch surface [

In order to compute the Donaldson invariants up to ¢? it is enough to take values up
to k; = 2. To be more precise, the non-trivial contributions come from the orbits

c1=(0,0 k=1{0,1,2,1),(1,0,1,2),(1,2,1,0), (2,1,0,1), (1,1, 1, 1), (1, 2,1,2), (2, 1, 2, 1)}
c1=0,1) k={(1,0,1,1),(1,1,1,0), (1,1, 1,2),(1,2,1,1), (2,0,2,1), (2, 1, 2,0)}
cg=(1,1) k=1{(0,1,1,2),(0,2,1,1),(1,0,2,1),(1,1,0,2),(1,1,2,0), (1, 2,0, 1)

.(2,0,1,D, (2,1, 1,0} (6.135)

For the equivariant Donaldson invariants one gets

(1 — 62)6—%6(61—62)2—1262 (1 — Ez)e—%X(el—Ez)z—ufl
- +

Z. — Fo,q,€1,€) =
e1=0,0)Fo, q, €1, €2) = q( e e

(1 +Ez)e—%-r(q—ez)z—mfl—Z262 (€1 _,_62)6—%16(61—62)2
+ —

2¢€1€2 2€1€)

)+ (6.136)

2
X€
o hEE—e) Hanat Qe —e)  ,— b —{z1Qe+e)

Ze,=1,00Fo0. q. €1, €2) = q(— S + S )+
(6.137)

@ Springer



77 Page 34 of 46

G. Bonelli et al.

Zey=a,1)(Fo,q,€1,€2) = 42(

e—%(xslz—&-Zzl €1+3z0€1+21€2)

2e1ex(€1 — €2)

o (—x(€1-262)2 4321 (261 +€2) +22(e1 —4€2)

2e1€x(€1 — €2)

e%(—x(€2—261)2+21(62—461)+3zz(61—262)) e—%(x6%+31162+12(61+262))

2e1€2(e1 — €2) 2e1€x(€1 — €2)

e%(—x(q —52)2—3zl (2e1+€2)+z2(€1 —2€7)) e%(—4xe12—zl (4e1+€2)+322€1)

. - (6.138)

2e1€2(e1 + €2) 2e1€2(€1 +€2)

e%(—x(el—52)2+zl(—2€1+52)—322(61+262)) e%(—4x6%+32162—22(61+462))

+ +...
2e1€2(e1 + €2) 2e1€2(€1 +€2) )

In the non equivariant limit €;, €3 — 0 one finds

N S 2 2 2
Zey=0.0)Fo, q) = g (=21 — 22) q° (21 + 22) (525x% + 20x (27 + 82221 + 23)

Zey=1,0)(Fo, q) =

960
—4 (z‘l‘ — 62023 + 162323 — 62321 + z‘z‘)) +...
q? (2160x%zy — 2023 (7x — 823) — 240xz22] — 60xz; (17x — 1623) + 312] — 1402,27)

3840
21
+q(zz— E)Jr
1
Zey=1.1)Fo, q) = qu (z1 +22) (—6x + 1323 — 222571 + 1323) + ... (6.139)

The results for ¢; = (0, 1) and ¢; = (1, 1) perfectly match those obtained using
the wall crossing formulae. Indeed, in these two cases, an empty room exists and the
contribution of every orbit is equal to a contribution of its flip with rr’ < 0 with
an additional factor (—4) for the stable points and (—2) for the semistable ones in
agreement with the wall crossing results. On the other hand, in the case ¢; = (0, 0)
there is no empty room, and the contribution of the orbits k = (1,1, 1, 1) is not
proportional to a contribution of any of its flips satisfying the condition rr’ < 0.

Hirzebruch surface IF4

Again, in order to compute the Donaldson invariants up to ¢? it is enough to take
values of the gauge fluxes up to k; = 2. The non-trivial contributions come from the

orbits
c1 =(0,0)
c1=(0,1
c1=(1,0)
ca=({11
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k=1{(1,0,1,2),(1,1,2, 1), (2,1, 1, 1)}
k={(1,0,1,1),(1,1,2,2),(1,2,1,1),(2,0,2,1), (2, 1, 1,2)}
k={1,1,1,1)}
k={(1,0,2,1),(1,1,1,2),(1,2,2,1),(2,0,1,1), (2,2, 1, 1)}
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For the equivariant Donaldson invariants one gets

2
1 2 . xey
e~ at(€1—€2) 29 (¢ — €)) e~ €1~ n(e+e)— 4 (€1 + €2)

q
ZC]:(O,O)(Fls q,€1,€) = 5(

€162 €1(e1 +€2)
1 2
efre—gr@+2a) 4 9,
- € t2e)y, (6.140)
e (€1 +€2)
1 . - -
ZermonE1, 4,61, ) = g ehCErratE2mad 4 (6.141)
e —1 . g )
Zq:(l,O)(Fls q,€1,€) = qeie_“él_T_Z“Z(EH— €2) +... (6142)
1
sz
e F-oE@+a)-3uGa+e)  p(-xg+z(@—e)—dn(a+a)
Ze=,1)(F1,q,€1,€) = - +
a=(LD 4 4 2¢1 (€1 + €2) 2¢1 (€1 + €2)
et(x@—e)?—dnatzi(@=-3e)  i@i(e-3e)-x(1—e) ~4ne)
J— + —
2€1€) 2€1€)

e%(ﬁ(élﬁez)z)ﬂl(el+3ez)(61 1 26) e*%X(EH»ZEz)z*%Zl(61*62)(61 +2¢y)

)+

2e1€2(€1 + €2) 2e1€2(e1 + €2)
(6.143)

In the non-equivariant limit €1, € — 0 one finds

c1 =(0,0)F1.9) = —3q (21 +22)
2

q
Z_ R =g+ —
a=0,1)TF1,9) =¢ 384

(228x2 +60x (21 +22) 2 — 292 + 122023 + 182327 + 122321 + 3z‘2‘)
Ze=1,00F1, q) = qz1

3
Ze=a.n(Fr, @) = =24°21(1 + 22) (6.144)

7 SU(3) gauge theory on P2

In this section we compute the first instanton corrections to the Donaldson partition
function for a theory with gauge group SU(3) living on P?. The sum over the gauge
fluxes is spanned now by two triplets of integers (k/f|k§) with £ = 1, 2, 3. Using the
Weyl symmetry in each chart one can order the tuplet such that kf > kﬁ > (. A scan
over all tuplets with kft < 2 shows that the leading contributions arise at order g2,
from the three tuplets

(KEIKS) = (1,2,2]1, 1, 1), 2,2, 1|1, 1, 1), 2, 1,21, 1, 1). (7.145)

6

. . 1 . .
The three terms contribute at order g2, witha ¢®*T3 = ¢~ coming from the classical

ana . . .. . .
part and a factor gX1%1 = ¢?+2+* coming from the instanton partition function in the
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three charts covering P2. An explicit evaluation of the residues leads to

2(e1+2
26(_ (613 62)"1‘%){(6162—6%))

Resa,=0 Z(1,2,211,1,1) = — +...
¢ €1 (€1 — €2)
z(e1+€p) | 1 2
2 (=5~ +zx(erea—€y)
q i ) (7.146)
Resa,=0 Z(2,1,211,1,1) = +...
(e1—e)e
2o EE D brGac-d-4)
Resq,—0 Z@2,111,1,1) = — > +...
1€2

where the dots stands for higher instanton corrections.

The results (7.146) can be alternatively found by exploiting the abstruse duality.
Indeed, since Zgy(ay, g) has a single pole in a; = a; = 0, the residue receives
contribution only from the leading term near the pole in each chart. Consequently,
these contributions can be related using the abstruse duality (3.71) in each chart to the
residue of the partition function at G, = 0. More precisely, one finds

ReSq,—0 Ztull (Gas kY, €0, q) = —Resg. —o Zrun (e, kY, €4, q) (7.147)

Notice that this relation holds for any tuplet such that the partition function exhibit
a single pole at the origin. Remarkably, the right hand side of (7.147) can be easily
evaluated to all orders in ¢. The crucial simplification follows from the fact that for
k’f > kﬁ > 0, the instanton partition function in the right hand side of (7.147) is regular
at a, = 0, so one has to deal with a residue of the much simpler one-loop part. The
result can be written as

ZClaSS(aas o €as Q)stt(aas o €as q)

POy
Resg,—0Ztu (0o, kys €4, q) =
[1n..(mer + ney)dmn

(7.148)

where d¥, follows from the dual one-loop character evaluated at a, = 0 (the residue
of the one-loop partition function)

K. £y—1
)
K|, 1) = E E —1 n E kgl (7.149)
Elu;évl(_t)( m.n
with the 2 taking care of the residue and

ke _ ki : ,
o=t V=171 ;=1 (7.150)

One finds:

- 1
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~ I n
xm(2,1,211,1, D], ) = — + —
15 15}
I (2,2, 11,1, Dlt1, ) =t + 12 (7.151)

Reading d,';n from (7.151) and plugging them into (7.148) one reproduces the denom-
inators of (7.146) while the numerators come from the classical part of the partition
function. The instanton contributes as 1 at this order, but an exact formula follows
from (7.148) if all instanton terms are kept.

Putting together all pieces, we find that that each contribution in (7.146) is divergent
in the limit €, — O but their sum is finite. Indeed, the sum of the three terms leads to

2
Zu(X, q) ~ —%(30x +2) ... (7.152)

with dots denoting higher €’s and instanton contributions. Other contributions of tuplets
in the Weyl1 orbits of these three terms will lead to the same results up to signs, so the
total contribution of the three orbits will be again proportional to (7.152).

Finally we notice that the tuplets (7.145) with («1, k2) = (5, 3) satisfy the slope
stable conditions (2.44) and (1, 2,21, 1, 1), (2,1, 2|1, 1, 1), (2,2, 1|1, 1, 1) satisfy
(2.45) as expected for a contributing term.
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Appendix
Toric geometry

In this appendix we give a brief review of toric geometry. A toric variety M of complex
dimension two is specified by a set of vectors {v;} € Z?. Each cone o, generated by
(ve, ve41) is isomorphic to a copy of C2, and the set of cones, the so called fan, defines
a covering of M. The variety M defined by the fan {o}} is compact if the fan covers
the whole R2, and the index ¢ is understood mod ¥, i.e Vy+1 = v1. The variety is
smooth if any point in oy U 72 can be written as a linear combination of v, and Vo1
with positive integer coefficients. We restrict ourselves to compact smooth varieties.
The manifold can be equipped with x global coordinates (yi, ..., yy).
The vectors v, € R? satisfy the relations

Ve—1 + Vg1 —heve =0 £=1,...% (.1
We notice that only y — 2 of these relations are independent. To each ray vy we
associate a divisor Dy ~ P! defined as ye=0
The integers &, specify the self-intersection numbers of the divisors in the toric
geometry. More precisely, the intersection pairing Dy - D,,, = Cyy, is given by
Cee=—he,  Cooy1=Crpre=1 (:2)
Given a cone oy, we define the dual cone oz* as a set of vectors v* € R2 such that

v*-w > 0 Vw € oy. Equivalently, the generators (v;_ |, —vy) of the dual cone o are
defined by the conditions
*

*1,2 1, %2
vy v =0, v, vy —vv,”>0 (.3)

For a vector vy = (v}, v2)T one finds the dual vector v} = (v, —v})T. (.1) leads to
the x — 2 equivalences

VAEC* (1, y) ~ 8y, A1y, s=1,0.0 =2 (4

To each dual cone o one can associate a chart Uy isomorphic to C2. Local coordinates
in these charts can be taken to be

X - X "
14 | | 41V 14 | | Vg vy
Z] = ye/ 5 ZZ e ye/ (5)
/=1 =1

Using (.1) it is easy to see that zﬁ are invariant under the action (.4).
We introduce a (C*)? action acting on the homogenous coordinates y; as

yi—>el'yi, y—>eryr,  yis2—> Y. (.6)
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The action on the local coordinates can then be written as

e
7t — ezt (7)

with
L ¢ 2 1 2 1
(], €) = (Uz.ﬁl €a , _Uza €) = (Ug_HEl — Vpi €2, —Vg€1 + vp€2) (.8)

The origin of a patch U, (z‘f, Zﬁ) = 0 is invariant under the toric action. We denote
this fixed point as P; and in terms of the global coordinates it can be written as
(ye, ye+1) = 0. Note that every divisor D, contains two fixed points, namely P,_
and Py.

Taking

v =" v =)
vf = (1,0) —v5=(0,1) (9)

one finds
(€], €) = (e1, €) (.10)

The remaining €’ can be found from the recursive relations
1 _+1 4 L 14
(€1 &) = (her €f + b, —€) (11)

following from (.1).

Remark 3 An important remark is that for any compact toric variety there are two and
only two patches with efef > 0.

Indeed, as it follows from (.8) the signs of ef, eg depend only on which side of the line
v2e; — vle; the vectors ve+1, vy lie. Since the cones are convex they cover the whole
R? and ef, ef cannot be zero, the above statement follows.

Remark 4 sign(efeﬁ“) = sign(—(ef)z) =—1.
An equivariant two form w on M is defined as a form satisfying

OQs:w=dw+izw=0 (.12)

with i¢dz, = €4z, the contraction with respect to the action of the V vector field. To
each divisor D, one can associate a Poincaré dual equivariant form w* such that

1

— | w’ =cCuw (13)
27'[ Dy

The zero form part of w’ evaluated at the origin of a patch Ui, which we denote

as [w'], is the equivariant pullback L’;,k% Ma)z of the form w! via the embedding
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P¥ < M. The precise form of [w’]; can be computed using localization. Let « be
an equivariant form. Then, with the help of the localization theorem one can write

ok (¢ A wh) X 4
/ anwt = (2r)? Z PoM C k‘*”fk) o = (2n)22—[“](i)[u:k)]k (.14)
M €, € €, €
PreM 1 € k=1 €1 €

The same integral can be computed as an integral over the dual divisor D, of the
equivariant pullback L*D,;) @ Vvia the embedding D! < M . The integral localizes
around the fixed points Py_1 and Py intersecting the divisor

/aAwfzzn/ oz=(271)2<[a(2—[1)1+%> (15)
M Dy € €

Comparing ( .14) and ( .15) one finds

¢ -1
[ = ey w" = Stc el + 816y " (.16)
Consistently, one can also check that the intersection matrix computed with the local-
ization theorem gives the expected result
14 m
w* lk[w
Z [w" k[ Ik (17)

1
ClmZ—szzAwmI
(k) (k)
(@) k€1 €

.1 The Barnes double gamma function

The Barnes double gamma function is defined via analytic continuation to the whole
complex plane of the integral

d[ A [®dr e
logT(x|er, €2) = — (D
0 s=0

ds | T(s) t (1 —e€t)(1 — e—eal)

in the region x > 0 where the integral converges. Using the representation of the

logarithm
A d [/ AY [>®dt
log (—) = — ( — e”) (.2)
X ds \I'(s) Jo ¢t $=0

the double gamma function can be written as an infinite product of zeros or poles
according to the domain of definition. For example for €1, €5 > 0 writing

[e.0]

d [ AS © dr o
log o (xler, ) = Y [p G s e—f<x+m+fez>}
i,j=0 $ () Jo 1 5s=0
=Y log|———
X +ie1+ jer

i,j=0
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one can represent the I'> (x) function as the infinite product of poles

e¢]

A
Do(xler e) = [] (—) X, €,6>0 (3)

X +ie j €
ij=0 +i€; + jeo

Similarly in the region €; > 0 > €, one writes

e—xt e—xt+62t

I—eah(l—e) (I—e)(l—e2)

_ Z e~ H(i=Der—jex)t (4)

ij=1
and the I'>(x) admits a representation as the infinite product of zeros

o0

CDer
Fz(xlel,ez)=H<x+(’ )€1 m) e >0>6 (5

A A
i,j=1

.2 Proof of (4.96)

Letus consider first a variety with x = 3 (forinstance, P?). Every point {k%} contributes
at most with a simple pole, so in order to compute the residue at the point a = 0, we
have to take only the leading term in the Laurent expansion of the partition function
in each chart. The abstruse duality relates the leading term in each chart to the one
obtained from it by flipping the sign of a k*. Since every k* appears twice in the product
]_[2: 1 Z*, once in the £-th patch and once in the (¢ — 1)-th patch, according to (3.60)
one finds

=3 . —1 =3 =3
PeResa—0ZL5 (k) = sign[e\" Vel IRes,—0 215" (k) = —Resq—0ZLy () (1)

where the last identity follows from (.11). So we conclude that
Resa—o [(1+ PO Z{5" (0. K. €0, )] =0 (2)

and so the residue is also zero. Now let us consider a variety with x = 4 (F,,, for
example). We would like to prove that

Resazo [ (14 PO (1 + Pen) Z{5 (0 k. €0, )| = 0 (3)

If the tuplet{k’} contributes as a simple pole, the previous argument is applicable and
(.3) follows. If the tuplet contributes a double pole, the residue results from taking the
leading terms in the Laurent expansion of three of the charts and one subleading term.
If the subleading term is taken from a chart different from ¢, it is unaffected by the
sign flips Py or Py and the identity (.3) follows.

Finally, let us consider the term where the subleading contribution comes from the
£-th patch. The flipping of k* and k**! affects the subleading contribution. Let us note
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that if efef > 0, the £-th patch contributes as a regular point (a®)? and hence the
subleading term is an odd function of a’. If €¢ 62 < 0 the patch contributes as a simple
pole and so the subleading term is an even function of a‘. All together, one can say
that

PePes1Sublead Z{,, = —sign(e{ey)Sublead Z{, (4)

Therefore one finds
(1 +PEP@+1)Z§E;4 = [1 sign(e; 'efeses™) ] tull = .5
(Pe + Pg+1)qull = Pe [1+ PePeti] quu =0. (.6)

Similar manipulations hold for x > 4, with x — 2 sign flips.

.3 Klyachko’s classification of sheaves

Here we follow the identification between the fluxes and the positions of the jumps in
Klyachko’s filtrations first suggested in [18] (see their Appendix A).

According to [24,46] an equivariant reflexive sheaf on a smooth toric variety M can
be defined by a tuple of x non increasing filtrations of vector spaces El@, Lefl...x}

cN=f' . 2EY2E® o>  E. =0 8

—0o0 = i =i+l = 00

A sheaf is stable if and only if for any proper subspace F € E = CV the following
inequality holds [48]

1 X FNE®Y EY
L i
dimFZZldlm _ / nga)<d Ezzezlldlm ([) /ng/\a),
(:2)
where wy is a form dual to the divisor D and w is the Kahler form. A semistable sheaf
is defined by the non strict inequality (.2). A strictly semistable sheaf is semistable
but not stable. Indeed, a gauge bundle £ associated to the spaces E ,.(K) is stable if for

any equivariant sub-bundle F associated to the induced spaces F' N El.(e) (.2) holds, or
equivalently if the slope of the equivariant sub-bundle is smaller than that of the slope
of the bundle itself

w(F) < u(€). (:3)

To understand the content of the stability conditions (.2) it is convenient to introduce
the tuplets of integers {kée)} describing the positions along the i-line in the £!-sequence
of the jumps from C* to C*~!. Here for simplicity we use the shift symmetry to set

the location of the first jump in each sequence at the origin, i.e. k%) =0.

3.1 SU(2) case

In this simple case there are at most two jumps in a filtration with one one-dimensional
intermediate space, which we will denote as P‘©. The only non trivial choice for F
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is F = P® for some . Let us first take the sheaves characterised by a tuplet of
filtrations with two jumps and P % P for all £ # ¢'. Then (.2) reduces to

X
Ve Brkt <3 Bkt (4)
=1
with |
Be = 3 [ WA we (.5)
T Jm

If the inequalities (.4) are strictly true for any £’, then (.2) holds for any F and the
sheaf is stable.

We notice that if the choice of the subspaces P©) is more degenerated, then (.4)
is not a sufficient condition for a sheaf to be stable. For example, if PO = p@ for
any £, €' € {1,..., x}, then (.2) is always false for F = P®, even if (.4) is still true.
It means that the corresponding sheaf is unstable. Therefore we see that (.4) is only a
necessary (but not sufficient) condition for a sheaf defined by the tuplet of filtrations
with the positions of the jumps {k*} to be stable.

In the same way one can see that (4.100) guarantees that there are some strictly
semistable sheaves among all of the sheaves corresponding to a tuplet of filtrations
with the jumps at {kz}. If both (4.99) and (4.100) are not satisfied then the non strict
version of (.2) cannot be satisfied and so (4.101) is a sufficient condition for all the
corresponding sheaves to be unstable. Taking into account also the filtrations with one
jump from C? directly to 0 one will end up with the same inequalities (4.99 - 4.101)
with the corresponding k©) = 0.

3.2 SUQ3) case

Now let us consider the SU(3) gauge theory. The information about the subspaces of
the filtrations relevant for the stability conditions in this case can be represented by
points and lines in the projective plane. Indeed, two-dimensional subspaces of C> can
either coincide or intersect at a one-dimensional space; a one-dimensional space either
lies in a two-dimensional space or has no non-trivial intersection with it; for any two
non-coinciding one-dimensional spaces there exist one and only one two-dimensional
subspace, which include them both (which is their direct sum). Lines and dots on
the projective plane have similar properties. The projective plane is required to avoid
the existence of parallel lines. The choices for F in this case are given by one and
two-dimensional subspaces of C3, represented by points and lines respectively.

To each divisor Dy in the toric manifold one can associated a line L®. We denote
by P e L©® a generic point in this line and by V a vertex at the intersection of
the lines. For P? the most non-degenerated choice of the subspaces corresponds to the
diagram drawn in the following picture
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L@

p()
P®

v (3
3 \ L
LA) i

There are now four relevant choices for F':

e F = P: A point intersects itself and the line that it contains it, so F N L™ =
F N P"™ = F leading to

3

1

vm kf’")SEZ(/«“) + k) (.6)
=1

e F=LM"NLMW =V, A vertex intersects two lines F = FN L™ = Fn L™
leading to

Vm #n k;m) (n) < Z(k(e) k(e)) 7
( 1

e F = L A line intersects itself on a line, a point contained in it on a point, and
any other line on a vertex, so: FNL™ = F, FAP™ = ptm FnL® =V,
leading to

3
1
3" kD kY ) = 2+ k) (8)
=1

e F =P g P™: A line connecting two points intersects the two points and all
the lines contained on a point, so F N L™ — Fnpm — pm pnpm —
FNP®W =p®W FnLO = PP Jeading to

3
1
VmEn#p 30T+ H k) < 23 KR )
=1
Like in the SU(2) case, the resulting 12 conditions are necessary but not sufficient

conditions for stability, because they are given by the most non-degesnerated choice
of the subspaces of the filtrations.
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