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Abstract

In this paper, we analyze the relevance of the generalized Kronheimer construction for
the gauge/gravity correspondence. We begin with the general structure of D3-brane
solutions of type IIB supergravity on smooth manifolds YT that are supposed to be the
crepant resolution of quotient singularities C3/ I" with I a finite subgroup of SU (3).
We emphasize that nontrivial 3-form fluxes require the existence of imaginary self-dual
harmonic forms w>!. Although excluded in the classical Kronheimer construction,
they may be reintroduced by means of mass deformations. Next we concentrate on the
other essential item for the D3-brane construction, namely, the existence of a Ricci-
flat metric on Y. We study the issue of Ricci-flat Kihler metrics on such resolutions
Y', with particular attention to the case I' = Z,. We advance the conjecture that
on the exceptional divisor of ¥ the Kronheimer Kihler metric and the Ricci-flat
one, that is locally flat at infinity, coincide. The conjecture is shown to be true in the
case of the Ricci-flat metric on tot Ky p(112] that we construct, i.e., the total space of
the canonical bundle of the weighted projective space W P[112], which is a partial
resolution of C3 /Z4. For the full resolution, we have Y Zs = tot Ky,, where IF, is the
second Hirzebruch surface. We try to extend the proof of the conjecture to this case
using the one-parameter Kihler metric on [F, produced by the Kronheimer construction
as initial datum in a Monge—Ampere (MA) equation. We exhibit three formulations of
this MA equation, one in terms of the Kihler potential, the other two in terms of the
symplectic potential but with two different choices of the variables. In both cases, one
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can establish a series solution in powers of the variable along the fibers of the canonical
bundle. The main property of the MA equation is that it does not impose any condition
on the initial geometry of the exceptional divisor, rather it uniquely determines all
the subsequent terms as local functionals of this initial datum. Although a formal
proof is still missing, numerical and analytical results support the conjecture. As a
by-product of our investigation, we have identified some new properties of this type
of MA equations that we believe to be so far unknown.
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1 Introduction

We report on the advances obtained on the following special aspect of the gauge/gravity
correspondence, within the context of quiver gauge—theories [1-5]: the relevance of the
generalized Kronheimer construction [6,7] for the resolution of C3/ I" singularities. In
particular, after an introduction about D3-brane supergravity solutions, we consider,
within this framework, the issues of the construction of a Ricci-flat metric on the
smooth resolution ¥ of C3/I". We begin with the general problem of establishing
holographic dual pairs whose members are

A) a gauge theory living on a D3-brane world volume,
B) a classical D3-brane solution of type IIB supergravity in D=10 supergravity.

Gauge theories based on quiver diagrams have been extensively studied in the liter-
ature [1-5] in connection with the problem of establishing holographic dual pairs as
described above. Indeed, the quiver diagram is a powerful tool which encodes the data
of a Kihler quotient describing the geometry of the six directions transverse to the
brane. The linear data of such a Kéhler (or HyperKihler) quotient are the menu of the
dual supersymmetric gauge theory, as they specify:

1. the gauge group factors,
2. the matter multiplets,
3. the representation assignments of the latter with respect to the gauge group factors.

The possibility of testing the holographic principle [8—12] and resorting to the super-
gravity side of the correspondence in order to perform, classically and in the bulk,
quantum calculations that pertain to the boundary gauge theory is tightly connected
with the quiver approach whenever the classical brane solution has a conformal point
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corresponding to a limiting geometry of the following type:
Mp = AdS, 2 x SEP~P~2 (1.1

In the above equation by AdS, 5, we have denoted anti de Sitter space in p + 2-
dimensions while SEP~7~2 stands for a Sasaki—Einstein manifold in D — p — 2-
dimensions [13].

Within the general scope of quivers, a special subclass is that of McKay quivers
that are group theoretically defined by the embedding of a finite discrete group I in
an n-dimensional complex unitary group

I' = SU(n) (1.2)

and are associated with the resolution of C"/I" quotient singularities by means of a
Kronheimer-like construction [15-17].

The case n = 2 corresponds to the HyperKdhler quotient construction of ALE-
manifolds as the resolution of the C2/ " singularities, the discrete group I" being a
finite Kleinian subgroup of SU(2), as given by the ADE classification.'

The case n = 3 was the target of many interesting and robust mathematical devel-
opments starting from the middle of the nineties up to the present day [19-27]. The
main and most intriguing result in this context, which corresponds to a generaliza-
tion of the Kronheimer construction and of the McKay correspondence, is the group

theoretical prediction of the cohomology groups H(?-4) (Y [1;]) of the crepant smooth

resolution Y, [1;] of the quotient singularity C3/ I". Specifically, the main output of the

generalized Kronheimer construction for the crepant resolution of a singularity C3/ I’
is a blowdown morphism:

(C3
BD : Y5 — - (1.3)

where Y[g] is a noncompact smooth threefold with trivial canonical bundle. On such a
complex threefold, a Ricci-flat Kéhler metric

dSZRFK(Y[g]) = ggﬁFf( dy* @ dy” (1.4)

with asymptotically conical boundary conditions (Quasi-ALE) is guaranteed to exist
(see, e.g., [28], Thm. 3.3), although it is not necessarily the one obtained by means
of the Kdhler quotient. According to the theorem proved by Ito-Reid [19,22,23] and
based on the concept of age grading,? the homology cycles of Y[g] are all algebraic

and its nonvanishing cohomology groups are all even and of type H-9). We actually

1 For a recent review of these matters see chapter 8 of [18].

2 For a recent review of these matters within a general framework of applications to brane gauge theories,,
see [6,7].
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have a correspondence between the cohomology classes of type (g, ¢) and the discrete
group conjugacy classes with age-grading ¢, encoded in the statement:

dimH"! (Y[l;]) = # of junior conjugacy classes in [';
dim H>? (Y[l;]) = # of senior conjugacy classes in I';

all other cohomology groups are trivial (1.5)

The absence of harmonic forms of type (2, 1) implies that the threefold Y[g] admit no
infinitesimal deformations of their complex structure and is also a serious obstacle, as
we discuss in Sect. 2 to the construction of supergravity D3-brane solutions based on
Y5, that have transverse three-form fluxes.

There is, however, a possible way out that is provided by the existence of mass
deformations. This is the main point of another line of investigation which we hope to
report on soon. If the McKay quiver diagram has certain properties, the superpotential
W(®) on the gauge-theory side of the correspondence can be deformed by well defined
mass-terms and, after (gaussian) integration of the massive fields, the McKay quiver is
remodeled into a new non-McKay quiver associated with the Kéhler or HyperKihler
quotient description of smooth Kéhler manifolds, like the resolved conifold, that admit
harmonic (2, 1)-forms and sustain adequate D3-brane solutions.

On the basis of the above remarks, we can spell out the scope of the present paper in
the following way. The embedding (1.2) determines in a unique way a McKay quiver
diagram which determines:

. the gauge group Fr,

. the matter field content &/ of the gauge theory,

. the representation assignments of all the matter fields ®/,

. the possible (mass) deformations of the superpotential W(¢),

. the Ricci-flat metric on Y can be inferred, by means of the Monge—Ampere equa-
tion, from the Kéhler metric on the exceptional compact divisor (in those cases
where it exists) in the resolution of C3 / ', which, on its turn, is determined by the
McKay quiver through the Kronheimer construction.

[ O I S R

In relation with point (4) of the above list, to be discussed in a future paper, for the case
C3/74 we anticipate the following. By means of gaussian integration we get a new
quiver diagram that is not directly associated with a discrete group, yet it follows from
the McKay quiver of I" in a unique way. The group theoretical approach allows us to
identify deformations of the superpotential and introduce new directions in the moduli
space of the crepant resolution. In this sense, we go beyond the Ito-Reid theorem. Both
physically and mathematically, this is quite interesting and provides a new viewpoint
on several results, some of them well known in the literature. Most of the latter are
based on cyclic groups I" and rely on the powerful weapons of toric geometry. Yet the
generalized Kronheimer construction applies also to nonabelian groups I' C SU(3)
and so do the cohomological theorems proved by Ito-Reid, Ishii and Craw. Hence,
the available mass deformations are encoded also in the McKay quivers of nonabelian
groups I', and one might explore the geometry of the transverse manifolds emerging
in these cases.
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In relation with point (5) of the above list, fully treated in this paper for the same
case C3 /Z4, we stress that, although the Kronheimer metric on Y[g] is not Ricci-flat,
yet its restriction to the exceptional divisor provides the appropriate starting point for
an iterative solution of the Monge Ampere equation which determines the Ricci-flat
metric.

In view of the above considerations, we can conclude that the McKay quiver diagram
does indeed provide a determination of both sides of a D3-brane dual pair: the gauge
theory side and the supergravity side.

In this paper, we focus on two paradigmatic examples, namely C3/Z3 (with Z3
diagonally embedded in SU(3)) and C?/Z4. The latter case was studied in depth in a
recent publication [7]. Relying on those results here, we concentrate on the issue of
the Ricci-flat Kdhler metric.

While in the case of HyperKihler quotients (yielding N' = 2 gauge theories and
corresponding to the original Kronheimer construction of C?/ I" resolutions) the Kro-
nheimer metric is automatically Ricci-flat, in the case of Kihler quotients and of the
generalized Kronheimer construction of C3 / T resolutions, the Kronheimer metric is
not Ricci-flat and one needs to resort to different techniques in order to find a Ricci-flat
metric on the same threefold Y[lg] that is algebraically determined by the construction.

The fascinating scenario that emerges from our combined analytical and numerical
results is summarized in the following discussion.

From the point of view of complex algebraic geometry, the resolved variety Y, [1;] is
in many cases and, in particular in those here analyzed, the total space of a line-bundle
over a compact complex tw-fold, which coincides with the exceptional divisor £D of
the resolution of singularities:

Y[S] BN EDpy; Vp e EDpy n_l(p) ~ C (1.6)

In the paradigmatic example, recently studied in [7], of the resolution a la Kronheimer

of the C3/Z4 singularity, £D is indeed the compact component of the exceptional

divisor emerging from the blow-up of the singular point in the origin of C3, and it

happens to be the second Hirzebruch surface F5. Other cases are possible.
Hirzebruch surfaces are P! bundles over P!, so that

EDp 2> P vp e P! i w7l(p) ~ P! (1.7)
This double fibration is illustrated in a pictorial fashion in Fig. 1.

Given this hierarchical structure, the sought for Ricci-flat metric is constrained to
possess the following continuous isometry group:

Giso = SU@2) x U(l)y x U(D)y (1.8)
whose holomorphic algebraic action on the three coordinates u, v, w is described later
in Eq. (7.1). The chosen isometry group implies that the sought for Ricci-flat metric

is toric, as each of the three complex coordinates is acted on by an independent U(1)-
isometry. Furthermore, the enhancement of one of the U(1)’s to SU(2) guarantees that
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Fig. T A conceptual picture of the resolved threefold Y[g] displaying its double fribration structure. The
orange sphere in the middle symbolizes the base manifold of the bundle £D|>;. A dense complex coordinate

patch for this P! is named u in the main body of the article. The blueish spheres around the orange one
symbolize the P! fibers of £ D2)- A dense complex coordinate patch for these fibers is named v in the main
body of the article. Finally, the greenish rays enveloping the divisor £D[7] symbolize the noncompact fibers

of the bundle Y[l;]. A dense coordinate patch for these fibers is named w in the main body of the article

either the Kihler potential /C in the standard complex formulation of Kéhler geometry,
or the symplectic potential G, the Legendre transform of the former appearing in the
available symplectic formalism [60], are functions only of two invariant real variables
(see Sects. 6 and 9.1 ). Assuming that we possess either one of these two real functions
for the Ricci-flat metric:3

KRicci-flat(@, f)  or  GRicci-flac(v, 10) (1.9

we can reduce the corresponding geometry to that of the exceptional divisor by setting
a section of the Y[l;] bundle to zero as:

w=0 & f=0,w=3 (1.10)

The fascinating scenario we have alluded to some lines above is encoded in the fol-
lowing:

3 For conventions see once again Sects. 9.1 and 6.
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Conjecture 1.1 The Kronheimer Kdhler metric ds%(m [Y[g]] on the line bundle (1.6) and
the Ricci-flat one ds%el- ofl m[Y[I;]] on the same manifold, that has the same isometries

and is asymptotically locally flat* are different, yet they coincide on the exceptional
divisor ED.

The basic argument in favor of this conjecture is provided by an in depth analysis
of a particular orthotoric metric that we construct in this paper and that is shown
to describe the Ricci-flat metric on a degenerate limit of threefold Y[g], as described

in [7]. This is a partial resolution of the C3/Z, singularity, and it occurs when the
stability parameters (Fayet-Iliopolous parameters in the physics jargon) are restricted
to be on the unique type III wall® appearing in the chamber structure associated with
the generalized Kronheimer construction for this McKay quiver. From the algebraic
geometry viewpoint, this variety Y[3] is the total space of the canonical bundle over
the weighted projective space W P[112]:

Y31 = totKwp(i12] (1.11)

and its exceptional divisor is WP[112]. We show that the Kéhler metric induced
on WP[112] by our new Ricci-flat orthotoric metric is precisely identical with that
obtained from the Kronheimer construction once reduced to the divisor.

The various inspections of this known case within the framework of different for-
malisms and using different coordinate patches provided us with the means to make
Conjecture 1.1 more robust. The main tool at our disposal is provided by the Monge—
Ampere (MA) equation for Ricci-flatness of which we develop two versions, one in
terms of the Kihler potential (e, ) (see Sect. 9.1) and one in terms of the sym-
plectic potential® G (b, ) (see Sect. 9.2). In both cases, we showed that the potential
can be developed in power series of the invariant associated with the non compact
fibers (either f or to — %) and that the MA equation imposes no restriction on the 0-th
order potentials Ko(z) or Go(v), namely on the geometry chosen for the exceptional
divisor. Rather, dealing carefully with the boundary conditions, we discovered that in
both cases the MA equation completely determines all the other terms once Ko(z) or
Go(v) are given. Hence, we can start with ICg " (w) or Qé( "%(v) as they are determined
by the Kronheimer construction and going through the power series treatment of the
MA equation we can construct a corresponding Ricci-flat metric.

The only question which remains open is whether this Ricci-flat metric is asymp-
totically locally flat. In the case of totKyyp[112) it is. This supports the conjecture. In
order to transform the conjecture into a theorem, one should first resum the series and
study the metric at large distances.

In this respect, our study of the symplectic potential produced encouraging results.
First of all we were able to construct an explicit form Gyy p[112](0, ) of such potential

4 More precisely, this metric is quasi-ALE in the sense of [28].

5 According to the terminology in [23], a wall in the space of stability parameters is of type III when it
corresponds to a degeneration which contracts divisors to curves. In this case, the noncompact component
P! x C of the exceptional divisor shrinks to C.

6 See Sect. 6 for the definition of the real variables v, tv.

@ Springer



Resolution a la Kronheimer... Page9of79 79

for the orthotoric case. The function Gyy p1121(b, tv), which is relatively simply written
in terms of elementary transcendental functions, satisfies the MA equation and can be
expanded in series of (to — %). The remarkably similar behavior of the series truncations
of the exact solution corresponding to totKyyp(112] with the same truncations of the
series determined by the MA equation for the smooth case totKp, suggests that also
in the latter case there exists a summation of the series to some simple deformation of
the function gwp[llz](n, 10).

We postpone to future publications further attempts to sum the series solution and
prove, if possible, our conjecture.

2 D3-brane supergravity solutions on resolved C3/TI" singularities

An apparently general property of the Y[I;J manifolds that emerge from the crepant
resolution construction, at least when I' is abelian and cyclic is the following. The
noncompact Y, [1;] corresponds to the total space of some line-bundle over a complex
two-dimensional compact base manifold My:

Y —> M 2.1)

According to this structure, we name u, v, w the three complex coordinates of Y[g],
u, v being the coordinates of the base manifold My and w being the coordinate
spanning the fibers. We will use the same names also in more general cases even if
the interpretation of w as fiber coordinate will be lost. Hence we have:

y=>" = {lwvw) 5 y=y* = (@0, 2.2)

An important observation which ought to be done right at the beginning is that other
Kihler metrics 8,4+ do exist on the threefold ¥[3) that are not Ricci-flat, although the
cohomology class of the associated Kéhler form K can be the same as the cohomology
class of Krrg. Within the framework of the generalized Kronheimer construction,
among such Kéhler (non-Ricci flat) metrics, we have the one determined by the Kihler
quotient according to the formula of Hithchin, Karlhede, Lindstrom and Rocek [30].
Indeed, as we show later in explicit examples, the Kéhler metric:

dspirr (Yi3) = ghpe -\ dy* ® dy?” (2.3)

which emerges from the mathematical Kéhler quotient construction and which is natu-
rally associated with Y[3) when this latter is interpreted as the space of classical vacua
of the D3-brane gauge theory (set of extrema of the scalar potential), is generically
non-Ricci-flat.

On the other hand, on the supergravity side of the dual D3-brane pair,, we need
the Ricci-flat metric in order to construct a bona-fide D3-brane solution of type IIB
supergravity. In particular, calling Y[g] the crepant resolution of the C3/ I" singularity,
admitting a Ricci-flat metric, we can construct a bonafide D3 brane solution which
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is solely defined by a single real function H on Y[g], that should be harmonic with
respect to the Ricci-flat metric, namely:

Ugrrk H = 0 2.4)

Indeed the function H (y) is necessary and sufficient to introduce a flux of the Ramond
5-form so as to produce the splitting of the 10-dimensional space into a 4-dimensional
world volume plus a transverse 6-dimensional space that is identified with the threefold
Y[g]. This is the very essence of the D3-picture.

Yet there is another essential item that was pioneered in [31-33] namely the con-
sistent addition of fluxes for the complex 3-forms . that appear in the field content
of type IIB supergravity. These provide relevant new charges on both sides of the
gauge/gravity correspondence. In [34,35], such fluxes were constructed explicitely
relying on a special kind of threefold:

Y31 = Y1421 = C x ALEr 2.5)

where ALEr denotes one of the ALE-manifolds constructed by Kronheimer [15,16]
as HyperKihler quotients resolving the singularity C?>/T" with I' ¢ SU(2) a finite
Kleinian subgroup.

As we explain in detail below, the essential geometrical feature of Y[3}, required
to construct consistent fluxes of the complex 3-forms H., is that Y3) should admit
imaginary (anti)-self-dual, harmonic 3-forms Q1 which means:

ik Q3D = +i Q3D (2.6)
and simultaneously:
dQ®Y =0 = drgQ®Y =0 @2.7)

Since the Hodge-duality operator involves the use of a metric, we have been careful
in specifying that (anti)-self-duality should occur with respect to the Ricci-flat metric
that is the one used in the rest of the supergravity solution construction.

The reason why the choice (2.5) of the threefold allows the existence of harmonic
anti-self dual 3-forms is easily understood recalling that the ALEr-manifold obtained
from the resolution of C/ " has a compact support cohomology group of type (1, 1)
of the following dimension:

dimHD (ALEr) = r where r = # of nontrivial conjugacy classes of I{2.8)

comp

Naming z € C the coordinate on the factor C of the product (2.5) and w?l’ ! a basis of
harmonic anti-self dual one-forms on ALEr, the ansatz utilized in [34,35] to construct
the required Q1 was the following:

QY = 9. (2)dz A oMV (2.9)
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where §/(z) is a set of holomorphic functions of that variable. As it is well known
r is also the rank of the corresponding Lie Algebra in the ADE-classification of the
corresponding Kleinian groups and the 2-forms wgl’l) can be chosen dual to a basis

homology cycles C; spanning H> (ALEr), namely we can set:

/ o' = 5, (2.10)
Cr

The form 2@ is closed by construction:
dQ®b =0 (2.11)
and it is also anti-selfdual with respect to the Ricci-flat metric:

dsy, = dz®dZ + dsipg, (2.12)

1+2

Hence, the question whether we can construct sufficiently flexible D3-solutions of
supergravity with both 5-form and 3-form fluxes depends on the nontriviality of the
relevant cohomology group:

dimH* (vj3)) > 0 (2.13)

and on our ability to find harmonic (anti)-self dual representatives of its classes (typi-
cally not with compact support and hence non normalizable).

At this level, we find a serious difficulty. It seems therefore that we are not able
to find the required Q1 forms on Y[g] and that no D3-brane supergravity solution
with 3-form fluxes can be constructed dual to the gauge theory obtained from the
Kronheimer construction dictated by I' C SU(3). Fortunately, the sharp conclusion
encoded in Eq. (1.5) follows from a hidden mathematical assumption that, in physical
jargon, amounts to a rigid universal choice of the holomorphic superpotential W(®P).
Under appropriate conditions that we plan to explain and which are detectable at
the level of the McKay quiver diagram, the superpotential can be deformed (mass
deformation) yielding a family of threefold Y[I;’]“ which flow, for limiting values of the

parameter (4 — o) to a threefold Y[g’]“ % admitting imaginary anti self-dual harmonic

(2,1)-forms. Since the content and the interactions of the gauge theory are dictated by
the McKay quiver of I" and by its associated Kronheimer construction, we are entitled
to see its mass deformed version and the exact D3-brane supergravity solution built
onY, 1;’“0 as dual to each other.

This will be the object of a future work. Here we begin with an accurate mathe-
matical summary of the construction of D3-brane solutions of type IIB supergravity
using the geometric formulation of the latter within the rheonomy framework [36].
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2.1 Geometric formulation of Type 1B supergravity

In order to discuss conveniently the D3 brane solutions of type IIB that have as
transverse space the crepant resolution of a C3/ I singularity, we have to recall the
geometric Free Differential Algebra formulation of the chiral ten-dimensional theory
fixing with care all our conventions, which is not only a matter of notations but also
of principles and geometrical insight. Indeed the formulation of type IIB supergravity
as it appears in string theory textbooks [37,38] is tailored for the comparison with
superstring amplitudes and is quite appropriate to this goal. Yet, from the viewpoint
of the general geometrical set up of supergravity theories this formulation is some-
what unwieldy. Specifically, it neither makes the SU(1, 1)/U(1) coset structure of
the theory manifest, nor does it relate the supersymmetry transformation rules to the
underlying algebraic structure which, as in all other instances of supergravities, is a
simple and well defined Free Differential algebra. The Free Differential Algebra of
type IIB supergravity was singled out many years ago by Castellani in [39] and the geo-
metric, manifestly SU(1, 1)—covariant formulation of the theory was constructed by
Castellani and Pesando in [40]. Their formulae and their transcription from a complex
SU(1, 1) basis to areal SL(2, R) basis were summarized and thoroughly explained in
a dedicated chapter of a book authored by one of us [41] which we refer the reader to.

2.2 The D3-brane solution with a Y[3; transverse manifold

In this section, we discuss a D3-brane solution of type IIB supergravity in which,
transverse to the brane world-manifold, we place a smooth noncompact threefold Y3,
endowed with a Ricci-flat Kdhler metric.

The ansatz for the D3-brane solution is characterized by two kinds of flux; in
addition to the usual RR 5-form flux, there is a nontrivial flux of the supergravity
complex 3-form field strengths H.

We separate the ten coordinates of space-time into the following subsets:

coordinates of the 3-brane world volume

1,2,3
5,6,7, 8,9 real coordinates of the Y variety (2.14)

2.2.1 The D3 brane ansatz

We make the following ansatz for the metric:’

1 _. 1 *
dsfio = HO. 92 (—nuwdx" @dx") + H(y. 3)? (gs}ff( dy® ® dy” )
dsy = gsgf( dy* ® dy?
det(gpio)) = H (y, y)det(g?™)
r][l,l) - diag(+a T T _) (2'15)

7 As explained in appendix A, the conventions for the gamma matrices and the spinors are set with a mostly
minus metric 2. In the discussion of the solution, however, we use ds? = —dt? for convenience. We
hope this does not cause any confusion.
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where gRF is the Kihler metric of the ¥[3) manifold
gp = 95K (3.3) (2.16)

the real function CRFK (y, ) being a suitable Kihler potential.
2.2.2 Elaboration of the ansatz

In terms of vielbein the ansatz (2.15) corresponds to

a _ S\—1/4 a
VA:{V H(y,y)V*dx*a=0,1,2, 217

3
VE=H(@y,y)'/*et ¢ =14,56,7,8,9

where e’ are the vielbein 1-forms of the manifold ¥[3}. The structure equations of the
latter are:®

0=dei—c’5ij A\ ekn./k

RY = da — &% A &% gy = RV, e A e (2.18)

The relevant property of the Y metric that we use in solving Einstein equations is that
it is Ricci-flat:

R™ =0 (2.19)

What we need in order to derive our solution and discuss its supersymmetry properties
is the explicit form of the spin connection for the full 10-dimensional metric (2.15) and
the corresponding Ricci tensor. From the torsion equation, one can uniquely determine
the solution:

wab -0
wa[ — %H—?)/Z dxanZk ak H
o™ =" + Aw™; Ao =L H el kg H (2.20)

Inserting this result into the definition of the curvature 2-form we obtain:’

1
Rj =~ [H=P0g H — B2 ocHo H | o

8 The hats over the spin connection and the Riemann tensor denote quantities computed without the warp
factor.

9 The reader should be careful with the indices. Latin indices are always frame indices referring to the
vielbein formalism. Furthermore,, we distinguish the four directions of the brane volume by using Latin
letters from the beginning of the alphabet while the 6 transversal directions are denoted by Latin letters
from the middle and the end of the alphabet. For the coordinate indices, we utilize Greek letters and we
do exactly the reverse. Early Greek letters «, 8, y, §, ... refer to the 6 transverse directions while Greek
letters from the second half of the alphabet i, v, p, o, ... refer to the D3 brane world volume directions as
it is customary in D = 4 field theories.
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RS =0

1 1 1
RI' = gH_3/2DgH8’g’ — gH_S/ZBSHBSHSE” + ZH—5/23,3H8’"H (2.21)

where for any function f (y, y) with support on Y[3;:

O 0.) = = (0 (Ve £ 0y 1)) .22)

denotes the action on it of the Laplace—Beltrami operator with respect to the met-
ric (2.16) which is the Ricci-flat one: we have omitted the superscript RFK just for
simplicity. Indeed,, on the supergravity side of the correspondence,, we use only the
Ricci-flat metric, and there is no ambiguity.

2.2.3 Analysis of the field equations in geometrical terms

The equations of motion for the scalar fields ¢ and Cjo; and for the 3-form field strength

F[];’]S and F, [§]R can be better analyzed using the complex notation. Defining, as we did
above:

He =+2e 9PFS] + 12677 F5F (2.23)
P =jdp—ise’ Fif (2.24)

Equations (2.25)—(2.26) can be respectively written as:
d(xP) —ie?dCio) A*P + 1 Hy A *Hy =0 (2.25)
dxHy — %emcm A*Hy =iFSF A Hy — P AXH (2.26)
while the equation for the 5-form becomes:
dxFEf =iy Ho AHC (2.27)

Besides assuming the structure (2.15) we also assume that the two scalar fields,
namely the dilaton ¢ and the Ramond—Ramond 0-form Cjg; are constant and vanish-
ing:

9=0; Ciop=0 (2.28)

As we shall see, this assumption simplifies considerably the equations of motion,
although these two scalar fields can be easily restored [33].
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2.2.4 The three-forms

The basic ansatz characterizing the solution and providing its interpretation as a D3-
brane with three-form fluxes is described below.

The ansatz for the complex three-forms of type IIB supergravity is given below and
is inspired by what was done in [34,35] in the case where Y3 = C x ALEr:

Hy = Q& (2.29)

where Q2D is localized on ¥, 131 and satisfies Eqs. (2.6-2.7)
If we insert the ansétze (2.28,2.29) into the scalar field equation (2.25), we obtain:

H+ A *IOHJ,_ =0 (230)
This equation is automatically satisfied by our ansatz for a very simple reason that we
explain next. The form H is by choice a three-form on Y3 of type (2, 1). Let ebl
be any three-form that is localized on the transverse six-dimensional'® manifold ¥{3;:

OBl = @,k dt! ndt! Adt¥ (2.31)

When we calculate the Hodge dual of ®! with respect to the 10-dimensional metric
(2.15) we obtain a 7-form with the following structure:

*10 08! = H™!'Volgas A O8I (2.32)
where:
Volgas = & dx" Adx” AdxP Adx® €uupo (2.33)
is the volume-form of the flat D3-brane and
BB = +, 6! (2.34)

is the dual of the three-form ®!3! with respect to the metric g defined on Y{3;. Let us
now specialize the three-form ®1 to be of type (2, 1):

ekl = Q&b (2.35)

As shown in [31,32], preservation of supersymmetry requires the complex three-form
. to obey the condition'!

* QD = Q@D (2.36)

10 For the sake of the present calculation and the following ones where we have to calculate a Hodge dual,
it is more convenient to utilize a set of 6 real coordinates ¢/ (I = 1,...,6) for the manifold Y[3;. Let

o = d%’ denote the standard partial derivatives with respect to such coordinates.

It also requires 74 to be primitive.
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Hence:
Hie AxioHy = —iQ%D A Q%Y A H Wolpas = 0 (2.37)
2.2.5 The self-dual 5-form

Next we consider the self-dual 5-form F[Ise]R which by definition must satisfy the
following Bianchi identity:

dFER =igHy A H- (2.38)

Our ansatz for F[I§1R is the following:
Fif = a (U +%10U) (2.39)
U=d (H’l V01R<1,3>) (2.40)

where « is a constant to be determined later. By construction F[§]R is self-dual and
its equation of motion is trivially satisfied. What is not guaranteed is that also the
Bianchi identity (2.38) is fulfilled. Imposing it results into a differential equation for
the function H (y, y). Let us see how this works.

Starting from the ansatz (2.40) we obtain:

1 dH

U= = Cnvo dx"* ANdx” AdxP ANdx® A 7 (2.41)
_ ] O ot ish 2.42

Upvpor = —Iewpg w7 all other components vanis (2.42)

Calculating the components of the dual form x1g U, we find that they are nonvanishing
uniquely in the six transverse directions:

*x10U = 011,“15 dt'"" A A dt

,/detg(m) !

o _ JK o po’ !
Un.as =— Tell---lsf €nvpo 8(10) 810 8(vlv0) 8(10) g?f(f)) Ut

/detg
5!

en..is0 8’ ok H (2.43)

The essential point in the above calculation is that all powers of the function H exactly
cancel so that x1oU is linear in the H-derivatives.'? Next using the same coordinate
basis, we obtain:

I
AR =t = o« —in (Vergg!” a,H) x Voly,

Og H

12 Note that we use g7 to denote the components of the Kihler metric (2.16) in the real coordinate basis
1
.
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=a g H(y,y) x Voly (2.44)
where:
Voly;, = y/detg 6’611 Igdt Iy A dtle

detg (3‘)2 €apy dy* AdyP AdYY e afy dy® /\a’yl3 A dy7(2.45)

is the volume form of the transverse six-dimensional space. Once derived with the
use of real coordinates, the relation (2.44) can be transcribed in terms of complex
coordinates and the Laplace-Beltrami operator [y can be written as in Eq. (2.22). Let
us now analyze the source terms provided by the three-forms. With our ansatz, we
obtain:

s He AHo=T(.y) x Volyy,

Jp.y) =— Qupi 5, €7 M (2.46)

1
72 /detg

we conclude that the Bianchi identity (2.38) is satisfied by our ansatz if:

1 -
OgH = - J».y) (2.47)

This is the main differential equation to which the entire construction of the D3-brane
solution can be reduced to. We are going to show that the parameter « is determined
by Einstein’s equations and fixed to o = 1.

2.2.6 The equations for the three-forms
Let us consider next the field equation for the complex three-form, namely Eq. (2.26).
Since the two scalar fields are constant, the SU(1, 1)/0O(2) connection vanishes and
we have:

dxHy =i FS A Hy (2.48)

Using our ansatz,, we immediately obtain:

d¥Hy = —2iH2dH A QD AQpis +2i H1dQPY A Qpis
iR A Hy = —20iH2dH A QD A Qpis (2.49)

Hence if @ = 1, the field equations for the three-form reduces to:
Q2D = 4, Q@D = Q@D gk Q@D = 0; aQ®D =0 (2.50)
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which are nothing else but Egs. (2.6-2.7). In other words,, the solution of type IIB
supergravity with three-form fluxes exists if and only if the transverse space admits
closed and imaginary anti-self-dual forms Q1 as we already stated.'?

In order to show that also the Einstein’s equation is satisfied by our ansatz, we have
to calculate the (trace subtracted) stress energy tensor of the five and three index field
strengths. For this purpose we need the components of FR¥. These are easily dealt
with. Relying on the ansatz (2.40) and on eq. (2.17) for the vielbein, we immediately
get:

1
Fiabed = 57 i €abed
— R
FA1...A5 - Fjlu.i5 = 56111...15 fl (251)
otherwise = 0

where:
fi=—aH*9;H (2.52)
Then by straightforward algebra, we obtain:
a RR a---- 1 a
1 [FEF | = =75 P By = —5 8 fo f7
1
= —o? - 8¢ H>?9,H 3" H
8
: 1 1
T [FAf ] = =75 F Fy = L= g8 g ST
1 . 1 .
= a? [— H™*%'Hy;H — — 8 H/*9PH apH} (2.53)
4 8/
Inserting Eqgs. (2.53) and (2.21) into Einstein’s equations:
RR
Ry = Ty | FEF ]
i _ 7i [ pRR
R =T! [F[S] ] (2.54)
we see that they are satisfied, provided
a=1 (2.55)

and the master equation (2.47) is satisfied. This concludes our proof that an exact
D3-brane solution with a Y transverse space does indeed exist.

13 By construction a closed anti-self-dual form is also coclosed, namely it is harmonic.
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3 An example without mass deformations and no harmonic Q"
Y[3] = OP2 (—3)

In [6] as a master example of the generalized Kronheimer construction of crepant
resolutions the following case was considered:

3

C
Y3 = Op2(=3) — A (3.1
3

the action of the group Zz C SU(3) on the three-complex coordinates {x, y, z} being
generated by the matrix:

e3 O 0
g=| 0 % 0 (3.2)
0 0 ¥

Following the steps of the construction, one arrives at the following nine-dimensional
flat Kdhler manifold

Sz, = Hom (Q ® R, R)%3 (3.3)
where Q is the three-dimensional representation of Z3 generated by g, while R denotes

the regular representation. The points of Sz, are identified with the following triplet
of matrices of 3 x 3 matrices:

0 0 &f 0 0 &f; 0 0 @f;
A=|® 0 0 |: B=|®% 0 0 |: c=[of 0 0
0 @4, 0 0 @, 0 0 o§, 0

(34

The nine complex coordinates of Sz, are the matrix entries @ B ¢ CDA b.c CDA 5.c

With reference to the quiver diagram of Fig. 2 which is dlctated by the McKay matnx

A;; appearing in the decomposition: '
3
Q®D; = @Aiij (3.5)
j=1
the entries <I>‘143B C ... are interpreted as the complex scalar fields of as many Wess—

Zumino multiplets in the bifundamental of the U;(N) groups mentioned in the lower
suffix.

14 D; denote the irreducible representations of the group I' = 7Z3 and each node of the quiver diagram
corresponds to one of them. The number of lines going from node i to node j is equal to integer value of
Ajj. In each node i,, we have a component U; (n; x N) of the gauge group T where n; is the dimension
of the irrep D; and N is the number of D3-branes.
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Fig.2 The quiver diagram of the
diagonal embedding of the
group Z3 — SU(3)

In the case of a single brane (N=1), the quiver group Gz, has the following structure:

. R CeCeC
Gz, =CC ¥ ————— (3.6)
central
and its maximal compact subgroup Fz, C Gz, is the following:
U ®@Uu() ®@Uul
Fzy; = U()®@U1) = ) O O 3.7

U(l)central

The gauge group F7, and its complexification Fz, are embedded into SL(3, C) by
defining the following two generators:

i00 000
tt=(0-i0]: =1]0io0 (3.8)
000 00 —i

and setting:

Fzy, = explOiti +02t2] 612 €[0,27]; Gz, = explwity +waty] w2 €C (3.9)

3.1 The HKLR Kahler potential

The Kihler potential of the linear space Sz,, which in the D3-brane gauge theory
provides the kinetic terms of the nine scalar fields dbﬁ’féc is given by:

Ko () = Tr (A* A+B'B+ C*c) (3.10)

where the three matrices A, B, C are those of equation (3.4). According with the
principles of the Kronheimer construction, the superpotential is given by W (®) =
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const x Tr ([A, B] C). The final HKLR Kihler metric, whose determination requires
two steps of physical significance:

1. Reduction to the critical surface of the superpotential i.e. 9 W = 0
2. Reduction to the level surfaces of the gauge group moment maps by solving the
algebraic moment map equations,

was calculated in [6] according with the general theory there summarized, which is
originally due to the authors of [30]. The final form of HKLR Kihler potential is
provided by:

Kukir(z,7,¢) = Ko+ ¢ €' log [T?M]

= of @61~ &) log[M1] - (61 — 262) log [ 2] |
(1] + 03+ 1)
Y1 Y>

3.11)

where, as it was extensively discussed in [7], the coefficient @ might be adjusted,
chamber by chamber, in chamber space, so as to make the periods of the tautological
line bundles integer on the homology basis.

Setting:

T = lul+ P+ 3% Yi2 = T2 = A2(%,0) (3.12)

where 713 are the three complex coordinates and ¢ = {1, {2} the two Fayet-
Iliopoulos parameters. Let us describe the explicit form of these functions. To this
effect let us name ¢1 = p, {&» = ¢, and let us introduce the following blocks:

A = \/p6 ((2p3q3 +9p2g%3 4+ 9pg? 33 +2756)% — 4 (p2g2 +3p33 + 3q23)3)
B =2p%¢> +9p°¢53 +9p*g? 53 +27p°0 + 2 (3.13)

then we have:

35,42 333 33,2 3 2
2 2 2 B
3{pq +{p +f3pq+ ;ﬁ + 244 (3.14)
3783 B VB 39233 3%
1

18 62/382/3 px3

|:22/3‘32/3 + 23/%(1124 + 3E3> + 23/5p2 (p2q2 + 3p23 + 3q23)

A (Z,p,q) =

N (2, p,q) =

2/3

VB33
x [6%%3 p2£3(p — q) — Y283 223 (p2q + 357)
423382 (p4q3+3p3q23+6p2q223+9p26+9q26>

2223 (g2 4 3pE? +3q23)2] (3.15)
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3.2 The issue of the Ricci-flat metric

One main question is whether the metric arising from the Kéhler quotient, which is
encoded in Eq. (3.11) is Ricci-flat. A Ricci-flat metric on the crepant resolution of
the singularity C?/Z3, namely on Op2(—3), is known in explicit form from the work
of Calabi'® [42], yet it is not a priori obvious that the metric defined by the Kihler
potential (3.11) is that one. The true answer is that it is not, as we show later on. Indeed
we are able to construct directly the Kéhler potential for the resolution of C"* /Z,,, for
any n > 2, in particular determining the unique Ricci-flat metric on Op2 (—3) with
the same isometries as the metric (3.11) and comparing the two we see that they are
different. Here we stress that the metric defined by (3.11) obviously depends on the
level parameters {1, £ while the Ricci-flat one is unique up to an overall scale factor.
This is an additional reason to understand a priori that (3.11) cannot be the Ricci flat
metric.

Actually Calabi in [42] found an easy form of the Kihler potential of a Ricci-flat
metric on the canonical bundle of a Kihler—Einstein manifold, and that result applies
to the cases of the canonical bundle of P>. However, in view of applications to cases
where we shall consider the canonical bundles of manifolds which are not Kéhler—
Einstein, in the section we stick with our strategy of using the metric coming from the
Kihler quotient as a starting point.

3.2.1 The Ricci-flat metricon Y[3; = Op2(—3)

As we have noticed above the HKLR Kihler metric defined by the Kéhler potential
(3.11) depends only on the variable ¥ defined in Eq. (3.12). It follows that the HKLR
Kihler metric admits U(3) as an isometry group, which is the hidden invariance of
Y. The already addressed question is whether the HKLR metric can be Ricci-flat. An
almost immediate result is that a Ricci-flat Kéhler metric depending only on the sum
of the squared moduli of the complex coordinates is unique (up to a scale factor) and
we can give a general formula for it.
We can present the result in the form of a theorem.

Theorem 3.1 Let M,, be a noncompact n-dimensional Kdhler manifold admitting a
dense open coordinate patch z;,i = 1, ..., n whichwe can identify with the total space
of the line bundle Opn-1(—n), the bundle structure being exposed by the coordinate
transformation:

1 1
z=uwn , (=1,....n=1) ; z, = wn (3.16)

where u; is a set of inhomogenous coordinates for P"~'. The Kihler potential K,
of a U(n) isometric Kihler metric on M,, must necessarily be a real function of the

15 Such metrics were also re-discovered in the physics literature in [52].
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unique real variable ¥ = Y, |z 2. If we require that metric should be Ricci-flat,
the Kdihler potential is uniquely defined and it is the following one:

n—1
n

(2" +en)f% ((n _ 1) (2" +€") L (E—nen + 1) »F) (,1,11 Lfl; 2/1;1 ; 75"2_")>

n n

Kn(Z) = k + —

(3.17)
where k is an irrelevant additive constant and € > 0 is a constant that can be reab-
sorbed by rescaling all the complex coordinates by a factor £, namely z; — £Z;.

Proof 3.1.1. The proof of the above statement is rather elementary. It suffices to recall
that the Ricci tensor of any Kahler metric g;j» = 9;9;+K(z, Z) can always be calculated
as follows:

Ric;j+[g] = 0; 0;+ log [Det [g]] (3.18)

In order for the Ricci tensor to be zero it is necessary that Det [g] be the square
modulus of a holomorphic function | F(z)|?, on the other hand under the hypotheses
of the theorem it is a real function of the real variable X. Hence it must be a constant.
It follows that we have to impose the equation:

Det[g] = 0% = const (3.19)

Let KC(X) be the sought for Kéhler potential, calculating the Kédhler metric and its
determinant we find:

Det[g] = 2" 'K(DY <E2IC(E)”+ EIC(ZY) (3.20)

Inserting Eq. (3.20) into Eq. (3.19) we obtain a nonlinear differential equation for
KC(X) of which Eq. (3.17) is the general integral. This proves the theorem. O

3.2.2 Particular cases

It is interesting to analyze particular cases of the general formula (3.17).

THE CASE n = 2: EGUCHI- HANSON. The case n = 2 yielding a Ricci flat metric on
Op1(—2) is the Eguchi-Hanson case namely the crepant resolution of the Kleinian
singularity C?/Z,. This is known to be a HyperKzhler manifold and all HyperKihler
metrics are Ricci-flat. Hence also the HKLR metric must be Ricci-flat and identical
with the one defined by Eq. (3.17). Actually we find:

Ka(S) = (22 +€2)_% ((22 +e2> 2 (z—zzz + 1)% S F) (% %; %; —@22—2>>

=VXZ 42— tlog (\/ ¥2 402 + Z) + €log(%) + const (3.21)

which follows from the identification of the hypergeometric function with combina-
tions of elementary transcendental functions occurring for special values of its indices.
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The second transcription of the function is precisely the Kéhler potential of the Eguchi—
Hanson metric in its HKLLR-form as it arises from the Kronheimer construction (see
for instance [6]).

THE CASEn = 3: Op2(—3). The next case is that of interest for the D3-brane solution.
For n = 3, setting £ = 1, which we can always do by a rescaling of the coordinates,
we find:

2/3
2241~ (1) 2 (55 -2)
ICRflat(E) = 2/3

22+ 1) - 2F (31§ )
- > (3.22)

2(23 4+ 1)

The second way of writing the Kéhler potential follows from one of the standard
Kummer relations among hypergeometric functions. There is a third transcription
that also in this case allows to write it in terms of elementary transcendental functions.
Before considering it, we use Eq. (3.22) to study the asymptotic behavior of the Kéhler
potential for large values of X. We obtain:

B0 1 1 1
Krlat () =~ X — o5 + 1555 +0 7 (3.23)

Equation (3.23) shows that the Ricci-flat metric is asymptotically flat since the Kéhler

potential approaches that of C°.
As anticipated, there is an alternative way of writing the Kéhler potential (3.22)
which is the following:

1
KRfiar(T) = —— + < (6\3/23 +1+2log (3/23 +1- 1)

23
23 s 2V 141
_log((23+1> +\/237+1+1)—2\/§tan 1(«@))
(3.24)

The identity of Eq. (3.24) with Eq. (3.22) can be worked with analytic manipulations
that we omit. The representation (3.24) is particularly useful to explore the behavior
of the Kéhler potential at small values of . We immediately find that:

Krpiar(D) % loglZ]+ == + 0 (%) (3.25)
23

The behavior of g1 (X) is displayed in Fig. 3.
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The Kaehler potential

Fig. 3 The plot of the Kéhler potential g4, (¥) for the Ricci-flat metric on Op» (—3). The asymptotic
flatness of the metric is evident from the plot. For large values of X, it becomes a straight line with angular
coefficient 1

3.3 The harmonic function in the case Y[3; = Op2(—3)

Let us now consider the equation for a harmonic function H (z, z) on the background
of the Ricci-flat metric of Y3 that we have derived in the previous sections. Once
again we suppose that H = H(X) is a function only of the real variable X, viz.
R = /. For the Ricci-flat metric the Laplacian equation takes the simplified form:

0; (gij i) i+ H ()3)) = 0, since the determinant of the metric is constant. Using the

Kihler metric that follows from the Kéhler potential K g 74, (X) defined by Egs. (3.22),
(3.24), we obtain a differential equation that upon the change of variable & = J/r
takes the following form:

3r(r+1DC"(r) + (5r +3)C'(r) = 0 (3.26)

The general integral Eq. (3.26) is displayed below:

Cr) = K+x<1og(1—Q/m)—%log((r+1)2/3+3/m+1)

—V3tan™! (2—”3;_31+1)> (3.27)
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H

—— The Harmonic H(R)

Fig.4 The plot of the harmonic function Hy¢s(R) for the Ricci-flat metric on OH»Z (-3)

k, A being the two integration constants. We fix these latter with boundary conditions.
We argue in the following way: If the transverse space to the brane were the original
C3 /Z3 instead of the resolved variety Op2 (—3), then the harmonic function describing
the D3-brane solution would be the following:

2
1
Hop(R) = 1+ -7 R=VE = |} jal? = Jr (3.28)
i

The asymptotic identification for R — oo of the Minkowski metric in ten dimension
would be guaranteed, while at small values of R we would find (via dimensional
transmutation) the standard AdSs-metric times that of S° (see the following Egs. (3.33)
and (3.34)). In view of this, naming R the square root of the variable X, we fix the
coefficients «, A in the harmonic function H,..;(R) in such a way that for large values
of R it approaches the harmonic function pertaining to the orbifold case (3.28). The
asymptotic expansion of the function: H,.;(R) = C (r®) is the following one:

R—o0 Tk 1 /1\* 1\’

Hence the function H,.; (R) approximates the function H,,;(R) if wesetx = 2, L =
L. In this way, we conclude that:

7

Hyes(R) = % (210g (m— 1) — log ((R6 —+ 1)2/3 + \B/RTH—F 1)

3/ R6
~2/3tan"! (%)) n % (3.30)

The overall behavior of the function H,.;(R) is displayed in Fig. 4.
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3.4 The asymptotic limits of the Ricci-flat metric for the D3-brane solution on
Opz (—3)

In the case of a standard D3-brane on Y31 = C> =~ R®, one writes the same ansatz as
in Eqs. (2.15) and (2.39-2.40) where now the Kéhler metric is g+ = o Rewrit-
ing the complex coordinates in terms of polar coordinates z; = €'Y’ Rcos¢, 70 =
€2 R cos x sin¢g, z3 = ¢'¥3 R sin x sin ¢ we obtain that:

3
dsgs = Y ldzi* = dR* + R*dsg;s (3.31)

i=1
where:

ds2s = dei*cos® ¢ + sin” ¢ (d<p22 cos? x + dgs? sin? x + dxz) +d$*(3.32)

is the SO(6)-invariant metric of a 5-sphere in polar coordinates. In other words, the
Ricci-flat Kéhler metric dsé3 (which is also Riemann-flat) is that of the metric cone
on the Sasaki—Einstein metric of S°. At the same time, the SO(6)-invariant harmonic
function on C3 is given by the already quoted H,;(R) in (3.28), and the complete
10-dimensional metric of the D3-brane solution takes the form:

1 1
ASToory = ——=0SRine,, + |1+ 77 (dR2 + R dsé5> (3.33)
JU+

For R — o0, the metric (3.33) approaches the flat Minkowski metric in d = 10, while
for R — 0 it approaches the following metric:

2 R>0 5 .2 R? 2
dlelurh ~ R dSMinkm + R2 +dsg5 (3.34)

——

AdSs s

Let us now cosider the asymptotic behavior of the Ricci-flat metric on Op2(—3). In
order to obtain a precise comparison with the flat orbifold case, the main technical
point is provided by the transcription of the S°-metric in terms of coordinates well
adapted to the Hopf fibration:

S 5P vpeP? nl(p)~S! (3.35)

To this effect let Y = {u, v} be a pair of complex coordinates for P> such that the
standard Fubini-Study metric on this compact twofold is given by:

R .dY Y -dY) (Y -dY
dsz, :g}’ﬁdY’ apit = 4Y-dv —( ) ( — ) (3.36)
1+Y.Y (1+y.y)
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the corresponding Kahler 2-form being Kp2 = 5- g?ﬁ. dY' A dYJ7". Introducing
the one form: Q = % whose exterior derivative is the Kihler 2-form,

dQ2 = 2w Kpz, the metric of the five-sphere in terms of these variables is the following
one:

ds3s = dsg, + (do + Q)° (3.37)

where the range of the coordinate ¢ spanning the S! fiber is ¢ € [0, 27]. In this way,
the flat metric on the metric cone on S°, namely (3.31) can be rewritten as follows:

dsts = dR*+ R*ds3, + R? (dg + Q)* (3.38)

3.4.1 Comparison of the Ricci-flat metric with the orbifold metric

In order to compare the exact Ricci-flat metric streaming from the Kiahler potential
(3.22) with the metric (3.12), it suffices to turn to toric coordinates

Z1=u%, Zz:l}%, 1323/5; Z=(1+w)f1/3,
o =u?+ % = wf? (3.39)

The toric coordinates {u, v} = ¥ span the exceptional divisor P?> while w is the fiber
coordinate in the bundle. Setting:

[\S][9%}

iy i R’
— ! — ¢! e — 3.40
we= el =e <1 +|u|2+|v|2> (.40

we obtain:

dsgfra = R(R)AR? + f(R)dsp, + g(R) (dy +3Q)°
4 6

R
R)=+vRO+1; h(R = —= R) = —— = (3.4l
FR) = ® = o AR = e G4

From Eq. (3.41), we derive the asymptotic form of the metric for large values of R,
namely:

2 R>o0 2 2.2 2 (dY g
Akl ~ AR+ K03, + R (5 +Q (3.42)

The only difference between Eqs. (3.38) and (3.42) is the range of the angular value
Q= % Because of the original definition of the angle /, the new angle ¢ € [0, 27”]
takes one third of the values. This means that the asymptotic metric cone is quotiened
by Zj as it is natural since we resolved the singularity C3/Zs.
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3.4.2 Reduction to the exceptional divisor

The other important limit of the Ricci-flat metric is its reduction to the exceptional
divisor £D. In the present case the only fixed point for the action of ' = Z3 on
C3 is provided by the origin 7123 = 0 which, comparing with Eq. (3.39), means
w = 0 = § = 0. This is the equation of the exceptional divisor which is created by
the blowup of the unique singular point. In the basis of the complex toric coordinates
Y! = {u, v, w}, the Kihler metric derived from the Kihler potential (3.22) has the
following appearance:

vi+f(m+1)4+1 _ vit w(w+1)%i
@+D2(j@+)3+1)77 @+ D2 (@ +D)3+1)7 3(f@+1)3+1)7
i . uv uit+f(@+1)*+1 w(w+1)20
Rftar @+ D2 (@ D+ D) @+ D (@ +1)3+1)7  3(f@+1)3+1)
/ u(@+1)%i v+ @+1)3
273 273 273

3(f@+1)3+1) 3(f@+1)3+1) 9(Fw+1)3+1)

(3.43)

where the invariants §, & are defined in equation (3.39). Hence the reduction in the
metric to the exceptional divisor is obtained by setting dw = dw = 0 in the line
element dsg;,, = gﬁ{ lat 1yi 477" and performing the limit f — O on the result.

We obtain:

> _ dv(dv+wuiudv —uvdi) + du (du + v vdu — u v dv)
P2 = - —\2
(1 + uu + vv)

2 ED
dsRﬂm —> ds

(3.44)
which is the standard Fubini—Study metric on IP? obtained from the Kihler potential:
KL (@) = log (1 + @) (3.45)

As we see, the metric on the exceptional divisor obtained from the Ricci-flat metric has
no memory of the Fayet Iliopoulos (or stability parameters) p, ¢ which characterize
instead the HKLR metric obtained from the Kronheimer construction. This is obvious
since the Ricci-flat metric does not depend on p, g. On the other hand the HKLR metric,
that follows from the Kiahler potential (3.11), strongly depends on the Fayet Iliopoulos
parameters {1 = p, {3 = q and one naturally expects that the reduction of ds%{ KLR
to the exceptional divisor will inherit such a dependence. Actually this is not the case
since the entire dependence from p, g of the HKLR Kihler potential, once reduced
to £D, is localized in an overall multiplicative constant and in an irrelevant additive
constant. This matter of fact is conceptually very important in view of our conjecture
that the Ricci-flat metric is completely determined, by means of the Monge—Ampere
equation, from the Kihler metric on the exceptional divisor, as it is determined by the
Kronheimer construction. In the present case where, up to a multiplicative constant,
i.e., a homothety there is only one Ricci-flat metric on Op2(—3) with the prescribed
isometries, our conjecture might be true only if the reduction of the HKLR metric to
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the exceptional divisor is unique and p, g-independent, apart from overall rescalings.
It is very much reassuring that this is precisely what actually happens.

4 The case Y — C3/Z4 and the general problem of determining a
Ricci-flat metric

The next case of interest to us at present is the resolution ¥ — C3/Z4 whose asso-
ciated Kronheimer construction was studied in detail in [7]. (A study of C3 /74 as
a noncomplete intersection affine variety in C? is presented in Appendix.) The cor-
responding MacKay quiver is displayed in Fig. 5. Differently from the case of the
resolution Y — C3 /73 studied in Sect. 3, here the HKLR Kihler metric cannot be
derived explicitly since the moment map equations form a system of algebraic equa-
tions of higher degree. Yet as it was explained in [7] one can work out the restriction of
such metric to the compact component of the exceptional divisor which is the second
Hirzebruch surface . Indeed, it was shown that the quotient singularity C3/Zy can
be completely resolved by totKy, [7], that denotes the total space of the canonical
bundle over the second Hirzebruch surface.

Hence, the main goal we would like to achieve is the construction of a Ricci-flat Kih-
ler metric on tot K, which restricted to the base [F, of the bundle hopefully coincides
with Kdhler metric on the same surface provided by the Kronheimer construction.

Being a noncompact Calabi—Yau variety the existence of a Ricci-flat Kdhler met-
ric on totKy, is not implied by the classic Yau theorem, valid for smooth compact
manifolds. To ask whether Ricci-flat metrics do exist, one has to specify boundary
conditions. We will be interested in metrics that, just as in the previous example, are
asymptotically conical, namely of the form!®

ds?(Y) &~ dR* + R%*ds*(Xs) (4.1)

for a suitable radial coordinate approaching R — oo. Essentially by definition,
dsz(X 5) is a Sasaki—FEinstein metric on a compact manifold (or orbifold) Xs. Then
we fix the boundary conditions for our metric by requiring that asymptotically it
approaches the cone over S°/Z4. With this boundary condition!” the theorems in
[28] imply the existence of a unique Ricci-flat Kéhler metric in every Kéahler class of
the resolved variety Y. Analogous existence results for isolated quotient singularities
C™/T were given in [44] and later extended in [45] and [46] for crepant resolu-
tions of general isolated conical singularities. See also [47] for of applications of the
general existence results in the toric context, including the resolution of the conical
singularities on the Y 7-9 Sasaki-Einstein five-manifolds [48].

The existence results are analogous to Yau’s theorem in the compact case. In fact,
recently there has been some renewed interest and activity in this area, with some new
results concerning for example the existence of Sasaki—Einstein manifolds, outside the

16 Note that without specifying the boundary conditions there can exist more than one Ricci-flat metric.
Explicit examples of nonasymptotically conical Ricci-flat metrics in six real dimensions can be found in
[43].

17 The results in [28] require some more precise estimate on the fall-off of the metric at infinity.
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Dy

Fig.5 The quiver diagram describing the c3 /Z4 singular quotient and codifying its resolution via Kahler
quotient a la Kronheimer. The same quiver diagram codifies the construction of the corresponding gauge
theory for a stack of D3-branes. Each node is associated with one of the 4 irreducible representations of Z4
and in each node we located one of the U;j (1) groups with respect to which we perform the Kihler quotient.
This is the case of one D3-brane. For N D3-branes, all gauge groups Uj(1) are promoted to U; (N)

toric realm. These results are related to the idea of “stability”. For reference, recent
work on this subject include [49,50].

For many purposes, knowledge of the existence of a metric, together with some
of its key properties, can be sufficient for extracting interesting physical information.
This is true also in the case of the AdS/CFT correspondence. However, if one is
interested in constructing the metrics explicitly, namely write them down in some
coordinate systems, then the existence theorems are not helpful, because they are not
constructive (as far as we know).

The classic examples of explicit Ricci-flat Kéhler metrics in real dimension
four include Eguchi-Hanson, Gibbons-Hawking, Taub-NUT, Atiyah-Hitchin. In real
dimension six, for a long time the resolved and deformed metrics on the conifold sin-
gularity constructed by Candelas and de la Ossa [51] were the only (nontrivial) known
examples of explicit Ricci-flat Kdhler metrics. The so-called resolved conifold metric
is a metric on the total space of the vector bundle O(—1)®O(—1) — P!, the isometry
group is SU(2) x SU(2) x U(1) and asymptotically it approaches the cone over the
Sasaki-Einstein manifold T!-! (with the same isometry). In other cases, different kind
of resolutions exist, where instead of a P! one replaces the singularity with a compact
four-dimensional manifold (or orbifold) M4. A general ansatz that yields explicit
Ricci-flat Kdhler metrics was constructed by Page and Pope (in any dimension) [52],
but this is somewhat limited as it assumes that the metric induced on My is Kdhler—
Einstein. Explicit Kdhler—Einstein metrics on smooth four-dimensional manifolds are
known only for My = P? and M4 = P! x P'. The former leads to the construc-
tion of an explicit Ricci-flat Kéhler metric on the total space of Op2(—3) = totKpe,
which is the resolution of the quotient singularity C*/Z3 and was fully described in
Sect. 3 (see also [42]). The latter leads to the construction of an explicit Ricci-flat
Kéhler metric on the total space of tot Kp1, p1, which is the resolution of the conical
singularity (conifold)/Z,. The corresponding Sasaki—Einstein manifolds at infinity
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are, respectively, S° /73 and TI’I/ZZ. For the case of totKpi,pi, a generalization
was constructed [53], namely an explicit Ricci-flat Kidhler metric that depends on
the two independent Kihler classes parameters: This construction, however, uses the
SU2) x SU(2) x U(1) symmetry and as a result the metric is co-homogeneity one,
although it does not fit in the ansatz of [42,52]. Recently, the ansatz of [42,52] was used
to produce explicit Ricci-flat Kdhler metrics on the canonical bundle of generalized
flag manifolds [54]. Extensions that include the dependence on several Kihler class
parameters have appeared in [55,56].

4.1 The Ricci-flat Kahler metric on totK,

The metric that we shall present in the sequel has some distinctive features that are
shared with an explicit Ricci-flat Kéhler metric on tot K, , where [y is the first Hirze-
bruch surface, i.e., the first del Pezzo surface dPy, constructed in [57]. This metric is
many ways “more complicated” than all the other metrics mentioned above. Let us
summarize some of its salient properties:

1. Asymptotically it approaches the cone over the Sasaki-Einstein manifold'® Y21,

2. The isometry group is SU(2) x U(1) x U(1).

3. It is cohomogeneity two. In particular, there is a homogeneous base, given by a
round P!, and then the metric depends nontrivially on two coordinates.

4. Itis toric, in that there is a U(1)? € SU(2) x U(1) x U(1) subgroup of isometries
that leaves invariant the Kdhler form, and contains the torus of the toric threefold
totK,. This group allows one to introduce three moment map coordinates and
three angular coordinates (“action-angle” coordinates system).

5. Tt also possesses an additional “hidden symmetry” corresponding to the existence
of a so-called Hamiltonian two-form [14], that implies the existence of a coordinate
system (called “orthotoric”) in which the metric components are all given in terms
of functions of one variable.

6. Imposing this extra symmetry, however, comes at the price of loosing one of the
two Kéhler class parameters. Indeed it was later demonstrated in [29] that the two-
parameter metric (that is known to exist thanks to the general theorems of [45,46])
does not posses such Hamiltonian two-form.

7. The metric induced on exceptional divisor M4 = | is obviously Kaihler, but it is
not Einstein. Indeed, a Kdhler-Einstein metric on IF; does not exist.

8. In [14] (further explored in detail in [59]), it was shown that this metric is part of
a family of (in general only partial'®) resolutions of the conical Ricci-flat metrics
on the whole family of Y79 Sasaki—Einstein manifolds.

9. In [29],, it is given a relation between the orthotoric coordinates and a set of com-
plex coordinates that is well adapted to the complex structure of tot K, , with one

18 Incidentally, Y21 can also be viewed as circle bundle over 1. See Sect. 5 of [58].

19 This means that for general p and g the compact divisor My has orbifold singularities [14,59]. This
is because the metric ansatz is “too simple” to account for all the necessary Kéhler class parameters; but
completely resolved metrics are known to exist [47]. For the special case p = 2 and ¢ = 1 the metric
is completely smooth. We also note that in [14] were constructed different types of partial resolutions,
corresponding to various “chambers”. Moreover, the paper discusses the case of general dimension, while
for our purposes, we shall focus on the case of real dimension d = 6.
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complex coordinate on the noncompact fiber C, one coordinate on the fiber P! in
IF; and one coordinate on the base P! in F;.

10. A set of local complex coordinates explicitly related to the orthotoric coordinates
was given in Sect. 2.2 of [14]. It would be interesting to work out the relation
between these and the complex coordinates defined in [29].

Since, similarly to 1, also [F, does not admit a Kihler—Einstein metric, the Ricci-flat
metric on totKg, cannot be found through the Calabi ansatz [42,52]. We expect the
Ricci-flat metric on totKp, to share many features with that on totKy, , summarized
above. One difference is that at infinity it must approach the cone over the Sasaki—
Einstein orbifold S°/Z4, as opposed to the cone over the Sasaki—Einstein manifold
Y21, The Ricci-flat metric on totKp, will also be toric and moreover it should have
again isometry group SU(2) x U(1) x U(1). This immediately implies that the metric
should be co-homogeneity two and in practice it leads to PDE’s in two variables. For
example, one can write the Monge—Ampere equation for the Kéhler potential as a PDE
in two variables, or similarly the corresponding equation for the symplectic potential.
Without further assumptions, these equations are unlikely to be solvable in closed
form.

A natural assumption to make is that the metric admits a Hamiltonian two-form,
namely that it can be put in the orthotoric form. This is natural because the partial
resolution of all the Y77 singularities arise in this ansatz, with p = 2, ¢ = 1 giving
the complete resolution above. Strictly speaking the p > ¢ > 0 should hold, however,
it is known that by performing a scaling limit of the Y 7-¢ Sasaki—Einstein metrics, one
can recover the limiting cases Y77 = SS/ZQP and Y70 = T“/Zp, suggesting that
the partial resolution metrics may also be extended to these regimes of parameters.2.

5 A general set up for a metric ansatz with separation of variables

In the sequel, we begin by considering a metric on a 6-dimensional manifold Mg
which is Kéhler and by construction admits SU(2) x U(1)xU(1) as an isometry group.
This metric depends on two functions Y (s) and P(¢) of two real coordinates s, ¢
invariant with respect to the isometry group. The other coordinates are four angles,
with ranges and periodicities specified according with the following summary table:

s<-3,-3<1<0,0<0<m ¢el0,27],7el0,27], x €[0,37] (5.1)

[\S1[9%}

The metric, which is defined by means of the following vielbein
1
E = 5 «/E do
2 1 :
E- = 3 st sin 0d¢

1 —t
3=_ il Y (s)ds
2V3+s

20 1n fact, in Appendix A of [14] the metric ansatz of [52] is recovered in a limit.
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1
E* = E«/t—sP(t)dt

5 1 1 2dx
e I:—Et (dr +(1 = cosf)de — T) +dx]
T
] 1 1 2dx

is derived, by generalization, from the orthotoric metrics discussed in?! [14,59] where
the relation of latter with the metrics on Sasakian 5-manifolds Y77 is also presented.
Although in those references,, it was assumed that p > ¢ and presently, we will
consider setting p = g = 2 and show that this yields an orthotoric metric that we
shall identify as a Ricci-flat Kéhler metric on totKwyp[112]. The asymptotic metric
corresponds to a cone over the limiting case Y2 = S°/Z4 of the Sasaki-Einstein
manifolds Y79 [48].

The line-element:

6
a2 = Y (1) (5.3)
i=1
_ 1 2 20\, B=DTE)? 1 2 42
= st (de +sin2 0d¢ >+ Gy BT P0ia
B+s) 1 2dy g
SR N e 0y — 29X 14 ’ 5.4
o et CACRTEUTEE RS T

is Kidhlerian by construction since it admits the following closed Kéhler 2-form:

Kort = E1 AN Ex + E3 AN Es + E4 A Eg
1 1 1 2 1
= E{t [—Ecoseds/\d¢+§<ds/\dt—§ds/\dx>+5ds/\d¢]—ds/\dx}
1

1 1 2 1
+§ {s [—ECOSthAd(}.’)-FE (dt/\dr— gthdx) —I—Ethdd)] —thd)(}

1
+Zszsin9d0 Ade (5.5)

Indeed K is closed by construction,, and it is a Kéhler 2-form since we have:

6 6
1 . .
Kort = z ZZJijEl A E/ (56)

i=1 j=1

2l particular, see the line element (4.1) in [59], after correcting some typos in that expression. The relation

to our coordinates is given by t = y — 1, s = x — 1. Moreover, we have Opere = OGtheres Phere = Ptheres aS
2

well as xhere = Tthere, There = 2Ythere + 3 Tthere-
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where:

?=-1 (5.7)

is an antisymmetric tensor which squares to minus the identity, namely it is a frame-
index complex structure tensor.

It should be noted that the Kihler form in Eq. (5.5) is independent from the two
functions Y (s) and P(¢), namely it is universal for an entire class of metrics.

5.1 The orthotoric metric on tot Kyyp[112]

Within the general scope of the above described setup we have that the metric (5.4)
is Ricci-flat for the following choice of the two functions parameterizing the line-
element:

1
;i Pt) = —/—— (5.8)
%s2—s+3 —%tz—t

Y(s) =

With the choice (5.8), from Eq. (5.4), we obtain:

L[4 (% s+ g) [(5+ 1) dx — 1[0 = cos0)dg + dr1]°

2 _
dsthWPnlz] T4

r—s

462t +3) ([3 + 1) dx — Ls1(1 = cos 0)do + dr1]’
+
3(s — 1)
ds*(t —s)  3dt*(s —1)
% L5+ % (2t +3)

st (sin2 0de> + d92> n (5.9)

The reason for the subscript tot Kyyp(112) is that the Ricci flat metric (5.9) turns out
to be defined over the total space of the canonical bundle of the (singular) projective
space W P[112] namely on totKwp(112]-

It is a simple matter to verify that asymptotically, for s — —oo, the metric (5.9) is
indeed approximatively conical, and therefore Quasi-ALE [28]. To see this, one can
sets = —%RZ, so that

2 Rooo o0 2.2
Ok~ AR+ RSk, (5.10)

@ Springer



79  Page 36 of 79 M. Bianchi et al.

at leading order in R. Since the metric is Ricci-flat Kihler, and it takes the form of a
cone over a five-dimensional space, it follows that locally the five-dimensional metric
ds§(5 is a Sasaki—FEinstein metric. In appendix B we discuss the metric dsg(5 in more
detail, showing that X5 = S° /Z.4, with a specific Z4 action.

As we will show in sect. 8, the metric induced by (5.9) on the exceptional divisor
WP[112] is the same as the one obtained on that space while resolving a C3 yym
orbifold singularity by means of the Kronheimer construction localized on the unique
type III wall W, displayed by its chamber structure (see sect. 6.4 of [7]).

5.2 Integration of the complex structure and the complex coordinates

In their algebraic geometry description, the varieties of the type here considered are
complex threefold K3 that are canonical bundles of some compact Kihler twofold D,
which, on its turn, is the total space of a line-bundle over Py:

Mg = K3 - Dy 255 P, (5.11)

This hierarchical structure implies a hierarchy in the complex coordinates that can be
organized and named in the following way according with the nomenclature of [7]:

u = coordinate on the IP; base of D, ; v = coordinate on the fibers of D,

w = coordinate on the fibers of 3 (5.12)

This structure is reflected in the integration of the complex structure that can be deduced
from the combination of the Kéhler 2-form with the metric.

5.2.1 The path to the integration

Indeed, having the metric and the Kihler form we can construct the complex structure
tensor. Then we try to integrate the complex structure we have found. This is very
important in order to organize the fibred structure of the manifold. First from Eq. (5.2),
one reads off the vielbein E ;L defined as:

E' =Ejdx"; x" = {s.1.0.¢.7.x} (5.13)

The 6 x 6 matrix E L depends only on the s, ¢ variables and on the angle 6 (as we will

see 6 can be traded for the coordinate p = tan % and in the symplectic formalism it
is a moment variable). The true angular variables are the phases of the three complex
coordinates namely ¢, T, x. As a next step, one introduces the inverse vielbein which
is just the matrix inverse of E L according with the definition

EI"LE;‘ = 5; (5.14)

This enables us to write the differentials of the coordinates as linear combinations of
the vielbein dx* = E;‘E’.
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THE COMPLEX STRUCTURE TENSOR IN COORDINATE INDICES JW. Using the viel-
bein matrix and its inverse,, we can convert the frame indices of the complex structure
tensor to coordinate ones and we get:

0 0 0 0 —irer —sxer
0 0 0 0 —3@+nP@®)? —31P1)?
0 0 0 csch —tan § 0
R =T S R
_z(gséj'%)é? ) (5?3%)([)2 g 8 3 g
36—DY )2 3(—s)P(1)?

(5.15)

5.2.2 Integration of the autodifferentials

The matrix JW has three eigenvectors corresponding to the eigenvalue i and three
corresponding to the eigenvalue —i (their complex conjugates). The three eigenvectors
corresponding to i are the rows of the following matrix

_ I 105 0 001
Yo =11ir)? liG+nP®? itn§ 010 (5.16)
0 0 —icsc/ 100
combining with the differentials Y’ = Ylidx“ we obtain three closed one-forms

d (d Y ) = (0 that can be integrated to yield the three-complex variables u, v and w.
THE COORDINATE u is obtained from the integration of d¥3:

0 .
u=expi /(—i csc0dd + d¢) = tan Ee@ (5.17)
THE COORDINATE v is obtained from the integration of dY?:
. I 2 .0 I 2
v =expi dt~|—§1(3+t)P(t) dt+1tan§d9+§1T(s) ds
2 6 it
= cos EH(I) WY(s)e (5.18)

where we have introduced the following new functions of ¢ and s:

t s
H(t) =exp (—% / B+ x)P(x)zdx> ;o W(s) =exp <—% / T (x)? dx)
const —0Q
(5.19)
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THE COORDINATE w is obtained from the integration of dY . Here we are not assisted
by SU(2) invariance to define the exact coefficient in front of the differential. We
choose a coefficient that appears reasonable from the result and what we obtain is
either the coordinate w of other approaches or a power w“. In the sequel comparing
with the construction from the iterative procedure, we will see what is the correct
identification of the power a. At the beginning, our educated guess suggests the use
of a coefficient 4/3. So we set

isY(s)>

4 1
=expi= [ (dyx + =it P(1)%dt
w exp13 /( X+21 (1) + 61 2

ds) — (s)K (1) I (5.20)

where we have introduced the new functions:

D(s) = exXp ( /S ! (x)zd ) ; K@) = €Xp < /t P( )2 d )
s 3 —00 X + 3 * ’ 3 COnStx * *

One necessary property that must be possessed by the function ®(s) is:
d(-3)=0 (5.22)

which defines the exceptional divisor at w = 0

Notice that with the ranges of the coordinates that we specified in (5.1), we see that
u is a complex coordinate on a P!, while v and w are complex coordinates on two
copies of C.

6 AMSY symplectic formalism and transcription of the metric in this
formalism

According to the formalism introduced by Abreu [60] and developed by Martelli,
Sparks and Yau [61], in the case of toric Kihler varieties of complex dimension n, one
can find moment maps ' and angular variables ©; such that the Kihler 2-form takes
the universal form:

n
K=Y du' rd® 6.1)

i=1

At the same time there exist a function G (i) of the n real moment variables, named
the symplectic potential, such that the metric takes the following universal form:

A3y = Gijdp'dp + (G*‘) i140;d0); (6.2)
where by definition: G;; = 0; ;G is the Hessian of the symplectic potential and

(G™!) ¥ is the inverse of the Hessian matrix.

@ Springer



Resolution a la Kronheimer... Page390f79 79

In our case the three angular variables are @ = {¢, 7, x} and the Kihler form is
given by K as defined in Eq. (5.5). Transforming the pseudo angle 6 to the variable p
by setting & = 2 arctan p and implementing such change of variables in the Kihler
form we obtain:

6tp%ds Adg
02
202%dt A d¢>
1 4 p2
12stpdp A d¢:|
(14 02)°

—2@+1t)ds ndy

1
KZE[3tdS/\dT+

+3s (dt Andt +

—2(3 +s)dt Adx + 6.3)

which is compatible with Eq. (6.1) if the coefficient of each of the three angular
variables t, x , ¢ is a closed differential that can be integrated to a single new moment
coordinate function of the real coordinates p, s, . Hence we introduce the vector of
moments:

w={u, v, w} (6.4)
and the Kihler 2-form (6.3) can be rewritten as:
K=dundp+dondt+drondy (6.5)
provided we have defined the coordinate transformation:

wo SEPT st L 3 —sG+0) (6.6)
= ) = — = —(— — 8 .
2+ 202 4 6

The unique inverse transformation of the above coordinate change is the following
one:

B
I

(—40 — 610 4 /—1440 + (40 + 6m)2>

6.7
(—2n — 3 — \/4(=9 + v)v + 12010 + 9m2) ©D

W= O\

5y
I

The new real coordinates are named u,v,tv with gothic letters since they are the sym-
plectic counterparts of the complex coordinates u, v, w yet, differently from the latter,
we do not need the complex structure to find them and hence they are independent
from the metric.
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6.1 Transcription of the metric in the toric symplectic form

At this point, we try to rewrite the metric depending on the two functions:

—1
M(s, 1) = /;T T(s): D(s, 1) =i—sPt) (6.8)
s
in the symplectic form (6.2). Setting:

M(s,t) = Mo, w) =M ; O(s,1) = F(o,w) =7F;

Q = 4(=9 + v)b + 12010 + 9> 6.9)
we easily derive that ds2,, takes the form (6.2) with the following matrix G;;:

o

o1 = w2 — 2w
1
G2 = u— 2o
G13=0
2 2
| o F(-20-3m+v2+9) M (20+3w+v2-9)

P2=5 T 2 Q * Q

Gr3 = % {32 [8n2 +o (24m N/ 54) — 32w —3) («@— 3m)]

o [802 Yo (24m F4vQ— 54) +3Q2w —3) (3m n \/5)]]
!

Gys =+ [4&2 (—2n 3w+ «@)2 + 42 <2n ¥ 3w+ \/5)2] (6.10)

It remains to be seen if we are able to retrieve the symplectic potential from which the
above matrix is obtained through double derivatives.

With some integrations and some educated guesses, we find that the form (6.10) of
the matrix can be reproduced if we write the symplectic potential as follows:

G(u,0,m0) = Go(u, v) + G(v, to) 6.11)
where
1 u
Go(u,v) = 3 (—u+ulogu) —vlogv + (—E + n) log(—u+20) (6.12)

and where G (v, tv) is some function of the two fiber coordinates v,to only. With this
choice the matrix Gj; becomes:

1
_quZun u—2v 0
Gij=| v —wiser P00 w) ¢ (v, w) (6.13)
0 G (v, o) G2 (v, o)
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and the full-fledged expression of the line element can be obtained by substitu-
tion. Comparing the obtained result with Eq. (6.10), we easily see that the functions
M(v, o) = M(s, t) and §(v, wv) = (s, r) can be expressed in terms of the deriva-
tives G20 (v, 1), G2 (v, 1v), but in order to avoid other functions we get a second
order differential constraint on the symplectic potential G (v, tv) that relates its mixed
derivatives to G20 (b, m),G 0.2) (v, 10). This differential is expressed in a simpler way
by means of the original coordinates s, . We shall presently derive it. We anticipate
that its solution very strongly limits the possibilities so that it has to be discarded. In
other words, we have to accept a generic function G (v, tv) and try to match it with the
boundary conditions on the exceptional divisor.

6.2 Orthotoric separation of variables and the symplectic potential
In order to compare the generic metric in symplectic formalism provided by the

symplectic potential displayed in Eqs. (6.11), (6.12) with the following two-function
metric:??

1
ds%fu” = ZSt (d¢2 sin? 6 + d92>

l ! 2d 2
i |4 5t (400 —eoston +ax )|

1 ! 2d x 2
+W[dx_is <d¢(1_C059)+dt—_3 )]

1 1
+Zd12<1>(s, 1%+ stzM(s, 1)?
(6.14)

we make the following steps. First we regard the function G(v, tv) as a function
only of # and s, as it is evident from the transformation rule (6.7), and we write:
G(v, ) = I'(z, s). By means of the transformation (6.7), we can rewrite the generic
metric (6.2) produced by the symplectic potential (6.11-6.12) in terms of the variables
s, t, instead of v, tv. The result coincides with ds% fun 33 given in Eq. (6.14) if the
following conditions hold true:

o2 r'@,s) 1M( 1)? 02 I'(,s) 1c1>( 1)?
— ,8) = — S, sy T ,8) = — S,
952 4 912 4

81“(; ) aF(z )+ (s — 1) o T(t,s) =0 (6.15)
o 0F o 0F s asar YT '

The first two equations in (6.15) just provide the identification of the two functions
M(s,t) and (s, t) in terms of second order derivatives of the symplectic potential.
On the other hand, the last equation of (6.15) is a very strong constraint on the function
I"(z, s) which severely restricts the available choices of I'(¢, s).

22 At this level we do not require M (s, t) and O (s, t) to have the specific form of Eq. (6.8)
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6.3 The symplectic potential of the Ricci-flat orthotoric metric on totKyyp[112;

In the case of the canonical bundle tot Ky p[112], whose Ricci—flat metric is given by
Egs. (5.9), (5.8) imply

rO2 ) = (s — )Y (5)? _ s(s —2 1)
) a6 +3) (3 -5 +3)
= TE)Pl=—o——
<2§—2 —s+3)
1 s—t
F(Z’O)(I,S) — —P(l)z([ )=
)
1
P() = —5——— 6.16
= P@®) T 043 (6.16)

By means of two double integrations and modulo linear functions in s, ¢ (they are
irrelevant for the metric), we determine the explicit form of the potential I'(¢, s):

1
Lwpiats) = 557 {—7 [(St st + 35)log(2s% — 35 +9)

+2(s + 3)(t + 3) log (s + 3) — 8stlogt
+ 2(25 + 3)(21 + 3) log(2 + 3)]

3 —4s
— 6ﬁ(st + s 4+t — 6) arctan } (6.17)
37

The function I'wpi12)(f, s) satisfies by construction the differential constraint
encoded in the third of Eq. (6.16). Using the transformation rule (6.7) we can rewrite
it as a function of the symplectic variables v, tv. In this way,, we arrive at the following
symplectic potential where we have used the liberty of adding linear functions of v
or tu to obtain the most convenient form of its reduction to the exceptional divisor,
located at v = % The function

Gweriiiz) (0. 10) = ﬁ {7 [6(2m ~3)log (—m — 20— 3w+ 9)

160 log (/m — 20— 3m)2

—2(8v — 1210 + 9) log <\/m — 20— 3w+ g)

+2(4v + 3w) log (% [4m+ 8v + 1210 + 9]2 + 1)]
4m+8n+12m+9)

—4+4/7(40 — 3(10 + 3)) arct
(4o (o ))arcan( Wi

34359738368 5
_—— + 2«ﬁ(8n — 27) arctan —

- I
o +9)log —o33543 7 }

(6.18)
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is expressed in terms of elementary transcendental functions, yet it has the remarkable
property of satisfying the Monge—Ampere equation for Ricci-flatness, so that it may
be called “the miraculous function”. On the exceptional divisor it reduces to

1 9
Dwp(i121(0) = Gwepiz (v, 3) = T [80 log (1602> + (9 — 8v) log (5 - 40)] . (6.19)

7 Kahler metrics on Hirzebruch surfaces and their canonical bundles

For the case of the canonical bundle on I, which is the complete resolution of the
C3/7Z4 singularity, we have additional information that is relevant and inspiring for
the general case.

Let us summarize the main points. According to the results of [7], there is a well
adapted system of complex coordinates that arise from the toric analysis of C3/Z4
and of its resolution. These coordinates are named as follows: z; = {u, v, w} and
are defined on a dense open chart reaching all components of the exceptional divisor.
Their interpretation was already anticipated in Eq. (5.12) and it is the following.
The coordinate w spans the fibers in the canonical bundle Y = Fy while u, v
span a dense open chart for the base manifold (i.e. the compact component F, of
the exceptional divisor £D). In particular since [F, is a P! bundle over P!, namely
Iy 5 P!, the coordinate u is a standard Fubini-Study coordinate for the base P!
while v spans a dense open chart of the fiber P'. This set of coordinates can be used
for any [F,, Hirzebruch surface with n > 1. The action of the isometry group (1.8) on
these coordinates was described in [7] and it is as follows:

Vg:(iZ)ESU(Z) : g(u,v,w):(au+b v (cu+d)", w>

cu+d’
Vg =-explifi] € U(1), g, v,w) = (u, expliflv w)
Vg =-explif] € U), g, v,w) = (u, v, explifr]w) (7.1)

The above explicit action of the isometry group on the u, v, w coordinates suggests
the use of an invariant real combination

—— (1+ u |2)" v 2 12)

and the assumption that the Kihler potential K, of the Kéhler metric gr, should be
a function (up to trivial terms Re f(z)) only of @;:

K:]Fn = Gyu(my) (7.3)

The function G, () should also depend on two parameters (we name them £,o)
which are associated to the volumes of the two homology cycles of [, respectively,
named Ci and C, that also form a basis for the homology group of the total space
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Y, namely the canonical bundle on F,,. Indeed the homology of Y coincides with the
homology of the base manifold [F,,.
Introducing the Kihler two form:

i

Kr, = gaélqgn (7.4)
we need to find:
Kr, = iaﬁ; Kr, = 2(2—}-0{)6 (7.5)
ca 16 c 16

where £ is a dimensionful parameter providing the scale and « is some dimensionless
parameter parameterizing the ratio between the two volumes. The two toric cycles
C1 > are respectively defined by the following two equations:

Ciev=0 C & u=0 (7.6)

As pointed out in [7], in addition to the above two properties of the Kéhler form, if
we consider the Ricci two-form of the Kéhler metric on [,

Ricp, = %aélog[det@m)]; gl = 904 Ks, i=12 j*=1°2" (1)

we must find:

/ Ricp, = 2 —n; / Ricp, = 2 (7.8)
C C

It appears that Eqs. (7.5-7.8) are strong constraints on the function G, (). It is inter-
esting to see how they are realized in the metric on [, obtained from the Kronheimer
construction. We will show this below.

7.1 The metric on [F; induced by the Kronheimer construction

In [7], relying on the Kronheimer construction, we have constructed an analytically
defined Kéhler metric on the total space of the canonical bundle of F,. The Kihler
potential has only an implicit definition as the largest real root of a sextic equation. Yet
its reduction to the compact exceptional divisor, which is indeed the second Hirzebruch
surface, is explicit and the Kéhler potential of this metric can be exhibited in closed
analytic form. We think that this information is very important for the comparison
between the parameters of the Ricci-flat metric appearing in supergravity with those
emerging in the Kronheimer construction that are the Fayet Iliopoulos parameters of
the dual gauge theory.

Following the chamber structure discussed in [7], we choose the chamber VI defined
by the following inequalities on the three Fayet Iliopoulos parameters ¢ 2 3:

O—o-03<0; -Oa+o-3>0; -0+ <0 (7.9
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and chamber VIII, defined instead by the following ones:
O-0-053<0; -0+o-03<0; —G-0O+83<0 (710
Inside those two chambers we make the choice:
= =r H=QC+ur; r>0 (7.11)

For o > 0 we are in chamber VI, while for « < 0, we are in chamber VIII. Fora = 0,
we are instead on the wall where the nonsingular variety:

Y = totKp, (7.12)

degenerates in

Y; = totKwp(i12) (7.13)

denoting by totK 5, the total space of the canonical bundle of a Kéhler manifold (or
orbifold) M.

The solution of the moment map equations for the two independent moment maps
reduced to the exceptional divisor by performing the limit w — 0 is the following
one:

2(a + 2) /@ /vv ’
_ Va2 +6aw + o2+ 8w +3a+w +4
o 202 4 6a + 4

Va2 +6aw +w(w +8)+a+wm
Th=T3 = :

1

(7.14)

The complete Kihler potential of the quotient is made of two addends, the pull-back
on the constrained surface of the Kéihler potential of the flat ambient metric plus the
logarithmic term:

2 10
Kguotient = Ko + ¢1€" logTy; ¢ = | -1 2 -1 (7.15)
—

King 0 —-12

In the present case, we explicitly find:

a<\/oz2+6otw+w(w+8)+2w+l)+\/ot2+6aw+w(w+8)+a2+3w
Ko =2

\/a2+6aw+w(zzr+8)+ot+w
(7.16)
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and

Vol +6aw + w2 +8w +3a+w +4
202 4+ 6o + 4

o Vol +6aw +w(w +8) +a+w@
—2a
& 2a+2) Voo

Kiog = 2(a + 1) log

(7.17)

By explicit calculation, we were able to verify that the Kihler potential of the quotient
Kquotiens yields a metric satisfying all the constraints (7.5-7.8). We show this in
Sect. 8.3.

8 Reduction to the exceptional divisor

In this section we consider the reduction to the exceptional divisor for a generic metric
of the class described in Sect. 5, emphasizing that the Kihler metric induced on the
divisor is completely determined by the real function P(#) of the real variable . We
carefully consider what are the differential constraints on such a function required
by the topology and complex structure of the second Hirzebruch surface I, showing
that they are all met by the P(#) function that one obtains by localizing the general-
ized Kronheimer construction of the C3/Z4 singularity resolution on the exceptional
divisor.

8.1 The reduction

The reduction to the exceptional divisor is obtained in the Kihler form and in the
metric by setting s = —3. The Kihler form on the divisor is the following one

1
Kep = 55 (=91 sinfdf Adp —9di AdT +9 (cost — ) di Adg)  (8.1)

while the metric is the following one:

9[dt + (1 — cos0)d?
At + 3)P(1)2

1
dsip = —%d@z +sin® 0dg?) + 2 (0 +3)P(1)’de® + (8.2)

and it is completely determined by the function P (¢). For the choice:
1

2, \2
P(t) = (—gt —z) (8.3)

it is the metric on the orbifold W P[112] while for other choices of P(t), obtainable
from the Kronheimer construction, dséD can indeed be a good Kihler metric on the
second Hirzebruch surface IF5.
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From Eq. (8.1) specifying the Kihler 2-form of the exceptional divisor and Eq. (8.2)
providing its Kédhler metric, we immediately work out also the complex structure tensor
that has the following appearence:

0 0 0 —3(t+3)P®)?
0 0 csch —tan %
Jgp = 6sin? . (8~4)
—(t+3)3p(2t)2 —sind 0 0
(t+3) P (t)? 0 0 0

8.2 Topology and the functions of the t coordinate

We have two important informations on the topology of 2, which provide an extremely
selective test in order to know whether a certain metric is indeed defined on [F, or on
some different twofold, may be degenerate. The tests are related with the integrals
of the Kéhler 2-form K and of the Ricci 2-form Ric on the two toric curves Cj 2
respectively defined by the vanishing of either coordinate (u, v)

Ci={v=0: C={u=0} (8.5

Indeed, as we illustrated in Sect. 7, we must find

K # oo; K # o0; K #0; K # 0;
Cq Cy Cq Cy

/ Ric = 0; / Ric =2 (8.6)
Cq C

The explicit reduction of the Kihler form Kp, to the two cycles Cy and C3 is very
simple when Kp, is written in the basis of the real coordinates (¢,0,7,¢). Indeed in
order to set v = 0, we have just to look for the zeros of the above defined function
H (t) that depends by integration from P (¢). Let us suppose that H (—|tfmax|) = 0. We
obtain the reduction of the Kéhler form to the cycle C; by setting t = —|#max| = const
< 0, while we get the reduction to the cycle C; by setting 6 = 0.

3 3
Kley= 7 lmax| sinfdo Ad: Kle,= —7di ndr 8.7)

Hence we see that in order to get [F; as exceptional divisor we need two conditions,
that are necessary, although not sufficient.

1. |tmax] #0
2. the range of the coordinate t must be finite [—|fnax |,—|fmin|] in order to get a finite
size for the cycle C»

If the zero of the function H (¢) is at t=0,, we immediately know that there is a degen-
eration and this is indeed the case of WP[112].
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If we integrate the complex structure of the exceptional divisor displayed in Eq. (8.4)
with the same method we used for the whole 6-dimensional space, we find that the
coordinate u is exactly the same as in Eq. (5.17), while for v we find:

6 .
v = H(t)cos® Ee” (8.8)

Comparison with the result for v in the entire space (Egs. (5.18-5.19)) tells us that the
function W (s) must be finite and nonvanishing at s = —3 in order to have a consistent
reduction to the divisor:

V(=-3)=1;, P(-3)=0 (8.9)

The normalization W(—3) = 1 can always be obtained by an irrelevant rescaling in the
definition of v if —3 is not a zero of W(s) while it must be a zero of ®(s).

8.2.1 Interpretation of the function H(t)

From the explicit integration of the complex structure, we obtain a very important
interpretation of the function H () in relation with the complex Kihler geometry
of the exceptional divisor. Since the Kihler metric on this twofold has isometry
SU(2) x U(l), SU(2) acting on the u variable by linear fractional transformation
and on v by multiplication with the u-compensator (cu + d)?, as described in Eq.
(7.1), the Kihler potential X can be a function only of the invariant combination
@ = w, defined in Eq. (7.2). Relying on the representation of # and v derived from
the integration of the complex structure, we easily obtain:

0 0 2
o = c0s45 (tan2 7+ 1) H()? = H@)? (8.10)
It follows that:
t = H (Vo) (8.11)

where H~! denotes the inverse function. Since the range of /@ 1is [0, oo], it is
necessary that the inverse function H~! maps the semi-infinite interval [0, co] in a
finite one [—|fmax |, —|fmin|] defined by:

~lmax| = lim H7' @) ~|tmin| = lim H™'(1) (8.12)
w—0 w — 00
8.2.2 Topological constraints on the function P(t)
Given the above topology results characterizing the second Hirzebruch surface and
considering the metric of the divisor as given in Eq. (8.2) and its Kihler form (8.1)

we immediately obtain the conditions on the function P (¢). Indeed, while calculating
the Ricci form, we can specify integral differential conditions on P (¢) from the values
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of its periods mentioned above. We know the explicit form of the complex structure
on the exceptional divisor that is obtained by reduction to s = —3 of the complex
structure pertaining the full 6-dimensional manifold Mg. The complex structure of
the exceptional divisor was displayed in Eq. (8.4). The Ricci form can be calculated by
setting its antisymmetric components equal to Ric;; = Jl.k Ryj where Ry is the standard
Ricci tensor. In this way we obtain the following general result that exclusively depends
on the function P(7):

0
Ricep = A(1)sin0 d A dp + B(t) sin? S At Adg + Endi Adr (8.13)

where 2((¢), B (t), €(¢) are functions of the ¢-variable expressed as rational functions
of P(¢) and its first and second derivative with simple 7-dependent coefficient. We do
not write them explicitly for shortness. Then the Ricci 2-form can be easily localized
on the two cycles C and C3, yielding:

Ricle, = A(—|fmax|) sin0dO Ad¢ ; Ricle, = €(t)dt AdT  (8.14)

Hence, in order to realize the second Hirzebruch surface, not only the range of  must
have finite extrema [—|fmax |,—|?min|] but we should also have:

_‘tn‘lax‘
A ([ max]) = O / ¢ty dr =2 8.15)

[min|

8.2.3 The relation between the function P(t) and the Kahler potential }C(@) of the
exceptional divisor

Our goal is that of determining a Ricci-flat metric on the canonical bundle tot K, , start-
ing from a given bona fide Kihler metric on the second Hirzebruch surface, described
in terms of the real variables ¢, 6, T, ¢. In the complex description, any Kéhler metric
is determined by a suitable Kéhler potential; given the isometries and their realization
on the chosen complex coordinates u, v, the Kéhler potential for the F, surface is a
real function of the invariant combination & defined in Eq. (7.2) which we generically
denote IC(@ ). Therefore it is important to determine the relation between the real vari-
ables and the standard complex ones at the same time with the relation between the
Kihler potential () and the function P(¢) which determines the metric in the real
variables. In this respect,, the essential point to be stressed is that the relation between
the real variables and the complex ones is not universal and fixed once for all, rather
it depends on the choice of the Kéhler potential or viceversa of the function P(¢).
Hence, it is convenient to introduce a name for the inverse function:

H ' (Vo) = Gr(») (8.16)

and find its differential relation with the Kéhler potential which follows from a com-
parison between the metric as determined in complex Kihler geometry from (e )
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and as written in real variables. For convenience,, we rewrite the general real form of
the metric on the exceptional divisor in the following more compact way

3 1
dstp = -1 1[d6% + dp? sin> 01 +F (1) di*> + a0) [dT + (1 —cosO)dp] > | ;

metric on P! connection on the U(1) bundle

F(t) = —%(t +3)P(1)? (8.17)

which clearly displays the fibred structure of the exceptional divisor.
Next we convert the metric in Eq. (8.17) using the substitution rule

= 1. v 1. u
t = Gr(w), 6 = 2arctanuii, t = —51 log <5>, ¢ = —Ellog (§> (8.18)

In this way,, we transform the metric (8.17) to the complex coordinates «, v and we
compare it with the generic metric obtained from a generic Kihler potential (). We
find that the two metrics coincide provided the following two conditions are satisfied:

2
t = Gr(w) = —gw?)wiC(ZU);

P(t) = £+ > (8.19)

2\/—w (3 = 2000y K@) (00 KA(e) + 0y o0 K ()

Given the Kihler potential KC(zor), which is supposed to depend also on a deformation
parameter, the above equation (8.19) allows to rewrite the same metric in real coordi-
nates, provided one is able to invert the first formula, namely, to find @ as a function
of ¢ and of the deformation parameter «.

8.3 The Kronheimer Kdhler potential for the [F; surface and its associated P(t)
function

From the Kronheimer construction of the C3 /Z4 resolution reduced to the exceptional
divisor we have the Kahler potential derived in Sect. 7.1. The result obtained in Eqgs.
(7.15,7.16,7.17) can be summarized writing the following general form of the Kahler
potential:

9
IC]FZ(ZD', a) = T {—4(a+ 1) log (\/a2+6azzr +w2+8w +3a+w+4>

4[0{(\/0(2+60(w+w(w+8)+2w+1>+\/a2+6aw+w(w+8)+a2+3w]

\/a2+6aw+w(w+8)+a+w

+8+16log?2 (8.20)

\/oz2+6ozw+w(zzr+8)+a+zzr
+4a log
JT
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where for additional convenience we have changed the overall normalization of the
metric multiplying by a 9/8 factor, have disregarded the irrelevant addends propor-
tional to log[v v] and have added a convenient constant addend. For «=0 the surface
described by the Kiéhler metric corresponding to the potential (8.20) degenerates into
the singular W P[112] while for other values of o such that 0 <| @ |< 1 we have a
metric on a smooth [, surface.

8.3.1 The degenerate case WP[112]

It is interesting to see how we recover the degenerate case W P[112] from the general
case. Setting =0 we obtain:

Kwepni2)(@) = 421 [32:\/%) + log (w +Vo (o + 8)) -2 —410g2}

32 (w + Jo(w + 8) + 8) N 812
o =——
Vo (@ +8) (o + Vo (@ +3)° 32t +3)

t=—

8.21)

This implies that the interval [0,00] of @ is mapped into the interval [0,-3/2] and
this suffices to guarantee that the cycle C; is contracted to zero as we have already
explained. Finally, for the function P (), using the above general formulae, we get:

[ =3

8.3.2 The smooth FF; case

First we can verify that when « is either —1 or —2, the surface degenerates, as the
metric depends only on the variable # and no longer on v. Using the formula (8.19),
we can calculate  and P (¢). We find the following relatively complicated answer:

t = Gr(w) Nt
= w = —_—
T Dr

N7 = =3 {a4 +oaw [3w <\/a2+6otw +w(w +8) + 16)

+8\/052 +6aw + @ (w +8) + 3w2]

+4? (\/ozz +6aw +w(w+8)+w +8)

+a’w [6 (\/ot2 + 6w +w(w +8) + 2) + 19w]

+a3 <\/a2 + 6aw + @ (@ + 8) +9w)}

2
Dr = /a2 + 6aw + o (@ +8) (\/a2 f 60w + (@ +8) +a+ w) (8.23)
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The new function Gr(zw) maps the interval [0,00] of @z into the interval
[—%‘", —%(4 + 3a)] so that the range of the negative variable ¢ is

3 3a

and, as expected, the cycle C does not shrink to zero unless « = 0. Quite surprisingly
the function G (w) can be easily inverted and we find:

He, @ 6412 — 9a2 (8.25)
w = ) = —————————— .
540 + 481 + 72

while for P(r) we get:

(8.26)

27a? + 432at + 1921(t + 3)
P(t,a) = 2
(t 4+ 3)(9a + 81 + 12) (9 — 6412)

and we verify that

/| =3

which is the correct result for the singular case WP[112]. In terms of the function
F (1) parameterizing the metric (8.17) we have:

4 (2702 + 4320t + 192t (1 + 3))
3(9a + 8t + 12) (6412 — 9a?)

1 1 1 1
=5 -3 +— (8.28)
2\E+r 3Ca+dH+t 1—F

The above structure of the function F (¢, ) is very much inspiring. As we see, it is just
the sum of three simple poles that are alternatively simple poles of the d¢2-coefficient
and zeros of the coefficient of the (dt + (1 — cos(8)d¢)>-term. The range of the
variable 7 turns out to be the interval between two such poles where the sign of the
function F(z) is the correct one for in order for the metric (8.17) to have Euclidean
signature. The three poles are:

F(t,a) =

3a 3 3a
;i h=—=0CBa+4); 3 =— (8.29)
8 8
We also see what is the mechanism of the degeneration producing the singular
W P[112] case: the two poles #; and #3 come to coincide and the coincidence point is
zero. This produces the vanishing of the C-cycle as we explained above.
Substituting the function F(¢, o) as given in Eq. (8.28) into the metric we get a
final form of a specific Kédhler metric on the second Hirzebruch surface which follows
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from the Kronheimer construction. This metric provides the boundary condition for
the Ricci-flat metric on the canonical bundle totKr, which must reduce to it when
settingds = 0,dx =0ands = —3.

VERIFICATION OF THE TOPOLOGICAL CONDITIONS FOR THE KAHLER METRIC OF
F;. As a matter of check we calculate the periods of the Kihler and Ricci 2-forms
also in the real formalism, obtaining the following expected result which holds true
for0 <] o |< 1:

2
/K:9_a : /sz ; /Ric:O ; /Ric:Z (8.30)
i 16 C 16 for Cs

The above result for the Kahler form is immediate once the function P(t) = P (¢, o)
is specified. It is instead interesting to see the subtle way in which the result for the
Ricci form is obtained independently from the value of «.

Calculating the Ricci tensor of the metric in Eq. (8.17) with the function F (¢, o)
of Eq. (8.28) we find the symmetric matrix Ric which, multiplied by the transpose of
the complex structure (8.4) with P (¢) as in Eq. (8.26) produces the Ricci form Ricgp
with the structure displayed in Eq. (8.13) and the following explicit expressions for
the functions () and &(¢).

(8t — 30)(Bax + 81) (270> Bar + 4) + 51213 + 576(3r + 4)1? + 216a%1)

A(r) = 5
8t (90{2 + 144at + 641 (t + 3))
(8.31)
d 864(a + )(a +2) 3> +8Ba +4)t) 3Ba+4)
&)= —-U@); U@ = ( 3 )—
dt (9a2 + 144at + 64t (t + 3)) 81
(8.32)
We immediately see that — || = —%‘" is a zero of 2A(¢) so that fCl Ricep = 0,
while setting as we must —|tin| = —%(305 + 4) we obtain:
U(—ltnw) = U(—ln) =2 = [ Ricep = 0 (833)
c

8.4 The exceptional divisor in symplectic coordinates.

Considering next the description of the 6-dimensional manifold Mg in terms of sym-

plectic coordinates {u, v, 1o, ¢, T, x} (see Sect. 6) we easily find that the localization
3

s = —3 of the exceptional divisor corresponds to v = 5, dio = dx = 0. Hence
defining
3
D) =G (v.5 ). (8.34)
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where G (v, tv) is the variable part of the overall symplectic prepotential, we obtain
that the Kéhler metric on the exceptional divisor has also a description in terms of a
symplectic potential given by

D(u, v) = Go(u, v) + D(v) = D(v) + (n . g) log(20 — 1)

1
—I—E(u logu —u) —vlogv (8.35)
with moment and angular variables ' = {u, v}, ® ;i = {¢, 7} and line element as
follows:
dsgp = Dijdp'dp! +(D™1)1d©;de), (8.36)

where the two matrices are:

___vov 1 B u(vQo—uw)D”(v)+u) u
Dij — ( uzr2uu u—20 u >; (D—l)z_/ — ( UZDu”(D) UDi’(n)) (837)

/!
ww D) = e RRO) (o)

Reduced to the exceptional divisor, the coordinate transformation (6.6) is very simple.
We have: u = %t(—l 4+ cosf), v = —% So if we declare that the function D(v) =
I1(), is a function of r we obtain D" (v) = % I1”(¢) and replacing these transformation
in (8.34-8.35) we obtain that the line element in symplectic coordinates coincides with
the line element of Eq. (8.2) provided that:

_4m"()

— . 2 _
D) =T11(t); P(t)" = 13

) = —%F(t) (8.38)

So the function F(¢) determining the Kéhler geometry of the exceptional divisor,
linked to its Kéhler potential by Eq. (8.19), is just 4/3 x the second derivative of the
nonfixed part of the symplectic potential.

THE CASE OF THE KAHLER METRIC ON F, WITH GENERIC «. Applying the above
scheme to the Kéhler metric on F, induced by the Kronheimer construction, namely
utilizing in Eq. (8.38) F(¢) = F (¢, «) as given in Eq. (8.28) we obtain the following
differential equation:

1 1 1
D'(0; ) = 16 8.39
(0; @) (27a—32n+36+320—9a+9a+320> (8:39)

which, modulo linear functions implies D(v, @) = Dr, (v, &) where

1 1
D, (v, @) = Svlog (1024n2 — 81a2) + 57 (27 = 320 4 36) log(2Ta — 320 + 36)

9 320 0
+3—2a arctanh <9—> 3 (8.40)

o
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We also find:
1 8 . .
Dr, (v,0) = —1—6(—9 + 8v) log (3 — §n> +vlogv modulo a linear function of v (8.41)

For « = 0 this is the correct result for WP[112].

9 The Monge-Ampére equation and its series expansion

In this section, we arrive at the core of the issue, i.e. the construction of Ricci-flat
metrics on the spaces we are concerned with. The common general feature of these
is that they are the total space of the canonical bundle of a complex two-dimensional
compact Kihler manifold Mgy, the exceptional divisor when the total space is the
full or partial resolution of a quotient singularity. In this interpretation,, the base of
the canonical bundle is indeed the exceptional divisor produced by the blow up of an
isolated singular point.

The additional common structural feature of the Ricci-flat metrics we want to con-
sider is, as we already stressed several times, the group of continuous isometries that
they should possess, mentioned in Eq. (1.8). The action of Gjg, on the three com-
plex coordinates u, v, w that originate from the integration of the complex structure
was displayed in Eq. (7.1). The presence of these isometries imposes very stringent
constraints on the Kihler metric that are most efficiently handled at the level of the
potential 3 from which the metric can be obtained by means of derivatives. The con-
dition of Ricci-flatness of the metric is translated into a nonlinear differential equation
to be satisfied by the potential 3 that we name the Monge—Ampere equation.

As we have seen in the previous pages, there are three equivalent formulations of
the Kéhler geometry of the toric six-dimensional manifolds Mg we are concerned
with:

A) The complex setup where the geometry is encoded in the Kihler potential 3 =
Ku,v,w, i, v, w)

B) The symplectic setup where the geometry is encoded in the symplectic potential
T = G (u,v, W)

C) The hybrid setup where the geometry is encoded in the symplectic potential, but
instead of the coordinates v, w we use the coordinates s,¢ related to them by the
coordinate transformation (6.6-6.7).

Correspondingly there are, to begin with, two formulations of the Monge—Ampere
equation, one for the Kéhler potential, one for the symplectic potential. In both cases
the constraints imposed by the chosen isometries reduce the effective potential to be a
function of only two real variables so that the Monge—Ampere equation is a nonlinear
partial differential equation in two variables. At this point, the symplectic case still
splits into two versions depending on whether we employ the pure symplectic variables
or the hybrid ones s, 7.

In all formulations, as we show below, the equation has the property that we can fix
as boundary condition an arbitrarily chosen Kihler metric on the exceptional divisor.
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9.1 The Monge-Ampére equation for the Kadhler potential

We begin with the Monge—Ampere equation written in terms of the Kihler potential.
It follows from the chosen isometries that the Kahler potential C must be a function
only of the two invariants:

f=lwl? o= <1+|u|2)2 [v)? or T=d+w—Jo(@+8 O

so that we can set:
K =G@,f) or K=G(T,%) 9.2)

The use of the alternative combination 7 simplifies the Kihler potential in certain
cases.

The Monge—Ampere equation in this setup is simply the statement that the deter-
minant of the Kéhler metric is constant. Indeed in the complex coordinate setup the
hermitian Ricci tensor is obtained from the logarithm of the metric determinant in the
same way as the Kihler metric is obtained from the Kihler potential:

. a 0 0 .
RlCij* = 8_Zl azjw 10g [detg]’ g = gij* = a_Zl az]* G(Tv f)’ Zl = {M, v, w}
9.3)
Hence if
detg = « 94

where « is a constant parameter, the Ricci tensor is necessarily zero and we have a
Ricci-flat metric. The Monge—Ampere equation is obtained by replacing in Eq. (9.4)
the expression of det g in terms of derivatives of the Kéhler potential G(7, f). Relying
on the definition of the invariants provided in Eq. (9.1), we obtain:

473600 (T §) {G“’-”(T, ) [(72 187 — 16) GYOT H+T (72 - 16) GO (T, f)]
+ [G“”) (T, {(72 18T — 16) GLOT H+T <7’2 - 16) G20 (T, f)}

-7 (72 - 16) G0 (T, f)z]} = k(T +4*
(9.5)

One can solve the Monge—Ampere equation in the above form by developing the
Kihler potential in power series of f:

G(T.f)=Go(T)+ Y Gu(D)f" 9:6)

n=1
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where Go(7) is the Kihler potential of a convenient Kihler metric defined over the
exceptional divisor.

Indeed it is a property of the considered system that inserting (9.6) into the Monge—
Ampere equation (9.5), the function Go(7) corresponding to the Kihler potential
of the Kihler metric on the exceptional divisor is undetermined, while all the other
G, (T) functions can be iteratively determined in terms of the previous Gy, (7).

As we discussed before, itis quite remarkable that on the exceptional divisor located
at s = —3 the Ricci-flat orthotoric metric (5.9) reduces precisely to the Kidhler metric
on WP[112], which was obtained in [7] from the Kronheimer construction while
performing the partial resolution of the C*/Z4 singularity on a type III wall.

9.1.1 Recursive solution for the Kahler potential in the case totKyyp[112]
In this section, we present the recursive solution of the Monge—Ampere equation which

was obtained by means of a dedicated MATHEMATICA code using as zeroth order
Kahler potential the following one

Go(T) =4log T+ T (9.7)

which yields the Kronheimer Kihler metric on WP [112].
The Kihler potential of the full metric on totKwy p[112] can be expressed as follows

N T 1 Pya(?) K
G(T.f)=4logT +T + 3 (k; WD T s« ) (9.8)

where the symbol P»;_»(7) denotes a polynomyal of degree 2k — 2 in the variable
T . The remarkable feature is that the coefficients of the polynomials Py _»(7) are all
integer numbers whose decomposition into prime factors involves prime numbers of
increasing values. We show the first 6 of these intriguing polynomials
k=1|Py(7T)=2
k=2|Py(T) =112+ 167 + T2
k=3|Ps(T)=2(10112 + 40007 + 40877% + 3077 + T*)
k = 4| Ps(T) = 6563840 + 43473927 + 92595272 + 8262473 + 71127+ +
3507° 4 87°
k=5|Ps(T) = 3128950784 + 29198254087 + 9872670727 % + 1503016967 +
133542407 + 131392077
+ 760647 ° + 281277 + 4978
k = 6| Pio(T) = 1980772122624 + 23879837286407 + 11184590356487 % +
2567546716167
+ 322046218247+ + 31288048647 + 33116992076 +

2066691277 + 97590478 + 288867

+ 407710
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9.2 The Monge-Ampére equation of Ricci-flatness for the symplectic potential

According to [60,61], the condition for Ricci-flatness can be written as a differential
condition on the symplectic potential which is the following

n
Det [G,-j] = const x Exp Z MG 9.9)
h=1
where ¢ are some constants. In the case of our general metric with isometry

SU(2) x U(1) x U(1), the symplectic form of the Monge—Ampere equation simplifies
since we have the particular form (6.13) of the matrix G;;. Indeed we find:

o]

detHes = Det [Gl]] = m

I:g(l,l)(n’ )2 — G0 (v, 10)G20 (v, m)] (9.10)

This facilitates the study of the Ricci-flatness condition because the coefficients c*
and c® are already fixed by the need to reproduce the u-dependence of detHes. We
easily find:

KGOV (0,10) 2610 (0,10) ;2

Exp[—20,G(u, 0, 10) — 20y G(u, 0,10) + k0 G(u, v,10)] = — 5
us —2up

©.11)

Hence in the symplectic formalism the Monge—Ampere equation for Ricci flatness
reduces to the following relation:

et G0N 2000wy gDy )2 — GO (0, 10)G2O (v, W) = 0(9.12)

imposed solely on the function of two variables G[v,0].

We have explicitly verified that the function Gy pr1121(v, tv) defined in equation
(6.18), which corresponds to the orthotoric Ricci-flat metric on tot Ky p(112] satisfies
Eq. (9.12) with:

8 72¢3
k=— ; c¢c= ¢
7

(9.13)

9.2.1 Discussion of the boundary condition

As we show below, differently from the case of the Monge—Ampere equation for the
Kihler potential in the symplectic case, there is a subtle issue concerning the choice of
boundary condition to be imposed on the function while restricting it to the exceptional
divisor. The important point is that at the level of the metric the limit tv — % should
reproduce the metric on the divisor derived from the potential D(v) = G (n, %) There
are only two ways to obtain this. If the symplectic potential G (b, tv) is holomorphic at
= % and admits a Taylor series expansion in tvo — % we are obliged to impose that
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0w G (b, 1) be a constant at to = % and this results in a recursive solution with coeffi-
cients that are rational functions of increasing order and can hardly define a convergent
series. Furthermore, the only known solution of the Monge Ampere equation, provided
by the function (6.18) corresponding to the orthotoric metric on totKwyp[;12] has not
this holomorphic behavior. Indeed Gyy p[112](v, ) provides a paradigmatic example
of the other possible boundary condition which foresees a logarithmic singularity of
the symplectic potential while approaching the exceptional divisor:

3
w—5
Go,w) ~ (w—3)log(v—3) + G +O(w—3)  (9.14)

In the sequel we show that with the second type of boundary condition we can recon-
struct the known solution Gy p(112](v, tv) of equation (6.18) and also derive a series
solution pertaining to the smooth F; case which displays the same general features as
Gwepri12](v, ). Unfortunately, up to the present moment we can only give numerical
evidences of the last statement.

In view of what we explained above we skip the details concerning the first type
of boundary condition (holomorphicity at to = % and jump directly to the case of a
logarithmic singularity at to = 3. Indeed, a logarithmic singularity is known to be the
correct behavior to ensures smoothness of the toric Kihler metrics near to divisors
[60,62,63].

9.3 The boundary condition with a logarithmic singularity at v = 3

We implement the second type of boundary condition requiring that following two
properties should be preserved:

a) The symplectic potential G(b, tv) has a finite limit for to — %

b) The limit for v — % of the bundle metric should be exactly the exceptional divisor
metric (8.36-8.37)

Namely we must have:

lim, G(v, ) = D(o):  lim, ds;,,,, = dsgp (9.15)
mﬁi ma‘j

To discuss this alternative boundary condition, it is convenient to use rescaled variables
defined as follows

9
x =20; y=23w; y=§+a)=>a)=3(m—%) (9.16)
In terms of such variables the Monge—Ampere equation (9.12) becomes

cXx exp [—8 Q(O’l)(x, w) — 49(1’0)()6, w)]
GV, )+ 692 (x, )G (x,w) = 0 (9.17)
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Instead of assuming that G(x, w) is holomorphic at @ = 0, we impose that it has a
logarithmic singularity of the form w log w. Indeed this is the unique alternative way
in which the metric on the total space can reduce to the metric exceptional divisor in
the limit @ — 0. Furthermore, this behavior for v — % is precisely that displayed
by the symplectic potential Gy p[112](v, tv) explicitly written down in Eq. (6.18).
Hence we assume the following different series expansion which isolates a logarithmic
singularity at w = 0:

G(x. ) = o loglo] + Go(x) + Y "G (x) (9.18)

k=1

The function Gy (x) is free. All the functions G (x) (k >1) are determined in terms of
Go(x). For instance we have:

Go(x) = Go(x)
1 e 4%y
Gi(x) = s log| —

8 Gy (x)
o) — 32x2G) (x) — 12xG( ()2 + 16x2G0 ™ ()G (x) + 2G{ (x) — 2xGo® (x) + x2Go™ (x)
2= 256x2G (x)?
1
90 = SRearig 0

(—48x2 (16g0<3>(x)x2 + 7) Gl (0)* — 48x (12x3g0<4> (x) — 5) Gl
+4 (14460P (025" — 18609 ()x* + 3860 (0 + 1260 @ (02 = 11) G ()
+2x (—152x290(3)(x)2 + (72609 (00 + 4) 0P ()

—x (609 @)x? = 6607 (x)x + 260V (1)) ) G5 () + 93 (x6¥ () = 2607 () ?)
(9.19)

9.3.1 Recursive solution of the symplectic Monge-Ampére equation in the case
where the smooth [, surface is at the boundary

Relying on the results of the previous subsection we consider the case where the
symplectic potential at the boundary (i.e. on the exceptional divisor) is the one yielding
the Kronheimer Kéhler metric on [F,. In terms of the x variable and setting, A = %oz
the function in Eq. (8.40) can be rewritten as follows:

1 1
Go(x, A) = leog (4x2 — A2> + = Alog (

A+ 2x
8

A —2x

1 9 9
+§ <3A —2x + E) log (3A —2x + 5) (9.20)
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from the formal solution discussed in the previous section we obtain:

| A2 )

2e [A2 +4x2 — 6(2A + 3)x]

o Ner1(x, A) 4y

9.21
Dy11(x, A) ©20

1
+§ w logw +
k=1

where Ni41(x, A) and Dy41(x, A) are polynomials whose degrees are as follows:

degree [ Njt1(x, A)] = 6k; degree [Dyt1(x, A)] = Tk (9.22)

Hence the degree of the coefficient of @**! in the series expansion is a rational function
of x of degree —k, a feature that looks promising for convergence.

By means of a dedicated MATHEMATICA code we can calculate the polynomials
Nit+1(x, A), Diy1(x, A) to any desired order. For reason of typographical space, we
display here only the first terms up to order k = 2.

Na(x) = —3888x* — 864x7 + 128x% — 5184x*A — 576x A + 720x3 A% — 1536x* A?
+480x3 A3 — 81A% 4+ 162x A% — 120x2A% — 108A7 + 108x A — 36A°
N3(x) = 49152x'% — 811008x'1 (3 +2A) — 891A%(3 +2A)*
+108xA%(3 +2A)3(810 + 1080A + 421A%)
—36x2A%(3 + 2A)2(23652 + 31536A + 10961A2)
+384x0A% (31347 + 41796 A + 12692A2)
+1024x 1942039 4 56052A + 18412A%)
—1536x7 A%(—9963 — 19926 A — 8238A% + 412A%)
—1536x A*(15795 + 31590A + 19092A% + 3368A%)
—3072x7 (28431 + 56862A + 41124A% + 10568A3) + 576x* A*(35721 + 95256 A
+83151A% +26196A° + 1655A%)
+256x8(—137781 — 367416A — 270540A% — 34128A3 + 23272A%)
+864x3 A*(—6561 — 21870A — 17739A2 + 3402A3 4 8805A% + 2558A°)
Dy (x) = 128x2(=9 + 4x — 6A)(—18x + 4x2 — 12xA + A%)?
D3(x) = 9216x*(9 — 4x + 6A)2(4x? + A% — 6x(3 +2A))*

Hlw

9.3.2 Numerical study in the case A =

Since so far we have not been able to guess the sum of the series in terms of elementary
or higher transcendental functions, to get some understanding of the solution,, we have
resorted to a numerical study of the approximants to the solution obtained by truncating
the series in Eq. (9.21) to various orders performing the plots.

The relevant thing is that for the special value A = 0 of the parameter we know
the exact sum of the series. It is provided by the symplectic potential (6.18) which
pertains to the case of tot Kyyp(112]. This fortunate occurrence enables us to compare
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the plot of the exact function with those of its approximants. This comparison, as we
are going to see, turns out to be quite inspiring since it elucidates the meaning of
certain oscillatory behaviors of the approximants that are completely analogous in the
case A = 0, where we know the sum of the series and in the case A > 0 where the
sum is unknown.

In terms of the variables x and w, the symplectic potential of the orthotoric metric
takes the following explicit expression:

1 9 9\?
gA:()(X,a)):ﬁ 7| (4w + 16x) log 2—\/(x+w+2) —B8x—x—-w

9\ 2
—2(4x — 4w —9) log \/<x+a)+2) —18x —x—w

2
1 9\?
+(4x 4+ 2w+ 9) log 567 4\/<x+a)+2> —8x+4x+40+27| +1

(x+o+2)" = 18x +4x + 40 +27

W7
34359738368 5
—(r +9)log — e+ 24/7(4x — 27) arctan %} (9.23)

4
—2/7(4x = 2w — 27) arctan

For comparison, we choose the series solution in the case A = %. This value, corre-

sponding to o = %, introduces various simplifications in the solution and, for no other
good reason, provides a good reference point.
In this case the symplectic potential takes the following appearance

9 7 8
GA:%(x, w) = 3 |:8x log (4x — 76) + (27 — 8x) log <— — Zx) + 6arctanh?xi|

1 1 2(27 — 8x)%x Nk+1 (x) S
—wl —wl
glog(@) + golog <e[16x(4x —2)+ 9]) * Z  Dry1(0

(9.24)

Nk+l (x)

k1 (X
lated by means of a computer programme up to order k = 10 and higher. We rather

present the plots of such approximants. Let us first consider the plot of the function
Ga=o(x, w) displayed in Fig. 6.

As we distinctly see from the picture, the exact function, namely the sum of the infi-
nite series in w defines parametrically a perfectly smooth surface in three dimensions
that, however, features a nontrivial structure provided by a sort of smooth bending along
a line that starts approximately at x = %, o = 0 and goes up towards x = %, w = 0.

The geometrically meaning of this bending is not entirely clear, yet one can guess
that it corresponds to a transition region from a near divisor geometry to an asymptotic
geometry that is that of a metric cone over the Sasakian orbifold S° /Z4.

We omit the explicit presentation of the rational functions that we have calcu-
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Fig. 6 Plots of the exact symplectic potential Ga—q(x, w) for small values of the distance w from the
exceptional divisor (plot on the left) and extending to large values (plot on the right)

0

2
5

Fig. 7 Plots of the exact symplectic potential Ga —q(x, @) compared to its approximants of order 6 and 7
respectively: on the right for small values of , on the left extending to large values of w

It is now interesting to compare the behavior of the exact function with its approx-
imants obtained truncating the series to various orders. Let us now consider the plots
displayed in Fig. 7.

In the plot on the right, the surface plotted in the middle is the sum of the series
(i.e. the exact function), while the other two surfaces, respectively bending, one up,
the other down, are two consecutive approximants (the first of even order, the second
of odd order). As we clearly see, the series converges to the exact function and does it
rapidly, in the region before the bending structure illustrated above. As we come close
to such a line of bending, the series no longer converges and its various truncations
oscillate violently creating a peculiar canyon.

@ Springer



79  Page 64 of 79 M. Bianchi et al.

Let us now compare this behavior of the case A = 0 with that of the series solution
for A = %. To this effect let us consider the Fig. 8. The structure of the plots of
the truncated series are qualitatively the same in the case A = %, as they are in
the case A = 0. Furthermore, in a completely analogous way to the case A = 0,
for small values of w and x also the series representation of GA_ 3 (x, ) converges

rapidly to some well defined function while approaching the region of the bending
it starts oscillating. Hence we are led to conclude that we should be able to retrieve
an analytically defined solution of the Monge—Ampere equation for the symplectic
potential which reduces to the Kronheimer metric on F» at @ = 0. It is a matter of
finding some alternative way of summing the series by a smart change of variables or
by means of some smart integral transform.

9.4 The Hybrid version of the Monge-Ampére equation

The most promising setup to study the MA equation for the symplectic potential is
the hybrid one. Working in the s, # coordinates defined in Egs. (6.6—6.7) and setting
G(v, w) = I'(¢,s), the equation (9.12) is transformed into the following one:

1 . 648 644
- t = — 9.25
AN T T T o ©-25)
where:
oo 8(s + DI'OD ¢z, 5) — 8t + DI L0z, 5)
- s —1t
B=T%2¢ r®0q, )
2
A= (r““)(z, §) =T )+ (s — HTED(, s)) (9.26)

It is an important observation that the term A is the square of the constraint whose van-
ishing implies the orthotoric separation of the s, # variables (see the last of Eq. (6.15).
It is interesting to see how with this separation of variables, namely when A4 = 0, the
differential equation (9.25) does indeed split in two equations, one for the ¢ variable,
the other for the s variable. On the other hand the equation for the 7 variable implies
the W P[112] symplectic potential.

The argument goes as follows. Generalizing the structure of the known solution for
the case W P[112] we introduce the following ansatz:

L, 1) = —%(2S + 3)II(t) + P(s) + (s + 3) <Q(t) - %(r + 3) log(s + 3))
+51Y1(s) 4 (s + 1)Ya(s) (9.27)

where I1(¢) is an unknown function of ¢ that we would like to identify with the
symplectic potential of the exceptional divisor metric and Y7 7 (s) are also two unknown

@ Springer



Resolution a la Kronheimer... Page650f79 79

Fig. 8 Plots of approximants of even and odd order of the function QA_ 3 (x, w) the sum of whose series
4

representation is unknown. As in the other cases the plot on the right is for small values of w and displays
two consecutive approximants of order 7 and 8, respectively, while the plot on the left extends to large
values of w and displays several approximants

functions of s. On the other hand, the other two functions entering the ansatz are integral
differential functionals of Y 2(s) and I1(#), respectively:

1
P(s) = ¢ / (—16K1 — 1652Y(s) — 32sY5(s) + s + 3) ds  (9.28)
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1 Q21 + 3T () — 2T1(1)
o =3 +3 [ FEEEE Ttk 9.29)

With these choices the term C in Eq. (9.26) splits into separate functions of different
variables:
C=U(s)+TQ@)
8 (3(t + D) +2( +3) [ SRTO200 g/ 41'1(;))
3 +3)
1
U(s) = 3 (—16s2Y’1 (s) — 16sY(s) — 16Y1(s) — 165Y5(s)

T(t) =

—16Y5(s) + 16Y2(s) + s — 2log(s + 3) + 1) (9.30)

On the other hand,, we find that A = 0 while the B-term factorizes as follows:

B=H@)J(s) (9.31)

Hey = O (9.32)
43 '

Js) = 16s(s +3)Y/(s) + 32(s + 3):(_/:_(;) + 165Y75(s) + 48Y5(s) — 1(9'33)

In this way the solution of the MA equation reduces to the solution of two separate
integral differential equations one in the s variable, one in the #-variable:

%t explT ()] = H(t) : %s explUU(s)] = J(s) (9.34)

We focus on the first in the variable z. With rather simple manipulations it can be
reduced to an ordinary differential equation of higher order, namely:

8¢+ Iy 0@  2+3
r+3 ()  t2+3t

=0 (9.35)

which is a differential equation of the first order for the function F(¢). Apart from
an integration constant which is fixed by the topological constraints on the periods of
Ricci form, the unique solution of Eq. (9.35) is F' (¢, 0) corresponding to the geometry
of W P[112]. This shows that in order to impose a boundary function consistent with
o # 0 we need to modify the ansatz (9.27) in such a way as to introduce a certain
s, t-mixing.

10 Conclusions

As we advocated in the introduction, the present paper is an illustration of the conjec-
ture 1.1 for which we have strong support from the fact that it is verified for the value
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A = 0 of the parameter in the paradigmatic case of the C3/Zy4 singularity resolu-
tion. Further numerical evidence emerges from the study of the power series solution
of the Monge—Ampere equation in the symplectic potential formulation. This latter
in its hybrid version seems to provide the most promising approach since different
series expansions might be glued together to prolong the solution beyond the valleys
of oscillations.

Assuming that in due time our conjecture can be transformed into a proof, we would
like to stress its relevance. According to our view point, Conjecture 1.1 provides a
precise mathematical relationship to realize the gauge/gravity correspondence in a
proper way. The generalized Kronheimer construction fixes all the items of the gauge
theory on the brane world-volume: field content, gauge group, flavor symmetries and
interactions. As maintained by Conjecture 1.1, the same Kronheimer construction
determines, via the Monge—Ampere equation, also the Ricci-flat Kéhler metric to be
used in the construction of the dual D3-brane solution of supergravity. If 1.1 is proved
we can say that, for the class of theories realized on D3 branes at C3/ I" Calabi—Yau
singularities, the McKay quiver determines uniquely both sides of the correspondence.

Note added in proof In [68] a partial resolution of C"/Z, orbifolds has been consid-
ered in connection with heterotic string compactifications.
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A The affine variety C3/Z4

We study the quotient C3/Zy as an affine variety, i.e., as a closed (in the Zariski
topology) subset of an affine space C” cut by an ideal I of the polynomial ring
Clx1, ..., xp]. In particular, we show that C3/7Z4 is not a (schematic) complete inter-
section.
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REMINDER ON COMPLETE INTERSECTIONS. We recall the notions of set-theoretic and
schematic intersection.

Definition A.1 Let X C CP be an affine variety, and denote by d its codimension in
cP.

1. X is a set-theoretic complete intersection if it is cut by d equations as a subset of
CP.

2. X is aschematic complete intersection if it is cut by d equations as an affine variety.
In other terms, if A(X) is the coordinate ring of X (the ring of regular functions
on X), then A(X) = Cl[xy, ..., xp]l/I, where the minimal number of generators
of the ideal [ is d.

It turns out that all quotients C3/ I", where I" is a finite abelian subgroup of SL3(C),
are set-theoretic complete intersections, and therefore so is the case for C*/Z. How-
ever, we shall not prove this fact here, and rather concentrate on proving that C3/Z
is not a schematic complete intersection.

FINDING THE EQUATIONS. An affine toric variety X can be expressed as

Xs = Specm C[S,] (A1)

where 0 C N ® R is a strongly convex polyhedral cone, N is a lattice, and S, is the
semigroup S, = 0¥ N M, with o the dual cone to o; M is the dual of the lattice
N. Specm denotes the maximal spectrum, i.e., the set of maximal ideals of C[Sy ]
with the Zariski topology. Basically following [64], we delineate a procedure to find
the equations for the affine toric variety X. We remind that a Hilbert basis H, for
the semigroup S, is a minimal set of generators for S, which contains the rational
generators of the rays of o¥. Define D = #H,,. Then the elements of H,, are related
by D — n relations, which generate an ideal /, ¢ of C[xy, ..., xp]. Given two ideals
I, J in aring R, the saturation of / with respect to J is defined as

[:J®={aeR|aVJCIforN >0}

Then one proves that the ideal I, of X, in CP is the saturation of I o wih the respect
to the ideal

K; =(x1---xp) Cc Clxy,...,xpl

Remark A.1 1f 1, J are ideals in C[xy, ..., xp], the affine variety corresponding to the
ideal I : J®is

VI :J®)=V(H\V{J)

where the closure is taken in C? (in the Zariski topology), and for every ideal L in
Clx1, ..., xpl, V(L) denotes the closed set in C” corresponding to L.

@ Springer



Resolution a la Kronheimer... Page690f79 79

EQUATIONS FOR X = C3/Z4. Now we check that C3 /Zy is not a schematic complete
intersection, as noted in [65]. Realizing X as in equation (A.1) we can take for o the
cone with generators (1, 0, 0), (—1, 2, 0), (0, —1, 2) in the latttice N = 73. The dual
cone o has rational generators (4,2, 1), (0,2,1), (0,0,1) in M ~ 73. A Hilbert
basis of S, is obtained by adding the lattice points

(1,1, 1), (0,1, 1), (1,2,1), 2,1,1), (2,2,1), (3,2, 1).

Assigning variables x1, ..., xg to these lattice points we obtain that /; o is generated
by the 6 equations

X1xg — xg =0, xzxg — xg =0, X3x§ — x%xs =0,

xq4x9 — x7x3 = 0, X5x92 — x7x§ =0, xex9— x§ =0

Saturating this ideal with respect to K = (x7 - - - x9) one sees that I, is generated by
the 20 quadratic equations (the equation needed to cut X from C° with the correct
schematic structure):

X3 — XgXo; X7Xg — X4X9; X6X§ — X2X9; X4X3 — X4Xs} X|X§ — X3
X6X7 — X5X9; X5X7 — X3X8; X4X7 — X3X9; X2X7 — X5X8; xé — X2X8;
X4X6 — X5X8; X1X6 — X8X9; X4X5 — X3X6; X1X5 — X4X9; xf — X3X8;
XpX4 — X5X; X| — X7X0;  X2X3 — X2}  X[X3 — X3} X|X2 — XeXo.

(A2)

These are a minimal set of generators. So X is the intersection of 20 quadrics in C°.
All these quadrics are singular along their intersection with a plane of codimension
3 (when their equation contains a square) or 4 (when their equation does not contain
a square). The dimension of the singular locus is 6 and 5 respectively (not 5 and 4!)
It may be interesting to see what variety does the ideal I, o describe. To this end
one computes the primary decomposition of the ideal [66]. This yields 5 ideals; one
is radical, and coincides with /,, so that one component of the variety is C3 /Zy4.
The other ideals are generated by monomials, and correspond to (intersections of)
coordinate planes of different dimensions, counted with multiplicities.

B The orbifold S®/Z4

Setting s = —%Rz with r — oo in the metric (5.9), it is straightforward to verify that
this takes the approximate form

2 R—>oc0 9 2.2
A2k~ dR? + RS, (B.1)

at leading order in R. Since the metric is Ricci-flat Kihler, and it takes the form
of a cone over a five-dimensional space, it follows that locally the five-dimensional
metric ds§(5 is Sasaki—Finstein. Below we shall show that globally, this is precisely a

Sasaki—Einstein metric on the orbifold S°/Zy.
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In the coordinates used in the paper, the five-dimensional metric reads

t
dsg(5 =5 (sin2 0dp* + d92)

dr? 202t +3) [dy 1 2

Tty 5 [T—z[(l—cose)ddhLdt]}
S = Mt — costrdg 1 an1] B.2
+§[<§+> X_E[( —cos0)d¢ + t]:| (B.2)

After introducing the new coordinate o € [0, %] as

3
t=-3 sin® o (B.3)
it becomes
2 » , sin’o 29742 2
dsy, = do” + (sin 0d¢? + do )
sin? o cos? o [ 2 2
——— | zdx —dt —d¢ + cos0d¢
4 3
1 3., (2 2
+§ 2dx—§sm o 5dx—dr—d¢+cos€d¢ (B.4)

and one can check that this is indeed locally a Sasaki—FEinstein metric, where the first
line is a Kihler-Einstein metric. In order to uncover the relation with the metric on the
five-sphere S°, it is convenient to redefine the angular coordinates as

b=¢, PB=3x—0—-1. V=2, (B.5)

with inverse

p=¢, T=iv-0-B, x=1V. (B.6)

where, after performing the change of coordinates, we can drop the tilde on ¢ and
simply continue to denote this as ¢. The metric then reads

2

sin? o 2 2

(sin2 0dp® + d92> n w (dB + cos 0dp)?

dsg, = do” +

2
+é [dw — %sinz o (dp + cos 9d¢)] (B.7)

It is well-known (and simple to verify) that taking ¢ ~ ¢ + 27 and 8 ~ B + 4m,
with 0 € [0, 7] and o € [0, %], the first line is the standard Einstein metric on P2.

Moreover, with i ~ v + 67, the five-dimensional metric is the round metric on S°,
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viewed as the total space of a circle bundle S5 I, P2, normalized so to obey the
equation

X X
RY =g (B.8)

On the other hand, we are not free to chose the ranges of the coordinates, but
these are inherited from the ranges of the original coordinates (¢, t, x), fixed in (5.1).
From the change of coordinates (B.5), it follows>? that we must enforce the following
periodicities:

¢~ ¢+ 2m, B~p+2mr, v~y +3r, (B.9)

thus suggesting that globally the space is an orbifold S°/Z,. However, the precise
form of the Z4 action is not transparent from these considerations.

Next, we will show that the Z4 action is precisely the correct action inherited from
the C3/Z4 orbifold singularity. We start with three standard complex coordinates
(z1, 22, z3) on C3 and consider the following change of coordinates

z1 = Rsino cos %ei(_w—k%) , z2 = Rsino sin %ei(#+%) , 23 = Rcos oei% ,
(B.10)
where
21 + |22 + |zl = R? (B.11)
It can be checked that the metric induced at R = 1,
ds = (ldz1]” + ldz2l + |dz3 ) r=1 (B.12)

coincides with (B.7), and more generally, the six-dimensional metric is the cone
2 _ gp2 212

dsgone = dR” + R7dsy,.
To see that these are good coordinates on C3 we can also view it as C> ~ R® =

R? @ R? @ R?, by defining
2 =pe?, = pe?, 73 = p3el® (B.13)
so that the induced metric reads

dsZone = 1dz11* + |dzal? + |dz3|* = dpi + pide} + dp3 + p3de3 + dp3 + p3de;
(B.14)

23 The periodicities of ¢ and y are obvious. The simplest way to determine the periodicity of 8 is by
demanding that the total volume of the three-torus with coordinates (¢, x, t) is preserved by the coordinate
transformation (B.5).
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where for C? the ranges of the coordinates are now p; € [0, +00) and ¢; ~ ¢; + 27,
fori = 1,2, 3. Defining y; = %piz, this gives the standard metric in symplectic-toric
coordinates, with Kdhler form

Kes =dyr Andor +dyr Adpy +dys Ads (B.15)

From this it is clear that the U (1)3 torus action on C3

(21, 22, 23) = (M121, A222, A323) (B.16)
with ;| =1, A; = el descends on the @; coordinates to
(@1, 92, 93) = (91 +c1, 92 + 2, 93 + €3) (B.17)

Notice that on C? the periodicities of the two sets of angular coordinates are consistent
with the change of coordinates

p=LEE Y Y Y ey

with inverse
p=—01+¢, B=—01—@p2+2¢3, Y =3¢3, (B.19)

as we have
@ = [ dodoten = ¢ [apapay = comumen @20

Let us now reformulate the standard orbifold action of a discrete group I' € SU(3)
on C3 with the corresponding action on S in the above (¢, 8, ¥) coordinates. We will
restrict to I' = 7Z,, for simplicity. In the (z1, 22, z3) coordinates on C3, a7, orbifold
action is defined by the identification

(z1, 22, 23) ~ (W' 21, W22, WP 23) (B.21)
where w,, is a n-th root of unity. The requirement that Z,, € SU (3) implies that

ai+a+a3=0 mod n (B.22)

Using (B.17), the above orbifold action implies the following identification in the ¢;
coordinates

2

@1, 92.93) ~ (o1 + a1 2, o2 + a2 2%, 3 + a3 ) (B.23)
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and, equivalently, the following identification in the (¢, 8, ¥) coordinates
(@ B.Y) ~ (¢ + (—a1 +a) 2, B+ (—a1 — ar +2a3) 2=, + 3a3ZE)  (B.24)

The simplest example is the C3/Z3 orbifold, with Z3 action on C> given by

2 amm
(z1,22,23) ~ (e 3 z1,e 3 22,e 3 z3),

which using (B.24) corresponds simply to ¥ ~ y 4 2. In this case, the metric (B.7),
taking ¢ € [0, 2r], B € [0, 4], is the metric on S? /Z3. This space can also be viewed
as the unit circle bundle inside Op2 (—3), namely the total space of the canonical line
bundle over P2.

Let us now discuss our main example, the orbifold C3/Z4. In the table below
we summarize the action of the three nontrivial elements of g € Zj4, including the
identifications both in the (¢1, ¢2, ¢3) and the (¢, B, ¥) coordinates.

g: (21, 22, 23)|{a1, a2, a3} (@1, 92, ©3) ~ (¢, B, V) ~

G- | (LL2Y [ (@ +5. ¢+ % ¢3+m) | (@, B+m ¢ +31)
(-1,-1,1) | {2,2,0) (01 + 7, 92 + 7, 03) (. B+ 27, %)
(—i, =i, =1 | {3.3.2} |[(¢1+ 3. 00+, 03+ m)|(¢, B+ 37,V +37)

(B.25)

As we see, in either of these two sets of angular coordinates the identifications are
not diagonal. In the coordinates (¢, B, V) the clearest identification is the action of
(junior) element {2, 2, 0}, which implies that the base space, with metric in the first
line of (B.7), is P2/Z,. The action of the (junior) element {1, 1, 2} means that as 8
goes half way around its circle, the coordinate v goes once around the ¥ -circle, with
period 3. The action of the (senior) element {3, 3, 2} is simply a consequence of the
previous two.

In order to clarify the orbifold action on $°, it is useful to adopt a set of angular
coordinates in which the Z4 action is diagonal. It is then simple to verify that this is
achieved precisely by the original coordinates (¢, 7, x) definedin (5.1). We summarize
this diagonal action in the table below, where for convenience we defined y = % X.-

g : (21,22, 23)|{a1, az, az} (¢, 7, ¥) ~
4,i,—1) {1,1,2} (p, T,y +2m)
(-1,—-1,1) | {2,2,0} (P, T+ 2m,y)
(=1, —1,—1) | {3,3,2} |(¢,T 427,y +2m)

(B.26)

This shows that the indeed, the Z4 action on C? induces the correct Z4 action on the
asymptotic metric on S°.

In order to further clarify the orbifold action on S, it is convenient to rewrite the
metric (B.7) in the form of a circle fibration over a base space, that turns out to be
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precisely W P[112]. In particular, rearranging the terms in (B.7) we find

) 2
2 ~2 1 ’ 2sin“ o
dsy, = dswp(12) + 1—6(1 +3cos”0) |:dy + 1+3’m(dr - cos@d¢)]
(B.27)
where?*
2 2

sin“ o cos“ o

—(dt — 0d 2,
1+3COS2(T(T cos0dg)

(B.28)

- I
sy pi1a = do” + Zsin’o (d92 + sin? 0d¢>2) +

which clearly displays the fact that S° /Z4 arises as the total space of a circle fibration
over W P[112], equipped with the metric (B.28). We decorated this metric with a tilde
to distinguish it from the different metric on W P[112], that we discuss in the main
body of the paper, namely the metric (8.2) induced on the exceptional divisor by the
Ricci-flat metric (5.9).

Below we will rewrite the latter metric in different coordinates, to facilitate the com-
parison with the metric in (B.28). Let us discuss briefly how to see that the underlying
(singular) variety to the metric defined in (B.28) is indeed W P[112]. With the ranges
of coordinates and periodicities o € [0, %], 0 el0,7],¢ €[0,27], T € [0,27] we
see that near to o A 0 the metric develops an R*/Z, singularity (it is a cone over
the Lens space S3 /Z»>), while near to o & %, the space shrinks smoothly to S? x RZ,
Following a reasoning analogous to that in the main body of the paper, one can see
that there exists only one nontrivial two-cycle

C> <& {0 = constant, ¢ = constant} (B.29)

while the other two-cycle of [y, that would be defined by C1 <& {t = fmax =
—% sin? Omax 7 0} is shrunk to zero size in the above metric.?

From the metric (B.27) we now read off the connection one-form

2sin? o

A= 1+ 3coso

(dt — cos0de) (B.30)

whose associated first Chern class can be integrated on C3 to give

1 ~
— | dA=2 (B.31)
2 Cs

ks Interestingly, precisely this metric was found in [67] as a limiting case of a more general one-parameter
family of smooth metrics on [, in the context of AdSs solutions of eleven-dimensional supergravity. See
Eq. (5.7) of this reference.

25 Since we have not established whether the above metric is Kéhler, the simplest way to see this is probably
to consider the explicit one-parameter familiy of metrics on F, desingularizing (B.28), presented in [67].
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showing that indeed this is a connection on the unit circle bundle inside the canonical
bundle of WP[112].

We conclude this appendix by writing the metric on the exceptional divisor (8.2)
induced by the Ricci-flat metric (5.9) in a form that makes more transparent the com-
parison with the above discussion. Using (B.3) we have that

9 1
dséD =1 |:(1 + cos® o)do? + 2 sin’ o (d92 + sin? 9d¢>2)

sin? o cos? o

g (dt — cos Odqb)z} (B.32)

from which the similarity with the metric (B.28) is apparent. For completeness, let us
also display the behavior of the orthotoric metric (5.9) near to the exceptional divisor.
Setting s = —3 — p? in (5.9), for p — 0 we have

2
2 .2
2 P:)O 2 3(1 +cos” o) 2 2 2 sin“ o
SStotkypy ¥ ep+t g | 4T H T Ay + m(dr — cos0dg)

(B.33)

where the angular variables (¢, 7, y = % x ) are precisely those defined in (5.1), which
all have canonical 27 -periodicities. This shows that the metric (5.9) is smooth in the
neighborhood of the exceptional divisor ED = W P[112], in particular locally it has
the topology of WP[112] x C2. The connection one-form

2sin o

A= "9
1 +coso

(dt — cosBdg) (B.34)

read off from (B.33) has first Chern class again given by

1
— | d4=2 (B.35)
21 Cs

as it should be.

To summarize, in this appendix we have shown that the orbifold action of Z4 on S35,
induced by the C3/Z,4 quotient, is not diagonal in the canonical coordinates where the
Sasaki-FEinstein metric on S° can be viewed as a U (1) fibration over P2 with its Kihler-
Einstein metric. This action is diagonalised precisely by the coordinates (¢, t, %‘ X)
used in the main part of the paper, and adapting the metric to these coordinates, it takes
the form of a U (1) fibration over W P[112], with the non-Einstein metric (B.28). This
is precisely the unit circle bundle in the canonical line bundle over WP[112]. The
metric on the exceptional divisor of the partial resolution, induced from the orthotoric
Ricci-flat metric, is a similar, but manifestly different non-Einstein metric (B.32).

@ Springer



79 Page 76 of 79 M. Bianchi et al.
References

1. Morrison, D.R., Plesser, M.R.: Nonspherical horizons. 1. Adv. Theor. Math. Phys. 3, 1-81 (1999)

2. Bianchi, M., Cremonesi, S., Hanany, A., Morales, J.F,, Ricci Pacifici, D., Seong, R.-K.: Mass-deformed

10.

11.

12.

13.

14.

15.

16.

17.

18.

20.

21.

22.

23.

24.

25.

26.

Brane Tilings. JHEP 10, 27 (2014)

. Feng, B., Hanany, A., He, Y.-H.: Counting gauge invariants: the Plethystic program. JHEP 03, 090

(2007)

. Feng, B., Hanany, A., He, Y.-H., Prezas, N.: Discrete torsion, covering groups and quiver diagrams.

JHEP 04, 037 (2001)

. Feng, B., Hanany, A., He, Y.-H.: Phase structure of D-brane gauge theories and toric duality. JHEP 08,

040 (2001)

. Bruzzo, U., Fino, A., Fré, P.: The Kéhler quotient resolution of c3 / I singularities, the McKay corre-

spondence and D=3 N/ = 2 Chern-Simons gauge theories. Commun. Math. Phys. 365, 93-214 (2019).
arXiv:1710.01046 [hep-th]

. Bruzzo, U., Fino, A., Fré, P., Grassi, P.A., Markushevich, D.: Crepant resolutions of c3 /74 and the

generalized Kronheimer construction (in view of the gauge/gravity correspondence). J. Geom. Phys.
145, 103467, 50 (2019) arXiv:1902.01060 [hep-th]

. Maldacena, J.: The large-N limit of superconformal field theories and supergravity. Int. J. Theor. Phys.

4(38), 1113-1133 (1999). arXiv:hep-th/9711200

. Kallosh, R., Van Proeyen, A.: Conformal symmetry of supergravities in AdS spaces. Phys. Rev. D

60(2), 026001 (1999). arXiv:hep-th/9804099

Ferrara, S., Fronsdal, C.: Gauge fields as composite boundary excitations. Phys. Lett. B 433(1), 19-28
(1998). arXiv:hep-th/9802126

Ferrara, S., Fronsdal, C., Zaffaroni, A.: On A" = 8 supergravity in AdS5 and N = 4 superconformal
Yang-Mills theory. Nucl. Phys. B 532(1-2), 153-162 (1998). arXiv:hep-th/9802203

Ferrara, S., Fronsdal, C.: Conformal Maxwell theory as a singleton field theory on AdSs, IIB 3-branes
and duality. Class. Quantum Gravity 15(8), 2153 (1998). arXiv:hep-th/9712239

Fabbri, D., Fré, P., Gualtieri, L., Reina, C., Tomasiello, A., Zaffaroni, A., Zampa, A.: 3D superconformal
theories from Sasakian seven-manifolds: new non-trivial evidences for AdS4/CFT3. Nucl. Phys. B
577(3), 547-608 (2000). arXiv:hep-th/9907219

Martelli, D., Sparks, J.: Resolutions of non-regular Ricci-flat Kahler cones. J. Geom. Phys. 59, 1175—
1195 (2009)

Kronheimer, P.B.: The construction of ALE spaces as hyper-Kéhler quotients. J. Differ. Geom. 29(3),
665-683 (1989)

Kronheimer, P.B.: A Torelli-type theorem for gravitational instantons. J. Differ. Geom. 29(3), 685-697
(1989)

Anselmi, D., Billo, M., Fré, P., Girardello, L., Zaffaroni, A.: ALE manifolds and conformal field
theories. Int. J. Mod. Phys. A 9, 3007-3058 (1994)

Fré, P.G.: Advances in Geometry and Lie Algebras from Supergravity. Theoretical and Mathematical
Physics Book Series. Springer, Berlin (2018)

. Ito, Y., Reid, M.: The McKay correspondence for finite subgroups of SL(3,C). In: Andreatta, Marco,

Peternell, Thomas (eds.) Higher Dimensional Complex Varieties, pp. 221-240. De Gruyter, Berlin
(1994)

Ito, Y.: The McKay correspondence—a bridge from algebra to geometry. In: European Women in
Mathematics (Malta, 2001), pp. 127-147. World Sci. Publ., River Edge (2003)

King, A.D.: Moduli of representations of finite-dimensional algebras. Q. J. Math. Oxf. Ser. (2) 45(180),
515-530 (1994)

Craw, A.: The McKay correspondence and representations of the McKay quiver. PhD thesis, Warwick
University, United Kingdom (2001)

Craw, A., Ishii, A.: Flops of G-Hilb and equivalences of derived categories by variations of GIT
quotient. Duke Math. J. 124, 259-307 (2004)

Sardo-Infirri, A.V.: Resolutions of orbifold singularities and representation moduli of McKay quivers.
PhD thesis, Kyoto U., RIMS (1994)

Sardo Infirri, A.V.: Partial resolutions of orbifold singularities via moduli spaces of HYM type bundles.
arXiv:alg-geom/9610004 (1996)

Sardo-Infirri, A.V.: Resolutions of orbifold singularities and flows on the McKay quiver.
arXiv:alg-geom/9610005 (1996)

@ Springer


http://arxiv.org/abs/1710.01046
http://arxiv.org/abs/1902.01060
http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9804099
http://arxiv.org/abs/hep-th/9802126
http://arxiv.org/abs/hep-th/9802203
http://arxiv.org/abs/hep-th/9712239
http://arxiv.org/abs/hep-th/9907219
http://arxiv.org/abs/alg-geom/9610004
http://arxiv.org/abs/alg-geom/9610005

Resolution a la Kronheimer... Page770f79 79

27.

28.

29.
30.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.

47.

48.

49.

50.

51
52.

53.

54.

55.

Degeratu, A., Walpuski, T.: Rigid HYM connections on tautological bundles over ALE crepant reso-
lutions in dimension three. SIGMA Symmetry Integrability Geom. Methods Appl. 12, pp. Paper No.
017,23 (2016)

Joyce, D.: Quasi-ALE metrics with holonomy SU(m) and Sp(m). Ann. Glob. Anal. Geom. 19(2),
103-132 (2001)

Bykov, D.: Ricci-flat metrics on the cone over (C]Pz#@z‘ arXiv:1712.07227 (2017)

Hitchin, N.J., Karlhede, A., Lindstrom, U., Ro¢ek, M.: Hyperkahler metrics and supersymmetry. Com-
mun. Math. Phys. 108, 535 (1987)

Graia, M., Polchinski, J.: Supersymmetric three form flux perturbations on AdS(5). Phys. Rev. D (3)
63(2), 026001 (2001). arXiv:hep-th/0009211

Gubser, S.S.: Supersymmetry and F theory realization of the deformed conifold with three form flux.
arXiv:hep-th/0010010

Grana, M., Polchinski, J.: Gauge/gravity duals with holomorphic dilaton. Phys. Rev. D 65, 126005
(2001). arXiv:hep-th/0106014

Bertolini, M., Campos, V.L., Ferretti, G., Fré, P, Salomonson, P., Trigiante, M.: Supersymmetric
three-branes on smooth ALE manifolds with flux. Nucl. Phys. B 617, 3-42 (2001)

Bertolini, M., Campos, V.L., Ferretti, G., Salomonson, P., Fré, P., Trigiante, M.: BPS three-brane
solution on smooth ALE manifolds with flux. Fortsch. Phys. 50, 802-807 (2002)

Castellani, L., D’ Auria, R., Fré, P.: Supergravity and Superstrings: A Geometric Perspective. Vol. 1,
2, 3. World Scientific Publishing Co., Inc., Teaneck (1991)

Green, M.B., Schwarz, J.H., Witten, E.: Superstring Theory Vol. 1 & Vol. 2. Cambridge Monographs
on Mathematical Physics. Cambridge University Press, Cambridge (2012)

Polchinski, J.: String Theory. Vol. 2: Superstring Theory and Beyond. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Cambridge (2007)

Castellani, L.: Chiral D = 10, N = 2 supergravity on the group manifold. 1. Free differential algebra
and solution of Bianchi identities. Nucl. Phys. B 294, 877-889 (1987)

Castellani, L., Pesando, I.: The complete superspace action of chiral D = 10, N=2 supergravity. Int. J.
Mod. Phys. A 8, 1125-1138 (1993)

Fre, P.G.: Gravity, a Geometrical Course. Springer, Dordrecht (2013)

Calabi, E.: Métriques kiihlériennes et fibrés holomorphes. Ann. Sci. Ecole Norm. Sup. (4) 12(2),
269-294 (1979)

Lu, H., Page, D.N., Pope, C.N.: New inhomogeneous Einstein metrics on sphere bundles over Einstein—
Kahler manifolds. Phys. Lett. B 593, 218-226 (2004)

Joyce, D.: Asymptotically locally Euclidean metrics with holonomy SU (m). Ann. Glob. Anal. Geom.
19, 55-73 (2001)

Goto, R.: Calabi—Yau structures and Einstein—Sasakian structures on crepant resolutions of isolated
singularities. J. Math. Soc. Jpn. 64(3), 1005-1052 (2012)

van Coevering, C.: Ricci-flat Kahler metrics on crepant resolutions of Kahler cones. Math. Ann. 347(3),
581-611 (2011). arXiv:0806.3728 [math.DG]

van Coevering, C.: Examples of asymptotically conical Ricci-flat Kdhler manifolds. Math. Z. 267(4),
465-496 (2008). arXiv:0812.4745

Gauntlett, J.P., Martelli, D., Sparks, J., Waldram, D.: Sasaki-Einstein metrics on 52 x §3. Adv. Theor.
Math. Phys. 8(4), 711-734 (2004)

Xie, D., Yau, S.-T.: Singularity, Sasaki-Einstein manifold, Log del Pezzo surface and N' = 1 AdS/CFT
correspondence: part I. (2019). arXiv:1903.00150

Fazzi, M., Tomasiello, A.: Holography, matrix factorizations and K-stability. JHEP 5, 119 (2020).
arXiv:1906.08272

Candelas, P., de la Ossa, X.C.: Comments on conifolds. Nucl. Phys. B 342, 246268 (1990)

Page, D.N., Pope, C.N.: Inhomogeneous Einstein metrics on complex line bundles. Class. Quantum
Gravity 4, 213-225 (1987)

Pando Zayas, L.A., Tseytlin, A.A.: 3-Branes on spaces with R x 5% x §3 topology. Phys. Rev. D63,
086006 (2001)

Correa, E.M., Grama, L.: Calabi—Yau metrics on canonical bundles of complex flag manifolds (2017).
arXiv:1709.07956 [math.DG]|

van Coevering, C.: Calabi—Yau metrics on canonical bundles of flag varieties (2018). arXiv:1807.07256
[math.DG]

@ Springer


http://arxiv.org/abs/1712.07227
http://arxiv.org/abs/hep-th/0009211
http://arxiv.org/abs/hep-th/0010010
http://arxiv.org/abs/hep-th/0106014
http://arxiv.org/abs/0806.3728
http://arxiv.org/abs/0812.4745
http://arxiv.org/abs/1903.00150
http://arxiv.org/abs/1906.08272
http://arxiv.org/abs/1709.07956
http://arxiv.org/abs/1807.07256

79

Page 78 of 79 M. Bianchi et al.

56.

57.
58.

59.

60.

61.

62.
63.

64.

65.
66.

67.

68.

Achmed-Zade, I., Bykov, D.: Ricci-flat metrics on vector bundles over flag manifolds. Commun. Math.
Phys. 376(3), 2309-2328 (2020). arXiv:1905.00412 [hep-th]

Oota, T., Yasui, Y.: Explicit toric metric on resolved Calabi—Yau cone. Phys. Lett. B 639, 54-56 (2006)
Martelli, D., Sparks, J.: Toric geometry, Sasaki—Einstein manifolds and a new infinite class of AdS/CFT
duals. Commun. Math. Phys. 262, 51-89 (2006)

Martelli, D., Sparks, J.: Baryonic branches and resolutions of Ricci-flat Kahler cones. JHEP 04, 067
(2008)

Abreu, M.: Kihler geometry of toric manifolds in symplectic coordinates. In: Symplectic and Contact
Topology: Interactions and Perspectives, Fields Inst. Commun., 35, Amer. Math. Soc., Providence, RI
(2003), pp. 1-24. arXiv:math/0004122 [math.DG]

Martelli, D., Sparks, J., Yau, S.T.: The Geometric dual of a-maximisation for Toric Sasaki-Einstein
manifolds. Commun. Math. Phys. 268, 39-65 (2006). arXiv:hep-th/0503183

Guillemin, V.: Kihler structures on toric varieties. J. Differ. Geom. 40, 285-309 (1994)

Donaldson, S.K.: Interior estimates for solutions of Abreu’s equation. Collect. Math. 56(2), 103-142
(2005). arXiv:math/0407486

Cox, D.A., Little, J.B., Schenck, H.K.: Toric varieties, vol. 124 of Graduate Studies in Mathematics.
American Mathematical Society, Providence (2011)

Hanany, A., Seong, R.-K.: Brane tilings and reflexive polygons. Fortschr. Phys. 60(6), 695-803 (2012)
Eisenbud, D.: Commutative Algebra with a View Toward Algebraic Geometry, vol. 150 of Graduate
Texts in Mathematics. Springer, New York (1995)

Gauntlett, J.P., Martelli, D., Sparks, J., Waldram, D.: Supersymmetric AdSs solutions of M theory.
Class. Quantum Gravity 21, 43354366 (2004). arXiv:hep-th/0402153

Groot Nibbelink, S., Trapletti, M., Walter, M.G.A., Martin G.A.: Resolutions of Crn /Zn orbifolds, their
U(1) bundles, and applications to string model building. J. High Energy Phys. 2007(3), 035 (2007)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations

Massimo Bianchi'2 - Ugo Bruzzo

3,4,5,6,10 7,910 ,

- Pietro Fré

Dario Martelli®®10

X

Ugo Bruzzo
ugo.bruzzo@sissa.it

Massimo Bianchi
massimo.bianchi @roma2.infn.it

Pietro Fré
pfre @unito.it

Dario Martelli

dario.martelli @unito.it

Dipartimento di Fisica, Universita di Roma Tor Vergata, Rome, Italy
INFN — Sezione di Roma II, Rome, Italy

SISSA, Scuola Internazionale Superiore di Studi Avanzati, Via Bonomea 265, 34136 Trieste,
Ttaly

Departamento de Matématica, Universidade Federal da Paraiba, Jodao Pessoa, PB, Brazil
INFN — Sezione di Trieste, Trieste, Italy
IGAP (Institute for Geometry and Physics), Trieste, Italy

@ Springer


http://arxiv.org/abs/1905.00412
http://arxiv.org/abs/math/0004122
http://arxiv.org/abs/hep-th/0503183
http://arxiv.org/abs/math/0407486
http://arxiv.org/abs/hep-th/0402153
http://orcid.org/0000-0001-8726-1729

Resolution a la Kronheimer... Page790f79 79

Dipartimento di Fisica, Universita di Torino, Via P. Giuria, 1, 10125 Torino, Italy

8 Dipartimento di Matematica “G. Peano”, Universita di Torino, Via Carlo Alberto, 10, 10123
Torino, Italy

9 INFN - Sezione di Torino, Via P. Giuria 1, 10125 Torino, Italy
10 Arnold-Regge Center, Via P. Giuria 1, 10125 Torino, Italy

@ Springer



	Resolution à la Kronheimer of mathbbC3/Γ singularities and the Monge–Ampère equation for Ricci-flat Kähler metrics in view of D3-brane solutions of supergravity
	Abstract
	1 Introduction
	2 D3-brane supergravity solutions on resolved mathbbC3/Γ singularities
	2.1 Geometric formulation of Type IIB supergravity 
	2.2 The D3-brane solution with a Y[3] transverse manifold
	2.2.1 The D3 brane ansatz
	2.2.2 Elaboration of the ansatz
	2.2.3 Analysis of the field equations in geometrical terms
	2.2.4 The three-forms
	2.2.5 The self-dual 5-form
	2.2.6 The equations for the three-forms


	3 An example without mass deformations and no harmonic Ω(2,1): Y[3]=mathcalOmathbbP2(-3)
	3.1 The HKLR Kähler potential
	3.2 The issue of the Ricci-flat metric
	3.2.1 The Ricci-flat metric on Y[3] =mathcalOmathbbP2(-3)
	3.2.2 Particular cases

	3.3 The harmonic function in the case Y[3] =mathcalOmathbbP2(-3)
	3.4 The asymptotic limits of the Ricci-flat metric for the D3-brane solution on mathcalOmathbbP2(-3)
	3.4.1 Comparison of the Ricci-flat metric with the orbifold metric
	3.4.2 Reduction to the exceptional divisor


	4 The case YtomathbbC3/mathbbZ4 and the general problem of determining a Ricci-flat metric
	4.1 The Ricci-flat Kähler metric on tot KmathbbF1

	5 A general set up for a metric ansatz with separation of variables
	5.1 The orthotoric metric on tot KmathbbWP[112]
	5.2 Integration of the complex structure and the complex coordinates
	5.2.1 The path to the integration
	5.2.2 Integration of the autodifferentials


	6 AMSY symplectic formalism and transcription of the metric in this formalism
	6.1 Transcription of the metric in the toric symplectic form
	6.2 Orthotoric separation of variables and the symplectic potential
	6.3 The symplectic potential of the Ricci-flat orthotoric metric on tot KmathbbWP[112]

	7 Kähler metrics on Hirzebruch surfaces and their canonical bundles
	7.1 The metric on mathbbF2 induced by the Kronheimer construction

	8 Reduction to the exceptional divisor
	8.1 The reduction
	8.2 Topology and the functions of the t coordinate
	8.2.1 Interpretation of the function H(t)
	8.2.2 Topological constraints on the function P(t)
	8.2.3 The relation between the function P(t) and the Kähler potential mathcalK() of the exceptional divisor

	8.3 The Kronheimer Kähler potential for the mathbbF2 surface and its associated P(t) function
	8.3.1 The degenerate case mathbbWP[112]
	8.3.2 The smooth mathbbF2 case

	8.4 The exceptional divisor in symplectic coordinates.

	9 The Monge–Ampère equation and its series expansion
	9.1 The Monge–Ampère equation for the Kähler potential
	9.1.1 Recursive solution for the Kähler potential in the case tot KmathbbWP[112]

	9.2 The Monge–Ampère equation of Ricci-flatness for the symplectic potential
	9.2.1 Discussion of the boundary condition

	9.3 The boundary condition with a logarithmic singularity at mathfrakw=32
	9.3.1 Recursive solution of the symplectic Monge–Ampère equation in the case where the smooth mathbbF2 surface is at the boundary
	9.3.2 Numerical study in the case Δ= 34

	9.4 The Hybrid version of the Monge–Ampère equation

	10 Conclusions
	Acknowledgements
	A The affine variety mathbbC3/mathbbZ4
	B The orbifold mathbbS5/mathbbZ4
	References





