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Abstract

Multi-input multi-output (MIMO) technology is an essential part of the current and the next gen-

eration of wireless communication systems. Massive MIMO, an extension of MIMO, improves the

throughput of traditional MIMO systems by introducing “massive” number of antennas. This inven-

tion forms an integral part of the development process from current to future wireless communication

systems. Massive MIMO, which is also known as large-scale MIMO, utilizes the advancements made

in the conventional MIMO systems in order to increase throughput and reliability. One such signif-

icant advancement is referred to as the Spatial Modulation (SM) technique. This technique utilizes

the spatial domain to improve transmission rates and spectral efficiency of these multi-antenna sys-

tems. Further improvements on SM systems led to the introduction of the Generalised SM (GSM)

technique. GSM, focussed on improving the spectral efficiency of SM-MIMO systems. However, for

identical system configurations, the average bit error rate (BER) performance of GSM was limited

compared to SM. This triggered extensive research on improving the BER performance of GSM-

MIMO systems which led to the development GSM with constellation reassignment (GSM-CR).

The first contribution of this dissertation is to propose the novel CR technique which maximises the

Euclidean distance between transmitted symbol pairs to improve the BER performance of GSM-

MIMO systems. At a BER of 10−5, the systems 16-APSK GSM-CR and 32-APSK GSM-CR achieve

a gain of 2.5dB and 2dB respectively over their equivalent GSM systems.

SM, GSM and GSM-CR techniques to date have largely been applied using M -ary Quadrature

Amplitude Modulation (M -QAM) schemes. However, there are some drawbacks to these square or

rectangular modulation schemes. One of which, when compared to circular constellation schemes,

is the relatively higher peak-to-average power ratio (PAPR) in the transmitted signal. This results

in significant reduction in the power amplifier’s efficiency as it is required to operate at a backed-off

power level. Thus, the second contribution of this dissertation is to apply circular constellations, in

particular Amplitude phase shift keying (APSK) modulation to the existing SM, GSM and GSM-CR

systems. Analytical bound for the average BER for the proposed M -APSK SM, M -APSK GSM and

M -APSK GSM-CR systems over fading channels is derived herein. Furthermore, a modified genetic

algorithm is proposed to produce the secondary mappers for the M -APSK GSM-CR system. The

analytical bounds derived for these systems are verified using Monte Carlo simulation results.
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Chapter 1

Research Background

1.1 Introduction

1.1.1 Motivation and Context

Wireless communication systems are the backbone of the modern digitally connected world. The

goal has been to continually improve wireless communication systems in terms of reliability and

efficiency to seamlessly connect people anywhere and anytime. This led to the introduction of third

and fourth generation wireless systems which provided improved range, reliability and data rate in

comparison to their predecessors. However, there has been an exponential growth in the number of

users that have adopted these wireless systems during the last decade. There are various reasons for

such a growth, some of them include the availability of low-cost smartphone devices and affordable

mobile data charges [1]. However, the requirement of these users were not being met due to the

limitations in the 3G and 4G networks technologies. In order to satisfy the ever-increasing demands

of the existing and new users, a fifth generation (5G) wireless system has been extensively researched

in order to substantially improve the reliability and efficiency of its predecessors.

Furthermore, as countries imposed unprecedented restrictions to everyday life to contain the spread

of COVID-19, the capacity, reliability and performance of these wireless communication systems

have become even more evident. The pandemic has further increased the reliance on these systems

as individuals utilize them to stay virtually connected with each and other. More importantly it has

allowed many businesses to continue being productive throughout this crisis. This has accelerated

the use of digital technologies at an unprecedented rate and led to the wireless communication

systems to maintain connectivity [1]. Since the beginning of the pandemic, the development of 5G

wireless communication system is one such technology that has accelerated to accommodate the

sudden surge in demand.

Spectral and energy efficiency are the most widely researched areas in the context of 5G wireless

communication technology. Massive multiple-input multiple-output (MIMO) is one such advanced

1
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Figure 1.1: Block Diagram for the Alamouti System [12]

technology that has been developed to meet the requirement of the next generation of wireless

communication systems. In this technology, the base station (BS) is incorporated with hundreds

of antenna arrays which are used to create a reliable, high bandwidth connection [2]. Massive

MIMO is foundationally built upon the advances made for conventional MIMO technology where

in a significantly lower number of antennas are used [2]. In these conventional MIMO systems,

diversity techniques are used to improve the overall link reliability of a wireless communication

system. Diversity is achieved by sending the same information on multiple independent transmission

paths and utilizing the multiple received signals for a more accurate detection [3].

One of the latest advances in the field of MIMO is the introduction of spatial modulation (SM)

by Mesleh et al [4]. This novel transmission technique was developed to improve the transmission

rates and spectral efficiency of MIMO systems. SM systems encode data in both the signal and

spatial domains, in contrast to traditional techniques which are constrained to the signal domain.

In the spatial domain, bits are used to indicate which of the Nt transmit antennas in the system is

active during transmission. The benefits of this are twofold: 1) the spectral efficiency of the system

increases by log2(Nt) bits/sec/Hz, and 2) the use of only a single active transmit antenna eliminates

the effects of inter-channel interference (ICI) and inter-antenna synchronisation (IAS) which are

prevalent in MIMO systems[7].

The architecture of SM limits the number of information bits that may be encoded in the spatial

domain since it only transmits using a single antenna. To further increase the spectral efficiency of

SM systems, generalised spatial modulation (GSM) was proposed by Younis et al [7]. GSM systems

optimise the encoding of information in the spatial domain, by selecting more than one antenna

to be active in each time slot [7]. The overall spectral efficiency in GSM is improved by log2(Nc),

where Nc is the number of antenna combinations, compared to SM. Although the spatial domain is

now improved, the reliability of GSM in comparison to SM is degraded due to the reintroduction

of ICI. At BER of 10−5, the 6 bits/s/Hz and 8 bits/s/Hz GSM systems are degraded by 0.5 dB in

comparison to their equivalent SM systems [14]. A similar trend was also observed by Younis et al

[7].

Several schemes have been developed to improve the reliability of traditional GSM systems [8–14].

These can be divided into two categories. The first category consists of closed-loop systems, which use
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the channel state information (CSI) obtained from the receiver to optimize the transmission process.

An example of this is the system proposed by Ma et al [8], which improves error performance by

selecting the optimal signal-space constellation at the receiver according to CSI. The second category

consists of open loop systems which do not utilize feedback [11, 12, 14, 15]. An example of such

systems is the space-time block coded generalised spatial modulation (STBC-GSM) proposed by

Basar et al [11]. In this scheme, the Alamouti structure was incorporated to improve the error

performance over traditional GSM systems. The STBC system transmits multiple copies of the

message signals over multiple transmit antennas and multiple time slots to improve the link reliability

[12] (see Fig. 1.1).

Figure 1.2: Block Diagram for the Labelling Diversity System [15]

More recently, labelling diversity (LD) as shown in Fig. 1.2 has been applied to GSM systems as

a means to improve their error performance[15]. LD, which is an advancement of STBC, improves

error performance by mapping the same information codewords using two bit-to-symbol mappers

[15, 18, 19]. The application of LD to GSM system led to an introduction of GSM with constellation

reassignment (GSM-CR) system [14]. The CR technique uses a single transmit timeslot system to

improve the error performance of base GSM system [14]. These studies however, only discussed

quadrature amplitude modulation (QAM) schemes. As an alternative, there are circular constel-

lations, which have been widely accepted for systems such as satellite broadcasting [16]. One of

the key advantages of circular constellations is that it leads to a lower peak-to-average power ratio

(PAPR), when compared to square or rectangular modulation schemes such as M -QAM, where M

is the modulation order. This is achieved by reducing the number of amplitude levels in circular con-

stellations such as M -APSK constellations when compared to M -QAM with the same modulation

order [21]. This property significantly reduces the design complexity of high-power amplifiers utilized

in long-range wireless communication systems. Therefore, the focus of this dissertation is to imple-

ment SM, GSM and GSM-CR techniques with circular constellations, in particular, amplitude phase

keying (APSK) modulation. APSK is the modulation scheme adopted for the latest digital video

broadcasting (DVB-S2) standard, which provides the framework to improve transmission over non-

linear satellite channels [16]. Thus, emphasizing the practicality and relevance of applying M -APSK

constellations to SM, GSM and GSM-CR for potential use in long-range wireless communication

systems.
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The proposed M -APSK SM, GSM and GSM-CR systems offer two main technical challenges that

are required to be overcome in order for their application. The first of them includes development

of closed form expressions for the average BER for all three proposed systems. This requires an

in-depth understanding of M -APSK constellations and the spatial modulation schemes in question.

The second challenge includes the design of a secondary mapper given M -APSK mapper for the

M -APSK GSM-CR system. This design is to ensure that adjacent symbols are spaced further apart

in the secondary mapper than the primary mapper for an M order APSK modulation scheme.

1.1.2 Research Aim and Objectives

Advance MIMO techniques such as SM, GSM and GSM-CR to date have largely been applied to M -

QAM schemes. Therefore, the aim of this dissertation is to apply circular constellations, in particular

Amplitude phase shift keying (APSK) modulation to the existing SM, GSM and GSM-CR systems.

The first contribution of this research work focuses on the M -APSK SM system. This system was

initially proposed by Li et al [6]. The authors present only simulation results of a single antenna

configuration in order to study their proposed low complexity detection scheme. The results herein

are not verified by a theoretical BER expression. In this dissertation, the performance study by Li

et al. [6] is extended to include the derivation of a closed form expression for the average BER of

an M -APSK SM system over fading channels. The theoretical expression derived is verified using

multiple APSK constellations using various antenna configurations. The performance study in this

dissertation includes results for a wider range of antenna configurations than that used in Li et al

[6].

SM systems increase the spectral efficiency of the system over the traditional MIMO techniques such

as vertical Bell Laboratories space-time (V-BLAST) and orthogonal STBC (OSTBC). However, the

modulation efficiency is reduced rapidly as the number of transmit antennas are increased. This

led to the introduction of GSM systems. The efficiency of GSM systems increases as the number of

transmit antennas increase by activating more than one antenna during the transmission process.

This makes GSM a promising technique for Massive MIMO in 5G wireless communication systems.

By definition, Massive MIMO, which is an extension of conventional MIMO, fundamentally reaps all

the benefits of conventional MIMO systems on a larger scale [17]. Given the motivation of improving

throughput of SM systems with circular constellations, the focus of this dissertation than shifts on

the application of M -APSK modulation scheme to GSM system in a conventional MIMO setting.

A theoretical average BER is derived to verify the simulation results of M -APSK GSM system.

Although the throughput and spectral efficiency is improved, the link reliability of the system is

slightly degraded as compared to the M -APSK SM.

In recent years, significant research has been conducted in the development of GSM systems. The

primary focus has been to improve the BER performance and/or throughput. Various BER perfor-

mance enhancing techniques have been applied to GSM systems. The Alamouti STBC technique
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Figure 1.3: Block Diagram for the Proposed Systems

[5] as shown in Fig. 1.1, sends multiple copies of the message over multiple transmit antennas and

multiple timeslots to increase the overall link reliability. Thereafter, LD was introduced by Xu et al

[15] as an enhancement scheme to the Alamouti system to further improve the BER performance of

MIMO systems. As shown in Fig. 1.2, the input information is mapped to two different bit-to-symbol

mappers and sent over multiple transmit antennas and multiple timeslots. The improved BER per-

formance is achieved by ensuring that adjacent symbols are spaced further apart in the secondary

mapper than the primary mapper. The aim herein is to maximise the minimum Euclidean distance

between symbol pairs in each constellation [15]. As a result, the detection at the receiver utilises

symbol pairs instead of individual symbols. Although the complexity at the receiver increases, the

enhanced error performance is achieved in the same manner as the conventional error correction

codes [20]. Lastly, the CR technique which is a form of the LD technique achieves enhanced error

performance over a single timeslot whereas the Alamouti STBC and base LD technique transmits

information over multiple timeslots [14].

The resultant novel GSM-CR system [14] significantly improves the BER performance as compared

to the conventional GSM system. However, the GSM-CR system, to date, has only been applied

to square or rectangular modulation schemes. Since the primary goal of this dissertation is to

apply circular constellations to advanced MIMO systems, the focus then shifts to developing an

M -APSK GSM-CR system to improve the link reliability of M -APSK SM and M -APSK GSM

systems. The theoretical average BER is also derived for this system to verify the simulation results.

As hypothesised, the M -APSK GSM-CR system outperforms the equivalent M -APSK GSM and

M -APSK SM systems. Fig. 1.3 outlines a generic block diagram that can be applied to all the

proposed M -APSK SM, M -APSK GSM and M -APSK GSM-CR systems. The system encoder

herein is adapted to implement each respective proposed system. The system encoder for each

proposed system is discussed in the System Model section of Chapters 2 and 3 respectively. The

channel conditions and receiver are set to be identical for all the proposed systems.
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Based on the above motivation and aim, the objectives of this research work may be summarised as

follows:

1. Apply circular constellations, in particular M -APSK, to SM, GSM and GSM-CR systems.

2. Derive a closed form expressions for the average BER for the M -APSK SM, M -APSK GSM

and M -APSK GSM-CR systems.

3. Develop an algorithm that may be utilized to design secondary mappers for the APSK con-

stellations for the CR system.

4. Provide a detailed performance study that includes the analyses of numerical and analytical

results of the proposed systems for various system configurations.

1.2 Contributions

The research conducted in this dissertation has contributed towards a conference and a journal

article respectively. The title, authors, article type, publication status and a short concise summary

of these articles are provided below:

Article 1
Title Performance Analysis of APSK in Spatial Modulation

Authors Ahmad Khalid, Tahmid Quazi and Hongjun Xu

Type Conference Article

Status Published in Proceedings of the Southern Africa Telecommunication Networks and

Applications Conference (SATNAC) 2018, Sep. 2018

Key Con-

tributions (a) A closed form expression for the average BER of an M -APSK SM system over

fading channels.

(b) Verification of the formulated analytical expressions using Monte Carlo simula-

tions.

(c) Performance study which presents the numerical and analytical results for the

M -APSK SM system.
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Article 2
Title Performance Analysis of M -APSK Generalised Spatial Modulation with Constellation

Reassignment

Authors Ahmad Khalid, Tahmid Quazi, Hongjun Xu and Sulaiman Saleem Patel

Type Journal Article

Status Published in the International Journal of Communication Systems, 2020, vol 33,

no.14, e-Locator e4497. DOI: 10.1002/dac.4497.

Key Con-

tributions (a) The application of M -APSK to GSM and GSM-CR systems. The motivation

for this being its lower PAPR when compared to M -QAM and its adoption in

the DVB-S2 standard.

(b) An analytical expressions to quantify the average bit error rate (BER) of M -

APSK GSM and GSM-CR over fading channels.

(c) The design of secondary mappers for the M -APSK GSM-CR system.

(d) Verification of the formulated analytical expressions using Monte Carlo simula-

tions.

1.2.1 Organization of Dissertation

The remainder of the dissertation is structured as follows:

Chapter 2 focuses on developing a theoretical expression for SM using 16-APSK and 32-APSK

constellation in a Rayleigh fading (RF) channel. The theoretical average bit-error-rate (BER) ex-

pressions are compared to Monte Carlo simulation results. The performance study in this paper

focuses on various system configurations.

Chapter 3 expands the study done in Chapter 2 from an M -APSK SM system to an application of

M -APSK to GSM and GSM-CR systems. An analytical bound for the average bit error rate (BER)

of the proposed M -APSK GSM and M -APSK GSM-CR systems over fading channels is derived.

This chapter furthermore presents the numerical and analytical results for the proposed M -APSK

GSM and GSM-CR systems.

Chapter 4 concludes the dissertation, highlights the contributions and briefly outlines possible future

research work avenues.
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2.1 Abstract

Spatial Modulation (SM) is a recently developed multiple-input multiple-output (MIMO) technique

aimed at improving data rates. The focus of this chapter is to apply amplitude phase shift keying

(APSK) modulation scheme to SM. Previous bit error rate (BER) performance studies of M -APSK

SM systems have only been presented using simulation results and were not verified by an analytical

framework. In this chapter, a closed form theoretical expressions for SM using 16-APSK and 32-

APSK constellations are derived in a Rayleigh fading (RF) channel. The theoretical average BER

expressions are shown to have a tight bound in the high signal-to-noise ratio (SNR) region when

compared to Monte Carlo simulation results. The theory expression verified the simulation results

of a 6 bits/s/Hz system configuration presented in a previous study. The performance study in this

paper is then extended by presenting theory and simulation results for 7 bits/s/Hz and 8 bits/s/Hz

system configurations.

2.2 Introduction

MIMO is a recently developed technology for achieving high data rates and increased spectral efficien-

cies in multimedia communications. One of the latest MIMO techniques is spatial modulation (SM)

which allows data to be encoded in both the spatial and signal domains, resulting in an increased

throughput [1–3]. Another desirable property of SM over conventional MIMO systems is that it

completely avoids the inter-channel interference (ICI) and inter-antenna synchronization (IAS) due

to a single transmit antenna being active at a given time. Additionally, it results in reduced power

consumption since only a single chain of frequency is utilized [4].

Most of the proposed SM systems in literature have focused on amplitude/phase modulation (APM)

[1–6]. However, very few have considered circular constellations such as Star-QAM (Quadrature

Amplitude Modulation) and APSK (Amplitude Phase Shift Keying) [7, 11]. One of the key advan-

tages of circular constellations is that it leads to a lower peak-to-average power ratio (PAPR) when

compared to square or rectangular modulation schemes such as M -ary QAM. This is achieved by the

reduced number of amplitude levels in comparison to M -QAM constellations with the same mod-

ulation order [8]. This property makes circular constellations more appropriate for applications in

satellite broadcasting systems. In particular, APSK, is the modulation scheme chosen for the latest

DVB-S2 standard which provides the framework to improve transmission over non-linear satellite

channels [10].

Recently, Li et al [11] applied APSK in SM with the above-mentioned motivations. The aim herein

was to develop a low complexity detection scheme for the M -APSK SM system. Furthermore, it

provided a bit error rate (BER) performance of the proposed system with a 4 × 2 antenna con-

figuration. However, the results presented were only from simulations and were not verified using

theoretical analysis. The aim of this chapter is to analyse the theoretical BER performance of the
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M -APSK SM system and compare it to the simulation results. A closed form expression for the

average BER is formulated for a fading channel. The performance study is extended by presenting

results for a wider range of antenna configurations than that used in Li et al [11].

In terms of notation, this chapter represents vectors and scalars in boldface and italics respectively.

‖·‖, |·| and E{·} represent the Frobenius norm of a vector, the absolute value of a complex number

and statistical expectation, respectively. The rest of the chapter is organized as follows. Section II

details the system model for a M -APSK SM system. Section III outlines the constellations utilized.

The theoretical BER expressions for the 16-APSK and 32-APSK constellations in SM are derived

in Section IV. Section V presents the theoretical and simulation BER performance of the system.

Finally, Section VI concludes the chapter.

2.3 System Model

Figure 2.1: System Model for M -APSK SM

The NT × NR M -APSK SM system model is shown in Fig. 2.1, where NT refers to number of

transmit antennas and NR is the number of receive antennas. The SM Mapper takes in an input

stream of r bits which are mapped to a modulated symbol and a unique transmit antenna index.

r = log2(MNT ), (2.1)

where M denotes the order of the APSK modulation scheme.

This assigning of bits is done using a predefined mapping table which is available at the transmitter

and receiver. The outcome of the spatial and signal mapping processes can be expressed as follows:

xjq = [0 . . . 0 . . . xq . . . 0 . . . 0]T , (2.2)

where xjq is NT × 1 vector, symbol xq is qth modulated symbol from an APSK constellation with

q ∈ [1 : M ] and E{|xq|2} = 1. Symbol xq is transmitted from antenna j over the NR ×NT MIMO
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Figure 2.2: APSK Constellations

channel H, and also subjected to NR × 1 dimensional additive white Gaussian noise (AWGN) n.

The entries of H and n are independent and identically distributed (i.i.d) according to the complex

Gaussian distribution CN(0, 1).
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The received signal vector is thus given by:

y =
√
ρHxjq + n, (2.3)

where y is the NR × 1 dimensional received vector. H = [h1h2. . .hj. . .hNT
] and hj is the NR × 1

dimensional vector corresponding to transmit antenna j. ρ is the average SNR at each receive

antenna.

The receiver employs the following ML detection rule for the estimation of transmit antenna index

and the transmitted symbol:

[̃, q̃] = min
̂∈[1:NT ]
q̂∈[1:M ]

‖y −√ρHx̂q̂‖2F , (2.4)

where ̃, q̃ represent the estimated transmitted antenna index and modulated symbol respectively.

2.4 16-APSK and 32-APSK Constellations

The modulation schemes in the DVB-S2 standard [10] are 16-APSK and 32-APSK. The constellation

diagrams and the associated bit allocation for the two modulation schemes are shown in Fig. 2.2. In

the 16-APSK constellation, the ratio of the outer and inner radii is denoted by β0 = R2/R1 whilst

the ratios in the 32-APSK constellation are defined as β1 = R2/R1 and β2 = R3/R1.

The average symbol energy for 16-APSK is calculated as follows:

ĒS =
(R2

1 + 3R2
2)

4
=

(1 + 3β2
0)R2

1

4

= α2
0R

2
1, (2.5)

where α0 = (1 + 3β2
0)/4.

Similarly, the average symbol energy for 32-APSK is calculated as follows:

ĒS =
(R2

1 + 3R2
2 + 4R2

3)

8
=

(1 + 3β2
1 + 4β2

2)R2
1

8

= α2
1R

2
1, (2.6)
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where α1 = (1 + 3β2
1 + 4β2

1)/8.

2.5 Performance Analysis of M-APSK SM System

The output of the SM detector shown in Fig. 2.1 estimates two quantities: the active transmit

antenna index and the transmitted symbol. As a result, system performance depends on the error

rates of these two parameters. Let Pa denote the probability of the transmit antenna index being

incorrectly estimated given that the modulated symbol is correctly detected, and Pd be the proba-

bility of the modulated symbol being incorrectly estimated given that the transmit antenna index is

correctly detected. The overall BER is then bounded by [1]:

Pe ≤ 1− Pc = Pa + Pd − PaPd, (2.7)

where Pc = (1− Pa)(1− Pd) is the error probability of SM bits being correctly detected.

2.5.1 Analytical BER of Symbol Estimation in AWGN (Pd)

The derivation starts by considering the symbol error rate (SER) of an M -ary modulation which is

given by:

Ps(e) =
1

M

M∑
i=1

P (e|si), (2.8)

where P (e|si) is the probability an error will occur if symbol si is transmitted. This is further given

by:

Ps(e) =
1

M

M∑
i=1

M∑
j=1,j 6=i

P (si → sj), (2.9)

where P (si → sj) is the pairwise error probability (PEP) that si is transmitted and sj is detected.

The union bound on the BER of M -ary modulation is obtained by modifying the SER in (2.9) to

take into account the number of bits that will be in error for each PEP.
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Pb(e) =
1

M

M∑
i=1

M∑
j=1,j 6=i

N(si, sj)P (si → sj), (2.10)

where N(si, sj) is the number of bits in error from symbol si to sj .

Since the constellation shown in Fig. 2.2a is symmetrical over the in-phase and quadrature axes,

the results obtained from any one quadrant can be used to extrapolate the results for the entire con-

stellation [14]. Thus, using the symbols in the first quadrant, the SER for the 16-APSK modulation

scheme can be written as:

Ps(e) =
1

4

(
P (e|s13) + 2(P (e|s9) + (P (e|s1)

)
(2.11)

An upper bound is obtained by considering only the nearest neighbours for each PEP in (2.11).

Thus, P (e|s13) is given as:

P (e|s13) ≤ P (s13 → s9) + P (s13 → s5) + P (s13 → s1)

+ P (s13 → s15) + P (s13 → s14)

= Q
(d13,9

Ēs
ρ
)

+Q
(d13,5

Ēs
ρ
)

+Q
(d13,1

Ēs
ρ
)

+Q
(d13,15

Ēs
ρ
)

+Q
(d13,14

Ēs
ρ
)
, (2.12)

where Ēs for 16-APSK is defined in (2.5), ρ is the average SNR at each receive antenna, di,j , i, j ∈
[1 : M ] is the Euclidean distance between symbol i and symbol j and Q(x) is the Gaussian function

which is defined in Simon et al [15] as:

Q(x) =
1

π

∫ π/2

0
exp

( −x2

2(sin θ)2

)
dθ (2.13)

In a similar manner, the PEP terms for both P (e|s9) and P (e|s1) are as follows:

P (e|s9) ≤ P (s9 → s13) + P (s9 → s1) + P (s9 → s11)

= Q
(d9,13

Ēs
ρ
)

+Q
(d9,1

Ēs
ρ
)

+Q
(d9,11

Ēs
ρ
)

(2.14)
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P (e|s1) ≤ P (s1 → s13) + P (s1 → s9) + P (s1 → s5)

= Q
(d1,13

Ēs
ρ
)

+Q
(d1,9

Ēs
ρ
)

+Q
(d1,5

Ēs
ρ
)

(2.15)

Using distance relations, d13,9 = d13,5, d13,15 = d13,14 and d9,1 = d5,1 = d9,11, (2.10) and (2.11), the

BER for 16-APSK is expressed as:

Pb(e) ≤
1

4
Q(u1γ̄) +

1

4
Q(u2γ̄ρ) +

1

8
Q(u3γ̄)

+
3

8
Q(u4γ̄), (2.16)

where γ̄ =
ρ

Ēs
, u1 =

β2
0 − β0 + 1

2α0
, u2 =

(β2
0 − 1)2

2α0
,

u3 =
1

α0
, u4 =

2β2
0(sin π

12)2

2α0
.

The process for deriving the 32-APSK BER is the same as that in the 16-APSK case. For the sake

of brevity, the full derivation is omitted, and the final expression is defined as:

Pb(e) ≤
1

10
Q(v1γ̄) +

1

10
Q(v2γ̄) +

1

20
Q(v3γ̄)

+
3

20
Q(v4γ̄) +

1

5
Q(v5γ̄) +

3

20
Q(v6γ̄)

+
1

10
Q(v7γ̄) +

1

5
Q(v8γ̄), (2.17)

where γ̄ =
ρ

Ēs
, v1 =

β2
1 − β1 + 1

2α1
, v2 =

(β2
1 − 1)2

2α1
, v3 =

1

α1

v4 =
2β2

1(sin π
12)2

2α1
, v5 =

β2
1 − β2

2 − 2β1β2 cos π
24

2α1
,

v6 =
(β2

2 − β2
1)2

2α1
, v7 =

β2
1 − β2

2 − 2β1β2 cos π
12

2α1
,

v8 =
β2

1(1− cos π8 )

α1
.
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2.5.2 Analytical BER of Symbol Estimation in Rayleigh Fading (Pd)

In a general Rayleigh fading (RF) channel model for a single-input single-output (SISO) system, the

received signal, assuming that symbol s is being transmitted, is given by r =
√
ρhs+ n, where h is

the fading channel coefficient and n is the AWGN component. If the received instantaneous SNR is

defined as γ = |h|2ρ, the probability density function (PDF) of γ is given by fγ(γ) = 1/γ̄ exp(−γ
γ̄ ).

The BER for 16-APSK defined in (2.16) in a RF channel is given in Simon et al [15] as:

Pb(γ̄) =

∫ ∞
0

P (e|γ)fγ(γ)dγ, (2.18)

In order to evaluate (2.18), an alternative expression for the Q-function will need to be used. The

Q(x) function is defined in (2.13).

Applying the trapezoidal rule provided for numerical integration to evaluate (2.13) leads to [16]:

Q(x) =
1

2n

(
exp(−x

2

2 )

2
+
n−1∑
k=1

exp
(
− x2

2(sin θk)2

))
, (2.19)

where θk = kπ/2n and n is the number of iterations. It is shown by Quazi [16] that choosing n

greater than 6 results in sufficient accuracy in the numerical integration.

Defining the moment generating function (MGF) as M(s) =
∫∞

0 exp(sγ)× fγ(γ)dγ, the MGF func-

tion for the RF pdf is given in Simon et al [15] as:

M(s) =

∫ ∞
0

exp(−sγ)× fγ(γ)dγ =
1

1 + sγ̄
, (2.20)

Using (2.19) and (2.20), the average BER expression for NR receive antennas for 16-APSK can be

derived from (2.16) to be:
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Pd = Pb(γ̄) =
1

4n

( 2

(2 + u1γ̄)

)NR
+

1

2n

n−1∑
k=1

( Si
Si + u1γ̄

)NR
+

1

8n

( 2

(2 + u2γ̄)

)NR
+

1

4n

n−1∑
k=1

( Si
Si + u2γ̄

)NR
+

1

8n

( 2

(2 + u3γ̄)

)NR
+

1

4n

n−1∑
k=1

( Si
Si + u3γ̄

)NR
+

3

8n

( 2

(2 + u4γ̄)

)NR
+

3

4n

n−1∑
k=1

( Si
Si + u4γ̄

)NR
, (2.21)

where n is the number of iterations, Si = 2 sin(kπ2n )2, NR is the number of receive antennas, ut, t ∈
[1 : 4] and γ̄ are defined in (2.16).

The average BER for 32-APSK is derived using a similar manner. For ease of expression, function

ζ(s) is defined as:

ζ(s) =
1

4n

( 2

(2 + sγ̄)

)NR
+

1

2n

n−1∑
k=1

( Si
Si + sγ̄

)NR
, (2.22)

where n is the number of iterations, Si = 2 sin(kπ2n )2, NR is the number of receive antennas and γ̄ is

defined in (2.17).

Thus, the average BER for 32-APSK in terms of ζ(s) is:

Pd = Pb(γ̄) = 2ζ(v1) + ζ(v2) + ζ(v3) + 3ζ(v4)

+ 2ζ(v5) + ζ(v6) + 2ζ(v7) + 4ζ(v8), (2.23)

where vt, t ∈ [1 : 8] is defined in (2.17).

2.5.3 Analytical BER of Transmit Antenna Index Estimation (Pa)

The probability of a transmit antenna index being in an error given that the modulated signal is

detected correctly can be obtained from Naidoo et al [12]. The analytical BER expression in a RF

channel is as follows:
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Figure 2.3: Average BER - 6 bits/s/Hz Configuration

Pa ≤
NT∑
j=1

M−1∑
q=0

NT∑
ĵ=1

N(j, ĵ)µNRα
∑NR−1

w=0

(
NR−1+w

w

)
[1− µα]NR

NTM
, (2.24)

where N(j, ĵ) is the number of bits in error between antenna index j and ĵ, µα = 1
2(1 −

√
σ2
α

1+σ2
α

),

σ2
α = (ρ/2)|xq|2 and q ∈ [1 : M ] is the index of modulation scheme used.

2.6 Results and Discussion

This section presents the performance study conducted for the M -APSK SM system. The results

were produced with 16-APSK constellation with β0 = 3.15 and 32-APSK constellation with β1 = 2.58

and β2 = 5.27. Fig. 2.3 compares the simulations results of Li et al [11] in a 4 × 2 SM-16-APSK

system with the results obtained from the theoretical BER expression (2.21) formulated in this

chapter. As the graphs show, there is a good match between the two results plotted, thus verifying

the closed form BER expression derived. The simulation results for the 4× 2 SM-32-APSK system

in Li et al [11] could not be replicated due to the details of the constellation design not being

provided by the authors. However, the performance study was extended to 16-APSK and 32-APSK

in multiple antenna configurations. Fig. 2.4 and Fig. 2.5 show the theory and simulation results for

both constellations in a 4× 4 and 8× 4 antenna configurations, respectively. As expected, the union

bound converges in the high SNR region thus verifying the analytical average BER expressions.
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Figure 2.4: Average BER - 6 bits/s/Hz and 7 bits/s/Hz Configurations

Figure 2.5: Average BER - 7 bits/s/Hz and 8 bits/s/Hz Configurations

2.7 Conclusion

This chapter presents a BER performance study for a M -APSK SM system. A closed form of

the average BER theoretical expression for 16-APSK SM and 32-APSK SM is formulated. The

theoretical expression for 16-APSK SM is shown to have a tight bound for the simulation results in

a 4× 2 system presented in a previous study. Furthermore, in this chapter, the results for 4× 4 and

8× 4 antenna configurations show that the theoretical expressions closely match simulation results.

In future works, the theoretical expression will be used to study more advanced SM systems such as

generalized spatial modulation (GSM).
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3.1 Abstract

Generalised Spatial Modulation (GSM) is a recently developed multiple-input multiple-output (MIMO)

technique aimed at improving data rates over conventional Spatial Modulation (SM) systems. How-

ever, for identical antenna array size and configurations (AASC), the bit error rate (BER) of GSM

systems in comparison to SM systems is degraded. Recently, a GSM system with constellation

reassignment (GSM-CR) was proposed in order to improve the BER of traditional GSM systems.

However, this study focused on M -ary Quadrature Amplitude Modulation (M -QAM) schemes. The

focus of this chapter is the application of a circular constellations scheme, in particular Amplitude

phase shift keying (APSK) modulation, to GSM and GSM-CR systems. An analytical bound for the

average BER of the proposed M -APSK GSM and M -APSK GSM-CR systems over fading channels

is derived. The accuracy of this bound is verified using Monte Carlo simulation results. A 4 × 4

16-APSK GSM-CR system achieves a gain of 2.5 dB at BER of 10−5 over the traditional 16-APSK

GSM system with similar AASC. Similarly, a 6× 4 32-APSK GSM-CR system achieves a gain of 2

dB at BER of 10−5 over equivalent 32-APSK GSM system.

3.2 Introduction

3.2.1 Context of Research

Improving data rates and link reliability are key considerations for developing the next generation of

wireless communication systems. These objectives led to the introduction of multiple-input multiple-

output (MIMO) systems as an improvement to single antenna systems [1]. MIMO systems can be

broken down into two broad categories. The first category focuses on multiplexing. An example

of such a system is Vertical Bell Labs layered space-time (V-BLAST) [2], which attained high data

rates by simultaneously transmitting independent information sequences. The spectral efficiency of

such systems increased linearly with the number of transmit antennas being employed. The second

category of MIMO systems focuses on achieving diversity. Alamouti was one of the first authors

to introduce the MIMO space-time block coding (STBC) scheme, which attained transmit diversity

[3]. Although, the overall link reliability was improved, the transmission rate remained the same as

that achieved by single-input single-output (SISO) systems.

In order to improve the transmission rates and spectral efficiency of MIMO systems, spatial modu-

lation (SM) was introduced as a new technique by Mesleh et al [4]. SM systems encode data in both

the signal and spatial domains, in contrast to traditional techniques which are constrained to the

signal domain. In the spatial domain, bits are used to indicate which of the Nt transmit antennas in

the system is active during transmission. The benefits of this are twofold: 1) the spectral efficiency

of the system increases by log2(Nt) bits/sec/Hz, and 2) the use of only a single active transmit

antenna eliminates the effects of inter-channel interference (ICI) and inter-antenna synchronisation

(IAS) [5].
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Architecture of SM however, limits the number of informations bits that may be encoded in the

spatial domain since it only transmits using a single antenna. To further increase the spectral

efficiency of SM systems, generalised spatial modulation (GSM) was proposed by Younis et al [5].

GSM systems optimise the encoding of information in the spatial domain, by selecting more than

one antenna to be active in each time slot [5]. The overall spectral efficiency in GSM is improved,

by the base-two logarithm of the number of transmit antennas, compared to SM. Although the

spatial domain is now optimised, the reliability of GSM in comparison to SM is degraded due to the

reintroduction of ICI.

Several schemes have been developed in order to improve the reliability of traditional GSM systems

[6–11, 13]. These can be divided into two categories. The first category consists of closed-loop

systems, which use the channel state information (CSI) obtained from the receiver to optimize the

transmission process. An example of this is the system proposed by Ma et al [6], which improves er-

ror performance by selecting the optimal signal-space constellation at the receiver according to CSI.

The second category consists of open loop systems which do not utilize feedback [9, 10, 13, 14]. An

example of such systems is the space-time block coded generalised spatial modulation (STBC-GSM)

proposed by Basar et al [9]. In this scheme, the Alamouti structure was incorporated to improve the

error performance over traditional GSM systems. More recently, labelling diversity (LD) has been

applied to GSM systems as a means to improve their error performance. LD improves error perfor-

mance by mapping the same information codewords using two bit-to-symbol mappers[14–16]. GSM

with constellation reassignment (GSM-CR) [13] and GSM with space-time block coded modulation

and labelling diversity (STBC-GSM-LD) [11] are examples of recent works that have applied LD

to GSM systems. It is important to note that the CR technique utilized by Naidoo et al [13] only

considers a single timeslot, whilst STBC-GSM-LD [14] transmits information bits over two timeslots.

The utilization of a single timeslot results in lower latency and reduced detection complexity, at the

expense of reduced error performance. This study however, only discussed quadrature amplitude

modulation (QAM) schemes. The focus of this chapter is to implement GSM-CR with circular con-

stellations, in particular, amplitude phase keying (APSK) modulation. One of the key advantages

of circular constellations is that it leads to a lower peak-to-average power ratio (PAPR), when com-

pared to square or rectangular modulation schemes such as M -QAM, where M is the modulation

order. This is achieved as a result of the reduced number of amplitude levels in M -APSK constella-

tions when compared to M -QAM with the same modulation order [17]. This property significantly

reduces the design complexity of high-power amplifiers utilized in long-range wireless communication

systems. This is highlighted by the fact that APSK is the modulation scheme adopted for the latest

digital video broadcasting (DVB-S2) standard, which provides the framework to improve transmis-

sion over non-linear satellite channels [18]. Therefore emphasizing the practicality and relevance

of applying M -APSK constellations to GSM and GSM-CR for potential use in long-range wireless

communication systems.

Recently, a differential SM (DSM) system for APSK modulation schemes was proposed by Martin

et al[19] to improve error performance over DSM for PSK systems. To further improve the link
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reliability of SM systems, an optimal multi-ring APSK based non-coherent SM (NCSM) system

assuming no CSI was proposed by Zhou et al [20]. In their letter Zhou et al designed APSK

constellations based on the theoretical symbol error probability (SER) of the NCSM system. In

related work, a novel non-equiprobable APSK (NE-APSK) constellation labelling for bit-interleaved

coded modulation (BICM) systems was proposed [21]. The authors herein derive the NE-APSK

design from Gray-APSK by reducing the number of points in the inner ring. Similarly, Yan et al [22]

optimizes the parameters of Gray-APSK constellations for BICM systems using genetic algorithms

(GAs). This is done by maximizing the channel capacity of the system. The resultant constellations

in these works [19–22] however have some limitations that leave them unsuitable for the M -APSK

GSM and GSM-CR systems proposed in this chapter: a) they are specifically designed for coded

systems b) they deviate from the those recommended by the DVB-S2 standard.

The challenge of developing an M -APSK GSM-CR system is the design of a secondary mapper for a

given M -APSK mapper. The objective of the design is to ensure that adjacent symbols are spaced

further apart in the secondary mapper than the primary mapper. There are two approaches that are

generally considered in order to design a secondary mapper. The first approach is to use geometric

heuristics but to the best of the authors’ knowledge, heuristics for generalised APSK constellations

have yet to be introduced. The second approach is to search over all possible constellation assign-

ments and select the one that maximizes the minimum Euclidean distance over all possible pairs

of transmitted symbols [16]. This approach commonly referred to as an exhaustive search is highly

complex and impractical, since it requires the system to consider M ! solutions where (·)! denotes

the factorial function. In order to reduce the search space, Samra et al[15] presented a bounded

search. Even after reducing the search space, Samra et al [15] reports that the algorithm is still too

complex for constellations where M¿16. Most recently, a new approach to mapper design based on

GAs was proposed by Patel et al [23, 24]. This algorithm allows for the design of mappers of higher

modulation schemes, with feasible computational complexity. Thus, this algorithm is applied in this

chapter to design the secondary mappers for the proposed M -APSK GSM-CR system.

3.2.2 Contributions

The principle contributions of this chapter are summarised as follows.

1. The application of M -APSK to GSM and GSM-CR systems. The motivation for this being its

lower PAPR when compared to M -QAM and its adoption in the DVB-S2 standard.

2. An analytical expressions to quantify the average bit error rate (BER) of M -APSK GSM and

GSM-CR over fading channels.

3. The design of secondary mappers for the M -APSK GSM-CR system.

4. Verification of the formulated analytical expressions using Monte Carlo simulations.
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3.2.3 Structure and Notation

The remainder of this chapter is structured as follows. Sec. 3.3 details the system model for a

M -APSK GSM-CR system. The theoretical BER expressions for M -APSK GSM-CR is derived in

Sec. 3.5. Sec. 3.6 outlines the mapper design. Sec. 3.7 presents the theoretical and simulation BER

performance of the system. Finally, Sec. 3.8 concludes the chapter.

In terms of notation, this chapter represents vectors and scalars in boldface and italics respectively.

‖·‖F , |·| and E{·} represent the Frobenius norm of a vector, the absolute value of a complex number

and statistical expectation respectively. The <(·) represents the real component of a complex signal.

Lastly, b·c represents the floor function of a real number.

3.3 System Model

Figure 3.1: System Model for GSM-CR

The system considered in this chapter is an Nt×Nr M -APSK GSM-CR system as shown in Fig. 3.1,

where Nt refers to the number of transmit antennas and Nr is the number of receive antennas. The

encoder initially assigns a stream of b = ba+ bs information bits to a spatial symbol (consisting of ba

bits) and an M -APSK symbol (consisting of bs bits).The selection of the transmit antennas refers to

the spatial domain transmission whilst the selection of the symbol refers to the signal domain. In SM

systems, the spatial domain utilizes a single antenna whereas GSM systems use a pair of antennas.

The spatial domain consists of all the possible pairs of transmit antennas, where the indices of these

pairs correspond to spatial symbols. There are
(
Nt
2

)
ways to select an antenna pair from Nt transmit

antennas. However, it should be noted that the number of usable antenna pair combinations must

be an integer power of two. Thus, the number of antenna bits is given by ba = blog2

(
Nt
2

)
c. These

bits define codeword ca which are indexed by k where k ∈ [0 : 2ba − 1]. This antenna pair index

defines the antenna pair {k1, k2} to be used during transmission. The selection of these ba antenna

pairs for an Nt ×Nr GSM system is discussed by Basar et al [9].
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The signal domain in the GSM-CR system comprises of two symbols mapped by bs = log2M bits,

where M denotes the order of the APSK modulation scheme used. These bits are mapped to an

M -APSK constellation using two bit-to-symbol mappers, primary mapper ω1 and secondary mapper

ω2. The output of these mappers are xq = ω1(q) and x̃q = ω2(q) where q represents the signal domain

index and is defined by the range [0 : M − 1]. The output of the encoder shown in Fig. 3.1 can be

expressed as:

xk,q =
[
0 . . . xq . . . 0 . . . x̃q . . . 0

]T
ejθk (3.1)

where xk,q is an Nt×1 dimensional transmission vector and θk is the rotation angle. Basar et al have

presented the optimal transmit antenna pairs and the corresponding rotation angle for an Nt ×Nr

GSM system [9]. The same process has been applied for the proposed M -APSK GSM and M -APSK

GSM-CR.

The power of the M -APSK constellation is normalized to ensure that E{|xq|2} = E{|x̃q|2} = 1.

Modulated Symbols xqe
jθk and x̃qe

jθk are transmitted simultaneously from antennas k1 and k2 over

the Nr ×Nt MIMO channel H.

The received signal vector is thus given by:

y =

√
ρ

2
Hxk,q + n, (3.2)

where y is an Nr×1 dimensional received vector subjected to Nr×1 dimensional additive white Gaus-

sian noise (AWGN) n. The entries of H and n are independent and identically distributed (i.i.d) ac-

cording to the complex Gaussian distribution CN(0, 1). H =
[
h1 h2 . . . hk1 . . . hk2 . . . hNt

]
where hk1 and hk2 are the Nr× 1 dimensional vectors corresponding to transmit antenna pair index

k. ρ is the average signal-to-noise ratio (SNR) at each receive antenna.

Alternatively, the received vector for the APSK GSM-CR can be represented as:

y =

√
ρ

2
hkXq + n, (3.3)

where Xq =
[
xq x̃q

]T
ejθk is the transmitted symbol pair and hk =

[
hk1 hk2

]
is an Nr × 2

dimensional channel matrix corresponding to the active antenna pair index k.

The receiver employs the ML detection rule for the estimation of transmit antenna pair index and

the transmitted symbol as shown in Eq. (3.4).

[k̃, q̃] = min
k̂∈[0:2ba−1]
q̂∈[0:M−1]

∥∥∥∥y −√ρ

2
hk̂Xq̂

∥∥∥∥2

F

, (3.4)
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where k̃, q̃ represent the estimated transmitted antenna pair index and M -APSK modulated index

respectively.

3.4 16-APSK and 32-APSK Constellations

APSK constellations exists in multiple modulation schemes. These schemes are termed as n1 +

n2 + ... + nl APSK where l is the total number of rings and nl is the number of points on the lth

ring. 4+12 APSK, 5+11 APSK, 6+10 APSK and 8+8 APSK are some of the common modulation

schemes for 16-APSK. Among them, 4+12 APSK modulation scheme is proven to exhibit improved

error performance, when considering the non-linear characteristics of a high performance amplifier

[30–32]. Similar performance has been observed in 4-12-16 APSK (32-APSK) modulation scheme

[30]. Furthermore, it is also worth mentioning that 4+12 APSK and 4+12+16 APSK are the chosen

modulation schemes in the latest DVB-S2 standard for satellite communications over non-linear

channels [18].

The constellation diagrams for 16-APSK and 32-APSK and the associated bit allocation for mappers

ω1 and ω2 in decimal are shown in Fig. 3.2. In the 16-APSK constellation, the ratio of the outer

and inner radii is denoted by β0 = R2/R1 whilst the ratios in the 32-APSK constellation are defined

as β1 = R2/R1 and β2 = R3/R1 [29].

The average symbol energy for 16-APSK is calculated as follows:

ĒS =
(R2

1 + 3R2
2)

4

=
(1 + 3β2

0)R2
1

4
(3.5)

Similarly, the average symbol energy for 32-APSK is calculated as follows:

ĒS =
(R2

1 + 3R2
2 + 4R2

3)

8

=
(1 + 3β2

1 + 4β2
2)R2

1

8
(3.6)

The peak-to-average power ratio may be calculated using the expression below[25]:

PAPR = 10 log

 max
q=0,1,...,M−1

|xq|2

1
M

∑M−1
q=0 |xq|2

 dB (3.7)
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Figure 3.2: GSM-CR Constellations, Key=ω1/ω2

3.5 BER Performance Analysis

The output of the GSM-CR detector, shown in Fig. 2.1, estimates two quantities: the active

transmit antenna pair and the transmitted symbol. As a result, the system performance depends on

the error rates of these two parameters. Let Pa denote the probability of the transmit antenna pair

being incorrectly estimated, given that the modulated symbol pair is correctly detected, and Pd be
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the probability of the modulated symbol pair being incorrectly estimated given that the transmit

antenna pair is correctly detected. The overall average BER is then bounded by [4]:

Pe ≈ Pa + Pd − PaPd (3.8)

3.5.1 Analytical BER of Transmit Antenna Index Estimation (Pa)

The average BER for the transmit antenna index is calculated by assuming the transmitted signal

is correctly detected. The closed-form solution is given by Naidoo et al[13] as:

Pa ≤
c−1∑
k=0

M−1∑
q=0

c−1∑
k̂=0
k̂ 6=k

N(k, k̂)µNRα
∑NR−1

w=0

(
NR−1+w

w

)
[1− µα]NR

cM
, (3.9)

whereN(k, k̂) is the number of bits in error between antenna pair indices k and k̂, µα = 1
2

(
1−

√
σ2
α

1+σ2
α

)
,

σ2
α = (ρ/8)|xq|2 where xq is defined in Sec. 3.3 and c = 2ba .

3.5.2 Analytical BER of Symbol Pair Estimation (Pd)

The average BER of symbol estimation is derived using the union bound technique [27]. Assuming

that the transmit antenna pair is correctly detected, the average BER for symbol pair estimation is

bounded by[13]:

Pd ≤
M−1∑
q=0

M−1∑
q̂=0
q̂ 6=q

N(q, q̂)P (xk,q → xk,q̂)

mM
, (3.10)

where m = log2M , N(q, q̂) is the number of bit errors between symbol pair indices q and q̂. P (xk,q →
xk,q̂) denotes the pairwise error probability (PEP) of detecting xk,q̂ given that xk,q was transmitted.

The PEP conditioned on H may be expressed as

P (xk,q → xk,q̂ |H) = P

(∥∥∥∥y −√ρ

2
Hxk,q̂

∥∥∥∥2

F

<

∥∥∥∥y −√ρ

2
Hxk,q

∥∥∥∥2

F

)
= Q


√√√√ Nr∑

i=1

vi

 (3.11)

where vi = |ui|2
2 and ui is the ith element of vector u. u =

√
ρ
2 [hk1d1 + hk2d2] ejθk where d1 =

(xq − xq̂) and d2 = (x̃q − x̃q̂). The derivation of the Q-function can be found in Appendix 3.10.
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In order to evaluate Eq. (3.11), the trapezoidal rule [34] for numerical integration is applied to the

Q-function which leads to:

Q
(√
x
)

=
1

4n
exp

(
−x

2

)
+

1

2n

n−1∑
c=1

exp

(
− x

Sc

)
, (3.12)

where Sc = 2 sin2( cπ2n) and n is the number of summations. It is shown by Quazi [34] that choosing

n greater than 6 results in sufficient accuracy in the numerical integration.

Using Eq. (3.12), Eq. (3.11) can be simplified to:

P (xk,q → xk,q̂ |H) = Q


√√√√ Nr∑

i=1

vi


=

1

4n
exp

(
−
∑Nr

i=1 vi
2

)
+

1

2n

n−1∑
c=1

exp

(
−
∑Nr

i=1 vi
Sc

)

=
1

4n

Nr∏
i=1

(
exp

(
−vi

2

))
+

1

2n

n−1∑
c=1

Nr∏
i=1

(
exp

(
− vi
Sc

))
(3.13)

The PEP conditioned on H defined in Eq. (3.13) is averaged by integrating over the fading distri-

bution,

P (xk,q → xk,q̂) =

∫ ∞
0
Q


√√√√ Nr∑

i=1

vi

P (vi)dvi, (3.14)

where the Gaussian function, Q(x), is defined above and the fading probability density function

(PDF) of vi is given by [26]:

P (vi) =
1

v̄i
exp(−vi

v̄i
), (3.15)

where the variance v̄i is given by:

v̄i = E

{
1

2
|ui|2

}
= E

{
1

2

∣∣∣∣√ρ

2
[hi,k1d1 + hi,k,2d2] ejθk

∣∣∣∣2
}

=
ρ

4

(
|d1|2 + |d2|2

)
, (3.16)

where the reader is reminded that hi,k1 , hi,k2 ∼ CN(0, 1) as defined in Sec. 3.3. Since the result in

Eq. (3.16) show that v̄i is independent of i, v̄ = v̄i for all i ∈ [1 : Nr].
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Substituting Eq. (3.13) in Eq. (3.14), the unconditional probability can be written as

P (xk,q → xk,q̂) =

∫ ∞
0

1

4n

Nr∏
i=1

(
exp

(
−vi

2

))
+

1

2n

n−1∑
c=1

Nr∏
i=1

(
exp

(
− vi
Sc

))
P (vi)dvi

=
1

4n

Nr∏
i=1

(
M
(

1

2

))
+

1

2n

n−1∑
c=1

Nr∏
i=1

(
M
(

1

Sc

))
, (3.17)

where M(·) is the moment generating function (MGF) for Rayleigh Fading and is defined by [28]:

M(s) = (1 + sv̄)−1. (3.18)

Since, the MGF is independent of i as shown in Eq. (3.18),
∏Nr
i=1M(s) = [M(s)]Nr . Hence, the

average BER expression of symbol estimation may be obtained by substituting the unconditioned

probability derived in Eq. (3.17) in overall bound defined in Eq. (3.10). The resultant final expression

for Pd is as follows:

Pd ≤
1

mM

M−1∑
q=0

M−1∑
q̂=0
q̂ 6=q

N(q, q̂)
1

4n

(
1 +

v̄

2

)−Nr
+

1

2n

n−1∑
c=1

(
1 +

v̄

Sc

)−Nr
(3.19)

3.6 Constellation Reassignment Mapper Design

In order to achieve LD, CR requires the use of primary and secondary mappers. For the M -APSK

GSM-CR system, primary mapper (ω1) is designed to follow a Gray coded structure, which is proven

to be optimal as discussed by Samra et al [15]. As discussed in Sec. 1, there is no precedence for the

design of secondary mappers (ω2) for the M -APSK constellations considered in this chapter. Thus,

the generic approach proposed by Patel et al[23] for LD systems is adopted in this chapter. This

approach utilizes a genetic algorithm to design secondary mappers for space-time labelling diversity

(STLD) systems. Since both STLD and CR systems require a secondary mapper to achieve LD, this

algorithm is adapted and applied for the M -APSK GSM-CR system.

The analytical expressions derived in Sec. 3.5 for the error performance of M -APSK GSM-CR system

are used to guide the mapper design process. In particular, since CR only affects the probability

of a symbol pair estimation error (Pd), the results of Sec. 3.5.2 form the framework for this design.

The first stage of this design is similar to that employed by Xu et al[14], which considers a high SNR

approximation of the symbol pair estimation, Pd. At high SNR, the Rayleigh fading MGF (defined

in Eq. (3.18)) is dominated by its second term. As such, following on from Eq. (3.19), Pd at high

SNR is approximated as
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Population of
Candidate Sec-
ondary Mappers

Crossover Mutation + Pruning

Terminate?
Output
ω2

Fitness Function

EP1

EP2

EC1

EC2

No
Yes

EP1, EP2 = parent chromosomes. EC1, EC2 = child chromosomes.

Figure 3.3: Block Diagram of Genetic Algorithm for CR Mapper Design

P high SNR
d ≤ 1

mM

M−1∑
q=0

M−1∑
q̂=0

N(q, q̂)
1

4n

(ρ
8

(
|d1|2 + |d2|2

))−Nr
+

1

2n

n−1∑
i=1

(
ρ

4Si

(
|d1|2 + |d1|2

))−Nr
,

(3.20)

where Eq. (3.16) has been substituted into the expression. It is thus apparent that the performance

of the system is dependent on the sum of the squared distances, given by

D = |d1|2 + |d2|2 = |xq − xq̂|2 + |x̃q − x̃q̂|2. (3.21)

Higher values of D result in lower probability Pd. Thus, the error floor of Pd is set by the minimum

value of D , which is denoted as Dmin. It then follows that the overall objective of mapper design for

CR systems is to produce mapper ω2 given ω1 in order to maximise Dmin.

3.6.1 Description of Genetic Algorithm

The genetic algorithm described by Patel et al[23] considers the case where ω1 is known and ω2 is

desired. The output of this algorithm is obtained from an iterative heuristic search through the

candidate mapper space.

The block diagram in Fig. 3.3 provides a high level illustration of the genetic algorithm designed by

Patel et al[23]. Candidate secondary mappers are encoded into data structures called ‘chromosomes’,

which consist of subunits referred to as ‘genes’. The set of chromosomes considered at each iteration

of the algorithm is referred to as the ‘population’. The notation used in this section is to represent

genes, chromosomes and the population with variables ε, E and % respectively.

In the remainder of this section, the authors provide a summarised discussion of each stage of the

genetic algorithm.

Genetic Coding ‘Genetic coding’ is the term used to describe the representation of each can-

didate mapper as a chromosome. Each chromosome consists of genes, εi, i ∈ [1 : M ], each of
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Figure 3.4: Illustrating the position of Genes in M -APSK Constellations

which corresponds to a symbol from the M -APSK constellation. The corresponding value assigned

to each gene of the chromosome is the binary value associated with that constellation point. Thus,

the chromosome E is defined by

E =
[
ε1 ε2 · · · εM−1 εM

]
. (3.22)

An illustration of the 16-APSK and 32-APSK constellations considered in this chapter, explicitly

showing the location of each gene, is given in Fig. 3.4.

Generating a Population of Chromosomes The population of chromosomes refers to the set

of candidate secondary mappers evaluated by the genetic algorithm at each iteration. Hence, the

population during the n-th iteration, %n, is defined as:

%n =
{
E1,n E2,n · · · E(z−1),n Ez,n

}
, (3.23)

where z is the number of chromosomes in the population. As suggested by Patel et al[23], the initial

population (%0) consists of a set of z chromosomes selected at random from the M ! candidate mapper

space.

Crossover and Mutation The processes of crossover and mutation are the most important ele-

ments of the genetic algorithm[35]. Crossover and mutation model the biological process of evolution

to generate progressively more optimal population % at each iteration. Hence, the population %n+1

is more optimal than %n.

The κ-point hypersphere swap crossover (κ-HSX) proposed by Patel et al[23] for STLD mapper

design is implemented for this genetic algorithm. The authors note that the goal of mapper design

in STLD and CR systems are similar, thus no modifications to κ-HSX are needed to apply it in the
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CR context. The reader is referred to the original work[23] for full details of the κ-HSX process,

including a procedural example of the swapping process.

Mutation is a random event that occurs when a child chromosome undergoes further changes after

crossover. The probability of a mutation occurring for a given child chromosome is denoted Pmutation.

If a mutation occurs, two genes are randomly selected from the child chromosome and swapped. Patel

et al[23] highlight that, unlike crossover, no properties from the parent chromosomes are used to

inform this swap.

Pruning The purpose of pruning at end of each iteration is to discard the least-fit chromosomes

from the population. This is done to model the biological process of ‘natural selection’. In the

genetic algorithm for mapper design, 2×
(
z
2

)
chromosomes are discarded at the end of each iteration.

In this way, the population size at the start of each iteration remains fixed at z. When pruning the

population, a metric to quantitatively evaluate chromosomes is necessary. As mentioned previously,

the error floor of the symbol pair estimation probability of the GSM-CR system is set by the

minimum summed-squared distance, Dmin. This suggests that an appropriate fitness function to

evaluate chromosome E when pruning is given by

Ψ(E) = min
q,q̂∈[0:M−1]

{
|xq − xq̂|2 + |ωE(q)− ωE(q̂)|2

}
, (3.24)

where ωE is the mapper represented by chromosome E . Eq. (3.24) is obtained from Eq. (3.21) by

obtaining x̃q and x̃q̂ from ωE . Thus, the z chromosomes with the highest fitness, evaluated using

Eq. (3.24), form the population %n+1 at the end of the pruning stage.

The authors emphasise that the fitness function in Eq. (3.24) is the key difference between the

genetic algorithm for CR systems and its original variant for STLD systems[23].

Termination Termination of a genetic algorithm occurs when the population is deemed to contain

an optimal solution, or if the algorithm determines that no feasible solution can be found.

As suggested by Patel et al[23], the population is said to contain an optimal solution when all

chromosomes converge to the same genotype (i.e. they all have the same fitness). All chromosomes

in the population are then considered equally optimal, and any of them may be selected as the

output.

Patel et al[23] also constrain the algorithm to run for a maximum of nmax iterations to ensure that

it is computationally feasible, where nmax � M5. If the maximum number of iterations is reached,

it is assumed that the genetic algorithm will not converge. In this case, the fittest chromosome from

the population is selected as the output.
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Table 3.1: PAPR of M -APSK and M -QAM constellations

16-APSK 16-QAM 32-APSK 32-QAM

PAPR (dB) 1.1 2.6 1.9 3.2

Implementation When implementing the algorithm to produce secondary mappers for the con-

text of CR for 16-APSK and 32-APSK constellations, the following parameters were used: z = 8

and Pmutation = 0.1. The κ-HSX algorithm is implemented with parameter κ = M−4
2 . The maximum

number of iterations for the GA is set to nmax = 104 for 16-APSK and nmax = 106 for 32-APSK

constellation.

3.7 Results and Discussion

The section begins with a discussion of the PAPR comparison between M -APSK constellations and

the more widely used M -QAM constellations. The values for M -APSK and M -QAM PAPR were

obtained using Eq. (3.7) and are shown in Table. 3.1. It is clearly evident that the lower number of

amplitude levels in APSK constellations results in a lower PAPR when compared to QAM[12]. This

characteristic of APSK constellations justifies its adoption in long-range wireless communication

systems. This motivates for the application of M -APSK constellations to advance SM systems

such as GSM and GSM-CR in this chapter. Consequently, the performance study of the proposed

M -APSK GSM and M -APSK GSM-CR systems is presented in what follows.

The performance of the proposed systems is presented in terms of the average BER analytical

expression developed in Sec. 3.5. These results are validated using Monte Carlo simulations for

various antenna array sizes and configurations. Thereafter, performance comparisons are made

Figure 3.5: Average BER - 6 bits/s/Hz Configuration
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Figure 3.6: Average BER - 7 bits/s/Hz Configuration

Figure 3.7: Average BER - 7 bits/s/Hz Configuration

between SM, GSM and GSM-CR systems with equivalent spectral efficiencies. In the performance

study, assume Nr = 4 and that the channel remains constant for the duration of a single transmission.

Monte Carlo simulations were performed using the ML detection rule defined in Eq. (3.4) with the

following assumptions: Rayleigh flat fading channel, full knowledge of channel at the receiver, the

Table 3.2: 4×Nr Antenna Pairs

Antenna array sizes and configurations 4×Nr

Transmit Antenna Pair (1,3) (1,4) (2,3) (2,4)

Rotation Angle (16-APSK) 0 π/4 π/4 0

Rotation Angle (32-APSK) 0 π/4 π/4 0
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Figure 3.8: Average BER - 8 bits/s/Hz Configurations

Table 3.3: 6×Nr Antenna Pairs

Antenna array sizes and configurations 6×Nr

Transmit Antenna Pair (1,2) (3,4) (5,6) (2,3) (4,5) (1,6) (1,3) (2,4)

Rotation Angle (16-APSK) 0 0 0 π/3 π/3 π/3 2π/3 2π/3

Rotation Angle (32-APSK) 0 0 0 π/6 π/6 π/6 π/3 π/3

antennas at the transmitter and receiver are separated wide enough to avoid correlation, maximal

ratio combining reception is used at the receiver and the total transmit power is split equally between

the two active transmit antennas. Rotation angles and the selection of the transmit antenna pairs

are based on the design proposed by Basar et al [9]. The transmit antenna pairs used for M -APSK

GSM and M -APSK GSM-CR were obtained from Basar et al for a 4 × Nr and 6 × Nr and shown

in Table 3.2 and Table 3.3 respectively [9]. Since it is not possible to derive rotation angles for

M > 4 [9], an exhaustive search via computer simulation is conducted to maximize the average BER

performance. The results obtained are outlined in Table 3.2 and Table 3.3. Fig. 3.5-3.8 show the

average BER of SM, GSM and GSM-CR with various AASC. In order to ensure a fair comparison,

identical spatial mappings were employed for both GSM and GSM-CR systems. The simulation

results for all cases of GSM and GSM-CR systems are observed to converge the union bound in high

SNR region thus verifying the analytical average BER expressions derived in Sec. 3.5. It is also

evident that in all cases, the GSM-CR outperforms the GSM and SM systems. Fig. 3.5 and Fig.

3.6 show the average BER for 4× 4 antenna configuration for 16-APSK and 32-APSK respectively.

These correspond to spectral efficiencies of 6 bits/s/Hz and 7 bits/s/Hz respectively. As the graphs

in Fig. 3.5 show, the 16-APSK GSM-CR system achieves the gain of 2.5 dB over its equivalent

GSM system and 1.5 dB in comparison to its equivalent SM system at BER of 10−5. Furthermore,

GSM systems are shown to have slightly degraded performance in comparison to SM. The higher

error probability of detecting two transmit antennas in GSM, in comparison to the single transmit

antenna detection in SM, is the reason for the degraded performance [5]. In Fig. 3.6, the 32-APSK
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GSM-CR systems achieves gains of 2.2 dB and 2 dB at BER of 10−5 in comparison to its equivalent

GSM and SM systems respectively. Fig. 3.7 and Fig. 3.8 show the average BER for 6× 4 antenna

configuration for 16-APSK and 32-APSK respectively. These correspond to spectral efficiencies of

7 bits/s/Hz and 8 bits/s/Hz respectively. It can be seen in Fig. 3.7 that the 16-APSK GSM-CR

system achieves the gain of 2.5 dB over its equivalent GSM system and 1.5 dB in comparison to its

equivalent SM system at BER of 10−5. In Fig. 3.8, the 32-APSK GSM-CR systems achieves gains of

2 dB and 1.2 dB at BER of 10−5 in comparison to its equivalent GSM and SM systems respectively.

It should be noted that similar performance improvements were observed in M -QAM GSM-CR over

SM and GSM in the original work done by Naidoo et al[13].

The performance gains for the M -APSK GSM-CR system over the M -APSK GSM system in various

AASC is attributed to the improved error performance of symbol pair estimation, Pd. This is due

to the introduction of labelling diversity in the system. Since, Pd has been significantly improved,

using Eq. (3.8), it can be concluded that the overall probability of the system is now bounded by Pa

if Pd approaches 0. Hence, for future works, the next logical step would be to improve the average

BER of transmit antenna pair estimation, Pa, in order to further improve link reliability of GSM

systems.

3.8 Conclusion

This chapter presents a performance study of an M -APSK GSM-CR system. An analytical frame-

work for the average BER is formulated for the M -APSK GSM-CR system. The framework guides

the design of the genetic algorithm used to develop secondary mappers for APSK. The first set of

results focus on a PAPR comparison between M -APSK constellations to M -QAM. As expected, the

APSK constellations achieve a lower PAPR as compared to QAM. The second set of results focus on

validating the theoretical expression derived by the results of Monte Carlo simulations, which show a

tight bound in the high SNR region. The results presented further show that the M -APSK GSM-CR

outperforms its equivalent GSM and SM systems in various antenna array sizes and configurations.

A 4 × 4 16-APSK GSM-CR systems achieves gains of 2.5 dB over its equivalent GSM system and

1.5 dB in comparison to its equivalent SM system at BER of 10−5. Similar gains are evident for

32-APSK and at various spectral efficiencies.

3.9 Future Works

The findings from this chapter opens up the possibility of future research work to be done in mul-

tiple areas. Firstly, the error performance may be improved by application of more recent APSK

constellations with the novel GSM-CR system. The NE-APSK constellations [21] is one such con-

stellation that may be considered for the proposed system. The generic mapper design detailed in
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this chapter allows the system to generate secondary mappers for any type and size of constella-

tions. Secondly, this chapter shows that the GSM-CR system is bound by the error probability of

antenna pair estimation. The future work should focus on enhancing Pa to further improve the link

reliability of GSM and GSM-CR systems. Lastly, there are more advanced SM systems that further

improve performance when compared GSM-CR such as Space-Time Quadrature Spatial Modulation

(ST-QSM), Generalised QSM (GQSM) and Extended QSM (EQSM) [36–38]. In future work, the

authors will consider the application of circular constellations to such systems.
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3.10 Appendix: Derivation of the Q-function Derivation

In this section, the derivation of the Q-function for the proposed system is shown.

Rewriting using alternative notation shown in Eq. (3.3) yields:

P (xk,q → xk,q̂ |H) = P

(∥∥∥∥√ρ

2
hk [Xq −Xq̂] + n

∥∥∥∥2

F

< ‖n‖2F

)

= P

(∥∥∥∥√ρ

2

[
hk1 (xq − xq̂) ejθk + hk2 (x̃q − x̃q̂) ejθk

]
+ n

∥∥∥∥2

F

< ‖n‖2F

)

= P

(∥∥∥∥√ρ

2
[hk1d1 + hk2d2] ejθk + n

∥∥∥∥2

F

< ‖n‖2F

)
, (3.25)

where d1 = (xq − xq̂) and d2 = (x̃q − x̃q̂).

Let u =
√

ρ
2 [hk1d1 + hk2d2] ejθk , the PEP in Eq. (3.25) can be resolved to:

P (xk,q → xk,q̂ |H) = P
(
‖u + n‖2F < ‖n‖

2
F

)
= P

(
‖u‖2F + 2<

(
nHu

)
< 0
)

= P

(
Nr∑
i=1

< (n∗iui) >

∑Nr
i=1 |ui|2

2

)
, (3.26)

where ni and ui are the ith element of vectors n and u respectively.

From the definition of AWGN in Sec. 3.3, ni follows the distribution given by ni ∼ CN(0, 1), where

i ∈ [1 : Nr]. In addition, n∗iui is also a complex Gaussian random variable due to the conditional

PEP in Eq. (3.25) assuming perfect knowledge of all channels. Therefore, < (n∗iui) is a Gaussian

random variable with zero mean and variance σ2
i = |ui|2

2 .
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Dividing both sides of the conditional probability by the square root of the variance, yields an

expression in terms of the definition of the Gaussian Q-function [33], Q(x) = 1
π

∫ π
2

0 exp
(

x
2 sin2(y)

)
dy,

as follows:

P (xk,q → xk,q̂ |H) = P

(
Nr∑
i=1

< (n∗iui)

σi
>

1

2

Nr∑
i=1

|ui|2

σi

)

= Q


√√√√ Nr∑

i=1

|ui|2
2


= Q


√√√√ Nr∑

i=1

vi

 , (3.27)

where vi = |ui|2
2 .
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Chapter 4

Conclusion

The primary objective of this dissertation was to apply circular constellations to advanced MIMO sys-

tems such as SM, GSM and GSM-CR. These advanced systems were previously only applied to square

or rectangular modulation schemes. Various benefits and applications of circular constellations have

been discussed at length in this dissertation. The principal contributions and corresponding out-

comes are summarised as follows:

In Chapter 2, the focus was to develop a closed form of the average BER theoretical expression for

the 16-APSK SM and the 32-APSK SM systems. The theoretical expressions derived herein were

used to verify the simulation results published previously. The performance study was then extended

in this chapter to include results of various AASC for the M -APSK SM system. The average BER

theoretical expressions derived were shown to have a tight bound to the simulation results in the

high SNR region for these various AASC.

Chapter 3 proposed an M -APSK GSM and M -APSK GSM-CR systems in order to increase the

spectral efficiency and link reliability of M -APSK SM systems. The M -APSK GSM system, com-

pared to M -APSK SM, improves the overall spectral efficiency by log2(Nc), where Nc is the number

of antenna combinations. Although the spectral efficiency is significantly improved as the number of

transmit antennas increase, the BER performance of the GSM system is limited compared to SM.

Therefore, an M -APSK GSM-CR system was developed to improve the overall link reliability of the

conventional GSM system. The results presented show that the M -APSK GSM-CR system outper-

forms its equivalent GSM and SM systems for various AASC. A 4 × 4 16-APSK GSM-CR system

achieved gains of 2.5dB over its equivalent GSM system and 1.5dB in comparison to its equivalent

SM system at BER of 10−5. Similar gains were evident for 32-APSK and at various different spectral

efficiencies. Furthermore, an analytical framework for the average BER for the proposed M -APSK

GSM and M -APSK GSM-CR system was developed in this chapter. The theoretical expression

derived was validated by the results of Monte Carlo simulations, which show a tight bound in the

high SNR region.
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This dissertation paves the way for future research work to be conducted in multiple areas which

includes the following:

1. Application of more advanced circular constellations such as NE-APSK with the novel GSM-

CR system to improve the overall link reliability of the M -APSK GSM-CR system. The generic

mapper design detailed in this paper allows the system to generate secondary mappers for any

type and size of constellations.

2. Application of circular constellations to more advanced SM systems such as ST-QSM, GQSM

and EQSM. These systems foundationally transmit the in-phase and quadrature symbols of a

signal independently to achieve a superior error performance.

3. Developing a low complexity detector scheme for the M -APSK GSM-CR system which reduces

computational complexity regardless of the order of digital modulation employed.
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