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In this paper, we consider singular timelike spherical hypersurfaces embedded in a D-
dimensional spherically symmetric bulk spacetime which is an electrovacuum solution
of Einstein equations with cosmological constant. We analyze the different possibilities
regarding the orientation of the gradient of the standard r coordinate in relation to
the shell. Then we study the dynamics according to Einstein equations for arbitrary
matter satisfying the dominant energy condition. In particular, we thoroughly analyze
the asymptotic dynamics for both the small and large-shell-radius limits. We also study
the main qualitative aspects of the dynamics of shells made of linear barotropic fluids
that satisfy the dominant energy condition. Finally, we prove weak cosmic censorship
for this class of solutions.
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1. Introduction

Thin shell models are interesting arguably for two main reasons. The first one is the
possibility of a mathematical simplification of the field equations that may allow
us to characterize nonvacuum solutions. In this case, the thin shell models are not
necessarily realistic, they are useful because of their mathematical properties, and
they may shed light on general theoretical problems such as the cosmic censorship
conjecture1 or the possibility of transversable wormholes.2,3 It is then not surprising
that they have been used to address different aspects of higher-dimensional gravity
theories, not only general relativity in higher dimensions but also Lovelock gravity
and Chern–Simons gravity, just to name a few.
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The second reason is the description of physical systems that are the source
of a field theory and that can be modeled by neglecting one of their dimensions.
In the context of gravity, there exist a number of astrophysical and cosmological
systems4,5 where some part of them can be thought of as a thin shell to a good
approximation. A currently relevant scenario where thin shells play a role in this
sense are brane-world cosmologies (for a recent review see Ref. 6). In this scenario,
the observable universe is a part of a 4-dimensional manifold embedded in a higher
dimensional one, usually 5-dimensional.

On the other hand, the generalization of different physical systems into arbi-
trary dimensions, specially if there are for the system at least two different relevant
dimensionalities, is interesting not only because of its summarizing capability, but
also because of the possibility of achieving a deeper understanding of the interac-
tions that govern the system and the meaning of dimensionality itself. Furthermore,
there is a tradition in theoretical physics that dates back to Kaluza and Klein in the
20’s dedicated to address the possibility of the existence of extra dimensions. This
tradition continues to this day in several ways, as a large part of the community
still regard string theory and M-theory, theoretical frameworks that require the
existence of 6 or 7 extra dimensions, as the most promising research program for
a Theory of Everything. The aforementioned brane-world models are inspired by
results in phenomenological high-energy physics and M-theory,7 and these devel-
opments have triggered a renewed interest in higher-dimensional classical gravity
as it became clear that, in contrast to the more usual compactification scenario, in
the brane-world setting higher-dimensional solutions of Einstein equations might
represent low-energy limits of the full quantum theory.

There is another framework that has been intensively studied in the last
two decades in which higher-dimensional gravity plays a fundamental role: the
AdS/CFT conjecture, or, more general, holographic principle.8 There is strong evi-
dence of the existence of a duality between a (quantum) gravity theory on a D-
dimensional asymptotically AdS spacetime and a conformal quantum field theory
on its D − 1-dimensional conformal timelike boundary. This implies that higher-
dimensional gravity can also be a tool to understand QFT on an ordinary Minkowski
spacetime. Furthermore, the applicability of this tool has been extended to con-
densed matter and fluid dynamics also on ordinary flat spacetime.9 We can safely
state that this is one of the most active areas of research in contemporary theoretical
physics, and, as such, it also contributed to attract interest in higher-dimensional
classical models.

As a result, in the last two decades, there have been many interesting and rele-
vant developments in higher-dimensional classical gravity (see for example Ref. 10
and references therein), including some general results in arbitrary dimensions at
the large D limit.11 It is now well-known that there is a much larger and diverse
collection of black holes in pure GR at higher dimensions than at four dimensions
(see Ref. 12 for a review), where the no-hair theorem is expected to hold; on the
other hand, the dynamics gets simpler in some sense at large D, as GR tends to
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behave effectively as a field theory where the cross-sections of scattering of black
holes tend to zero, so they get detached from each other, while their volumes remain
finite.

Most analytical solutions studied in this field are either stationary or vacuum.
Closed-form dynamical solutions with physically reasonable matter fields are hard
to obtain in general relativity regardless of dimensionality. For this purpose, a
strong symmetry is usually imposed. In this work, we consider spherically sym-
metric electro-vacuum bulk spacetimes where the metric is fixed by giving three
parameters: charge, cosmological constant and mass. In recent years, several dif-
ferent solutions within this class involving self-gravitating thin shells in arbitrary
dimensions have been studied.13–16 In Ref. 13, Gao and Lemos considered a charged
dust shell for a spherically symmetric electro-vacuum bulk of arbitrary dimensions.
They analyzed the dynamics for different parameters of the bulk regions and con-
sidered the possibility of a violation of the cosmic censorship conjecture, as for
certain bulk parameters the spacetime would display a naked singularity. They
thoroughly analyzed the parameter space of this scenario and concluded that cos-
mic censorship holds in all dimensionalities. On the other hand, in Ref. 14, Eiroa
and Simeone analyzed a more general situation with a cosmological constant and
matter satisfying the weak energy condition. Their analysis laid emphasis in the
stability of static solutions for arbitrary matter–energy models, but also considered
some general aspects of the dynamics for certain particular cases.

Matter models are somewhat arbitrary, and the knowledge of the possible
dynamics of the shell regardless of their matter content allow us to constraint
our expectations regarding the evolution of these systems. In this spirit, we study
certain key aspects of the dynamics of thin shells for any matter content satisfy-
ing the dominant energy condition embedded in an electro-vacuum bulk spacetime
with cosmological constant and arbitrary dimensionality. This work generalizes in a
sense the results of both Refs. 13 and 14. We analyze the dynamics of these shells in
a more systematic way regarding the different matter–energy models, and recover
the main results of these two previous works but in a more general setting. In par-
ticular, we prove that weak cosmic censorship holds for this more encompassing
class of solutions.

1.1. Outline

We begin with a description of a general shell in a spherically symmetric bulk
spacetime of an arbitrary number of dimensions in Sec. 2. In Sec. 3, we analyze
the asymptotic behavior of the dynamics of these shells, provided their matter–
energy content satisfy the dominant energy condition. In Sec. 4, we describe the
key properties of the dynamics of shells made of linear barotropic fluids for the dif-
ferent scenarios and equations of state. Finally, in Sec. 5, we summarize the anal-
ysis made in the previous sections and prove weak cosmic censorship for these
solutions.
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2. Spherically Symmetric Thin Shells in D = n + 2 Dimensions

We begin with a description of a singular shell embedded in a spherically symmetric
electrovacuum spacetime of an arbitrary number of dimensions. If this symmetry
holds then there is always, at least locally, an orthogonal coordinate chart (x0, x1)
for the quotient manifold, so the metric can be written as follows:

ds2 = −f(x0, x1)dx2
0 + h(x0, x1)dx2

1 + r(x0, x1)2dΩ2
n. (1)

We now define a singular timelike orientable hypersurface Σ embedded in the
bulk spacetime. Because of the symmetry, the surface can be described by an equa-
tion Σ(x0, x1) = 0. In a neighborhood of Σ, in gaussian coordinates, the metric
reads

ds2 = −f(τ, η)dτ2 + dη2 + r(τ, η)2dΩ2
n, (2)

where η = 0 characterizes the surface, and τ is the shell proper time, so f(τ, 0) = 1.
In the context of thin shells Einstein equations are equivalent to junction con-

ditions on the surface17 that relate the jump of its extrinsic curvature with the
effective stress–energy tensor on the shell, the so-called Darmois–Israel junction
conditions. The extrinsic curvature in gaussian coordinates can be written as

Ki
j = diag

[
1
2

∂f

∂η

∣∣∣∣
η=0

,
1
r

∂r

∂η

∣∣∣∣
η=0

, . . . ,
1
r

∂r

∂η

∣∣∣∣
η=0

]
, (3)

where latin indexes represent coordinates (τ, θ1, . . . , θn) on the shell. In these coor-
dinates, the intrinsic metric reads,

ds2
Σ = −dτ2 + R(τ)2dΩ2

n, (4)

where R(τ) ≡ r(τ, 0).
By virtue of a generalized Birkhoff theorem, electrovacuum solutions of Einstein

equations with a cosmological constant can always be written in the form,18–21

ds2 = −F (r)dt2 + F (r)−1dr2 + r2dΩ2
n, where

F (r) = 1 − 2M

rn−1
+

Q2

r2(n−1)
− 2Λ

n(n + 1)
r2,

(5)

where M = κDm/(nΩn) (m is the gravitational contribution to Misner–Sharp
energy as defined in any group orbit, Ωn is the area of a n-sphere of unit radius),
and Q2 = 2q2/(n(n− 1)) (q is analogously the electric charge defined in any group
orbit).

With these expressions, we can write the extrinsic curvature on a given side of
the shell in terms of R(τ) and the parameters (M, Q) that characterize the bulk
spacetime there

Ki
j = sign

(
∂r

∂η

∣∣∣∣
η=0

)
diag


 F ′(R) + 2R̈

2
√

Ṙ2 + F (R)
,

√
Ṙ2 + F (R)

R
, . . . ,

√
Ṙ2 + F (R)

R


.

(6)
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We assume that the cosmological constant Λ is the same at both sides of the shell,
because it is a part of the field equations we are solving. In this way, giving (M, Q)
and specifying whether r increases or decreases with η, we get an expression for the
extrinsic curvature in terms of the function R(τ).

On the other hand, the matter content of the shell is described by a tensor
Si

j defined on Σ such that we can formally write the D-dimensional stress–energy
tensor as,

T a
b = δ(η)Sa

b , (7)

where the tensor S in shell coordinates can be written as follows:

Si
j = diag[−ρ(τ), p(τ), . . . , p(τ)]. (8)

So, as a result of the symmetry imposed, the matter content of the shell can be
described as if it were an n-dimensional perfect fluid, whose flow lines follow the
trajectories of the comoving observers. We can write

Sij = phij + (ρ + p)uiuj, (9)

where hij is the intrinsic metric defined in (4) and ui = (∂/∂τ)i is the 4-velocity of
the aforementioned comoving observers. If there is not hysteresis, we would be able
to write ρ and p as functions of R. In that case, conservation of the source would
imply

dρ

dR
+

n(ρ + p)
R

= 0. (10)

This equation together with an equation of state f(ρ, p) = 0, provided there is one,
settle ρ(R) and p(R). Alternatively, if one gives ρ(R), then p(R) can be derived
from (10). The converse is also true, up to an integration constant. Throughout
this paper, we will impose the dominant energy condition (DEC) for the matter–
energy content of the shell, which can be written as |p(R)| ≤ ρ(R).

In this way, the Darmois–Israel junction conditions relate R(τ), it first two
derivatives, and the parameters (M, Q) with the matter functions ρ(R) and p(R).
Looking at (6), one can notice that the discontinuity of the extrinsic curvature
should be ascribed to a difference between the mass parameters or the charge
parameters for the empty regions at both sides of the shell, which we call (MI, QI)
and (MII, QII), and, eventually, to different signs for ∂r/∂η at both sides. The
signs of these derivatives define the character of the bulk regions that are being
glued. Without any loss of generality, we choose the η coordinate to decrease when
going into region I and to increase into region II. We define ξI = sign( ∂r

∂η )|η=0−

and ξII = sign( ∂r
∂η )|η=0+ . If ξI = +1 (−1), then region I must be interior

(exterior), which means that it can be characterized by means of an inequality
r < R(t) (r > R(t)). Analogously, if ξII = +1 (−1), then region II must be exte-
rior (interior). With these definitions, the junction conditions can be written as
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follows:

n

R

(
ξII

√
Ṙ2 + FII − ξI

√
Ṙ2 + FI

)
= −κDρ, (11)

ξII
F ′

II + 2R̈

2
√

Ṙ2 + FII

− ξI
F ′

I + 2R̈

2
√

Ṙ2 + FI

+
n − 1

R

(
ξII

√
Ṙ2 + FII − ξI

√
Ṙ2 + FI

)
= κDp,

(12)

where Fi = 1 − 2Mi/Rn−1 + Q2
i /R2(n−1) − 2ΛR2/(n(n + 1)). From (11), we can

see that the dominant energy condition already imposes some constraints on the
possible values of the pair (ξI, ξII). If ρ > 0, as required by DEC, then the combi-
nation (ξI, ξII) = (−1, +1), which would imply that both regions are exterior (the
so-called wormhole orientation), is not possible. As a consequence of this, one of the
regions must be interior, and there are essentially two possible scenarios regarding
the orientation of the bulk: both regions are interior or one of them is exterior (this
last possibility is the so-called standard orientation). In particular, in the case of
an exterior region II, a positive effective energy density ρ would imply MII > MI

or |QI| > |QII| or both.
Also from (11), we can obtain an equation of motion that results independent

of the ξi and reads

Ṙ2 + V (R) = 0,

V (R) =
FI + FII

2
−
(

n(FI − FII)
2κDρR

)2

−
(

κDρR

2n

)2

.
(13)

Replacing the functions Fi, we obtain

V (R) = 1 − 2ΛR2

n(n + 1)
− κ2

Dρ2R2

4n2
− MI + MII

Rn−1
+

Q2
I + Q2

II

2R2(n−1)

−
(

n(MII − MI)
κDρRn

+
n(Q2

I − Q2
II)

2κDρR(2n−1)

)2

. (14)

In obtaining this equation of motion, we have squared some quantities, so there
might be spurious solutions, that is, there could be solutions of (13) which are not
solutions of (11) for given values of (ξI, ξII). Nevertheless, it can be shown that
every solution of (13) is a solution of one of the versions of (11), that is, it is also a
solution for certain value of the pair (ξI, ξII). Therefore, we can find solutions of the
junction conditions by solving (13) and specifying a posteriori (ξI, ξII) accordingly.a

In this way, for a given solution of the equation of motion R(τ), the specification

aThis is a specific class within the general problem of gluing two spherically symmetric spacetimes
by means of an hypersurface, as analyzed in Ref. 22. See also Ref. 23 for an analysis on the
constraints that energy conditions pose on these constructions.
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that we must made is the following

ξI = sign(n2(FI − FII) + κ2
Dρ2R2)

= sign(n2(Q2
I − Q2

II) + 2n2(MII − MI)Rn−1 + κ2
Dρ2R2n), (15)

ξII = sign(n2(FI − FII) − κ2
Dρ2R2)

= sign(n2(Q2
I − Q2

II) + 2n2(MII − MI)Rn−1 − κ2
Dρ2R2n). (16)

A direct substitution of (13) into (11) with these choices for (ξI, ξII) proves our
point. We stress the fact that (15) and (16) are valid only if ρ > 0, otherwise
sign(ρ) would appear in the expressions. This specification is consistent because
the roots of n2(FI − FII) ± κ2

Dρ2R2 are always in forbidden regions (V (R) > 0) or
inside an event horizon FI,II < 0, as shown in Appendix A. In this way, with these
specifications, any solution of the equation of motion (13) is a solution of (11).
In particular, a collapsing solution of (13) is a legitimate solution of the junction
conditions.

Provided I is an interior region, it is worth noticing that solutions where MII ≤
MI that have the standard orientation (ξI = ξII = +1) are possible only if |QI| >

|QII|, which illustrates the fact that they are impossible in the uncharged case or
for an uncharged shell. Anyway, if MII < MI, it is not obvious whether they can
avoid collapse, because of the fact that there would be a root for both n2(FI −
FII)±κ2

Dρ2R2 and these solutions are defined only for R smaller than both of these
roots,b so the radius of a shell with the aforementioned properties is bounded from
above. We also remark that if the bulk parameters are the same at both sides,
then both bulk regions must be interior, which in turn implies that they must be
identical (there would be Z2-symmetry centered at the thin shell).

3. Equations of Motion and Matter Models

In this section, we study the general properties of the dynamics of the shell, provided
the matter content satisfies the dominant energy condition. In particular, we study
the asymptotic dynamics of the shell for both small and large shell radius for shells
made of an arbitrary matter model satisfying a couple of reasonable hypothesis
besides the energy condition. The analysis of these asymptotics will allow us to
infer many qualitative aspects of the general dynamics. We will also perform a
more detailed analysis of the general dynamics in the case of linear barotropic
fluids.

Let us define the function α(R) = p(R)/ρ(R), which is characteristic of the
matter model, then the dominant energy condition implies that −1 ≤ α(R) ≤ 1
(while ρ > 0). We can now write the continuity equation (10) as

(ln(ρ))′ +
n(1 + α)

R
= 0, (17)

bAs mentioned, these roots must necessarily lie in a forbidden region or inside an event horizon.
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which in turn implies

d(ln(ρ))
d(ln(R))

= −n(1 + α). (18)

3.1. Large R asymptotics

We now impose that the matter model satisfies the following hypothesis:

lim
R→∞

α(R) = α∞. (19)

Then, taking into account (18), we have that ρ acquires the asymptotic form
ρ ≈ CR−n(1+α∞), where C is a constant, for large enough R. The asymptotic
behavior of V (R) in the limit R → ∞ can be studied by means of the following
scheme.

Table 1 assigns names and shows the expressions that determine the order of
each term of the effective potential, while Fig. 1 illustrates these orders and allows us
to determine which term dominates for different values of α∞ in the allowed range.
One simply must verify which line(s) is (are) the uppermost one(s) at each point of
the horizontal axis. We are going to perform this analysis first at full generality (if
every term of the potential is nonzero), and then particularize for different cases in
which one or more of the terms are canceled out.

3.1.1. General case

In the general case, the asymptotics can be described as follows.

• α∞ = −1.

In this case both the ρ term and the cosmological constant term dominates at
large R. If Λ > −κ2

DC2(n+1)/(8n) (which includes every non-negative value) we
would have V (R) < 0, which implies that there are unbounded solutions, for any
large enough initial radius. On the other hand, if Λ ≤ −κ2

DC2(n + 1)/(8n) then
V (R) is positive for large R (if the equality holds then the dominant term would
be the constant term, which is positive), which implies that there is a maximum
radius for the shell.

Table 1. Names assigned to the different terms of the effective potential.

Term Name Order Characteristic factor

1 Constant term 0 1

2 Λ term 2 Λ

3 ρ term 2 − 2n(1 + α) ρ2

4 Mass sum term 1 − n MII + MI

5 Charge sum term 2(1 − n) Q2
I + Q2

II

6 Mass difference term 2nα (MII − MI)
2

7 Mass-charge term 1 + 2nα − n (MII − MI)(Q
2
I − Q2

II)

8 Charge difference term 2n(α − 1) + 2 (Q2
I − Q2

II)
2
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Fig. 1. Asymptotic order of the eight terms of the effective potential as functions of α∞ or α0.

• −1 < α∞ < 1/n.

In this range, it always dominates the cosmological constant term for large R.
This means that the possibility of having unbounded solutions is determined by
the sign of Λ alone: if it is positive there are unbounded solutions, while if it is
negative there is a maximum radius.

• α∞ = 1/n.

In this case, both the cosmological constant term and the term involving the mass
difference between both sides dominate. If Λ > −n3(n + 1)(MII −MI)2/(2κ2

DC2)
(which includes every non-negative value), then there would be unbounded solu-
tions for any large enough initial radius. On the other hand, if Λ ≤ −n3(n +
1)(MII − MI)2/(2κ2

DC2) (including the equality, as in that case the dominant
term would be the constant term), then there is a maximum radius for the shell.

• 1/n < α∞ ≤ 1.

In this range, the term involving the mass difference dominates. It is always
negative, so there are unbounded solutions.

3.1.2. Asymptotically flat case (Λ = 0)

• −1 ≤ α∞ < −(n − 1)/n.

In this range, the dominant term is the ρ term, which implies that the solution
is unbounded provided the initial radius is large enough.

• α∞ = −(n − 1)/n.

In this case, both the ρ term and the constant term are dominant. Then the
condition to have unbounded solutions is κDC ≥ 2n (which includes the equality
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as the subdominant term is the mass sum term, which is negative), otherwise
there would be a maximum radius for the shell.

• −(n − 1)/n < α∞ < 0.

In this range, the dominant term is the constant term, which means that there
is a maximum radius for the shell.

• α∞ = 0.

In this case, both the mass difference term and the constant term dominate, which
implies that the condition to have unbounded solutions is n|MII − MI| > κDC.
On the other hand, if n|MII − MI| < κDC there is a maximum radius for the
shell. If n|MII − MI| = κDC then the condition to have unbounded solutions
turns out to be Q2

II −Q2
I < M2

II −M2
I (the subdominant terms are the mass sum

term and the charge-mass term).
• 0 < α∞ ≤ 1.

In this range, the dominant term is the mass difference term, which implies that
there is an unbounded solution for any large enough initial radius.

3.1.3. Equal masses at both sides MII = MI

• α∞ = −1.

In this case, both the cosmological constant term and the ρ term dominate. The
condition to have unbounded solutions is Λ > −κ2

DC2(n + 1)/(8n) (the equality
is not included as the subdominant term is the constant term).

• −1 < α∞ < 1.

In this range, the cosmological constant term dominates, so the possibility of
having unbounded solutions is determined by the sign of Λ alone. If Λ is positive,
then there are unbounded solutions, while in the case of a negative Λ, there is a
maximum radius for the shell.

• α∞ = 1.

In this case, both the cosmological constant term and the charge difference term
dominate. The condition to have unbounded solutions is Λ > −n3(n + 1)(Q2

I −
Q2

II)
2/(8κ2

DC2) (the equality is not included as the subdominant term is the
constant term.)

3.1.4. Equal masses at both sides and Λ = 0

• −1 ≤ α∞ < −(n − 1)/n.

In this range, the ρ term dominates, so there are unbounded solutions.
• α∞ = −(n − 1)/n.

In this case, both the ρ term and the constant term dominate, so the condi-
tion to have unbounded solutions is κDC ≥ 2n (the equality is included as the
subdominant term is the mass sum term).
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• −(n − 1)/n < α∞ < (n − 1)/n.

In this range, the constant term dominate, so there is a maximum radius for the
shell.

• α∞ = (n − 1)/n.

In this case, both the constant term and the charge difference term dominate, so
the condition to have unbounded solutions is n|Q2

I − Q2
II| ≥ 2κDC (the equality

is included as the subdominant term is the mass sum term).
• (n − 1)/n < α∞ ≤ 1.

In this range, the charge difference term dominates, so there are unbounded
solutions.

3.1.5. Equal masses and equal charges at both sides and Λ = 0

• −1 ≤ α∞ < −(n − 1)/n.

In this range, the ρ term dominates, so there are unbounded solutions.
• α∞ = −(n − 1)/n.

In this case, both the ρ term and the constant term dominate, so the condi-
tion to have unbounded solutions is κDC ≥ 2n (the equality is included as the
subdominant term is the mass sum term).

• −(n − 1)/n < α∞ ≤ 1.

In this range, the constant term dominates, so there is a maximum radius for the
shell.

The cases in which both charges are equal (QI = QII, including the uncharged
case) but not both masses (MI �= MII) are not specifically considered here because
they are already included in the “general case” and in the “asymptotically flat
case”, as these analysis are completely independent from the charge terms. The
charges make no difference in the qualitative aspects of the large R asymptotic
limit unless the masses at both sides are equal.

3.2. Small R asymptotics

Analogously, we are going to consider the small R asymptotics in order to determine
whether the shell can collapse to zero size, or, on the contrary, there is a nonzero
minimum radius for the shell, which would imply a rebound if the shell reaches this
radius. In this way, we impose the following condition on the matter content of the
shell

lim
R→0

α(R) = α0. (20)

This implies that the matter–energy density goes like ρ ≈ CR−n(1+α0) for R small
enough. In order to determine which terms dominate V (R) in this limit, we can
also use Fig. 1. In this case, we must look at which line(s) is(are) the lowermost at
each point of the horizontal axis.

1950069-11



February 26, 2019 14:58 WSPC/S0218-2718 142-IJMPD 1950069

M. A. Ramirez and D. Aparicio

3.2.1. General case

• −1 ≤ α0 < 0.

In this range, the dominant term is the charge difference term, which is negative.
In this way, there is a collapsing solution for any small enough initial radius.

• α0 = 0.

In this case, the dominant terms are the charge difference term, the charge sum
term, and the ρ term. Therefore, the criteria that determines the possibility of
having collapse solutions is given by (Q2

I + Q2
II)/2 − n2(Q2

I − Q2
II)

2/(4κ2
DC2) −

κ2
DC2/(4n2) < 0. In case that (Q2

I + Q2
II)/2 − n2(Q2

I − Q2
II)

2/(4κ2
DC2) −

κ2
DC2/(4n2) = 0, then the condition to have collapsing solutions turns out to

be Q2
II − Q2

I <
(MI+MII)κ

2
DC2

(MII−MI)n2 .
• 0 < α0 ≤ 1.

In this range, the ρ term dominates, which is always negative, so there are col-
lapsing solutions.

3.2.2. Equal charges at both sides (QII = QI)

• −1 ≤ α0 < −(n − 1)/n.

In this range, the dominant term is the mass difference term, which is negative,
so there are always collapse solutions for a small enough initial radius.

• α0 = −(n − 1)/n.

In this case, the dominant terms are both the mass difference term and the
charge term. In this way, the condition to have collapsing solutions is Q2 ≤
n2(MII −MI)2/κ2

DC2 (if the equality holds, then the dominant term is the mass
sum term, which is always negative). Otherwise, there is a minimum radius for
the shell.

• −(n − 1)/n < α0 < 0.

In this range, the charge term is the dominant term, which is positive. This
implies that a collapse is not possible, and there is a minimum radius for the
shell.

• α0 = 0.

In this case, both the charge term and the ρ term are dominant. Then, the
condition to have collapsing solutions is Q2 ≤ κ2

DC2/4n2 (like in the previous
cases, the subdominant term is the mass sum term, which is negative). Otherwise,
there is a minimum radius for the shell.

• 0 < α0 ≤ 1.

In this range, the dominant term is the ρ term, which is negative. So, there is a
collapse solution for any small enough initial radius.
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3.2.3. Equal charges and equal masses at both sides (QII = QI and
MII = MI)

• −1 ≤ α0 < 0.

In this range, the dominant term is the charge term, so there is a minimum radius
for the shell.

• α0 = 0.

In this case, the dominant terms are the charge term and the ρ term. Then, the
condition to have collapsing solutions is Q2 ≤ κ2

DC2/4n2 (the inequality is sharp
because the mass sum term is subdominant).

• 0 < α0 ≤ 1.

In this range, the dominant term is the ρ term, so there are collapsing solutions.

3.2.4. Uncharged case (QII = QI = 0)

• −1 ≤ α0 < −(n − 1)/2n.

In this range, the mass difference term dominates, which implies that there is a
collapse solution for any small enough initial radius.

• α0 = −(n − 1)/2n.

In this case, three different terms dominate: the mass difference term, the mass
sum term and the ρ term. Since all these terms are negative, there are collapse
solutions.

• −(n − 1)/2n < α0 ≤ 1.

In this range, the ρ term dominates, which also implies that there is a collapse
solution for any small enough initial radius.

3.2.5. Equal masses and uncharged case (QII = QI = 0 and MII = MI)

• −1 ≤ α0 < −(n − 1)/2n.

In this range, the mass sum term dominates, which implies that there are collapse
solutions.

• α0 = −(n − 1)/2n.

In this case, both the mass sum term and the ρ term dominate. Since both terms
are negative, there also are collapse solutions.

• −(n − 1)/2n < α0 ≤ 1.

In this range, the ρ term dominates, which also implies that there is a collapse
solution for any small enough initial radius.

It is clear that in the uncharged case, there always exists the possibility of
having a collapse solution. This makes sense from a Newtonian point of view: what
may prevent a collapse by creating an infinite potential barrier in the effective
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potential are the charge terms. Analogously to the previous section, we do not need
to consider the case of equal masses and different charges separately, as this case is
already included in the “general case”. An eventual equality of the masses would
only play a role in the qualitative aspects of the small R limit only if the charges
are also equal.

We stress the fact that if we have k non-interacting matter fields (so we can
write ρ =

∑k
i=1 ρi and p =

∑k
i=1 pi), each with its own conservation equation and

its corresponding αi∞ and αi0, then α∞ = mini{αi∞} and α0 = maxi{αi0}. In the
next section we analyze some properties of V (R) for specific matter models.

4. Barotropic Fluid with Equation of State p = ωρ

For this family of matter models, Eq. (10) implies

ρ(R) = ρ0

(
R0

R

)n(1+ω)

. (21)

And in this case V (R) can be written

V (R) = 1 − 2ΛR2

n(n + 1)
− κ2

DC2R(2−2n(1+ω))

4n2
− MI + MII

Rn−1
+

Q2
I + Q2

II

2R2(n−1)

−
(

n(MII − MI)
κDCR−nω

+
n(Q2

I − Q2
II)

2κDCR(n−nω−1)

)2

, (22)

where C ≡ ρ0R
n(1+ω)
0 . We have α(R) = α∞ = α0 = ω and the dominant energy

condition implies −1 ≤ ω ≤ 1.
The aim of this section is to describe the general features of the dynamics of the

shell that can be obtained from the asymptotic behavior we already analyzed. This
section is, in a sense, a combination of both asymptotic analysis that can be made
because we defined an equation of state for the matter–energy content of the shell.
By knowing the dominant terms at both extremes of our domain in R (the positive
real numbers), we can obtain sufficient conditions to decide whether V (R) has a root
or a local extremum. We can also get necessary conditions for monotonicity of the
potential; then, if those conditions are met, we analyze the first derivative of V (R).

We stress the fact that there are three values of ω of particular importance
because of their significance in cosmology and astrophysics: ω = −1 represents a
cosmological constant fluid or a surface tension, ω = 0 represents dust, and ω = 1/n

represents a photon gas.

4.1. General case

• ω = −1.

In this case if Λ > −κ2
DC2(n + 1)/(8n), there would be at least one local maxi-

mum for V (R) and there is a subset of the parameter space in which there are
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no forbidden regions (that is, V (R) < 0 in its entire range). On the other hand,
if Λ ≤ −κ2

DC2(n + 1)/(8n), there would be a maximum radius and at least one
root for V (R).

• −1 < ω < 0.

In this range if Λ > 0, there would be at least one local maximum for V (R) and
there is a subset of the parameter space in which there are no forbidden regions
for the shell. On the other hand, if Λ < 0, there would be a maximum radius and
at least one root for V (R).

• ω = 0.

In this case if Λ > 0 and (Q2
I +Q2

II)/2−n2(Q2
I −Q2

II)
2/(4κ2

DC2)−κ2
DC2/(4n2) > 0,

there would be a minimum radius for the shell and at least one root for V (R); if
Λ > 0 and (Q2

I +Q2
II)/2−n2(Q2

I −Q2
II)

2/(4κ2
DC2)−κ2

DC2/(4n2) < 0, there would
be at least one local maximum and there is a subset of the parameter space in
which there are no forbidden regions for the shell: for example, this is the case if
|MII − MI| > κDC/n and MI + MII > n2(MII − MI)(Q2

II − Q2
I )/(κ2

DC2). On the
other hand, if Λ < 0 and (Q2

I +Q2
II)/2−n2(Q2

I −Q2
II)

2/(4κ2
DC2)−κ2

DC2/(4n2) > 0
there would be at least one local minimum and all possible solutions are oscil-
lating: for example, this is the case if |MII −MI| > κDC/n and |Λ| is sufficiently
small, while for certain subset of the parameter space, there is no solution at all.
Finally, if Λ < 0 and (Q2

I + Q2
II)/2−n2(Q2

I −Q2
II)

2/(4κ2
DC2)− κ2

DC2/(4n2) < 0,
there would be a maximum radius and at least one root; moreover, if at the same
time Q2

I > Q2
II, then the potential would be monotonically increasing, with a

single root (which is the maximum radius), so the final outcome of the dynamics
would always be a collapse.

• 0 < ω < 1/n.

In this range, if Λ > 0 there would be at least one local maximum for V (R) and
there is a subset of the parameter space in which there are no forbidden regions
for the shell. On the other hand, if Λ < 0, there would be a maximum radius and
at least one root.

• ω = 1/n.

In this case if Λ > −n3(n + 1)(MII − MI)2/(2κ2
DC2), there would be at least

one local maximum for the potential and there is a subset of the parameter
space in which there are no forbidden regions for the shell. On the other hand,
if Λ ≤ −n3(n + 1)(MII − MI)2/(2κ2

DC2), there would be a maximum radius and
at least one root.

• 1/n < ω ≤ 1.

In this range, there would be at least one local maximum for V (R) and there is
a subset of the parameter space in which there are no forbidden regions for the
shell.
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4.2. Asymptotically flat case (Λ = 0)

• −1 ≤ ω < −(n − 1)/n.

In this range, there would be at least one local maximum for V (R) and there is
a subset of the parameter space in which there are no forbidden regions.

• ω = −(n − 1)/n.

In this case if κDC ≥ 2n there is a subset of the parameter space in which there
are no forbidden regions. Otherwise, there is at least one root and a maximum
radius for the shell.

• −(n − 1)/n < ω < 0.

In this range, there is at least one root for V (R) and a maximum radius for the
shell.

• ω = 0.

This is the general setting considered in Ref. 13. It also includes Example 3 of
Sec. 4 of Ref. 14 (a charged dust bubble). It has the particular advantage that
the potential takes the form of a quadratic equation in x = R−(n−1) (V (x) =
cx2+bx+a) while being physically relevant. The possible dynamics for potentials
of this form is explained in Appendix 1. For this case, we have

c =
Q2

I + Q2
II

2
− n2(Q2

I − Q2
II)

2

4κ2
DC2

− κ2
DC2

4n2
,

a = 1 − n2(MII − MI)2

κ2
DC2

,

b = −(MI + MII) − n2(MII − MI)(Q2
I − Q2

II)
κ2

DC2
,

∆ = 4MIMII − 2n2(Q2
I MI + Q2

IIMII)(MI + MII)
κ2

DC2
− 2(Q2

I + Q2
II)

+
n2(Q2

I − QII)2

κ2
DC2

+
κ2

DC2

n2
.

In this relatively general context, each coefficient can acquire any sign, so all
the subcases of Appendix C are possible. Of particular interest are the situations
where the motion is oscillatory (subcase E in Appendix C), this is analyzed in
Sec. 4 of Ref. 13. As explained there, if there is an interior black hole and the shell
has the standard orientation, then these oscillations actually represent a collapse:
there can only be oscillating solutions if the exterior solution also corresponds
to a black hole and in that case, the shell must enter the event horizon and re-
emerge in another asymptotically flat region of the extended exterior Reissner–
Nordström spacetime. This will be further explained in Sec. 5.

• 0 < ω ≤ 1.

In this range, the potential would have a local maximum for V (R) and for certain
subset of the parameter space, there would not be any forbidden region.
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4.3. Equal charges at both sides (QII = QI)

• ω = −1.

In this case if Λ > −κ2
DC2(n + 1)/(8n), there would be a local maximum for the

potential and for certain subset of the parameter space there would not be any
forbidden region. On the other hand, if Λ < −κ2

DC2(n + 1)/(8n), there would be
at least one root and a maximum radius for the shell.

• −1 < ω < −(n − 1)/n.

In this range if Λ > 0, there would be a local maximum for the potential and for
certain subset of the parameter space there would not be any forbidden region.
On the other hand, if Λ < 0, there would be at least one root and a maximum
radius for the shell.

• ω = −(n − 1)/n.

In this case if Λ > 0 and |Q| > n|MII − MI|/κDC, there would be at least one
root and a minimum radius for the shell; if Λ > 0 and |Q| < n|MII − MI|/κDC

the potential would have a local maximum and there is a subset of the parameter
space in which there are no forbidden regions: for example if 4n2 < κ2

DC2. On
the other hand, if Λ < 0 and |Q| > n|MII − MI|/κDC, then the potential would
have a local minimum, depending on the parameters there are either oscillating
solutions or no solutions at all; if Λ < 0 and |Q| < n|MII − MI|/κDC then the
potential would be monotonically increasing, there would be a single root, at
the maximum radius, so the final outcome of the evolution would always be a
collapse.

• −(n − 1)/n < ω < 0.

In this range if Λ > 0, there would be at least one root and a minimum radius.
On the other hand if Λ < 0, there would be a local minimum for the potential,
depending on the parameters that are either oscillating solutions or no solutions
at all.

• ω = 0.

In this case if Λ > 0 and |Q| > κDC/(2n), there would be at least one root
and a minimum radius; if Λ > 0 and |Q| < κDC/(2n), the potential would have
a local maximum and there is a subset of the parameter space in which there
are no forbidden regions: for example if |MII − MI| > κDC/n. On the other
hand, if Λ < 0 and |Q| > κDC/(2n), there would be a local minimum for the
potential, depending on the parameters there are either oscillating solutions or no
solutions at all; if Λ < 0 and |Q| < κDC/(2n) then the potential is monotonically
increasing, there is a single root, at the maximum radius, so the outcome of the
evolution would always be a collapse.

• 0 < ω < 1/n.

In this range if Λ > 0, there is a local maximum for the potential and for certain
subset of the parameter space there would not be any forbidden regions. On the
other hand, if Λ < 0, there would be at least one root and a maximum radius.
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• ω = 1/n.

In this case if Λ > −n3(n + 1)(MII −MI)2/2κ2
DC2, there would be a local maxi-

mum for the potential and for certain subset of the parameter space there would
not be any forbidden regions. On the other hand, if Λ < −n3(n + 1)(MII −
MI)2/2κ2

DC2, there would be at least one root and a maximum radius.
• 1/n < ω ≤ 1.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space there would not be any forbidden regions.

4.4. Equal charges at both sides (QII = QI) and Λ = 0

• −1 ≤ ω < −(n − 1)/n.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space there would not be any forbidden regions.

• ω = −(n − 1)/n.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c = Q2 − n2(MII − MI)2

κ2
DC2

, b = −(MI + MII), a = 1 − κ2
DC2

4n2

∆ = 4MIMII − 4Q2 +
4n2(MII − MI)2

κ2
DC2

+
Q2κ2

DC2

n2

where if c > 0:

◦ ∆ > 0 and a ≤ 0 we have the subcase C of Appendix C. On the other hand, if
a > 0, we have the subcase E.

◦ ∆ < 0, we have the subcase D of Appendix C.
◦ ∆ = 0, we have the subcase E* of Appendix C.

If c < 0:

◦ ∆ > 0 and a ≤ 0 we have the subcase A of Appendix C. On the other hand, if
a > 0 we have the subcase B.

• −(n − 1)/n < ω < 0.

In this range for certain subset of the parameter space, there would not be any
forbidden regions.

• ω = 0.

This case is example 1 of Sec. 4 of Ref. 14. For this case, the potential takes the
form of a quadratic equation in x = R−(n−1).

c = Q2 − κ2
DC2

4n2
, b = −(MI + MII), a = 1 − n2(MII − MI)2

κ2
DC2

∆ = 4MIMII − 4Q2 +
κ2

DC2

n2
+

4Q2n2(MII − MI)2

κ2
DC2

,
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where if c > 0:

◦ ∆ > 0 and a ≤ 0 we have the subcase C of Appendix C. On the other hand, if
a > 0, we have the subcase E.

◦ ∆ < 0, we have the subcase D of Appendix C.
◦ ∆ = 0, we have the subcase E* of Appendix C.

If c < 0:

◦ ∆ > 0 and a ≤ 0 we have the subcase A of Appendix C. On the other hand,
if a > 0, we have the subcase B.

• 0 < ω ≤ 1.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space, there would not be any forbidden regions.

4.5. Uncharged case (QII = QI = 0)

• ω = −1.

In this case if Λ > (n + 1)κ2
DC2/(8n), there would be at least one local maxi-

mum for V (R), there is a subset of the parameter space in which there are no
forbidden regions for the shell. On the other hand if Λ < (n + 1)κ2

DC2/(8n),
then the potential would be monotonically increasing, with a single root (which
is the maximum radius), so the final outcome of the dynamics would always be
a collapse.

• −1 < ω < −(n − 1)/n.

In this range if Λ > 0, there would be at least one local maximum for V (R),
there is a subset of the parameter space in which there are no forbidden regions
for the shell. On the other hand, if Λ < 0, there would be a maximum radius and
at least one root.

• −(n − 1)/n ≤ ω ≤ 0.

In this range if Λ > 0, there would be at least one local maximum for V (R) and
there is a subset of the parameter space in which there are no forbidden regions for
the shell. On the other hand, if Λ < 0, then the potential would be monotonically
increasing, there would be a single root, at the maximum radius, so the final
outcome of the evolution would always be a collapse. This item includes example
4 of Sec. 4 of Ref. 14 (a dust shell in a cosmological constant background).

• 0 < ω < 1/n.

In this range if Λ > 0, there would be at least one local maximum for V (R) and
there is a subset of the parameter space in which there are no forbidden regions
for the shell. On the other hand, if Λ < 0, there would be a maximum radius and
at least one root.

• ω = 1/n.

In this case if Λ > n3(n+1)(MII−MI)2/2κ2
DC2, there would be at least one local

maximum for V (R) and there is a subset of the parameter space in which there
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are no forbidden regions for the shell. On the other hand, if Λ < n3(n+1)(MII−
MI)2/2κ2

DC2, then the potential would be monotonically increasing, with a single
root (which is the maximum radius), so the final outcome of the dynamics would
always be a collapse.

• 1/n < ω ≤ 1.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space, there would not be any forbidden regions.

4.6. Uncharged case (QII = QI = 0) with Λ = 0

This is example 2 of Sec. 4 of Ref. 14.

• −1 ≤ ω < −(n − 1)/n.

In this range, there would be a local maximum for the potential and there is a
subset of the parameter space in which there are no forbidden regions for the
shell.

• ω = −(n − 1)/n.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c = −n2(MII − MI)2

κ2
DC2

, b = −(MI + MII), a = 1 − κ2
DC2

4n2

∆ = 4MIMII +
4n2(MII − MI)2

κ2
DC2

.

In this case:

◦ if a ≤ 0, we have the subcase A of Appendix C. On the other hand, if a > 0
we have the subcase B.

• −(n − 1)/n < ω < 0.

In this range, the potential would be monotonically increasing, with a single root
(which is the maximum radius), so the final outcome of the dynamics would
always be a collapse.

• ω = 0.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c = −κ2
DC2

4n2
, b = −(MI + MII), a = 1 − n2(MII − MI)2

κ2
DC2

,

∆ = 4MIMII +
κ2

DC2

n2
.

In this case:

◦ if a ≤ 0, we have the subcase A of Appendix C. On the other hand, if a > 0,
we have the subcase B.
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• 0 < ω ≤ 1.

In this range, there would be a local maximum for the potential and there is a
subset of the parameter space in which there are no forbidden regions for the
shell

4.7. Equal masses at both sides MII = MI

• ω = −1.

In this range, if Λ > −κ2
DC2(n + 1)/(8n), there would be at least one local

maximum for V (R) and there is a subset of the parameter space in which there are
no forbidden regions for the shell. On the other hand, if Λ < −κ2

DC2(n+1)/(8n),
there would be a maximum radius and at least one root.

• −1 < ω < 0.

In this range if Λ > 0, there would be at least one local maximum for V (R) and
there is a subset of the parameter space in which there are no forbidden regions
for the shell. On the other hand, if Λ < 0, there would be a maximum radius and
at least one root.

• ω = 0.

In this case if Λ > 0 and (Q2
I +Q2

II)/2−n2(Q2
I −Q2

II)
2/(4κ2

DC2)−κ2
DC2/(4n2) > 0,

there would be a minimum radius for the shell and at least one root for V (R); if
Λ > 0 and (Q2

I +Q2
II)/2−n2(Q2

I −Q2
II)

2/(4κ2
DC2)−κ2

DC2/(4n2) < 0, there would
be at least one local maximum and there is a subset of the parameter space in
which there are no forbidden regions for the shell. On the other hand, if Λ < 0
and (Q2

I +Q2
II)/2−n2(Q2

I −Q2
II)

2/(4κ2
DC2)−κ2

DC2/(4n2) > 0, there would be at
least one local minimum, depending on the parameters that are either oscillating
solutions or no solutions at all. Finally, if Λ < 0 and (Q2

I + Q2
II)/2 − n2(Q2

I −
Q2

II)
2/(4κ2

DC2) − κ2
DC2/(4n2) < 0, there would be a maximum radius and at

least one root; moreover, if at the same time Q2
I > Q2

II then the potential would
be monotonically increasing, with a single root (which is the maximum radius),
so the final outcome of the dynamics would always be a collapse.

• 0 < ω < 1.

In this range if Λ > 0, there would be at least one local maximum for V (R) and
there is subset of the parameter space in which there are no forbidden regions for
the shell. On the other hand, if Λ < 0, there would be a maximum radius and at
least one root.

• ω = 1.

In this case if Λ > −n3(n + 1)(Q2
I − Q2

II)
2/(8κ2

DC2), there would be at least
one local maximum for V (R) and there is a subset of the parameter space in
which there are no forbidden regions for the shell. On the other hand, if Λ <

−n3(n + 1)(Q2
I −Q2

II)
2/(8κ2

DC2), there would be a maximum radius and at least
one root.
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4.8. Equal masses at both sides and Λ = 0

• −1 ≤ ω < −(n − 1)/n.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space, there would not be any forbidden regions.

• ω = −(n − 1)/n.

In this case if κDC ≥ 2n, there is a subset of the parameter space in which there
are no forbidden regions. On the other hand, if κDC < 2n, there is at least one
root for V (R) and a maximum radius for the shell.

• −(n − 1)/n < ω < 0.

In this range, there is at least one root for V (R) and a maximum radius for the
shell.

• ω = 0.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c =
Q2

I + Q2
II

2
− n2(Q2

I − Q2
II)

2

4κ2
DC2

− κ2
DC2

4n2
, b = −2M, a = 1,

∆ = 4M2 − 2(Q2
I + Q2

II) +
n2(Q2

I − Q2
II)

2

κ2
DC2

+
κ2

DC2

n2
,

where if c > 0:

◦ ∆ > 0, we have the subcase E of Appendix C.
◦ ∆ < 0, we have the subcase D of Appendix C.
◦ ∆ = 0, we have the subcase E* of Appendix C.

If c < 0:

◦ we have the subcase B of Appendix C.

• 0 < ω < (n − 1)/n.

In this range, there is at least one root for V (R) and a maximum radius for the
shell.

• ω = (n − 1)/n.

In this case if |Q2
I − Q2

II| < 2κDC/n, there is at least one root for V (R) and a
maximum radius for the shell. If |Q2

I − Q2
II| ≥ 2κDC/n, there is a subset of the

parameter space in which there are no forbidden regions.
• (n − 1)/n < ω ≤ 1.

In this range, there would be a local maximum for the potential and for certain
subset of the parameter space there would not be any forbidden regions.

4.9. Equal masses and charges at both sides

• ω = −1.

In this case if Λ > −(n + 1)κ2
DC2/(8n), there would be at least one root and a

minimum radius. On the other hand if Λ < −(n + 1)κ2
DC2/(8n), there would be
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a local minimum for the potential, depending on the parameters there are either
oscillating solutions or no solutions at all.

• −1 < ω < 0.

In this range if Λ > 0, there would be at least one root and a minimum radius.
On the other hand if Λ < 0, there would be a local minimum for the potential,
depending on the parameters there are either oscillating solutions or no solutions
at all.

• ω = 0.

In this case if Λ > 0 and |Q| > κDC/(2n), there would be at least one root and a
minimum radius; if Λ > 0 and |Q| < κDC/(2n) the potential would have a local
maximum, there is subset of the parameter space in which there are no forbidden
regions for the shell. On the other hand, if Λ < 0 and |Q| > κDC/(2n), there
would be a local minimum for the potential, depending on the parameters that are
either oscillating solutions or no solutions at all; if Λ < 0 and |Q| < κDC/(2n),
then the potential is monotonically increasing, there is a single root, which is a
maximum radius, so the outcome of the evolution would always be a collapse.

• 0 < ω ≤ 1.

In this range if Λ > 0, there would be at least one local maximum for V (R),
there is subset of the parameter space in which there are no forbidden regions for
the shell. On the other hand, if Λ < 0, there would be a maximum radius and at
least one root.

4.10. Equal masses and charges at both sides and Λ = 0

• −1 ≤ ω < −(n − 1)/n.

In this range, there would be a maximum radius and at least one root.
• ω = −(n − 1)/n.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c = Q2, b = −2M, a = 1 − κ2
DC2

4n2
,

∆ = 4M2 − 4Q2 +
Q2κ2

DC2

n2
,

where:

◦ ∆ > 0 and a ≤ 0 we have the subcase C of Appendix C. On the other hand, if
a > 0 we have the subcase E.

◦ ∆ < 0, we have the subcase D of Appendix C.
◦ ∆ = 0, we have the subcase E* of Appendix C.

• −(n − 1)/n < ω < 0.

In this range, there is a local minimum for the potential. Depending on the
parameters there are either no solutions, oscillating solutions or a static solution.
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• ω = 0.

For this case, the potential takes the form of a quadratic equation in x = R−(n−1).

c = Q2 − κ2
DC2

4n2
, b = −2M, a = 1,

∆ = 4M2 − 4Q2 +
κ2

DC2

n2
,

where if c > 0:

◦ ∆ > 0, we have the subcase E of Appendix C.
◦ ∆ < 0, we have the subcase D of Appendix C.
◦ ∆ = 0, we have the subcase E* of Appendix C.

If c < 0:

◦ we have the subcase B of Appendix C.

• 0 < ω ≤ 1.

In this range, there is at least one root for V (R) and a maximum radius for the
shell.

4.11. Equal masses at both sides and uncharged

• ω = −1.

In this case if Λ > −(n + 1)κ2
DC2/(8n) there would be at least one local maxi-

mum for V (R) and there is subset of the parameter space in which there are no
forbidden regions for the shell. On the other hand, if Λ < −(n + 1)κ2

DC2/(8n)
then the potential would be monotonically increasing, with a single root (which
is the maximum radius), so the final outcome of the dynamics would always be
a collapse.

• −1 < ω < −(n − 1)/n.

In this range if Λ > 0, there would be at least one local maximum for V (R),
there is subset of the parameter space in which there are no forbidden regions for
the shell. On the other hand, if Λ < 0, there would be a maximum radius and at
least one root.

• −(n − 1)/n ≤ ω ≤ 1.

In this range if Λ > 0, there would be at least one local maximum for V (R), there
is subset of the parameter space in which there are no forbidden regions for the
shell. On the other hand, if Λ < 0, then the potential would be monotonically
increasing, with a single root (which is the maximum radius), so the final outcome
of the dynamics would always be a collapse.

4.12. Equal masses at both sides, Λ = 0 and uncharged

• −1 ≤ ω < −(n − 1)/n.

In this range there would be a local maximum for the potential, there is subset
of the parameter space in which there are no forbidden regions for the shell.
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• ω = −(n − 1)/n.

In this case, the potential would be monotonically increasing, if 2n < κDC with a
single root (which is the maximum radius), so the final outcome of the dynamics
would always be a collapse. On the other hand, if 2n > κDC the shell can either
expand indefinitely or collapse.

• −(n − 1)/n < ω ≤ 1.

In this range, the potential would be monotonically increasing, with a single root
(which is the maximum radius), so the final outcome of the dynamics would
always be a collapse.

5. Conclusions and Final Comments

In this paper, we thoroughly analyzed different possible dynamics of a thin shell
made of arbitrary matter satisfying the dominant energy condition in a spheri-
cally symmetric bulk with electric charge and cosmological constant in arbitrary
dimensions. The analysis made in Sec. 3 is arguably the most general asymptotic
analysis that one can perform without assuming a definite matter–energy model. As
explained there, if we assume, besides DEC, reasonable hypothesis regarding the
asymptotic behavior of the matter–energy models within the evolving n-sphere,
namely that there is no hysteresis and that α(R) has both a large R limit and a
small R limit, the main qualitative aspects of the motion can be inferred from these
limiting values and the parameters of the setting. In particular, we can exhaustively
characterize the cases where a boundless expansion or a collapse are possible.

On the other hand, in Sec. 4, we defined a family of equations of state, i.e.
linear barotropic fluids, and this prescription allows us to be more specific in the
description of the possible dynamics. However, the main difficulty in analyzing the
qualitative aspects of the different effective potentials lies in the fact that the signs
of them and their derivatives depend in general on nonintegral degree expressions
whose roots and extremal points are complicated to address in full generality. Nev-
ertheless, it applies the so-called “Descartes’ rule of signs” which sets an upper
bound on the number of positive roots for the effective potential: if we order the
coefficients of the terms of the potential in descending order in R, then the number
of sign changes in this sequence is the aforementioned upper bound. As discussed,
the effective potential in full generality has eight terms, two of them always positive,
another two can have either sign and the remaining four terms are always negative.
In some situations, these four negative terms can be intertwined into the other four,
so in principle, there can be up to seven positive roots for the potential. However, it
is straightforward to see in the potential (14) that the net contribution of the three
terms that come from the quantity inside parenthesis that is being squared must
be always negative. Then for the rule of signs, these three terms should be taken as
a single negative term whose order is given by the mass difference term (the higher
order term), so it is as if they were six terms: three negative, two positive and one
that can take either sign, which implies that there is at most five positive roots. In
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any case, this rule of thumb illustrates how complicated an analytic description of
the potential can be.

However, there are a number of cases where the description of the motion can
be made simple. For example, the effective potential can acquire the form of a
second order polynomial in R−(n−1), and the possible qualitative features can be
fully described, as illustrated in Appendix C. In other cases, some of them included
in the previous category, the potential is monotonic, either increasing or decreas-
ing, and also in those cases, the qualitative description of the motion can be fully
addressed. But, in general, the expression that determine the qualitative features
of the potential are of order higher than two and there is no monotonicity. Never-
theless, the cases described in Appendix C are useful for general situations as well,
with variations that are related to the eventual presence of more than two roots in
the potential. This is because, in qualitative terms, those cases are all the types of
motion that the system can have: static (whether stable or unstable), oscillatory,
collapsing, boundlessly expanding, or asymptotically approaching a finite radius.
For example, if there are three roots for the potential, then a combination of cases
E, B and C is possible, each taking place at different ranges for R. We are not
specifying here what combinations take place to which ω and parameter space, as
that would be extremely complicated and long to address. Instead, what we did
in Sec. 4 is a general commentary for each subcase without having to analyze the
potential in full generality, and a detailed description if the potential is a second
order polynomial in R−(n−1) or a monotonic function.

5.1. Weak cosmic censorship

Regarding the weak cosmic censorship, a general analysis of the possibility of a
gravitational collapse, as usually understood, can only partially be made looking
at the results of the Sec. 3.2. Through that analysis, we can characterize all the
cases in which the possibility of a collision with the curvature singularity at r = 0
exists. Nevertheless, there are collapse solutions in which the shell rebounds into
another asymptotically flat (de Sitter or anti de Sitter) region through a wormhole,
as illustrated for example in Sec. 4 of Ref. 13 for the Reissner–Nordström case
(Λ = 0) with a dust shell, and it never hits the curvature singularity. This can
be understood by considering the corresponding maximal analytically extended
manifold. In terms of the effective potential, these collapsing shells are characterized
as bouncing solutions where the point of return represents a minimum radius for
the shell and lies beyond the Cauchy horizon.

On the other hand, a solution that represents a shell colliding with the curvature
singularity and with parameters that imply a naked singularity as the final state
does not necessarily violate cosmic censorship. This is because the dynamics might
not allow an initial configuration where both the shell lies in the domain of outer
communications and no naked singularities are present beforehand. We can always
choose both bulk solutions with parameters that make the r = 0 singularity naked
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and find a solution R(τ) to the corresponding effective potential. And, as shown in
the Sec. 3.2, by choosing an appropriate α0, we ensure the existence of a solution
that represents a shell reaching r = 0. The problem is that this solution might not
represent a shell with the standard orientation (it might glue two interior regions)
or it might be defined only within the Cauchy horizon, that is, there might be a
maximum radius for the shell smaller than the first root of at least one of the Fi(R).

In this way, we should narrow our discussion to shells with standard orientation
(so we are allowed to label with I the interior solution and with II the exterior
one), where the interior region is a black hole solution, that are initially defined
outside the event horizon of this black hole. Then the weak cosmic censorship in
this context is equivalent to saying that if the exterior bulk solution implies a naked
singularity at r = 0, then it can not collapse. And, as explained above, collapse here
means that the shell crosses the event horizon of the inner black hole.

Then, in this precise sense, as shown in Appendix B, we can confidently state
that Weak Cosmic Censorship hold for the entire class of solutions here described.
Although this might be the most important result of the present paper, the proof of
it is given in an Appendix because it is closely related to Appendix A. This result
generalizes the analysis done in Sec. 3 of Ref. 13 and the one done in Sec. 5.4 of
Ref. 15 while being connected with them. It also complies with the results obtained
in Ref. 24, where the authors considered thin shells made of linear barotropic fluids
in a rotating odd-dimensional spacetime where all independent angular momenta
coincide, for the spherically symmetric (zero angular momentum) case.

5.2. Future work

The present analysis might be further extended to other classes of solutions with dif-
ferent symmetries. Very often in the context of braneworld cosmology, it is imposed
that the bulk spacetime can be foliated by spacelike hypersurfaces which may have
not only spherical symmetry, but also D−2-dimensional hyperbolic or planar sym-
metry. For this situation, it is known that an analogous to Birkhoff theorem also
holds.20 Then it should not be very complicated to generalize the results of the
present paper to these symmetries that are relevant to braneworld cosmology.

In principle, we might extend our analysis to any symmetry which imply an
ordinary first-order differential equation of motion for the shell. The rotating odd-
dimensional spacetimes considered in Ref. 24 are a physically relevant example in
which this is true. In that work, the emphasis was laid on proving weak cosmic
censorship for the class, so a more general analysis of the dynamics like the one
performed here is also a matter of future research.
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Appendix A. Proof of the Consistency of the Choice of ξi

Here, we show that the specifications (15) and (16) are consistent in the sense
that the expressions within those specifications can only have a root (at Rξi) in a
forbidden region (V (Rξi) > 0) or inside (on) an event horizon (Fi(Rξi) ≤ 0). In
the last case, a change of sign of ∂r/∂η would not imply an inconsistency with the
timelike nature of the shell as the r coordinate would be a time (null) coordinate.
A simple substitution leads us to the expression(

∂r

∂η

∣∣∣∣
η=0i

)2

= Ṙ2 + Fi = −V (R) + Fi(R) =
[
n(Fi − Fj)

2κDρR
+

κDρR

2n

]2
≥ 0,

(A.1)

where j is the index different from i and the roots of ξi(R) are the same as the
roots of the right-hand side of the above equation. From (A.1) one can see that if
V (Rξi) ≤ 0 then Fi(Rξi) = V (Rξi) ≤ 0, so if the locus r = Rξi is not in a forbidden
region then it is within (on) an horizon.

On the other hand, it is not obvious whether the solutions of (13) are solutions of
(11) at the radius Rξi because of the ill-defined value of the corresponding extrinsic
curvature (6) thereat. Nevertheless, one can rewrite the extrinsic curvature to show
that the singularity is only apparent, stemming from the ill-defined derivative of
the function x1/2 at x = 0. The specifications (15) and (16) are chosen such that
(A.1) implies the following

∂r

∂η

∣∣∣∣
η=0−

=
n(FI − FII)

2κDρR
+

κDρR

2n
, (A.2)

∂r

∂η

∣∣∣∣
η=0+

=
n(FI − FII)

2κDρR
− κDρR

2n
. (A.3)

In this way, the potentially divergent component of the extrinsic curvature can be
written as

Kτ
Iτ =

1
2

∂f

∂η

∣∣∣∣
η=0−

= F−1
I (R)Ṙ

∂

∂τ

(
∂r

∂η

∣∣∣∣
η=0−

)

= F−1
I (R)Ṙ2 d

dR

(
n(FI − FII)

2κDρR
+

κDρR

2n

)
(A.4)

Kτ
IIτ =

1
2

∂f

∂η

∣∣∣∣
η=0+

= F−1
II (R)Ṙ

∂

∂τ

(
∂r

∂η

∣∣∣∣
η=0+

)

= F−1
II (R)Ṙ2 d

dR

(
n(FI − FII)

2κDρR
− κDρR

2n

)
, (A.5)
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where it is clear that the extrinsic curvature at both sides do not have a singular
point at any of the Rξi roots, provided they exist.c

Appendix B. Proof of Weak Cosmic Censorship for this Class
of Solutions

First we recall

Fi(R) = R−(2(n−1))

(
−2

Λ
n(n + 1)

R2n + R2(n−1) − 2MiR
n−1 + Q2

i

)
, (B.1)

which is positive at sufficiently small R for nonzero Qi (negative in the uncharged
case) and it has the opposite sign to Λ for large R (being positive in the asymp-
totically flat case). Because of Descartes’ rule of signs, there can be up to three
positive roots for this expression, which is the case of a subextremal Reissner–
Nordström–de Sitter solution. But there might be as well two, one or zero positive
roots depending on the coefficients, and the causal structure of the corresponding
maximal analytically extended solution depends on them.

We assume that the shell has the standard orientation, and consequently label
I the interior region and II the exterior one. This assumption implies that in some
region where both Fi > 0 we must have ξII = +1, so

FI(R) >
κ2

Dρ2R2

n2
+ FII(R). (B.2)

As discussed in Sec. 2, this inequality implies ξI = +1 as well. We also assume
that the interior spacetime contains a black hole, so FI(R) has at least one root
RhI where F ′

I (RhI) > 0, and that FII(R) > 0 in its entire range, so if the shell
reaches r = 0, then a naked singularity would appear. In this way, (B.2) cannot
hold for all R > RhI, because FI(RhI) = 0 and the right-hand side of the inequality
is positive for all R. Then ξII(RhI) = −1, so there must be a root RξII > RhI of
ξII(R) where (B.2) turns into an equality, and, as shown in the previous Appendix,
this root must lie in a forbidden region (V (RξII) > 0). In this way, provided there
is an initial configuration in the region outside the horizon where the shell has the
standard orientation, that is R0 > RξII > RhI, there must be a point of return
V (Rc) = 0 such that RhI < RξII < Rc < R0. This implies that Rc represents the
minimum radius for the kind of solutions we are considering, so the shell never
crosses the horizon and Weak Cosmic Censorship holds.

Appendix C. Criteria to Determine the Qualitative Aspects of the
Dynamics when the Potential is a Second-Order
Polynomial in R−(n−1)

In Sec. 4, there are a number of cases in which the potential turns out to be a second-
order polynomial in R−(n−1). When this happens, all the qualitative aspects of the

cEven in the very special case where the root Rξi
lies precisely at the corresponding horizon, the

coefficient Ṙ2/Fi at that point would acquire the value −1 as it can be seen from (A.1).
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motion can be easily derived in terms of the coefficients. If the potential acquires
the following form

V (R) = a + bR−(n−1) + cR−2(n−1), (C.1)

then a simple change of variable u = R−(n−1) reveals the possible qualitative aspects
of the motion. V (u) is a second-order polynomial, restricted to u > 0, and the local
extremal points um of V (u) must be local extremal points Rm of V (R), where
Rm = u

−1/(n−1)
m . In this way, we can derive all the relevant qualitative aspects

simply by analyzing the sign of the discriminant ∆ = b2−4ac and the signs of each
coefficient. In terms of the signs of a, b, c and ∆ the following cases are possible:

where the capital letters represent the following dynamical behaviors:

• A: There are no forbidden regions. The shell will either expand indefinitely or
collapse depending on the sign of the initial velocity.

• A∗: It is a special subcase of the previous one, as there are no forbidden regions
as well, but an unstable static solution is possible. Apart from this, the shell will
either expand indefinitely, collapse, or asymptotically approach the radius of the
static solution either from above or below.

• B: There is a maximum radius. This means that if the shell is initially expanding
it would reach a maximum radius and collapse afterwards. The final state of the
evolution is always a collapse.

• C: There is a minimum radius. This means that if the shell is initially contracting
it would rebound at a certain radius and expand indefinitely afterwards. The final
state of the evolution is always an indefinite expansion.

• B and C: Both classes of solutions coexist, which means that the minimum radius
of the expanding solutions is greater than the maximum radius of the collapsing
ones.

• D: There is no solution.
• E: There are only oscillating solutions. The motion is bounded between a mini-

mum and a maximum radius, and it is periodic.
• E∗: There is only one possible solution: a stable static one.

Appendix D. Vlasov Matter

Vlasov matter is another relevant and simple matter model used for different astro-
physical settings.25 It is a reasonable model for a physical system if it is composed of

1950069-30



February 26, 2019 14:58 WSPC/S0218-2718 142-IJMPD 1950069

Evolution of thin shells in D-dimensional general relativity

many constituents with low collision probability among themselves. If this system is
also self-gravitating, then it can be mathematically described as an Einstein–Vlasov
system: an ensemble of collisionless particles that interact with each other only by
means of the curvature that they generate as a whole. As a consequence of this
setting, the constituent particles must follow geodesic trajectories. In the context
of thin shells, it is not obvious what a “geodesic” is because of the discontinuity of
the metric connection on the shell. Furthermore, in general, there is no curve con-
tained within the evolving shell that is a geodesic of any of the metric connections
defined there (see Refs. 26 and 27 for a discussion in the context of brane cosmol-
ogy). One then typically imposes that the particles follow geodesics of the induced
metric, which is particularly reasonable in the spherically symmetric case as such
geodesics are simply the trajectories of conserved angular momentum within the
shell. The system we are considering in this appendix is a D-dimensional gener-
alization of the four-dimensional case already analyzed in Ref. 28 and references
therein.

Assuming that all particles are identical, the S tensor and the particle density
current can be written as

Sij = −µ

∫
f(x, p)

√−huiuj dp1 · · · dpn

p0
,

N i =
∫

f(x, p)
√−hui dp1 · · · dpn

p0
,

(D.1)

where µ is the particles proper mass and f(x, p) is the distribution of the number of
particles in the tangent bundle. Taking into account the symmetry, the distribution
of the number of particles with angular momentum modulus L (which we call n(L))
must be conserved, and the independent components of the S tensor can be written
in terms of that function as follows:

ρ(R) =
µ

SnRn+1

∫
n(L)

√
R2 + L2dL,

p(R) =
µ

nSnRn+1

∫
n(L)L2

√
R2 + L2

dL,

(D.2)

where Sn is the area of a n-sphere of unit radius.
We define

f(R) ≡
∫

n(L)
√

R2 + L2dL. (D.3)

For the sake of simplicity, we will assume an uncharged and asymptotically flat
setting, so the equation of motion for the shell can be written as follows:

V (R) =
1
2
− MI + MII

2Rn−1
− n2(MII − MI)2R2

2C2
nf(R)2

− C2
nf(R)2

8n2R2n
, (D.4)

where Cn ≡ κµ/Sn.
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If the function n(L) has compact support, then α∞ = 0, α0 = 1/n, and the
asymptotic behavior of V (R) can be described as follows:

R → 0 V (R) → −C2
nN2〈L〉2
8n2R2n

, (D.5)

R → ∞ V (R) → C2
nN2 − n2(MII − MI)2

2C2
nN2

, (D.6)

where 〈L〉 is the mean angular momentum modulus. One can notice that the shell
can have unbounded motion if and only if CnN < n(MII−MI), which coincides with
the analysis made in Sec. 3.1.2, and that there are always collapsing solutions for
a small enough initial radius, in concordance with Sec. 3.2.4. Furthermore, taking
derivatives of (D.4), it can be shown that there are oscillating or static solutions
only if n = 2, which is the case analyzed in Ref. 28.
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