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Phenomenology of the heating, melting and diffusion
processes in Au nanoparticles †

Dalía S. Bertoldi,∗a Emmanuel N. Millán,b and A. Fernández Guillermetc

The paper reports the results of a Molecular Dynamics study of the heating and melting process of
nanoparticles with 1985 to 84703 atoms. Building on a previous study by the present authors [Bertoldi
et al. Journal of Physics and Chemistry of Solids, 2017, 111, pp. 286-293] involving the energy versus
temperature, the Lindemann index and the radial distribution function, the current work relies on the
mean-square displacement, the Lindemann ratio and the simulated snapshots to characterize four
regions in the process of heating-to-melting. A general pattern of the atomic configuration evolution
upon heating and a systematics of the transition temperatures between the various identified steps,
is proposed. In addition, the most significant, so-called “melting step” in this process is analyzed in
terms of the quasi-chemical approach proposed by Bertoldi et al., which treats this step by invoking
a dynamic equilibrium of the type Au (LEA-SPL) ⇀↽ Au (HEA-LPL) involving low-energy atoms
(LEA) and high-energy atoms (HEA) forming the solid phase-like (SPL) and the liquid phase-like
(LPL) states of the system, respectively. The “melting step” is characterized by evaluating the equal-
Gibbs energy temperature, i.e., the “T0 temperature”, previously introduced by the current authors,
which is the thermodynamic counterpart of the temperature of fusion of macroscopic elemental
solids. The diffusion coefficients at T0 are determined, and their spatial and temperature dependence
is discussed. In particular, the activation energy for the atom movements in the HEA-LPL/LEA-
SPL mixture at T0 is reported. The consistency between the current phenomenological picture
and microscopic interpretation of the thermodynamic, kinetic and atomic configuration information
obtained is highlighted.

1 Introduction
The effect of temperature upon the atomic configuration, the
thermodynamic and kinetic properties of nanoparticles has been
a subject of considerable research attention in the last three
decades1–17. In this field, Molecular Dynamics (MD) simula-
tions have traditionally been used as a valuable tool to determine
the thermodynamic evolution of the nanoparticles upon heat-
ing5,6,12–14,17. A key result of the thermodynamically focused
MD work on elements is the fact that at sufficiently high tempera-
tures, solid “phase-like” structures coexist with liquid “phase-like”
structures in a temperature range, contradicting what is expected
from Gibbs’ Rule for the coexistence of phases in macroscopic
materials, viz., a unique melting temperature. These features
were early conceptualized by Berry and collaborators3,10,18,19

and other authors (e.g., by Honeycutt and Andersen20) by invok-
ing the concept of a dynamical equilibrium between the atoms in
the solid phase-like and the liquid phase-like parts of the system.

a Facultad de Ingeniería, Universidad Nacional de Cuyo, Mendoza, Argentina, E-mail:
daliasurena_ber@hotmail.com
b CONICET and ITIC, Universidad Nacional de Cuyo, Mendoza, Argentina.
c CONICET - Instituto Balseiro, Centro Atómico Bariloche, Argentina.

In this qualitative picture, the melting transition is treated as an
increase with temperature of the relative amounts of the atoms
in the liquid phase-like parts of the system. In a recent work,
the current authors21 used MD simulations to characterize ther-
modynamically the heating and melting process of spherical Au
nanoparticles. To this end, MD simulations were used to estab-
lish the energy-versus-temperature, so-called “caloric curves”, as
well as to describe the configuration of the phase-like parts, such
as the Lindemann index and the radial distribution function21.
On these bases, a tentative thermodynamic model of the melting
transition in Au was developed. In particular, in the tempera-
ture range where most of the melting process occurs, referred
to as the “melting step”, the system was found in the simulated
snapshots to consist of a mixture of two kinds of atoms, viz., the
low-energy atoms (LEA) forming the solid phase-like (SPL), and
high-energy atoms (HEA) forming the liquid phase-like (LPL)21.
In addition, the calculated snapshots as a function of tempera-
ture indicated that the mixture of LEA and HEA in the melting
step was in principle consistent with the qualitative picture of
a dynamical equilibrium developed by Berry and others. This
qualitative agreement encouraged a quantitative treatment of the
melting step, by treating the dynamical equilibrium between the
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LEA and HEA in terms of a classical physico-chemical formalism
applicable to a isomerization-type reaction, viz., Au (LEA-SPL) ⇀↽
Au (HEA-LPL) . In particular, the equilibrium constant was intro-
duced, and the involved atomic fractions of HEA-LPL and LEA-
SPL in the mixture were evaluated from the energy boundaries of
the melting step in the caloric curve21. Encouraged by the results
of such an analysis, in the present work we aim at going on one
step further, by studying the changes in the atomic configurations,
the kinetic properties and other implications of the previously in-
troduced quasi-chemical picture and concepts. Specifically, the
current work focuses both on the phenomenology and the mi-
croscopic details of the heating and the SPL-to-LPL change, with
particular attention to the role of diffusion. To this end, MD sim-
ulations are used to evaluate the Lindemann ratio22–24, i.e., a
parameter that is sensitive to the changes in the atomic configu-
ration and can be directly related to the diffusion coefficients. On
these bases, a picture of the effects of heating and melting upon
the atomic configuration, thermodynamic and kinetic properties
of the nanoparticles is presented. In particular, a discussion of
the activation energy for diffusion in the range of the dynamic
coexistence between the LEA-SPL and the HEA-LPL, is reported.

2 Computational Methodology

2.1 Simulations details

A set of 13 gold nanoparticles with a number of atoms (N) rang-
ing from 1985 to 84703 were created with the LAMMPS code25,
as spheres of different radius centered at the origin of the fcc lat-
tice. An EAM interaction potential26 extensively used to study
the melting of Au nanoparticles4,27–30 was adopted. The current
nanoparticles have a free-surface boundary condition at given
temperatures under zero external pressure. The temperature (T )
was increased as follows: for heating up to 800 K a heating rate
of 0.1 K/ps was adopted, but above that the rate was reduced to
0.02 K/ps until the melting occurred. At each temperature, a MD
run of 500 ps was made: the first 400 ps were used for equilibra-
tion and the following 100 ps to obtain statistical data.

Finally, in order to start with the most stable configuration, an
energy minimization procedure was applied at the beginning of
the MD runs. A similar treatment of the heating process has been
used in previous works5,21,30.

2.2 Exploratory runs

As a part of the work, two sets of exploratory runs were per-
formed, involving the nanoparticle of N =15707. The first set
was aimed at determining the effect of changes in the heating
rate upon the observed temperature boundaries of the melting
step. To this purpose, various rates were tested in the range of
most importance for the study of the temperatures of the heating-
to-melting process, viz., for T > 800 K. All tested runs adopted a
heating rate of 0.1 K/ps up to 800 K, but at higher temperatures,
the following alternative rates were tested: (i) 0.01 K/ps; (ii)
0.05 K/ps; and (iii) 0.1 K/ps. The resulting mean-square displace-
ment (MSD) versus temperature curves, are compared in Fig. 1
(a) with the curve corresponding to the heating rate used in the
present work to determine the characteristic temperatures above

Fig. 1 The MD simulated temperature dependence of the mean-square
displacement (MSD) for nanoparticles with and 15707 atoms as a func-
tion of temperature, determined in the current exploratory runs, described
in Sect.2.2.. The (a) panel compares the results obtained by changing
the heating rates. The (b) panel compares the results corresponding to
spherical nanoparticles with those for icosahedral nanoparticles with a
similar number of atoms.

800 K, viz., 0.02 K/ps. Figure 1 (a) indicates that the current
combination yields a MSD vs. temperature line differing very lit-
tle from lowest rates tested, viz., the combination 0.1 K/ps up to
800K followed by 0.01 K/ps. In view of this fact, current combi-
nation (i.e., 0.1 K/ps up to 800 K followed by 0.02K/ps up to the
melting range) was accepted, by considering it as a reasonably
good compromise of accuracy and computer time.

The second set of exploratory runs was aimed at testing the
effect upon the MSD vs. T curve of changing the shape of the
N =15707 nanoparticle. To this aim the results corresponding
to spherical nanoparticles are compared in Fig. 1 (b) with those
for icosahedral ones with N = 15512, i.e., with a similar number
of atoms. The icosahedral nanoparticles were generated using
nanoSCULPT31. The MSD vs. T lines compared in Fig. 1 (b)
are close enough to tentatively hypothesize that the characteristic
temperatures for the heating-and-melting process determined in
Sect.3.1 using extensive results for spherical nanoparticles, might
be representative of the behavior of other shapes. In order to fully
test this hypothesis, i.e., by including the thermodynamic and ki-
netic properties discussed in the present paper, a new research
project, complementary of the current work, has been initiated
and the results will be presented in a forthcoming paper.

2.3 Cohesive energy

Before increasing the temperature, the energy values at T = 0 K
were determined, and used to calculate the energy difference be-
tween each nanoparticle (hereafter denoted by “np”) and macro-
scopic (“m”) Au. To this aim a single simulation of macroscopic
Au was performed at that temperature using 20x20x20 cells and
periodic boundary conditions. The so-obtained energy value per
atom, viz., -3.93eV, coincides with that obtained in ref.30 using
the same potential. With this new information, the cohesive en-
ergy difference ∆Ecoh = Ecoh

m−Ecoh
np was evaluated, and also

included in the discussion of the melting process (see Fig. 6 in
Sect. 4.2).

2 | 1–10Journal Name, [year], [vol.],
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2.4 Mean-square displacement and the Lindemann ratio

The MD results were used to study the variation with tempera-
ture of the quantity δL connecting the MSD of the atoms with the
nearest-neighbor distance (χ), viz.,

(δLχ)2 = MSD (1)

δL is usually known as the Lindemann ratio, because it is in-
volved in the oldest empirical picture of the melting phenomenon
in macroscopic solids, i.e., the Lindemann criterion32. In order
to apply Eq.(1), the MSD was evaluated as the deviation of the
position of each atom from a reference, initial position:

MSD = 〈(ri(t)− ri(0))
2〉 (2)

where <...> denotes the atomic average, ri(0) is the reference
position and ri(t) the corresponding position at the time t. We
emphasize that other definitions of the MSD are found in the lit-
erature (see, e.g., ref.33). In the current calculations, the average
nearest-neighbor distance χ was estimated from the MD calcu-
lated average volume (V ) per atom (V/N) by using the following
relation: (

(V/N)np(T )
(V/N)m(0)

)1/3
=

χnp(T )
χm(0)

(3)

Taking into account that macroscopic Au at atmospheric pres-
sure is stable in the fcc structure, Eq.(3) yields

χ
np(T ) =

√
2

2
[4(V/N)np(T )]1/3 (4)

A similar relationship between V/N and χ has previously been
adopted24 to treat a Lennard-Jones fcc nanocrystal.

2.5 Diffusion coefficients

The diffusion coefficient (D) was calculated for each temperature
from the slopes of the linearized MSD versus time (t) relations,
using the Einstein equation6,12,33:

D =
1
6
(δLχ)2

t
(5)

Taking into account that there are references where it is re-
ported that in finite nanoparticles MSD "saturates" at large t 6,33,
the slopes were determined by considering a time interval t=500
ps, i.e., before such "saturation" phenomenon occurs. The cho-
sen time interval is also long enough to allow the fluctuations to
average.

3 Results

3.1 Systematics of the δL versus T relations

In a previous work, a picture of the effects of heating and melting
upon the atomic configuration of nanoparticles was developed,
which involved various characteristic temperatures ranges. The
temperature boundaries of these ranges were determined from
plots of the MD results by analyzing the rate of change with tem-
perature of the energy and the Lindemann index, combined with
the relevant snapshots and taking into account the information

provided by other properties, viz., the root-mean square displace-
ment and the radial distribution function21. In the present sub-
section, the boundaries of the previously identified temperature
ranges, as well as the details of the atomic configuration changes
upon heating will be further studied by analyzing plots of the Lin-
demann parameter (δL) as a function of T combined with MD
produced snapshots at various selected temperatures.

The δL vs. T curves corresponding to 6 of the 13 nanoparti-
cles with 1985 ≤ N ≤ 84703 are presented in Fig. 2. The curves
present the same general characteristics. The most significant one
is a drastic increase in δL occurring in a temperature range whose
boundaries are denoted by T2 and T3 (see below). These tem-
peratures depend of N, being lower for the small nanoparticles,
i.e., those with the largest surface-to-volume ratio. This feature,
and the type of size dependence shown by other relevant tem-
peratures, reflects the fact that atoms on the surface have weaker
restraining forces than the inner atoms. Consequently, the av-
erage cohesive energy per atom of the smaller nanoparticles is
lower than that of the larger ones, i.e., the MD calculated ∆Ecoh
quantity increases with decreasing N (see Fig. 6 in Sect. 4.2).

Fig. 2 The Lindemann ratio (δL) versus temperature (T ) values for
nanoparticles with 1985 to 84703 atoms (symbols). The lines are only
guides to the eye.

Four characteristic temperatures referred to as T ∗, T1, T2 and
T3 were determined, and used to construct dimensionless δL ver-
sus T/T3 plots such as those presented in Fig. 3 for 6 of the 13
nanoparticles with 1985≤ N ≤ 15707.

In Fig. 3 we also include MD simulated snapshots. The atoms
located in the surface at the onset of the heating process are
painted in red. The vertical dotted lines indicate the ratios be-
tween various characteristic temperatures and T3. This informa-
tion will be interpreted in terms of the atomic process taking place
in regions I to IV, indicated by the roman numbers in Fig. 3, as
follows.

In Region I the material is found in the SPL state. In this tem-
perature range, two sub-regions are distinguished: one character-
ized by a linear (Sect. 3.2) and the other by a non-linear variation
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Fig. 3 The MD simulated temperature dependence of the Lindemann ratio (δL) and the MSD ((δLX)2) for nanoparticles with 1985 ((a) panels) and
15707 atoms ((b) panels) as a function of the dimensionless T/T3 ratio. The vertical dotted lines indicate the boundaries of the four regions (I to IV)
distinguished in the heating and melting process.The inset in the (b) panel shows the linear MSD vs. T region. In the snapshots the Au atoms located
in the surface at the onset of the heating process are painted in red, and the inner atoms are painted in gray. In the snapshot in Fig.3(a) the diffusion
on the surface is indicated by marking in black the displacement of two such atoms.

of δL with temperature. Region I ends at temperatures T1, where
a significant increase in the rate of change of the MSD (and δL)
with temperature is observed. This has been interpreted as the
beginning of the “pre-melting”21, indicated as region II. For the
present nanoparticles it is found that 0.8≥ T1/T3 ≥ 0.6.

In Region II the atoms on the surface of the nanoparticles start
to diffuse. This is shown by the snapshots in 3(a), where we have
marked in black the displacement of two such atoms. At tem-
peratures higher than T1 (see below), the surface atoms diffuse
towards the center of the nanoparticle, so that the T1/T3 ratio will
be taken as a measure of the temperatures where volume diffu-
sion processes are noticeable in the current nanoparticles. The
consequences of this assumption will be examined at the end of
the present section, by referring to Fig. 4.

Region II ends at the temperature T2 where an even more rapid
increase of δL (and the MSD) with temperature occurs. This is
interpreted as the start of the “melting step”, indicated as Re-
gion III. The MD simulated snapshots in 3(b), corresponding to a
section through the center of the nanoparticle, indicate that the
diffusion that started at the surface reaches the inner atoms, with
the atoms painted in red and in gray coexisting in a mixture with

comparable proportions. This feature, clearly seen in the snap-
shots in 3(b) as well as in those reported in Fig.2 of our previous
work21, is compatible with the assumption that the melting step
involves a proper mixture of two kinds of atoms, which is adopted
by the quasi-chemical model formulated in Sect. 4.1. For the cur-
rent nanoparticles it is found that 0.97≥ T2/T3 ≥ 0.90. In Sect. 4.3
the kinetic properties of this region will be studied by focusing on
a specific, thermodynamically relevant temperature T0, such that
T2 < T0 < T3.

In Region IV, corresponding to T/T3 > 1, the nanoparticles are
found in the LPL state. The δL vs. T (and the MSD vs. T ) relation
reaches a plateau, indicating that the atoms diffuse through the
whole nanoparticle. The section snapshots (Fig.3(b)) show a full
mixture of the atoms painted in red and in gray. In addition, the
δL and MSD values corresponding to the plateaus increase with N.
Taken into account that the MSD values are principally (but not
only, see below) spatial dependent, this trend is interpreted as in-
dicating that the larger nanoparticles in the LPL state offer more
room for the atoms to move. The spatial dependence together
with the temperature dependence of the MSD will be further con-
sidered in Sect.4.3 when analyzing the systematics of diffusion
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coefficients determined within the melting step (Fig. 7).

Fig. 4 The size dependence of the dimensionless ratios T1/T3 and T2/T3
involving the temperature boundaries of regions I to III (see text). The
solid squares with error bars represent the ratios determined in Sect. 3
from the MD results. The solid lines represent least-squares fits to these
values. The dashed line represents a linear extrapolation to N−1/3 = 0.
The extrapolated value T1/T3 = 0.59 is discussed in Sect. 3.1.

The size dependence of the T1/T3 and T2/T3 ratios for the
present nanoparticles is summarized in Fig. 4. In this and in
other plots of the current paper, the quantity N−1/3 is used as an
independent variable, because this quantity provides a measure
of the surface/volume ratio, i.e., a characteristic that has long
been used to systematize and explain the physical properties of
nanoparticles34–36. Figure 4 indicates that the ratios T1/T3 and
T2/T3 exhibit a similar rate of change with N−1/3.

In closing this section we will discuss the value obtained by a
linear extrapolation of the T1/T3 ratios to N−1/3 = 0, which is rep-
resented by the dashed line in Fig. 4. To this aim we emphasize
that the extrapolated temperature should strictly be interpreted
as referring to a hypothetical state of macroscopic Au, with an
atomic configuration similar to that of the SPL aggregates of the
current nanoparticles. In line with this interpretation, the extrap-
olated ratio T1/T3 = 0.59 falls above 0.50, traditionally considered
as the value of the T/Tf ratio above which diffusion processes be-
come relevant in “actual” metallic solids with a melting tempera-
ture Tf

37.

3.2 The linear variation of MSD with T
The inset in Fig. 3 (b) indicates that below a certain temperature
referred to as T ∗, a linear variation of MSD with temperature is
observed. For a macroscopic material, the possibility of a lin-
ear temperature dependence of the MSD might be understood,
as a first approximation, by invoking the Debye model, which
yields32:

(δDχ)2 =
9h̄2T

mkBθ 2
D

(6)

In Eq.(6), (δDχ)2 is the MSD due to the lattice vibrations, m

is the atomic mass, θD is the Debye temperature, h̄ and kB the
Planck and Boltzmann constants. However, there are at least two
reasons why Eq.(6) should not be expected to account for the
present results. In the first place, it is questionable to assume that
the Debye model with the standard value of θD could describe
the atomic vibrations under the anharmonic conditions plausibly
holding in the current nanoparticles and temperatures approach-
ing T ∗. A second reason is that the current MD results indicate
that surface diffusion, and to some extent, volume diffusion, con-
tributes to the MSD in the high-temperature part of Region I. The
discrepancy expected on the basis of these qualitative arguments
is quantified in Table 1, where the values of (δDχ)2 calculated at
T = T ∗ using Eq.(6) with the standard value θD= 165 K38 are
compared with the (δLχ)2 from MD simulations. It is found that
the actual MSD is, on the average, about 3.6 times that given by
Eq.(6).

In view of the results in Table 1, it seems wise to refrain
from adopting Eq.(6) to estimate the high-temperature proper-
ties of nanoparticles, as often done, e.g., when using the Debye-
Lindemann melting formula at even higher temperatures39–41.

Table 1 The MSD at the upper temperature boundary of the linear region
(T ∗) estimated by using Eq.(6) as (δDχ)2, compared with that obtained
from the MD simulated Lindemann ratios as (δLχ)2 (Sect.3.1). The
estimated uncertainties are follows: ±25K in T ∗, ±0.002 Å2 in (δDχ)2 ,
and ±0.01 Å2 in (δLχ)2.

N T ∗ (δDχ)2 (δLχ)2 (δLχ)2/(δDχ)2

(K) (Å2) (Å2)
1985 350 0.028 0.09 3.2
2491 325 0.026 0.10 3.8
2899 400 0.032 0.09 2.8
3151 325 0.026 0.09 3.5
3511 400 0.032 0.09 2.8
4537 350 0.028 0.11 3.9
5481 350 0.028 0.19 6.8
6699 400 0.032 0.11 3.4
11297 375 0.030 0.11 3.7
15707 450 0.036 0.12 3.3
25123 450 0.036 0.10 2.8
37215 450 0.036 0.10 2.8
84703 475 0.038 0.18 4.7

4 Discussion

4.1 Quasi-chemical modeling of the melting step

Building on early ideas of Berry and others3,10,18–20, a thermody-
namic model of the melting step (Region III) was proposed by the
current authors21, where HEA and LEA of Au coexist in a highly
mixed state, such as that shown by the snapshots in Fig.3(b) of
the current paper (and in Fig.2 of ref.21). The key assumption of
the model is that in the melting step, atoms with the energy cor-
responding to the SPL boundary of the melting region (i.e., that
located at T2 ) and the HEA, with the energy corresponding to the
LPL boundary of the melting step (i.e., that located at T3) coex-
ist in a dynamical equilibrium. Specifically, the model assumes
that these two kinds of atoms, indicated as HEA-LPL and LEA-
SPL respectively, are involved in the following isomerization-like
chemical reaction:

Journal Name, [year], [vol.], 1–10 | 5
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Fig. 5 (a) Scheme illustrating the determination of the quantities δL(T2), δL(Tx), δL(T3) and ∆δL for the nanoparticle with 15707 atoms. (b) The
temperature dependence of the quantities XHEA-LPL and XLHA-SPL estimated by using Eq.(11). The arrow indicates the temperature T0 at which
XLEA-SPL = XHEA-LPL, thus yielding (Eq.(8)) Keq = 1 and ∆G = 0.

Au (LEA-SPL) ⇀↽ Au (HEA-LPL) (7)

Furthermore, in ref.21 the classical equilibrium constant (Keq)
was introduced, which is related to the difference in Gibbs energy
(∆G) of Au between the SPL and LPL structures by the Van’t Hoff
relation

∆G = GLPL−GSPL =−RT lnKeq =−RT ln
XHEA-LPL

XLEA-SPL
(8)

In Eq.(8) the atomic fractions (X j) usually adopted in macro-
scopic solution thermodynamics have been used to describe
the relative amounts of HEA-LPL and LEA-SPL. By definition
XHEA-LPL +XLEA-SPL = 1. In ref.21 the XLEA-SPL and XHEA-LPL val-
ues were determined by describing the melting step part of the
E versus T (“caloric curve”) as the weighted sum of the contri-
butions of the HEA-LPL and the LEA-SPL, as corresponds to an
extensive thermodynamic property, viz.,

E(TX ) = (1−XHEA-LPL)E(T2)+XHEA-LPLE(T3) (9)

where T2 < TX < T3. From Eq.(9) one obtains the exact relation:

XHEA-LPL =
E(TX )−E(T2)

E(T3)−E(T2)
(10)

The evaluation of the various quantities in Eq.(10) from the
“caloric curve” was explained in detail in Fig.6 of our previous
work21.

4.2 Evaluation of the T0 temperature
By applying Eq.(10) to the melting step, Bertoldi et al.21 deter-
mined the temperature dependence of the variables XLEA-SPL and
XHEA-LPL for each nanoparticle, and used such information to de-
termine the temperature at which XLEA-SPL = XHEA-LPL. At that

temperature, called “the T0 temperature”, Eq.(8) yields Keq = 1,
and ∆G = 0 i.e., the Gibbs energies of the Au atoms in the SPL
and LPL states is the same. By this thermodynamic reason, T0

might be considered as the nano-scale counterpart of the solid
phase/liquid phase equilibrium temperature (Tf ) in macroscopic
Au.

In addition to using Eq.(10), a complementary, approximate
procedure was used to estimate the XHEA-LPL values in the present
work. The procedure is based on two empirical findings of the au-
thors’ work: (i) the quantities E(T3)−E(T2) and δL(T3)− δL(T2)

are approximately proportional; and, (ii) the δL(T3)− δL(T2) dif-
ference is approximately proportional to the number of atoms N
of the nanoparticle. Both related findings allowed us to estimate
XHEA-LPL (and XLEA-SPL) by applying the following analogue of
Eq.(10), where the ∆E differences are replaced by the well de-
termined ∆δL differences (Sect.3.1), viz.,

XHEA-LPL ≈
δL(TX )−δL(T2)

∆δL
(11)

The evaluation of the various quantities in Eq.(11) from the in-
formation obtained in Sect.3.1 is explained in detail in Fig. 5(a),
with reference to the nanoparticle with 15707 atoms. δL(TX )

is a general δL value in the melting step part of the δL versus
T curve, viz. δL(T2) ≤ δL(TX ) ≤ δL(T3). The results of applying
Eq.(11) to estimate the temperature dependence of the XHEA-LPL

(and XLEA-SPL) quantities, and therefrom the T0 temperature (at
which XLEA-SPL = XHEA-LPL), is described in Fig.5 (b).
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Fig. 6 Variation of the present T0 temperature values (symbols) with
N−1/3 (upper scale) and with the cohesive energy difference ∆Ecoh be-
tween macroscopic Au and each nanoparticle (lower scale) defined in
Sect.2.3. Squares and circles represent the values obtained by applying
Eq.(10) and Eq.(11), respectively, with the T2 and T3 temperatures de-
termined in Sect.3.1. The solid line represents a least-squares fit to the
results of Eq.(11). The dashed line describes a linear extrapolation to
N−1/3 = 0, which yields T0 = 1158(±6) K (see Sect. 4.2).

In Fig. 6, the T0 values determined by applying Eqs. (10) and
(11) using the temperatures T2 and T3 determined in Sect.3.1,
agree well for most of the nanoparticles. In particular, the some-
what less scattered results given by Eq.(11) suggest a well-defined
linear variation of T0 with N−1/3, and were given the highest
weight in the remainder of this paper. The correlation in Fig.6
suggests that the variation of T0 with N−1/3 is due to the surface
effect. In particular, the fact that the surface atoms are weakly
bonded, is expected to correlate with the decrease in the aver-
age cohesive energy per atom of each nanoparticle with respect
to the macroscopic material. This expectation is corroborated by
the linear variation of T0 with the quantity ∆Ecoh = Em

coh−Enp
coh

(Sect.2.3) also represented in Fig. 6.

The results in Fig. 6 might be used to test the thermody-
namically oriented interpretation of T0 for nanoparticles as the
counterpart of the temperature of fusion Tf of macroscopic Au.
In the first place, a linear extrapolation to N−1/3 = 0 yields
T0 = 1158(±6)K. The Tf temperatures obtained using EAM and
similar extrapolations, viz., 1113(±7)K21 and 1128(±13)K29, and
in previous Monte Carlo study of the macroscopic phases of Au
yields 1090 K42, i.e., comparable but somewhat lower values.. In
the second place, the linear variation of T0 with ∆Ecoh and hence
with the cohesive energy of the nanoparticles, is the analogue of
the linear correlation between Tf and Ecoh, which is usually ac-
cepted, on empirical grounds, for elemental solids43.

4.3 Diffusion coefficients in the melting step

The thermodynamic and atomic configuration picture arrived at
in the previous sections will be further developed by focusing on

the kinetics of the process taking place in the melting step. To this
aim, the diffusion coefficient (D) of the dynamic mixture of SPL-
LEA and LPL-HEA was evaluated for each nanoparticle from the
slope of the MSD versus time relation (Sect. 2.5)), as a function
of temperature. The results are presented in Fig. 7 (a). A remark-
able feature of these results is that D increases with temperature
in the melting step, and reaches a maximum in the neighborhood
of T0. At even higher temperatures, D decreases (not shown in the
figure). In the following, the maximum D values will be analyzed
in order to illuminate their expected spatial dependence as well
as their temperature dependence.

Concerning the spatial dependence, it is remarked that the
maximum D values at T = T0 (i.e., D(T0)) increase with the radius
of the particle, Fig. 7 (b), which suggests that larger nanoparti-
cles offer more room for the atoms to move. Moreover, if the
D(T0) values are correlated with N−1/3, an essentially linear rela-
tion is obtained (not shown) although deviations are observed
for the smallest sizes. Furthermore, a linear extrapolation to
N−1/3 = 0 yields D(T0) = 0.164(±0.006) Å2/ps. This value will
be compared with information for macroscopic Au obtained by
the current authors by performing smooth extrapolations to T0

of the D versus T values reported in the literature, as follows:
(i) from the results of MD and Monte Carlo simulations, using a
many-body potential based on the effective-medium theory, we
estimate D(1158K) ' 0.25 Å2/ps44, (ii) from the results of MD
simulations with LAMMPS using an EAM potential, we estimate
D(1158K)' 0.18 Å2/ps45 and, (iii) from the results of another MD
simulations with an EAM potential, we estimate D(1158K)' 0.13
Å2/ps46. It is encouraging to find that the present D(T0) value
agrees reasonably well with these numbers.

In turn, the temperature dependence of D(T0) is illustrated
by the fact that the largest diffusion values correspond to the
nanoparticles with the largest N, i.e., those with the highest T0.
In order to quantify in this feature, an attempt was made to eval-
uate the activation energy (EA) for the diffusion processes at T0.
To this aim it was assumed that at this temperature the nanoparti-
cles have essentially the same atomic configuration, since by def-
inition, at T0 the relative amounts of LEA-SPL and HEA-LPL is the
same. On these basis, a ln(D(T0)) vs. (1/kBT0) was constructed
(Fig. 8). Except for the less precise values corresponding to the
smallest four nanoparticles, which were therefore excluded from
the fit, the data points are well represented by the straight solid
line plotted in Fig. 8. Then, the Arrhenius-type relation

EA =−∂ lnD(T0)

∂

(
1

kBT

) , (12)

allowed a reasonably accurate evaluation of an activation en-
ergy for in the current nanoparticles at T0, viz., EA = (1.5± 0.1)
eV. This value is very close to the MD-EAM value EA = 1.68 eV
for self-diffusion in the solid phase of macroscopic Au46. Alter-
natively, from the already quoted D vs. T results for macroscopic
Au, we estimate for the liquid phase EA ' 0.37 eV (Ref.44,46) and
EA ' 0.39 eV (Ref.45), i.e., significantly smaller energies. These
comparisons lend further support to the hypothesis that the dif-
fusion properties at T = T0 might be reasonably understood on
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Fig. 7 (a) The diffusion coefficients (D) (symbols) versus temperature relations. (b) The maximum diffusion coefficients D(T0) occurring at the
temperature T0 (symbols) versus the radius (R) of the nanoparticles. In these plots, the solid or dashed lines are only guides to the eye.

Fig. 8 The logarithm of the D(T0) diffusion coefficients (symbols with
error bars) versus the inverse of the product of the T0 temperature and
Boltzmann’s constant kB. The solid line represents the least-squares fit
to all but the four smallest particles results. By applying Eq.(12) an
energy corresponding to the activation of the atomic movements in the
current nanoparticles at T0, viz., EA = 1.5(±0.1) eV, was evaluated.

the basis of the existence of a dynamic mixture of LEA-SPL and
HEA-LPL. Specifically, the advance of the melting process requires
movements of the LEA-SPL, i.e., those expected to require the
largest activation energy. In line with such picture, the current
results indicate that the energy necessary to activate the LEA-SPL
is close to that predicted by MD-EAM for the diffusion in solid
macroscopic Au.

In summary, the current D(T0) values describe the diffusion
processes in a series of nanoparticles formed by equi-atomic mix-
tures of LEA and HEA. Consequently, these values show the spa-

tial and temperature dependences of the diffusion coefficients one
could expect when treating a set of nano-systems of the same el-
ement and essentially the same atomic configuration (or “struc-
ture”) namely, an increase with the size of the system and with
temperature, but the same activation energy.

5 Summary and concluding remarks
The present paper builds on a previous thermodynamic and struc-
tural analysis of the heating and melting of Au nanoparticles by
the current authors, based on MD results on the temperature de-
pendence of the energy, the Lindemann index, as well as the root-
mean square displacement and the radial distribution function21.

The specific aim of the present work was to gain understanding
on the interrelations between the atomic configuration, and the
thermodynamic and kinetic features of the change, induced by
heating, from the solid-phase like (SPL) to the liquid-phase like
(LPL).

In order to access theoretically such interrelations, the current
MD-EAM simulations made use of the temperature dependence of
the mean-square displacement (MSD) and the Lindemann ratio.
In this way, a four-step phenomenological model of the changes
in atomic confirmation upon heating was developed, and the tem-
perature (T ) boundaries of the various regions were determined
and systematized as a function of the size of the nanoparticles.
Two such regions were then analyzed in greater detail. One re-
gion, located in the low temperature part of the studied range, is
characterized by a linear variation of the MSD with T . The other
region, called the “melting step”, occurring in the high tempera-
ture part of the range, is characterized by rapid variations of the
MSD with T .

The latter region was treated in terms of a physico-chemical
model hypothesizing the existence of two kinds of Au atoms,
coexisting in dynamical thermodynamic equilibrium, viz., low-
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energy atoms (LEA) with an energy corresponding to the low-
T boundary (i.e., the SPL boundary) of the melting step in the
caloric curve, and high-energy atoms (HEA) with an energy cor-
responding to the high-T boundary (i.e., the LPL boundary) of the
“melting step” in the caloric curve.

The classical equilibrium constant describing the isomerization-
like reaction Au (LEA-SPL) ⇀↽ Au (HEA-LPL) was introduced, and
the atomic fractions of the LEA-SPL and HEA-LPL were deter-
mined as a function of T . These fractions were used to evaluate
the equal-Gibbs energy temperature (“T0 temperature”) which is
the thermodynamic counterpart of the solid phase/liquid phase
equilibrium temperature of macroscopic Au. The size dependence
of T0 was discussed.

Moreover, the kinetic properties of the “melting step” mixture
of LEA-SPL and HEA-LPL were investigated by focusing on the
diffusion coefficient (D) which shows a local maximum at T ' T0.
It is found that the D(T0) values increase with the size of the
nanoparticles, and with the value of T0. These spatial and tem-
perature dependences of D(T0) were rationalized by considering
that, by definition of T0, the various nanoparticles involve equal
atomic fractions of LEA-SPL and HEA-LPL, that is, they have es-
sentially the same atomic configuration (or “structure”).

An Arrhenius-type analysis of the ln(D(T0)) vs. (1/kBT0) plot
yields a well-defined activation energy for the atom movements
that is remarkably close to that determined by previous MD-
EAM simulations on solid macroscopic Au. Such an agreement
lends support to a direct implication of the current picture of the
“melting step”, viz., the progress upon heating of the SPL-to-LPL
change needs the activation of the LEA-SPL, i.e., those requiring
the largest activation energy.
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