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Abstract: This study concerns geometric prediction, a process of anticipation that has been identified
as key in mathematical reasoning, and its possible constructive relationship with explorations within
a Dynamic Geometry Environment (DGE). We frame this case study within Fischbein’s Theory of
Figural Concepts and, to gain insight into a solver’s conceptual control over a geometrical figure, we
introduce a set of analytical tools that include: the identification of the solver’s geometric predictions,
theoretical and phenomenological evidence that s/he may seek for, and the dragging modalities s/he
makes use of in the DGE. We present fine-grained analysis of data collected during a clinical interview
as a high school student reasons about a geometrical task, first on paper-and-pencil, and then in a
DGE. The results suggest that, indeed, the DGE exploration has the potential of strengthening the
solver’s conceptual control, promoting its evolution toward theoretical control.

Keywords: geometric prediction; conceptual control; Dynamic Geometry Environment (DGE);
phenomenological evidence; theoretical evidence

1. Introduction: Geometric Prediction and Dynamic Geometry as Resources for
Supporting Mathematical Reasoning

Prediction is the act of anticipating the outcome of a process, building on information at
one’s disposal at that moment. Research in science education highlights the fruitful practice
of asking students to make predictions when they are learning about new phenomena (see,
for example, [1]). Although the process of prediction has not yet been widely investigated
within Mathematics Education, some studies have suggested that prediction can play an
important role in this discipline, as well [2]. According to Kasmer and Kim [3], mathematics
teachers create precious learning opportunities when they ask students for a prediction
at the beginning of problem-solving activities. Indeed, prediction seems to stimulate
processes of visualization, sense-making, and creating connections between previously
learned mathematical concepts and new ones that can be developed as the prediction
occurs [3]. Making a prediction yields the opportunity to acquire new knowledge; therefore,
gaining further insight into processes of prediction in mathematics seems to be a promising
direction in Mathematics Education, as well.

The pioneering studies presented above have been carried out mainly within the
domains of algebraic and arithmetical reasoning. Since less interest has been devoted to
prediction within the domain of geometrical reasoning, which we call geometric prediction,
our study focuses on the domain of 2D Euclidean Geometry. Geometric prediction ap-
peared in [4] and then was widely investigated in [5,6]; further details are provided in the
next section.

Moreover, prediction is quite relevant from an educational point of view, since it turns
out to be crucial for fostering students’ mathematical reasoning [7]. In this sense, geometric
prediction can be seen in coordination with other mathematical activities such as conjecture-
generation and argumentation. Following Kim and Kasmer [7]: “Although prediction is
often based solely on initial thoughts using prior knowledge, prediction sets a foundation

Mathematics 2021, 9, 821. https://doi.org/10.3390/math9080821 https://www.mdpi.com/journal/mathematics

https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-3646-9065
https://orcid.org/0000-0002-8116-5370
https://doi.org/10.3390/math9080821
https://doi.org/10.3390/math9080821
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9080821
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math9080821?type=check_update&version=2


Mathematics 2021, 9, 821 2 of 27

for later discourse that gives students the opportunity to defend or refute ideas that they
brought forth at the beginning of the exploration” [7] (p. 298). So, prediction can also be
seen as a particular and initial process of conjecture-generation. Since mathematical activity
is strongly intertwined with processes of conjecture-generation, visualization, gaining new
insight into a given problem, and argumentation, as researchers in Mathematics Education,
we are interested in learning more about prediction because it is involved in each of these
processes [3–7].

The studies presented above have substantiated the significance of using prediction
within the classroom practice to facilitate students’ learning [1–3,7]. In particular, White and
Gunstone have introduced an instructional sequence they refer to as prediction-observation-
explanation (POE) [1]. In POE much attention is devoted to the design of tasks for students:
students are required to make a prediction, observing or performing an experiment, and
finally to reconcile any discrepancies between prediction and observation. POE was
revealed to be particularly effective for teaching physics at school [1]. Moreover, the
authors claimed that POE can be applied also to other domains, including mathematics;
in this case, the procedure needs to be adequately adapted [1]. However, this issue was
not further discussed by the authors. Our paper addresses this issue by describing the
specificity of producing and checking prediction in the field of geometrical reasoning.
Indeed, the POE procedure seems to be quite relevant in geometry, as well, if a Dynamic
Geometry Environment (DGE) is involved in the POE sequence. The exploration within
the DGE can be considered quite close to the observation phase of a phenomenon (here the
phenomenological behavior of the dynamic objects), which can be useful for testing the
coherence of previously made predictions and, eventually, for changing or refining them.
After all, the crucial role that the interaction between the students and a dynamic figure in
a DGE plays in developing and supporting mathematical reasoning is widely recognized
(see, for example, [8–15]). So, geometric prediction—as an initial stage of a conjecture-
generation process and a fundamental element of mathematical reasoning—could also
be affected by the use of a DGE. Indeed, Hollebrands found that solvers’ strategies used
during a dynamic exploration “seemed connected to their ability to anticipate a result of a
technological action and reflect on and interpret the result using their understanding of the
technology tool and of mathematics” [16] (p. 184). So, the DGE’s feedback plays a central
role; such feedback might prompt solvers’ next actions and lead them to eventually “change
their strategy” [16] (p. 188). This “ability to anticipate” in geometry seems quite close to
the process of geometric prediction, on which we focus; however, there is still very little
research on the possible relationship between geometric prediction and DGE explorations.

Our study aims to start bridging this research gap by exploring how students’ interac-
tions with a DGE may influence their predictions made during an initial problem-solving
phase prior to entering the DGE. In particular, the analyses of the case study discussed
in this paper show that the interaction with DGE objects can lead to rethinking and rene-
gotiating predictions that were previously communicated. Moreover, for this study we
designed a theoretical lens for observing and explaining why this change can occur. This
paper should provide educators with food for thought and support them in establishing
educational goals in learning geometry that capitalize upon the combined use of predic-
tions and DGE explorations. The analytical tools developed for this study are presented
in depth, so we expect that other researchers may apply them in the future. Overall, the
study contributes to the line of research opened by [5,6] and allows us to advance new
hypotheses to be further explored.

This paper is structured as follows. In Section 2, we outline the theoretical framework,
and we present our research aim; in Section 3, we describe materials and methods, specifi-
cally focusing on the analytical tools developed for this study; in Section 4, six excerpts
from a case study are presented and analyzed in fine-grained detail, in order to address
our research aim; finally, Section 5 provides a discussion of the main findings and reports
on educational implications and future perspective of our research.



Mathematics 2021, 9, 821 3 of 27

2. Literature Review, Theoretical Grounding of the Study and Specific Research Aim

Our interest in geometric prediction arose during a transdisciplinary (in the sense
of [17]) attempt to integrate research on the transformation of images that have been de-
veloped within two different research domains: Cognitive Psychology and Mathematics
Education. More precisely, our purpose was to shed light onto processes of transforma-
tions of geometrical objects (e.g., rotation, translations, reflection, stretching, etc.) during
geometrical activities [18]. This first research study gave us the opportunity to observe
a common phenomenon: solvers, who engage in the resolution of open-ended tasks in-
volving a geometrical configuration, can anticipate the effects of certain transformations
before they were accomplished on a sheet of paper or within a DGE. We have referred to
this phenomenon as geometric prediction (GP). Our findings [5,6,18] suggest that mental
transformations of geometrical configurations during a geometric prediction not only in-
volve elements of spatial nature, but also aspects that belong to the mathematical reference
theory. So, attempting to conduct a second transdisciplinary inquiry on prediction, we
worked to find a definition of geometric prediction that took into account both spatial and
theoretical aspects involved in doing geometry. The definition (see Section 2.1) and the
model of geometric prediction that arose are heavily rooted in this background and have
been presented by the first author [6].

In the following we will clarify the distinction between spatial and theoretical aspects,
and we will present the fundamental theoretical constructs used in this study.

2.1. Geometric Prediction through the Lens of the Theory of Figural Concepts

Cognitive psychologists explain the processes of generation, transformation, and use
of mental images with the intervention of visuo-spatial abilities [19]. More recently, these
abilities have been explicitly related to geometrical reasoning [20]. Our greater concern
is that this psychological approach alone only addresses the spatial and visual aspects of
geometrical objects [21]. As a consequence, it does not properly consider the conceptual
essence of those objects as part of a formal mathematical theory. This point of view is in
line with recent considerations on spatial ability [22].

On the other hand, literature in Mathematics Education has frequently addressed the
issue of the tension between the spatial aspects and the logical structure of geometry (for
an extensive review of the literature from 2008, see [23]; before that, see, e.g., [24–26]). As
other mathematical domains, geometry is a logical system made up of definitions and
theorems, and whose objects are ideal. Geometry, as a mathematical theory, is a cultural
artifact that, at the beginning, relies on a more natural conceptualization of space; however,
also at a more advanced stage—when geometry acquires a logical conceptualization—its
objects can continue sharing attributes of both conceptions of geometry [24]. This is the key
reason why, when we want to investigate students’ personal use of and interaction with
geometrical objects from an educational point of view, we need a theory that describes
the multifaceted nature of geometrical objects and that offers a lens to look at how their
different components are intertwined. Fischbein’s Theory of Figural Concepts [27] does
exactly this.

Indeed, Fischbein considered geometrical objects as having a dual nature: as concepts
they are completely described and controlled by an axiomatic system of definition and
theorems, but at the same time they maintain certain figural aspects of images. When a
solver is approaching a geometrical task, the distinction between images and concepts is not
so clear cut, and the solver deals with “a third type of mental objects which simultaneously
possess both conceptual and figural properties” [27] (p. 144). This hybrid entity is called a
figural concept; it is neither a pure concept nor a pure image, it is the fusion between the
conceptual and the figural components of a geometrical object as it has been thought by the
solver. In Fischbein’s words: figural concepts “reflect spatial properties (shape, position,
magnitude), and at the same time, possess conceptual qualities—like ideality, abstractness,
generality, perfection” [27] (p. 143). Seemingly, a geometrical figure is a mental image
controlled by a definition and directly connected with a figural concept; the drawing is
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only a material embodiment of the figure. In this paper, we will use the term “figure” or
“geometrical figure” in this sense.

Consequently, we can recognize and distinguish between the figural components and
the conceptual components of a geometrical figure or a figural concept.

• The conceptual components refer to the theoretical status of a figural concept: the
definition, the properties, the theorems, as they were learned and conceptualized by
the student. They may be affected by logical fallacies [27] (p. 145). In this paper, the
conceptual components are part of the solver’s Theory of Euclidean Geometry (TEG)
or, more precisely, of the solvers’ conceptualization of the TEG.

• The figural components refer to the spatial properties of a figural concept. They may be
influenced by the Gestalt theory of perception or graphical constraints [27] (p. 160).

For example, when a student is constructing the figural concept of rectangle, she
could conceptualize some properties as a concept, like the relationship of parallelism or
perpendicularity, and some others as figural properties that belong to concrete experience,
like the “rectangularity,” referring to the rectangular shape of a table or a notebook or
a window.

So, according to Fischbein’s interpretation, from a psychological and educational
point of view, when people use or refer to geometrical objects they are thinking in terms of
figural concepts. Since figural concepts are individually constructed and evolve during
the learning experiences, students’ figural concepts can be very close or quite far from the
corresponding geometrical objects.

Using the theoretical framework described above, geometric prediction can be defined
as follows. Geometric prediction (GP) is the cognitive process of generation of a new geomet-
rical object through the manipulation of its figural elements that maintain invariant certain
theoretical elements belonging to the solver’s Theory of Euclidean Geometry (TEG). We
refer to the outcome of a GP process as a product of GP.

As remarked by Mariotti and Baccaglini-Frank [4], GP can be seen as a skill of produc-
ing prediction that is supported by visuo-spatial abilities coupled with the monitoring of
the theoretical consistency with the solver’s TEG.

So, following the definition, the manipulations that lead the solver to a product of
GP are accomplished within the figural domain, but under the monitoring of the solver’s
conceptual and theoretical control, which will be discussed in the next section.

2.2. Conceptual and Theoretical Control

Since the figural concept is an “image intrinsically controlled by a concept” [27]
(p. 160), in order to consider the image of a geometrical configuration as a figural concept,
the student needs to see such an image in coordination with its geometrical definition.
Moreover, as s/he solves the task, the solver can interact with the figural components of the
figural concept by manipulating and transforming them. Fischbein, followed by Mariotti,
described a system of control of the conceptual consistency of the manipulation that a
solver accomplishes on a geometrical configuration: the conceptual control. For example,
when the solver needs to rearrange figural components of a given drawing (for example,
through rotation, translation, reflection, etc.), “the conceptual control system can affirm the
possibility and the correctness of this procedure” [28] (p. 15).

In addition, conceptual control is responsible for impeding the figural components
from behaving autonomously. Indeed, very often the figural components dominate the
interpretation of a drawing of a geometrical figure. This can lead to an interpretation that
is consistent within the figural domain, but completely incoherent with the conceptual
constraints within the reference mathematical theory. This case can be described as having
figural components that escape the conceptual control.

Nevertheless, since the students’ conceptualization of geometrical objects can be more
or less consistent with the TEG, the solver’s conceptual control may be more or less close
to the theoretical control, the act of “mentally imposing on a figure theoretical elements
that are coherent in the theory of Euclidean geometry” [4] (p. 156). When a solver’s
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conceptualization is fully Euclidean, s/he can use theoretical control to dominate the
figural components. The two constructs of theoretical and conceptual control are different
essentially because: theoretical control is always coherent with the reference theory; on the
other hand, conceptual control is coherent with the solver’s personal mathematical theory,
which may not be consistent with the theory of reference.

2.3. DGE and Paper-and-Pencil Environment

Since GP processes are strongly influenced by the solver’s conceptual control [4–6],
we are interested in gaining a deep insight into possible transitions from conceptual to
theoretical control. Such transitions—if they occur—will be key in determining the solver’s
potential learning.

DGEs like Cabrì Géomètre, Geometer’s Sketchpad, GeoGebra or Desmos consist of digital
artifacts that represent geometrical objects (like points, lines, circles, and so on) and that can
be constructed and transformed according to (for example, but not only) the axioms and
theorems of Euclidean Geometry. In Lopez-Real and Leung’s [29] words: “It is a virtual
mathematical reality where abstract concepts and constructions can be visually reified”
(p. 665). In this sense, geometrical objects become phenomenological entities that a solver
can observe and figurally transform.

The dynamism of DGE objects constitutes one of the main features of DGEs. Dragging
is the function that allows direct manipulation of the objects on the screen [11], inducing
transformations that can be perceived as movements of the same object. Moreover, solvers
can perceive a dynamic object as a dynamic figure (i.e., a geometrical figure within these
microworlds): the DGE object phenomenologically embodies the figural components of the
figure, and the solver might project onto the dynamic figure conceptual components of the
corresponding geometrical figure. This interpretation depends on the solver’s conceptual
control exercised upon the figure. However, a DGE object has specific features: it satisfies
the set of theoretical conditions used for constructing the object within the DGE; it satisfies
and maintains all the theoretical constraints that logically derive from the given ones.
Indeed, the theoretical constraints are maintained invariant also when the solver figurally
changes the dynamic figure using the drag modality. From an educational point of view,
this is an interesting aspect. Indeed, a figure on a DGE screen shows the figural components
of a geometrical object, but at the same time it maintains a strong and coherent connection
with its theoretical components. The figural components cannot escape a theoretical control
that is ever consistent with the formal TEG. In this sense, the figural components of a
dynamic figure are always under the theoretical control exercised by the software.

Now it is clear that when a solver approaches a geometrical problem within a DGE,
the context is different from the paper-and-pencil environment. In a paper-and-pencil
environment when a solver approaches a geometrical problem s/he sketches it out, and
manipulates the figure, either mentally or tracing out another drawing of the same sit-
uation. During this process, in order to maintain invariant the theoretical elements of
the geometrical configuration, the solver must keep track of them and make sure that
these are all present in the new drawing [14] by exercising conceptual control (as coherent
as possible to the TEG) over the figure. This can be quite challenging for students. On
the other hand, in a DGE, transforming a figure can be performed simply by dragging
vertices of the figure; automatically, the DGE object maintains all the properties according
to which the original figure was constructed (and all of their consequences deducible
through theorems in the TEG). Therefore, the solver does not have to keep track of the
figure’s conceptual components, but s/he can concentrate on a specific figural component
or theoretical constraint, resting assured that all the other constraints will remain invariant.
Shortly, as stated by Laborde [30] (p. 172), “the computer not only enlarges the scope of
both possible experimentation and visualization but modifies the nature of the feedback.
The feedback is visual on the surface, but it is controlled by the theory underlying the
environment.” In other words, the feedback is always coherent with the TEG both in its
theoretical and figural components.
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In conclusion, clearly the nature of interactions with a static drawing or with a DGE
object is different: while on paper, checking the coherence of figural transformations with
the TEG is up to the solver, in a DGE such a responsibility can be offloaded onto the
software. We are interested in exploring how this fundamental difference between these
two contexts can influence (and possibly foster development of) students’ conceptual
control involved in GP processes. Before further elaborating on this research aim, we
introduce the notions of phenomenological and theoretical evidence.

2.4. Evidence

When interacting either with a figure on paper or with a dynamic figure to generate
conjectures (GPs can be seen as a particular kind of conjecture, as we mentioned in the
introduction) the solver is frequently trying to identify or produce information to support
his/her reasoning. Such reasoning can be broken into implicit claims related to the conjec-
ture being generated. This process of producing, confirming or rejecting implicit claims
is closely connected to the solver’s generation of evidence for such claims. Building on
Baccaglini-Frank’s work, by evidence we intend “the available body of facts or information
indicating whether a belief or proposition is true or valid” [31] (p. 779).

In the domain of Euclidean Geometry, the validity of a proposition is given by a body
of facts, such that subsets of them can be organized into deductive chains that prove the
proposition within the underlying theory. However, the definition also “implicitly relates
such a ‘body of facts’ to a person, an actor, to whom the facts are available and for whom
they indicate validity or truth of the proposition” [31] (p. 780). Moreover, Baccaglini-Frank,
elaborating on the notion of evidence in the context of conjecture-generation supported by
a DGE, distinguished two forms of evidence [31] (p. 786):

• Theoretical evidence, that is, facts referred to a mathematical theory; they can be suf-
ficient to be organized into deductive chains proving a proposition in Euclidean
Geometry; or they can be insufficient for reaching a proof;

• Phenomenological evidence, that is, information collected as feedback from the DGE (or
the drawing on paper) indicating the truth of a proposition.

Indeed, within the phenomenological domain of a DGE, claims may be perceived as
true based on the facts that the solver collects as feedback from the system [31] (p. 780),
where figures on the screen have a physical nature, as they can be interacted with through
physical movement.

Similarly, within the paper-and-pencil environment a solver can gather evidence
from his/her drawings by producing several examples or counterexamples for the claim.
However, as discussed above, the generation of a new coherent drawings is strongly
determined by solver’s conceptual control.

We are interested in analyzing what forms of evidence a solver uses to support or
reject a claim in order to gain further insight into his/her conceptual or theoretical control
during the problem-solving process.

2.5. Research Aim

The general aim of this paper is to qualitatively analyze some possible roles of a
DGE in a student’s prediction processes previously carried out in a paper-and-pencil
environment. Since this is a very general and ample purpose, we concentrate on a single
aspect. More precisely, our focus is on conceptual and theoretical control: we will study
how a DGE exploration that happens after processes of GP can influence the solver’s
conceptual control.

In the next section, we will describe the materials and methods of the study, highlight-
ing our analytic procedure for making inferences on solvers’ conceptual control from the
data collected.
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3. Materials and Methods

This section comprises several parts: in the first we describe the design of the study
and provide information about the solver, who is the protagonist of the case study; in the
second, we present the task upon which this study is focused and a general description of
prediction open problems; in the third, a wide description of the analytical tools designed
for this study is given.

3.1. Design of the Study

In this paper we present a case study involving a 9th-grade high school student. The
overarching project in which the present case study is embedded aimed at investigating
some cognitive aspects involved in the GP processes. Specific tasks were designed in order
to elicit and observe GP processes, during semi-structured task-based interviews [32–34].
Tasks had a common structure that was composed of two parts as described below.

• The interviewer explained the geometrical situation, showing the task written out
on paper. The task had to be performed imagining or drawing the geometrical
configuration in a paper-and-pencil environment.

• Once the solver had proposed a solution or stated that she was not able to find one,
the interviewer opened a DGE file and asked the solver to move some points of the
dynamic figure, in the same way as in her prediction, and to explore it with the intent
of reaching another or more complete solution.

Further details on the tasks designed are presented in the next section.
Data were collected during individual task-based interviews [33] conducted by the

first author during the months of February and May 2018. All interviews were carried
out in a quiet room and each solver spent 60 min with the interviewer, working through
as many tasks as s/he could. In this paper we focus on a single task (see Section 3.2).
The interviewer was not a teacher for these solvers; she interacted with them once before
the interviews, only to introduce herself and gather the volunteers. The interviews were
video-recorded using a camera next to the solver. Data included: video recordings, audio
recordings, transcriptions, solvers’ drawings. The participants’ parents or guardians
signed a consent form concerning the use of data for scientific purposes. Moreover, all
the schools the participants attended had specific informed consent forms approved by
their administration, which had been signed at the beginning of the year by the parents of
the students.

The explorative nature of our research aim led us to use a case study approach. This
qualitative methodology is particularly fruitful for analyzing how a certain phenomenon is
influenced by the particular context where it occurs [35]. So, it was particularly indicated to
unveil how a dynamic exploration within a DGE that follows a paper-and-pencil approach
to the task (the context) influenced GP processes (the phenomenon). Since our intent
was to gain insight into this particular situation, we implemented an instrumental case
study [35]: the solver’s interview during the resolution of the task was the unit of analysis;
the case played a supportive role in describing the possible influence of a DGE exploration.
This methodological choice allowed us to look at the case in depth [35]. We conducted
our qualitative analysis according to the analytical procedure that we will describe in
Section 3.3. Some rounds of analysis were independently conducted by the researchers
(the authors of this paper) and then discussed together.

For this case study we chose Ilaria (a pseudonym). When the interview took place
Ilaria was a 9th-grade student; her mathematics teacher had introduced GeoGebra and
used it only for producing fixed step-by-step constructions. In Ilaria’s class students had
never been invited to drag points or move the figure to produce conjectures. As regards
geometry, at the beginning of high school, the teacher introduced, among other concepts,
the classification of triangles, the midpoint and the perpendicular bisector of a segment. In
particular, based on the mathematics curriculum of her previous classes, which followed the
Italian National Guidelines for Instruction [36], Ilaria had been exposed to the Pythagorean
theorem, and she knew that a right triangle can be inscribed into a circle. Moreover, she
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had been presented with the definition of a circle as the locus of points that are equidistant
with respect to a fixed point, and with the relationships of perpendicularity and parallelism
between lines on the plane. To be sure of the curriculum covered, we also interviewed her
mathematics teachers about the mathematical facts that Ilaria was supposed to know.

We chose Ilaria as our case to study because, on the one hand, during the interview
she was quite talkative and produced several gestures and drawings on her own with
minimal intervention on behalf of the interviewer, so the excerpts were quite rich in terms
of productions to be analyzed; on the other hand, Ilaria’s interview was carried out in a
relatively short time compared to most of the other participants, making it ideal for being
reported in a paper.

3.2. Materials

This paper focuses on the following task, since it had not yet been discussed in other
publications about the greater study within which our data were collected.

Consider the right triangle in the figure (Figure 1), with the hypotenuse of fixed length.
A and B are fixed. The length of AB must always be the same.
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What can you say about the vertex with the right angle?
We were interested in how a solver could freely explore the situation to reach pos-

sible solutions. The task provided an example of prediction open problem. The expression
open problem [37,38] refers to a task stated in a form such that the solvers do not have
specific instructions to be followed: they are left free to explore the problem and draw
their own conclusions. The question does not suggest, reveal or anticipate the solution
or a possible answer. Particularly in geometry, the literature has discussed the general
structure of an open problem [39]: it is not a problem reduced to a mere implementation of
an already known procedure or routine. The solver is asked to carefully choose a solution
path and make a conjecture, which may not be unique. Often the resolution process can
lead the solver to the formulation of a conjecture expressed as a conditional statement after
a (physical or mental) exploration of the situation [40].

Prediction open problems are a particular kind of open problem in which the solver is
asked to describe possible alternative arrangements of a geometric configuration (imagined,
given by a drawing and/or by a step-by-step construction) maintaining given properties.
More specifically, we decided to construct prediction open problems that provided a step-
by-step construction to be imagined or accomplished on a sheet of paper. This design
choice was made because we wanted the solvers to be able to freely access the theoretical
elements that characterized the geometrical configuration to be reasoned upon.

Moreover, we designed the step-by-step constructions so that the dynamic figure,
which the solvers would use during the exploration of the problem within the DGE, corre-
sponded to the given or sketched out figure. For this reason, the step-by-step constructions
were designed in the DGE to maintain the constraints of the problem robustly [41] (the
triangle with the fixed hypothenuse in the selected problem), while the properties that
the solver needed to recognize and maintain for coherently solving the problem were
constructed softly (the right angle in the selected problem).

According to the principle of a semi-structured interview [32–34], the first question is
always the same, but the interviewer has a sequence of specific questions defined a priori
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and a set of general stimuli to obtain solvers’ comments or clarifications. The possible
additional specific questions for this task were the following:

1. Make a prediction: do you think that it (or point C or the vertex with the right angle)
can occupy other positions?

2. Make a prediction: do you think that it (or point C or the vertex with the right angle)
can occupy other positions so that the angle stays right?

3. Imagine moving the vertex C and make a prediction: do you think that it can occupy
other positions so that the angle stays right?

For each of these questions: if the solver’s answer was “Yes”, the interviewer asked
“Which?” or “How?”; if the solver’s answer was “No”, the interviewer asked “Why not?”

In general, we adopted a non-interventionist approach: when the solvers communi-
cated contradictory answers or products of GP that were incoherent with respect to the
formal TEG, we did not point out to the solvers the contradictions of their answers.

Data Presented

Excerpts of the case study were selected in order to give in a quite short time span a
telling example of the evolution of the solver’s focus, generation of evidence, and processes
of prediction. We chose Ilaria because in less than 10 min she communicated several
products of GP and reached a satisfactory (for her) solution to the problem. Moreover,
excerpts show that Ilaria’s predictions actually changed during the DGE exploration, as did
her conceptual control. So, these excerpts provided useful data for analyzing in depth the
specific contribution of the DGE exploration. The excerpts selected provided an accurate
overview of Ilaria’s prediction generation.

3.3. Analytic Procedure

According to the explorative nature of our research aim, we chose a qualitative
approach for data analyses.

Each interview was transcribed from the videos. The interviews were conducted in
Italian and then translated into English for the present study. We also took into account
the solver’s behavior and her non-verbal productions, including gestures, drawings, and
long silences.

After the transcription phase, in the first round of analysis we identified instances of
GP in the paper-and-pencil environment. To recognize the product of a prediction process
we identified instances at which: the solver referred to elements (a geometrical object or
part of it) that were not present in the drawing; or the solver described the behavior of
elements that were not present in the drawing; or the solver referred to a new arrangement
of the configuration without drawing anything. This first phase led to the identification of
the solver’s GP processes, which we expected the subsequent DGE phase to refer to.

In the second round of analysis we focused on the solver’s work in the DGE, singling
out, with reference to the GP processes identified in the first round of analysis, new GPs or
modifications of those previously made.

Moreover, analyzing the solver’s utterances and gestures performed during both
phases, we identified the main claims (be they explicit or implicit) for which the solver
seemed to be generating evidence. The claim was reported using as much as possible
the solver’s verbal productions; on the other hand, the inferred products of GP were
formulated in a short sentence by us.

The reference to a specific claim determined the composition of the excerpts to be
analyzed during the third round. For each excerpt, which constituted a unit of analysis
through the case study, we considered the following aspects:

• Words said by the interviewee,
• Gestures and drawings made by the interviewee,
• (Possible) sub-products of GP, leading to the main GP and identified through a “spotlight,”
• The claim for which the solver searches,
• Evidence that will be characterized as phenomenological or theoretical.
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Further details on the operative identification of instances of GP and evidence are
provided in [6] and [31], respectively. We made use of these observable aspects for collecting
interpretative elements that supported inferences and considerations about the solver’s
conceptual control. Indeed, from a cognitive point of view, conceptual control is a complex
construct that is not directly observable (at least so far).

While we already introduced what we mean by GP and how we identified the products
of such a process in the interview excerpts, we now explain what we mean by spotlight,
and how dragging modalities allowed us to make inferences about the solver’s generation
of evidence.

The Oxford Dictionary defines the noun spotlight as “a light with a single, very bright
beam that can be directed at a particular place or person”; metaphorically, we use the term
to suggest that we are showing what (we hypothesize) the solver is focusing on. Exploiting
this metaphor, in the analyses we will use an image that places at the illuminated center
the part of the image (drawing or construction on the screen) that seems to be in focus
for the solver, while the rest of the image is partly in a gray zone and then fades into the
darkness. So the spotlight visually shows our interpretation of the figural components
in focus for the solver. The spotlight can shine on greater or smaller areas of the figure,
and the focus can be very narrow or quite wide. Coupled with the solver’s gestures and
utterances, the spotlight also allows us to interpret which theoretical properties the solver
is directing his/her attention to. In return, the spotlight provides us further information on
the evidence that the solver is gathering from his/her exploration.

Moreover, for each claim, the solver knows something (for example, conceptual and
figural elements previously identified that have shaped the eventually implicit claim)
and wants to learn more about such a claim by finding evidence, be it theoretical or phe-
nomenological. Our working hypothesis was that, within the DGE, dragging modalities
can provide a deep insight into the solver’s processes of evidence generation and identifi-
cation. Indeed, in a DGE, exploring a dynamic figure can become a search for invariant
properties under dragging [30,42–45]. Previous research has analyzed the use of dragging
from a cognitive point of view; see, for example, [43,46,47] for identifying particular ways
in which dragging seems to affect students’ reasoning processes. In this study, we used
the following dragging modalities first introduced by Arzarello and colleagues [43] and
readapted by Baccaglini-Frank and Mariotti [47].

• Wandering dragging (WD): moving a point of a dynamic figure randomly, without a
plan, or looking for interesting configurations;

• Maintaining dragging (MD): moving a point so that the dynamic figure maintains a
certain desired property;

• Dragging test (DT): moving a point in a given way in order to see whether the figure
maintains invariant a certain property.

From the way in which these dragging modalities are presented, it is clear how they
open windows onto the solver’s reasoning process: for example, to recognize MD, we
made an inference on the solver’s intention as s/he acted on the DGE figure. Such an
inference, in the current study, helped to interpret what part of the feedback obtained the
solver recognized as evidence for such a GP from the DGE. Indeed, as perceptual feedback
was generated by the DGE during dragging, the solver’s interpretation of such feedback
could influence her original product of GP.

4. Results of the Analyses

In this section we analyze the most significant aspects of Ilaria’s exploration within the
paper-and-pencil and dynamic geometry environments as concerned the shifts in her focus,
the unfolding of her prediction processes, and her evidence generation. These aspects were
identified based on the analytic procedure described in Section 3.3, and we used them to
advance inferences about the solver’s conceptual control over the figure.
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4.1. Ilaria’s Interview during the Resolution of the Given Task

In the following sections, we present six excerpts from Ilaria’s interview and the
corresponding scheme of analyses. In particular, we analyzed two excerpts from the
paper-and-pencil resolution and four excerpts from the subsequent DGE exploration.

4.1.1. Ilaria’s Paper-and-Pencil Exploration

The first excerpt started right after the interviewer asked Ilaria to make a prediction
about the right angle: Do you think that it can occupy other positions so that the right angle stays
right? Ilaria stated that she thought so and explained why (Table 1); the main elements
captured in the analytic process are presented in Table 2.

Table 1. Excerpt 1 from Ilaria’s interview.

N What Is Said What Is Done

1 Because if... there is... mmm...
a [parallel] line to AB, a line.

She is moving the pen describing a trajectory
parallel to the segment AB and passing through

the point C:
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At the beginning, Ilaria introduced the new figural concept parallel line that was
conceptualized and represented as a straight line passing through C (see Panel 1). Then the
relationship between C and the line changed: C was reconceptualized as a point on the
straight line (“C along this line”). Ilaria seemed to imagine a continuous movement of C
along the line, in positions near the one shown in the spotlight, not relating the dynamic
vertex of the right angle to the rest of the triangle. The evidence gathered, if any, from
this dynamic image seemed to be mostly phenomenological, that is, not supported by
many theoretical elements. Nevertheless, this seemed a first attempt to generate theoretical
evidence as she verbally described the movement of C along a line: for example, her idea
might have come from previous experiences with triangles with a varying perimeter but
the same area, obtained by fixing a side and moving the free vertex along a line parallel to
the fixed side. However none of Ilaria’s utterances allowed us to confirm this hypothesis.
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Table 2. Main elements from the analysis of Excerpt 1.

Labels Name Description

Spotlight

S_1

The spotlight encompasses the parallel line and the right
angle. The content of the spotlight is: a straight line through

C, with the property of being parallel to AB;
the right angle at C.

Mathematics 2021, 9, x FOR PEER REVIEW 12 of 27 
 

 

Table 2. Main elements from the analysis of Excerpt 1. 

Labels Name Description 

Spotlight 

S_1 

The spotlight encompasses the parallel line and the right angle. The 
content of the spotlight is: a straight line through C, with the prop-

erty of being parallel to AB; the right angle at C. 

 
Spotlight 1: a picture of the inferred spotlight 

S_2 

The spotlight is on the angle, while C is at specific positions that are 
checked for providing “good examples” of the claim. The spotlight 
seems to illuminate specific discrete positions of C along the line, 

where the angle’s sides seem to be imagined (dotted red within the 
picture below). 

 
Spotlight 2a: an instance of the moving spotlight 

GP 

gp_1 a straight line parallel to the segment AB 
gp_2 C on the parallel line 

GP_1 when C is on a straight line parallel to the segment AB, the angle is 
right 

gp_3 the triangle is right when C is close to the given position  

Claim C_1 I can move C along all the points of this line [as in spotlight] without 
[angle C] stopping from being right. 

Evidence 

E_1 Mostly phenomenological: Ilaria attempts to generate phenomeno-
logical evidence to confirm predictions using her drawing. 

E_2 
Phenomenological evidence seems to be provided to Ilaria as she 
points to positions of C with the tip of her marker. According to 

Ilaria this evidence at first confirms the claim. 

At the beginning, Ilaria introduced the new figural concept parallel line that was con-
ceptualized and represented as a straight line passing through C (see Panel 1). Then the 
relationship between C and the line changed: C was reconceptualized as a point on the 
straight line (“C along this line”). Ilaria seemed to imagine a continuous movement of C 
along the line, in positions near the one shown in the spotlight, not relating the dynamic 
vertex of the right angle to the rest of the triangle. The evidence gathered, if any, from this 
dynamic image seemed to be mostly phenomenological, that is, not supported by many 
theoretical elements. Nevertheless, this seemed a first attempt to generate theoretical evi-
dence as she verbally described the movement of C along a line: for example, her idea 
might have come from previous experiences with triangles with a varying perimeter but 
the same area, obtained by fixing a side and moving the free vertex along a line parallel 
to the fixed side. However none of Ilaria’s utterances allowed us to confirm this hypothe-
sis. 

In this excerpt, Ilaria intended to find positions such that the angle was “always” 
right (utterance 3). Driven by gp_3, Ilaria seemed to have found an example that con-
firmed both the claim and her GP_1. Looking at our reconstruction of Ilaria’s spotlight 

Spotlight 1: a picture of the inferred spotlight

S_2

The spotlight is on the angle, while C is at specific positions
that are checked for providing “good examples” of the

claim. The spotlight seems to illuminate specific discrete
positions of C along the line, where the angle’s sides seem to

be imagined (dotted red within the picture below).

Mathematics 2021, 9, x FOR PEER REVIEW 12 of 27 
 

 

Table 2. Main elements from the analysis of Excerpt 1. 

Labels Name Description 

Spotlight 

S_1 

The spotlight encompasses the parallel line and the right angle. The 
content of the spotlight is: a straight line through C, with the prop-

erty of being parallel to AB; the right angle at C. 

 
Spotlight 1: a picture of the inferred spotlight 

S_2 

The spotlight is on the angle, while C is at specific positions that are 
checked for providing “good examples” of the claim. The spotlight 
seems to illuminate specific discrete positions of C along the line, 

where the angle’s sides seem to be imagined (dotted red within the 
picture below). 

 
Spotlight 2a: an instance of the moving spotlight 

GP 

gp_1 a straight line parallel to the segment AB 
gp_2 C on the parallel line 

GP_1 when C is on a straight line parallel to the segment AB, the angle is 
right 

gp_3 the triangle is right when C is close to the given position  

Claim C_1 I can move C along all the points of this line [as in spotlight] without 
[angle C] stopping from being right. 

Evidence 

E_1 Mostly phenomenological: Ilaria attempts to generate phenomeno-
logical evidence to confirm predictions using her drawing. 

E_2 
Phenomenological evidence seems to be provided to Ilaria as she 
points to positions of C with the tip of her marker. According to 

Ilaria this evidence at first confirms the claim. 

At the beginning, Ilaria introduced the new figural concept parallel line that was con-
ceptualized and represented as a straight line passing through C (see Panel 1). Then the 
relationship between C and the line changed: C was reconceptualized as a point on the 
straight line (“C along this line”). Ilaria seemed to imagine a continuous movement of C 
along the line, in positions near the one shown in the spotlight, not relating the dynamic 
vertex of the right angle to the rest of the triangle. The evidence gathered, if any, from this 
dynamic image seemed to be mostly phenomenological, that is, not supported by many 
theoretical elements. Nevertheless, this seemed a first attempt to generate theoretical evi-
dence as she verbally described the movement of C along a line: for example, her idea 
might have come from previous experiences with triangles with a varying perimeter but 
the same area, obtained by fixing a side and moving the free vertex along a line parallel 
to the fixed side. However none of Ilaria’s utterances allowed us to confirm this hypothe-
sis. 

In this excerpt, Ilaria intended to find positions such that the angle was “always” 
right (utterance 3). Driven by gp_3, Ilaria seemed to have found an example that con-
firmed both the claim and her GP_1. Looking at our reconstruction of Ilaria’s spotlight 
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GP

gp_1 a straight line parallel to the segment AB

gp_2 C on the parallel line

GP_1 when C is on a straight line parallel to the segment AB,
the angle is right

gp_3 the triangle is right when C is close to the given position

Claim C_1 I can move C along all the points of this line [as in spotlight]
without [angle C] stopping from being right.

Evidence

E_1
Mostly phenomenological: Ilaria attempts to generate

phenomenological evidence to confirm predictions using
her drawing.

E_2
Phenomenological evidence seems to be provided to Ilaria
as she points to positions of C with the tip of her marker.

According to Ilaria this evidence at first confirms the claim.

In this excerpt, Ilaria intended to find positions such that the angle was “always” right
(utterance 3). Driven by gp_3, Ilaria seemed to have found an example that confirmed both
the claim and her GP_1. Looking at our reconstruction of Ilaria’s spotlight (Spotlight 2a),
we noticed that this example did not correctly support her claim (one can easily recognize
that the position of C pointed to did not figurally produce a right angle); however, for
Ilaria it seemed to provide phenomenological evidence that was coherent with the claim.
From this episode we inferred that the solver’s conceptual control over the figure was not
fully Euclidean.

In excerpt 2, she started exploring her predictions (Table 3); the main elements cap-
tured in the analytic process are presented in Table 4.
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Table 3. Excerpt 2 from Ilaria’s interview.

N What Is Said What Is Done

4 Except when I move it too far away.

She is pointing at a position on the line:
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line r... r...ehm...C... I can move 
on any point of this line r... be-
tween the projections of...of B 
and of A on this line ... and it 

should remain...C...and the angle 
C always right. 

She focuses on a new drawing: 

 
Panel 5: the new drawing upon which Ilaria is rea-

soning 
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Spotlight 
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Spotlight 2b: an instance of the moving spotlight 
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Panel 5: the new drawing upon which Ilaria is reasoning
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Table 4. Cont.

Labels Name Description

Evidence

E_2

Phenomenological evidence seems to be provided to Ilaria as she
points to positions of C with the tip of her marker (Panel 3 and

Spotlight 2b). According to Ilaria this evidence contradicts in part the
original claim (C_1), leading to its revision (see utterance 6).

E_3 Phenomenological evidence: adding two orthogonal projections, Ilaria
searches for phenomenological evidence to support the new prediction.

E_4

Theoretical evidence: once the two segments are drawn, she adds a
reasonable theoretical counterpart, by describing them as projections.
In this way, she attempts to generate theoretical evidence, by trying to

recall an explanatory fragment of theory.

Looking for other evidence, the spotlight moved along the parallel line to positions
of C far away from the given one. This led to evidence contradicting the claim, and
that brought Ilaria to restating it in a weaker form (utterance 4–5–6). From the excerpt
we inferred that Ilaria intended to observe how the angle did not change while she was
moving C along the line; however, she did not seem able to conceptually control at the
same time the movement of C and the consequences of such movements on the triangle.
This could be the reason why she decided to explore the configuration discretely, looking
for “good examples” (utterance 3–4).

Ilaria’s search for phenomenological evidence produced a seemingly unexpected
outcome, leading to a revision of the claim (C_2). Once the projections were drawn,
Spotlight 3 was focused on the segment between the two projections, ignoring AB and the
rest of the triangle. This was consistent with GP_2 not being consistent with the TEG, even
though Ilaria seemed to perceive phenomenological evidence for her new claim. Once
again, Ilaria seemed to imagine the movement of C along the line and in particular at three
positions (determined by the given point in the middle and the two projected points), but
she did not show theoretical control over the whole geometrical figure.

Ilaria’s reasoning seemed to be rooted in her first conceptualization of and predictions
about the configuration. Even if the counterexample disconfirmed GP_1, she was not ready
to completely let go of her initial idea. The existence of a locus described by C seemed to
be a very convincing prediction for her, even though she never explicitly communicated it
in these terms.

To summarize (see the visual diagram in Figure 2), at the beginning of the paper-
and-pencil exploration Ilaria advanced three sub-products of prediction and one more
general product of GP. Looking for additional phenomenological evidence of the claim,
Ilaria ran into a new prediction: gp_4, which provided an argument that was partially in
contradiction to GP_1. As a consequence, another prediction was advanced for blending
GP_1 and the rejection of gp_4: it was gp_5. The new insight on the configuration, provided
by gp_3, gp_4, and gp_5, converged in GP_2, which was also a refined version of GP_1.
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From the beginning, Ilaria’s conceptual control shaped her interaction with the draw-
ing. Conceptual control was used for recalling a new figural concept (a parallel line through
C) and reconceptualizing the figural element C as a point on the line. However, such a
control was not theoretical (i.e., fully Euclidean); indeed, when C moved along the line as
Ilaria had predicted, the angle did not remain right. The spotlight showed the phenomeno-
logical evidence that Ilaria was trying to generate and allowed us to infer Ilaria’s intention
to investigate some discrete positions of C along the line. The phenomenological evidence
gathered during the exploration, that seemed to be aimed at confirming her predictions, led
Ilaria to refine GP_1, while firmly holding on to the underlying idea of a trajectory. Finally,
she found three satisfactory (for her) positions; however, her control upon the figure was
not theoretical enough to recognize that, during the prediction refinement, some theoretical
constraints got lost: in each position the right angle was at C, but AB was not always the
hypothenuse; along the segment between two positions the angle was no longer right.

4.1.2. Ilaria’s DGE Exploration

When the interviewer offered her the opportunity to move to the DGE, Ilaria opened
the GeoGebra file that had been prepared. The DGE object was a right triangle corre-
sponding to the figure the solver had already reasoned upon. Point C can be dragged on
the screen anywhere, as the right angle, by design, was softly embedded in the dynamic
triangle. The measure of the angle ACB was also labeled; as a consequence, when C was
moved, the label changed accordingly. Excerpt 3 was the beginning of the exploration
(Table 5); the main elements captured in the analytic process are presented in Table 6.

Table 5. Excerpt 3 from Ilaria’s Dynamic Geometry Environment (DGE) exploration.

N What Is Said What Is Done

7 Ok, ehm...

She starts moving C slowly on a straight trajectory,
parallel to AB:
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At the beginning of the exploration, Ilaria seemed to be quite convinced that she
could confirm her implicit claim C_3. To do so, she decided to move C along the predicted
trajectory with the intention of reproducing the imagined discrete positions, and indeed,
after initial hesitation, she quickly dragged C to reach such positions. However, this DT
provided contradictory evidence for her. From a cognitive point of view, this was a new
approach to the task: Ilaria was only responsible for the decisions that concerned the
dragging direction (possibly directed by conceptual control), the outcome of the figure
transformation was managed by the software. Unlike in the paper-and-pencil environment,
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now the feedback was theoretically controlled by the software. Therefore, everything
that appeared on the screen was consistent with the TEG. This allowed Ilaria to interpret
such feedback as phenomenological evidence contradicting her claim. In excerpt 4 below
(Table 7), we see the consequences of this; the main elements captured in the analytic
process are presented in Table 8.

Table 6. Main elements from the analysis of Excerpt 3.

Labels Name Description

Spotlight S_4

The spotlight is on the vertex with the
right angle while it is moving on the

parallel trajectory. AB and the triangle
ABC are not spotlighted.

GP No new processes are occurring; check of
previous GP_2, gp_3, gp_5.

Claim C_3 [C stays right as it moves along a
segment parallel to AB].

Evidence

DT: Ilaria intends to move C along the
predicted segment and she is expecting to

always see the right angle
(or its label marking 90◦).

E_5

Phenomenological evidence: dragging C
on a straight trajectory, Ilaria collects

phenomenological evidence that
contradicts the claim.

Table 7. Excerpt 4 from Ilaria’s DGE exploration.

N What Is Said What Is Done

10

She is continuously moving C, passing through
several positions for which the label is “90◦”:
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Table 8. Main elements from the analysis of Excerpt 4.

Labels Name Description

Spotlight S_5

The spotlight focuses on C, the label, C’s
trajectory, to be discovered.
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gp_6 C moves on a circle.

Claim C_4 [When the angle is right] C moves on a circle.

Evidence

MD: Ilaria tries to maintain both the right angle
and some kinds of trajectories that, a priori,

are unknown to her.

E_6

Phenomenological evidence (which is consistent
with the TEG because controlled by the DGE)
allows the solver to find the claim that arises

during the generation of evidence.

Since Ilaria’s predictions were disconfirmed by the DGE’s feedback, she decided to
explore the dynamic figure in a different way: she first seemed to be searching for possible
positions in which C’s label would mark 90◦, then she initiated a constructive dialogue
with the figure moving C on small arcs of what she eventually conceived as a circle. Ilaria’s
prediction about the circle seemed to be constructed progressively. Eventually, she used MD
and stated that C should describe a circle. Among the loci that she knew, Ilaria seemed to
choose the circle as the most suitable or the only one at her disposal. This depended on her
conceptual control and development of figural concepts of curves.

Ilaria’s exploration seemed to be driven by a general prediction of the figure: from a
phenomenological point of view she expected to find a trajectory; from the theoretical point
of view, this expectation was settled in the solver’s idea that there must exist a locus for C.
The circle was the result of a constructive combination between the continuous motion of C
under MD, the focus on a certain trajectory, and the DGE feedback. Apparently, it was the
fact that Ilaria was looking for a trajectory that led her to the correct locus for C. We could
say that Ilaria was “ready” to see the locus: this readiness seemed to be heavily rooted in
her conceptual control, which allowed her to notice the regularity.

Moreover, the DGE feedback supported Ilaria in this process by allowing her to focus
on C and observe its behavior, while being sure that the other properties (AB fixed, ABC
triangle) were coherently maintained. Since the feedback is always theoretically controlled
by the rules embedded into the software, the solver can pay more attention to the discovery
of unpredicted invariants.

After the interviewer asked Ilaria to better explain the last utterance, excerpt 5 started
(Table 9); the main elements captured in the analytic process are presented in Table 10.
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Table 9. Excerpt 5 from Ilaria’s interview.

N What Is Said What Is Done

13
Like...if I try...come on, let’s see if I

can get it the right size.
90, 90, 90...100.

She drags C fast on the right. Then
she moves C slowly, following a

curvilinear trajectory.

14
Olpà! I’m at 90. If I, like I move it in a

circle, it stays more or less...or
less...no!

When she finds a right angle, she
stops dragging:
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Panel 12: configuration at which Ilaria
stops dragging

She slowly moves C on a very small
portion of a circle and stops when the

label is no longer “90◦”.

15 I have no idea. I lost all hope. Well. She moves C to a position where she
knows the angle will be right.

Table 10. Main elements from the analysis of Excerpt 5.

Labels Name Description

Spotlight S_6
The spotlight is on the vertex C and the label

with the measure. The spotlight moves as
C is dragged.

GP No new processes are occurring;
Ilaria checks previous gp_6.

Claim C_5 When C is on a circle [the angle is right].

Evidence

MD (utt. 13): the solver explicitly states her
intention of moving C so that the angle is

right or the label is “90◦”.

MD (utt. 14): the solver moves C on a circle.
DT (utt. 14): the solver tests if, moving C on

a small arc of a circle, the angle is right.

E_7

Phenomenological evidence: dragging C on a
circle, Ilaria expects to always see the right
angle (or its label)—this feedback provides

her with phenomenological
evidence for her claim.

Ilaria’s intention changed during the exploration. At the beginning, Ilaria was looking
for angles that measured 90◦ (utt. 13); to do so, she dragged C following a curvilinear path,
along which she expected to find such angles. This was MD. However, she lost the right
angle (“100”, utt.13). Then she found another suitable configuration (see “Olpà! I’m at 90”
utt. 14) and stated her intention of moving C along small arcs of a circle, and she dragged
C accordingly. Now DT was used to check if, while moving C along small arcs of a circle,
the angle actually stayed right.

These two manipulations were different in terms of the relationship between the locus
of C and the right angles. During the first, the focus was on the angle measures; following
the circle was only a way to obtain right angles. We interpreted this as an attempt to
generate phenomenological evidence for the claim C_4, as if Ilaria were asking the software
for instances of right angles. During the second manipulation, Ilaria’s focus was on the
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trajectory: the labels were the way she could check the coherence of the manipulation. We
interpreted this as an attempt to generate phenomenological evidence for the claim C_5.

The two manipulations were similar in terms of their relationship with the claim. In
both cases the claim had a premise and a conclusion; during the DGE exploration, Ilaria
seemed to only control directly the property in the premise (C moves in a circle), and she
seemed to be asking the software to produce the property in the conclusion (the angle
is right). Ilaria needed to use conceptual control to interpret the feedback as actually
supporting the conclusion, and then to decide to change, confirm, or reject the claim.

However, since she had not obtained as many instances of right angles as she seemed
to want (utt. 15), Ilaria’s interpretation of the DT was that it failed, and she declared to have
no idea about how to continue. The focus of the spotlight did not seem to be convincing
enough to confirm her prediction. Moreover, she seemed to trust in the DGE’s feedback
more than her prediction, to the extent that when she saw just a few non-right angles, she
was ready to completely reject her prediction (“I lost all hope” utt. 15).

Since Ilaria seemed to be stuck, the interviewer asked how she was moving C during
the last exploration. Below is her answer (Table 11); the main elements captured in the
analytic process are presented in Table 12.

Table 11. Excerpt 6 from Ilaria’s DGE exploration.

N What Is Said What Is Done

16 Eh like in a circle. In a circle,
like an arc of a circle.

She moves the pointer on the screen, mimicking a circle:
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17 Because I remembered 
something else. 

She looks at the drawing on the sheet of paper. 

18 

That basically...with re-
spect to a right angle 

it’s...A and B is al-
ways...the diameter. 

She moves the pen on the drawing and mimics a semicir-
cle through B, C, and A: 

 
Panel 15: Ilaria’s gesture on the drawing 

19 
So...oh well, I’m not 

even able to draw a cir-
cle. 

She adds a circle on the drawing: 

 
Panel 16: a snapshot of the new drawing 

20 
So, theoretically if I 

move C along the ...the 
arc of the circle, it 

She is moving the pen on the drawing: 

Panel 16: a snapshot of the new drawing
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Table 11. Cont.

N What Is Said What Is Done

20

So, theoretically if I move C
along the..the arc of the circle, it

should come out...ehm...it
should still be a right triangle.

She is moving the pen on the drawing:
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Table 12. Main elements from the analysis of Excerpt 6.

Labels Name Description

Spotlight S_5

The spotlight contains: the whole triangle, and in particular
AB; the circumscribed circle or part of it (the semicircle).

The segment AB in the spotlight has a twofold
conceptualization: it is the hypotenuse of the triangle and a

diameter of the circle.
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Spotlight 5 Spotlight 6

GP
gp_7
gp_8
gp_9

a circle around the triangle
a semicircle around the triangle

a circle with diameter AB

Claim C_6 [C moves on a] a circle with diameter AB

Evidence

E_8

Phenomenological evidence: mimicking and drawing the
circle and the semicircle, Ilaria provides phenomenological

evidence to the claim, by making explicit her prediction
about the circle.

E_9
Theoretical evidence: the fragment of theory concerning the
circle that can be circumscribed to a right triangle provides a

theoretical evidence to the claim and predictions.

The excerpt shows the generation of evidence and predictions that were strongly
influenced by the DGE exploration. First, Ilaria recalled her last prediction on C (gp_6),
but her gesture suggested that she added new information to her prediction: the circle
that she is mimicking enclosed the whole triangle passing through its vertices (gp_7). This
product of prediction constituted a refined version of gp_6. Such a gesture supported the
production of phenomenological evidence of the claim C_6, by depicting the imagined
circle. The theoretical evidence was more and more integrated into Ilaria’s processes. For
the first time, now Ilaria referred to the circle using the proper mathematical term, which
focused specifically on the border; indeed, in Italian we use two different terms for referring
to the portion of the plane within a circle and to the border of the circle. Then she reported
on an attempt to recall a mathematical theorem that she knew (“I remembered” utt. 17): a
right triangle is always inscribable into a circle that has the hypotenuse as a diameter. Even
if she did not formally recall the complete theorem, this was what Ilaria’s utterances and
gestures seemed to suggest. In particular, Ilaria stressed the generality of her statement:
AB is “always” a diameter of the mimicked circle. This consideration seemed to provide
Ilaria with theoretical evidence for the claim and it led her to refining her prediction.
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Ilaria’s attempt to collect phenomenological evidence and describe the outcome to the
interviewer seemed to solicit her conceptual control, which led to her recalling a suitable
fragment of theory (the theorem she stated in utt. 18). Now the spotlight on the dynamic
figure needed to be enlarged in order to also include the theoretical evidence provided by
the theorem: the spotlight on the drawing now shone on AB and the whole triangle. More
interestingly, as an effect of Ilaria’s conceptual control, AB acquired a twofold theoretical
status: AB was the hypotenuse of the triangle, but at the same time AB was the diameter of
the circle. Indeed, this is one of the functions of conceptual control: seeing the same figural
element as part of different figural concepts [48]. Supported by the DGE exploration, Ilaria
now activated a conceptual control that was more versatile and consistent with the TEG.

Drawing the circle on the sheet of paper (see Panel 15), Ilaria searched for additional
phenomenological evidence for the claim, and she stated the prediction explicitly. Once
the circle was drawn out, the implicit claim was revealed, and it became explicit: the
several processes of GP accomplished by Ilaria contributed to a more general process of
conjecture-generation. Moreover, at the end of the DGE exploration, when the interviewer
repeated the very first question: “What can you say about the vertex with the right angle?”,
Ilaria said: “That if I want it to remain right [...] I would have to move it along an imaginary circle
with diameter AB.” This utterance expressed another and quite detailed idea of the solution.

To summarize, the DGE exploration changed Ilaria’s conceptualization of the objects
in focus. In particular, the DGE feedback supported conceptual control, allowing Ilaria to
recall new theoretical elements that were coherent with the TEG. In return, the introduction
of new theoretical elements that were inspired by the DGE feedback empowered Ilaria’s
conceptual control, leading it to become more theoretical.

With respect to prediction, during the DGE exploration, the interplay between GPs
can be summarized as follows (see also Figure 3). A very general prediction drove Ilaria’s
interaction with the dynamic figure (GP_3). As in the paper-and-pencil environment,
she was quite convinced that point C must follow a trajectory: all of Ilaria’s attempts to
manipulate the figure were devoted to finding the most suitable path. First of all, she tested
the previously predicted line and some specific positions on that trajectory. Even if the
DGE feedback revealed a mismatch between Ilaria’s figural expectations and the behavior
of the dynamic figure under dragging, she seemed to always keep GP_3 in the background
of her reasoning. Indeed, right after GP_2 was disconfirmed by the DGE feedback, she
started moving C, looking for small pieces of a round trajectory along which the angle
was right. Once she observed as many instances of right angles as she needed, Ilaria
communicated her prediction gp_6. As she started to drag, she had not yet communicated
a detailed prediction; she seemed to be asking the dynamic figure for information about
the trajectory she was looking for, and thus to help her make a prediction. In this sense, the
circle was a prediction that partially stemmed from the exploration, and, thus, was not a
genuine prediction. The visual diagram below (Figure 3) shows how, starting from a very
general prediction (GP_3) and supported by the DGE feedback, Ilaria refined her predicted
trajectory more and more by adding theoretical details (i.e., type of locus and principal
information to reproduce).
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Figure 3. Visual diagram showing connections between the products of GP and evidence advanced
during Ilaria’s DGE exploration.

The dragging modalities Ilaria used to interact with the dynamic figure highlighted
a cyclic approach: she wanted to see a trajectory; she asked the dynamic figure for a
prediction while she was dragging C, trying to maintain the right angle; she observed the
effect of the manipulation and inferred the prediction; she tested the product of GP, while
C was dragged accordingly; finally, based on the feedback provided by the software, she
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adjusted the prediction. During the continuous manipulation of C, these steps can happen
so fast that the observations of the solver’s intention and of the outcome overlap.

5. Discussion and Conclusions

The study presented in this paper is explorative, and the findings provide new insight
into geometric prediction, a very specific cognitive process. The study presents the case of
a 9th-grade high school student solving a prediction open problem, first within a paper-
and-pencil environment, and then within a DGE. The fine-grained qualitative analyses
provide a richness in detail and depth that would not have been reachable through a
different methodology. The findings presented above support the claim that, during the
resolution of prediction open problems, processes of GP are strongly influenced by the
solver’s conceptual control; moreover, the findings support the hypothesis that the use
of DGEs can be a catalyst for the evolution of the solver’s conceptual control toward a
control that is closer to theoretical control. The analyses also lead us to new theoretical and
educational hypotheses on the possible evolution of a student’s conceptual control.

In this study we found that the solver’s conceptual control over the figure influenced
the whole resolution process. The most evident instances of conceptual control were related
to Ilaria’s persistent underlying idea that C must describe a continuous trajectory (i.e.,
a line, a segment, a circle, a semicircle) and to her recalling of a known mathematical
theorem. We observed how Ilaria’s initial conceptualization of the problem influenced her
continuous approach: she was thinking in terms of looking for a suitable path for C in
order to maintain all the given theoretical constraints. This first interpretation became the
leitmotif that shaped all of Ilaria’s GP processes. Even when figural elements seen within
the drawing or the DGE feedback disconfirmed her predictions, Ilaria did not change
her intention of finding a trajectory. This was evident within both the paper-and-pencil
environment and the DGE. In the paper-and-pencil environment, Ilaria predicted a first
trajectory that was modified according to the phenomenological evidence provided by
new information, but its existence was never questioned. In the DGE, when GP_2 was
disconfirmed by the feedback, very small curvilinear trajectories were enough for Ilaria to
predict an entire circle.

Ilaria’s conceptualization of the figural concept of locus also played a prominent role.
Indeed, among all the possible loci, she focused only on lines and circles. For example, a
priori there were no reasons for excluding an ellipse; however, the figural concept of ellipse,
in terms of a locus of points that satisfies a certain rule, did not seem to be experienced
by Ilaria at the time of the interview; instead, we know that circles and parallel lines were
well-known figural concepts for her. So, lines and circles (or some part of them) were the
only possible trajectories at her disposal.

The outcome of the first process of GP was a line parallel to AB. Once the line was
shown through gestures, the solver tried to recall a suitable mathematical result that might
support her prediction (utt. 2). Her productions suggested that Ilaria was trying to recall a
fragment of theory: the area of the triangle is an invariant under the translation of a vertex
along a line parallel to the opposite side. This implicit theoretical evidence provided by the
theorem was not coherent with the given constraints (the right angle was lost), albeit the
underlying theorem was consistent in itself. So, we can conclude that Ilaria’s conceptual
control was not sufficiently coherent with the TEG for corroborating or rejecting GP_1 (see
also “If I’m not mistaken”).

Within the paper-and-pencil environment manipulating figural elements under con-
ceptual control can be quite challenging for the solvers [14]. Although Ilaria’s utterances
(see, for example, “moving along this line,” “remains always right”) revealed that she
was reasoning in terms of a trajectory rather than discrete positions for C, she adopted a
discrete approach in an attempt to produce phenomenological evidence. In the absence of
convincing theoretical evidence, Ilaria needed to fix some snapshots of the figure as she
imagines it to continuously move C along the line to confirm or disconfirm her predictions.
Starting from the position of C she pointed to, she had to imagine and reconstruct the
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corresponding angle. In other words, she had to control not only the position of C but
also the outcome of the movement. In order to manage all these aspects while checking
the consistency with the TEG, the solver needs a very strong conceptual control. In the
paper-and-pencil environment, we interpreted Ilaria’s success in terms of her ability to
manage the necessary cognitive load “by compartmentalising the representation of the
geometry from its manipulation, alleviating the need to store multiple instances of the
model in the working memory” [49] (p. 359).

Instead, in the DGE, the phenomenological outcome of the manipulation of a point
on the screen is provided to the solver by the software. In this sense, paraphrasing and
applying some of Buckley and colleagues’ findings [49] to our context, we can say that
having a DGE at the solver’s disposal has the effect of removing the need to retain the
figure “in the working memory allowing more resources to be allocated for other pertinent
cognitive actions specific to the problem-solving approach being adopted” [49] (p. 358).
Moreover, the theoretical consistency of the outcome is assured by the rules of the TEG
embedded into the software. The solver only has to interpret the outcome using conceptual
control. In this view, the solver’s conceptual control is shared with the DGE, which
contributes exercising theoretical control over the figure. Being sure of the consistency of
the outcome, the solver can use conceptual control for producing new theoretical evidence
rather than for controlling the coherence of the manipulation.

At the beginning of the DGE exploration, the mismatch between what the solver is
expecting to see and what actually is on the screen suggests that her conceptual control
is far from the sought-after theoretical control. However, passing through a constructive
interplay between MD and DT, the DGE exploration guides the solver to recognize figural
components of a circle. This predicted circle triggers a reconceptualization of the figure that
is seen as a right triangle constructed upon the given diameter of a circle. This is possible
because the solver recalls a specific mathematical result. The result was not suggested
by the interviewer, but it was part of Ilaria’s TEG. The feedback provided by the DGE
during exploration only solicited this specific fragment of TEG that the solver had at her
disposal but did not activate during the paper-and-pencil session. Seemingly, the dynamic
exploration progressively changed Ilaria’s conceptual control, turning it into theoretical
control, that is, a conceptual control that is more versatile and consistent with the TEG.

Moreover, our findings suggest that the different nature of the interactions with draw-
ings or DGE objects might affect the solver’s conceptualization of the figure. Analyses
suggest that the reason lies right at the heart of the software design: movements and identi-
fication of invariants. When a point of a figure is dragged, the software provides a sequence
of images based on the movement of the point. These images show many instances of
the figure that can be perceived as the “same object” under transformation [15–50]. The
fact is that it is impossible to move a point on the screen from one position to another
without displaying all the intermediate positions: each position immediately generates a
new figural instance of the rest of the figure. Solvers can decide whichever of the inter-
mediate objects to focus on (or not), but, in any case, these are available on the screen at
any time during dragging. Moreover, when a solver drags a point, the figural feedback is
immediately generated by the DGE: input and output are simultaneous. As a consequence,
the solver can change or form her conceptualization of the figure during the transformation
due to the phenomenological feedback. In this sense, the figural components supported
by the image on the screen have the opportunity to progressively change and shape the
conceptual components. This is not possible within the paper-and-pencil environment
unless the solver has a very strong conceptual control that supports imagined continuous
transformations. Indeed, Ilaria preferred to transform the triangle discretely and observe if
the figural outcome was consistent with her conceptualization.

From an educational point of view, this finding suggests that actually DGEs can be
useful environments for adapting the POE sequence to geometrical reasoning in the domain
of Euclidean Geometry. The possibility of perceiving dynamic objects as geometrical figures
in motion within a DGE provides solvers with a context to figurally test their prediction.
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However, the interaction with a dynamic figure cannot be totally assimilated to a physical
experiment. As stressed before and highlighted in our analyses, the reason why this is a
delicate matter relies also on the nature of geometrical objects. Indeed, Ilaria’s interview
showed how theoretical elements play a crucial role in generating, testing, and refining
predictions. Moreover, a certain amount of conceptual control is needed to see a DGE
object as a dynamic figure and to interpret the feedback as evidence of a certain claim.
For example, in some cases, solvers are not able to catch the mismatch between their
previously communicated expectations and the DGE’s feedback [5]. Such a mismatch is
only evident for the interviewer. Furthermore, our analyses reveal how, since the very
beginning, Ilaria made use of a certain conceptual control that guided her interactions
with the figure. However, some questions still remain open concerning cases in which
a solver is not able to constructively interpret the DGE’s feedback. In light of this study,
an emerging hypothesis is that a conceptual control that was not previously constructed
upon adequate geometrical experiences can affect dynamic explorations. In this case, it
can be quite interesting to investigate students’ difficulties in geometry and explore both
the possibilities and the shortcomings of transposing the POE sequence into the domain
of geometrical reasoning. In order to further address this latter issue, some epistemic and
ontological studies are necessary.

Our findings are consistent with previous studies on prediction. Following Kasmer
and Kim [3] (p. 188): “posing prediction questions to students prior to exploring the
mathematical ideas of a problem creates learning opportunities for students, by encourag-
ing them to evoke prior knowledge and to bridge between mathematical concepts (e.g.,
previous concepts and a novel one).” As well as for prediction in a broader sense, at the
end of a GP process the solver has gained new insights into the geometric figure s/he has
manipulated, transforming the initial geometric configuration to produce a new configura-
tion. Therefore, a product of GP is actually a new geometrical object for the solver, that
is, a figural concept with newly discovered figural and conceptual components. There is
more. Findings suggest that such a “bridge” between figural concepts is accessible thanks
to the solver’s possibility to establish connections between and recall suitable figural con-
cepts, to generate and recognize evidence, to look at the same figural element as part of
several figural concepts, just to list a few. All of these mental acts are supported by the
solver’s conceptual control. In short, the learning opportunities rely on the possibility to
stimulate and eventually modify the solver’s conceptual control. This study has provided
new analytical tools for studying such a process, and we hope that they will be used in
future research in this domain. Indeed, our framework combines two lenses: the Theory of
Figural Concepts [27] and the theoretical construct of evidence [31], allowing us to construct
an analytical procedure useful for gathering information on a complex construct, which
conceptual control is. Further studies on this topic can benefit from our attempt.

Our findings are in line with previous studies on anticipations within the DGE ex-
ploration. Hollebrands looks at the mutual influence of predictions and DGE exploration
by distinguishing between the solver’s use of proactive or reactive strategies [16]; what
makes the difference between the two strategies is, respectively, the identification of pres-
ence or absence of a “plan in mind” that is strictly related to the ability to anticipate. We
have observed how Ilaria’s previously communicated predictions affected her proactive
interaction with the dynamic object. Moreover, the use of proactive strategies is considered
to be guided by the solver’s “understanding of geometrical properties and relations” [16]
(p. 184) that in our framework is supported by conceptual control. Our findings are in
line with this claim, but there is more. The software produces feedback even when the
solvers proactively interact with a dynamic figure, that is, when the solvers move objects
according to a certain prediction; in return, such feedback might influence, change or refine
solvers’ predictions as far as they are willing to change their conceptualization of the figure
that depends on their conceptual control. So, during the DGE exploration many cycles
of interpretation of feedbacks and refinement of predictions arise; later, such predictions
could affect a new proactive strategy. The study of these cycles can be a new fruitful line
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of research. Finally, since Hollebrands highlighted that encouraging the use of proactive
strategies among the students is a challenging task for teachers [16], we believe that an
explicit request for predictions, before the interaction with a DGE, might trigger a more
natural transition from reactive to proactive strategies.

From a cognitive point of view, this study contributes to the research on visuo-spatial
abilities by stressing the fundamental role of and intertwined relationship with elements
that belong to the solver’s knowledge and conceptualization of geometry. As suggested by
other researchers [22], there is still the necessity to consider new theoretical perspectives to
take into account the influence of specific knowledge on these abilities.

As regards prediction, our findings suggest that the use of prediction open problems
such as those developed for this study could strengthen a student’s skill of geometric
prediction, since his/her conceptual control can be progressively modified by the DGE’s
feedback, becoming more theoretical. In this sense, if our findings were confirmed by fur-
ther qualitative and quantitative research in this direction, they could inform educational
practices. On the one hand, geometrical activities are effective when they support the har-
monization between the figural and the conceptual components in a figural concept; on the
other hand, the activities need to promote conceptual development that is consistent with
the reference theory, and, consequently, to stimulate students’ conceptual control on figural
elements to become more and more theoretical. A careful design and implementation of
geometrical activities that make use of prediction open problems coupled with a DGE
exploration might help in this respect.

There is still much to learn on geometric prediction and on the actual benefits of its
routine use within classroom geometrical activities; however, this study represents a step
forward in this direction.
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