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Abstract 

The out-of-plane dynamics of masonry walls is strongly influenced by seismic input, mass, 

wall geometry and boundary conditions. Nevertheless, the parameter that mostly affects the 

dynamic response of a rocking wall is the coefficient of restitution, defined by Housner as ratio 

of angular velocity after and before an impact on the ground. Such a parameter defines the 

amount of energy dissipated over motion and is of paramount importance in assessing the seis-

mic vulnerability of a rocking wall, due to the sensitivity of the dynamic response to small 

changes of it. This paper critically illustrates the preliminary results of an experimental cam-

paign performed on a masonry wall subjected to one-sided rocking. These results are presented 

in terms of experimental ratios of coefficients of restitution. Two methods for calculating the 

experimental ratios of coefficients of restitution are described according to whether rocking is 

one-sided or two-sided. In addition, the paper compares these ratios with those of other exper-

imental tests on two sided rocking and horizontally restrained masonry walls available in the 

literature. A numerical example is provided by showing that the assumption of a correct coef-

ficient of restitution is crucial for a realistic and correct seismic vulnerability assessment. 
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1 INTRODUCTION 

The appropriate types of analysis that can be carried out on masonry buildings under earth-

quakes depend on the degree of connection between walls and between walls and horizontal 

diaphragms, including arches, vaults and roofs [1]–[3]. Seismic retrofitting interventions are 

generally needed to ensure the box-type behavior; nowadays, seismic consolidation techniques 

are coupled with low-impact solutions also from an environmental point of view [4], [5]. Nev-

ertheless, when the connection is poor, only local analyses are meaningful for a proper seismic 

vulnerability assessment. In that case, the most common approach consists in computing col-

lapse loads of local rigid block mechanisms [6]–[10], properly considering floor spectra [11]. 

An alternative approach, which can be seen as complementary to the mentioned kinematic non-

linear analysis, is the non-linear dynamic analysis or rocking analysis. This investigates the 

dynamic behavior of the rigid block according to the Housner’s equation [12], duly considering 

the energy dissipated over motion. A synthetic parameter describing this energy dissipation is 

the coefficient of restitution [13], [14]. The coefficient of restitution can be defined in several 

ways [8], but they are equivalent only in case of frictionless impact [9]. 

The coefficient of restitution has a relevant influence on the free damped vibration of a rigid 

block [15] as well as on its resonance conditions [16], [17]. In the present paper, the coefficient 

of restitution proposed by Housner is considered, which is defined as ratio of the square root of 

kinetic energies after and before each impact [12]. Yet, the values of the coefficient of restitu-

tion analytically found by Housner [12] as a function of the block slenderness generally over-

estimate experimental values.  

Actually, tests executed on blocks of different materials (e.g. stone, masonry, concrete, etc.) 

showed scattered values of the coefficient of restitution. For example, tests on rectangular con-

crete blocks with aluminum base reported [18] were in satisfactory agreement with the Housner 

predictions ratio: in fact, ratio between experimental and analytical value of coefficient of res-

titution 𝑒𝐸𝑥𝑝 /𝑒𝐻 was respectively 101% and 98%. But similar tests performed on non-rectangular 

blocks [19] and prismatic steel blocks [20] exhibited not recognizable trends. By contrast, at 

least a qualitative trend of coefficient of restitution with respect to the analytical one can be 

appreciated when dealing with masonry blocks. Indeed, in general rocking masonry/stone ele-

ments dissipate more energy than that is predicted by the Housner’s formulation. Literature 

values refer to ratios of experimental to analytical coefficient of restitution percentage of 

85% − 95% for free walls [21], [22] and of about 80% for horizontally restrained walls [22].  

This paper analyzes the preliminary experimental results of free-vibration tests executed on 

an unrestrained masonry wall made of clay brick and cementitious mortar. The dynamics of 

one sided rocking can be analytically and numerically studied through a modified equation of 

motion (Section 2). Section 3 illustrates the general features of the experimental campaign and 

the results in terms of coefficients of restitution, whilst Section 4 compares the so-obtained 

results with literature values valid for walls of the same typology in two-sided rocking.  

2 ANALYTICAL FORMULATION  

The mechanical model considered for a classical non-linear dynamic analysis is displayed 

in Figure 1. The wall is assimilated to a perpendicular rigid block of mass 𝑚, size 𝑅, polar 

inertia moment 𝐼0  rocking around its base. The rigid block is subjected to an acceleration time 

history �̈�𝑔(𝑡) which can be registered or artificial (spectrum compatible). The rocking wall 

might be connected to transverse walls of unitary stiffness  𝐾𝑐
′ (acting only in compression for 
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the sake of simplicity) and to horizontal tie-rods of stiffness 𝐾. Using the Euler-Lagrange for-

mulation, it is simple to obtain the corresponding terms of the equation of motion (𝑇𝐿 and 𝑇𝑡 

respectively) as described in detail in [23]. 

The equation of motion reads: 

𝐼0�̈� + 𝑠𝑔𝑛(𝜗)𝑚𝑔𝑅 sin 𝐴𝜗 + 𝑇𝑡 + 𝑇𝐿  = 𝑚 �̈�𝑔𝑅 𝑐𝑜𝑠 𝐴𝜗 

𝐴𝜗 = 𝛼 − 𝑠𝑔𝑛(𝜗)𝜗 

(1) 

 

 

 

Figure 1: Mechanical model assumed for a rigid block masonry wall. 

The energy dissipation is not directly visible in Eq. (1) since it is introduced during the res-

olution of the equation of motion as change of boundary condition when the block rotation 

passes from zero to a negative/positive value. Generally, in the dynamics of slender and rectan-

gular rigid blocks the coefficient of restitution as defined by Housner [12] is considered:  

𝑒𝐻 = 1 −
3

2
sin2 α (2) 

Where 𝛼 = atan (
ℎ

𝑏
) (Figure 1). This expression is obtained by equating the moment of mo-

mentum about O’ immediately before impact to that immediately after impact on the ground. 

The coefficient of restitution is expressed as ratio of the square root of the two kinetic energies 

after and before each impact. As it will be illustrated in Section 3.2, there are different manners 

to express the coefficient of restitution, depending on whether the rocking is symmetric or not. 

3 EXPERIMENTAL CAMPAIGN ON A MASONRY WALL IN ONE-SIDED 

ROCKING 

3.1 Features of the rocking wall and testing set-up 

This section illustrates the tests executed on a clay brick and cementitious mortar wall. The 

wall, tested in free-vibration, has the following dimensions: height 2.70 m, thickness 0.36 m 

and width 1.68 m. Its weight is 29.4 kN and its slenderness ratio, given by the arctangent of 



L. Giresini and P. Croce 

thickness to height, is 0.133. The wall is pulled out-of-plane through a tie-rod up to attain a 

specific displacement (50 mm, 100 mm and 150 mm) of the wall at 2.56 m from the base. A 

detailed description of the experimental tests and of the mechanical features of the wall can be 

found in [24], [25]. The only difference with the tests already performed is that the hinge is in 

this case formed at 0.23 m above the wall base, and not at the wall foundation. This makes the 

wall stockier as its height diminishes.  

Once the wall attains the specified displacement, a quick release system frees it making it 

rocking. The motion is one-sided, namely the wall impacts against two transverse walls (Figure 

2) of length 1.50 m and thickness 0.12 m each. The transverse walls have the same mechanical 

properties as the rocking wall. The displacement and acceleration time-histories are recorded 

by potentiometric displacement transducers and accelerometers respectively, positioned on the 

tested wall as shown in [25]. An example of the experimental outputs is reported in Figure 3, 

where also the velocity time histories, obtained by derivation of the displacement time-histories, 

are plotted. 

 

(a) 

 

(b) 

Figure 2: Masonry wall tested in one-sided rocking. 

 

(a) 

 

(b) 

Figure 3: Selection of experimental results: displacement and velocity time-histories of a point located at 2.56 

m from the wall base: imposed displacement of 50 mm (a) and of 150 mm (b). 
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3.2 Computation of coefficient of restitution from experimental results 

These outputs are furtherly elaborated to obtain the experimental coefficients of restitution 

by two alternative approaches: 

1. The traditional one, which computes the experimental coefficient of restitution consid-

ering consecutive peaks of velocity. Referring to Figure 4, the coefficient of restitution 

is calculated as mere ratio of velocity at peak (i+1)-th to velocity at peak i-th: 

 𝑒𝑒𝑥𝑝 = |
𝑣𝑖+1

𝑣𝑖

| < 1 (3) 

regardless of the rotation sign. 

 

2. A more refined one, where two coefficients of restitution are calculated, considering the 

asymmetric behavior due to the one-sided rocking caused by the impact on transverse 

walls: 

𝑒𝑒𝑥𝑝
+  = √

𝑣𝑖+3
+

𝑣𝑖+1
+ ;        𝑒𝑒𝑥𝑝  −  = √

𝑣𝑖+2
−

𝑣𝑖
−  (4) 

 

The need of shifting from Eqn. (3) to Eqn. (4) is due to the fact that, for one-sided rocking, 

the consecutive negative and positive peaks of velocity are strongly different and the behavior 

depends on the rotation. Therefore, the calculation of the coefficient of restitution, function of 

the velocity peaks, should consider such a relevant aspect. This issue was already highlighted 

for diverse properties of horizontal restraints in [25] and for non-homogeneous walls in [22]. 

We call “experimental ratio of coefficient of restitution” the term: 

𝑟 =
𝑒𝑒𝑥𝑝

𝑒𝐻
  (5) 

in which 𝑒𝑒𝑥𝑝 is the experimental value of the coefficient of restitution and 𝑒𝐻 the analytical 

value as defined by Housner [12] and recalled in Eq. (2). Three ratios can be therefore defined 

to calculate the coefficient of restitution: 

𝑟 =
𝑒𝑒𝑥𝑝

𝑒𝐻
  (method 1);  𝑟+ =

𝑒𝑒𝑥𝑝
+

𝑒𝐻
 and 𝑟− =

𝑒𝑒𝑥𝑝
−

𝑒𝐻
 (method 2) (6) 

The wall under examination has a slenderness ratio 𝛼 = 0.133, therefore according to Eq. (2) 

the analytical Housner’s coefficient of restitution is 𝑒𝐻 = 0.974. 
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Figure 4: Labels of velocity peaks. 

3.3 Experimental values of coefficients of restitution 

The results in terms of ratios of coefficient of restitution (Eqns. (5)-(6)) are reported in Table 

1. Each value is labelled with the imposed displacement and the progressive number of the test. 

So, for example, test # 150_2 indicates the second consecutive test where an initial imposed 

displacement of 150 mm at the top of the wall has been released. These values are calculated 

as mean considering the first six impacts, since after them the motion amplitude is negligible. 

Thus, the two ratios 𝑟+and 𝑟− are computed as average of two values, whereas 𝑟 is computed 

by considering five values. It is worthy to observe that the average values of 𝑟 do not sensitively 

differ from 𝑟+ or 𝑟− only because the differences between experimental coefficients of restitu-

tion are smoothed when the overall average is considered. This aspect is shown in Figure 5: this 

diagram evidently shows that the average for test #50_1 is very close to 𝑟+ = 62% or 𝑟− =
59% (Table 1), although each individual coefficient of restitution markedly change (from 35% 

to 88%) considering the actual ratios. The difference between 𝑟+ and 𝑟− is by about 10%. This 

means that, when the wall impacts against the transverse walls (inward rotation), there is a 

dissipation of energy by 10% greater than what occurs in the condition of out-of-plane rocking 

(outward rotation).  

It should be noticed that is not a huge difference, because the length of the transverse walls 

(2.0 m) is not enough to produce a rebound effect. Indeed, the oscillations are bilateral as visible 

in Figure 3 and not unilateral as it should be in actual rocking walls, where the transverse walls 

are much longer and therefore more rigid. On the contrary, the difference between 𝑟+ and 𝑟− 

is only by 3% for the test #50_1, owing the fact that the initial displacement amplitude is only 

50 mm and therefore the condition of bilateral oscillations is more pronounced. This difference 

is then not considered as representative, due to the small initial displacement. Consequently, 

excluding test #50_1, from Table 1 an average value of 59% can be estimated for 𝑟1
−, which is 

a reduction by about 40% with respect to 𝑟 = 95%, evaluated for one-sided rocking walls. 

test# 𝑟+ 𝑟− 𝑟 

150_1 67% 59% 57% 

150_2 65% 57% 59% 

150_3 71% 61% 66% 

100_1 68% 58% 63% 

50_1 62% 59% 59% 
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Table 1: Mean experimental ratios of coefficients of restitution for the unrestrained wall in one-sided rocking 

(𝑟+ = outward rotation, 𝑟− = inward rotation). 

 

Figure 5: Local values of experimental ratios and average (blue line) for test #50_1. 

4 COMPARISON BETWEEN ONE-SIDED AND TWO-SIDED ROCKING WALLS  

This section illustrates a comparison in terms of experimental ratios of coefficient of restitution 

found for: 

(i) unrestrained walls, in bilateral (two-sided) rocking; 

(ii) unrestrained walls, in unilateral (one-sided) rocking; 

(iii) walls restrained by dissipative and non-dissipative horizontal restraints. 

The first and third condition refer to the experimental tests described in [22], [25], whereas 

the second condition regards the experimental tests illustrated here. 

 

4.1 Unrestrained walls in one- and two-sided rocking 

As for the unrestrained walls in two-sided rocking, the mean coefficients of restitution do 

not vary considering either consecutive peaks or consecutive peaks of the same sign (second 

and third column of Table 2. In the first test (A_T0_1), there is a greater dissipation of energy, 

probably because the first impacts, breaking small parts of the mortar joints on the wall base, 

“smoothen” the rocking surface. For the tested wall, the values of coefficient of restitution range 

from 88% to 98%. In [25] the tests were executed also for a slenderer wall of equal characteri-

stics: for it, the results were less scattered, being the minimum 𝑟 95% and the maximum 𝑟 96%. 

A reference value of 95% can be then assumed for the unrestrained walls in two-sided rocking. 

This ratio is different to that found for in-situ tests performed on historic rubble masonry [22]. 

This aspect can be explained considering that the in-situ conditions, such as imperfect founda-

tion surface and interference of the rocking wall with the adjacent walls, undoubtedly imply an 

increase of energy dissipation. The results found in [25] are instead in agreement with the liter-

ature results of solid clay brick walls tested in two sided rocking [21], for which an average 

ratio of 95% was found. 

 

test# 𝑟+ 𝑟− 𝑟  𝑟 (2 impacts) 

     

A_T0_1 93% 93% 92% 97% 

A_T0_2 97% 97% 94% 94% 

A_T0_3 97% 97% 94% 99% 
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A_T0_4 97% 98% 95% 99% 

A_T0_5 91% 92% 90% 88% 

Table 2: Mean experimental ratios of coefficients of restitution obtained from experimental tests on the unre-

strained wall in two-sided rocking illustrated in [25]. 

Comparing the results reported in Table 2 and in Table 1, it is clear that the one-sided motion 

presents much more scattered value of the experimental coefficients of restitution, while their 

difference increases by 10% passing from outward rotation to inward rotation (section 3.3). 

Obviously, in the two-sided rocking the coefficient of restitution does not change significantly 

when the rotation sign changes.  

As described in section 3.3, the average value of 𝑟1
− is 59%, corresponding to a reduction by 

about 40% from the value, 𝑟 = 95%, calculated for two-sided rocking walls. It is therefore of 

interest to distinguish the amount of energy dissipated by the impact at the ground from that 

originated by the impact on transverse walls. 

Moreover, the presence of transverse walls introduces a non-linearity in the coefficient of 

restitution as it immediately influences the value of the coefficient of restitution itself. This 

aspect can be observed by considering the ratios pertaining the first impact only (𝑟1), or the first 

two impacts (𝑟1
+

 and 𝑟1
−). Indeed, the so calculated coefficients of restitution in the inward ro-

tation (𝑟1
− in Table 3) are about 55%, that is almost 50% of the corresponding coefficients of 

restitution for the two-sided rocking wall (Table 2).  

test# 𝑟1
+ 𝑟1

− 𝑟1 

150_1 65% 52% 32% 

150_2 66% 53% 34% 

150_3 69% 59% 37% 

100_1 60% 52% 34% 

50_1 64% 56% 35% 

Table 3: Experimental ratios of coefficients of restitution for the first impact of the  unrestrained wall in one-

sided rocking (𝑟1
+ = outward rotation, 𝑟1

− = inward rotation). 

4.2 Restrained walls in one-sided and two-sided rocking 

For what concerns the same wall restrained by a damped and stiff horizontal device, a re-

duction by 5% of the coefficient of restitution in unrestrained rocking was found in [25]. There-

fore, the coefficient of restitution to assume for rocking analysis should be equal (on average) 

to 90%. The same reduction by 5% was computed in [22] passing from an unrestrained rubble 

masonry wall to the same wall restrained by an undamped elastic element. It must be stressed 

that such a reduction mainly depends on the horizontal restraint type and position, while the 

influence of masonry texture, material or age, seems negligible. 

5 CASE STUDY: FAÇADE OF A THREE-NAVE CHURCH 

Numerical analyses are performed in this Section to investigate the relevance of the coeffi-

cient of restitution in one-sided rocking motion. The selected case study is the façade of the San 

Filippo church (Figure 6a) located in Central Italy and struck by the 2016-2017 Central Italy 

earthquake. During the seismic swarm, a horizontal hinge formed at about 14 meters from the 

ground, causing the façade to rock and, finally, to overturn and collapse (Figure 6b). 
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5.1 Geometric and mechanical properties 

The façade is made of clay brick and cementitious mortar masonry, having a specific weight 

around 18 kN/m3. The façade is assimilated to a rocking rectangular block of equivalent height 

7.64 m (obtained considering the equivalence with center of mass and inertia moment of the 

original geometry), thickness 0.80 m and width 12.00 m (Table 4).  

The parameters necessary to perform the rocking analysis are the radius vector 𝑅, the slen-

derness ratio 𝛼, the inertia moment 𝐼0 and the compression spring bed stiffness  𝐾𝑐
′ reported in 

Table 4. 

 

(a)  

 

(b) 

Figure 6: Case of study: San Filippo Neri’s church in Camerino (Macerata): main façade before (a) and after 

(b) collapse. 

 

 

Figure 7: Geometrical dimensions of the case of study (from [26]). 
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Equivalent height [m] Thickness [m] Width [m] R [m] 𝑎 [rad] 

I0 

[m4]  𝐾𝑐
′ [MN/m2] 

7.64 0.80 12.00 3.84 0.10 2.36106 750 
  

Table 4: Geometric characteristics of the rocking façade. 

 

5.2 Analysis method 

As already said, the main façade of the church is assumed as rigid block with a compression 

spring bed simulating the transverse walls. The 40 seismic excitations considered in the study 

were selected among the most intense ground motions of the 2016-2017 Central Italy earth-

quake: these earthquakes, belonging to the entire seismic swarm, occurred between August 

2016 and January 2017 [26]. Among them, the four that caused the highest rotation amplitudes 

of the masonry façade – and also its overturning – are here considered.  

Their features in terms of Peak Ground Acceleration (PGA) and Peak Ground Velocity 

(PGV), obtained from the Engineering Strong Motion Database [27], are sumamirzed in Table 

5. 

 

Seismic record PGA PGV 

(date and station) (g) (cm/s) 

20160824_AMT 1.10 55.31 

20160824_NRC 0.46 37.79 

20161030_CLO 0.54 66.33 

20161030_NRC 0.62 61.33 

Table 5: Peak Ground Acceleration and Peak Ground Velocity of the considered seismic records [27]. 

The equation of motion (Eqn. (1)), described in detail in [23], is solved with a MATLAB 

code to analyze the dynamic behavior of the façade. Since the rocking hinge is not formed at 

the wall base, the seismic records should be applied after a filtering process, duly taking into 

account the vibration effects of the substructure. Here, considering the wall geometry, a mag-

nification factor of 1.27 is adopted, as explained in [26], [28].  

Two values of coefficients of restitution are considered in the analyses: 

1) The Housner’s analytical value, labelled with 𝑒𝐻 = 0.980 and calculated with Eq. (2). 

2) The experimental value of coefficient of restitution, evaluated, as said before, consider-

ing the average of the values reported in Table 1, and excluding the test #50_1. This 

process results in considering, for the inward rotation, an average coefficient of restitu-

tion 𝑒𝑒 = 0.59, whereas for the outward rotation the coefficient of restitution is 𝑒𝑒 =
0.68. 

5.3 Discussion of results 

Firstly, the strongest records in terms of normalized rotation (𝜃 𝛼⁄ ) amplitude are considered. 

They occurred in 2016, October 30th and, as visible in Table 5, are associated to the highest 

PGV values. This aspect confirms the seismic vulnerability of rocking walls to high PGVs [29].  
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Figure 8 displays the time-histories of the normalized rotational response together with the 

ground acceleration (scaled by the magnification factor of 1.27). At first sight, the adoption of 

the experimental values of the coefficients of restitution instead of the analytical ones suggested 

by Housner, leads to generally unsafe-sided results. But it is should be considered that an addi-

tional dissipation of energy takes undoubtedly place when transverse walls are present and that 

disregarding it would lead to over conservative results. Seismic vulnerability assessment exe-

cuted by neglecting the transverse walls could suggest retrofitting interventions that are actually 

not needed. This aspect is particularly relevant in case of historic buildings, where it is recom-

mended to avoid unnecessary interventions for the preservation of the cultural heritage. In any 

case, under the 20161030_NRC, which is not characterized by the highest PGA and PGV, in 

both cases the overturning is delayed, but not prevented if the reduced experimental value of 

the coefficient of restitution (𝑒𝑒) is considered. By contrast, under the 20161030_CLO, adopt-

ing 𝑒𝑒 the façade survives, although its normalized rotation is quite high (𝜃 𝛼⁄ > 0.5).  

 

 

(a)  

 
 

 

(b) 

Figure 8: Rocking response to 20161030_NRC (a) and to 20161030_CLO (b). 

Considering the less intense earthquake occurred in 2016, August 24th, the passage from the 

analytical to the experimental value of coefficient of restitution implies a reduction of the am-

plitude peaks, as evident from Figure 9. In particular, under the earthquake with highest PGA 

and PGV, the rocking wall experiences a maximum normalized rotation about 60% that of the 

maximum rotation computed with the analytical coefficient of restitution.  
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(a)  

 
 

 

(b) 

Figure 9: Rocking response to 20160824_NRC (a) and to 20160824_AMT (b). 

Moreover, the maximum response is strongly reduced when the experimental coefficient of 

restitution is used, indeed it is about 25% of the maximum rotation computed with its analytical 

expression.  In both cases, the peaks do not occur at the same time, but with the analytical 

coefficient of restitution the peak is delayed. 

6 CONCLUSIONS  

This paper discussed the experimental results of a set of rocking tests performed on a clay 

brick and cementitious mortar masonry wall tested in free vibration. The ratios of experimental 

to analytical coefficients of restitution were computed by the peaks of velocity time histories. 

Afterwards, their average values were used to perform numerical analyses on a church façade 

struck by the 2016-2017 Central Italy earthquake. The experimental results of the one-sided 

rocking wall were compared with those obtained on similar unrestrained and restrained walls 

in the two-sided rocking condition. The comparison shows that relevant parameters are more 

scattered in the one-sided rocking condition. Regarding the coefficient of restitution, it can be 

remarked that it is nearly independent on the rotation sign in the two-sided rocking condition; 

on the contrary, in the one-sided rocking condition it decreases by about 15% passing from the 

outward rotation to the inward rotation. 
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The outcomes of the numerical analyses demonstrate that, since the actual experimental val-

ues of the coefficient of restitution are generally sensibly lower than the ones estimated accord-

ing to Housner expression, indirectly considering the influence of transverse walls, their 

adoption leads to less demanding responses, Consequently, assumption of the Housner coeffi-

cients can result too much safe-sided, so implying needs of interventions not always justified. 

Moreover, the substitution of the Housner coefficients of restitution with more realistic ones, 

on the one hand, delays but not prevents overturning under the stronger earthquakes, on the 

other hand maximizes the differences between the stable responses under earthquakes charac-

terized by lower PGAs and PGVs.  

In conclusion, since a realistic and critical evaluation of the coefficient of restitution is a key 

topic in order to avoid unnecessary and expensive retrofitting interventions especially regarding 

heritage structures, further studies are ongoing. 
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