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ABSTRACT
Two arrow-shaped micro-mixers, obtained from the classical T-shaped geometry by tilting downward the inlet channels, are considered
herein. The two configurations, having different tilting angle values, have been chosen since they show significantly different flow topologies
and mixing performances at low Reynolds numbers. In the present paper, we use both experimental flow visualizations and direct numer-
ical simulations to shed light on the mixing behavior of the two configurations for larger Reynolds numbers, for which the mixers present
unsteady periodic flows, although in laminar flow conditions. The tilting angle influences the flow dynamics also in the unsteady regimes and
has a significant impact on mixing. The configuration characterized by the lower tilting angle, i.e., α = 10○, ensures a better global mixing
performance than the one with the larger angle, i.e., α = 20○.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0033765., s

I. INTRODUCTION

Micro-mixers and micro-reactors are constituted by channels
of width ≤1 mm, in which two fluid streams are fed through inlet
branches and mix and possibly react in the outlet channel. They
have been widely proposed in the last decade for several indus-
trial applications because they ensure an unprecedented control
over the reaction conditions, thanks to the continuous operation
and the strong heat transfer due to the large surface-to-volume
ratio. The latter assures dealing safely with exothermic reactions,1,2

while the continuous flow avoids also the accumulation of toxic
and reactive species, thus widening the spectra of reactions and
conditions that can be run. Hence, micro-fluidic devices may pro-
vide significant environmental, safety, and economic benefits, allow-
ing the intensification of many fine-chemistry and pharmaceutical
processes.3

Efficient mixing is fundamental to obtain high reaction yields.4

Many active or passive methods have been proposed to promote
mixing.5–9 The active ones need ultrasounds, electric fields, pres-
sure pulses, and so on as an extra energy input, while the passive
ones want to break the symmetry of the flow through a favorable

design of the geometry of the mixer without any external energy
input.

The T-shaped geometry—in which the axis of the two inlet
channels is perpendicular to that of the main mixing channel—is the
simplest and most studied configuration of micro-mixers. Despite
the very simple geometry and the laminar flow conditions, signif-
icantly different flow regimes occur when increasing the Reynolds
number. The characterization and eventually the control of the
occurrence of these regimes are crucial because they can lead to
largely different degrees of mixing. The most widely studied regime
is the engulfment one because its onset corresponds to the first sig-
nificant increase in mixing in the device at low Reynolds numbers.
Many previous studies were aimed at predicting the critical Reynolds
number, Re, at which the onset of the engulfment regime and the
related increase in mixing occur, and at investigating how it depends
on different geometrical and operational parameters. Some investi-
gations, for instance, studied the sensitivity to the aspect ratio of the
channels,10–13 to the operating conditions,14–16 and to the fluid prop-
erties,11,17–20 while others proposed modifications of the junction
shape were aimed to anticipate the onset of the engulfment regime
at lower Re.21–25
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Among the geometry modifications proposed to promote the
engulfment regime, Siconolfi et al.24 showed that the downward tilt-
ing of the inlet channels (arrow-shaped micro-mixers) makes the
flow more sensitive to the instability, leading to the engulfment
regime, and hence, the onset of this regime takes place at Re sig-
nificantly lower than for T-shaped mixers. The opposite occurs for
Y-shaped micro-mixers, which are thus less interesting for mix-
ing promotion purposes. The anticipation of the engulfment onset
in arrow-shaped mixers is confirmed by the simulations in the
work of You et al.22 On the other hand, in the numerical simula-
tions of Galletti et al.,26 a non-monotonic behavior of the degree
of mixing with Re was found in arrow-shaped mixers within the
engulfment regime, which is conversely not observed for T-mixers.
In a recently published paper,27 a systematic investigation on the
steady regimes occurring in arrow-shaped micro-mixers fed by liq-
uids and with varying the tilting angle α was carried out. Exper-
imental flow visualizations and numerical simulations were used
together to study mixers having square inlet sections and a rectan-
gular 2:1 outlet. The anticipation of the engulfment regime onset
was found to become more pronounced by increasing the tilting
angle α. However, confirming the clues in the work of Galletti
et al.,26 a significant drop of mixing was observed within the steady
engulfment regime for α larger than some critical value (between
15○ and 20○ for the configuration investigated in the work of
Mariotti et al.27). This is not present for T-mixers and low tilting
angles. The mixing reduction is due to a significant change in the
topology of the flow, which becomes characterized by a single vor-
tical structure in the center of the mixing channel instead of the
two co-rotating ones, present in T-mixers in the engulfment regime.
This vortical structure promotes mixing in a less-efficient way com-
pared to the classical engulfment pattern, and the mixing degree is
indeed lower than in T-mixers at the same Re. By further increas-
ing Re, the mixing degree increases again—due to the increased
size and strength of the vortical structure—up to values higher than
the ones for T-mixers. Thus, it appears that the value of the tilting
angle does influence not only the onset of the engulfment regime
but also the mixing behavior within this regime. On the one hand,
the increase in α is beneficial to decrease the Reynolds number for
the onset of the engulfment regime, but, on the other hand, the
mixing performances deteriorate for some values of Re within this
regime.

The present work is motivated by the results of Mariotti et al.,27

and it is aimed at completing the investigation of the mixing behav-
ior of arrow-mixers for larger Reynolds numbers, for which the
unsteady periodic flow is usually present in classical T-mixers.10,28–31

For T-mixers having inlet channel sections with aspect ratio equal
or close to one, the first periodic regime occurring by increasing the
Reynolds number after the steady engulfment one is the so-called
“unsteady asymmetric regime,”29,30 which is interesting from a prac-
tical viewpoint because it is characterized by better mixing than the
engulfment one.28,31 By further increasing the Reynolds number, the
so-called “unsteady symmetric regime” takes place,29 which is again
periodic in time but is mostly characterized by a symmetric topol-
ogy in space; this is detrimental to mixing, and indeed, the onset of
the unsteady symmetric regime is associated with a dramatic drop
of mixing.31 The issues herein are whether arrow-mixers are char-
acterized by the same behavior with increasing Re, i.e., the onset
of the unsteady asymmetric and symmetric regimes, and whether

the flow dynamics and the mixing performances are affected by the
tilting angle also in the unsteady regimes. In particular, two val-
ues of the tilting angle, α, viz. α = 10○ (“small” tilting angle) and
α = 20○ (“large” tilting angle), which were found in the work of
Mariotti et al.27 to be characterized by noticeably different flow
behavior and mixing in the steady engulfment regime, are consid-
ered. A detailed and systematic analysis of the flow behavior and the
mixing performance is carried out by considering Re from the end-
ing of the engulfment regime up to the onset of chaotic flow. Numer-
ical simulations are carried out for both considered values of the
tilting angle; the numerical results are integrated with experimental
flow visualizations for α = 20○. The mixing performances of the two
arrow-mixer configurations in the unsteady periodic flow regimes
up to the chaotic regime are fully characterized, and thanks to the
synergic use of experimental evidence and numerical results, the
observed behavior is explained in terms of flow characteristics and
physics.

II. PROBLEM DEFINITION AND INVESTIGATION
METHODOLOGIES
A. Arrow-mixer geometries

The considered geometries are two of those investigated in the
work of Mariotti et al.27 and consist of two inlet channels join-
ing in an inclined junction [see Fig. 1(a), which also reports the
adopted frame of reference]. We consider herein two different angles
between the x axis and the axis of the inlet channels: α = 10○ and
α= 20○. For both cases, the inlet channels have a square cross section,
with W = H = 1 mm, while the cross section of the mixing channel
is a 2 : 1 rectangle, i.e., Wo = 2H = 2 mm. Consequently, the mix-
ing channel hydraulic diameter is d = 4H/3. This quantity is used for
the definition of the non-dimensional coordinates, X = x/d, Y = y/d,
and Z = z/d. Both inlet channels have a length equal to Li = 40 mm
≈ 30d such that the flow at the confluence is fully developed, while
the mixing-channel length is Lo = 60 mm ≈ 45d.

B. Experimental setup
The experimental model, shown in Figs. 1(b) and 1(c), is made

of polymethylmethacrylate (PMMA) and has a tilting angle of α
= 20○. The experimental setup is the same as in the work of Mariotti
et al.,27 and it is briefly summarized herein. A syringe pump (KD Sci-
entific) feeds the mixer inlets with deionized water. The two streams
entering the device have equal flow rates and, thus, equal bulk veloc-
ity, U. The food colorant E124 is used to color one inlet stream.
The dye is dissolved in water with a concentration of 0.115 wt. %.
An upright microscope (Nikon, model Eclipse 80i), having a mag-
nifying lens of 4× (aperture N.A. = 0.13) and a D-LH 12 V–100 W
halogen lamp, is used to observe the mixing inside the mixer. We
use a high-speed camera (Optomotive Velociraptor HS) to acquire
the images with a resolution of 920 × 2048 pixels and an acquisition
frequency of 387 frames/s. The image exposure time is significantly
shorter than the one related to the frame rate, i.e., δT = 10−6 s.
An offline procedure enables the post-processing of the flow visu-
alizations. Lambert–Beer’s law allows converting light intensity into
normalized depth-averaged dye concentration for each pixel of the
image. Additional details on the calibration procedure, the image

Phys. Fluids 33, 012008 (2021); doi: 10.1063/5.0033765 33, 012008-2

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 1. Arrow-mixer geometry (a), experimental model (b), and experimental setup (c).

post-processing, and the whole experimental setup are available in
the work of Mariotti et al.32

C. Simulation setup
The unsteady incompressible Navier–Stokes equations in the

non-dimensional form are considered to describe the liquid motion.
The mixing-channel hydraulic diameter, d, is used as a reference
length, while the bulk velocity, U, is the reference velocity. The
Reynolds number is hence defined as Re = ρUd/μ, where ρ and μ
are the operating liquid density and dynamic viscosity, respectively.

Moreover, the following non-dimensional transport equation
describes the dye dynamics:

∂ϕ
∂θ

+ u ⋅ ∇ϕ = 1
Pe
∇2ϕ, (1)

where ϕ is the mass fraction of the dye, θ is the non-dimensional
time, u is the non-dimensional velocity of the fluid, and Pe = Ud/D
is the Peclet number (where D is the molecular diffusivity of the
dye).

The numerical methodologies and computational setup are
the same as used in the work of Mariotti et al.27 and are briefly
recalled herein. The computational code Nek500033 is used for the
numerical simulations; it is based on a high-order spectral-element
method. The computational domain is divided into hexahedral ele-
ments, and Nth-order Lagrange polynomial interpolants, based on
tensor-product arrays of Gauss–Lobatto–Legendre (GLL) quadra-
ture points, are used to span the velocity space in each element.
A third-order backward differential formula is used for time dis-
cretization together with a third-order explicit extrapolation for the
convective terms, while the diffusive terms are treated implicitly.

As previously mentioned, two different geometries are consid-
ered in the simulations that differ only for the value of the tilt-
ing angle, i.e., α = 10○ and α = 20○; for the configuration having
α = 20○, experiments are also carried out (see Sec. II B). The sim-
ulation domain is the same as in the experiments, except for the
lower length of the inlet channels, i.e., Li = 6.875 d, and of the mixing
channel, Lo = 25 d. To have a sensible comparison, a unidirectional
fully developed velocity profile is set at the inlets.10 As for the mixing

channel, the sensitivity analysis presented in the work of Andreussi
et al.10 for a T geometry shows that the chosen value of Lo together
with boundary conditions of free outflow—by assuming that the
normal gradient is zero in the x and z directions for the velocity com-
ponents and that normal stresses are zero—allows spurious effects
related to the domain truncation to be avoided. Finally, no-slip is
imposed on the mixer walls.

The computational grid has 15 680 elements. On the cross sec-
tions of the inlet and mixing channels, the elements have a uni-
form size of 0.075d in both directions. The element size varies
between 0.08d and 0.5d along the axis of the channels. The poly-
nomial order for the velocity is fixed to N = 6, while for the pres-
sure, the order is N − 2 = 4, thus using the common PN/PN−2
approach. The degrees of freedom for each velocity component are
approximately 107. The time step is Δt = 7.0 ⋅ 10−4 d

U , resulting
in a Courant-Friedrichs-Lewy number CFL = Δtu

Δx ≤ 0.3, with Δx
being the size of the computational cell. Stability issues force to use
a rather low Schmidt number, i.e., Sc = μ/(ρD) = O(100) in the
scalar equation.30 Thus, the Schmidt number is one or two orders
of magnitude lower than the typical values for liquids. Neverthe-
less, this enhanced diffusion has a negligible effect on the conflu-
ence region analyzed in the present work because of the strong
transversal convection, as demonstrated in the work of Galletti
et al.34 for a T-shaped micro-mixer.

Uniform non-developed flow conditions are chosen to initialize
all the simulations to prevent hysteresis phenomena.10,11 Simula-
tions are run for a minimum number of 20 periodic cycles, after
having discarded the initial transient. The numerical data are ana-
lyzed to compute the depth-averaged dye concentration and directly
compare this quantity with the one measured in the experiments.27

The inlet dye concentration is used to obtain non-dimensional val-
ues of the local dye concentration, which thus ranges from 0 to 1.
Moreover, the degree of mixing, δm, is used to have a numerical
quantification of the mixing between the two streams. For a given
cross section in the mixing channel, δm is computed as follows:17

δm = 1 − σb
σmax

, (2)
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where σb is the standard deviation of the volumetric flow, having the
following expression:

σ2
b = ∫

(ϕ − ϕ̄b)2uy dx dz

∫ uy dx dz
, (3)

where uy is the velocity component in the y direction and ϕ̄b is the
bulk mass fraction evaluated as

ϕ̄b = ∫ ϕuy dx dz
∫ uy dx dz

. (4)

Finally, σmax is the maximum value of σb, which is obtained for two
completely segregated streams,

σmax =
√

ϕ̄b(1 − ϕ̄b). (5)

Consequently, δm varies in the range 0 ≤ δm ≤ 1. A completely
segregated flow leads to δm = 0, whereas a fully mixed flow leads
to δm = 1.

In the numerical simulations, the vortical structures are visu-
alized by means of the λ2 criterion.35 According to this criterion, a
vortex is defined as a connected fluid region where the second largest
eigenvalue, λ2, of the symmetric tensor L = S ⋅ S + A ⋅ A is negative,
where S and A indicate the symmetric and anti-symmetric part of
the velocity gradient, which are the strain rate and vorticity tensors,
respectively. In addition to λ2, many other different criteria can be
used for the identification of a vortical structure, viz. Q-criterion,
Δ-criterion, and |ω|-criterion.35 We preliminary compared the 3D

FIG. 2. Experimental image (left), CFD depth-averaged dye concentration field (middle), and isosurface of the λ2 vortex indicator (right) at Re = 240 at different times:
(a) t/τ = 0, (b) t/τ = 0.25, (c) t/τ = 0.5, and (d) t/τ = 0.75. Multimedia view: https://doi.org/10.1063/5.0033765.1
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vortical structures given by the λ2 indicator with those obtained by
the Q-criterion, i.e., the region of positive Q = 1

2(∥A ⋅A∥2 − ∥S ⋅ S∥2)
= − 1

2(λ1 + λ2 + λ3), where λ1 ≥ λ2 ≥ λ3 are the three eigenvalues of L.
The identified vortical structures were practically identical, and thus,
we decided to use the λ2 vortex indicator in the present paper.

Finally, the frequencies f in the periodic flow regimes for both
experiments and numerical simulations are made non-dimensional
with the hydraulic diameter of the mixing channel and the inlet bulk
velocity and, thus, presented in terms of Strouhal number, St = fd

U ,
in Secs. III–V.

III. FLOW REGIMES FOR THE ARROW-MIXER
WITH α = 20○

In this section, we present the results of the experimental flow
visualizations and the numerical simulations obtained for different
Reynolds numbers in the arrow-mixer having α = 20○.

A. Periodic regime with a single vortex
As described in the work of Mariotti et al.,27 in the range Re

= [170–190], the flow is steady and characterized by a single strong
vortical structure at the center of the mixing channel. As previously
mentioned, this flow topology is not present for T-mixers and lower
tilting angles. At Re = 200, this vortex starts to oscillate periodically
in time, and the oscillation amplitude increases with Re, reaching
the maximum value at about Re = 240. Figure 2 (Multimedia view)
shows the experimental flow visualizations in the left panels and the
corresponding numerical depth-averaged dye concentration fields
for four different time instants spanning a whole characteristic cycle
in time at Re = 240 in the middle panels. The video provides a fur-
ther view of the flow dynamics. Experimental flow visualizations and
numerical simulations agree very well qualitatively, and the signa-
tures of the single vortical structure are visible. The vortical structure
is visualized in the right panels of Fig. 2 (Multimedia view) by means
of the λ2 criterion.35 The same 2D view of the 3D isosurface of λ2 as

FIG. 3. Isosurface of the λ2 vortex indicator from a different view (left), y−vorticity and in-plane velocity (middle), and dye concentration fields (right) at Re = 240. Considered
cross sections (from top to bottom): Y = −0.7, Y = −1, Y = −2.5, and Y = −3.5. Simulation times: (a) t/τ = 0, (b) t/τ = 0.25, (c) t/τ = 0.5, and (d) t/τ = 0.75. Multimedia view:
https://doi.org/10.1063/5.0033765.2
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in the dye visualizations is shown in the bottom right panel, together
with a top view in the top right panel. The 3D view of the isosur-
face of λ2 is shown in the left panel of Fig. 3 (Multimedia view) with
the contours of y−vorticity and in-plane velocity (middle panel) and
the dye concentration fields (right panel) in different cross sections
of the mixing channel and at the same time instants as in Fig. 2
(Multimedia view).

The large vortical structure in the center of the mixing chan-
nel is visible [see the right panels of Fig. 2 (Multimedia view) and

the left panels of Fig. 3 (Multimedia view)]. It can be seen from the
dye distribution in the different cross sections of the mixing chan-
nel [Fig. 3 (Multimedia view)] how the central vortical structure
promotes mixing between the two streams through a spiral pattern.
Moreover, both Figs. 2 and 3 (Multimedia view) show that this vorti-
cal structure is not steady in time; indeed, from the middle and right
panels of Fig. 3 (Multimedia view), it can also be seen that it moves
along the x and z directions. This kind of dynamics is not observed in
T-mixers, in which the first periodic regime is dominated by the

FIG. 4. Dye concentration field at different cross sections in the arrow-mixer and position of the considered probes indicated with white markers and black lines (a).
Experimental and numerical time behavior of the depth-averaged dye concentration at (from top to bottom) (X, Y ) = (−0.375, −1), (0, −1), (−0.375, −2), (0, −2) (b).
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tilting and the motion of the top parts of the two 3D vortical
structures—also present in the steady engulfment regime—which
leads to the periodic shedding of a vorticity blob in the mixing chan-
nel (see, e.g., Refs. 10, 30, and 32 and the description that will be
given in Sec. IV A of the present paper).

To further investigate the periodicity of the flow dynamics and
check the agreement between experiments and simulations, Fig. 4
shows four temporal signals of the dye concentration, averaged in
the channel depth, obtained in experiments and simulations at the
locations shown in the same figure. For all the considered locations,
the behavior is periodic and the period, τ, gives a Strouhal number
equal to St = 0.244 in the simulation, which is slightly larger than that
obtained in the experiment, St = 0.218. Despite this small difference
in the frequency value, the shape of the dye signal in experiments
and simulations is in good agreement, if they are plotted as a func-
tion of t/τ as in Fig. 4(b). Some minor discrepancies may be partly
imputed to the fact that, for numerical stability issues, a rather low
Schmidt number, i.e., Sc = μ/(ρD) = O(100), is used in the scalar
equation (see Sec. II C) in the simulations. Thus, the Schmidt num-
ber is one or two orders of magnitude lower than the typical values
for liquids. As demonstrated in the work of Galletti et al.34 for a
T-shaped micro-mixer, this enhanced diffusion has a negligible
effect on the global evaluation of the flow field in the confluence
region, but it is reasonable to infer that it may give a sort of slight
smoothing in the punctual depth-averaged dye concentration sig-
nals. This may be the cause of the slightly reduced variance of the

numerical signals compared to the experimental ones. The matching
between the experimental and numerical signal profiles is consistent
with the one previously found for the dye-concentration signals in
T-shaped micro-mixers in the periodic asymmetric and the periodic
symmetric flow regimes (see Figs. 5 and 7 of Ref. 31).

B. Steady symmetric regime
Interestingly, at Reynolds numbers Re = 260 and Re = 280,

the flow becomes steady again both in experiments and simula-
tions; moreover, its topology appears very similar to that in the
vortex regime. The flow features at Re = 280 are described herein
in more details; those at Re = 260 are practically the same. Qualita-
tive agreement between the depth-averaged dye concentration field
from experiments and simulations is once again really good [com-
pare Fig. 5(a) with Fig. 5(b)]. The two flow streams remain segre-
gated in the mixing channel, in which four vortical structures are
present [see the isosurface of the vortex indicator λ2 in Figs. 5(c) and
6(a)]. These vortices are the legs of the two structures forming in
the top part of the mixer at the confluence of the two inlet streams,
which are in turn related to the flow recirculations occurring near
the top walls. This flow pattern is very similar to that described in
the work of Mariotti et al.27 for the vortex regime at Re = 120 (com-
pare Figs. 5 and 6 with Figs. 2 and 4 of Ref. 27). The described flow
topology has two reflectional geometrical symmetries in the mix-
ing channel; this prevents convection from contributing to mixing,

FIG. 5. Experimental image (left), CFD depth-averaged dye concentration field (middle), and isosurface of the λ2 vortex indicator (right) at Re = 280.

Phys. Fluids 33, 012008 (2021); doi: 10.1063/5.0033765 33, 012008-7

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 6. Isosurface of the λ2 vortex indicator from a different view (left), y−vorticity and in-plane velocity (middle), and dye concentration fields (right) at Re = 280. Considered
cross sections (from top to bottom): Y = −0.7, Y = −1, Y = −2.5, and Y = −3.5.

FIG. 7. Experimental image (left), CFD depth-averaged dye concentration field (middle), and isosurface of the λ2 vortex indicator (right) at Re = 320 at different times:
(a) t/τ = 0 and (b) t/τ = 0.5. Multimedia view: https://doi.org/10.1063/5.0033765.3
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FIG. 8. Isosurface of the λ2 vortex indicator from a different view (left), y−vorticity and in-plane velocity (middle), and dye concentration fields (right) at Re = 320.
Considered cross sections (from top to bottom): Y = −0.7, Y = −1, Y = −2.5, and Y = −3.5. Simulation times: (a) t/τ = 0 and (b) t/τ = 0.5. Multimedia view:
https://doi.org/10.1063/5.0033765.4
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which occurs only through diffusion. Consequently, the two streams
remain practically unmixed also in the mixing channel. It can be eas-
ily understood that the onset of this regime corresponds to a drop
in the degree of mixing. This will be quantified and discussed in
Sec. V.

C. Periodic almost symmetric regime
By further increasing the Reynolds number, for Re = 300 and

Re = 320, the flow becomes once again unsteady and periodic in
time. Let us consider, for instance, the results obtained at Re = 320,
shown in Figs. 7 and 8. Each period presents a slow tilting of the top
parts of the 3D vortical structures from a configuration, in which
they are almost perpendicular to the incoming streams [see Fig. 7(a)
at time t/τ = 0 as we arbitrarily choose this pattern as the begin-
ning of the cycle] to a maximum tilting angle of ≃45○ for t/τ = 0.5
[Fig. 7(b)]. Despite this quite large rotation, the flow in the mix-
ing channel is not too much affected [compare Figs. 8(a) and 8(b)].
Indeed, two couples of counter-rotating vortices, which are the two
legs of the two 3D vortical structures, are always present in the first
portion of the mixing channel. In this first part of the mixing chan-
nel, the flow maintains a central symmetry around the channel axis,
and thus, the two streams remain almost segregated [see the top
two middle and right panels of Figs. 8(a) and 8(b)]. The two legs
containing positive ωy vorticity gradually disappear when moving
downwards, while the ones with negative vorticity merge. In this
region, mixing between the two streams starts to occur, thanks to
flow convection [see the bottom two middle and right panels of
Figs. 8(a) and 8(b)]. The periodic tilting of the top parts of the 3D
vortical structures only changes the location at which these phenom-
ena occur; when the top parts are tilted, the vanishing and merg-
ing of the legs take place more upstream [see Fig. 8 (Multimedia
view)].

To evaluate the characteristic frequency of this periodic dynam-
ics, the more suitable locations for evaluating the depth-averaged
dye concentration signals are those on the top of the mixer, where
the rotation of the vortical structures produces a sudden variation
of the dye concentration. For instance, the numerical and experi-
mental temporal signals of the depth-averaged dye concentration, at
the location indicated by the thick line in Fig. 9(a), are compared
in Fig. 9(b). Both experimental and numerical signals are periodic,

following the rotation of the top part of the vortical structure. In
addition, in this case, the characteristic Strouhal number obtained in
the simulation, St = 0.367, is somewhat larger than the experimental
one, St = 0.325 ± 0.02. However, if we plot the signals as a function
of t/τ, the behavior obtained in experiments is in a good agreement
with that given by numerical simulations.

IV. UNSTEADY REGIMES FOR THE ARROW-MIXER
WITH α = 10○

We describe herein the unsteady flow regimes occurring in an
arrow-shaped micro-mixer having α = 10○. We carried out only
numerical simulations for this configuration.

A. Periodic asymmetric regime
For α = 10○, Mariotti et al.27 found that the steady engulfment

regime, which occurs for Re ≥ 140, always presents two co-rotating
vortices in the mixing channel, leading to a monotonic increase in
the degree of mixing, as in T-mixers.

If the Reynolds number further increases, the flow is steady up
to Re = 200. The first unsteady flow regime, observed in the range
Re = [200–300], is similar to the periodic asymmetric one observed
for T-mixers.31,32 Figure 10 (Multimedia view) shows the 3D views
of the λ2 isosurface (left panel), the contours of the y−vorticity and
in-plane velocity (middle panel), and the dye concentration fields
(right panel) evaluated in different cross sections of the mixing chan-
nel for Re = 260. Four equally spaced time instants, representative
of the flow dynamics in this regime, are reported. Figure 10(a) has
been arbitrarily chosen as the beginning of the flow dynamics cycle
(t/τ = 0). The first flow configuration of the cycle is very similar to
the engulfment regime (compare it with Fig. 19 of Ref. 27), except
for a rotation of the legs in the final part of the mixing channel
that is related to the shedding of the vorticity blob in the previous
cycle. As time progresses, the top parts of the vortical structures
tend to approach each other, and eventually, they merge and col-
lapse in a blob of vorticity that is convected in the mixing channel
[see Fig. 10(b) at t/τ = 0.25]. In the meanwhile that the vorticity
blob flows in the mixing channel, two new vortical structures form

FIG. 9. Dye concentration at different
cross sections in the arrow-mixer and
position of the considered line for depth-
averaging of the dye concentration (a).
Experimental and numerical time behav-
ior of the depth-averaged dye concentra-
tion at (X, Y ) = (0.1, 0.75) (b).
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FIG. 10. Isosurface of the λ2 vortex indicator from a different view (left), y−vorticity and in-plane velocity (middle), and dye concentration fields (right) at Re = 260. Considered
cross sections (from top to bottom): Y = −0.7, Y = −1, Y = −2.5, and Y = −3.5. Simulation times: (a) t/τ = 0, (b) t/τ = 0.25, (c) t/τ = 0.5, and (d) t/τ = 0.75. Multimedia view:
https://doi.org/10.1063/5.0033765.5

from both the inlet channels, move toward, and replace the previ-
ous ones [see Fig. 10(b) at t/τ = 0.50]. The passage of the vorticity
blob is also visible in the dye distributions in the right panels of
Figs. 10(c) and 10(d).

B. Periodic regime with a single vortex
For further increase in the Reynolds number, the asymmetric

periodic regime with vorticity blob shedding, described in Sec. IV A,
changes into a regime in which a single strong vortical structure
oscillates in the mixing channel. This flow dynamics occurs in the
range Re = [320–400], and it is practically the same as the one found
for α = 20○ at lower Reynolds numbers (see Sec. III A). We report
in Fig. 11 (Multimedia view) the result for a characteristic cycle
at Re = 350. The flow dynamics is similar to the one shown in Fig. 3

(Multimedia view) for the arrow-mixer with α = 20○ at Re = 240,
except for an increase in the intensity of both the single vortex
and of the secondary recirculations, which is probably connected to
the increased Reynolds number. Thus, analogous considerations as
done in Sec. III A are valid also in this case.

V. MIXING PERFORMANCES
The mixing between the two streams can be quantified through

δm, defined in Eq. (2). Figure 12 shows δm vs Re, estimated in the
mixing channel at the Y = −8 section in the unsteady numerical
simulations, for the arrow-mixers with α = 10○ and α = 20○. For com-
pleteness, the mixing degrees in the steady flow regimes, reported
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FIG. 11. Isosurface of the λ2 vortex indicator from a different view (left), y−vorticity and in-plane velocity (middle), and dye concentration fields (right) at Re = 350. Considered
cross sections (from top to bottom): Y = −0.7, Y = −1, Y = −2.5, and Y = −3.5. Simulation times: (a) t/τ = 0, (b) t/τ = 0.25, (c) t/τ = 0.5, and (d) t/τ = 0.75. Multimedia view:
https://doi.org/10.1063/5.0033765.6

in the work of Mariotti et al.,27 are also shown. Moreover, the curve
numerically obtained by using the same methodology for a T-shaped
mixer with the same channel aspect ratios (α = 0○) and operating
at the same conditions31 is also reported for comparison. Figure 13
summarizes the steady and unsteady flow regimes occurring in the
considered mixers.

Figure 12 allows a quantification of the previous qualitative
observations of the mixing behavior in the different regimes. A first
sharp increase in the mixing degree is related to the onset of the
engulfment regime, which, as shown in the work of Mariotti et al.,27

takes place at lower Reynolds numbers for increased tilting angle α of
inlet channels. As already described in the work of Mariotti et al.,27

for α = 20○, a significant drop of mixing is first observed within the
steady engulfment regime, which is not present for T-mixers and
α = 10○. This drop is related to the previously described change in

the flow topology, i.e., to the presence of a single vortical structure
at the center of the mixing channel instead of two co-rotating ones,
characterizing the engulfment regime in T-mixers. Further increas-
ing Re, the flow topology remains the same but mixing augments
because of the increase in strength and intensity of the vortical
structure in the mixing channel.

We now analyze more in detail the δm behavior in the unsteady
regimes, which are the focus of the present work, to highlight how
mixing is influenced by α. Figure 12 shows with symbols the average
value of δm in a temporal period, while bars indicate the range of δm
values spanned in the cycle. First, the mixing behavior for α = 0○ (i.e.,
for a T-mixer), as analyzed in the work of Mariotti et al.,31 is summa-
rized here. δm increases significantly with Reynolds numbers in the
so-called periodic asymmetric regime, which is very similar to that
occurring for the α = 10○ configuration and described in Sec. IV A.
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FIG. 12. Degrees of mixing numerically evaluated at the cross section Y = −8
as a function of the Reynolds number Re and of the tilting angle α. The red lines
represent data fits following Eq. (6). The data for α = 0 are from the work of Mariotti
et al.31

At Re ≃ 325, a dramatic drop of δm occurs at the transition to the
so-called periodic symmetric regime. Indeed, in this regime, the two
streams in the mixing channel are again almost segregated (see Ref.
32 for a description).

For α = 20○, the first unsteady regime originates from a steady
flow topology characterized by the presence of a single vortical struc-
ture in the mixing channel, which is not observed in T-mixers and
consists in periodic oscillations of this structure (see Sec. III A).
These oscillations are beneficial for mixing; indeed, the maximum

FIG. 13. Summary of the flow regimes as a function of the Reynolds number and
of the tilting angle α.

values of δm occur in this periodic regime up to Re ≃ 240. Subse-
quently, another dramatic drop of δm to values significantly lower
than those of the steady regimes takes place. This drop is due to
the unexpected onset of a steady flow regime, which is very simi-
lar to the vortical one, as described in Sec. III B. Finally, the flow
becomes again periodic in time, showing a flow regime in which the
two streams remain almost segregated in a large portion of the mix-
ing channel (see Sec. III C); hence, δm increases again, but its values
remain quite small.

As for the mixer having α = 10○, first of all, we see that δm
increases monotonically with Re not only in the steady regimes but
also in the unsteady asymmetric one, reaching here the maximum
values. Indeed, as for T-mixers, in this regime, mixing is promoted
by the presence of two co-rotating vortices in the mixing channel
and the dynamic effect given by the periodic passage of the vorticity
blob. At the onset of the periodic regime showing a single vortex, a
drop of δm with Re occurs. However, this drop is much smaller than
those observed for α = 0○ and 20○, thus with values of δm remaining
fairly high.

Haward et al.,36 Abed et al.,37 and Domingues, Poole, and
Dennis38 suggested that stagnation point flow instabilities in
arrow-shaped micro-mixers and in a mixing-separating device (H-
geometry) have a supercritical behavior. Therefore, according to
the previously cited papers, for Re ≥ Rec, the mixing degree should
follow a square-root behavior typical of a supercritical instabil-
ity. We found that the same relation holds for the T-shaped
and arrow-shaped geometries investigated in the present paper
in the steady engulfment regime. Mixing-degree data for α = 0○,
10○, and 20○ are indeed well fitted by a square-root function as
follows:

δm = k1 + k2
√
Re − Rec, (6)

where k1 and k2 are two constant parameters specific for the consid-
ered flow regime and angle α. It is interesting to note that a square-
root function well fits data also in the periodic asymmetric regime
and in the periodic regime with a single vortex, when present. The
fits are reported in red in Fig. 12.

To analyze the instantaneous behavior of mixing, which may be
interesting, for instance, when chemical reactions take place, Fig. 14
shows the time behavior of δm at different Reynolds numbers for
α = 10○ and 20○. In particular, Fig. 14(a) is relative to the periodic
asymmetric regime observed for α = 10○, while Figs. 14(b) and 14(c)
are relative to the periodic regime with a single vortical structure in
the mixing channel for α = 10○ and 20○, respectively, and Fig. 14(d)
is relative to the almost periodic regime for 20○. The mixing degree
in the asymmetric periodic regime shows significant peaks in each
cycle; these peaks are due to the passage of the vorticity blob previ-
ously described. Conversely, δm is almost perfectly periodic in time
in the unsteady regime with a single vortex for both α = 10○ and
20○, thus confirming that mixing is mainly promoted by the periodic
motion of the vortical structure in the mixing channel. Finally, in the
almost periodic regime of the mixer with α = 20○ [see Fig. 14(d)],
both average δm and its variation in a cycle are much lower than
in the other unsteady regimes. We observe noticeable peaks only in
correspondence with the maximum tilting of the top parts of the 3D
vortical structures (see Sec. III C).
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FIG. 14. Time signal of the degree of mixing evaluated at the cross section Y = −8 for 5 cycles: simulations carried out for (a) Re = 260 and α = 10○, (b) Re = 350 and
α = 10○, (c) Re = 240 and α = 20○, and (d) Re = 320 and α = 20○.

VI. CONCLUSIONS

The present work completes the analysis carried out in the
work of Mariotti et al.,27 aimed at investigating the impact of the
tilting downward of the inlet channels, leading to arrow-shaped
micro-mixers, on the flow topology and mixing performances. Fur-
ther results, obtained in numerical simulations and supported by
experimental flow visualizations, are provided and analyzed herein
for higher Reynolds numbers than in the work of Mariotti et al.,27

mainly corresponding to unsteady periodic flow dynamics. Two dif-
ferent tilting angles have been considered, namely, α = 10○ and
α = 20○. We choose these values because Mariotti et al.27 showed
that they present different flow behaviors and mixing performances
already at lower Reynolds numbers.

We found that also at higher Reynolds numbers, the flow
dynamics is significantly influenced by the tilting angle, observing
different regimes for α = 10○ and α = 20○. In summary, for α = 20○,
the first unsteady regime, whose onset is at Re ≃ 200, is character-
ized by the periodic motion of a single vortical structure present
in the mixing channel. By further increasing the Reynolds num-
ber, the flow first becomes again steady with a topology similar to
that of the vortex regime occurring at much lower Re, and then, it
becomes unsteady once more, characterized by the periodic tilting of
the vortical structures near the top walls of the mixer, but by minor
variations of the flow features in the mixing channel. Conversely, for
the mixer with the smaller angle, α = 10○, the first unsteady regime

is practically the same as the asymmetric periodic regime occurring
in T-mixers, which is characterized by the periodic shedding of a
vorticity blob in the mixing channel. However, different from what
happened for T-mixers, by further increasing the Reynolds number,
the flow dynamics becomes very similar to that of the first regime
observed for α = 20○, i.e., the one in which a single strong vortical
structure oscillates in the mixing channel.

The above differences in flow behavior have a significant impact
on the mixing performances of the two arrow-shaped mixers, as ana-
lyzed in terms of the mixing degree, which was also compared to that
of a T-mixer. As already shown in the work of Mariotti et al.,27 the
first increase in the mixing degree, corresponding to the onset of the
steady engulfment regime, occurs at lower Reynolds numbers with
increasing α. However, the arrow-shaped mixer with α = 20○ shows a
non-monotonic behavior of the mixing degree withRe, and although
in some intervals of Re, it has larger values than the other configura-
tions, there are Re ranges in which its mixing performances become
poor. This behavior calls for careful control of the operational con-
ditions. Conversely, the mixing degree increases monotonically with
Re for the arrow-mixer with α= 10○ up to the onset of the last regime,
i.e., the periodic one with a single oscillating vortex in the mixing
channel, for which, however, the drop is moderate. This configura-
tion ensures a degree of mixing, which is always larger than that of a
T-mixer at Reynolds numbers above the onset of the steady engulf-
ment. Therefore, the present study shows that a small downward
tilting of the inlet channels leads to an improvement of the mixing
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performances compared to those of classical micro T-mixers, which
is robust to variations in the operating conditions up to transition to
a chaotic dynamics.
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