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Abstract

The L?-gradient flow of the elastic energy of networks leads to a Willmore type evolu-
tion law with non-trivial nonlinear boundary conditions. We show local in time existence
and uniqueness for this elastic flow of networks in a Sobolev space setting under natu-
ral boundary conditions. In addition we show a regularisation property and geometric
existence and uniqueness. The main result is a long time existence result using energy
methods.

Mathematics Subject Classification (2010): 35K52, 53C44 (primary); 35K61, 35A01 (sec-
ondary).

1 Introduction

In this paper we give an analysis of the elastic flow of planar networks.
A network N is a connected set in the plane composed of a finite union of regular curves N*
that meet in triple junctions and may have endpoints fixed in the plane.

Figure 1: Two examples of networks

We let evolve a suitable initial network A by a linear combination of the Willmore and the
Mean Curvature Flow: each curve of the network moves with normal velocity (at any time
and point)

V= 2k — k3 + pk,

where £ is the curvature, s the arclength parameter and p a positive constant. We vary also
in tangential direction and allow the triple junctions to move. It is shown in [3] that this
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motion equation coupled with suitable (geometric) conditions at the junctions and at the
fixed endpoints can be understood as the (formal) L?-gradient flow of the Elastic Energy

E,(N) = /N (k* + p) ds = Z/ i ((")? + ) ds" . (1.1)

Elastic energies of this type appear in beam and rod models of Euler-Bernoulli type in sit-
uations where beams and rods form networks. These structures consist of interconnected
elastic elements with some coupling conditions taking into account constraints on the geom-
etry of the admissible configurations. The L?-gradient flow can be used to obtain minimizers
of the above energy in an evolution problem in which the energy is decreased as fast as pos-
sible. Physically this problem would occur if the network relaxes in a very viscous medium.
More realistic evolutions would also include inertia effects which however falls out of the
scope of this work.

In our preceding work [14] we have established well-posedness for various sets of condi-
tions at the boundary points. More precisely, starting with a geometrically admissible initial
network (a network satisfying all boundary conditions that are asked to be valid for the
flow, see [14, Definition 3.2]) of class C**® with o € (0, 1) there exists a unique evolution
of networks in a possibly short time interval [0, 7] with T > 0, that can be described by
one parametrisation of class C' o ([0,T] x [0,1]). Further, the initial network needs to
be non—degenerate in the sense that at each triple junction the three tangents are not linearly
dependent.

Figure 2: A non-admissible initial network

In this paper we lower the regularity of the initial datum allowing admissible non-degenerate
initial networks of class Wﬁ " for p € (5,00) (see Definition 2.13). In contrast to the above
mentioned classical case the initial datum has to satisfy merely the boundary conditions of
the flow and no compatibility conditions of fourth order (see [30]). For this class of initial
data we obtain a unique solution of the problem in a Sobolev setting.

Theorem 1.1. Given an admissible and non—degenerate initial network Ny of regularity W,f 1 with
p € (5, 00), there exists a positive time T such that within the interval [0,T] the elastic flow with
natural boundary conditions, c.f. (2.5), admits a solution N that is unique up to reparametrisation
and can be parametrised by maps of class

Wy, ((0,7); Ly (0,1)) N Ly, ((0,T); W, (0,1)) .

This result is a direct consequence of Theorem 3.25, Theorem 5.1 and Theorem 5.4. We em-
phasise that the elastic flow is a geometric evolution equation of sets in the plane and that all
the results of this paper hold in this geometric sense. Nevertheless, we prove Theorem 1.1 us-
ing an auxiliary system of non—-degenerate parabolic partial differential equations for maps
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parametrising the networks that we call Analytic Problem. The crucial difficulty is to find
a tangential velocity turning system (2.5) into a well-posed parabolic boundary value prob-
lem without changing the geometric nature of the evolution. To this end one further needs to
impose additional conditions on the parametrisations of the curves at the boundary points.
We solve the Analytic Problem using a linearisation procedure and a fixed point argument.
One important feature of the parabolic structure of (3.2) is that solutions are smooth for posi-
tive times. Indeed, using a cut-off function in time and an auxiliary linear parabolic system,
the classical theory in [30] implies that the solution starting in any admissible initial datum
of regularity W;l M ope (5,00), lies in C*° ([, T] x [0,1]) for all positive . This is shown
in Theorem 4.3. As shown in Lemma 5.9 this allows us to improve the local existence Theo-
rem 1.1.

Theorem 1.2. There exists a positive time T such that within the interval [0,T)] the elastic flow
admits a solution N that is unique up to reparametrisation and smooth for positive times.

These local results are not only the foundation to any further analysis of the flow but also a
key tool in proving the following result comprising Theorem 7.1 and Theorem 7.11.

Theorem 1.3. Let p € (5,10) and Ny be a geometrically admissible initial network. Suppose that
N (1)) 1[0, Thmay) 1 @ maximal solution to the elastic flow with initial datum Ny in the maximal time
interval [0, Tipax) With Tinax € (0,00) U {oo}. Then

Tinae = 0
or at least one of the following happens:

(i) the inferior limit of the length of at least one curve of N'(t) is zero as t ,/* Tpaq-

(ii) at one of the triple junctions liminf, »r,,,, max {|sina!(t)|, |sina?(t)|,
where ' (t), o?(t) and o> (t) are the angles at the respective triple junction.

sina3(t)|} = 0,

At this point we would like to say a few words about the strategy of the proof. Thanks
to our short time existence result to contradict the finiteness of 7}, it is enough to find

parametrisations admitting uniform bounds in the norm W;l " on 0, Trnaz). This simpli-
fies the required energy type estimates. Indeed to obtain such a bound it suffices to find a
uniform in time estimate on the L?-norm of the second arclength derivative of the curva-
ture. This can be derived under the assumption that during the evolution all the lengths are
uniformly bounded away from zero and that the network remains non—-degenerate in a uni-
form sense (see condition (6.9)). It is important to underline that only estimates on geometric
quantities, namely the curvature, are needed. In particular, the proof itself is independent of
the choice of tangential velocity which corresponds to the very definition of the flow, where
only the normal velocity is prescribed. We notice that the possible behaviours (7) and (i¢) are
not merely technical assumptions but also quite realistic scenarios for the nature of poten-
tial singularities. Moreover, none of the listed possibilities excludes the others: as the time
approaches T,,;, both the lengths of one or several curves of the network and the angles
between the curves at one or more triple junctions can go to zero, regardless of T1,.x being
finite or infinite.

It is shown both in [11] and [27] that the evolution of closed curves with respect to Willmore
Flow (both with a length penalisation and fixed length) exists globally in time (for the Hel-
frich flow see also [32]). The same result is obtained for several problems related to open
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curves with fixed endpoints or asymptotic to a line at infinity (see also [5, 8, 18, 24, 25]).
While the geometric evolution of submanifolds has been extensively studied in the recent
years, the situation is different when we consider motions of generalised possibly singular
submanifolds. The simplest example of such objects are networks. Short time existence re-
sults for geometric flows of triple junction clusters have been obtained by several authors
(see [4, 10, 12, 13, 16, 28]). The motion of networks evolving by curvature has been exten-
sively studied by Mantegazza-Novaga-et.al. (see [20, 21, 22, 26]). Here each curve of the
network moves with normal velocity equal to its curvature and at the triple junctions the
angles are fixed to be equal. The analysis of the long time behaviour shows that as ¢ — Tijax
the curvature is unbounded or the length of one (or more) of the curves of the network goes
to zero.

In our case, the curvature can not become unbounded as the Elastic energy is decreasing
during the evolution. The second possibility is precisely one possible behaviour stated in
our result. Since a non-degeneracy condition on the angles is needed for the well posedness
of our flow, it is not surprising that the evolution of the angles plays a role in Theorem 1.3.
An important aspect of the elastic flow of networks that we have not considered yet is the
definition of the flow past singularities. To attack this problem a short time existence result
for networks with junctions of order higher than three needs to be established.

Finally we refer to [3] for numerical analysis and simulations for the elastic flow of networks.

After the completion of this paper we got aware of the work “Flow of elastic networks:
long—time existence result” by Dall’Acqua, Lin, Pozzi, see [6] which had appeared shortly
before. Here the authors give a long time existence result under the hypothesis that smooth
solutions exist for a uniform short time interval.

2 Elastic flow of networks

In the following we will denote by || the euclidean norm of a vector z € R? with d > 1. All
norms of function spaces are taken with respect to the euclidean norm.

Definition 2.1. A planar network N is a connected set in the plane consisting of a finite
union of regular curves ¢ that meet at their end-points in junctions. Each curve A" admits
a regular C''-parametrisation, that is, a map 7* : [0, 1] — R? of class C'! with || # 0 on [0, 1]
and ¢ ([0, 1]) = N

Definition 2.2. Letk > land 1 < p < co withp > ﬁ A network N is of class C* (or W}f,
respectively) if it admits a regular parametrisation of class C* (or W}, respectively).

Definition 2.3. Two networks A" and A coincide if they coincide as sets in R2.

We restrict to networks with triple junctions. In particular we focus on two different topolo-
gies of planar networks (triods and Theta—networks) that can be regarded as prototypes of
more general configurations.

Definition 2.4. A Theta-network © is a network in R? composed of three regular curves that
intersect each other at their endpoints in two triple junctions.



Nl
02

N3 O!

Figure 3: A Theta—network

Definition 2.5. A triod T is a planar network composed of three regular curves T* that meet
at one triple junction and have the other endpoints fixed in the plane.

Moreover we will adapt the following convention. Every regular parametrisation v of a
triod is such that the triple junction denoted by O coincides with v1(0) = v%(0) = ~?(0) and
7i(1) = P* with i € {1,2,3} are the three fixed distinct endpoints. Denoting by 71, 72, 73 the
unit tangent vectors to the three curves of a triod, we call a3, a1 and a3 the angles at the
triple junction between rland 72, 72 and 73, and 73 and 7!, respectively.

Figure 4: A Triod

The networks we consider need to be non-degenerate in the following sense.

Definition 2.6. A network / is called non-degenerate if at each triple junction at least two
curves form an angle different from 0 or 7.

In the following we will consider a time dependent family of networks (N (t))iefo, ) for some

T > 0 that are parametrised by v = (y!,...,77) in a suitable regularity class and evolve
according to the L?-gradient flow of the elastic energy
E,(N):= / (k:2 +p)ds = Z/ ((kl)z + 1) ds’ (2.1)
N —~ i

with z > 0. Here k% and s’ denote the curvature and arc-length parameter of +*, respectively.
The unit normal v is the anticlockwise rotation by 7/2 of the unit tangent vector 7°.

While the normal velocity

A= (2k§8 + (K - W) 2.2)
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of each curve is prescribed by the L?-gradient of E, (at any point of the curve and at any
time), we have some freedom in choosing the tangential velocity. In [14] it is discussed in
detail that

‘ 2

T4 6 6
oA oA IVl
v 6 YA 8 T 2
oA V| oA
is a meaningful choice. Thus the motion we consider is given by
Vi = Al i (24)

where v’ and 7° denote the unit normal and tangent vector of ', respectively.
In fact, the flow is given as (see [14])

v = =220 + Lot
2]

where [.0.t. contains terms of order lower than four in 4% and the highest order term T%yfff
ensures that the equation is parabolic as long as |v.| is uniformly bounded from above and

below.

The motion equations (2.4) can be coupled with different boundary conditions. In [14] we
prove (geometric) existence and uniqueness of the motion in several cases of constraints at
the boundary provided that the initial datum is of class C**%([0, 1]) and satisfies the respec-
tive compatibility conditions. The result also justifies the special choice of the tangential
velocity (2.3).

In this paper we focus our attention on networks evolving according to the elastic flow with-
out restriction on the angles at the triple junction. Our proof of the long time existence The-
orem 1.3 relies on a short time existence result in a Sobolev setting.

As we are considering a fourth order parabolic problem, the natural solution space is given
by the intersection of vector-valued Sobolev spaces

Er = W ((0,7) x (0,1, RY) := W, ((0.1); L, (0, 1):R?) )Ly, ((0,7); Wt ((0,1);RY))
for T positive and p € (1, 00) large enough endowed with the norm
H'”ET = H'HWI}((O,T);LP((O,l);Rd)) + ”'HL,,((O,T);Wg((OJ);Rd)) :

We will often simply write I/Vp1 “4((0,T) x (0,1)). Details on vector-valued Sobolev spaces can
be found in [2, 33]. One readily checks that C> ([0, T]; W, ((0,1))) is dense in (ET7 ”HET)/

in particular our notion of the solution space is consistent with the one in [30, §20]. We will
further be concerned with Sobolev Slobodeckij spaces.

Definition 2.7. Given p € (1,00) and § € (0,1) the Slobodeckij seminorm of f € L, (R) is

defined by
@) = F@ g N
oy = (/R R |z —y|PH! dxdy) '
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Let s € (0, 00) be non-integer. The Sobolev Slobodeckij space W5 (R) is defined by

Wy (R) := {f € Wyl (R) : [flysg) = [agsJ f] ol oo} :
It is easy to see that the Slobodeckij space W (RR) is a Banach space in the norm
I lwsy = -yt gy + [ D ey -

The following result draws a relation between Slobodeckij, Besov- and real interpolation
spaces. A detailed characterisation of Besov spaces can be found in [31, Chapters 2,4]. We
refer to [19, 31] for results on interpolation theory.

Proposition 2.8. Let p € (1, 00) and s € (0, 00) be non-integer. Then the Slobodeckij space W; (R),
the Besov space B,,(IR) and the real interpolation space

(Wi W m))

s— LSJ P
coincide with equivalent norms.

Proof. This follows from [31, Theorem 2.3.3, Theorem 2.4.2/2, Theorem 2.5.1]. O

Definition 2.9. Let p € (1,00), s € (0,00) be non-integer and I C R an open interval. The
Slobodeckij space W (I) is defined as the quotient space

Wy (I):={Rg:geW;(R)} .

Here Rg denotes the restriction of the function g € W (R) C L, (R) to the set I.

The space W7 (I) is a Banach space in the quotient norm. Besov spaces on intervals are
defined correspondingly via restriction of Besov-functions on the full space, see [31, Defi-
nition 4.2.1]. To prove that Slobodeckij spaces on intervals have the analogous properties
as the corresponding spaces on the full space, one uses an extension operator E satisfying
Eel (Wﬁ([ ) WI’f(R)) for all k£ € N, see [1, Definition 5.17]. Such an operator exists due
to [1, Theorem 5.22].

Proposition 2.10. Let p € (1,00), s € (0, 00) be non-integer and I C R an open interval. Then the
Slobodeckij space W (I) coincides with the Besov space B,,(I) and with the real interpolation space

(WpLSJ (1); Wi (1 )) " with equivalent norms. Moreover,

)

1/p
O f(x) — 08 F(y) P
Hvav;([) = ”fHWpLsJ(I)‘i‘[f]WS(I HfHWsz (// | 2 —y |1+s B dx dy

defines a norm on W (I) equivalent to the quotient norm and there holds the identity

W) = {f € W) = [flygry < o0} -
Furthermore, the set C> (I) is a dense subset of (WpS(I), [ HW;(I)).
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Proof. The first statement follows from Proposition 2.8 using the extension operator £ and [31,
Theorem 1.2.4]. The second part then follows from [2, Corollary 4.3]. The last statement is a
consequence of [31, Theorem 2.3.2(a)]. O

In particular, our notion of the spaces W;(I ) coincides with the one in [30, §20]. In The-
orem 3.7 it is shown that the initial values of functions in Er are elements of the Sobolev
Slobodeckij space W~ /" ((0,1); RY). We will restrict to the case p € (5, 00). Then [31, Theo-
rem 4.6.1.(e)] implies for o € (0,1 — 5/p),

W=7 ((0,1)) < C*t* ([0,1]) .

In particular, the boundary constraints for the initial network in Definition 2.13 and 3.1
should be understood pointwise.
For sake of presentation we first describe in details the case of the triod.

2.1 Elastic flow of a triod

Definition 2.11 (Elastic flow of a triod). Let p € (5,00) and 7' > 0. Let Ty be a geometrically
admissible initial triod with fixed endpoints P!, P2, P? (see Definition 2.13 below). A time
dependent family of non-degenerate triods (T(¢)) is a solution to the elastic flow with initial
datum Ty in [0, 7] if and only if there exists a collection of time dependent parametrisations

Vi € Wy (In; Lp((0,1); R?)) N Ly (In; W, ((0,1); R?))

withn € {0,...,N} forsome N € N, I,, := (an,b,) C R, ap, < ant1, by < bpy1, an < by, and
U, (an,bn) = (0,T) such that foralln € {0,..., N} and t € I, v (t) = (vi(£),¥2(t), v (1)) is
a regular parametrisation of T(¢). Moreover each v, needs to satisfy the following system

¢

<’yt (t,z) z)) V' (t,z) = —A'(t,z)v'(t,z)  motion,
v, 0) ( 0) = (t 0) concurrency condition,
k:z(t 0) = O curvature condition, 25)
(2K — pr?) (£,0) =0 third order condition,
,1) = Pt fixed endpoints,
k:l(t, 1)=0 curvature condition,

foreveryt € I,,,z € (0,1) and for i € {1, 2, 3}. Finally we ask that,,(0, [0, 1]) = T whenever
a, = 0.

Remark 2.12. We are interested in finding a time—-dependent family of networks (N;) that
evolves by the elastic flow. Our notion of solution allows the network to be parametrised by
different sets of functions in different (but overlapping) time intervals. Namely a solution
can be parametrised by v = (v1,+%,v3) with 4* : (ag,bo) x [0,1] — R? and o = (o!,02,03)
with o? : (a1,b1) x[0,1] = R?if ag < a1 < by < by and v¥((ay,bo) x [0,1]) = o*((a1, bo) x [0, 1]).
In Lemma 5.10 we will show that given a maximal solution (NV;), €[0, Tomax) it is always possible
to find one unique parametrisation for AV in the entire maximal time interval [0, Tmax)-

Definition 2.13. Let p € (5,00). A triod Ty is a geometrically admissible initial network for
system (2.5) if



1

- there exists a parametrisation o = (o!, 0%, 03) of Ty such that every curve o' is regular

and ‘
ot € Wam((0,1);R?).

- the three curves meet in one triple junction with £} = 0,
S2y (2K} v — p7é) = 0 and at least two curves form a strictly positive angle;
- each curve has zero curvature at its fixed endpoint.

Definition 2.14. A time dependent family of non-degenerate triods (T(t)) is a smooth solution
to the elastic flow with initial datum Ty in (0, 7] if and only if there exists a collection +,, of
time dependent parametrisations with n € {0,..., N} for some N € N, I, := (a,,b,) C R,
an < ant1, by < bptt1, an < by and Y, (an, b)) = (0,T) such that for all n € {0,..., N} and
t € I, w(t) = (vi(£),72(t),73(t)) is a regular parametrisation of T(t) satisfying (2.5), and
7(0, [0,1]) = Ty. Moreover we require a; > 0 and

vh e C=(T, x [0,1); R?)
foralln € {1,..., N} and further for all € € (0, by)

7% € Wy ((ao, bo); Lp((0,1);R?)) N Ly((ao, bo); W, ((0,1); R*)) N C* ([e, bo] x [0, 1]; R?) .

3 Short time existence of the Analytic Problem in Sobolev spaces

We now pass from the geometric problem to a system of PDEs that we call “Analytic Prob-
lem”. The curves are now described in terms of parametrisations. Moreover the tangential
component of the velocity is fixed to be 7" which is defined in (2.3).

Definition 3.1 (Admissible initial parametrisation). Let p € (5,00). A parametrisation ¢ =
(1, %, ¢?) of an initial triod Ty is an admissible initial parametrisation for system (3.2) if

- each curve ¢ is regular and ¢’ € W;A/p(((), 1);R?) fori € {1,2,3};
- the network is non degenerate in the sense that span{v§(0),23(0), 3(0)} = R%;

- the compatibility conditions for system (3.2) are fulfilled, namely the parametrisations
" satisfy the concurrency, second and third order condition at y = 0 and the second
order condition at y = 1.

Definition 3.2. Let 7" > 0 and p € (5, 00). Given an admissible initial parametrisation ¢ the
time dependent parametrisation v = (v!,v%,73) is a solution of the Analytic Problem with
initial value ¢ in [0, T'] if

v € W, ((0,7); Ly((0,1), (R*)?)) N Ly((0,T); W, ((0,1), (R*)*))) =: Er, (3.1)



the curve «(t) is regular for all ¢ € [0,T] and the following system is satisfied for almost
every t € (0,7),z € (0,1) and fori € {1,2,3}.

Vit z) = —A’( o)V (t, ) — THt, z)T(t, o) motion,

YL (t,0) = 42 (t,0) = v3 (¢,0) concurrency condition,
Y(t,1) = ¢'(1) fixed endpoints,
Yiu(t,y) =0 fory € {0,1} second order condition,
2321 (zkéVi — uT Z) (t,0)=0 third order condition,
70, z) = ¢'(x) initial condition .

(3.2)

To prove existence and uniqueness of a solution to (3.2) in E7 for some (possibly small)
positive time T we follow the same strategy we used in [14] based on a fixed point argument.
Due to the different function space setting some arguments need to be revised.

3.1 Existence of a unique solution to the linearised system

Linearising the highest order term of the motion equation of system (3.2) around the fixed
initial parametrisation ¢ we get

2 2 2 . o S o . S
ﬁYt 47xxzx = < 4 4) V;xxx + fz(’yz;::ca:v W;x? '7;) = fZ (’%cx:cxv 7;1’907 ’Yu}carv 7;) :
|| it

(3.3)

The linearised version of the third order condition takes the form

3 3
= §j (Va1 >u5+§j(w|3 <v;m,w>vz+h1<v;>> —b(y).
1= =1 T

— |¢%[? Isox\?’
(3.4)
All the other conditions are already linear. The linearised system associated to (3.2) is
[ itto) + a1, 2) = fi(t.x) motion,
7H(t,0) = ¥*(t,0) =0 concurrency,
7'(t,0) = ~°(t,0) =0 concurrency,
vi(t, 1) = (1) fixed endpoints, (3.5)
Viu(t,y) =0 second order,
=Y oy (ke (:0),26(0)) #5(0) = b(t,0)  third order,
7*(0, ) = ' (x) initial condition

fori e {1,2,3},t € (0,T),z € (0,1) and y € {0,1}. Here (f,b,%) is a general right hand side
with ¢ satisfying the linear compatibility conditions with respect to b.

Remark 3.3. Integration with respect to the volume element on the 0-dimensional mani-
fold {0} is given by integration with respect to the counting measure, see for example [17,
page 406]. Given p € [1, 00) we will identify the space

L¥ ({0};R?) = {fi{O} — R? :/{ [f17 do = [f(0)" < }
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with R? via the isometric isomorphism I : L, ({0};R?) — R?, f — f(0). As this operator
restricts to I : W3 ({0}; R?) — R? for every s > 0, we have an isometric isomorphism

W ((0,): Ly (101:R2)) (1 Ly (0,7 Wi ({015 R2) ) = W/~ (0, 7); R?)
via the map f — (¢t — f(t,0)). We will use this identification in the following.

Definition 3.4. [Linear compatibility conditions] A function b € Wy~ 77((0,1); (R?)3) with
p € (5,00) satisfies the linear compatibility conditions for system (3.5) with respect to b €
W, ((0,T); R?) if for 4, j € {1,2,3} it holds ¢(0) = 47(0), ¥/, (0) = 0, %i(1) = ¥i(1),
i .(1) =0and

rxr 3
1 , , .
— ———— (¥2.,-(0),5(0)) v5(0) = b(0,0).
; ’9033(0”3 <1/}xxx< )71/0( >>VO( ) ( ) )
Theorem 3.5. Let p € (5,00). For every T > 0 the system (3.5) admits a unique solution v € Er

provided that
- F e Ly((0,7); Ly((0,1); R?)) for i € {1,2,3};

- be W,V ((0,7);R?);
- e W ((0,1); (R?)3) and

- 1) satisfies the linear compatibility conditions 3.4 with respect to b.

Moreover, for all T' > 0 there exists a constant C(T") > 0 such that all solutions satisfy the inequality

3
Mg, < C(T) <; 1 20252000 00m2)) + 1Bl 181780 ) oy + ”w‘wﬁ“/”((o,an)?’)) |
(3.6)

Proof. The theorem follows from [30, Theorem 5.4] as the system (3.5) is parabolic and the
Lopatinskii-Shapiro condition is satisfied. These two properties are proven in [14, Section
3.3.2]. O

As a consequence of Theorem 3.5 we have the following

Lemma 3.6. Given p € (5,00) and T positive we define

Er :={y € Er such that fori € {1,2,3},t € (0,T),y € {0, 1} it holds
7H(t,0) = 72(,0) = 7(£,0),9'(t,1) = ¢'(1) 75t y) = 0},

Fr = {(f,b,%) € Lp((0,T); Lp((0, 1); (R*)*)) x W,/ =% ((0,T); R?) x W=7 ((0,1); (R*)*)
such that the linear compatibility conditions hold} .

The map Ly : Ep — Fr defined by

(W + \so&l47$$xm>ie{1,2,3}
— 3 i L\
LT(V) : - (Zz‘zl ﬁ <’7:Zvacac’ V(Z)> V(Z])

Y|t=0

|z=0

is a continuous isomorphism. Hereby, we note that the spaces Er and Fr are closed subspaces of
Banach spaces and thus Banach spaces with respect to the induced norms.
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3.2 Uniform in time estimates

To obtain uniform in time estimates we need to change norms.

Theorem 3.7. Let T be positive, p € (5,00) and o € (0,1 — 5/p). We have continuous embeddings
Wit ((0,7) x (0,1)) = BUC ([0, T}; W= ((0,1))) < BUC ([0,T}; ¢*° ([0, 1])) .

Proof. The second embedding follows from [31, Theorem 4.6.1.(e)]. The first one is shown
in [9, Lemma 4.4] in the case that the interval (0, 1) is replaced by the full space R. From this
the desired statement can be deduced using the extension operator £ € £ (WIf(I ) Wlf (R)),
k € N. O

Proposition 3.8. Let T be positive, p € (5,00) and 6 € (iig , 1). Then

Wy ((0,7) x (0,1)) = CU=P0= ([0, 7] ¢ ([0, 1))
with continuous embedding.

Proof. By [29, Corollary 26], W} ((0,T); L, ((0,1))) < C*=»([0,T]; L, ((0,1))). A direct
calculation shows that for all Banach spaces Xj, X; and Y such that Xy N X; C Y and
lylly < C ||y|]§(_09 Hy||§(1 for all y € Xy N X1, one has the continuous embedding

BUC ([0,T); X1) 0 C* ([0, T); Xo) < C=0 ([0, T];Y) .
For all § € (0,1) the real interpolation method gives

W§(4*4/p) ((0,1)) = (Lp ((0,1)); W;;A/p ((0, 1)))

0,p

and hence using Theorem 3.7 the arguments above imply for all § € (0, 1),
W ((0.7) x (0,1)) = €O (Jo, T WU ((0,1)))
The assertion now follows from [31, Theorem 4.6.1.(e)]. O

Corollary 3.9. Let p € (5,00). For every T > 0,
\HgH!W;A((O,T)X(OJ)) = ‘|gHWpl’4((0’T)><(()71)) + HQ(O)HW;—%((OJ))

defines a norm on I/Vpl’4 ((0,T) x (0,1)) that is equivalent to the usual one.

To apply the Contraction Mapping Principal, it is fundamental to have embedding constants
independent of the time interval (0, T"). This can be achieved by changing norms and making
use of temporal extension operators that will be constructed in the following.

Lemma 3.10. Let T be positive, T' € (0, 1) and p € (5, 00). There exists a linear operator
E: W, ((0,7) x (0,1)) = W, ((0,To) x (0, 1))
such that for all g € Wy ((0,T)) x (0,1)), (Eg) .y = g and

||E9HW1}’4((0,T0)><(0,1)) <Cp (HQHW;A(((),T)X(OJ)) + Hg(o)”wgf‘*/p(()’l)) = C|H9“|Wp1a4((07T)X(071))

with a constant C depending only on p and Ty
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Proof. Givenm € N and a function f € L, ((0,T); W;*((0,1))), the function

f(), te(0,7),
Ef:(0,00) = W;((0,1)), t— T —t), te(T,2T),
0, t e (2T, 00),

yields
& € £(L, ((0,1): W ((0,1))) , Ly (0, 00): W2((0,1)))) -

For an interval J C R we consider the space
oWy (J: Lp ((0,1))) == {h € W, (J: L, ((0,1))) : h(0) = 0} .
It is readily checked that the operator & restricts to
€€ L (W, ((0,7); Ly ((0,1))), (W, ((0,00); Ly ((0,1))))
With €120 a0, Wi La(01)) = 2 Given g € Wy ((0,T) x (0,1)) Theo-

rem 3.7 implies ¢(0) € W;‘f% ((0,1)). Extending ¢(0) to g € W;A/”(R), [30, Theorem 5.5]
implies that the Cauchy problem

ou—+ Au=0,
U\t:O = g(O) )
admits a solution u € WZ}A ((0,Tp) % (0,1)) such that

||u”WI}’4((0,To)><(071)) < C(TOap) Hg(O)HW]f*AI/P((O’l)) )

The function f := u)(o 1) — g lies in (W} ((0,T); L,((0,1))) N Ly, ((0,T); W,((0,1))) and thus
there exists £f € (W, ((0,00); Lp((0,1))) N Ly, ((0,00); W ((0,1))) with (£f),o.1) = f- The
function

Eg:=u—Ef €W, ((0,T0); Ly((0,1))) N Ly ((0,To); W, ((0, 1))

satisfies (Eg), ) = o) — f = gand
”|Eg|||W;’4((0,To)><(0,1)) < C(To,p) ||g(0)||w§‘4/”((0,1)) +4 ||g||W;’4((0,T)><(U,1)) :

The operator F is linear as £ is and as the solution u to the linear initial value problem
depends linearly on the initial value. O

Applying E to every component we obtain an extension operator on W, ((0,T) x (0,1); RY)
for d € N. The following Lemma is an immediate consequence of [31, Theorem 4.6.1.(e)].

Lemma 3.11. Let p € (5, 00). For every positive T,

|||b|||W;/4_1/4p((0,T);R) = ||b||W;/4_1/4p((O,T);R) + |b(0)|

defines a norm on W;/ =i/ ((0,T');R) that is equivalent to the usual one.

13



Lemma 3.12. Let T be positive and p € (5, 00). There exists a linear operator
E W,/ ((0,T); R) — W,/ ((0,00); R)

such that for all b € W;/‘lfl/‘lp ((0,T);R), (Eb)|(g,) = band

VBBl -1t ey S Cor (1Bl 3530 1y 10O = Collblly e

with a constant C), depending only on p.

Proof. In the case b(0) = 0 the operator obtained by reflecting the function with respect to
the axis ¢ = T has the desired properties. The general statement can be deduced from this

case using surjectivity of the temporal trace |;— : Wl/ A ((0,00);R) = R. O
As a consequence for every positive 1" the spaces Er and Fr endowed with the norms
Il = Il 0.0y x 0,1):m2)3) = IVt oy < 0,1350m28) T IV Olpa—tm 1. 2oy
and
IlCf, bﬂﬂ)”’]ﬁ : HfHLp ((0,7);Lp((0,1);(R2)3 )+ 161 1/4 1/4p((0 T):R2) + ‘WH 4/p(( 1);(R2)3)
respectively, are Banach spaces. Given a linear operator A : Fr — E7 we let

AN 2 gy = sURIACL 0 O)lgy = (f,0,4) € B, [[(f,0,9) I, < 13-

Lemma 3.13. Let p € (5,00). Forall Ty > 0 there exists a constant c¢(Ty, p) such that

—1
TES(I(I)%O] ‘HLT {HL(FTJET) < C(T(),p) .

Proof. Let T' € (0,7p] be arbitrary, (f,b,¢) € Fr and Eqb := (Eb) 1) where E is the
extension operator defined in Lemma 3.12. Extending f by 0 to Eq, f € L, ((0,70); Ly ((0,1)))
we observe that (Er, f, Eq,b, 1) lies in Fr,. As Ly and Ly, are 1somorphisms, there exist
unique v € Er and 5 € Eg, such that L7y = (f,b,¢) and L1,y = (E7, f, E7,,b, ) satisfying

LT’Y = (f> b7 ¢) = (ETof7 ET0b7 ¢)|(0,T) = (LTO:?)KO,T) = LT (:74|(0,T))

and thus v = 9,7 Using Lemma 3.6 and the equivalence of norms on Er, this implies

< |||z B, Brb )|

2 (. 0lle, = | (25 B 2 )

|(07T) E To

¢(To,p) | L3, (B, Brbow)||

¢ (To. ) | (En f. Eryb. %) s,

To
c(To, p) (HfHL,, (1)L, (0,17 T+ ]l WA= o Ry T 101l 2P0, 1)R )> '

O]
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Lemma 3.14. Let p € (5, 00) and Ty be positive. There exist constants C(p) and C (Tp, p) such that
forall T € (0,Tp) and all g € W* ((0,T) x (0,1)),

Proof. Let T € (0, Ty) be arbitrary, g € Wy ((0,T) x (0,1)) and Eg the extension according
to Lemma 3.10. Then Eg lies in VVpl’4 ((0,Tp) x (0,1)) and Theorem 3.7 implies

BUC([O,TO];W;?J/p((oal)))
< C(To,p) ||E9||W1}’4((0,T0)x(0,1))
< C(Ty,p) ”|g|”wz}74((07T)><(0,1)) )

The first inequality follows from [31, Theorem 4.6.1.(e)]. O

Lemma 3.15. Let p € (5,00), 0 € (iiﬁ, 1) and Ty be positive. There exists a constant C' (Tp, p, 6)

such that for all T € (0,Tp) and all g € Wp"* ((0,T) x (0,1)),
Hg”c(l—")(l‘l/?’)([O,T];Cl([o,l])) < C(To,p,0) H|g”|WZ}’4((0,T)x(0,1)) :

Proof. Similarly to the previous proof it holds for T" € (0, Tp] and g € W,"* ((0,T) x (0,1)),

||g||c(1—9)(1—1/17)([07T];Cl([071])) < HEgH0(1—9)(1—1/17)([0’T0];Cl([0,1]))
< O (To,.0) 1B gl 001
< C(Tp,p,0) H’gH‘WZ}A((O,T)X(O,l)) :

For T positive and p € (5, 0c0) we consider the complete metric spaces
E7 := {7 € Ersuch that ;¢ = go} ,
FY :={(f,b)such that (f,b,¢) € Fr} x {¢} .

Given a positive time 7" and a radius M we let

B ={v€Br:lhllg, <M} .

Lemma 3.16. Let p € (5, 00) and Ty, M be positive and

1 4
‘= — mi inf |} > 0.
€T3 ié?%,glﬁ} xér[b,l} [Pe (@)l
There exists a time T (¢, M) € (0, Ty] such that for all v € E?. 0 By with T € (0,T (¢, M)] and all
i € {1,2,3} we have ‘
inf Ive(t,z)| > c.

te[0,7],z€[0,1] T

In particular the curves v (t) are reqular for all t € [0, T). Moreover, given a polynomial p in || =1
there exists a constant C* > 0 depending on ¢ such that

()| <@
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Proof. Let 6 € (iﬂ;” 1) be fixed and « := (1 —6) (1 —1/p). Given T € (0,Tp] and v €

E? N By we have fori € {1,2,3},¢t € [0,T], = € [0,1],
()] = [eh(@)] = et 2) = 5(0,2)] = 2e = [ = 7 (0) | en oy -
Lemma 3.15 implies for all ¢ € [0, T,

IV = 7O o < 1 e orrcnqon < TC (To.0) I, < T*MC (To,p) -

The claim follows considering T so small that T*MC (Tp, p) < e. O

3.3 Contraction estimates

In the following we let 7 = 1 and T = T(e,M) € (0,1] be as in Lemma 3.16. Given
€ (0,T (c,M)] and p € (5, 00) we consider the mappings

NTJ : .
v = () = (F1(7))ieq1,2,3) 5
E2N By — Wy ((0,T):R2)

v = b(7)

{E? By — Ly((0,T); Ly((0, 1); (R2)3))
NT72 :{

where the functions (%) = f*(Yigas Yines Vies 73) ad b(7) = b(Yazs, ) are defined in
§3.1.

Proposition 3.17. Let p € (5,00) and M be positive. For every T € (0,T (¢, M)] the map N is
well defined and there exists a constant o € (0, 1) and a constant C depending on c and M such that
forall v,5 € EZ. N By,

||NT,1('Y) — Nra (%)HLp((O,T);Lp((O,l);(R2)3)) <C(e,M)T|y— ﬂ”ET .

Proof. Given vy € Ef. N By every component f* (7*) is of the form
2 2

o . 1
7 (77) = (W P |4) Ve 4P (W,m;,v;m;m) ,
T T T

where p is a polynomial. The precise formula is given in [14, Lemma 3.23]. Denoting by p
any polynomial that may change from line to line the Lemmas 3.14 (with 7 = 1) and 3.16
imply for v € E7. N By with constants C > 0 depending on ¢ and some & > 0,

1
H < 7’71:’7$(I)7’y33$$> ( ’FY.I”VZEJJ?/}/Jf‘TZ') (t’x)
[z Ly((0.T)Ly((0,1))) [z
<TC(c (H7 HBUC ([0,T1:C3(0,1);R2)) T 1) <TC(c (Hh MW“( (0,7)x(0,1;R2) T 1)
<TC(9) (I, +1) < TC () (M*+1) .

p p

dx dt

16



And similarly,

2 2 . p 2

H( 714 i 4) PY;:mcx P4 i |4 ".YISCCL‘I‘p de dt

leu* 1 Lp((0,7):Ly((0,1):R2)) It el

1 1 Y
<C'| sup — 5T sup I / / |’y§mm’ dx dt
we0.1] |01 " teo.1],2€(0,1] I’yﬁ;l o Jo
QP

<Cfc H%cmmHL,,( (0.7): Ly (0,1):R2)) = C (o)l |HW,}’4((O7T)><(O,1);R2) < C(e) MP.

This shows that N ; is well defined.
To prove that N is Lipschitz continuous we let v and 7 in EZ. N By be fixed. All detailed
formulas are given in [14, Proposition 3.28]. The highest order term is of the form

. . . . 1 1 w . 1 1 -
WH%%M%W—%MNQ%H%O+mgﬂﬁw<%VMO%m

and can be estimated as follows using Lemma 3.16 and Lemma 3.15 with some fixed coeffi-
cient § € (}:Zﬁ, 1) and a := (1 —6) (1 — 1/p):

H(“P:Zw:’ - ’7;‘) (V;xa:m - V:Zva:;rz) p <ia z)

I | |vel

<6l te[O,Is“}l,lfe[O,I] [02(2) =2t )| [owme = Foweell 1, 029,20 10)

< CeT” te[O,;]L,lfe[O,I] w ‘%@(t,x) B %ZC(O’:B)‘ th B WZH‘"Vz}'él((@vT)X((J,l);R2)

< C(e)T* sup t |4 (1)
te[0,T]

< COT |Vl onoarerqoaey 17 = Fller < COT Il 4oz o ayms Iy = Tl
< Cle)MT*|ly = Tllg, -

Lp((0,T);Lp((0,1);R?))

0)“01([071];R2) Hh/ - ?“‘ET

Similarly,
~ i 1\ i _~i|x
H (Pl =zl e <|m m) (L L C - TN -
<CeM  sup |(n(t2) = Tt ) — (1%(0,2) = 7,(0,2))]
t€[0,7],2€[0,1]
<C(e)MT® S[%pT]t “ H( =7'(t) = (+'(0) — §Z‘(O))Hcl([0,1];R2)

< C( MTa H’Y _’Y Hca ([0,T);C*([0,1];R2)) < C(C) MT&‘H’V_%“]ET .

By the proof of [14, Proposition 3.28] all the other terms of f* (') — f* (3) are of the form

) a-a

where p; is a polynomial and (a — @)’ is either equal to the j—th component of 9%~ — 9¥7
for k € {1,2,3} or equal to hi,rl - H;rl with a natural number [ > 1. Using Lemma 3.14

. . . R o

2 2 3 2 (3 (2 (3
> 5 (Ve Vo Vi [ A A Toa
=1
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with Ty = 1 the polynomial can be estimated in supremum norm with respect to time and
space by

C(c)| < C(e) M™t™

W"gUC([o,T];CB([o,u;Rz)) ‘W"EUC([O,T};C:%([OJ};W))

for some natural numbers m and m € N. Moreover for k € {1,2, 3},

sup a;:g'yi(tvx) - 85;71(@55)‘ < H'VZ - aiHBUC([O,T];C?’([O,I];]R?)) <Cllv - %”ET

t€l0,7,2€[0,1]

and by an identity given in the proof of [14, Proposition 3.28],

i1t |z -1 _ i | P11 =1

te[oﬂs“ffe[&l} (m‘ hw‘ ) te[O,YS“]l,lfe[O,l] (}%‘ m}) P O%‘ "%’ )
< A~ i1—1 j~i—1 <C o~ ‘
= o e — 7| p (m\ |7 ) <@y —Allg,

This shows the estimate

i A il i~ | —1) ~\j 1p =
j ) 5 ; ) 5 ; 5 a—a < T/°C C, M — .
Hpj (7&; Yaz> Vzzz ’7x‘ Yas Vs Yoz ‘7&:‘ ( ) Lp((O,T);Lp(O,l)) ( )“h/ ’Y‘”IE‘,T

O
To prove the analogous result for the boundary term we make use of the following Lemma.
Lemma 3.18. Letp € (1,00),d > 1, T be positive and 0 < o < 3 < 1. Then
o ([O,T];Rd> o W ((O,T);Rd>
and there exist positive constants o = o(a, 8), C (p, a, ) such that for all f € C” ([0, T; Rd),

||f||W]g((o,T);Rd) <C (p’av B) To(aﬂ) HfH(,*B([(LT];Rd) .
Proof. The assertion follows directly by estimating the respective expression. O

Lemma3.19. Let d > 1, T be positiveand 3 € (0,1). Given F € C? (R%;R) and f € CP ([0,T]; R?)
with f([0,T]) C K for some compact convex subset K C R?, the composition F o f lies in
CP ([0, T); R) and satisfies the estimate

[E o flesqorimy < I1Fleracmy 1 lles o.07ma) -
I g is another function in CP ([0, T}; RY) with g ([0, T]) C K, it holds

I1F o f = F o glleso.rr)

< max{l, [f]Cﬂ([O,T];Rd) + [g]cﬁ([07T];Rd)} HFHCZ(K;]R) Hf - g”cﬁ([O,T];]Rd) .
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Proof. The first assertion follows directly using the fundamental theorem of calculus and
convexity of the compact set K. Given ¢ € [0,T] we define the function H € C° ([0, T]; R?)

by
1
1) = [ (V) () + (1= )glt) dr
and observe that HHHCO([O,T};Rd) < [[Fller(gry- As the function VF € C' (R%;RY) is Lip-

schitz continuous on the compact set K with Lipschitz constant 0 < L < [|F[|c2(x.r), We
obtain H € C# ([0, T]; R?) and

Hlos oz = sup 1= s| 7 |H(t) — H(s)]
s,te

< sup Jt—s|” / (VE) (r£(t) + (1 7)g(t)) — (VE) (r£(s) + (1 - 7)g(s)] dr

s,t€[0,T7]

< sup |t—s| 7 1 Fllen ey / FIF) = F(9)| + (1 =) |g(t) — g(s)| dr
s5,t€[0,T) 0

<IFlle2kmy [f]cﬁ([(LT];Rd) [9]06([077“];]1@) :
In particular using (F'o f) (t) — (F og) (t) = H(t) - (f(t) — g(t)) we conclude that
[F' o f=Foglleomr < HHHCO([O,T};RQ [ 9”00([07T1;Rd)
< Fllezremy 1S — g”cﬁ([o,:r];md)
and

[E'o f = Foglos(jor)ra) = o [t — s P H (D) - (f(1) = g(1) = H(s) - (f(s) — g(5))]

< [H]cﬁ([o,T];Rd) If — g”co([o,T};Rd) + HHHCO([o,T]) [f — g]Cﬂ([O,T];Rd) .

O
Lemma 3.20. Let T" be positive and p € (1, 00). Then the operator
1.4 . 1/4—1 .
Wyt ((0,7) x (0,1);R) = W ((0,T)R) ;v = (Yaws) jpmo
is continuous.
Proof. This follows from [30, Theorem 5.1] and Remark 3.3. O

Proposition 3.21. Let p € (5, 00) and M be positive and ¢ := |p(0)|. For every T € (0, T (¢, M)
the map Nr o is well defined and there exist constants o € (0,1) and C (¢, ¢, M) > 0 such that for
all v, 5 € EZ. N Byy,

INT2(v) = N1z ()l 1781720
p

((0,T);:R?) <Cle,e, M)T Iy = Fllg, -

Proof. Given T € (0,T (¢, M)] and ~ € E¥ N By the expression b(y) = Nz (7) is given by

3 3
Z ‘ ‘3 <%&x1’7 VO + Z ‘ 1‘3 <7m::c7 A i %Z
CE =1

=1

gs.

19



where all functions on the right hand side are evaluated in # = 0. Lemma 3.15 with 7j = 1
and some fixed 6 € @ﬂ?” 1) imply +* € C? ([0,T]; C* ([0,1]; R?)) with 8 := (1 — ) (1 — 1/p) >
1/4 — 1/4p =: o and

(& HC/:’(OT} O ([0, 1)iR2)) = |l “‘W14((0,T)><(0,1);R2) < Clllg, < C(M).

This implies in particular 7% (0) € C” ([0, T]; R?) and with Lemma 3.16 we conclude ~% (¢, 0) €
Be (¢1,(0)) =: K forall t € [0,T)]. For j € {1,3} the function z v |z|™ = (a7} —i—ac%)fj/2 is
smooth on R? \ {0} and can be extended to a function F/ € C? (R?;R) such that Fle =17
Lemma 3.19 implies t — |7i(t,0)] € C?([0,T};R) for j € {1,3}. Since v’ = R(m|>
with R the rotation matrix to the angle %, we may conclude t — v(t,0) € C? ([0,T};R?)

as Holder spaces are stable under products. As W;/ A= ((0,T); R?) is a Banach algebra
the preceding arguments combined with Lemma 3.20 imply that N is well defined. To
derive the estimate we let v and 7 in E¥. N B); be fixed and note that V=0 = Vji=0 = ¥
implies Nt 2 ('Y)|t=0 — Nrp W)\tzo = 0. Thus the terms need to be estimated in the usual

sub multiplicative norm on W;/ A=/ ((0,T); R?). In [14, Proposition 3.28] it is shown that
b(y) — b (¥) can be written as

3 3
1 » . i . 1 . . . i
Z‘TQV;::EWVZ_VZ>V1+ZT<7;9M;V1>(VZ_VZ)
izl ’YI‘ i—1 h’x|
301 . . 3 . . o
+ZT<(;%:xw7V;xx)vyéiyl>yé+2f3<(ﬁ;rz77;33:x)’yz>(V(Z]iyz)
2 7] 2 7]
3

» ~. y 1 y ) -
+Z (”Y AERNET ’3> (Vaaa: V') V' + § : <|<p EREE ) (Fraz = Vozar V') V'
xX xX x

Vi |3

evaluated at x = 0. Observe that by Lemma 3.10 and Lemma 3.20 with 7) = 1,

<

ny;m(O) ~ Yz (0) Hwa ((0,T);R2) — H( )xa:a: - (E'Y )a:a:ac (O)HWg((o,T);W)
< H (E (Vi - A’yﬂb)):p:px HW;((O,TO);RQ) < C(To) HE (7 - 7 HWZ}A((O,TO)X(O,I);RQ)

C p)m’}/l - ;)72'|HW;}’4((O,T)><(O,1);R2) <Ol — 7’|‘ET :

The same estimate shows ||y (0 N ooy < C(p, M). Moreover, Lemma 3.19 implies
zoz U llwe ((0.7)R2) P

|hio) ML = [[F7 (30)) = 77 (7200) | e o 13y

)]l (0.11R2) T [720)| s ([0,T};R?) HIF | e (K;R) [72(0) = 7 0)“0,@([0771};]1{2)
<C(M HF]HCQ(KR v =Allg, < C(e,¢; M) [y = Allg,

1|
Ch( ([0,71R)

for j € {1, 3}, and similarly,

<C(e,e, M) .

Hh;(o)‘_jHCﬁ([O,T];R) -
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As the Holder norm is sub multiplicative, we obtain in particular

[0 = 7 (0) | s < |21 = FEO] |, 1720 gs + 17Ol go | 1175(0) = F2(0) | s

< C(e,e, M) Iy = Fllg,

o]

and similarly ||v(0)]| C(o.1)R2) < C (e, ¢, M'). Combining these estimates with Lemma 3.18
we conclude that there exists o € (0, 1) such that each summand of the expression b () —b (7)
is bounded by

¢ (Cv ¢ M) TU”W - :7“|ET :

O
Corollary 3.22. Let p € (5,00) and M be positive. There exists T (c,c, M) € (0,7 (¢, M)] such
that for every T € (0,T (¢, ¢, M)] the map

KT : (E? N Ev H||||ET) - (Efﬁ H||||ET> ) v = KT(’Y) = L;l (NT,I (’7) 7NT,2 (7) 7(10)
is a contraction.

Proof. Given T' € (0, T(e,M)] and v € EY. N By a direct calculation shows that the ad-
missible initial parametrisation ¢ satisfies the linear compatibility conditions with respect to
Nrao(7). In particular, (N71 (v), Nr2(7),¢) € Fr and the map K7 is well defined. More-
over, Lemma 3.13 with Ty = 1 and Proposition 3.17 and 3.21 imply for all vy, 7 € E“; N By,

K7 (v) = Kr (Dllg,. < o L7 ey oy l(N72 (V) = N2a(3), Nra(v) = N12(3), 0) I,
€0,
<CP) N7 (V) = Nra@)ll L, 0.1y, (0,529 T INT2(Y) = Nr2()lly 1710 7 o
<C(e,e, M)T?|ly = Alg,. -
O

Lemma 3.23. Let p € (5,00) and Ty be positive. Given T € (0,Tp) there exists Ep € E¥. such that
Iewlle, < C (To,) 9l 540 0.,

Proof. Let T € (0,Tp] be given and b := —u 32| 74(0) with 74(0) the unit tangent to ¢’ in
x = 0. As ¢ is an analytically admissible initial network we conclude that (0,b,¢) € Fr.
Theorem 3.5 and Lemma 3.13 yield

Ep = L3 ((0,b,0)) € EZ

with
€@l < € (T0) (Ibll a0 g9y + 1015 01y ) -

The claim now follows from

HbHW;/‘*‘l/‘*P((o,T)) < Té/p 0] < C (To, ) |zl 0,123y < C (To, €) ||80\|W;1—4/p((071)) :
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Proposition 3.24. There exists a positive radius M depending on the norm of ¢ in W;L e ((0,1))
and a positive time T (¢, ¢, M) such that for all T € (0, T (c, ¢, M )] we have a well defined map

Kp:EZNBy —EZN By .

Proof. As (E¢),—y = ¥ and ¢ is regular, Lemma 3.15 yields that there exists a time T =
T <c, I gp||W4,4/p ) such that for all ¢ € [0,7], £¢'(t) are regular curves to which the oper-
p T ((0,1))

o

ator N, can be applied. We define

(NT,1(5¢)7 NT,2(580)a 90> ’

M = 2max{ sup H‘LCFIML(IFT,ET)’ 1} max {H&PHET’ )
Te(0,7)

In particular, E¢ lies in Er N By, for all T € (0, ’f’] Moreover, for all T" € (0, T],

1 €Mz, < s 1157 e IV (€0): Nra (€6) 9l < M2
S )

Let T'(c, ¢, M) be the corresponding time as in Corollary 3.22. GivenT" € (0,T (¢, ¢, M) A )
and v € EZ. N Bj; we observe that for some o € (0, 1),

157 (v) = K1 (€)llg, < C (€6, M) Ty = Elllg,. < C (e, e, M)T72M .

We choose T(c,¢,M) € (0,T (c,c, M) A T] so small that C (¢, ¢, M) T72M < M/2 for all
T € (0,7 (e, ¢, M)]. Finally, we conclude for all T € (0,T(c,c, M)] and v € EZ. N By,

KT (e, < I1Er(7) = Kr(EQ)lle, + 1K1 (EP)lg, < M/2+M/2= M.

O]

Theorem 3.25. Let p € (5, 00) and ¢ be an admissible initial parametrisation. There exists a positive
time T () depending on mine(q 231 2e0,1) 1% ()|, |¢2(0)] and Hcp||W;_4/p((0 ) such that for all

T € (0,T(p)] the system (3.2) has a solution in
Er =W, ((0,T); L, ((0,1); (R*)?)) N Ly, ((0,T); W, ((0,1); (R*)?))

which is unique in E1 N By where

L —1
M = 2mas {Ti?é?n - 1} w1l I(¥11(59), M12(9), e, } -

Proof. Let M and T (¢,¢, M) be the radius and time as in Proposition 3.24 and let T' €
(0,7 (e, ¢, M)]. The solutions of the system (3.2) in the space Eq N By are precisely the fixed
points of the mapping Kz in EZ. N By. As K is a contraction of the non-empty complete
metric space E% N By, existence and uniqueness of a solution follow from the Contraction
Mapping Principle. O
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4 Parabolic regularisation for the Analytic Problem

In this section we show that every solution to the Analytic Problem (3.2) is smooth for pos-
itive times. To this end we use the classical theory in [30] on solutions to linear parabolic
equations in parabolic Holder spaces. The definition and properties of these spaces are given
in [30, §11, §13].

Lemma 4.1. Let p € (5,00) and T be positive. There exists o € (0, 1) such that for all v € Er,
Yy Yy Yex € C%’a ([O7T] X [07 1]; (R2)3)

and
t i v (t,0) € CT1 ([0, TT; (R2)?) .

Proof. In the proof of Proposition 3.8 it is shown that for all § € (0, 1),
By < COZ0020) ([0, 7] wiG=) ((0,1); (R%)?) ) . (4.1)

1+1/p
1—/p

In particular, there holds for all § € ( , 1) the continuous embedding

Ep — ¢(1=0)01-1) ([0, 77; oL ([0,1]; (R2)3)) .

1+1/p 2—4/p
1=/, 1-4/,

(1 —6)(1— 1/p) > 3. In particular, we obtain for all v € Er and « € (0, 1),

Any parameter 6 in the interval ( ), which is non-empty for p € (5, c0), satisfies

ve € CT1 ([0, T);C° ([0, 1]; (R%)) .

The embedding (4.1) and [31, Theorem 4.6.1.(e)] imply for all § € (iﬂg , 1) ,

Er — ¢U=00=0) (jo, 7); €% ([0, 1]; (R?)?)) .
As (1-0)(1—1/p) > % for all values of # in the non-empty interval (ifzz, iizz ) , we obtain v,

Yar Yoz € Cd ([0,7);C° ([0,1]; (R?)?)) for ally € Ey and all € (0, 1). Finally, Theorem 3.7
gives for all a € (0,1),

Y%, Yex € CY ([0, T];CT ([0,1]; (R?)?)) < C° ([0, T];C* ([0, 1]; (R%)?)) .
O

Proposition 4.2. Let p € (5,00), T be positive and ¢ be an admissible initial parametrisation.
Suppose that v € Er is a solution to the Analytic Problem (3.2) in the time interval [0,T] with
initial datum o in the sense of Definition 3.2. Then there exists o € (0, 1) such that for all ¢ € (0,T)),

y e CHEMe (e, T) % [0, 1]; (R?)?)
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Proof. Lete € (0,T) and n € C§° ((0,00);R) be a cut-off function with n = 1 on [¢,T]. Itis
straightforward to check that the function g = (g%, g2, g*) defined by

(t,2) = g'(t @) = n(t)y'(t, @)

lies in W,* ((0,7) x (0,1); (R?)*) and satisfies a parabolic boundary value problem of the
following form: Forallt € (0,7),z € (0,1),y € {0,1} and i € {1,2,3}:

gi(t, .’IJ) + mg;xv’m(t? .’IJ) + f (’Yalc? ’Y;':a:v gé? g;xv g;x:c) (tv $) = nl(t)ﬁyi(ta .’L‘) )
gl(tao)_g2(t70) =Y,
gl(t,O)—gg(t,O) =Y,
g'(t,1) = n(t)¢'(1),
Jra (t, y) =0,

3 , o 3 ,
=1 (5 (G ) V) (150) = 0(t) =Ly b (7i(t,0))
gi (07 l‘) =0,

. (4.2)
where h : (R?\ {0}) — R? is smooth and v'(¢,0) := R <|3%88§|) with R the counter clock-
wise rotation by 7. Moreover, the lower order terms in the motion equation are given by

f (7;:’ ’7;:% 9> gzm’g;::cm) (t’ l‘) - - 12% ;zz -8 3;:56 <g;zzv 7;:>
. . S\ 2
B Y G el Y LI
[751° 75 1® al? )

The boundary value problem is linear in the components of g and in the highest order term
of exactly the same structure as the linear system (3.5) with time dependent coefficients in
the motion equation and the third order condition. In particular, the same arguments as
in [14, §3.3.3, §4.1.2] show that the Lopatinski Shapiro condition is satisfied where in the case
y = 0 one uses that the networks satisfy the non-degeneracy condition for every ¢ € [0,7].
Exactly as in [14, §3.3.2] we write the unknown g as g = (¢*, 6%, ¢°) = (u', v, u?, 0%, u?,0?)
and observe that with the choices t; = 0, s;, = 4 for j, k € {1,...,6} the system is parabolic in
the sense of Solonnikov (see [30, page 18]). The complementing condition for the initial value
is trivially fulfilled. In order to apply the existence result in Holder spaces [30, Theorem 4.9]
with =4+ «, a € (0, 1), it remains to verify the regularity requirements on the coefficients
and the right hand side. We observe that there exists > 0 such that for all i € {1, 2, 3},

te[O,Cll’}I,lafe[O,l} ha(tz)l 2.
As Holder spaces are stable under products and composition with smooth functions, the
regularity requirements follow from Lemma 4.1. As 7(0) = '(0) = 0, the initial datum 0 sat-
isfies the linear compatibility conditions of order 4 with respect to the given right hand side.
By [30, Theorem 4.9] the problem (4.2) has a unique solution g € € 1" 4+ ([0, T] x [0,1]; (R?)?).
The function § solves the system (4.2) also in the space W,* ((0,T) x (0,1); (R%)?). The
uniqueness assertion in [30, Theorem 5.4] implies that g = g. This shows the claim as g is
equal toy on [g,T] x [0, 1]. O
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Theorem 4.3. Let p € (5,00), T be positive and o be an admissible initial parametrisation. Suppose
that v € Er is a solution to the Analytic Problem (3.2) in the time interval |0, T with initial datum
@ in the sense of Definition 3.2. Then the solution ~ is smooth for positive times in the sense that
v € C*™ ([&,T] x [0,1]; (R*)?) for every e € (0,T).

Proof. We show inductively that there exists a € (0, 1) such that forall k € Nand ¢ € (0,7,
7€ CTRIAI (e, ] x [0,1]; (B)?)

The case k = 1 is precisely the statement of Proposition 4.2. Now assume that the assertion
holds true for some k € N and consider any ¢ € (0,7). Let n € C§° ((¢/2,00); R) be a cut-off

2k+24«o

function with = 1 on [¢, T]. By assumption, y € C~ 1 2*T2%% (/2 T] x [0, 1]; (R?)3) and
thus

(t,2) = g(t,x) = n(t)y(t,x) € C* 7 22+ ([0, 7] x [0, 1]); (R?)?)

is a solution to system (4.2) in [0, T'] x [0, 1]. The coefficients and the right hand side fulfil the
regularity requirements of [30, Theorem 4.9] in the case | = 2(k + 1) + 2 + a. Asnl)(0) = 0
for all j € N, the initial value 0 satisfies the compatibility conditions of order 2(k + 1) + 2
with respect to the given right hand side. Thus [30, Theorem 4.9] yields

g e Cw,z(k+l)+2+a ([O,T] « [07 ”; (RQ)?’) '

This completes the induction as g = v on [, T|. By definition of the parabolic Holder spaces
(see also [14, §2.1.2])

() ¢ E= 264240 ([, 7] x [0, 1]; (R?)?) = 0 (e, 7] x [0, 1]; (R2)?) .
keN

5 Geometric existence and uniqueness

5.1 Geometric existence and uniqueness in Sobolev spaces

In Theorem 3.25 we have shown that given an admissible initial parametrisation there exists
a unique solution to the Analytic Problem (3.2) in some short time interval. This section
is devoted to prove that the Geometric Flow, namely the merely geometrical problem (2.5),
possesses a unique solution in the sense of Definition 2.11 provided that the initial triod is
geometrically admissible.

Theorem 5.1 (Geometric Existence). Let p € (5, 00). Suppose that T is a geometrically admissible
initial triod as defined in Definition 2.13. Then there exists a positive time T and a family (T(t)) e (o 1
of triods solving the elastic flow (2.5) in [0, T'] with initial datum Ty in the sense of Definition 2.11.

The family of networks (T¢) (o ) is parametrised by one function v € Er.

Proof. Let P!, P? and P3 denote the fixed endpoints of the triod Ty. Suppose that there
exists an admissible initial parametrisation ¢ = (o', ¢?, ¢*) for system (3.2) such that ¢
parametrises Ty with ¢!(0) = ¢?(0) = ¢*(0) and ¢'(1) = P for i € {1,2,3}. Then by
Theorem 3.25 there exists a positive time T and a function v = (v%,~4%,7%) € Er solving
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system (3.2) with initial value . It is straightforward to check that T(¢) := v (¢, [0, 1]) with
t € [0,T) is a family of triods solving problem (2.5) in [0,T") with initial network Ty in
the sense of Definition 2.11 as each curve ~(t) is regular according to Lemma 3.16. Thus
it is enough to prove that Ty admits a parametrisation ¢ = (¢!, 9%, ¢?) that is an admis-
sible initial value for system (3.2). We proceed analogously as in the proof of [14, Lemma
3.31]. Let 0 = (o',0% 0%) be a parametrisation for Ty such that every o is regular and
ol e Wy ((0,1);R?) for i € {1,2,3}. We may assume that 0'(0) = ¢%(0) = ¢°(0)
and ¢'(1) = P! fori € {1,2,3}. Lemma 5.2 implies for every i € {1,2,3} the existence
of a smooth function #° : [0,1] — [0,1] with 6°(0) = 0, 6%(1) = 1, 05(0) = 0(1) = 1,
01,(0) = — ks (92,(0),04(0)), 02, (1) = — ki (0%,(1),0%(1)) and 62 > L on [0,1]
As 6" is a smooth diffeomorphism of the interval [0, 1], the chain rule for Sobolev func-
tions implies ¢’ := o' 0 6" € W, ((0,1); R?) and by direct estimates one obtains also ¢’ €
W;l —Y ((0,1); R?) for i € {1,2,3}. Moreover, ¢ satisfies the concurrency, the third order
and the non-degeneracy conditions at y = 0 and ¢ (x) # 0 for all € [0,1]. Finally, we
obtain for y € {0,1},
1

0hn(y) = 0hr(y) + 0b (1), (y) = EIOIE (0bn(y), 0% (y)) ouy) + oh(y)bin(y) = 0.

This shows that ¢ = (¢!, p?, ¢?) is an admissible initial parametrisation for (3.2). O

Lemma 5.2. Let a, b € R. There exists a smooth function  : [0,1] — [0, 1] such that 6(0) = 0,
0(1)=1,60,(0)=0,(1) =1, 0,:(0) = a, 0,,(1) = band 0,(x) > éfor all x € [0,1].

Proof. We let p and ¢ be the second order polynomials on R determined by the constraints
p(0) = 0, pe(0) = 1, pz2(0) = aand ¢(1) = 1, g»(1) = 1, gzz(1) = b, respectively. Let
& € (0,1/6) be such that for all = € [0,35], p(z) < 1, pz(z) € [2,2] and forall z € [1 — 35, 1],
q(z) > 2, and g,(z) € [2, 2]. We define a function f : [0,1] — [0,1] in C®! ([0, 1];R) by
p(x) x<0,34],
flx) =< g(x) z€[36,1-3d],
q(z) =z e€[l-236,1],

where g is the linear function connecting p(36) and ¢(1 — 39). The function f is differen-
tiable almost everywhere and satisfies f,(z) > 3 for almost every = € [0,1]. Let (¢°)_,
be the Standard-Dirac sequence on R. Then for every € > 0 the convolution f * ° lies in
C* ([0,1];R) and the sequence (f *1)°) converges to f in C ([0,1];R) as € \, 0. Moreover,
for almost every = € (¢,1 — ¢) we have

| =

1

(F20). @) = [ ')l =iy =
Let n € C5°((0,1)) be a cut-off function satisfying 0 < n < 1on [0,1], » = 1 on [2§,1 — 2/],
suppn C (6,1 —8) and |9¥n|< Cx0~* for all k € N. Furthermore, we let ¢ < § be so small that
I1f 4% = flleqor) < &'5- We define 6 : [0,1] — R by

0(x) := (1 —n(x)) f(2) +n(z) (f *¢°) (z).
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It follows from the construction that 6 is smooth on [0, 1] and satisfies the constraints at the
boundary points. For z € [0,6] U [1 — 6, 1] it holds that 6, (z) = f.(z) > 2. By the choice of
we have for every z € (4,26) U (1 — 20,1 — ),

1
3
(P, @) = [ W ofale—enidy = 5.
Thus for almost every = € (§,20) U (1 — 24,1 — ), we obtain

0:(x) = folx) +n(2) ((f * %), (@) = fo(2) +12(2) (f %9 (2) = f2) =2 7 —5 — ==

Moreover, observe for almost every x € [26,1 — 20] C (e,1 —¢),

N |

Ou(x) = (f x9°), (z) =

By continuity of 6, the estimates hold point wise in the respective sets. As #(0) =0, 6(1) =1
and 0 is increasing, there holds 6([0, 1]) = [0, 1]. O

Lemma 5.3. Let T be positive, p € (5,00) and f, g € Ly, (0,T; W, ((0,1))) N W, (0,T; Ly, (0,1))
such that for every t € [0, T] the function g; : [0,1] — [0,1] is a C'~diffeomorphism. Then the map
h(t,z) := f(t,g(t,x)) lies in L, (0,75 W7 ((0,1))) N W, (0,T; Ly (0,1)) and all derivatives can
be calculated by the chain rule.

Proof. By Theorem 3.7 both f and g lie in BUC ([0,T7; C? ([0,1])) which implies
h € BUC ([0,T}; C ([0,1])) < Ly ((0,T); W, ((0,1)))
using chain rule and directly estimating the terms. For every ¢ € [0, 7] and z € [0, 1] it holds

93 (h(1)) (x) = (932) (9:(2)) (D2ge(2))°+3 (93 f2) (90(x)) D391(2)Dugi (@) +039:(x) (D fs) (ge())

where f; ;= f(t,-) and ¢; := g(t,-). There exists a set N C (0,7) of measure 0 such that
for every t € (0,T) \ N, the functions = — 83 f;(z) and z — 92g,(x) lie in W} ((0,1)).
Givent € (0,7) \ N the map g; is a C'-diffeomorphism of (0, 1) and thus [1, Theorem 3.41]
implies that also z — (93 f;) (g:(2)) lies in W, ((0,1)) with derivative (02 f1 0 gt) Opge. As all
remaining terms in the formula for 93h(t) lie in C* ([0, 1]), the Banach algebra property [1,
Theorem 4.39] of W, ((0,1)) implies d2h(t) € W, ((0,1)) and thus h(t) € W, ((0,1)) for
every t € (0,7) \ N. Directly estimating the norms one easily obtains that ¢ — 92h(t) lies
in L, (0,73 W, ((0,1))) and hence h € L, (0,T; W, ((0,1))). In the next step we show that /
lies in W, (0,7 Ly, ((0,1))) with distributional derivative

h(t)(@) := ht,x) = (Bf) (8, 9(t,2)) + (Baf) (1, 9(t, 2)) Brg(t,x) € Ly ((0,T); L ((0,1))) -
To this end let ¢ € C§5° ((0,7); R) be a fixed test function. To conclude that

T T
| woae=— [ Rl ar in L, ((0,1))
0 0
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it is enough to show that the two integrals are equal for almost every z € (0,1). Suppose
that suppy = [a,b] C (0,T). Then for every x € [0, 1],

b b 1
[ neas = [ it tim 2 e+ o) - v ar
Ctim [ Lkt — e, — Bt 2)) p(6) i

e—=0 J, €

Observe that for every ¢ € [a,b], ¢ € (0,a) and z € [0, 1],

1 1
g (h(t -5 33) - h(ta :E)) :g (f (t -5, g(t -5 I’)) - f (t - g(tv .CC))) (51&)
1
Using the fundamental theorem of calculus the term in (5.1a) can be written as

1

2 [ @p—eratt— )+ (1= Dg(t.a) dr (ol =) — glt.2)

There exists a subset N' C (0, 1) of measure 0 such that for all z € (0,1) \ NV the functions
g (-,x) and f (-, 2) lie in W ((0,T)) with distributional derivative 8 (-, ) and 0, f (-, z), re-
spectively. The difference quotients t — 1 (g(t,z) — g(t — €, z)) converge to t — Og(t, )
weakly in L, ((a,b)) for every z € (0,1) \ N. As 0,f and g are uniformly continuous on
[0,T] x [0,1], it is straightforward to show that
lim sup sup [(0xf) (t - 7g(t —&,2) + (1 —7)g(t,2)) — (0f) (£, g(t, x))| = 0.
=0 t€la,b],z€[0,1] T€[0,1]
As t — (0:f) (t,g(t,x))Y(t) lies in Ly ((a,b)) for every x € [0,1], we conclude for every
z € [0,1] \ NV in the limite — 0,

b b
[ 2 a-elt-ca) - - gt o) b0t >~ [ (0. (t.g(t.0)ug(t, 20t

To estimate the term in (5.1b) we observe that for every y € (0, 1)\, the difference quotients
t— L1 (f(t,y) — f(t—e,y)) converge to t — 8, f(t,y) weakly in L, ((a,b)). In particular, for
every y € (0,1) \ V and a € C*°(R) it holds

b
ing [ (27 = ) = 1000+ 00) (2)) 00) @90 (5 )

e=0J,

o (gt_l(y)) dt=0.

Using dominated convergence, Fubini’s Theorem and the transformation formula we obtain

e—0

1 b
o=tim [ [ (2070 = 0+ @) 4)) 900 @r0) (0 0) [ e o () ey

e—0

) 1 b 1
~tm [ ] ( (F(t e, g(t,)) — £t g(t,2)) + (Of) (1 (. x>>) b(t) dt a(z)ds

and thus, using the Fundamental lemma of calculus of variations, we get for almost every
z e (0,1)
b

b
lim [ 2 (f(t— e g(t.2) — F(tg(t,2)) () dt = / (O0f) (1, g(t,2))(t) .

e—=0J, €
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Theorem 5.4 (Local Geometric Uniqueness). Let p € (5,00), Ty be a geometrically admissible
initial triod and T be positive. Suppose that both (T(t)) and <ﬁ‘(t)> are solutions to problem (2.5) in

the time interval [0, T'] with initial datum Ty in the sense of Definition 2.11. Then there exists a time
T € (0,T) such that for all t € [0, T the networks T(t) and T(t) coincide.

Proof. By Theorem 5.1 there exists a positive radius M, a time T and a function v € E7-N By
such that 7 is a solution to (3.2) with v(0) = ¢ where ¢ is an admissible initial value
for (3.2) parametrising Ty. Moreover, the family of triods (v(t, [0, 1])) is a solution to (2.5)
in [0,7) with initial datum T, in the sense of Definition 2.11. We show that (T(¢)) co-
incides with (v(¢,[0,1])) on a small time interval. There exists by € (0, min{7T",7'}) and
Yo € Wt ((0,b0) x [0,1]; (R?)?) such that for all t € (0,by), Y0(t) is a regular parametri-
sation of T(¢) and ~ is solution to (2.5) with (0, [0, 1]) = Ty. We aim to construct a family
of re parametrisations " : [0,7p] x [0,1] — [0,1], i € {1,2,3}, with some T € (0, by) such
that
(t, ) = 7 (69" (¢, 2))

is a solution to (3.2) in [0, Tp] x (0,1) with initial datum ¢. As argued in the proof of [14,
Theorem 3.32] (formal) differentiation and taking into account the specific tangential velocity
in (3.2) and the additional boundary condition imply that ¢ = (¢!, 42, ¢?) has to satisfy a
boundary value problem of the following shape: For t € (0,7p), = € (0,1), y € {0,1} and
ie{1,2,3},

vilt2) + e + 9w )6 =0,

W(ta y) =Y,

Vo (ty) = =iy (e (6:) (00)a(t,9)) (45 1))*
] ) o)z 7y)‘

¥'(0) = 0",

where 0 = (6',62,6%) is the function in Theorem 5.1 and g (¢*,7{) (¢, z) comprises terms
depending on 0%y (t,x), k € {1,2,3}, and 9y (¢, ¢ (¢, x)) and 0%~ (¢, ¥'(t,x)) with k €
{1,2,3,4}. In particular, the expression g (¢*,7{) (¢, z) in system (5.2) contains terms of the
form f* (¢,¢"(t,z)) with f* € L,((0,T) x (0,1)). To remove the dependence of f* on the
solution 7’ it is convenient to consider the associated problem for the inverse ' defined by
£i(t) := (t)~L. The resulting system for ¢ has a very similar structure as problem (3.2) we
studied before and can be treated with similar arguments. This then allows us to conclude
that there exists a time Ty € (0,bp) and a function ¢ € W, ((0,Tp) x (0,1);R?) solving
system (5.2). The time Tj depends on |¢|| x,, minjc(1 2,3} 2¢0,1] ‘(pl(:r) , |¢2(0)| and also on
170(0) | xyr Minieq 287,01 | (7)2(0,2)] and |(30)2(0,0)| where Xo = W, ""((0,1)). For
every t € [0, 7] the continuous function z — '(¢, ) satisfies ¢*(¢,0) = 0, ¥*(t,1) = 1 and
Yi(t,x) # 0 forall z € [0,1]. Thus z — (¢, z) is a C'-diffeomorphism of the interval [0, 1].
Lemma 5.3 implies that

(t,2) = (6, 9" (t, ) € Wt ((0,Tp) x (0,1);R?)

and by construction, (¢, ) — 7o (¢,%(t, x)) solves the Analytic Problem (3.2). As for T — 0,

H .
)

(¢, z) — ~o (¢, ¢(tvx))’”WPIA((O,T)X(O,l) (R2)3) 7 HQDHW;‘*“/”((OJ) (R2)?)
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and H<p||W§_4/p((0’1);(R2)3) < [|Epllg, < M/2, we may choose T' € (0,7p) small enough such

that
(t,z) — o (t,0(t,x)) € Wpl’4 ((0,T) x (0,1); (R2)3) N By .

The uniqueness assertion in Theorem 3.25 implies for all t € [0,7], z € [0,1] and ¢ € {1, 2,3},
vt w) = (8¢ (7)) -

This proves that ~(t, [0, 1]) and T(¢) coincide for every ¢ € [0, Tp]. The claim follows repeating

the same argument for the family of networks <’f‘(t)> O

Theorem 5.5 (Geometric Uniqueness). Let p € (5,00), Ty be a geometrically admissible initial
triod and T be positive. Suppose that (T(t)) and (ﬁ‘(t)) are two solutions to (2.5) in the time
interval [0, T'] with initial network Ty in the sense of Definition 2.11. Then the networks T(t) and
T(t) coincide as sets for all t € [0,T).

Proof. We prove this statement by contradiction. Suppose that the set

C.= {t € (0,T) : T(t) # ”n‘(t)}

is non empty and let t* := infC. Then t* € [0,7) and as C is an open subset of (0,7) we
conclude that T(t*) = T(t*). As (T(¢)) is a solution to (2.5) in the time interval [0,T), the
triod T (t*) is a geometrically admissible initial network to system (2.5). The two evolutions

(T(t*+1t)) and ('ﬁ‘(t* + t)) are solutions to (2.5) in the time interval [0, T — ¢*) in the sense
of Definition 2.11 with the same initial network. Theorem 5.4 implies that there exists a time

Ty € (0,7 — t*) such that for all ¢t € [0, Tp], T(t* +¢) = T(¢t* +t). This contradicts the fact that
#* = inf {t € (0,7) : T(t) # 'E‘(t)}. O

5.2 Geometric existence and uniqueness of maximal solutions

Definition 5.6 (Maximal solution). Let T" € (0,00) U {00}, p € (5,00) and T be a geometri-
cally admissible initial network. A time-dependent family of triods (T),c(y 7 is @ maximal
solution to the elastic flow with initial datum T in [0, T') if it is a smooth solution in the sense

of Definition 2.14 in (0,7 for all T’ < T and if there does not exist a smooth solution (TT(T))

in (0, 7] with T > T and such that T = T in (0, 7). In this case the time T is called maximal
time of existence and is denoted by T4,

Remark 5.7. If T' = oo in the above definition, T > T is supposed to mean T = .

Lemma 5.8. Let p € (5,00), Tg be a geometrically admissible initial triod and T be positive. Suppose
that (T(t)) and (ﬁ‘(t)) are smooth solutions in the sense of Definition 2.14 in (0, T'] for some positive

T with initial datum To. Then the networks T(t) and T(t) coincide for all t € [0, T).

Proof. By the Definition 2.14 of smooth solution it is ensured that both (T(¢)) and <1~I‘(t)>

are solutions to (2.5) in the time interval [0, 7] with initial network Ty. This is due to the
embedding

C® (T x [0,1];R?) = W,y (In; Ly((0,1); R?)) N Lp(In; W, ((0,1); R?)) .

The result now follows from Theorem 5.5. O
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Lemma 5.9 (Existence and uniqueness of a maximal solution). Let p € (5, 00) and T be a ge-
ometrically admissible initial network. There exists a maximal solution (T(t)),c(o 1, to the elastic
flow with initial datum T in the maximal time interval [0, Tinax) With Tiax € (0,00) U {oo}. It is
geometrically unique on finite time intervals in the sense of Lemma 5.8.

Proof. Combining Theorem 3.25 and Theorem 4.3 we know that there exists a solution v €
Er of the Analytic Problem for some positive 7" which is smooth in [¢,T") x [0,1] for all

€ (0,7'). This induces a smooth solution (T(¢)) to the elastic flow in (0,7 in the sense
of Definition 2.14 via T(¢) := U?Zl 7% (t,]0,1]). The existence of a maximal solution can be
obtained using the Lemma of Zorn. O

Lemma 5.10. Let p € (5, 00) and To be a geometrically admissible initial network and (T(t)),c0 1,,...)
a maximal solution to the elastic flow with initial datum Ty in the maximal time interval [0, Timax)
with Ty € (0,00) U {oo}. Then for all T' € (0, Trnaz) the evolution T admits a reqular parametri-
sation v = (v*,42,~3) in [0, T that is smooth in [, T| x [0, 1] for all € > 0.

Proof. Let T € (0, Tyq.) be given. As (T(t)) is a solution to (2.5) in [0, 7], the lengths ¢i(t)
of the curves T(t), t € [0,7], i € {1,2,3} are uniformly bounded from above and be-
low. Furthermore, for every ¢ > 0 the map ¢ ~ £(¢) is smooth on [¢,T]. Suppose that
(0,T) = (ag,bo) U (a1,b1) with 0 = ap < a1 < by < by = T and that g and ~; are regular
parametrisations of T; in (0, by) and (a1, T’), respectively, as described in Definition 2.14. In
particular, it holds for all € € (0, by)

Yo € W ((0,b0); Lp((0,1); R?)) N Ly ((0,b0); W, ((0,1); R?)) N C> ([e, bo] x [0,1);R?)

and '
7€ 0 ([ar, T] x [0,1]; R?) .

Givent € [0,T],j € {0,1} and i € {1, 2,3} we consider the reparametrisation

000 0.1], o0 = aittn) = s [ et de.

For ¢t € [0,bp] and = € [0,1] we define F}(t, T) = ve(t, (o8)7(t,x)). Analogously, for t €
[a1,T] and = € [0,1] we let ¥ (t,x) = ~i(t, (0})~ 1( z)). Observe that for ¢ € [a1,by] both
74(t) and 4% (t) are parametrisations of the curve T*(t) with the same speed ¢/(t). This allows
us to conclude for all t € [aq, bo]:

OEEHO!

1

The desired regular parametrisation v = (y*,7%,~?) can thus be defined as

{?VJ(Z)(t) ) te [Oa bO] )

()= @),  tela,T],

which is well defined and smooth in [¢,T] x [0, 1] for all ¢ > 0. In the case that the interval
(0,T) is an arbitrary finite union of intervals (ay, by,), the proof follows using this procedure
on every intersection. O
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6 Evolution of geometric quantities

The aim of this section is to find a priori estimates for geometric quantities related to the flow.
Let p € (5,00) and Ty be a geometrically admissible initial network. We consider a maximal
solution (T(t));c[o 1) to the elastic flow starting in To in the maximal time interval [0, Tyq2)
with Thpee € (0,00) U {oo}. Notice that by Lemma 5.9 such a solution exists and is unique
on finite time intervals. Furthermore, Lemma 5.10 implies that in every finite time interval
[0,T] C [0, Tnqz) it can be parametrised by one parametrisation that is smooth away from
t = 0. Thus the arclength parameter is smooth on [¢,T] x [0, 1] for all T € (0, T},4,) and all
e € (0,T). Hence all the geometric quantities involved in the following computations are
smooth functions depending on the time variable ¢ € (0,7},4,) and the space variable s (the
arclength parameter).

6.1 Notation and preliminaries

We introduce here some notation (the same as defined in [22]) which will be helpful in the
following arguments.

Definition 6.1. We denote by p,(9"k) a polynomial in k, ..., 9"k with constant coefficients
in R such that every monomial it contains is of the form

h h
cl@k) with Y (+1)8 =0,
1=0 1=0
where 5, € Ny forl € {0,...,h — 1} and S}, € N for at least one monomial.

Definition 6.2. We denote by g, <8§ T, 8§‘k) a polynomialinT, ..., ag' T,k,...,0" with con-
stant coefficients in R such that every monomial it contains is of the form

A . | )
cﬁ ()" 11 <8§kz)ﬁl with Zj:(zll e+ (I +1)pi=0,
=0 =0 =0 =0

witha; € Noforl € {0,...,j}, 81 € Noforl € {0,...,h}. We demand that there are (possibly
different) monomials that satisfy o; € N and /), € N, respectively.

Definition 6.3. We write q,(|0/ T, |0"k|) to denote a finite sum of terms of the form

i
c11 \agT 'TI
=0 =0

with oy € Ny forl € {0,...,j}, 81 € Noforl € {0,...,h}. Again we demand that there are
(possibly different) monomials that satisfy a; € Nand 3, € N, respectively. The polynomials
po(|0"k|) are defined in the same manner.

oLk o

J h
with > (Al+ Do+ > (I+1)8 =0,
=0 =0

We notice that

as (pcf(agk)) = po-i—l(a;”rlk) ;
Pt (011 K) oy (012K) = oy 4o, (O h1 2T ) (6.1)
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Young’s inequality
We will use Young’s inequality in the following form:

ab < eaP + C(s,p,p')bpl (6.2)

. / 1 1 _
Wltha,b,5>01p)p € (]‘700) and5+17 =1

We adopt the following convention to calculate the evolution of a certain geometric quantity
f=(fY f2, f3) integrated along the network T composed of the curves T:

3

fds:=>" [ fds'.
Ty i

—1 YT}

We remind that the arclength parameter s varies in [0, L(T*)] with L (T*) denoting the length
of the curve T? and that the curves T’ can be also parametrised by functions +* defined on
the fixed interval [0, 1]. Then

3 3 1
So [ rrasi=3" [ fhilas,
i=1 7T =170
as the arclength measure is given by ds = |v%| dz on the curve parametrised by .

LP—norms
In the sequel we will prove that the length of each curve of a triod T; evolving by the elastic
flow is bounded (see Remark 6.7) and we will require that it is also uniformly bounded away
from zero. That is

0<c<L(TH<C<oo. (6.3)

Hence for any fixed time ¢ € (0, T) the interval [0, L(T})] is positive and uniformly bounded.
For all p € [1, 00) we will write

3
Hf’HLp(O L(T?)) = /Ei|flpd8 and HfHLp(’]I‘t) - Z”fZ”LP(O,L(Ti)) .
=1

We will also use the L°°—norm

I/ HL (0,L(Ti)) += €88 SUP 00 (0,1,(T?)) If*| and 1Nl Zoo () ZHfHL (0,L(T%))

Whenever we are considering continuous functions, we identify the supremum norm with
the L> norm and denote it by ||-||

We underline here that for sake of notation we will simply write ||-|| » instead of ||-[| o (o 1,(7))
both for p € (0, 00) and p = oc.

We use the following version of the Gagliardo-Nirenberg Inequality which follows from [23,
Theorem 1] and a scaling argument.
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Gagliardo—Nirenberg Inequality
Let n be a smooth regular curve in R? with finite length L and let u be a smooth function
defined on 7. Then for every j > 1,p € [2,00] and n € {0,...,j — 1} we have the estimates

4 B, ;
17 1J ).
102ull e < CugpllBullgalulls” + L2 ul
where
n+1/2—-1/p
J
and the constants C, ; , and B, ;, are independent of 7. In particular, if p = +oo,

Bnm . 1/2
il with o= Y2 (6

1—
105 ull Lo < Crm|05" w2 lJull 12" + 172 -

We notice that in the case of a family of curves with length equibounded from below by
some positive value, the Gagliardo-Nirenberg inequality holds with uniform constants.
6.2 Basic evolution formulas

Lemma 6.4 (Commutation rules). If v moves according to (2.4) the commutation rule
0:0s = 050 + (Ts — kA) Os

holds. The measure ds evolves as
Oi(ds) = (kA —T,)ds.
Proof. The proof follows by straightforward computations. O
Lemma 6.5. The tangent, unit normal and curvature of a curve moving by (2.4) satisfy
T =—(As +Tk)v,
Ow = (As +Tk) T,
Otk = (Oik,v) = —Ags — TOsk — K2A
= 202k — 5k%0%k — 6k (05k)* — TOsk — k> + 1 (92k + k%) | (6.5)
D105k = —Aggs — TO2k — 3k0sk A — k%A,
= —20°k — TO*k — 5k*02k — 24k0sk0*k — 6(0sk)® — 6k sk + pdik 4 4uk?o.k
010%k = —Agges — Tk — 3(05k)? A — 4kO?kA — 5k kA, — K2 Agg
= —20%k — Tk — 5k*0}k + potk + p7(02k) + p5(02k) .

Proof. The proof follows by direct computations. O

6.3 Bounds on curvature and length
Lemma 6.6. For every t € (0, Tynqz) it holds

4 E* 4 pds = —/ A*ds  and  E,(T(t)) < E,(To).
dt Jre T(t)
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Proof. This result follows from the gradient flow structure, see [3]. O

Remark 6.7. As a consequence for every t € (0, T3,4,) and for every p1 > 0

1

/ k*ds < E,(To), and  L(T(t)) < —E,(Tp) < cc. (6.6)
T(t) H

Notice that the global length of the evolving triod is bounded from below away from zero

by the global length of the shortest path connecting the three points P!, P? and P3. Unfor-

tunately this does not give a bound on the length of the single curve, the length of (at most)

one curve can go to zero during the evolution.

6.4 Bound on 9%k
Lemma 6.8. Fort € (0,T},4,) it holds

4 0%k|*ds = / —[205k [ — 20|02k |* + p1o (02k) + ps (02K) ds
dt T Ty

3
+) a7 (T, 02k") + a5 (T°, 0sk") + ps (02K")
=1

|3ﬂth’

where T is appearing in the polynomials with power 1.

Proof. By direct computation

d/ |02k|2 ds
dt Jr,

= | 02k{20,0%k + 0%k (kA — Ty)} ds
Ty

_ / 02k { 408K — 10K20%k + 2 01k — 36 (0,)* 02k + pr(03K) + p3 (02)
Ty
—2T0%k — T,02k} ds.

Integrating by parts once the term [ 92k (—10/4:28;115 — 36 (9:k)* 02k + 2 8;%) ds and twice
[ —402kd8k ds we get

d/ |agk;|2ds:/ C120%K[2 — 2ul0PK[ + pro (%K) + ps (02K) ds
dt T, T,

v {4@3#&;‘1& — 402Kk — 12 (0.K7)° 92K — (10(K')? — 2u)02K 0%k — T (agki)z}

bdry '

We focus now on the boundary terms. It is easy to see that at the fixed end-points the
contribution is zero. Indeed the curvature is zero, the velocity is zero (hence the second
derivative of the curvature is zero and T is zero) and using (6.5) one notices that also the
fourth derivative of the curvature is zero. Hence (using the fact that £°(0) = 0) it remains to
deal with

3 (483#8;%# — 402K 0Pk — 12 (9.K)° 2 + 20 2K OBk — T (afki)Q) . (6.7)

=1
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where for sake of notation we omitted the dependence on = = 0. Differentiating in time the
curvature condition &’ = 0 for i € {1,2, 3} at the triple junction we get
0= Ok’ = 200K — 5(k)202%K — 6k (9:k')” — T'0.k' — (K')” + (agki + (k:i)g)
= 20%k" — Tk + pd’k' .
Thus, at the triple junction we have

3 3
> 2003 =) (403K 0L’ + 2T 0.k Ok — 2 OZK'O2K') = 0. (6.8)
i=1 i=1
Moreover, differentiating in time both the concurrency condition and the third order condi-
tion at the triple junction, we get A'v' + T'r" = AJvJ + T777 and 8;(3_ 20,k'v" — pr*) = 0 for
i,j € {1,2,3} which implies

3
0= <Alu1 + Tt 5, <Z 20,k — ,u7'i> >

=1

[
NE

<Ai1/i + Tir | 0,(20sk' " — m’i)>
1

<.
Il

(AW +T'7", (20,05k" + (AL + T'K"))v" + 20,k (AL + T'k")7")

I
NE

1

<.
Il

I
NE

(20405 + pAL) A' + 20,k ALT")
1

.
Il

2 (-4651& — 12 (0:k)° — 2T 02k + Ap OPK — ,ﬁaski) 02k’ + AT 0k 02K — 2u T (0:k")?,

Il

=1

that is

(—4@51&651& —12/(0.k")° 02K + 4p 2K O3 — 2T (9%k')?
=1
— POk 0K + 2T Ok K" — uT" (9:k)?) = 0.

Combined with (6.8) this yields

3
3 (463#’6;11& — 402Kk — 12 (0.K')” 02K + 20 O3k O2K' — 2T (02K')?
=1
— POk 02K + AT 0,k' 02 k" — pT'(95k")?) = 0.
Hence we can express the sum (6.7) as
(TH(92K")? + p20sk' 02" — AT Ok 02 k" + uT" (05k")?) .
=1

1

Combined with the previous computations this gives the desired result. O
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We have obtained an explicit expression for & ||02k||3. Our aim is to estimate the polynomials
involved in the formula in order to get at least a bound for ||02k||3.
We underline that from now on the constant C' may vary from line to line.

Lemma 6.9. Let [} [p10 (95k)| + |ps (97k)|ds be the integral of the two polynomials appearing in
Lemma 6.8. Suppose that the lengths of the three curves of the triod Ty are uniformly bounded away
from zero for all t € [0, Taz). Then the following estimates hold for all t € (0, Trnaz):

/pmw%msgw%ﬁrumw;+cmM§
Ty
| s (081) s < G103k + CRIE + CIRIE
t

Remark 6.10. The constants 1 and /2 in front of ||93k||%, and [|03k||%, will play a special role
later in Proposition 6.15. In this Lemma they can be chosen arbitrarily small.

Proof. To obtain the desired estimates we adapt [22, pag 260-261] to our situation.
Let m € {1,2}. Every monomial of pa,16 (07" k) is of the shape

m—+1

1\
C g (65k>

with oy € Npand 375! ay(14-1) = 2m + 6. We define J := {I € {0,...,m+1} : oy # 0} and
for every | € J we set
2m +6

(l + 1)Oél .

We observe that ), ; é = 1 and oy > 2 for every | € J. Thus the Holder inequality
implies

B =

1
c | JJ@k)ds<c]] (/T |a§k\azBst> i ol | [

Teier leJ leJ
Applying the Gagliardo-Nirenberg inequality for every [ € J yields for every i € {1, 2,3}

Bl,m,az B

. I
9 e < Chaman 082K G I 37 + s

17| 2

where for all I € J the coefficient o; is given by

o L1/2 - 1 ()
L= m—+ 2

We may choose

B
C = max {q,m,a,ﬁl, Bumewn . ¢ J} |

Since the polynomial pan4 (97"T1k) consists of finitely many monomials (whose number
depends on m) of the above type with coefficients independent of time and the points on the
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curve, we can write

pamss (71R) ds < C / [0tk ds < ¢TI0k 0

Ty Te ey leJ
C(Le) TTIRISS 0% (102K 2 + 1Kl ) 7"
leJ

(1—0))a m e
= C(Ly) [l 7 (0 2k o + ([ o) e T

for every t € (0,Tqz) such that the flow exists. Here the constant C'(L;) depends on the
lengths of each curve at time ¢. Moreover we have

1
Zalal<2—7<2.
= (m + 2)2

Applying Young’s inequality with p := S orar @ and q := we obtain
€

2
2= ies o1

C(L ) M 2

o a1 m

/T TT104kietds < S g 25 4 oL (10 2k 2 + [#l152) s
tled

where

ZlEJ( — o)y

ZZGJ o1

=2(2m+5).

As C(L;) depends only on m and the length of each curve of the solution at time ¢ and as the
single lengths are bounded from below by hypothesis, we get choosing ¢ small enough

[ pamis (9 11) ds < £ (104l + blz2) 3o + SR ™.

To conclude in our case it is enough to take m € {1, 2} and choose a suitable ¢ > 0. O

In the following Lemma we will express the tangential velocity at the triple junction in terms
of the normal velocity similarly as in [15].

Lemma 6.11. Given t € [0, Ty,q,) we let 7(t) := 7(t,0) be the unit tangent vector to the curve
T¢(t) at the triple junction and ol (t), a?(t), a3(t) be the angles at the triple junction between 72 (t)
and 73(t), 3(t) and 71(t), and T1(t) and T%(t), respectively. Suppose that there exists p > 0 such
that

inf  max {|sin al(t)

2 . 3
t€[0,Trmaz) (t)], [sine?(®)]} = p. (6.9)

‘ , ‘sin o
Then for every t € [0, Tyna) the tangential velocities T*(t) := T*(t,0) at the triple junction are linear
combinations of the normal velocities A'(t) := A(t,0) with coefficients uniformly bounded in time.

Remark 6.12. The above condition (6.9) means that for all ¢ € [0, T},,4,) the network T(t) is non
degenerate in the sense that span {1/ (¢,0), %(¢,0),3(t,0)} = R?. Notice that this condition
appears in the Definition 3.1 of geometrically admissible initial networks as it is needed to
prove the validity of the Lopatinskii-Shapiro condition, see [14, Lemma 3.14]. We will refer
to (6.9) as the uniform non—degeneracy condition.
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Proof. Given t € [0,T},4,) differentiating the concurrency condition in time yields at the
triple junction

AL () + THE) T (t) = A2(0)2 () + T2 () 72(t) = A3 ()2 (t) + T3 (1) 13(t) .

Testing these identities with 71(¢), 72(t), 73(t) implies

— ('), 72(t)) 1 0 T1(t) V1), 72(t)) A1 (1)
0 —(r*(t),7°(t)) 1 To(t) | = | (v2(t), 73(t)) As(t)
1 0 —(T3(t), (1)) Ts(t) :

The 3 x 3—-matrix on the left hand side will be denoted by M(?) in the following. Its deter-
minant is given by

det M(t) =1 —(7%(t), 7' (t)) (> (), 72 (1)) (7' (), 7°(¢)) .

By Cramer’s rule each component 7%(¢) of the unique solution 7'(t) of the above system can
be expressed as a linear combination of Al(t), A%(t), A3(t) with coefficients that are polyno-
mials in the entries of M(t), (v'(t), 72(t)), (2(t), 7(t)), (v3(t),7(t)) and (det M(t))~". The
condition (6.9) ensures that these coefficients are uniformly bounded in [0, T3yq.). Indeed,
notice that

inf detM(t) = inf (1 — cos (a'(t)) cos (a?(t)) cos (a®(t)) > 1 — /1 — p2> >0.

t€[0,Trmaz) t€[0,Trmaz)
O
Lemma 6.13. Let
3
(a7 (77, 93K") + a5 (17, 05k") + ps (931"))]
=1

3—point

)

be the boundary terms appearing in Lemma 6.8. Suppose that the length of the three curves of the triod
T, are uniformly bounded away from zero for all t € (0, Tynqz). Moreover suppose that the uniform
non—degeneracy condition (6.9) is satisfied. Then the following estimates hold for all t € (0, Trnaz):

3
D ar (T 02K |y iy < 102K Z2 + ClIEIT2 + ClEIILS
i=1

3
> 85 (T 0" )y i < FIO3EIT2 + CURIIT: + CllEN
i=1
3

A K A%
Z Ps (aSQk )’3—point < ZHang%Q + C||k||%2 + CHkHLQ
=1

for some a, > 0.

Remark 6.14. As before the constants 1 and /4 in front of [|93k||7 , and ||02k||%, in this Lemma
can be chosen arbitrarily small.
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Proof. Since T" is appearing with power one in the polynomials q7(T*, 93k%) and q5(T°, 95k*),
we can write

a7(I°,0k') = T* (ps(02K"))  and  qs(T",0sk") = T" (pa(9sk")) -
By Lemma 6.11 for every ¢ € (0, T},4,) and ¢ € {1, 2, 3} it holds at the triple junction

3
[T < C (JA'| + 4%+ |A%]) = C (102K | + 02K°] + |92K%) < O Y 102K |1
i=1
< O||82k]| o = C0Fk]| Lo ,

with a constant C' independent of ¢ where the equality 102k|00 = HB?kH Lo holds because
all 92k" are smooth functions. Hence 7, q7(7%, 03k")| 3 point < S3 1T (pe(|02K])) ‘3_point
can be controlled by a sum of terms like C [];_, [|0"k|| 34 with 327 (I + 1)ey = 9. Similarly
S8 as(T, Dk ‘3_point can be controlled by a sum of terms of type C [];_, ||0L&| 9% with
S7 (I +1)a; = 7and also 32, p; (92 can be controlled by C T}, [|0Lk[|5% with
Yo+ oy = 5.
Again we follow [22, pag 261-262]. We use interpolation inequalities with p = +o00 to obtain
forl € {0,...,m}, m e {2,3},

) ‘ 3-point

okl < Cr (105 KIZs I + 142 6.10)
with oy = l:;i/f , hence
7 m gl 1—0))
CTT N0kl <O TT (10 Rl g + [kl 2) 7 K] 5™
1=0 1=0
m ﬂ; gl m o (1—0))o
<C (H@S +1k;HL2 + ||k||L2)Zl 0 oLy ||k||L2l_0( Dy
and

m
ZO’[O&[ <2,
=0

63 35

as it takes the values 33, 32 and 22. By Young's inequality

3 o 8 (1—0))a 2 Qs
(10X 2 + 1Kl 2) =10 T | =00 < (1|02 + || 2)” + k[ %

with 5
_ oy 2ol — oo
Ay = 2 3 .
2= =001
For a suitable choice of ¢ > 0 we get the result. O

Proposition 6.15. Let (T(t)) be a maximal solution to the elastic flow with initial datum T in the
maximal time interval [0, Tp,qq) With Tiyar € (0,00) U {oo} and let E,(Ty) be the elastic energy of
the initial network. Suppose that for t € (0, Tyqz) the lengths of the three curves of the triod T, are
uniformly bounded away from zero and that the uniform non—degeneracy condition (6.9) is satisfied.
Then for all t € (0, Trnag) it holds

jt/T |02k|* ds < C(E,(Ty)) . (6.11)
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Proof. Combining Lemma 6.8, 6.9 and 6.13 with the bound on the curvature we get

d

0t Jy, Ok ds < / ~2{0;k|* = ploSk[* ds + C(E,(To)) < C(Eu(To)).
T

7 Long time behaviour

7.1 Long time behaviour of the elastic flow of triods

Theorem 7.1. Let p € (5,10) and Ty be a geometrically admissible initial network. Suppose that
(T())te[0,1ny) 15 @ maximal solution to the elastic flow with initial datum To in the maximal time
interval [0, Tiax) With Trnax € (0, 00) U {oo} in the sense of Definitions 2.14 and 5.6. Then

Tinaz = 00
or at least one of the following happens:
(i) the inferior limit of the length of one curve of T(t) is zero as t /* Trnaz-

2(t)|, |sina®(t)|} = 0, where o (t), o (t) and o3(t)

(i) liminf; »7,,,, max {|sin o (t)] ,
are the angles at the triple junction.

Proof. Let T be a maximal solution of the elastic flow in [0, Ti,ax). Suppose that the two asser-
tions (¢) and (i¢) are not fulfilled and that 75,4, is finite. Then the lengths of the three curves
of T(t) are uniformly bounded away from zero on [0, T}, ) and the uniform non-degeneracy
condition (6.9) is satisfied. Observe that by hypothesis, smoothness of the flow on [, T'] for
all positive ¢ and all T' € (g, Tjnqe) and the short time existence result, the lengths 0i(t) of
the curves T'(¢) are uniformly bounded from below on [0, T},4. ). Remark 6.7 implies further
that ¢?(t) are uniformly bounded from above on [0, T),4;) and that k € L>((0, Tiax); L*(T4)).
Lete € (0 Tm‘“”) and 0 € (0, %) be fixed. Integrating (6.11) on the interval (g, Tjna: — 0)

. » 7100
gives
/TTWGZ =

which implies 02k € L™ ((g, Trnaz — 6); L* (T4)).

By interpolation we obtain k, 0sk € L™ ((&, Tz — 0); L™ (T¢)). Proposition 5.10 implies
that the evolution (T(t)) can be parametrised by one map v = (y!,~%,73) which is smooth
on (g, Tmaz — 0] x [0, 1]. By construction of this map, |y (¢, z)| = ¢!(t) for all z € [0, 1] and all
t € [e, Tinaz — 0] which implies in particular

yagkystgA 102k ds + C (E, (To)) Trnaa

0<c< sup e (t,2)] < C < 0.
tG[E,Tmaszs]:xe[O?l]

By direct computation, we observe the following identities for the curvature vectors

o, i t o t

Yowaa(t: 7). 7.1
’ (¢ ())4 7D

Vo (t, )
B2 = Gy
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Combining (7.1) with Remark 6.7 we obtain for all ¢ € [0, T}42)

Mx Ei(t,s)|?ds = i(t.s)%ds
o (&()? o= M'k(t’ )I7d —/Tgk(t, )2 ds < E,(Ty),

hence

1
sup / ot 2) 2 dz < CPE,(To) < oo
te€le,Tmax—9] /0

As .
kss = (kss — k%) v — 3kkyT

the previous observations immediately give kss € L™® ((e, Traz — 0); L* (Ty)). This implies
for every t € (&, Tinaz — 6) and a constant C not depending on &

[P [ e pas <,
o (@)

1
sup / |’Y:;xam:(ta x)‘Q dz < CC? < 0.
te(e,Tmax—9) JO

which yields

As a consequence we obtain

v € L®((e, Trnae — 6), L?(0,1))  and e L>®((e, Tynax — 9), L*(0,1))..

’YCC$$Q?

A uniform bound in time and space on the third derivative of 7* can be obtained by interpo-
lation. This bound is independent of §. Further, % € L™ ((g, Tynaz — 0); L>((0,1))) as ' is
parametrised with constant speed equal to the length. As one endpoint of each curve T? is
fixed during the evolution and as the lengths ¢?(¢) of the curves are bounded from above uni-
formly in time on [0, T},q.), the networks T(¢) remain inside a ball Br(0) for all ¢ € [0, Tynqz)
and a suitable choice of R. This allows us to conclude for all § and ¢ as above

v E L ((5, Tma:}c - 5)7 VVQ4 ((07 1); (R2)3))

where the norm is bounded by a constant independent of §. The Sobolev Embedding Theo-
rem implies for all p € (5,10)

veL>® ((67Tmax — 8); W=7 ((0,1); (RQ)S))

where the norm is bounded by a constant C not depending on §. Notice that (7}, —9) is an
admissible initial parametrisation for all § € (0, £mez) in the sense of Definition 3.1. Indeed,
the second order condition follows from the curvature condition and the identities (7.1). By
Theorem 3.25 there exists a uniform time T of existence depending on C for all initial values
Y(Tinaz — 0). Let 6 := % Then Theorem 3.25 implies the existence of a regular solution

1 € Wy (Trmaz — 6, Tinaz + 0); Ly ((0,1); (R*)*))NLp (Trmaz — 6, Trmaz + 6); W,y ((0,1); (R%)?))

to the system (3.2) with 1 (e — 9) = v (Timaz — 6). By Theorem 4.3 we obtain
nec ([ maz — ng +6] % [0,1]; (R2)3) :
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The two parametrisations  and »n defined on (0, T7,42 — g) and (Tmm — %, Tonaz + 5), respec-

tively, define a smooth solution (’f‘(t)) to the elastic flow on the time interval (0, Tha0 + 9]

with initial datum Ty in the sense of Definition 2.14 coinciding with T on (0, Tjye,). This
contradicts the maximality of T4, O

7.2 A remark on the definition of maximal solutions

The aim of this section is to show that the assumption of smoothness in Definition 5.6 is not
needed.

Definition 7.2 (Sobolev maximal solution). Let 7' € (0,00) U {0}, p € (5,00) and Ty be a
geometrically admissible initial network. A time-dependent family of triods (T¢),c( 1y is a
Sobolev maximal solution to the elastic flow with initial datum Ty in [0, T") if it is a solution
(in the sense of Definition 2.11) in [0,7] for all 7' < T and if there does not exist a solution

('ﬁ‘(T)) in [0, 7] with T > T and such that T = T in (0, T).

The existence and uniqueness of a Sobolev maximal solution is easy to prove.

Suppose that Ty is a geometrically admissible initial network, (T¢);c() ) is a Sobolev max-

imal solution to the elastic flow with initial datum Ty in [0,7) and ('Tft) ) is a maximal

h te[o,T
solution to the elastic flow with initial datum Ty in [0, T') in the sense of Definition 5.6. Then
Theorem 5.5 implies that T and T coincide in [0, min{7", T'}).

A priori it is possible that T < T and hence (Tt)seqo,1) is @ Sobolev maximal solution which

is smooth until T but has a sudden loss of regularity for ¢ > T. We show that this can not be
the case. _
Suppose by contradiction that 7' < 7" and

T =sup{t € (0,7) : T, is smooth in the sense of Definition 2.14 } . (7.2)

Since T is a solution to the elastic flow in [0,T) with T > T, for all ¢ € [0,7] the length
of all curves of the triod are uniformly bounded away from zero and the uniform non-
degeneracy condition (6.9) is fulfilled. Moreover by Lemma 5.10, T admits a regular smooth
parametrisation 7y in [e, T— 9] % [0,1] forall e,0 > 0. We can hence apply the same arguments
as in the proof of Theorem 7.1 to obtain a smooth extension of T in the time interval [0, T+74),
a contradiction to (7.2).

We summarize this result in the following:

Lemma 7.3. Let p € (5,10) and T be a geometrically admissible initial network. There exists
a maximal solution (T(t)),cp0.1,,..) to the elastic flow with initial datum To in the maximal time
interval [0, Tynax) With Timax € (0, 00)U{oc}. It is smooth in the sense of Definition 5.6, geometrically
unique on finite time intervals in the sense of Lemma 5.8, and for all T € (0, Tynaz) the evolution T
admits a reqular parametrisation v := (y',v%,43) in [0,T) that is smooth in [, T] x [0,1] for all
e>0.
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7.3 Long time behaviour of the elastic flow of Theta-networks

In this section we show that all the above results hold true also in the case of Theta—networks
(see Definition 2.4). It is straightforward to adapt the proofs of (geometric) short time exis-
tence and geometric uniqueness to the case of Theta—networks. The calculations that were
done to treat the boundary terms at the triple junction of the triod are precisely the ones
needed for both triple junctions of the Theta. In particular the elastic flow of Theta—networks
satisfies the a priori estimates. The difficulty lies in the proof of the long time existence re-
sult. In contrast to the elastic flow of triods no points of the Theta-network are fixed during
the evolution. The presence of fixed endpoints was used in Theorem 7.1 to find a uniform
in time and space L*°~-bound on the parametrisations. As these arguments are no longer
possible in the Theta—case, we prove a refinement of the short time existence result, namely
that the time interval within which the Analytic Problem is well posed does not depend on
the LP-norm of the initial parametrisation (see Theorem 7.10). This allows us to restart the
flow independently from the position of the Theta in the plane.

Analogously to the elastic flow of triods we use the following notion of geometric solution.

Definition 7.4 (Elastic flow of a Theta—network). Let p € (5,00) and 7" > 0. Let ©¢ be a
geometrically admissible initial Theta—network. A time dependent family of non-degenerate
Theta-networks (O(t)) is a solution to the elastic flow with initial datum ©y in [0, 7] if and
only if there exists a collection of time dependent parametrisations

Yo € Wy (In; Lp((0,1); R?)) N Ly, (L; W, ((0,1);R?))
withn € {0,..., N} forsome N € N, [,, := (an,b,) C R, ap, < any1, b < bpt1, an < b, and

U, (an,bn) = (0,T) such that foralln € {0,..., N} and t € I, v (t) = (vi(£),¥2(2), v (1)) is
a regular parametrisation of ©(t). Moreover each v, needs to satisfy the following system

(i, 0") ') (8 ) = = ((2hiy+ (W)* = wki)v') (t,2)  motion,

Yt y) =42 (y) =77 (ty) concurrency condition,
ki(t,y) =0 curvature condition,
S (2K — ) (ty) = 0 third order condition,

(7.3)
forevery t € I,,x € (0,1),y € {0,1} and for i € {1,2,3}. Finally we ask that v,,(0, [0,1]) =
©9 whenever a,, = 0.

The family (O(t)) is a smooth solution to the elastic flow with initial datum ©g in (0, 7] if there
exists a collection v, = (v1,72,72), n € {0,..., N}, satisfying all requirements as above such
that additionally a; > 0, vE € (I, x [0,1];R?) foralln € {1,..., N} and forall e € (0, by),
74 € C= ([e, bo] x [0,1]; R?).
Definition 7.5. Let p € (5,00). A Theta—network O is a geometrically admissible initial
network for system (7.3) if

- there exists a parametrisation o = (0!, 02, 0®) of © such that every curve o’ is regular

and .
o' € Wa((0,1);R?).

- at both triple junctions k = 0, -7, (2k} ;i — pri) = 0, and span{vd, 13, i3} = R,
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As in the case of triods we transform the geometric problem (7.3) to a parabolic quasilinear
system of PDEs.

Definition 7.6. Let p € (5,00). A parametrisation ¢ = (¢!, % %) of an initial Theta—
network O is an admissible initial parametrisation for system (7.4) if each curve ¢’ is regu-
lar, ' € W; i ((0,1); R?) and for y € {0, 1} the parametrisations ¢’ satisfy the concurrency,
second and third order condition and span{v} (), v3(y), 3 (y)} = R

Definition 7.7. Let T > 0 and p € (5, 00). Given an admissible initial parametrisation ¢ the
time dependent parametrisation v = (v!,72,+®) € Er is a solution of the Analytic Problem
for Theta—networks with initial value ¢ in [0, 7] if the curve +!(t) is regular for all ¢ € [0, 7]
and the following system is satisfied for almost every ¢t € (0,7),z € (0,1) and for i €

{1,2,3},y € {0,1}:

Vit x) = — ANt 2)vi(t,x) — T'(t,z)7'(t,#)  motion,

() =7 (6 y) =77 () concurrency condition,

Yoz (t,y) =0 second order condition, (7.4)
S (2K — ) (ty) = 0 third order condition,

70, z) = ¢ (x) initial condition ,

where the tangential velocity is defined in (2.3).
Repeating precisely the same arguments as in § 3 we obtain the following result.

Theorem 7.8. Let p € (5,00) and ¢ be an admissible initial parametrisation. There exists a
positive time T () depending on mine (1 2.3y vefo,1) |05 (x)| and ||<pHW4,4/p((O ) such that for all
P )

T € (0, T(y)] the system (7.4) has a solution in
Er =W, ((0,T); L, ((0,1): (R*)?)) N Ly ((0,T); W, ((0,1); (R*)*))
which is unique in Ex N By where
M := 2max {ngu [[ Rz e 1} max { | lle, (V1,1 (E9), N12(E), 9, |
To prove a refinement of the above theorem we introduce the following notation.

Definition 7.9. Given p € (5,00) andn € W, /" ((0,1); (R?)?) we let

3
Il =m0 1(e2y9) = Zl 19201l ., (0,1y:r2ys) + [Pz, -
]:

We will now show that the existence time depends on ||¢|| WA=p((0.1)) only via ]¢|W4,4/p (01"
P ) P )
This is due to the fact that the problem for the Theta—network is translationally invariant.

Theorem 7.10. Let p € (5,00) and ¢ be an admissible initial parametrisation. There exists a time
T (p) € (0,1] depending on mine 1 23} zepo) s ()| and |<p|W4_4/p((O ) such that for all T €
P )

(0, T ()] the system (7.4) has a solution in
Er =W, ((0,T); Ly ((0,1); (R*)*)) 1 Ly ((0,T); Wy, ((0,1); (R*)?)) .
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Proof. Given p € (5,00) and an initial parametrisation ¢ we let T(¢) be the time of exis-
tence as in the statement of Theorem 7.8. Let further v € R? be fixed and (¢")! : [0,1] —
R? be defined by (¢)"(z) = ¢'(x) +v. Then ¢* := ((¢")!, (¢")? (¢")?) is an admissi-
ble initial parametrisation to system (7.4). Observe that all derivatives of ¢ and ¢ of or-
der one or higher coincide. Thus by Theorem 7.8 there exists a time T(") depending on
min;e (1 2.3} ze(0,1] |0z (@)], \80|W;—4/p((0,1)) and |[¢"|| 1, ((0,1y) such that for all T" € (0, T(¢")] the

system (7.4) with initial datum ¢" has a solution in E7. We want to show that f((p) and
T(¢") can be replaced by max{T(¢), T(¢")}. Let T € (0,T(p)] and v € E7 be a solution
to system (7.4) with initial datum ¢. Then 7V := ((v*), (v")%, (7*)?) with (v*)'(¢,z) :=
v'(t,x) +vfort € [0,T], x € [0,1], lies in Er and is a solution to (7.4) with initial datum ".
Conversely, given T' € (0,7'(¢")] and a solution 7 to (7.4) with initial datum ¢", the function
" = ((n™) (n7")2, (n)%) with (n™)"(t,z) == n'(t,z) —vfort € [0,T], z € [0,1],is a
solution to (7.4) in E7 with initial datum ¢. With the particular choice of v := —¢'(0) we
observe that the shifted network ¢" has one triple junction in the origin and satisfies for all
x € [0,1],

¢’ (z) = ¢"(0) +/0 Ca(¥)dy < [0zl Lo((0,1);R2)2)

and thus [[0"[| o ((0,1):®2)3) < €2l Lr((0,1);(r2)3)- This shows that the existence time

T() = max {T(e), T (¢7%0) }
depends on H(prg_ax/p((o’l)) only via lap\wé_4/p((071)). O

As in the case of triods we obtain parabolic regularisation for system (7.4), geometric exis-
tence and uniqueness, and the bounds established in § 6. Maintaining the notion of maximal
solution introduced in Definition 5.6 the existence and uniqueness of a maximal solution
follows with the same arguments as in the case of triods, see Lemma 5.9. Using suitable
reparametrisations such that the curves of the evolving network are parametrised with con-
stant speed equal to the length of the curve, we deduce as in Lemma 5.10 that on compact
subintervals of [0, T},,q,) the maximal solution can be described by one parametrisation ~.
Given a small € the arguments in the proof of Theorem 7.1 imply

sup  sup ()] ((0,1): (RY?) <O
5€(0,Imaz ) t€(e,Trmaz—0) ?

Thanks to the refined short time existence result 7.10 we obtain the following Theorem:

Theorem 7.11. Let p € (5,10) and ©¢ be a geometrically admissible initial network. Suppose that
(©(1)) 1[0, 13ny) 18 @ maximal solution to the elastic flow with initial datum © in the maximal time
interval [0, Timax) With Trnax € (0, 00) U {oo} in the sense of Definitions 2.14 and 5.6. Then

Tinaz = 00
or at least one of the following happens:
(i) the inferior limit of the length of at least one curve of ©(t) is zero as t ,/* Tpnqz-

(ii) at one of the triple junctions liminf, »r,,,, max {|sin ! (t)| , [sin @?(t)] ,
where ol (t), a?(t) and o3 (t) are the angles at the respective triple junction.

sin a3(t) !} =0,
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74 Long time behaviour of general networks

Now that we have completely described the long time behaviour of triods and Theta-networks,
we are in the position to prove Theorem 1.3.

First of all we fix the following convention.

Let AV be a network composed of j € N curves N'!,... NV with m € N triple junctions
O',...,0™ and (if present) | € Ny end—points P*, P2, ..., Pl and lety(t) = (v'(t),...,7/(t))
be a regular parametrisation of N (¢). We assume (up to possibly reordering the family of
curves and “inverting” their parametrisation) that for every r € {0,...,l} the end point
P" of the network is given by 4" (¢,1). Moreover, with an abuse of notation, we denote
by v%1,~%2 ~%3 the three curves concurring at the triple junction O? and for y € {1,2,3}
we denote by 7% (¢, 07),v%(t,07), k% (t,09), k¥ (t, 0?) the respective exterior unit tangent
vectors, unit normal vector, curvature and first arclength derivative of the curvature at O? of
the three curves v%¥(t, -).

Definition 7.12 (Elastic flow of networks). Let p € (5,00) and T" > 0. Let N, be a geo-
metrically admissible initial network composed of j curves Ny, ... ,Ng with m triple junc-
tions O',..., O™ and (if present) | end—points Pl ..., Pl A time dependent family of non-
degenerate homeomorphic networks (AN (t)) is a solution to the elastic flow with initial da-
tum A in [0, 77 if and only if there exists a collection of time dependent parametrisations

Y € Wy (In; Lp((0,1); R?)) N Ly(In; W, ((0,1);R%))

with i € {1,...,j} and n € {0,...,N} for some N € N, I,, := (an,bn) C R, a, < any1,
bn < bnt1, an < by and |, (an,b,) = (0,7) such that for alln € {0,...,N} and t € I,
() = ('y%(t), e ,%(t)) is a regular parametrisation of N (t). Moreover each ~,, needs to
satisfy the following system

(4 v) V) (t2) = = (@KL, + (k) = ki) ) (t,2)  motion,

O (t,09) = 492 (t,09) = 493 (t, 09) concurrency condition,
kTY(t,07) =0 curvature condition,
ZZ=1 2KV Y — 7YY (¢, 07) = 0 third order condition,
~v'(t, 1) = P" fixed endpoints,
k"(t,1) =0 curvature condition,

(7.5)
foreveryt € I,,x € (0,1),y € {1,2,3}, g€ {1,...,m},r € {0,..., [} and fori € {1,...,j}.
Finally we ask that 7,,(0, [0, 1]) = Ny whenever a,, = 0.

Definition 7.13 (Geometrically admissible initial network). Let p € (5,00). A network Nj
composed of j € N curves NV{,...,Nj with m € N triple junctions O!,...,0™ and (if
present) [ € Ny end—points P!, P2 ... P!is geometrically admissible for system (7.5) if

- there exists a regular parametrisation o = (¢, .., ¢7) of Ay such that
o' € Wa((0,1);R?).

- at each triple junction O the three concurring curves 09!, 092, 093 satisfy k%% (0%) = 0
and 22:1 2k v — ) (07) = 0 and at least two curves form a strictly positive
angle;
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- at each fixed end point P" it holds £"(1) = 0.

The notions of smooth solution (Definition 2.14) and maximal solution (Definition 5.6) of the
elastic flow of a triod can be easily adapted to the general case.

Proof of Theorem 1.3

The proof of geometric existence and uniqueness and parabolic smoothing presented in the
previous sections extends to the case of a geometrically admissible initial network Nj. In-
deed the results rely on the uniform parabolicity of the system and on the fact that the
Lopatinskii-Shapiro and compatibility conditions are satisfied. All the estimates of Section 6
hold true for a more general network provided that none of the lengths of the curves goes to
zero and the uniform non-degeneracy condition is satisfied. If the network N has at least
one fixed end point, then we obtain the desired result as a corollary of Theorem 7.1. If in-
stead the network A has only triple junctions but no fixed end points, the theorem follows
using the refined version of the short time existence (Theorem 7.10) that allows to conclude
as in Theorem 7.11. O

We conclude the paper with some observations.

None of the possibilities listed in Theorem 1.3 excludes the others. Indeed it is possible that
as the time approaches 7},,, both the lengths of one or several curves of the network and
the angles between the curves at one or more triple junctions tend to zero, regardless of Tijax
being finite or infinite. To convince the reader of the high chances of this phenomenon we
say a few words about the minimization problem in the class of Theta—networks naturally
associated to the flow, namely

inf{F,,(©) | © is a Theta—network} .

The infimum is zero and it is not a minimum. An example of a minimizing sequence is
the following: two arcs of a circle of radius 1 and of length ¢ that meet with a segment (of
length v/21/1 — cose ~ ¢) forming angles of 5. Then E,(0) = 2 + u(2e + v2v/1 — cose).
Letting ¢ — 0, the lengths of all curves and the angles at both triple junctions tend to zero
and £,(0) — 0.

If the network N has no fixed end points (as in the case of the Theta-network) we are not
able to exclude that as t — Tryax the entire configuration N; “escapes” to infinity. In the case
of networks with at least one fixed end point P Lin R? the global length of N, is bounded by
iE# (Mo) =: R (see Remark 6.7). Hence as t — Trax the entire V; remains in a ball of center

P! and radius R.

There is a slight difference in the point (i) of Theorem 7.1 with respect to Theorem 7.11 and
Theorem 1.3. The global length of a triod is bounded from below away from zero by the
value of the length of the shortest path connecting the three distinct fixed end points P!,
P? and P3. Unfortunately this does not give a bound on the length of the single curves, but
clearly the length of at most one curve can go to zero during the evolution.

Consider now the case of the Theta: as ¢ — Tiax the length of more than one curve can go
to zero only if the angles go to zero. Suppose by contradiction that the lengths of the curves
y! and 72 go to zero and that all the angles are uniformly bounded away from zero. We can
see the union of 7! and 72 as a closed curve with two angles o, 3. Then a consequence of [7,
Theorem A.1] is that if the lengths of both 4! and +? go to zero but the angles are uniformly
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bounded away from zero, the L?-norm of the scalar curvature blows up, a contradiction to
the bound in 6.7.
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