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DUALITY AND o−O STRUCTURE
IN NON REFLEXIVE BANACH SPACES

LUIGI D’ONOFRIO a , CARLO SBORDONE b∗ AND ROBERTA SCHIATTARELLA b

ABSTRACT. Let E be a Banach space with a supremum type norm induced by a collection
of functionals L ⊂ X∗ where X is a reflexive Banach space. Familiar spaces of this type
are BMO, BV , C0,α (0 < α ≤ 1), Lq,∞, for q > 1. For most of these spaces E, the predual
E∗ exists and can be defined by atomic decomposition of its elements.
Another typical result, when it is possible to define a rich vanishing subspace E0 ⊂ E is the
“two star theorem ”, namely (E0)

∗ = E∗. This fails for E = BV and E =C0,1 = Lip.

1. Introduction

Suppose that a nonreflexive Banach space E is defined in terms of a supremum type
norm induced by a subset L of the dual X⋆ of a reflexive Banach space X . Namely we have

E = {x ∈ X : sup |⟨L,x⟩|< ∞, L ∈ L } (1)

and assume that E ⊂ X continuosly with Ē = X . Spaces of this kind include the space BMO
of functions with bounded mean oscillation, the space C0,α (0 < α < 1) of Hölder continuos
functions, the weak-Lq space Lq,∞ (q > 1) of Marcinkiewicz, the space BV of functions of
bounded variation, the space Lip of Lipschitz functions and L∞. Also the BMO type space
B, introduced by Bourgain et al. (2015), can be framed in the same way. D’Onofrio et al.
(2020) proved that such a space E has a predual E⋆ enjoying atomic decomposition. This is
well known for some of the listed spaces but D’Onofrio et al. (2020) provide a completely
functional analytic proof independent of any special structure of L . For the case L∞ see
Manzo (2020), indeed for Lq,∞ see Angrisani et al. (2019). The advantage of this approach
is to have an auxiliary reflexive Banach space X ⊃ E, with weaker norm governing the
duality.

This was already noted by Kaijser (1977) in which BMO(R) is proved to be dual of a
Banach space H with atomic decomposition and is defined as the set of f ∈ L2

loc(R) such
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that

|| f ||BMO = sup
I

(︃∫︂
I
| f − fI |2dx

)︃ 1
2
< ∞

where for I ⊂ R interval fI denotes 1
|I|

∫︁
I f dx. Since constant functions have 0 norm, BMO

is considered a subspace of X = L2
loc modulo constants, and since the unit ball BBMO of

BMO is a bounded and closed subset of X , BMO is a dual space. For every interval I we
have (︃∫︂

I
| f − fI |2dx

)︃ 1
2
= sup

g∈PI

∫︂
f g

where

PI =

{︃
g ∈ L2(I) :

∫︂
I
g = 0 and

∫︂
I
|g|2 ≤ 1

}︃
this means that

|| f ||BMO = sup
g∈P

⃓⃓⃓⃓∫︂
R

f g
⃓⃓⃓⃓

where

P =

{︄
g ∈ L2(R) : suppg ⊂⊂ I,

∫︂
I
g = 0 and ||g||L2(I) ≤

1

|I| 1
2

}︄
.

Hence the elements of predual BMO⋆ have representation

h = ∑
j

α jg j

where
∑

j
|α j|< ∞, g j ∈ P.

Let us mention the papers of Perfekt (2015, 2017) which enlight the connections with the
o−O theory of non reflexive Banach spaces which deals with a large space E defined by a
big-O condition like in case E = BMO(Q0), Q0 =]0,1[n, the space of John-Nirenberg of
u ∈ L1(Q0) such that :

||u||E = sup
Q⊂Q0

∫︂
|u−uQ|< ∞ (2)

Q is a cube with side parallel to the axis, uQ =
∫︂

Q
u is the mean value of u on Q. Associated

to E there is a small space E0 ⊂ E given by the corresponding little-o condition

limsup
|Q|→0

∫︂
Q
|v− vQ|= 0 (3)

which characterizes the space E0 =V MO(Q0) of functions of vanishing mean oscillation
according to Sarason (1975). In this case the predual E⋆ is the Hardy space H 1. A typical
result holds true in general when the vanishing space E0 is sufficiently rich, namely the so
called two star theorem

E⋆ ≃ E⋆
0 (4)

isometrically. All mentioned spaces enjoy this property except

E = L∞(Q0), E = BV (Q0), E = Lip(Q0)
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for which E0 is always trivial.
Let us notice that in the other cases we have always three spaces in duality E, E⋆, E0

with the general property
E⋆ = E⋆

0 ⊕E⊥
0 , (5)

where F⊥ is the orthogonal space and (5) is an l1-decomposition. This will be a consequence
of a strong opposition to the triviality of E0, consisting on the approximability of all vectors
u ∈ E by mean of sequences of vectors v j ∈ E0 in the X-topology. More precisely

(AP) For every u ∈ E there exists (v j)⊂ E0 such that

||v j||E ≤ ||u||E . (6)

and v j ⇀ u in X .
Let us finally notice that if (AP) holds (4) can be precisely stated as follows once we

indicate by i : E0 → E⋆⋆
0 the canonical embedding.

Theorem 1.1. (E0)
⋆⋆ ≃ E isometrically via the X −X⋆ pairing in the sense that, if

I : E0 → X

denotes the inclusion operator, and we define

U = I⋆⋆

then
U(E⋆⋆

0 ) = E

and considered as an operator U : E⋆⋆
0 → E, U is the unique isometric isomorphism such

that U(i(v)) = v, ∀v ∈ E0.

2. The concrete o−O type pairs

In this Section we consider some interesting cases of o−O pairs (E0,E).

Example 2.1. (BMO space)
The BMO space was first identified by John and Nirenberg (1961). BMO functions

appear in the theory of solutions to second order elliptic PDE’s of non variational type
both as solutions and as coefficients for existence–regularity in Dirichlet problem, which
involved italian school on PDE’s.

We mention here the pioneering paper of Chiarenza et al. (1993) which originated many
papers, see Maugeri et al. (2000).

Also the Marcinkiewicz space was useful as an adequate for gradients of coefficients in
the spirit of papers of Miranda (1963), Guglielmino (1964), Alvino and Trombetti (1984).

Let us show that for E = BMO(Q0) a good choice of the reflexive Banach space is
X = L2(Q0)/R. We consider for simplicity n = 1. Following Manzo (2020) we define

L = { f[a,b],h : 0 ≤ a < b ≤ 1,h ∈ BL∞(0,1) a.e.}

where BF denotes the unit ball of Banach space F and

f[a,b],hu =
∫︂ b

a
h(x)(u(x)−u[a,b])dx.
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We will equip L ⊂ X⋆ with the topology induced by the product of the natural interval
topology and the weak-⋆ topology σ(L∞,L1). Notice that since u ∈ L1(0,1) and [a,b] ⊂
]0,1[, the set

π(u) = {x ∈]0,1[: u−u[a,b] ≥ 0}
is measurable and we can consider h = χπ(u)−χ[0,1]\π(u) to obtain the mean oscillation of u
in [a,b]. The (AP) condition was proved by Perfekt (2013).

Example 2.2. (Rectangular BMO space)
In similar way we can treat the case of functions with rectangular bounded mean

oscillation on Q0 ⊂ R2. Recall that u ∈ BMOrect(Q0) if u ∈ L2(Q0) and over all I, J open
intervals in R

sup
∫︂

I

∫︂
J
|u(z,w)−uJ(z)−uI(w)+uI×J |2dτdω < ∞.

Example 2.3. (Space B of Bourgain-Brezis-Mironescu) For u ∈ L1(Q0) and a cube Qε ⊂ Q0
with sides of lenght ε and parallel to the co-ordinate axes define the norm (modulo constants)

||u||B = sup
0<ε<1

[u]ε

where
[u]ε = ε

n−1 sup
Fε

∑
Qε∈Fε

∫︂
Qε

|u(x)−uQε
|

where Fε = (Qε(a j) j∈J) denotes a collection of mutually disjoint ε-cubes Qε(a j) ⊂ Q0
centered at a j such that the cardinality ♯Fε ≤ ε1−n. The space B is then defined as

B = {u ∈ L1(Q0) : ||u||B < ∞}.

For n = 1, BMO = B. For n ≥ 2 the B-norm is strictly weaker then the BMO-norm.
Actually BMO and BV (the space of functions of bounded variations) are continuously
contained in B. The separable vanishing subspace B0 consists of those v ∈ B such that

limsup
ε→0

[v]ε = 0.

In this case we choose (see D’Onofrio et al. (2020)) X = L2(Q0)/R and

L = {LFε,h : ♯Fε ≤ ε
1−n,h ∈ L∞(Q0)} ⊂ X⋆ (7)

with

LFε,hu = ε
n−1

♯Fε,h

∑
j=1

∫︂
Qε (a j)

h(x)[u−uQε (a j)]

The (AP) condition is proved by D’Onofrio et al. (2020). For the sake of completeness, we
mention the following theorem which generalizes a result of Leibov (1990).

Theorem 2.4. If v ∈ B0, then there exists ε̄ ∈ (0,1) such that

||v||B = [v]ε̄

which shows that the supremum in the norm is attained when the functions belongs to
the vanishing subspace of B.
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Example 2.5. (Marcinkiewicz space Lq,∞)
Let 1 < p < q and consider weak-Lq space of Marcinkiewicz Lq,∞(Q0) of functions

u ∈ L1(Q0) such that

||u||Lq,∞ = sup
A⊂Q0

|A|
1
q

∫︂
A
|u|

with the corresponding small-o condition v ∈ Lq,∞
0

lim
|A|→0

|A|
1
p

∫︂
A
|v|= 0.

It is well known (Carozza and Sbordone 1997) that Lq,∞
0 is the closure of L∞(Q0) in Lp,∞(Q0).

Moreover

(Lq,∞
0 )⋆ ≃ Lp,1 1

p
+

1
q
= 1,

(Lp,1)⋆ ≃ Lp,∞,

(Lq,∞
0 )⋆⋆ ≃ Lq,∞

and Lp,1 is a Lorentz space whose functions enjoy atomic decomposition (De Souza 2010).

Example 2.6. (Lipschitz spaces Lipα(Ω̄), 0 < α < 1, Ω bounded domain of Rn)
A function u : Ω → R belongs to Lipα if and only if

||u||Lipα (Ω) = sup
x ̸=y

|u(x)−u(y)|
|x− y|α

< ∞. (8)

We identify u and u+C, C constant in order to obtain a norm. In this case we choose
X = W ℓ,p \AΩ as a quotient space of a fractional Sobolev space W ℓ,p where 0 < ℓ < 1,
p > 1 that consists of u ∈ Lp such that∫︂

Rn

∫︂
Rn

|u(x)−u(y)|p

|x− y|pℓ+n dxdy < ∞.

If we assume 0 < ℓ < α , pℓ > n by a Sobolev type theorem W ℓ,p continuously embeds into
Cb, the space of bounded continuous functions. Let

AΩ = {u ∈W ℓ,p : ∃x0 ∈ Ω : u(x0) = 0}

and set
X =W ℓ,p \AΩ. (9)

The family L ⊂ X⋆ consists of functional of the form

Lx,yu =
u(x)−u(y)
|x− y|α

(10)

with the topology of
{(x,y) ∈ Ω×Ω : x ̸= y}.

Jonsson (1990) proved for 0 < α < 1 that the predual of Lipα(Ω) is the space Hα(Ω) of all
f ∈ Lipα(Ω)⋆ which may be represented as (γi ∈ R)

f (x) =
∞

∑
i=1

γiai(x) (11)
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where ∑
∞
i=1 |γi|< ∞ and ai(x) are atoms with supporting balls Bri(xi). Notice that the action

of f on ϕ ∈ Lipα is given by

⟨∑
j

γiai,ϕ⟩= ∑
i

γi

∫︂
aiϕdµ.

The norm in Hα is the infimum of ∑i |γi| over all representations.

Definition 2.7. By an α-atom with respect to a doubling measure µ we mean a function
a ∈ L∞(µ) such that for some ball B = B(x,r), x ∈ Ω̄, 0 < r ≤ 1 (a supporting ball for a)
we have

suppa ⊂ B (12)
the cancellation

|a| ≤ 1
rα

1
|µ(B)|

(13)

and the size condition ∫︂
aPdµ = 0 if r < 1 (14)

for all polynomials P of degree less or equal then [α]. The norm in Hα(Ω̄) is

||a||Hα (Ω̄) = inf∑ |γi| (15)

over all representation.

Another atomic representation of the predual of Lipα was recently established by An-
grisani et al. (2020). Indeed, since we have shown that the pair (lipα ,Lipα) admits a o–O
structure whenever α ∈ (0,1), we know that (lipα(K,ρ))∗ is the strongly unique predual
of Lipα(K,ρ) and (lipα(K,ρ))∗ ≃ (M(K))c where M(K) is the normed space of finite
(signed) Borel measures on K endowed with the Kantorovich-Rubinstein norm. Now we
are ready to give an atomic decomposition of the space M(K) .

Theorem 2.8. Fix α ∈ (0,1). Let µ ∈ M(K). Then there exists a sequence of atomic
measures (µn)n∈N ⊂ M(K) with card(supp(µn))≤ 3 and a sequence (γn)n∈N ∈ ℓ1(R) with
γn ≥ 0 such that

µ =
+∞

∑
n=1

γnµn

where the convergence is intended in the Kantorovich-Rubinstein norm. Moreover there is
C > 0 such that

C
+∞

∑
n=1

γn ≤ ||µ||M(K) ≤
+∞

∑
n=1

γn. (16)

Example 2.9. (BV space)
Assume E = BV (Q0), Q0 =]0,1[n, is the space of functions u of bounded variation, that

is u ∈ L1(Q0) and the total variation

|Du|(Q0) = sup
||ϕ||C0(Q0 ,Rn)≤1

∫︂
Q0

udivϕ

is finite, equipped with the norm

||u||BV (Q0) = ||u||L1(Q0)
+ |Du|(Q0)
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This is a non separable space where smooth compactly supported functions fail to be
norm-dense and is dual of a separable Banach space

BV∗ =

{︄
T ∈ D′(Q0) : T = ϕ0 +

n

∑
j=1

∂ϕ j

∂x j
: ϕ j ∈C0(Q0)

}︄
(see Ambrosio et al. (2000) and Fusco and Spector (2018)). We find with our methods
atomic decomposition similar to the one described in the example 2.3.
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