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Abstract This paper discusses the generic local classification of typical singular-
ities of 2D piecewise smooth vector fields when the switching set is an algebraic
variety. The main goal is to obtain classification results concerning structural sta-
bility and generic codimension one local bifurcations.
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1 Introduction

First of all, we observe that this paper is part of a general program involving
the study of discontinuous piecewise smooth systems in R™ of the form

x = F(x) 4 sgn (f(x)) G(x); (1)

where x = (21, .....,2n) and F, G : R" — R"™, f : R®™ — R are smooth functions
on R™. Note that we have two different smooth systems defined in all R™, one,
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X = F + G, that will be considered in the region where f(x) > 0 and the other,
Y = F — G, where f(x) < 0.

In this direction, let X,Y : U C R? — R? be sufficiently smooth vector fields
defined in a bounded neighborhood U of the origin. Consider f : (z1,22) € U C
R? — x5 € R having 0 as a regular value and let ¥ = f~!(0). Thus ¥ is a regular
codimension one submanifold of 4 C R2. The submanifold X splits the open set
U into two open sets UT ={peU :x2 >0} and U™ = {p €U : x2 < 0}.

Let Z be the space of all piecewise smooth vector fields Z = (X,Y") defined as

2(p) = Y(p), ifpeu’ @

{X@L if peut

The dynamics on each open set U +is given by the smooth vector fields X and
Y, respectively. The submanifold X is called discontinuity curve or switching curve
and we assume that the dynamics over X' is given by the Filippov’s convention.
More details about the Filippov’s convention can be found in [I3]. The piecewise
smooth, also called non-smooth, vector field defined in this way is called a Filippov
system.

Due to their importance in applications, non-smooth Systems have been largely
studied in recent years. There are a huge number of works focusing on the local
and global dynamics of these systems. We refer the reader to [4] and references
therein for an extensive survey about general non-smooth systems.

In the case of Filippov systems, many authors have contributed to their study.
See, for instance,|[13L19,[26L20}15]1112L6L1617].

Concerning the study of the generic behavior for planar Filippov systems, it
was firstly made by Kozlova ([19]). In [20], Kuznetsov at al., classified and studied
all codimension one bifurcations and also some global bifurcations using suitable
normal forms. Following the same approach, in [5] the authors study some higher
codimension bifurcations.

One of the starting points for our approach in the study of bifurcations in
planar Filippov systems was the work of M.A. Teixeira [25] about smooth systems
in 2-dimensional manifolds with boundary. This work was generalized in [6] to the
study of structurally stable Filippov Systems defined in 2-dimensional manifolds.

Using the concepts of local X’ —equivalence and weak equivalence of unfoldings,
in [I5] the authors gave a rigorous proof of the theorem which classifies the set
of the local Y'—structural stable Filippov systems and revisited the codimension
one bifurcations. In addition, they gave a preliminary classification of codimen-
sion two bifurcations. In [23] the authors revisited the codimension one generic
local bifurcations of Filippov systems, presenting a rigorous classification of the
generic fold-fold singularities set A as well as a formal study of the versal un-
foldings of each singularity. Moreover, they have proved that A is a codimension
one embedded submanifold of Z. There are also results about global bifurcations
involving periodic orbits of codimension one or higher, see for instance [I8}[14L[4]
22/[21]. Concerning Filippov systems in higher dimensions [89,17,[10] study local
and global bifurcations involving periodic orbits in R™ for n > 3.

Most works on piecewise smooth systems are devoted to study switching man-
ifold which are regular curves or manifolds. However, using the same definition
of piecewise smooth vector fields, some works have considered X' as the union of
two codimension one submanifolds which intersect transversely at the origin. For
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instace, in [12], the authors propose a special choice for the sliding vector field at
the intersection of the two manifolds, and the work [3] studies some global bifur-
cations related to ”corner collision” bifurcations where a periodic orbit of one of
the systems intersects the non- regular point of the boundary.

In this paper, we are interested in the particular subject: 2D systems as in
for which f(x1,2z2) = x1 - x2. We understand that a systematic program towards
the bifurcation theory for such systems is currently emergent.

In this case, the origin is a non-degenerated critical point of f and X = f~*(0)
is a degenerate hyperbole. Thus Y can be seen as the union of two lines that
intersect transversally at the origin. The piecewise smooth vector field Z = (X,Y)
is given exactly as inand in this case, we assume that the Filippov’s convention
is valid in X\ {0}.

Piecewise dynamical systems naturally arise in the context of many applica-
tions. In this direction our approach is motivated by equations expressed as

X +ax = sgn (x - f(x,%)));

that are commonly found in many fields such as Control Theory and Engineering.
In [I] problems involving asymptotic stability of such systems are fairly discussed.
In this book the author presents an stabilization problem that can be solved pro-
vided a discontinuity of this type is introduced in the system.

Let 2 be the set of all piecewise vector fields defined as above. In this work,
our aim is to describe rigorously the set of the locally X'—structurally stable vector
fields having this kind of switching set and their codimension one bifurcations. The
structure of this work is as follows:

In we describe the objects we are going to work with, as the trajec-
tories, tangencies, notion of local Y’ —equivalence and weak equivalences of unfold-
ings.

Section [3|is devoted to classify the set 2o composed by the locally X'—structu-
rally stable vector fields in §2. In this way we establish the generic conditions which
are necessary to Z € {2 be locally Y —structurally stable. Moreover, in each case
we construct the Y'—equivalence between Z € (2 and its corresponding “normal
form” which describes the dynamics.

Once we have classified the set 29 C {2, in we describe the set
Z1 C 1 = 2\ 2 composed by the vector fields Z which have a codimension one
bifurcation at the origin. In order to get this result, we establish some conditions
for Z € =1 and show that = is open in 21 (endowed with the induced topology of
2). More precisely, =1 is an embedded codimension one submanifold of 2. Finally,
we show that for each Z € =1 the unfoldings which are transverse to =1 at Z are
weakly equivalent and its dynamic is then described. One special feature of these
systems is that, contrarily to what happens with the unfoldings of codimension
one singularities of Filippov systems, the unfoldings in this case no periodic orbits
appear nearby the singularity.

2 First definitions and results

Let f: R?,0 — R,0 be a C" smooth function such that f(0) = 0 and that 0
a non degenerate critical point. The purpose of this work is to study the generic
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singularities of planar piecewise vector fields Z which discontinuity set is given by
the zeros of the map f(z1,z2).

As it is known that there are coordinates around the origin such that f can be
written as f(z1,22) = 7 & 3. In this paper we will study the case f(z1,z2) =
x3 — 23, or equivalently, f(x1,z2) = 1 - z2.

In this direction, let X and Y be smooth C", r > 1 vector fields defined in a
bounded neighborhood U of the origin.

Let f:p = (z1,22) € U — f(p) = x1z2 € R. The set ¥ = f~1(0) is an
algebraic variety and splits I as the closure of the regions U = {p € R? : f(p) >
0} and U~ = {p € R? : f(p) < 0}. Moreover, the region ™ can be decomposed
as UL = UT N {z2 > 0} and UT = UT N {z2 < 0}, as can be seen in
Analogously, we define the regions U, and U_.

Let £2 be the set of all piecewise vector fields defined as:

_[X(p), if peut
Z(p)_{Y(p), it peu’ ®

The set X is the discontinuity set or switching set. Observe that we can write
Y =X UX with X1 = {(z1,22) € ¥ : z1 = 0} and X2 = {(z1,22) € X :
x2 = 0}. Moreover, X1 = X" U X where X = {(0,22) € X1 : 22 > 0} and
Y7 ={(0,22) € X1 : 22 < 0}. Similarly, one can write > = X5 U X, .
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Fig. 1 The decomposition of the domain Y.

Each X;, for ¢ = 1,2, can be decomposed as the closure of the crossing, sliding
and escaping regions as follows:

Zf:{pGEiZXi~1/i(p)>0},
Zi={pe = Xup) <0,vi(p) > 0} u{p € I : Xilp) > 0, Yilp) < 0},

oe = {pezjzxi(p) >0, Yi(p) <0}U{p€2i_ L X,(p) < 0, Yi(p) >0}.

Then the crossing, sliding and escaping regions in X' are the union of the corre-
sponding regions in X1 and Xs.
In the regions X;°¢, for ¢ = 1,2, we define the sliding vector field:

Z5p) = Vi) X5 (p) — Xi(p)Y;(0)]

= Vi) - %) ! )

P2
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where 4,7 = 1,2 and i # 7.

Definition 1 Fix ¢ = 1,2. The point p € X7'° is a pseudo-equilibrium if Z{(p) = 0
and it is hyperbolic if (Z7)'(p) # 0.

Since we are interested on low codimension singularities, we focus our attention
just to one kind of tangency, the fold point, which is defined below.

Definition 2 The point p € X; is a fold point of X in X; if X;(p) = 0 and
X;(p) - aiXi(p) # 0 fori,j =1,2 and i # j. Moreover, p € X' is a regular-fold
z

i
of X in X; if is a fold point for X in X; and Y is transverse to X at the origin,
that is, ¥7(0) # 0 for | =i, 2.

Analogously, we define a fold point and a regular fold for Y.

§ /E

9]
Fig. 2 The origin is a fold point of X. XQ(O) =0 and X; - 8—X2(0) > 0; X1(0)=0
1
7]

and Xo - 7X1(0) > 0.
Oxo

Now we define the trajectories of Z through points of U, following [15]. Let
us denote by ¢x(t;p) the flow of a regular vector field X. In order to preserve
the uniqueness of orbits, we assume that, if p € UT is such that the curve
{ex,v(t;p);t € R} m X%¢ then the trajectories of X and Y through p are rela-
tively open, that is, they do not reach X’ U X¢ in finite time.

Next definition gives the trajectories through a point of U \ {0}.

Definition 3 Let p € U \ {0}, then its trajectory ¢z (t;p) is given by:

— If p € UT UU™ then its trajectory is given by the trajectory of X or Y,
respectively.

— If p e X° = X{ U XS then its trajectory is the concatenation of its respective
trajectories in Y+ and U ;

= Ifp e (X7 UXy)\ {0} for i =1 or 2, then its trajectory is given by @z (t;p),
where Z; is given in

—IfpedXyuUdr;y uUoXy and if lim ¢z(t;q) = lim ¢z(t;q), then ¢z (t;p) =

q—p~ q—pt

lim ¢z (¢; q). These points are regular tangency points.
q—p

— Ifp € 0XFUOX] UOX does not satisfy the last condition, then ¢z (t;p) = {p}
and it is called by singular tangency points.
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Next definition gives the trajectory of p = 0.

Definition 4 Let {0} € X, then its trajectory ¢z (¢;0) is described below:

— If {0} € ¥ = X¢ = X§ N X5 then there is only one trajectory of X or Y which
cross the origin and we define ¢z (t; 0) as being this trajectory;

— If {0} € XeUX? 027]‘?, i,j = 1,2 and i # j, then the trajectory ¢z (¢;0) =
pz: (t;0);

— If {0} € NZ_, Z7 U X7 then pz(t;0) = {0};

After the last two definitions, we can define the singularities of Z € (2.

Definition 5 The singularities of Z € (2 are:

— p € UF which are singularities of X or Y, respectively;

— p € X7° such that Z; (p) = 0;

— p€e VX UIX] UOXY, for i = 1,2, which are singular tangency points;

— {0} € X when both Z; are defined in a neighborhood of the origin, i = 1, 2.

In the sequel we define some different types of “periodic” orbits which can
appear in piecewise smooth systems, once again we follow the definitions given in
[15].

Definition 6 A regular periodic orbit is a regular orbit v = {¢z(¢;p) : t € R},
which belongs to U™ UU™ U X and satisfies ¢z(t + T;p) = ¢z(t;p) for some
T > 0.

Fig. 3 Examples of periodic orbits containing the origin: @regular periodic cycle@periodio
cycle |(c)| closed contour

Definition 7 A cycle is a closed curve formed by a finite set of pieces of orbits
1, - .., ¥n such that vo, is a piece of sliding orbit, 2541 is a maximal regular orbit
and the departing and arrival points of y2541 belong to y2r and 2542, respectively.
We define the period of the cycle as the sum of the times that are spent in each
of the pieces of orbit v;, i =1,...,n.

Definition 8 We define a closed contour (also called a pseudo-cycle, see [15]) as
the closure of a set of regular orbits v1,...,7n such that their edges, that is the
arrival and departing points, of any ; coincide with one of the edges of ;41 and
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one of the edges of ;41 (and also between 41 and 7,) forming a curve homeomor-
phic to St = R/Z, in such a way that in some point coincide two departing or two
arrival points.

In Figures @ and @ the curves 71 and 72 are examples of regular periodic
orbits. As we will see in and [4 this kind of orbits do not appear in low
codimension bifurcations. For example, the phase portrait sketched in
can happen when the origin is a saddle for X (with non admissible eigenspaces,
that is, the eigenspaces V12 C U~) and a focus for Y, which is a bifurcation
of codimension at least four. As an example of vector field having infinitely many
periodic cycles, one can take Z = (X,Y’) where X (z,y) = (—8x —5y, 10+ 7y) and
Y (z,y) = (8z—>5y, 10x —Ty) are both linear vector fields. Observe that both vector
fields have a saddle point at the origin and this is a codimension four phenomena.

The orbit v in gives us an example of a periodic cycle. These orbits
can appear, for example, in the unfolding a codimension 2 fold-fold bifurcation.

In figure ~3 is an example of closed contour. Observe that closed contours
are not real closed orbits but they are preserved by X'—equivalences (see definitions
and and it is the unique type of recurrence containing the origin which
appears in the unfoldings of some codimension one bifurcations.

=1

S
o

Fig. 4 Z is transient, in this picture, the origin can be a saddle point for X with non admissible
eigenspaces and Y is transverse to X at the origin.

Z/N

Definition 9 We say that Z € £2 is transient in U7 if for every p € UF there exist

t1(p), t2(p) € R satisfying z(t1(p);p) € L1, pz(t2(p);p) € X2 and pz(t;p) € U™
for all t € [min{t1(p), t2(p)}, max{ti(p),t2(p)}]. We say that Z is transient if it is
transient in 4 and U~

Let Z € {2 transient. For each p € X1 there exist a unique ¢x (p) € R such that
px(p;t) € UT for all t € [min{0, tx (p)}, max{0, tx (p)}] satisfying o x (tx (p);p) €
2)2. We have defined a diffeomorphism

Ox p € X1 — (px(tx(p);p) € Xo.

By the Implicit Function Theorem, the function tx : p € X1 — tx(p) € Ris a
differentiable map. Analogously, we define

by :p € Yo py(ty(p);p) € X1
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And finally we define the first return map of Z by

Oz 1 Xy — X5
P (bx 0 dv)’(D) (5)

which is clearly a diffeomorphism, since it is the restriction of a diffeomorphism
to the cross section X, .

R R 1
Y py (p) X Y q X Y py(p) X
P b x (a) P b x (¢y (P))
pe Y X Y pe Y

Fig. 5 The first return map associated to the vector field Z.

Remark 1 In fact, the map ¢z is an one dimensional map, since its second coor-
dinate is always zero. Thus we will write ¢z as a projection to the first coordinate
of the first return map.

Observe that if Z is transient, the origin is always a fixed point for ¢z since
tx(0) =ty (0) = 0. Moreover, by unicity of solutions for flows in the plane, ¢z is
an increasing function and therefore, ¢’ is always positive.

In our context, sometimes the first return map will not have a real dynamical
meaning, since it is defined for any transient vector field Z. It can happen that a
trajectory of Z through a point p € X5 do not reach again the cross section X
neither in backward nor in forward time, see But even in these cases
the first return map will be important in order to detect the appearance of closed
contours.

Definition 10 Let Z € 2 be transient and let ¢z be its first return map associ-
ated to Z at the origin. Then the origin is “geometrically stable” if 0 < ¢, (0) < 1
and it is “geometrically unstable” if ¢ (0) > 1. When X = X< then the dynamics
of Z around the origin is similar to a focus, in this case we say that the origin is a
“focus”. Otherwise, 0 € X7° N X¢ the trajectories of an initial condition does not

reach Y5 again and the origin will be called “geometric-focus”.

Now we are going to start with the definitions of local X'—structural stability
and codimension k bifurcations. It is well known that the set X = X" (i), U com-
pact, of the germs of vector fields of class C",r > 1 endowed with the C" —topology
is a Banach space. Therefore, {2 = X x X is also a Banach space. Consequently, {2
is a Banach manifold.

In the sequel we will establish a relation between local X' —structural stability
in our context with some special submanifolds of (2.
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Definition 11 Let Z and Z € (2, defined in & and U neighborhoods of the origin,
with discontinuity sets Y and z, respectively. We say that Z and Z are locally
Y —equivalent if there exist neighborhoods L{o,ZJO of the origin and an orienta-
tion preserving homeomorphism h : Uy — Uo which maps trajectories of Z in

trajectories of Z and sends ¥ in X.

Definition 12 We say that Z € 2 is locally Y —structurally stable at the ori-
gin if there exists a neighborhood Vz C 2 such that if Z € Vz then is locally
Y —equivalent to Z.

Let {20 denote the set of all piecewise systems in {2 which are locally X' —struc-
turally stable.

When Z is not locally X'—structurally stable at the origin, we say that Z
belongs to the bifurcation set 21 = 2\ 2.

Definition 13 Let Z € 2. A m—parameter unfolding of Z is a smooth map
vy:8= (1, ,0m) € (—d0,00)" — Zs € 2 with o < 1, m > 1 and satisfying
~(0) = Zo = Z. We usually denote an unfolding of Z by Zs.

Definition 14 Let Z, Z € £2. We say that two unfoldings of Zs and ZS are locally
weak equivalent if there exists a homeomorphic change of parameters 1(d), such
that, for each § the vector fields Z5 and 4 u(5) are locally X'—equivalent. Moreover,
given an unfolding Zs of Z it is said to be a versal unfolding if every other unfolding
Zo of Z is locally weak equivalent to Zs.

Definition 15 A piecewise smooth vector field Z € (21 has a codimension one
singularity at the origin if it is locally Y—structural stable in the induced topology
of £21. That is, if there exists an open set Vz C {2 such that Ze Vz N {21 then 7 is
locally X'—equivalent to Z and any 1—parameter unfoldings of Z and Z are locally
weak equivalent. We denote by =7 the set of all codimension one bifurcations in
0.

One can define =%, the set of all Z € (2 having a codimension k bifurcation
at the origin, recursively. Let 2 = 2,1 \ Zx_1 then =) is the subset of (2
composed by the Y'—structurally stable in (2.

3 Local ¥ —structural stability

The aim of this section is to describe the set 29 C (2 of all the vector fields
which are locally X' —structurally stable near the origin. We use the definitions of
local Y'—equivalence and local X' —structural stability stated previously. We will
prove the following theorem:

Theorem 1 (X —structural stability on 2) Denote by 20 C {2 the set of all
the vector fields which are locally X — structurally stable near the origin. Let Z € (2.
Then Z € (2 if, and only if, Z satisfies one of the following conditions:

A. X;(0).Y;(0) > 0, fori=1,2;
B. X;(0).Y;(0) <0, fori=1,2 and det Z(0) = (X1 - Y2 — X2 - Y1)(0) # 0;
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C. X;(0).Y;(0) > 0, X;(0).Y;(0) < 0 fori=1,2,% # j. In addition, when Z is

X1~Y2(0))2#1.

t ent, it sati =
ransient, it satisfies az <X2 71(0)

Moreover, the subset {29 is an open and dense in (2, therefore local X — structural
stability is a generic property in 2.

We devote the rest of this section to prove this theorem.

Lets consider Z € 2, with X and Y transverse to X1 and X9 at the origin. It is
clear that the transversality of the vector field with X' at the origin is a necessary
condition for local X—structural stability of Z. In the sequel we will see that it is
not a sufficient condition.

Before we start the analysis of the behavior near the origin, we summarize
some important facts about the sliding vector fields. By definition of the sliding
vector fields expressed in as it was observed in [24], we have

Zi(p) = hi(p) -det Z(p), p€ X, (6)
where det Z(p) = X1(p) - Ya(p) — Xa2(p) - Y1(p) and
hi(p) = [(=1)" 1 (Xi(p) — Yi(p)] ", (7)

Since each Z; is defined on sliding and escaping regions of X, it follows that h;
does not vanish on these intervals since X; - Y;(p) < 0 if p € X7"°. Then, we have
the next proposition which proof follows directly.

Proposition 1 Let Z = (X,Y) € 2. Then p € X° is a pseudo-equilibrium of
Z2, i = 1,2, if and only if, det Z(p) = 0. In addition, p € X° is a hyperbolic
pseudo-equilibrium to Z; provided ai det Z(p) £ 0, fori=1,2 and i # j.
€Lj

When both sliding vector fields are defined in a neighborhood of the origin,
using [(6)] we obtain that Z7(0) = 0 if, and only if, Z5(0) = 0.

The next proposition will be important when we construct the homeomor-
phisms in order to prove the local X' —equivalence between the X' —structural stable
vector fields.

Proposition 2 Suppose that po € X;°° is a regular point of the sliding vec-
tor field Z7. Then Z7 is locally conjugated to the constant vector field Z7(p) =
(=1)""tsgn (Xi(po)) - sgn(det Z(po)) by the identity map.

Proof A straightforward computation gives us that around po we have sign sgn (Z); (p) =
(—1)""tsgn (Xi(po)). Since Z§ and Z; are one dimensional vector fields, they are
conjugated by the identity map.

Corollary 1 Let Z = (X,Y) € 2. Suppose that both sliding vector fields are
defined around the origin, then sgn(Z{(0)) = sgn(Z5(0)), if X1(0) - X2(0) < 0 or
sgn(Z: (0)) = —sgn(Z3(0)), if X1(0) - X2(0) > 0.

Proposition 3 Given Z = (X,Y) € 2 suppose that the origin belongs to Ef’SﬂZjC-
fori,5=1,2 and i # j. Then the origin is a reqular point of Z; .
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Proof Since we have Z7(0) = 0 if and only if, det Z(p) = 0, it is enough to prove
that det Z(p) # 0. As 0 € X°, we have X; - Y;(0) < 0 and 0 € X5 therefore
X; - Y;(0) > 0. Consequently, sgn(X;(0).Y;(0)) = sgn(—Yi(0).X;(0)) and then
det Z(0) # 0.

From now on, our goal is to classify the local X —structural stable behavior in f2.
We give a normal form for each equivalence class and construct the respective local
Y —equivalences between an arbitrary vector field and its corresponding normal
form.

Observe that being X and Y transverse to X at the origin, we have the following
configurations for X

Cl. X;-Y;(0) >0, for i = 1,2 and then X = X¢;

C2. X;-Y;(0) <0, for i = 1,2 and we have X = X° U X¢;

C3. X;-Yi(0) > 0and X;-Y;(0) <0, then &; = X7 and ¥y = X7 UXS ford,j = 1,2
and i # j;
Considering the continuous maps

fi:Q—> R
7 Xi - Yi(0) (8)

it follows that conditions stated in items [CI] to [C3| are open. Then for each Z € 2
satisfying conditions to there exists a neighborhood Vz C 2 such that
sgn (&]v,) is constant. Moreover, conditions to define a generic set, since
its complement in §2 is £ 1(0) U &, 1 (0). Nevertheless, even if these conditions are
open, we will see that vector fields satisfying some of them are not structurally
stable. We will analyze each case separately.

Definition 16 Let 25 C 2 be the subset of all Z € 2 satisfying condition
and therefore, condition A on

The gives the local Y'—equivalence between any Z € 2% and the

corresponding normal form Z.

Let Z € 2} and V; C 2 be a neighborhood of Z such that sgn (&]y,) >
0,7 = 1,2. By each Z' € Vy is locally X —equivalent to Z. By
transitivity it follows that Z’ is Y —equivalent to Z. Then every Z € 2§ is locally
Y/ —structurally stable.

Proposition 4 Suppose that Z € $2§. Then Z is locally X —equivalent to the
piecewise smooth system

X = (a 7 +
o) = {X(p) =(a,b), ifpeld o)

Y(p) = (a,b), ifpeU”’

where a = sgn(X1(0)) and b = sgn(X2(0)). :
In other words, Z is C°—equivalent to the continuous vector field Z(p) = (a,b).

Proof We will present the construction for the case X1(0), X2(0) > 0. The other
cases can be done analogously. In this case, the vector field Z has the form

Zen = (1) (10
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Since X and Y are both transverse to X' at the origin, there is a neighborhood
U of the origin such that for each initial condition p € U the trajectory of Z
through p reaches the discontinuity X' in finite time.

We are going to construct the homeomorphism piecewisely.

X

RS
:q1(p) = ey (p, t1(p))
I
I
I

a2(p) = oy (b, t5(p))
I

X

Fig. 6 The map h_ in U~ for X7 -

Y

Fig. 7 The regions Ri for i = 1,2 of U and the respective cross sections I" and I" for Z and
Z when X7 - XQ(O) > 0.

Let p € U~. As Y1 -Y2(0) > 0, Z is transient in &~ . Then there exists a unique
time ¢;(p) € R such that Q;(p) = ¢y (p;ti(p)) € X for i =1, 2.

On the other hand, given Q1(p) = (0, q1(p)) € X1, the point Q2(p) = (—q1(p),0) =
¢y (Q1(p); —q1(p)) belongs to L.

As illustrated in we define the homeomorphism A~ on U~ as

h™(p) = 5 (Q1(p),o(p))

q1 -t
— (p)-

Observe that h™|g, = Id, h™ (p) = (—qi(p),0) if p € X5 and h™(0) = 0.
Moreover, the map h~ is an homeomorphism in &4~ .

Consider now the cross section I' = {¢x (0,¢), t € R}NU and define the regions

where o(p) = —

R1:~{p€b¢:pisa.boveF}U{pGLllL:pisbelowF}UF7
Ro={pecUf :pisbelow I'tU{peUl :pisabove '} UT.
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Since ¥ = X° for each p € R; there exists a unique #;(p) € R such that
Qi(p) = px (p,tp)) € Ti, i =1,2.
Define on each region R; the homeomorphisms

h(p) = ¢ (Q1(p); —ti(p)), p € Ru,
h3 (p) = 05 (h—(Q2(p)); —ti(p)), p € Ra.

Observe that if p € I' then hi(p) = ¢5(0,—t(p)) = h3 (p). Therefore, the
map hT, defined as b (p) = hi (p), if p € R1 and h* (p) = hi(p), if p € Ra is a
homeomorphism in U ™.

Moreover, the maps h*t and h™ agree on ¥. If p € X, then Qi(p) = p and
ti(p) = 0, thus h™(p) = hj ,. Therefore the map h defined as follow is an homeo-
morphism. ’

h=(p), peU~,
h(p) = hi(p). pE€ Ry, -
hy(p), p€ Rz

1
|
|
|
|
|
|
|
|
|

/z(p’)
(O AN, N

h_(a(p"))

a(p) = ¢ x (p, t(p) hy h_ (a(p))

hi (p)

X

Y X

Fig. 8 The homeomorphism h; define on regions R* for X7 - X2(0) > 0

Regarded the way that h has been constructed it is clear that h carries the
trajectories of Z to trajectories of Z preserving the orientation. Moreover, if p =
(p1,p2) € U, a straightforward calculation shows that the map

oy ((0,p2 = p1)); 7(p)), pel-,
9(p) = 1 ¢x((0,p2 = p1); p1), p€ R,
ex (py ((0,p2 — p1); —t2(p2 —p1);p2) p € Rz,

- t2(0,p2 — . . . .
where 7(p) = p1-t2(0,p2 = p1) is the inverse of h. Thus h is a homeomorphism.

p1 — p2
The case X1(0), X2(0) < 0 is analogous. The only difference is that we must
consider the cross section I' = {¢y (¢,0)} : t € R} NU, define the regions R; and

then proceed in the same way as in the case X1(0), X2(0) > 0.

Opposed to the case [Cl] if Z € (2 satisfies [C2] one can not automatically
conclude that Z is locally X' —structurally stable even if is an open condition.
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This occurs because one can have that Z satisfies and det Z(0) = 0 and then
the origin is a pseudo-equilibrium for both Z;. Lets take for instance

Xa(z,y) =1—-a+zx,1)

Y(ey) =(-1+yp-1) (1

ZOC ($a y) = {

In this case, the sliding vector field is defined in ¥y and X>. However, for

a = 0 the vector field Zp has just one pseudo-equilibrium at the origin, while

when «a # 0 the vector field Z, has two pseudo-equilibria in X; and Y2 near the

origin. Therefore, one can not establish a local ¥'—equivalence between Zy and Z,
for a # 0.

Since det : Z € 2 — det Z(0) € R is a continuous function, once Z satisfies

det Z(0) # 0, we obtain a neighborhood Wz C Vz such that sgn (det|w,) is
constant. Then Z' € Wy satisfies condition [C2| and det Z’(0) # 0.

Definition 17 Let 22 be the set of all Z € 2 satisfying and det Z(0) # 0 and
therefore condition B of [Theorem 1l

Then from the argument exposed above and the next proposition we conclude
that Z € 22 is local ¥ —structurally stable.

Remark 2 Even if the formula stated for the normal form of Z € 22 in system
iS cumbersome, it is a good way to write all the normal forms in a concise way.
Substituting the values for a,b and c indicated in the expression of
Z becomes very simple.

Proposition 5 Let Z € 2. Then Z is locally X —equivalent to the piecewise
smooth system

Zp) = {((51(ab)61c +1)-a,—(6_1(ap)0-1c —ab) -a), ifpeUT 12

(—=(61(aby01c + 1) - @, —(81(ap)6—1c + ab) -a),  ifpeU’

where a = sgn(X1(0)), b = sgn(X2(0)), ¢ = sgn(det Z(0)) and d,s is the Kro-
necker function.

Proof Observe that Z also satisfies condition Moreover, substituting the value
of ab in the formula|(12)| we obtain det Z(0) = 1. —d_1.. Thus, sgn <det Z(O)) =
sgn (det Z(0)) # 0.

As Z7 and Z; are one dimensional vector fields with the same sign, the identity

is an equivalence between them. Therefore, the same construction of
can be applied in this case.

The last case to be studied is when Z belongs to 23, that is, the set of all
Z € (2 satistying [C3] Observe that in the previous cases there were no meaningful
differences on the dynamics of Z depending of sgn (X1 - X2(0)), since one case is
just the reflection of the other. This is not true when we are considering Z € §23.
For this reason, we define,

Definition 18 Let (23 the set of all Z € (2 satisfying condition C'3 and

23 ={Z e 25 X1-X2(0) > 0}.
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A standard argument and |Proposition 6| show that Z € Qg’l is always local

XY —structurally stable. Observe that this is not the case when Z € 23 \ _(23’1. In
fact, if X1-X2(0) < 0, the vector field X is transient. Moreover, conditiongives
straightforwardly that the vector field Y is also transient. Consequently, since Z
is transient, one needs to analyze the first return map defined in in order to
avoid a non hyperbolic fixed point of ¢z at the origin. This situation would lead
to a higher codimension bifurcation.

Proposition 6 Suppose Z € Qg’l. Then Z is locally X — equivalent around at the
origin to

5 _ X(p):(a,a), ifp6u+
7w = {wp) —(b-b), ifpeu’

where a = sgn(X1(0)) and b = sgn(Y1(0)).

Fig. 9 The cross sections I'x y and regions RY,i=1,2 when a = 1.

Proof Fix a = b = 1. Other cases can be done similarly.

In this case we have X1 = ¥¢ and Xy = YeUXe, bythe origin is
a regular point of Z5 and by [Proposition 2, Z3 is locally conjugated to the constant
vector field Z5(p) = 1. Moreover, by [Proposition 2| there exists a homeomorphism
h* with A*(0) = 0 which gives the C”—equivalence between these vector fields in
a neighborhood of the origin.

The trajectories of X and Y through the origin are both admissible and inter-
sect X transversely at this point and the same occurs for Z.

Consider the following cross sections of X' given by I'sx = {px (¢,0) : t € R}nU
and I'y = {¢v(t,0) : t € R}NU. Analogously, we define the cross sections I'g and
I'y for Z. See

Let R; C U be the region between I'x and I'y which contains X; for i = 1, 2.
In addition, decompose Rz into two regions given by RQﬂE = Ro NUT. Proceeding
in the same way as above, we define R; and RQi contained in U.

For each p € R; there exists a unique ¢1(p) € R such that the point ¢(p) =
wz(p,t1(p)) belongs to X1. Then set

h(p) = ¢z (vz(P t1(p)), —t1(p))-
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If]ERig then ¢2(p) € R is the unique time such that q(p) = ¢x (p,t2(p)) € X2
if p€ Ry and q(pj vy (p,t2(p)) € X2 if p € R; . In both cases, h*(q(p)) belongs
to X2 and if p € RS we define h(p) = w5 (h*(q(p)), —t2(p)) and in case p € Ry

we set h(p) = ¢y (b (q(p)), —t2(p))-
The three functions defined above are homeomorphisms and due to the way
they were constructed they also agree on the intersections, hence the map

ez (pz(p,t1(p)), —t1(p)), p € Ry,
h(p) = { e (F*(ox (p,t2(p)))), —t2(p)), P € R3,
oy (W (py (p, t2(p)))), —t2(p)), P E R;.

is a homeomorphism which carries trajectories of Z into trajectories of Z preserving
the orientation and so they are locally Y —equivalent.

Finally suppose that Z € 2§ \ 9371, that is, Z satisfies X1 - X2(0) < 0. Under
these hypothesis, Z is transient. Thus we need to understand what happens with
the first return map ¢z defined in |(5)|

X

Fig. 10 The homeomorphism h for a = 1. In this case h is defined independently in each
region R’ in a way to agree on the cross sections.

It is important to notice that since there are sliding and escaping regions in X,
given p € X5 its Z trajectory does not reach Y5 again. Thus there are no regular
periodic orbits for this case. Even though, one can exist closed contours which are
preserved by Y —equivalences.

In general, it is not easy to compute explicitly the first return map. The next
proposition gives its approximation when Z is transient and transverse to X around
the origin.

Proposition 7 Let Z € 23 satisfying X1 - X2(0) < 0. Then the first return map
is given by

bz(x) = agx + O(z?)

with
X1 -Y2(0)

=X, V.0 0) (13)

az
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Proof Near the origin, the trajectories of Y through a point (z,0) € X2 can be
written as

ey ((x,0),t) = (z,0) + (Yi(z,0), Ya(w,0))t + O(t?). (14)
From this equation we obtain that the time to arrive X is ¢t = YHEO) + O(a?).
1
Then, using again |(14), we have
_ _Y2(0) 2
oy (z) = Yl(O)x + O(z7).

Analogously, for all (y,0) near the origin, we obtain

X1(0)

%0 " Oy?).

bdx(y) =

By composing twice ¢ x and ¢y we obtain the desired map.

Observe that the constant oz is always negative in this case. Then by
the origin is a hyperbolic fixed point for ¢z if and only if,

vz = X1-Y2(0) + X2 - Y1(0) #0 (15)
In addition, the origin will be stable if az + 1 > 0 and unstable if az + 1 < 0.

Definition 19 Let 1252 be the subset of 2§ such that X1 - X2(0) < 0 and oy #
—1.

It is clear that given Z € 93’2 there exists a neighborhood Wy of Z such that Z’ €
Wz then Z' € 23 with sgn (az + 1) = sgn (az: + 1). As an easy consequence of
the next proposition we have that Z and Z’ are locally X —equivalent and thus Z
is locally X' —structurally stable.

Remark 8 Observe that the origin is attractive of ¢z if |az| < 1, this is equivalent
to vz = | X1 - Y2(0)| + | X2 - Y1(0)] = X1 -Y2(0) + X2 - Y1(0) < 0. Analogously, the
origin is repelling if vz > 0.

Proposition 8 Suppose Z € 93’2. Then Z is locally X -equivalent to

4 _ (aa 70/)’ ifp € Z/{+7
7= {(b(l FEMI ), ifpel,

with a = sgn(X1(0)), b = sgn(Y1(0)) and c = sgn(az + 1).

Proof We are going to fix a,b,c = 1, the other cases can be treated analogously.
First of all, observe that a; = —%, thus the origin is an stable hyperbolic fixed
point to ¢;. By the Grobman-Hartman Theorem there exists a homeomorphism
h* defined in a neighborhood of the origin such that ¢z o h* = h* o ¢ .

Moreover, by [Proposition 2| and |[Proposition 3| we have that Z5 and ZS are
C%—equivalent in a suitable neighborhood of the origin.

Let consider R = {(z,y) €U : y > 0} and R~ = {(z,y) € U : y < 0}. Since
a,b =1 then X; = X° and so the trajectories of Z through a point of 4" or U~
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is an appropriate concatenation of the trajectories of X and Y. The same is valid
for Z.
For each (¢,0) € X5 there exist unique times ti(q),t2(q) € R such that

(0,4f) = ¢v((¢,0);t2(q)) € X7 and (¢3.0) = ¢x((0,47 ), t2(q) — t1(q)) € 3.
This defines a continuous curve (see |[Figure 11 in R+

! ex (pv((¢,0):t2(q) = t1(), 1), ¢ € I3 = [t (q), t2(q))-
1
Y ! x
W1 = ey (a. t1()
| g
‘¢ 2
? i a3 = ex(af . ta(a)
Fig. 11 The trajectory of every point ¢ € X5 can be seen as a continuous curve n;.
Analogously we define the curve 7, in R—:
~ () = 4 ov (0.0:9), s € Jg = [0,51(q)], a7)
! ex (py ((¢:0);52(q) = 51(a)); 8), s € JF = [s1(a), 52(a)];

where s1(q),s2(q) € R satisfy (0,q7) = vy ((¢,0);51(¢q)) € X7 ,and (¢5,0) =

ey (0,47 ); s2(q) = s1(q)) € 2.
For each p € R there exists a unique point (¢(p),0) € X5 and a unique t(p)
such that p = 77;(1,) (t(p)) for some t(p) € Iyp) = I;(p) U 12(p).

q
Consider h*(q(p)) € ¥5 and let
~+ 7 =y
Mhe(q(p)) * In=(ap)) = BT
be its Z trajectory. Where
7 1 * 1 * *
In=(q(py) = [0, =57 (gD U [=5h7 (a(p)), =h" (a(p))].

In order to get an equivalence that preserves X', we will make a reparametriza-
tion of time U;L which preserves the subintervals of I,(,) and Ip«(4(p))- Then define

the homeomorphism h* on R+ by
R (9) = Tl () (o3 (H(P)))- (18)

Let r(p) be the intersection between the trajectory of p in R~ with X5 . Pro-
ceeding in the same way we define the homeomorphism A~ in R~ by

h= (D) = Ty (r(py) (9 (3(0)))- (19)
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2 2
| Rt | Rt

nF (p) 7_’;i—*(q(p))
R (W (e 0) = (B (M), 0)
1 * 1

Th* (a(p))
R™ } R™

Fig. 12 The homeomorphism which gives the equivalence between Z € 93’2 and its normal
form for a,b,c = 1.

Given p € Yo, then if p € 272_ then h*(p) = h*(p) = h™(p) since both
maps coincide with R* in X5 . On the other hand, given p € E;r the trajectory
of p in R* intersects X5 at the point q(p) and r(p), respectively. Observe that

7(p) = ¢z(q(p)) and since h*odz = ¢z oh™ we have that ¢ ;(h"(q(p))) = k" (r(p)),
therefore h*(q(p)) and h* (r(p)) belong to the same trajectory, then h™ (p) =h"(p).
As the maps h™ and h™ agree in X, then we can define h : i — U given by

_ o (@5 (@), p € BT,
" {ﬁ;*(r(p»(%_(S(p))), peER-.

Since all the maps involved are continuous and bijective, we conclude that h
is also a bijective and continuous function. The inverse of A can be constructed in
the same way and is also continuous, then h is a homeomorphism.

Due to the way that h was constructed it is clear that h maps all trajectories
of Z in trajectories of Z, including the trajectories of the sliding vector field, since
h preserves the order on Xs.

Let us observe that the set .Qg’l U Qg,z consists of the piecewise vector fields

satisfying condition C' of

We are now in conditions to present a characterization of (2o, the set of all
locally X' —structurally stable systems in (2. Set

20=020 02U U cn,

during this section we had shown that (2 C (29. On the other hand, if Z € 2\ (2
then Z satisfies at least one of the following items:
(i) The map &(Z) =0 for i =1 or 2;
(ii) Z € 23 but det Z(0) = 0;
(iii) Z € 93’2 with vz = 0 (see|(15))), or equivalently, az = —1 (see [(13)).
It Z € 2\ 20 satisfies , then Z is tangent to X' at the origin. In this case,
the family
g X+ L peut
"Fly+ D peu
converges to Z when n — oo and it is transverse to X at the origin for all n €

N, then Z and Z,, can not be locally Y'—equivalent. Therefore, Z is not local
Y —structurally stable.
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In case Z satisfies or the family

7 X—i—(%,O) peut
"y peU”

also converges to Z. Moreover, observe that det Z,(0) # 0 and vz, # 0, thus one
can not establish a Y'—equivalence between Z and Z,. Concluding that if Z € (2
does not belong to £2{ then Z is not structurally stable, thus 2 = (2.

In addition, the above argument also shows that {2y is dense in {2 since for
every neighborhood of Z € (2 there exists a sequence Z,, € {29 such that Z,, — Z
when n — oo. Combining the results we stated by now, we have proved[Theorem 1}

4 Codimension one generic bifurcations

Once we have classified the generic behavior of Z € {2y, we will now investigate
what happens in the bifurcation set 21 = 2\ 2.

The goal of this section is to classify the codimension one generic bifurcation
set, which will be called =1 C 21, that is, classify the set of the structurally stable
piecewise smooth systems in {27 endowed with the induced topology of 2. In order
to Z belong to = it is necessary to break at most one of the conditions stated in

We must consider the following three groups:

— X or Y has a tangency point at the origin, that is, X;(0) = 0 or Y;(0) = 0 for
1 =1,2;

— Z satisfying condition and det Z(0) = 0, that is, the origin is a pseudo-
equilibrium for the sliding vector fields Z;7, i = 1, 2;

- Z Satisfying X1-X2(0) < 0and vz = 0, or equivalently, az = —1, that is,
the origin is a non hyperbolic fixed point for the first return map ¢z.

More precisely, we will prove the following theorem:

Theorem 2 (Local Y'—structural stability on 1) Let Z € 1 = 2\ (.
Then Z € E1, that is, it has a condimension one singularity at the origin (see
deﬁnition if, and only if, Z satisfies one of the following conditions:

A. X;-Y;(0) <0, det Z(0) =0 and aidet Z(0) #0 fori=1,2;
T
B. X;-Y;(0) >0, X; -Y;(0) <0, fori,j=1,2,4%# j and X1 - X2(0) < 0. In this
case, Z is transient and the coefficient az of the first return map satisfies
az = —1, then we ask the other coefficients to satisfy Bz # 0 and nz # 0.

C. the origin is a regular-fold to Z (see .

In addition, the subset Z' is an open and dense set in (21, therefore local X — structural
stability is a generic property in §21.

The rest of this section is devoted to prove this theorem.
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4.1 The double pseudo-equilibrium bifurcation

We consider now the bifurcation derived from the case where Z € (2, satisfies
condition A. As det Z(0) = 0, the origin is an pseudo-equilibrium for both sliding
vector fields Z; (see . Moreover, as % det Z(0) # 0 for j = 1,2, by proposi-
tion |1 we know that the origin is a hyperbolic pseudo-equilibrium for both sliding
vector fields.

Definition 20 Let 51 C 21 be the subset containing all Z satisfying condition A
of equivalently, for which the origin is a hyperbolic pseudo-equilibrium
of the sliding vector fields Z7, i = 1, 2.

Proposition 9 The set =1 is an embedded codimension one submanifold of 2
and it is open in §2;.

Proof Let Zo = (X°,Y?) € Z}. Since conditions X7-Y;*(0) < 0 and 52~ det Zo(0) #
0 for 4 = 1,2 of [Theorem 2] are open, there is a neighborhood Vo C 0 of Zy in
which these conditions are fulfilled for all Z € Vy. Moreover, the sign of X; - Y;(0)
and Sizi det Z(0) for ¢ = 1,2 are constant in this neighborhood.

Considering the Frechet differentiable map

n:VoxDo  — R?
(Z,(z1,z2)) — (det Z(0,z1),det Z(x2,0))

where Dy is a neighborhood of the origin in R? such that X; - Yi(p) <Oforpe X;
and sgn (B%i det Z(p)) is constant for ¢ = 1, 2.

By the Implicit Function Theorem applied to n at the point (Zo, (0,0)), we
obtain a Frechet differentiable map

g: Z Wy CVo (g1(2),92(2)) € Uo C Do, (20)
satisfying
n(Z,9(Z)) = (det Z(0,91(2)), det Z(g2(Z),0)) = (0,0), for all Z € Wy,

where Wy and Uy are neighborhoods of Zp and 0, respectively.

The following arguments prove simultaneously that =1 is an embedded codi-
mension one submanifold of {2 and an open set in {2;.

Consider the map g1 : Z € Wo — ¢1(Z) € R. Tt is clear that

g7 0) = EEn Wy = 21 N W C 1.

In fact, given Z € g; *(0) then g1(Z) = 0 and therefore det Z(0) = 0, thus as
Z € Vo, Z € Zf N Wp. On the other hand, if Z € Wy N 2; then det Z(0) = 0,
by the exposed above, g1(Z) is the unique point such that det Z(0,x2) = 0, then
91(Z) = 0, what proves the desired equality.

To finish the proof one needs to show that Dgi(Zp) # 0. In fact, using the
chain rule to the map det Z(0,¢1(Z)) = 0, we obtain

DZ det Z() (0)

Dozo = 5 ~(det) Zo(0)

which is a non zero linear functional.
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Now we are going to study the unfoldings of Z € =+. More precisely, we are
going to show that every local unfolding of Z has exactly the same behavior.

Let Z € 2 and Wy C £2 be the neighborhood of Z given in where g is
defined. One can always suppose that Wy is connected therefore the submanifold
=1 splits Wo into two connected open subsets Wi = g7 ' (R¥).

Let v(0) = Zs a versal unfolding of Z. With no loss of generality, suppose that
7((~80,0)) € Wy and 7((0,80)) C Wy

It follows from that for § # 0 the sliding vector fields (Zs);,
1 = 1,2 have a unique pseudo-equilibrium P;(9) = g:(Zs) € X, i = 1,2, which has
the same stability as the origin has for Z7. Moreover, if § # 0 then det Z5(0) # 0,
therefore the origin is a regular point of the sliding vector fields (Zs);.

To simplify our analysis, fix X;(0) > 0 for ¢ = 1,2 (and therefore, Y;(0) < 0 to
satisfy condition A of theorem , the other case is just the reflection through the
y—axis. This case leads to four non equivalent configurations, depending on the
stability of the origin for the sliding vector fields Z7, i = 1, 2. However, we focus
only in two, the others can be obtained analogously.

Differentiating and using it follows that
sen (((Z5)7) (Pi(6))) = (1) e, (21)

where ¢; = idet Z(0), 4,7 =1,2and i # j.
aib‘j

Moreover, by [Proposition 2|

sgn ((Z5);(0)) = (=1)"~" det Z5(0). (22)

(a) xX;(0) >Oandclflforzfl2

L

5<o0 5=0 5>0
(b) Double pseudo-Equilibrium: X;(0) > 0 for i = 1,2 and ¢; =1
and co = —1.

Fig. 13 The unfolding of the double-equilibrium singularity. The big dots represent the
pseudo-equilibrium.
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One must consider four different cases depending on the signs of ¢; and co. We
focus in only two, ¢; =c2 =1 and ¢; =1 and ca = —1.

e If ¢c;1 = ca = 1, for 6 = 0 the origin is an unstable pseudo-equilibrium for Z7
and stable for 73, as in In one hand, if 6 < 0, then Zs € Wi and thus
unstable pseudo-equilibrium P () = g1(Zs) € X1 . Consequently, (Z5)7(0) > 0,
therefore det Z5(0) > 0, thus (Z5)3(0) < 0. Then the stable pseudo-equilibrium
P»(3) belongs to X5 . On the other hand, if § > 0, then Zs € W, therefore
Pi(8) € X . Tt follows that (Z5);(0) < 0 and by the same argument we have
(Zf)S(O) > 0. Concluding that the attracting pseudo-equilibrium P»(d) belongs to
X7

e In the case ¢c1 = 1 and ca = —1, for § = 0 the origin is an unstable pseudo-
equilibrium for both sliding vector fields, as in Using the same argument
as in the case ¢1 = c2 = 1 we conclude that for 6 < 0 then P;(d) € X and
P»(8) € X5 and for § > 0 then P1(8) € X and P»(8) € X5 .

As a consequence of the above discussion, we have the following proposition:
Proposition 10 Let Z € Z1. Then any versal unfolding of Z is locally weak
equivalent to the one parameter family

~ —b
X5(1‘1,.1'2)= (CL 621.1), x1-x2 >0

- b—ad
s = Y (23)
Y(l‘l,IQ):< ), 1 22 <0
—b+ acix2

where a = sgn(X1(0)), b = sgn(X2(0)), ¢; = sgn (% det Z(O)) with i,7 = 1,2
J
and i # j.
It is easy to see that the family Zs satisfies sgn (Xl (0)) = a, sgn (Xg (0)) =b,
sgn (% det Z(o)) — ¢; with i,j = 1,2 and i # j. Therefore, the vector field Z

and Zo are locally weak equivalent.

4.2 The pseudo-Hopf bifurcation

In this section we are going to study what happens near a piecewise smooth
system Z € (21 satisfying condition B of theorem
As X1 - X32(0) < 0, the vector field Z is transient and we can consider the first

return map ¢z, see In [Proposition 7| we have computed the first term of the

Taylor expansion of ¢z near the origin. Even if one can compute the higher orders
terms for ¢z, they have a cumbersome expression and this computation will be
omitted. However, suppose that

¢x(z) = axa +bxz” + cxz® + O(z*)
oy (z) =ayz+ byz? + cyaz® + O(r4).

In fact, in [Proposition 7| we have seen that ax = —%(0) and ay = —%(0).

Therefore, we obtain the following expression for ¢z

¢z (x) :a2zx+(az+oz2z),6’zac2+nzx3+(’)(x4), T € Xy (24)



24 J. Larrosa, T. M. Seara and M. A. Teixeira

where az = §;}Y,f (0), as given in[Proposition 7|and we are assuming that az = —1.

In this case, the coefficients 5z and 7nz are given by Sz = bx - a%/ +ax - by and

b \ 2 2
nz = —2 ((bX'aY)QJrCX'a%er(Y) +(Cl) )
ay ay

It is clear that as az = —1 the origin is an unstable fixed point for ¢z if nz > 0
and it is stable if nz < 0.

Definition 21 Let =7 be the set Z € £2 satisfying condition B of [Theorem 2|

Proposition 11 The set 52 C 21 is an embedded codimension-one submanifold
of 2. Consequently, it is an open set in (21.

Proof Given Zo € 52, our aim is to find a map ¢ : Wy — R for which 0 is a regular
value, W) is a neighborhood of Zp and E2nw, = g_l(O).

Since conditions Sz # 0 and nz # 0 are open, one can find a neighborhood
Vo C 2 of Zy such that these conditions hold, moreover, the signs of 8z and 7z
are constant in V.

Observe that the origin is a fixed point for ¢z for all Z € V. In this neighbor-
hood ¢z is written as

pz(x) =2 <a2z + (az + Oé2z) Bzx +nzz’ + O <x3)>
Consider the following Frechet differentiable map

F:VoxDyg— R
(Z,x) = a%+ (az+ af)Bzz +nza” + O(z®)

where Do C X5 is a neighborhood of the origin.

Let G = %F. Since Zo belongs to =%, we have G(Zo,0) = (az, +O¢QZO)5ZO =0
and %G(Zo7 0) = 29z, # 0. Then by the Implicit Theorem Function there exists
a Frechet differentiable map

g:Z €W CVorrg(Z) €U C Do

such that G(Z,9(Z)) = 0 for all Z € Wy, and Wy and Uy are neighborhood of Zy
and 0 € X2, respectively.
Then for all Z € Wy we have

—2nz
Bz

Notice that if Z € Z2NW, then az = —1 and then G(Z,0) =0 thus g(Z) = 0.
On the other hand, if g(Z) = 0, by we have that az + a% = 0
therefore ay = —1. Thus Z € 57 implying that ¢~ (0) = 5% N Wh.

To finish the proof we need to show that Dgz, is different from zero. In fact,
by the Chain rule we obtain:

DG(ZUVO) _ Bz,
27720 27720

az +ay = 9(2) + 0(9(2)*) (25)

L= . .
Dgz (Daz)z, #0
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Let Z € 5% and consider v(8) = Zs a versal unfolding of Z. Suppose that ~ is
transverse to =7 at Yo = Z and that Zs € WJ ifd >0and Zs € Wy if § <0,
where WSE =g L(RF).

For each § € (—do, do) we associate the first return map

¢s(x) = Az + (a5 + af)Bsz” + nex® + O(x)".
Observe that x #£ 0 is a fixed point for ¢s if, and only if, F(Zs,z) = 1. The

point g(Zs) € X5 given by [Proposition 11|is a critical point of F5(x) = F(Zs,x)—1
since

(Fs)' (9(25)) = o F(Zs,9(Z5)) = G(Zs5,9(Z3)) = 0.

Therefore g(Z5) is a local maximum or minimum of Fs depending on sgn (n5) =
sgn (nz) if 4 is small enough.

5§ <0 5§=0 §>0

Fig. 14 The pseudo-Hopf bifurcation for Z satisfying nz > 0. The origin is always a fixed
point for ¢s(x).

To simplify the analysis, suppose that X1(0) > 0. Fix nz and Sz > 0. There-
fore, the origin is a repelling fixed point of ¢z and the point g(Zs) is a minimum
of Fs(x).

Remark 4 The case Bz < 0 is just a reparametrization of v making § — —4.

If § > 0, by we have as + a?; < 0, thus —1 < as < 0 therefore
the origin is an stable fixed point of ¢s.

Moreover using one can see that F5(g(Zs)) = a3 —n59(Zs)* +
O(9(Z5)®) < 0 and therefore there exist unique points p; < 0 < pi satisfying
Fg(pgt) = 0 which are unstable fixed points of ¢ since (gb(s)'(p(;i) > 1. Associated
to this fixed point there is a closed contour of Zj.

When 6 < 0 we obtain as + a2 > 0 then the origin is an unstable fixed point
of ¢s since as < —1. In this case we have Fs5(g(Zs)) > 0 and therefore there are
no fixed points of ¢s around the origin.

The same reasoning can be done when 7z < 0, in this case g(Zs) is a maximum.
It follows that for § > 0 the origin becomes unstable. Moreover, F'(g(Zs)) > 0 and
being a maximum, two stable fixed appears, given rise to a closed contour of Zs.
For § < 0 the origin remains stable and there are no closed contour around the
origin.
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Proposition 12 Let Z € Zi. Then any versal unfolding of Z is locally weak
equivalent to the one parameter family

Xs(x1,22) = (—(atcw—ﬁ—&)’ x1-x2 >0

Zs = ( (26)

Y(z1,22) = , x1-22<0
(21,22) a+ z + abz? to

where a = sgn (Y1(0)), b = sgn(nz), ¢ = sgn (X1 - Y1(0)).

Proof It is enough to observe that az;, = —1, 8z, # 0 and sgn (nz,) = sgn(nz).

4.3 Regular-fold bifurcation

In this section we are going to study what happens near a piecewise smooth
system Z € (21 satisfying condition C of theorem

In this case, we allow the trajectories of X or Y being tangent to X' at the origin.
If the trajectory through the origin of X, is tangent to both X; for ¢ = 1,2 then
X has a singularity at the origin and this situation leads to a higher codimension
bifurcation. Another situation which raises a higher codimension bifurcation is
when the trajectories through zero of both vector fields X and Y are tangent to
X.

In this section we will see that Z having a regular fold is a codimension one
bifurcation.

Definition 22 We call =} the set of all elements of 21 having a regular fold at
the origin.

Without loss of generality, we can fix X2(0) = 0, X1(0) > 0 and %XQ(O) > 0.
Under these conditions we have four cases to analyze, which are not equivalent,
depending on sign of Y7(0) and Y2(0). The other ones can be obtained by reversing
time and combinations of reflections and rotations of the previous ones.

Remark 5 When Z € =%, provided Z? is defined in X; for ¢ = 1,2, we have
X1 - Y2)(0)

Z7(0) = (
= v
for the sliding vector fields Z; .

and Z5(0) = X1(0), therefore, the origin is a regular point

Proposition 13 The set =3 is an embedded codimension-one submanifold of 02
and an open set of (2;.

Proof Let Zo = (X°,Y°) € 53. In order to simplify the notation, we will make
the proof for the case when the origin is a fold of X° at X2. Any other case is
analogous.

Let Vo x Do C 2 xU a connected neighborhood of (Zy, 0) for which all Z € Vg
satisfies:

(a) sgn (det Z(p)) = sgn (det Zp(0)) for all p € Dy N X
(b) sgn(vz) =sgn(vz,), where vz is defined in |(15);
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Table 1 Decomposition of X when X2(0) = 0, X1(0) - (,%XQ(O) > 0, depending on signs of
Y1(0) and Y2(0).

[ Y: - Y2(0) >0 |
§>0,9(Z5) >0 | 6=0,9(Z5) =0 | 6 <0,9(Z5) <0
T =20 T =2° T =20
Yi(0) >0 | Xy =Xx° zy =x° zr =xeuxe
Sh=xcusxs zf=x° sf=x°
=5 zr=5° zo =5
f=x¢ f=x¢ f=x¢
¥1(0) <0 _ _ _
zy =3¢ Zy =x° Zy =3°uUs®
Ii=xcuxe If = x¢ of = xe
[ Y1 -Y2(0) <0 l
0>0,9(Zs) >0 | d=0,9(Zs) =0 | §<0,9(Zs) <0
I =x° Zr=xc o =x°
Y1(0)>0 | X5 =x° 2y =5° Dy =xcuse
rf=xcuxe© i =x° Iy =x°
=50 zr =5 =50
b =xe Zf=xe oh=xe
Y1(0) <0 _ _ _
zy =3¢ Zy =5 zy =x°uxe
sf=x'uxe i =xc i =x°

c¢) The sign of Xi(«x,0), Yi(x,0),7=1,2, and 9 X, (x,0) is constant in Vo x Do.
ox

Consider the Frechet differentiable application

E:Vox (DoNX2) =R
(va) — XQ('TvO)

We have £(Zp, 0) = 0, since the origin is a fold point to X at X> and %f(Zo, 0) =
%XS(0,0) # 0. Then by the Implicit Function Theorem we obtain open sets
Wo C Vo, Up C Do N X2 and a Frechet differentiable map g : Wo — Up such that
&(Z,z) = 0 if, and only if, x = g(Z). The point (g(Z),0) is the unique tangency
point of Z with X and it is a regular-fold of X at Xa.

Therefore, g~1(0) = Wo N Z3. Using the Chain rule it is easy to see that Dgz,

is a surjective linear functional. Therefore =5 is a codimension one embedded
submanifold of {2 and also an open set of {2;.

From now on we are going to present the generic unfoldings of Z € =%. Fixing
X2(0) = 0 and X1 - 2X2(0) > 0, the other cases can be done identically.

Let () = Zs a versal unfolding of Z. Let 1/\/0i = ¢~ Y(R*) and without loss of
generality, suppose that for 6 > 0, Zs € WS', therefore, X has a fold in Z;' which
is visible. Analogously, for if § < 0, Z5 € W, , therefore, X has a fold in X, which
is invisible. Knowing the position of the fold for every 4, it allows us to give the
decomposition of X. See and also

Since sgn (det Zs5(p)) does not change for all (Z,p) € U x (Up N X), whenever
it is defined, sgn ((Zs); (p)) = sgn (Z;(0)) > 0 for all § € (—do, do).



s /.\./
/

§=0 5>

(a) Y1~Y2(0 >0 and Y7(0) >0

) (0)
N/, AN
7 %ﬁ @A
- (b) Y1 - Y2(0) >0a:n0d Y1(0) <0 .

Fig. 15 The unfoldings of a regular-fold singularity satisfying Y7 - Y2(0) > 0. The black dots
represent the singularities of the vector fields.

5 <0 5§=0 §>0

(b) Y; 'YQ(O) < 0 and Y1(0) <0

Fig. 16 The unfoldings for a regular-fold singularity satisfying Y7 - Y2(0) < 0. The black dots
represent the singularities of the vector fields.

— Suppose that Y7 - Y2(0) > 0, thus the Y trajectory trough zero has positive
slope.
— Let Y1(0) > 0.
e If § < 0, X2 > 0 near the origin and therefore Z; satisfies hypothesis
A of theorem [Il
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e When § > 0, X2 < 0 near the origin. In this case, the vector field
Zs is transient and therefore, it is necessary to analyze the stability

of the origin for the first return map ¢s. By the origin is a
hyperbolic fixed point of ¢s if

vs = ((Xo)1 - (Ys)2 + (Xs)2 - (Ys)1) (0) #0,

but ~s is positive for § sufficiently small because for § = 0 we have 9 =

X1 -Y>2(0) > 0. Therefore, Zs satisfies the hypothesis C of
and therefore, it is locally X-structurally stable.

— Let Y1(0) < 0, see
e If § < 0, X2 < 0 near the origin and therefore the origin satisfies
condition B of [Theorem 1l
e The case § > 0 is analogous to the case Y1(0).

— Suppose that Y7 - Y2(0) < 0, that is the Y trajectory of zero has negative
slope. We have different dynamics on the switching manifold depending on
sgn (Y1(0)) .

— Fix Y1(0) > 0, see figure
e For § < 0, X2 > 0 near the origin and therefore, Z;s satisfies the condi-
tion C' with X7 - X2 > 0, therefore, Zs it is also locally X-structurally
stable.
e If § > 0, then X2 < 0 near the origin and therefore, Z; satisfies hy-
pothesis A of theorem
— Fix Y1(0) < 0, see figure [L6(b)|
o If § < 0, then (X5)2 > 0 near the origin and therefore Zs satisfies
hypothesis C of theorem [1| with (Xs)1 - (X5)2(0) > 0, therefore Zs is
locally X'—structurally stable.
o If § > 0 then (X5)2 < 0 near the origin and therefore, as det Z5(0) # 0,
Zs satisfies hypothesis B of theorem [I} thus Zs is locally X —structu-
rally stable.

The following proposition gives a normal form which satisfies all the previous
conditions.

Proposition 14 Let Z € =3 and fir X1(0) and C%XQ(O) positive. Then any
versal unfolding of Z is locally weak equivalent to the one parameter family

~ 1
Xs(x1,22) = ( ), x1-x2 >0
Zs =

1‘1—5

(27)
?(wl,mg): <a>, x1-22 <0

b

where a = sgn (Y1(0)), b = Y2(0). The other normal forms can be obtained from
this proposition by reflections and rotations.

Combining all the results of the last three subsections we prove
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