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Probability generating function

Definition
Let X be a nonnegative integer-valued random variable. The
probability generating function of X is defined to be

Gx(s) =E(sX) = > s* P(X = k)

k=0

The random variable sX is a function of the random variable X.
For each valid value of s, where s € R, we compute the
expectation of sX. In this way, we get a one-variable function of s.
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Probability generating function

If X takes a finite number of values, then Gx(s) is just a
polynomial of the indeterminate s:

Gx(s) =D " P(X = k)
k=0

=P(X=0)+P(X =1)s+ -+ F(X = n)s"
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Probability generating function

Otherwise, if X takes a countable number of values, then Gx(s) is
given by a power series:

Gx(s) =Y s P(X =k)

k=0

=P(X=0)+P(X=1)s+---+P(X =k)s"+---

The series defining Gx(x) converges at least for all s € [~1,1],
because if |s| < 1, then

SsFRX =R <D PX = k) =1

k=0 k=0

Examples

Let X be a Bernoulli random variable, X ~ Be(p), such that

B(X=0)=gq, P(X=1)=p,

where g =1— p.
Then
Gx(s) =D s P(X =k)=q+ps, scR
k=0

Probability generating function

More generally, there exists a radius of convergence R,
1< R < oo, such that

S P(x =k)

k=0
converges absolutely if |s| < R and diverges if |s| > R.

> The probability generating function Gx(s) is well-defined for
all s € [-R, R].
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Examples

If X ~ Bin(n, p), then

Hence

Gx(s) = Y sKP(X = k) = ok (M) kgt
x % gg <k>pq

=3 (:) (ps)q"*=(q+ps)", seR
k=0



Examples

Let X ~ Po())

/\k
B(X = k) =e’AF. k=0,1,2...
Then
e (s
Gx(s) =D " P(X = k) = e ( k‘)
k=0 k=0
AM— AN SR
o/en
Unicity

If two nonnegative integer-valued random variables have the same
generating function, then they follow the same probability law.

Theorem
Let X and Y be nonnegative integer-valued random variables such
that
Gx(s) = Gy(s)-
Then
P(X = k) =P(Y =k) forall k>0.

This result is a special case of the uniqueness theorem for power
series.
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Examples

Let X ~ Ge(p).

B(X = k)= " p,
Therefore

Gx(s) =Y P(X = k) = iskq“p

k=0 k=1
=p5i(qs)k*1 LI
k=1 1-gs q
Convolution theorem
Theorem (convolution)
Let X and Y be il ive, integ lued random

variables, and let Z = X + Y. Then

Gz(s) = Gx(s) Gy(s)

Proof: Since X and Y are independent, the random variables sX
and s are also independent. Therefore,

5 () -2 ()

-E (sXsV) -k (5X> E (sV) = Gx(s)Gy(s)

Gl
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Example

Let X ~ Bin(n. p) and Y ~ Bin(m, p) be independent and let
Z=X+Y
We have
Gz(s) = Gx(s)Gy(s) = (g + ps)"(q + ps)™ = (q + ps)"*"
Since Gz(s) is the probability generating function of a
Bin(n + m, p) random variable, we deduce from the unicity

theorem that
X + Y ~Bin(n+ m, p)
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Convolution theorem

A case of particular importance is:

Corollary
If, in addition, X1, Xa, ..., Xn are equidistributed, with common
probability generating function Gx(s), then Gs(s) = (Gx(s))".

Example: If X1, Xa, ..., X, are independent Be(p)-distributed
random variables, then S = X; + -+« + X, ~ Bin(n, p) and

Gs(s) = (Gx(s))" = (g + )"
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Convolution theorem

More generally,

Theorem

Let X1, Xa, ..., X, be it T ive, inte
random variables and set S = X; + Xz + - - + X,. Then

Gs(s) = Gx,(5)Gxa(s) -+ G, (5)-

Example: Negative binomial

A coin for which the probability of landing on heads is p is flipped
until a total amount of k heads is obtained.

Let X be the number of tosses.

Notice that
X=X+ Xo+ o+ X,

where X; is the number of tosses between the (i — 1)-th and the
i-th toss showing heads, an so
X~ Ge(p), 1<i<k,

and the variables X, ..., X, are independent.
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Example: Negative binomial

Since the variables Xi,..., Xp are independent, we can apply the
convolution theorem. Moreover, since Xi, ..., X are identically
distributed, we have

Gx(s) = Gx,(s)Gxy(s) -+ Gx, (s)

= (G- (12 )k. <l

T-gs

If we expand Gx(s) as a power series, Gx(s) = 3= k¥, then

ax = P(X = k)
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Example: Negative binomial

By identifying x with —sq and « with —k we obtain the series

expansion of Gx(s):
()ear

(—k) _ k(k—1) - (ck—r1)

r rl

:(71)'(“::1), r>0

Gx(s) = (ps)*(1—qs) ™% = (ps)*

Mz

I
°

r

where
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Example: Negative binomial

Recall that if @ € R, then the Taylor series expansion about 0 of
the function (1+ x)° is

—1
(1+x)":1+ux+¥x2+~'

—=1)... - 1
WX'*”

= » (?)x’, x€(~1,1),

s

+

where (§) = 1and, for r > 1,

<n) _ala-1)...(a=r+1)

r r

Example: Negative binomial

Therefore,
o~ (k+r—1 o~ (n—1 -
GX(S):Z< o1 )pqu5k+r:2(k71>pkqn kgn
r=0 n=k
Hence,
0, n<k
PX=n={ /pn_1
kgn—k =
(k—l) "k, n=kk+1,

This is the negative binomial probability law, X ~ NBin(k, p).
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Some properties Some properties

Proposition

Let R be the radius of covergence of Gx(s). If R > 1, then
> Gx(0) = P(X = 0)

> Gx(1)=1 E(X) = Gx(1)
Indeed,
Indeed, differentiating the series term by term,
Gx(1) =Y s"P(X=k)| =3 PX=k=1 d -
g - g Gy(s) = gZskw(x = k)= ks IB(X = k)
k=0 k=1
Hence,
Gx(1) = Y kP(X = k) = E(X)
k=0
26 2/6
Some properties Examples
More generally,
Let X ~ Bin(n, p).
Proposition (n:p)
d
(2) E(X) = 6x(1) = lim, 1 Gx(s) E(X) = 6x(1) = - (q+ps)”
s=1
(K, — (K,
(b) E(X(X —1)- (X — k+1)) = 6{)(1) = lim, ;- 6{(s) = pla+ps)" Yy = mpla+p)y L= mp

If the radius of convergence is R = 1, then lim, ;- G(s) could
be oc.
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Examples

Let X ~ Po()\).

E(X) = Gy(1) = 3 D

s=1
Analogously,
BX(X—1) = G(1) = e )| =
=
Hence,

E(X?) = A2 4 A,

Examples

- “Ms—n‘ =2
s=1

Var(X) = E(X?) — (E(X))? = A

X ~ NBin(k, p)

s \1—gs

(N e
T-a) 0_o)F

500 = 6 = 2 (122 >k‘
—1

k
P

s=1

Notice that this result can also be obtained from X = 3-% | X;,

with each X; ~ Ge(p), for then

k

BX) = S B(X) = %

i=1
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Examples

If X ~ Ge(p), then

d ps P
E(X) = Gx(1) = — ——— = _
X =60 = F e~ TPl
Analogously,
2pq 2
E(X(X — 1)) = Gy(1) = el ™ ,TZ

Therefore
2g 1

E(X?) == +=,
(X%) 2

Moment generating function
Series expansion and moments
Convolution theorem

TP

Var(X) = E(X?) - (E(X))* = %
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Moment generating function

Definition

The moment generating function of a random variable X is defined

by
ox(6) =E ()

for all values of t, t € R, for which this expectation exists.
> If X takes values in {0,1,2,...}, then

Ox(8) =E (¢%) = Gx(e).
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Examples

Let X ~ Bin(n, p).

Dx(t) = 2": " P(X = k)
k=0

.
- (:)(PE’)kq“’k:(fHPe')"-, teR
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Moment generating function

For more general random variables we have

ST et P(X =x), if X is discrete

bx(t) =

provided that the sum or the integral converges.

Examples

o ,
/ e™ fx(x) dx, if X is continuous
o

Let X ~ Po()).

o0 oo k
ox(t) = Y e B(X = k) = Y e e T
k=0 k=0

&
- Qe et
=e Z = (e-1))

> Notice that in the two last examples ®x(t) =

telR

Gx(ef).
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Examples

Let X ~ Exp(s).
ox(t) = /°o e fi(x) o

oo u
= / pe g B oy
o -t

For a continuos random variable, ®x(t) is related to the Laplace
transform of the probability density function fx(x).
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Examples

More generally, if Z ~ N(0,1) and
X=0Z+m,

then X ~ N(m,0?) and
Ox(t) = B (%) = B (eflo2tm)

222
= B (e72) = e 0 z(ot)= e
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Examples

Let Z ~ N(0,1). Then

o 1>
o::/ efzdz:—/ e
20 [ O
g 1 - ’(led < teR
—ef — | e T dz=et
V2r
1
Unicity

The moment generating function specifies uniquely the probability
distribution.

Theorem
Let X and Y be random variables. If there exists h > 0 such that
Dx(t) = Py(t) for[t| < h,

then X and Y are identically distributed.
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Power series expansion

By the following non-figorous argument one has

0 _ d X d X tX
ox(t),EE(e )-E e —E(Xe*)
and therefore
P (0) = E(X)
Analogously,

() = Do) = Im (xe) = B (x26)

and so
O%(0) =E(X?)

Power series expansion
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More generally,

(tX)2+___+(tX)“

®x(t)=]E(s‘X) =]E(1+tX+ 5 -

E(X

2 lEXk
:1+]E(X)t+7)t2+-~+%tk+-v-

2!
This is the Taylor's series expansion of ®x(t),
& o(0)
ox()=) in, i
k=0

Hence
*(0) =E (x*)

+)
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Power series expansion

For instance, if X ~ Exp(x),

bx(t) = ‘i t<p,
then
d( n n
E(X) = &) =— =— ==
(%)= %0 = 7 (u - f) o (=12l n
Analogously,
d " 2u 2
E(X?) = ¢%(0) = — = .
(X = k0= 5 ((u* f)Q) o (1Pl 42

Power series expansion

Theorem

If ®x(t) converges on some open interval containing the origin
t =0, then X has moments of any order,

E (xk) = o),
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Power series expansion

For instance, let X ~ Exp(y). If [t| <, then

" 1
DOx(t) = I S
x(1) p—t  1—(t/u)
e () e ()
=1+—+ (= =) e
no\n ”
Hence,
E(X") _ 1
FIA
and !
nl
E(X") = —
(X") u"
/e
Examples

Let X ~ Po(Ax) and Y ~ Po(\y) be independent.
If Z= X+, then

z(t) = Px(t)Oy(t)

— M(E-1) Av(e-1) _ gOxtAv)(et-1)

Hence,
Z ~Po(Ax + Ay)
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Convolution theorem

The convolution theorem applies also to moment generating
functions.

Theorem
Let X1, Xa,..., Xy be independent random variables and let

S=Xy+Xo 4+ X

Then,
Ds(t) = dxq (1), (1) -~ x, (1)

Examples

Let X ~ N(mx,0%) and Y ~ N(my, %) be independent.
If Z=X+Y, then
z(t) = Px(t)Py ()

a2
X2 tmy

(o} +od)?
BT (m-tmy)

32
—e ety —

Therefore
Z ~N(mx + my, 0% +0%)
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Characteristic function

Definition
The characteristic function Mx(w) of a random variable X is the
complex-valued function of the real argument w defined as

Mx(

E (&%) = B (cos (X)) + i E (sin (X))
Characteristic function
Characteristic function and moments
Convolution theorem
Inversion and unicity
Joint characteristic functions

> Any random variable has a characteristic function
> Mx(w) is well-defined for all w € R.

/6 /e
Characteristic function Properties
If X is a discrete or a continuous random variable, then > [Mx(w)| < Mx(0) = 1 for all w € .
ST B(X = i), i X is discrete Indeed,
k i ).
Mx(@)=4 Mx(@)] = [ (%) | < (|eiX|) =E@) =1
/ e'“ fx(x) dx, if X is continuous
- Moreover,

Mx(0) = E (¢/0X) = 5(1) =1
> If X is a continuous random, My () is the Fourier transform
of its probability density f(x). (Notice the change of sign in > My (w) is uniformly continuous on .
the usual definition of Fourier transform.) > IF Y = aX + b, then My(w) — €/ My (a)
> For discrete random variables, characteristic functions are
related to Fourier series.
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Properties

> Mx(w) = Mx(~w).
WMx(w) = E (cos (wX)) + 7 E (sin (wX))
= E(cos (wX)) — i E(sin (X))
= E(cos (~wX)) + i E (sin (~wX)) = Mx(-w)

More concisely,

Mx(

B - 5 (77%)
= (e7X) = B (/%) = M(-

Characteristic function and moments

Theorem
If B(X") < 0o for some n > 1, then

n "
Mx(@) =3 ]E(z )i w) + o (") as w 0.

So,

E(X¥) =

(K)

In particular, if E(X) = 0 and Var(X) = 02, then

Mx(w)fl—%nzu;QJro(mg) as w—0.

a9/63
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Examples

Let X ~ Bin(n, p). Then,
Mx(w) = (a+pe®)"
If X ~ Po()), then
Mx () = ()

If X ~ N(m,0?), then

1522
102

Mx(w

Characteristic function and moments

Indeed, in the case that X has moments of any order we have

:JE(e""X)
&L (F wX)k L ik B(XK
:E(;< k!)>:2 k(! Lox

k=0

Mx (¢

This is the Taylor series expansion for My (w). Therefore
KE(XK) = MY(0) and hence

(k).
sy = MO
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Convolution theorem

Theorem

Let X1, Xz, ..., Xy be independent random variables and let
S=Xi+Xo 4+ X

Then

Ms(w

Mx; (w)Mx,

o My, (w)
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Convolution theorem

(Remark)
We have essentially the convolution theorem for Fourier transforms.

If X and Y are continuous and independent random variables and
Z=X+Y, then fz = fx * fy, that implies

F(fz) = F(fx) - F(fv).

that is to say,
Mz(w) = Mx(w)My (w)
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Convolution theorem

Proof:
)
_E (em(x]+x2+ +xn))
_E (ein]ein; eruxn)
=B (X)) B (%) ()
= My, (w)Mx, (w) - - - Mx, (w)
Inversion

Theorem (Inversion of the Fourier transform)

Let X be a continuous random variable with density fx(x) and
characteristic function Mx(w). Then

1
fo(x) = —iX pg (o
() = o= /me My (w) du
at every point x at which fx(x) is differentiable.

> To obtain fx(x) from Mx(w) usually requires contour
integration in the complex plane.
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Inversion

In the discrete case, Mx(w) is related to Fourier series.
Theorem
If X is an integer-valued random variable, then

1
]P(X:k):g/ e My () dos
-

s57/63

Joint characteristic functions

Definition
The joint characteristic function of the random variables X1, X,
..., Xn is defined to be

M1, w2y wn) =E (e,(w.x,mm -mxﬂ))

Using vectorial notation one can write w = (wy,wa, **+ ,wn)",

X = (X1, X, , Xp)t and
()

Mx (w
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Inversion and unicity

Theorem

Let X have probability distribution function Fx(x) and
characteristic function Mx(w). Let

Fx(x) = Fx(x) +2FX(X’)

Then

T p—iaw _ a—ibw
Fu6) = Fx@) = Jim o [ S5 (o) d
_—

li
T—00 2 iw

My specifies uniquely the probability law of X. Two random
variables have the same characteristic function if and only if they
have the same distribution function
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Joint moments

The joint characteristic function allows as to calculate joint
moments. For instance, given X, Y,

M (o, z) = E (7))
Therefore,

IMxy (w1, w2) _ . (w1 X+waY)

) = iE (xe )

PMxy(wr,w2) _ 2 (@i X+wsY)
Dondn O C (xre )



Joint moments

Hence,

0*Mxy (w1, w2)

2 _
oo = PE(XY) = ~E(XY)

(@1=0.62=0)

More generally,

O My (w1, w2)

E(Xky! -
( 0% 0z (i um)=(00)
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Independent random variables

Theorem
The random variables X1, Xz, ..., X, are independent if and only if

Mx(w1,ws,. .., wn) = Mx, (w1)Mx,(w2) -+ Mx,(wn)

The necessity of the condition is easily proved. Indeed, if the
variables are independent, then

_ (ei(w-,x,w?xn +unxn)> :]E(equ; elrXe . eiunxn)
=B (%) B(eB) o B (el
= My, (w1)Mx,(w2) -+ Mx,(wn)
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Marginal characteristic functions

Marginal characteristic functions are easily derived from the joint
characteristic function.

For instance, given X, Y:

=B ()

-E (e'(“/]X-sz))‘

Mx(

= Mxy(w,0)

(w1=w,w2=0)
Analogously,

My (w) = Mxy (0,w)

62/63



