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Abstract

In this thesis, we first consider single-agent time-inconsistent stopping problems under non-
exponential discounting in discrete time with infinite horizon. We extend the iterative ap-
proach introduced by Huang and Zhou (2017) to time-inhomogeneous setting and establish
the existence of nonstationary subgame perfect Nash equilibria. Under certain continuity
assumptions, we further show the existence of a unique optimal equilibrium which domi-
nates any other equilibria pointwisely. Explicit examples of time-homogeneous model with
time-inhomogeneous equilibria are also constructed. We then apply the single-agent results
to mean field stopping games where each agent plays against other agents as well as against
future selves. We construct a single-agent optimal equilibrium for each fixed mean field inter-
action represented by the proportion of players that have stopped at each time and use this
to show the existence of two-layer equilibria in two examples of mean field time-inconsistent

stopping games.
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Chapter I

Introduction

Consider a classical optimal stopping problem: given the initial condition of a stochastic

process X; = x, we seek a stopping time 7 to maximize the following objective function,

J(t,x,7) = E[6(r — ) f(X,)].

Under general conditions, there exists an optimal stopping time 7", for each (t,x) and there
has been abundant and vibrant literature on finding solutions to such problems with the most
important one being the Snell Envelop theory. It is well know that when ¢ is not exponential,
ie., d(i+j) # 0(4)6(j), the problem is time-inconsistent. That is, stopping strategies that
are optimal today may not be optimal from a future’s perspective. Mathematically, this is
due to the failure of Bellman’s principle of optimality. We refer to [24, Section 2.2] and [7,
Section 1.3] for more details.

Time-inconsistency is known to arise in optimal stopping problems and more generally,
in optimal control. Early studies of time-inconsistency date back to the seminal work by
Robert H. Strotz in 1955 [40]. There are many ways time-inconsistency can be introduced
in optimal stopping problems. An important case is the use of non-exponential discounting
such as the real American option example in [28] and the weighted discounting example in
[41]. Another case is when the objective function contains a nonlinear functional of E[X] as

in the mean-variance portfolio selection problem; see [8] for more details.



Under time-inconsistency, Strotz [40] identifies three type of agents, the naive, who re-
peatedly solves the stopping problem for each time and therefore the agent’ strategies are
always changing and can be considered myopic; the pre-committed, who commits to a strat-
egy based on the initial preference throughout the planning horizon and understand that
this strategy may no longer be optimal at later stages; the sophisticated, who employs the

strateqy of consistent planning which consists of two phases:

(1) Phase I: find all the strategies that the agent has no incentive to deviate from over
time. These are the sophisticated strategies;

(2) Phase II: choose the best plan among the sophisticated strategies.

Among them, only the last two types of agents are aware of time inconsistency and only the
sophisticated agent takes into account time-inconsistency seriously. For explicit examples on
the drawbacks of naive and precommitment strategies in both continuous and discrete time,
we refer to [21, Section 1], [24, Section 2.2] and the original work of Strotz [40].

By formulating as subgame perfect Nash equilibrium of a game between current and future
selves through game theoretic terms, Ekeland and Lazrak [15] gives precise mathematical
definition to sophisticated strategies (control) in continuous-time stochastic control problems.
Their work has led to vibrant research in time-inconsistent stochastic control. This includes
(23, 22, 46, 6, 16] in continuous time and [8] in discrete time. For mean-variance portfolio
selection problem, see e.g. [9, 20, 39, 18, 17, 45, 14]. [30] and [19] propose and compare
different notions of equilibria.

The development of time-inconsistent stopping problem is more recent. Huang and
Nguyen-Huu [24] proposes a general framework for continuous-time models. They char-
acterizes equilibrium stopping regions as fixed-points of an operator and to find equilibria,
fixed-point iterations were carried out. Their fixed-point iterative approach are adopted and
further developed in [28, 29, 25, 26, 27] as well as [31] which studies a time-inconsistent
Dynkin game through an alternating fixed-point iteration. In particular, [28] considers

discrete-time models and shows the existence of an optimal equilibrium which dominates



any other equilibria anywhere and this is the first time that such dominating subgame per-
fect Nash equilibrium is shown to exist in the literature of time-inconsistency. A different
approach, including [12, 13] is to extend the spike variation technique from [15] in stochastic
control to stopping problems. In [5, 3] different definitions of equilibria along these two
different paths are collected and precise results are established regarding relations between
different notions of equilibria. Let us also mention [4] which studies a mean-standard devia-
tion problem and [41] which studies problems under the so-called the weighted discounting.
Finally, the survey article [21] by He and Zhou provides an excellent and broad review on
the classical literature and recent developments in both time-inconsistent stochastic control
and stopping problems.

In this thesis we study equilibrium strategies of time-inconsistent problems in single-
agent time-inhomogeneous models, as well as mean field stopping games. In Chapter II we
consider a single-agent time-inconsistent stopping problem in discrete time under infinite
horizon where the state process X is a time-inhomogeneous Markov process taking values
in a Polish space X. We assume the discount function is log-subadditive. We first establish
the existence of equilibria by using a fixed-point iterative approach. In particular, if we
start with S := (X, X---) then the limit of the fixed-point iteration converges and is an
equilibrium. We show that if the intersection of all equilibria, denoted by S* is an equilibrium
then it is the unique optimal equilibrium, i.e., an equilibrium that generates higher value
than all other equilibria. Then assuming the semi-continuity of the payoff function and the
Markov transition kernel, we show S* is an equilibrium and thus an optimal equilibrium.
Furthermore, we provide examples of time-homogeneous model with time-inhomogeneous
equilibrium.

In Chapter III, we consider mean field stopping games that are time-inconsistent. In
this game, players interact in a mean field structure via the stopped proportion process
i which represents the proportion of stopped players by time t. FEach player chooses a

stopping strategy based on u. In this way, each player plays against other agents and future



selves, and thus looks for a two-layer equilibrium. We call such (two-layer) equilibria mean
field equilibria, which is a pair (i, S) where S is a stopping region such that the law of the
stopping time induced by S coincides with pu. Furthermore, given a mean field equilibrium,
if the stopping region .S is optimal with respect to u, we then call this mean field equilibrium
sharp. Under this setup, we first construct an optimal equilibrium with respect to fixed pu,
denoted by I'* as in Chapter II. Then, we apply the construction of I'* to study two examples
of mean field stopping games. The first one is motivated by models of bank run and the
second has a different structure. We then give different methods in finding sharp mean field
equilibria to each of the two examples. In the example of bank run model, we establish the
monotonicity of I'* in 1 and device a monotone iterative approach to find a sharp mean field
equilibrium. More specifically, we start with the zero process u° = (0,0, --) and construct
the optimal equilibrium " and denote u' the corresponding stopped proportion process
induced by I'*" and continue. We show that the iterative approach converges and the limit
(u>°,T#) is a sharp mean field equilibrium. In the second example, under appropriate
conditions, we show the continuity of the mapping p — I'*. This continuity enable us to
apply the fixed-point theorem and establish the existence of a sharp mean field equilibrium.

This thesis contributes to the literature of time-inconsistent stopping in two ways. First,
we extend the results of [28] from time-homogeneous models to time-inhomogeneous ones.
We also introduce the running payoff in the objective function. We provide an example
where a time-homogeneous model can have time-inhomogeneous equilibrium. Therefore,
under our formulation, we can consider a larger set of equilibria even when the model is
time-homogeneous comparing to [28]. We also show that there must exist an optimal equi-
librium that is time-homogeneous for time-homogeneous models. This justifies the selection
of equilibria among time-homogeneous ones in time-homogeneous models in [28] (see Corol-
lary 3.2.10). The consideration of time-inhomogeneous models also enables us to look at
time-inconsistent mean field games.

Second, we formulate time-inconsistent mean-field stopping problems and propose a (two-



layer) equilibrium as a pair of the process p and stopping region S. To the best of our knowl-
edge, this is the first time mean field stopping games are studied under time-inconsistency.
Under appropriate assumptions we show the existence of sharp mean field equilibria for two
models with different structure. In the first example, we are able to find a sharp mean field
equilibrium which generates higher value than any other sharp mean field equilibrium, see
Theorem 3.4.8 for more details. In the second example, we use the continuity of stopping
boundary to establish the existence of equilibria and this approach is novel in the literature

of mean-field stopping games.

1.1  Outline of the Thesis
The rest of the thesis is organized as follows. Section 2.1 formulates our single-agent time-
inconsistent stopping problem with time-inhomogeneous Markov processes and introduces
equilibrium stopping regions and the iterative approach. Section 2.2 provides the existence
of an equilibrium and optimal equilibrium. Section 2.3 gives examples concerning time-
inhomogeneous equilibria for time-homogeneous models. Section 3.1 motivates our study of
mean field time-inconsistent stopping games. Section 3.2 constructs an optimal equilibrium
with respect to each stopped proportion process p. Section 3.3 provides precise definition
of mean field equilibria. Section 3.4 studies the bank run model and through the iterative
approach, constructs a sharp mean field equilibrium. Section 3.5 shows the existence of
sharp mean field equilibria under a different model structure by using a fixed-point theorem

in infinite dimensional spaces. Appendices A to C contain proofs of lemmas.



Chapter 11

Single-Agent Time-Inconsistent Stopping Problems

In this chapter we develop a general theory for time-inconsistent stopping of time-inhomogeneous
Markov processes under non-exponential discounting. In the seminal work by Huang and

Zhou [28], the following discrete-time time-inconsistent stopping problem,

E6(7) f(X-)],

was studied under infinite horizon with the assumption that ¢ is log sub-additive and the
process X is a time-homogeneous Markov process. We shall extend the results established
in [28] to the case where X is time-inhomogeneous and add running payoff to the objective
function. Without the assumed homogeneity of the process X, the problem now depends on

the calendar time ¢ and accordingly our problem turns to,

ES[5(r — 1) f(X,).

2.1 Model Formulation
Consider a probability space (€2, F,P) that supports a (time-inhomogeneous) Markov process
X = { X, }en taking values in some Polish space X. Let B(X) be the family of Borel sets in

X, and k; the transition kernel of X at time t € T := N ={0,1,2,3,...} (we will sometimes



use T and N interchangeably). Specifically, for any z € X and B € B(X),
P(X,4, € B| X, = 2) = /BQt(:v,dy) Vt e, (2.1.1)

where (); is the transition kernel at time ¢ and allowed to be different at each different
time. Let F = {F;}ien be the filtration generated by X, and T be the collection of all
F-stopping times. Denote 7; := {7 € T |7 > t}. For each t € T and z € X we denote
E"*[] = E[- | X; = z]. Similarly, we write X** to specify its initial condition (¢, z) and will
often suppress (¢, x) in the superscript when there are no confusions or with the presence of
the associated expectation operator E?,

For any t € T, x € X and 7 € Ty, the agent considers the following objective function,

J(t,z,7) = E" §5(3 —t)g(Xs) +o(r — ) f(X,)]| - (2.1.2)

s=t

In the above objective function, f,g : X — R* := [0,00) are interpreted as terminal and
running payoff respectively and are assumed to be nonnegative, bounded and Borel measure-
able. We also have a strictly decreasing discount function ¢ : T — [0, 1] such that §(0) = 1,
lim; 00 6(t) = 0. For any w € Q such that 7(w) = oo, we set §(7)f(X-")(w) := 0 for all
(t,z) € T x X, which is consistent with the fact that f is bounded and lim; ., 6(t) = 0.

Finally, we assume the discount function § satisfy the following.
Assumption A.

(A.1) either Y 4§(t) < oo or g =0;
=0
(A.2) ¢ is log sub-additive, i.e.,

5(1)8(5) < 0(i+4) Vi,j=0,1,.... (2.1.3)

Remark 2.1.1. Assumption (A.1) together with the boundness of f and g ensures that for



each 0 and any 7 € 7Ty, there exists a constant C' such that

J(t,x, 7)< C V(t,x) e T xX.

Remark 2.1.2. Functions satisfying Equation (2.1.3) are said to be log-subadditive and it en-
compasses all discount functions which decay slower than the exponential discount function.

For example,

1. the hyperbolic discounting §(¢) = 1/(1 + pt) with g > 0;
2. the generalized hyperbolic discounting §(¢) = 1/(1 + Bt)* with 8,k > 0;
3. the psudoexponential discounting §(t) = Ae "' + (1 — N)e " with A € (0,1) and

P1, P2 € (07 1)a
4. the quasi-hyperbolic discounting defined by 6(0) = 1,d(i) = Bp" with 3,p € (0,1);

and of course the exponential discounting.

Remark 2.1.3. In the context of behavioural economics, Equation (2.1.3) also captures de-
creasing impatience. A characterization that individual tends to discount more in the near
comparing to the distant future. This is a well-known and widely acknowledged feature in
the studies of empirical discounting and is substantiated by considerable evidences, see, for
example, a series of studies conducted by and collaborated between renowned economists
Thaler, Loewenstein and Prelec [42, 35, 34, 38], among them, Richard Thaler were awarded
the Nobel Memorial Prize in Economic Sciences for his contributions to behavioral economics
in 2017.

Remark 2.1.4. The hyperbolic discounting does not satisfy (A.1) of Assumption A. Its gen-

eralization (t) := m with £ > 1 and the quasi-hyperbolic discount function as well as

the pseudoexponential does satisfy the convergence assumption.

2.1.1 Equilibrium and the Iterative Approach. Given the current state r € X and

t € T, an agent intends to maximize Equation (2.1.2) by choosing an appropriate stopping

8



time 7 € Ty, i.e.,

sup J(t, x, T). (2.1.4)
TET:

A continuous-time version of this stopping problem with a diffusion process was studied by
Huang and Nguyen-Huu [24] by giving precise mathematical definition of Strotz’s consistent
planning of a sophisticated agent through equilibrium stopping policies (in continuous-time)
and the iterative approach. This was then equivalently formulated as equilibrium stopping
regions in [28]. We will take advantage of this reformulation and apply it to the stopping
policy defined in [24] for the time-inhomogeneous case, we reiterate their reasoning.

From Chapter I it is known that the stopping problem Equation (2.1.4) is generally time-
inconsistent given the form of the discount function (Equation (2.1.3)). As such the agent
may re-evaluate and change stopping times at later times. Therefore, the agent’s stopping
strategy is not a specific stopping time 7, but a stopping region given by the following

definition.
Definition 2.1.5. A set S € B(T x X) is called a stopping region.

Given a current state € X and time t € T, the stopping region S determines whether
the agent should stop, which is the first time X* enters S with s > ¢.

Taking into account time-inconsistency and time-inhomogeneity, the agent take S €
B(T x X) as the stopping region, in other words S = (Sp, S, Sa, - - - ) where (5); := 5; € B(X)
for all i € T. Now, at any time ¢t € T and given the corresponding state of the process = € X,
the agent tries to answer the game-theoretic question:“assuming that all future selves will
follow S € B(T x X), what is my best stopping strategy for today in response to that?”. It
is apparent that the agent has two possible choices: either (i) stop today (at time ¢) and
obtain the value f(x) immediately, or (ii) continue and follows the predetermined stopping

region S € B(T x X) and stop at time p, defined by,

p(t,z,S) :=inf{s > t+1: X" € (5)}. (2.1.5)



This will lead to the expected payoff J(¢,z, p(t,z,5)). Therefore, if the agent were to
compare the two payoffs f(z) and J(t, z, p(t,x,S)) from the two possible choices, we obtain

the optimal stopping strategy for today in response to S defined by the operator © as,

O(S5) := (S0, 51, Sa, -+ +), (2.1.6)

and (O(9)); := 8, .= {z € X: f(x) > J(t,x, p(t,z,5))}.

Remark 2.1.6. Note that the operator © updates S simultaneously, i.e., the agent is playing
a simultaneous game comparing to a sequential game in [12]. Note here, we cannot update
S in a backward manner. This is because we are in an infinite-time horizon and there are

no terminal position for us to start updating.

Definition 2.1.7. We say S € B(T x X) an equilibrium stopping region (or simply equilib-
rium) if ©(S) = S. We denote the set of all equilibria by &.

Remark 2.1.8. By definition, S = (Sy, S1,---) € £ if and only if for all ¢,

flx) > J(t,z,p(t,z,5)), Ve (9,
(2.1.7)

flz) < J(t,z,p(t,x,S)), VreX\(9).

From Remark 2.1.8, we see that £ in fact corresponds to the set of all stopping strategies
that the agent will actually follow over time. This corresponds to Phase I of consistent
planning.

It is apparent from Equation (2.1.6) that © is an operator mapping B(T x X) to itself
and by Definition 2.1.7 any equilibrium S € B(T x X) is a fixed point of the operator ©. We
will show in Section 2.2 that the iterative approach defined by,

S = lim O"(S), (2.1.8)

n—o0

is well defined under certain assumptions. In particular, when starts from S := (X, X ---)

10



the above limit converges and the limit S*° is an equilibrium. We will also find a candidate
for optimal equilibrium, i.e., an equilibrium that dominates any other equilibrium anywhere
on T x X. This is Phase II of consistent planning.

For any A,B € B(T x X), we write A = (C)B if and only if (A); = (C)(B); for all
i € T, A # B if there exists an ¢ € T such that (A); # (B); and similarly AN B =
((A)oN(B)o, (A)1N(B)1,---). We use (A); to denote the i-th component of A (the stopping
region at time ) instead of A; because there are dependencies of stopping regions on other

parameters later in the thesis and the use of brackets adds clarity.

2.2 Existence of Equilibria and Optimal Equilibria
In this section, we prove the existence of equilibria and introduce the notion of optimal
equilibrium. We then propose a candidate for optimal equilibria by taking the intersection
of all equilibria and give sufficient conditions for which this candidate is in fact an equilibrium

and thus optimal. Theorems 2.2.2, 2.2.9 and 2.2.10 are the main results of this section.

2.2.1 Existence of Equilibria. In this subsection, we will establish the convergence result
for our iterative approach given by Equation (2.1.8). We first show that the operator © is
non-increasing when ©(S) C S for any S € B(T x X),i.e., ©2(S) C ©(9).

Lemma 2.2.1. Suppose Assumption A holds. For any nonempty set S € B(T x X), if
O(S) C S, then

J(t,z, p(t,z,S)) < J(t,z, p(t,x,0(5))) V(t,z) e T x X. (2.2.1)

In particular, this implies ©2(S) C O(S).
Proof. The proof is postponed to Appendix A.1. [ |

Now, we are in a position to present the main result of this section, which establishes the

convergence for the iterative approach.

11



Theorem 2.2.2. Suppose Assumption A holds. For any nonempty set S € B(T x X) such
that ©(S) C S,
5% = () ©™(9) (2.2.2)
n=1

is an equilibrium.

Since O(X) C X trivially, we have an immediate corollary to the above theorem.

Corollary 2.2.3. Suppose Assumption A holds. X*> defined as
X*:= () 0"(X)
n=1

s an equilibrium.

Proof of Theorem 2.2.2. By previous discussion, © is an operator mapping B(T x X) to itself.
Therefore if S € B(T x X) then O(S) € B(T x X), which implies that ©™(S) € B(T x X) for
all n € N. Consequently, we must have S* € B(T x X). We claim that for all (¢,z) € T xX

and w € (2, the following convergence result holds,
p(t,z, %) (w) = lim p(t,z,0"(5))(w). (2.2.3)

Fix (t,x) € T x X and w € €, by Lemma 2.2.1, {©"(S) },,en is a non-increasing sequence of
Borel sets and therefore {p(t, x, 0"(S5))(w) }nen is a T-valued nondecreasing sequence. As a
result, the limit on the RHS of Equation (2.2.3) is then well-defined, and since S C ©"(S)

for all n, we have

plt 2, 5%)(w) = Jim plt.2,0"(5))(w) = ().

If {(w) = oo then it is clear that Equation (2.2.3) holds trivially. On the other hand if ((w) €
N < 0o, then there must exist some N € N large enough such that p(¢,z,0"(5))(w) = ((w)

for all n > N. By the definition of p(¢, z, -), this implies that,

X() € (0"()ew ¥n = N

12



Hence, by the monotone property of {©"(S)},en, we have,

Xe(w) € ((07(8)) = (7)o

This shows that p(t,z,5%(w)) < ((w). Combining the two inequalities we prove Equa-
tion (2.2.3).

Fix t € T. For any x € (5%);, we have x € (©"(S5)); for all n € N, therefore, by
definition,

flx) > J(t,z,pt,z,0"1(S))), VneN.

Taking n — oo on the RHS, we have
fla) = lim J(t,z, pt,2,0"7")) = J(t,z, p(t, z, 5)),

where we applied the dominated convergence theorem to take the limit under the expectation
given by (A.1) of Assumption A. Thus, by Remark 2.1.8, we must have z € (©(5*)),, and
since this is true for any ¢, we conclude that S C ©(S5*). On the other hand, if x ¢ (S*°),,
then there must exists some N € N such that x ¢ (©"(S)); for all n > N, again, by the

definition of ©, this implies that
f(x) < J(t,z,p(t,z,0"(S))), Vn>N.
Consequently,

fla) < J(tz,p(t,,0"(9)))

< lim_J(t, @, p(t, z,0"71(S)))

- J<t7 :'UJ p(t7 I? SOO))?

where we invoked the dominated convergence theorem again. This implies that x ¢ (©(S*)),

13



and since the above works for all ¢, we must have ©(S>°) C S*°. Combining the two subset

inclusions, we have a fixed point S* such that ©(S*) = S* hence S* is an equilibrium. M

Theorem 2.2.2 gives us the existence of an equilibrium. However, as demonstrated in
28] as well as [32, 1], there usually exist multiple equilibria. As we shall see in the next

subsection, under rather general conditions, there exists an unique optimal equilibrium.

2.2.2 Optimal Equilibria and Uniqueness. In this subsection, we shall address the
problem of selecting an optimal equilibrium, an equilibrium that dominates all other equi-
libria on T x X. Then under appropriate continuity assumptions we prove the existence of

an optimal equilibrium. For any S € &£, we define the associated value function by,

V(t,z,S):= f(x) vV J(t,z, p(t,z,S)) VY(tzx)eTxX (2.2.4)

Then by Definition 2.1.7 and Remark 2.1.8, we see that,

V(t,z,8) = 7z) e & B (2.2.5)

J(t,x, p(t, z,S)) if x € X'\ (9);.

Therefore, we can express the value function V' as,

V(t,z,S)=J(t,x,p*(t,z,S)) with p*(t,z,9) :=inf{s >t: X" € (9),}. (2.2.6)

Definition 2.2.4 (optimal equilibrium). We say S* € £ is an optimal equilibrium if for any
Seg,

V(t,z,S*) > V(t,z,S) V(t,z) e T xX.
Proposition 2.2.5. If S* € £ is an optimal equilibrium, then S* = Nges S.

Proof. 1t is straightforward to see Ngeg S € S*. To prove the other inclusion, suppose there

exists S € & such that S* ¢ S, in other words, there exists (at least one) ¢ € T such

14



that (S*); Z (9);. Fix such a ¢, then for any = € (S*); \ (9), from Equation (2.2.5) and

Remark 2.1.8, we have

V(t,x,S") = f(z) < J(t,z,p(t,x,S)) = V(t,x,09),

which contradicts the optimality of S*. [ |

The above Proposition says that should an optimal equilibrium exist, it has to be unique.
Next, we find a way to construct a better equilibrium if we have two or more old equilibria.
The next Lemma says that for any equilibrium S, R € £, ©(SNR) C SN R. Then we
can apply Theorem 2.2.2 and get equilibrium (SN R)* := ©>°(S N R) through the iterative
approach. Moreover, this new equilibrium dominates S and 7T simultaneously everywhere

on T x X, i.e.,

V(t,z, (SONR)®) > V(t,2,8) V V(t.x,R) Y(t,z) €T x X. (2.2.7)

Lemma 2.2.6. Suppose Assumption A holds. For any S, R € &,

J(t,z,p(t,z, SO R)) > J(t,x, p(t,x,5)) V J(t,x,p(t,x,R)) VY(t,z) e TxX.  (2.2.38)

In particular, this implies ©(S N R) C SN R.
Proof. The proof is postponed to Appendix A.2. [ |
Using Lemma 2.2.6 we can establish a partial converse to Proposition 2.2.5, we have,

Proposition 2.2.7. Suppose Assumption A holds. If S* := Ngee S is an equilibrium, then

it is optimal.

Proof. Let S € € be arbitrary. Then by Lemma 2.2.6 we have,

Vit z,8) = f(z) V J(t,z,pt,z,5))
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< flx) vV Itz p(t,z,S* N S)) = flz) V J(t,z, p(t,x,S%)) = V(t,z,5")

for all (¢,z) € T x X. Hence, S* is optimal by the arbitrariness of S, [ |

Now, assuming under some general continuity conditions, we are in a position to establish
the existence results for the optimal equilibrium. In particular, we show that the candidate
choice S* := Ngee S discussed in Proposition 2.2.5 is in fact the optimal equilibrium.

Recall that a function f : X — R is said to be upper-semicontinuous (u.s.c) on X if for all
x € X and every {2, }nen in X with z,, — z, liznﬁsolip f(zn) < f(x). It is lower-semicontinuous
(L.s.c) on Xif lim inf f(x,) > f(x). It is easy to see that the indicator function of a set B C X,
1p is l.s.c if and only if B is open and u.s.c if and only if B is closed.

Similarly, we say a transition (Markov) kernel A (e.g. Equation (2.1.1)) is l.s.c under the
weak™ topology if for all z € X and every {x, },en in X with x, — 2 and any bounded Borel
measurable function ¢ : X — R, we have,

hmmf o(y) My, dy) >/ Az, dy). (2.2.9)

n—oo

Remark 2.2.8. Suppose A admits a probability density function, i.e., XNz, dy) = n(z,y) dy.
We claim that if for each y € X, z +— n(x,y) is Ls.c then A is l.s.c under the weak™ topology.
Indeed, recall that for every fix z € X, A(z,-) is a probability measure, then by a variation

of Fatou’s lemma we have,

n—oo

liminf | o(y)n(zn, y) dy 2 /X lim inf o (y)n(zn, y) dy = /X p(y)n(z,y) dy,

for any bounded measurable function ¢ and {z,},en with z,, — 2. This shows that,

liminf o(y) My, dy) >/ Az, dy),

n—oo

that is, A is L.s.c under the weak™ topology.
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Theorem 2.2.9. Suppose Assumption A holds, f is u.s.c and the transition (Markov) kernel
ke in Equation (2.1.1) is l.s.c under the weak™ topology for allt € T. Then, S* =: Nges S is

the optimal equilibrium.

Proof. For any S € B(T x X), the payoff function J(¢,x, p(t,z,S)) can be written as,

It plt,2,8)) = [ @ily. S)Qilw.dy),

where
p*(t,y,5)

> (s —1)g(Xe) + (" (Y, ) + D (Xpt.5)

s=t

q)t(yv S) = E"

Therefore, by definition of lower semicontinuity and Equation (2.2.9), we see that z
J(t,z,p(t,z,9)) is Ls.c. Since S € &€, by the definition of equilibrium and the fact that J is

lLs.cin z and f is u.s.c,
(S)e = (O(9)) ={z € X: f(x) = J(t,z, p(t, x,5))}

is a closed subset of X for all ¢ € T. As an arbitrary intersection of closed set, (S*); =
Nsee(S): is also closed and therefore Borel measurable for all ¢ € T.
We know that 1gy, is u.s.c given (S); is closed for all S € £. By the virtue of [2,

Proposition 4.1] there exists a countable subset {S}'},en of € for each ¢ € T such that,
Liso, = Inf 1gs), = inf Lsp,, (2.2.10)

which implies that (S*); = N,en(S7):. By taking the countable union of all such countable
subset Uyer{S}'}nen then we have another countable subset, say {S"},eny of € such that
S* = N,en S™. By proceeding as in the discussion below Proposition 2.2.5, we first let
R' := St and R? := (R' N S?)*. Then R? € £ such that R C R' N S% C S'N S? and
J(t,x, p(t,z, R?)) > J(t,z, p(t,z, R)) for all (t,z) € T x X. Next, let B3 := (R?* N S3)*,
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then similarly, R* € £ such that R* C R*N S® C S1'NS* N S% and J(¢, z, p(t,x, R?)) >
J(t,x, p(t,z, R?)) for all (t,x) € T x X. Repeating this procedure recursively for all n € N,
we get a sequence { R" },cy in € with R* C R*'nS™ C S'N---NS™ and J(¢, z, p(t,x, R")) >

J(t,z, p(t,x, R"1)) for all n € N and (¢,z) € T x X. Therefore, we have,

S =(SCR'C()S" =5 (2.2.11)

se& neN neN

hence S* = N, ey R". By Proposition 2.2.5 it remains to show that S* is indeed an equi-
librium, this can be achieved by replacing ©™(S) with R" in the proof of Theorem 2.2.2.

Therefore S* is the optimal equilibrium. [ |

With the help of [2, Proposition 4.1], the existence of optimal equilibrium still stands if

we replace the upper-semicontinuity of f with lower-semicontinuity.

Theorem 2.2.10. Suppose Assumption A holds, f is l.s.c and the transition (Markov) kernel
ke in Equation (2.1.1) is l.s.c under the weak™ topology for allt € T. Then, S* := Nges S s

the optimal equilibrium.

Proof. As shown before, x — J(t,x, p(t,z,S)) is Ls.c for any S € B(T x X) and any ¢ € T.
Since f is assumed to be Ls.c as well, we must have for all x € X and every {z, },en in X

with x,, — x,

liTrLr_lglfV(t, T, S) = lirrlgglff(xn) V J(t, Ty, p(t, zp, S))

> liggicgff(:cn) V lim inf J(t, xpn, p(t, 2, S))

> f(z) v It @, p(t, 2, 5)),

thus z — V(t,x,5) is also l.s.c for all t € T and any S € B(T x X). Again, by the virtue of

2, Proposition 4.1}, there exists a sequence {S"},en in € such that,

supV(t,xz,S) =sup V(t,z, ") V(t,z) € T x X. (2.2.12)
Se& neN
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Now let R := X and R! := S' and by the same procedure in the previous Theorem we
have, R? := (R' N 5?)™ is such that R? € £ and R* C R' N S? with J(¢,x, p(t, z, R*)) >
J(t,x, p(t,z,R")) for all (t,z) € X. Next, we define R® := (R* N S$3)> then R® € £ and
R C R?N S3 with J(t,z, p(t,z, R?)) > J(t,z, p(t,z, R?)) for all (t,z) € T x X. We repeat
this recursively for all n € N, we get a sequence {R"},cn in € such that R* C R"' N S"
with J(t,x, p(t,z,R")) > J(t,z,p(t,z, R*')) for all n € N. By replacing ©"(S) with
R"™ in the proof of Theorem 2.2.2) it is easy to see that R* := ),y R" € & such that
J(t,x,p(t,z, R*)) > J(t,z,p(t,x,R")) for all n € N and all (t,2) € T x X. By Equa-

tion (2.2.8), we have, for all (t,z) € T x X,

J(t,x, p(t,z, R*)) > J(t,x, p(t, z, R™))
> J(t,z,p(t,z,S™))V J(t,z, p(t,z, R"1))

> J(t,z, p(t,z, S™)),

for all n € N. Therefore, V (t,x, R*) > V (t,x,S™) for all n € N and (¢,z) € T x X. Combine

this with Equation (2.2.12) we have,

supV(t,z,S) =V (t,z,R*) V(t,x) e TxX.
Seg

Therefore, R* is an optimal equilibrium and by uniqueness, R* = \geeg S = 5™. |

2.3 Examples
In this section we analyze two examples with the running payoff g = 0. In particular, we shall
consider some time-homogeneous Markov chains but possibly time-inhomogeneous equilib-
ria. As considered in [28], there exists a unique time-homogeneous optimal equilibrium when
the underlying Markov process is time-homogeneous. Moreover, this optimal equilibrium is
selected from a set of time-homogeneous equilibria. We will construct an explicit example

where there exists a time-inhomogeneous equilibrium for time-homogeneous model and illus-
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trate the fact that using our results, we can consider a larger set of equilibria £ even when

the process is time-homogeneous comparing to [28].

2.3.1 General Two-State Markov Chain. We first consider a two state time-homogeneous
Markov Chain given by the below transition diagram with state space X = {1,2}. We set
f(1) =1, f(2) = 2 and use the quasi-hyperbolic discounting §(0) = 1 and 6(i) = Sp* for
i>1and 3,p € (0,1), we will choose the values of 3, p and « later.

l—«

EOMmos

S = ({172}7{2}7{2}7{2}7{2}7) (231)

We claim that,

is an equilibrium. Obviously for all ¢ we have f(2) =2 > 2§(1) and hence state 2 is always

included in any equilibrium. For t = 0, state 1 must satisfy,

f(1)=1>(1—-0a)25(1) +a(l —a)26(2) + (1 — a)20(3) + - - -

=2(1 —a) i a1Bp
i=1

- ml:z)pﬁp' (2.3.2)
Similarly, when ¢t > 1, state 1 must also satisfy,
F)=1<(1—a)25(1) +a(l — a)25(2) + a*(1 — a)26(3) + - --
=2(1—-a) iai_lﬁpi
i=1
- W' (2.3.3)

Choosing o« = 0.5, § = 0.75 and p = 0.8, Equation (2.3.2) evaluates to f(1) =1 > 1 and

Equation (2.3.3) evaluates f(1) =1 < 1. In particular, no strict inequality can be achieved
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for both equations regardless of the choices of the parameters in the hyperbolic discount
function and the transition probabilities. Equation (2.3.1) describes a time-inhomogeneous
equilibrium, in the sense that not all (S); are identical, in this case (S)y = {1,2} # {2} =
(S)n for all n > 1. However, Equation (2.3.1) is somewhat trivial. Ideally, we would like to

have an equilibrium where the set {1,2} and {2} are alternating, i.e.,

S = ({17 2}7 {2}7 {17 2}7 {2}7 {17 2}7 {2}7 T ) (2'3'4>

As we shall see, it is not possible to have Equation (2.3.4) an equilibrium with discount
function 0 satisfying (A.2) of Assumption A (Equation (2.1.3)) other than the exponential
discounting function, i.e., (i) = p’ for some p € (0,1). Let us consider a general two state

time-homogeneous Markov Chain represented by the following transition diagram,

1 —«
(O oo
1-p5

Without degenerating the example we assume f(1) =k < f(2) = v and o, § € (0,1). Under
the current setup, {2} is always an equilibrium and {0} and {1} can never be equilibria by
themselves, that leave us the possibility of {1,2}. We claim that {1,2} cannot appear more

than once under non-exponential discounting. That is, S € B(T x X) of the following form,

S = ({17 2}7 {2}7 {2}7 T {2}7 {2}7 {17 2}7 {2}7 {2}7 T )7 (235)

sequence of n many {2}

is an equilibrium only under the exponential discounting. We prove this by induction on

n=1,273,..

Proposition 2.3.1. Suppose Assumption A holds. If S in Equation (2.3.5) is an equilibrium
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then for anyn > 1, 6(i) = p* for all 0 < i < n+ 1 where

0<p=— """ 1.
ak + UV —ar

Proof. First assume n = 1 in Equation (2.3.5), i.e., we restrict our attention to
S = (50,51, 52,---) = ({1,2}, {2}, {1, 2}, - ). (2.3.6)
At t = 1, state 1 must satisfy,
f()y=r < (ar+v—av)-4(1). (2.3.7)
At t = 0, state 1 must satisfy the following inequality,
f)y=r>(1—-a)vi(l)+alark +v —av)i(2) (2.3.8)

Now, Equation (2.3.7) gives us that 6(1) > k/(ak + v — av) and substituting the lower
bound 6(1) = k/(ak + v — av) into Equation (2.3.8) and after some algebraic manipulation

we have,

5(2) < (R>2 (2.3.9)

aKk + v —av
Suppose that 0(1) is chosen such that it is strictly larger than p = k/(ak + v — av) then
the above implies that §(2) must be strictly smaller than p? which then violates (A.2) of
Assumption A, therefore when n = 1, the only choice for ¢ is the exponential discounting,
ie.,

5@2) = (0 = ()

ak +v —av

Next suppose the proposition holds for n—2, i.e., S = ({1, 2}, {2}, {2}, --- , {2}, {2}, {1, 2},---),

sequence of n — 2 many {2}
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is only an equilibrium when

56— 1) = (5(1))~" = (”)H , Yie{1,2,..n—2). (2.3.10)

ak +v —av

We prove the case for n — 1, at t = 1 state 1 must satisfy the following inequality,

fl)y=r> gak(l —a)-d(k+1)+a" Hak +v —av)-d(n). (2.3.11)

Substituting Equation (2.3.10) into Equation (2.3.11) we have,

f=r>Y "1 —a) -0(k+1)+a" ak+v—av)-(n)

n R n—1 K n
=Kk—a K|——— —(a—l)a V| —m
ak +v —av ak + v —au

+a" Hak+v—av)-§(n).

Solving the above inequality we have, 6(n) < (k/(ax + v — av))™. Under (A.2) of As-
sumption A the only possible choice of 6(n) is (k/(ak + v — av))”. Hence completing the

proof. [ |

Remark 2.3.2. Recall the time-homogeneous example given by Equation (2.3.1) which admits

multiple equilibria including ({2}, {2}, {2}, {2},{2}.---) and ({1, 2}, {2}, {2}, {2}, {2}, ).

We now modify the process to be time-inhomogeneous so that the only equilibrium is given
by ({1,2},{2},{2},{2},{2},---). Consider the following transition diagram for ¢ = 0,

1/4
N OBRO:]

and when ¢ > 1 the transition diagram is given by

1/2

R OBROS
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Similarly, we set f(1) = 1, f(2) = 2 and use the quasi-hyperbolic discounting 6(0) = 1 and
§(i) = Bp' for i > 1 and B,p € (0,1). We claim that

S = ({172}7{2}7{2}7{2}7{2}7) (2312>

is the only equilibrium. By choosing f = 0.63 and p = 0.9. We have at t = 0,

1 31 311
_ L 20(1) + Z§ : <1> -26(i + 1) = 0.97936.
4 4 \2
When ¢ > 1 we have that
1 1\2
F=1< 3201+ (5) -20(2)+ -

2
) (;) 28(7) = 1.03091.

=1

~

Here strict inequality has been achieved and this implies S = ({1, 2}, {2}, {2}, {2}, {2}, )

is the only equilibrium.

2.3.2 A Four-State Example. We consider a model with a four-state time-homogeneous
Markov chain model, and show that it has a time-inhomogeneous equilibrium. Consider the

following transition diagram,

1 1
0.5 0.5
0.1
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We use the linear payoff f(z) = z and set f(k) = &, f(v) = v, f(0) =0 and f(2) = 2. We use
the quasi-hyperbolic discount function §(0) = 1 and §(i) = Sp’ for i > 1 with 3,p € (0, 1).

We will decide the value of x,v, 8 and p later. We claim that,

S = ({2}, {v, 2}, {2}, {v, 2}, {2}, {v,2},-- ) (2.3.13)

is an equilibrium. First observe that state 2 is always an equilibrium as f(2) = 2 > 2§(1)
and state 0 is always excluded in any equilibrium since f(0) = 0. Choose f(k) = Kk <
min{0.5v4(1),0.5? - 2§(2)} then any equilibrium cannot contain x. To show that Equa-
tion (2.3.13) is an equilibrium we consider separately when ¢ is even and odd. When ¢ is

even, state v satisfies,

fw)=v <200+ (55 5) 5 20+ (35 5) 5 2060+
— i (210>n6(2n+ 1) = 230_5’;2. (2.3.14)
n=0

When t is odd, state v satisfies,

-26(1) + L. vo(2) = Bp+ el 2 (2.3.15)

fw)=vz 20 20

1
2

To satisfy Equation (2.3.14) and Equation (2.3.15) simultaneously, one possible choice for
the parameters is,

v=0.89, =095 p=0.9,

giving us f(v) = 0.89 < 0.89109 in Equation (2.3.14) and f(r) = 0.89 > 0.88924 in Equa-
tion (2.3.15).

Recall the associated value function given by Equation (2.2.4) and define the set,

H = ({2}, {2}, {2},---).
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We claim that H is an equilibrium such that V(¢,z, H) > V(t,z,5) for all (t,z) € T x X.
We need only to consider state x and state v. For state v, we have
1 1y 1 1 1N\%2 1
.926(1 —.Z).2.98 —.Z) .Z2.95
( >+<10 2) 2 (3>+(10 2) (5)+
oo 1 n
= Z <2) d(2n + 1) = 0.891009.

V(t,v,H) =

When ¢ is even, we again have

o)

V(t,v,S) = Z() (2n + 1) = 0.89109.

n=0

When t is odd, we have
V(t,v,S) = f(v) =0.89.

Hence V (t,v, H) > V(t,v,S). Similarly for state x, when ¢ is even,
V(t, k,8) = 0.505(1) = 0.38048,
and when ¢ is odd,

V(t,k,S)=VI(t,k,H)

=0.5(0.5-2)0(2) +0.5(0.5 - 0.1)(0.5 - 2)25(4) + - - -

fj 5(0.5-0.1)"71(0.5 - 2)"5(2n)

0.40099.

Therefore, V(t,x, H) > V (t, k,S) and we have shown that H is an equilibrium with a value
function dominating S anywhere on X = {0,k,r,2} and at all times. This is expected,
since for a time-homogeneous Markov chain, it always has an optimal equilibrium that is

time-homogeneous, see Corollary 3.2.10 in the next chapter.
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2.4 References and Remarks
The main reference for this chapter is [28]. The ideas and proofs were borrowed and then
extended to the time-inhomogeneous model. The transition diagram for the four state ex-
ample in Section 2.3.2 is borrowed from [37, Example 5.3], however the computation and the
theory behind the two examples are very different.

There are a number of ways we could extend the model given by Equation (2.1.2). Taking
the advantage that our setup is time-inhomogeneous, both the running payoff and the final
payoff can also depends on time ¢, i.e., in the form of g(¢, X;) and f(¢, X;) and the results and
proofs should still apply. This was more or less considered in a different form in Section 3.2
of the next chapter.

We conclude this chapter by remarking on the case where X = {Xt}teNu{O} is a non
Markovian process. In some sense, this would complete the study of time-inconsistent
stopping in discrete-time with non-exponential discounting. Consider a probability space
(Q, F,P) that supports a path-dependent process X = { X, };cr taking values in some Polish
space X. Let B(X) be the family of Borel sets in X, and @; the transition kernel of X at
time ¢t € T. Denote X! the ¢-fold of X and X' is a ¢ + 1-random vector taking values in X!+,
i.e., for any w € Q, X'(w) = x' is a realisation of the path of X starting from 0 and up to

time ¢. For any x' € X! and B € B(X),
P(X,1 € B|X! = xt) :/ Qu(xt,dy) Vt=0,1,....
B

We then consider the objective function,

T—1

J(t,x" 1) = E- lz (s —1)g(Xs) +0(r =) f(X7)],

s=t

subjecting to some appropriate conditions as in Section 2.1. We follow the same reasoning as
in Section 2.1 but the main difference is the form of stopping regions. Let S = (S, S1, So, - )

be a stopping region. Instead of S, € B(X) we have S,, € B(X"™) for all n € T and then
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the corresponding stopping policy p should be

p(t,x",S) :=inf{n>t+1:X"€8,} €T,

which is the first time greater than ¢ such that the random vector X" enters the stopping

region S. Accordingly, for any stopping region S, the operator © is defined by,

@(5) = (50, 517527 T );

where (0(S5)); := 5, == {x' € X' : f((x");) > J(t,x", p(t,x",5))}. As it stands, the argu-
ments and results in Section 2.2, mainly the iterative procedure, with obvious corresponding

adjustment, should be able to cover the above path-dependent case.
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Chapter III

Mean Field Time-Inconsistent Stopping Games

In this chapter, we consider mean field time-inconsistent stopping games with a continuum of
players where each player chooses a stopping time to a time-inconsistent stopping problem de-
pending on the stopped proportion process ;. By introducing j; into the objective function
we cannot expect our problem to be time-homogeneous even when X is time-homogeneous
and as such our theory in Chapter II provides a natural foundation for studying this set of

problems.

3.1 Motivation

To motivate our setup, let us first consider the following objective function

T—1

Ji(t,x,pu,7) =B D 8(s — 0)g(XL, psn) + (1 — ) F (XL, prn) |

s=t

where ¢ € {1,2,..., N} representing N-numbers of players and {X'};cq10. vy a family of
independent and identical Markovian processes. For each i € {1,2,..., N}, X corresponds
to the private state of player-i and is supported on the probability space (QY, FN PY)
equipped with the filtration FV. Define 7¢ the stopping time chosen by player-i. Each player

interacts through the empirical measure py on T defined by,

1 X 1 X ,
= - i Ot o :[L l Vt T
peN = pn (| N; . ~ 2 Loa() Vte

=1
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representing the proportion of players that has stopped by time ¢. Stochastic games of large
N-players are notoriously intractable both theoretically and numerically and as such mean
field games were introduced to study the limiting case when N — oo. In the limiting regime,
each player’s decision will have negligible effect on the limit empirical measure f; ~, which
we call the stopped proportion process and therefore offering great simplification for finding
Nash equilibrium to the problem.

By construction, we see that our N-player game extends to an infinite player game as
N — o00. As explained in [11], when N is large, the usual heuristic for mean field games (but
without the presence of a common noise in our case), suggests that, the empirical measure
pn should approaches a probability measure p on T, i.e., p € P(T). If we can solve the

time-inconsistent stopping problem,

T—1

Tt 7) = EY |30 6(s — )g(Xaopta) + 01 — D f(Xro0)] (3.11)

s=t

for each fixed measure u, we can define a map p — Law(7*) where 7* is an stopping time
induced by a single-agent equilibrium to Equation (3.1.1). Then the final step is to find a
fixed-point for this map and any such fixed point is then a Nash equilibrium. In Section 3.2,
we first solve Equation (3.1.1) for each fixed p by constructing an (time-inhomogeneous)
optimal equilibrium with respect to . Then in Section 3.3 we take the stopping time induced

by this optimal equilibrium into the above heuristics and make the arguments precise.

3.2 The Optimal Equilibrium I'*
Consider the probability space (2, F,P) supporting a Markovian process X taking values in
some Borel subset X C R. Let F = {F; };er be the filtration generated by X and 7; the set of
F-stopping times 7 with 7 > ¢ and yu = (po, 41, - ) € [0,1]Y a non-decreasing, deterministic

process, fixed throughout this section. Consider the following objective function,

T—1

J(t,z,p,7) =E | 6(s — ) g(Xs, ps) + 0(7 — 8) f(Xr, p1r) | - (3.2.1)

s=t
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Here, we assume f, g and § all satisfy the same standing assumptions and Assumption A as

in Section 2.1. Given any S € B(T x X), define ©* : B(T x X) — B(T x X) by

©"(S) := (S, 51,55, (3.2.2)

where

(OH(S))y =S, ={x e S : fla,u) > Jt,x, 1,8y U{e e X\ Sy« fla, ) > J(t,x,1,5)}

Definition 3.2.1. We say S € B(T x X) an equilibrium stopping region (or simply equilib-

rium) if ©(S)* = S. We denote the set of all equilibria with respect to u by E*.

In particular, S € B(T x X) is said to be an equilibrium under Equation (3.2.2), i.e.,
O*(S) = S if and only if for all t € T,

flx,pe) > Itz pw, p(t,z, S)), Ve (),
(3.2.3)

f(xnut) SJ(t,x,,u,p(t,x,S)), Vl’GX\(S)t

Remark 3.2.2. This definition of equilibria is borrowed from [31] and is slightly weaker than
the definition in Chapter II given by Equation (2.1.6). In particular, it considers a larger
set of equilibria and it facilitates our explicit construction of the optimal equilibrium. In the
case f(x, ) = J(t,z, u, p(t,z,5)), under Equation (3.2.2) the agent will not make changes

as compared to the previous policy.

Remark 3.2.3. If we are to take Equation (3.2.2) as the definition in Chapter II then it is
straightforward to see that all results hold except Theorem 2.2.9 and the uniqueness result

given by Proposition 2.2.5.

We first collect a few lemmas that has appeared in previous sections in a similar form.
The first one states that the stopping time p converges under sequence of monotone stopping

region. The proof is exactly the same as in the first part of the proof of Theorem 2.2.2 and
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therefore omitted.
Lemma 3.2.4. Let {S"}en be a monotone sequence in B(T x X). For any (t,z) € T x X

we have p(t,z, S™)(w) — p(t,x, %) (w) almost surely, where

Unen S, if {S™} is non-decreasing,
S =

Npen S, if {S™} is non-increasing.

The next result is similar to Lemma 2.2.1, which says that any stopping region containing

an equilibrium must be dominated by that equilibrium in terms of the payoff function J.
Lemma 3.2.5. Suppose Assumption A holds. For any nonempty set R, S € B(T x X) with
RCS and R € EF,

J(t 2, 1, p(t, 2, S)) < (6,2, plt, 5, R)) V(t,) €T x X.

Proof. The proof is postponed to Appendix B.1. [ |

Next, we introduce the operator ®* : B(T x X) — B(T x X) defined by ®#(5) :=
(50, Sy, Sy, - -) where

(®*(S))s == = S U{w & S+ fla,u) > V*(t,z,1,9)} (3.2.4)
for any S € B(T x X) and
V*(t,x,u,S):= sup  J(t,x,pm,T). (3.2.5)
t<r<p(t,z,S)

Observe that for any sequences S™ € B(T x X) and any w € €, if p(t, z, S™)(w) converges to
some limit, say p(t,x,S°)(w) then the sequence p(t,z, S™)(w) must be eventually constant

(when S™ is monotone, this statement is given by Lemma 3.2.4). As such, by the form of
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Equation (3.2.5) we expect that V*(¢, z, u, S™) converges as well. This is given by the next

lemma.

Lemma 3.2.6. Let {S"},en be a nondecreasing sequence in B(TxX). Then, V*(t,z, u, S™) |
V*(t,x, 1, S*) for all (t,z) € T x X, with S := Upen S™.

Proof. The proof is postponed to Appendix B.2. [ |

Next, we explicitly construct an equilibrium by using the operator ®* through an iterative

procedure.

Proposition 3.2.7. Let {S] }nen be a nondecreasing sequence in B(T x X) defined by

Sy=(0,0,0,---) and Sy :=®"(S") forn>1. (3.2.6)
Then,
= J Sy eér (3.2.7)
neN

Proof. Fix (t,r) € T x X. Let x € (I'*);, by the fact that {(S}):}nen is a non-decreasing
sequence, there exists n € N such that x € (S;*'), \ (S);. By the definition of ®* and

Lemma 3.2.6, we have

f(xalut) > V*(t,x,,u, SZ) > V*(taxaﬂaru> > J(taxvﬂap(txarﬂ))a

which implies that x € (©#(I'*)), and hence I'* C ©#(T'*).

Fix (t,z) € T x X such that = ¢ (I'*);, we claim that = ¢ (0#(T'")),, i.e.,

fla, ) < J(t, x, pw, p(t, z, TH)). (3.2.8)

We prove the converse inclusion by contradiction. Assume that Equation (3.2.8) fails, define
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A = {Ag, A1, Ay, ...}, where

Api={x ¢ (T fz, ) > J(t, x, pm, p(t,z, TH)) }. (3.2.9)
Consider
vi= sup {f(y, ) = I(t,y, 1, p(t, y, 7))} > 0. (3.2.10)
teT,yc\s

Since 0(1) < 6(0) = 1, we can choose some x € (A); such that

1+ 4(1)
2

f(rype) — J(t, ko, p(t, &, TH)) > v. (3.2.11)

Since x ¢ (I'*);, we must have x ¢ (S}}); for all n € N, thus f(x,u) < V*(t,k, 11, S};) for all

n € N by Lemma 3.2.6, this implies,
frype) < V*(t, Ky, TF). (3.2.12)

Let 7% € T; with t + 1 < 7* < p(t,k, ") be a (%my)—optimizer of V*(t, K, u, I'*). Note

that for any w € Q if 7(w) < p(t, K, T*)(w) then X2 (w) ¢ (I'"),~. Hence consider the sets

Eyi={weQ: 7 (w) < pt,r,TH), X2 e (A\TH)}
By :={weQ:m"(w) < p(t, k"), X2 € (A\ ")}
We have, by Equation (3.2.11) and Equation (3.2.12),

1+4(1)
2

V< f(’iv ,U/t) - J(tv R, L, p(t7 R, FH))
1—6(1)
2

< J(t, kyp, ) — J(t, K,y p(t, 5, TH)) + v (3.2.13)

Writing pru = p(t, k,['*), by the strong Markov property of X and the same argument as
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Equations (A.1.5) and (A.1.4) in the proof of Lemma 2.2.1, we have

J(tv Ky T*) - J(ta Ky s PF#) < E“" [(1131 + IL152)6(7_* - t) (f(XT*v MT*) - ‘](T*7 Xow, 1, pF“))]
< E*" [JlEz(S(T* - t)(f(XT*vﬂT*) - J(T*’ Xre, 1, pF“)]

<6(1)r,

where the second inequality comes from the fact that X« ¢ (A),+ on E; and the definition of
A and the third equality comes from the fact that X« € (A),+ on Ey and Equation (3.2.10).

Thus continuing from Equation (3.2.13), we have,

1+6(1)
2

V<5OW+1—§DV:1+§Q

V.

The strict inequality above clearly indicates a contradiction, therefore, we conclude Equa-
tion (3.2.8) holds true for all x ¢ (I'*);. Hence (©(I'*)); C (I'*);. Then we have I'* = ©*(I'*),

ie., 't e &r [ |
Lemma 3.2.8. Fiz T € &*, for any S € B(T x X) with S C T, ®*(S) C T.
Proof. Fix t € T, suppose that there exists z € (®#(5)); \ (1) for some S € B(T x X) with
S CT. Now, since x ¢ (5)¢, the definition of ®* and V* implies that

f(xa :ut) > V*<t7 xZ, W, S) Z V*(t7 T, [, T) Z J<t7 xZ, W, P(t7 x, T))
Therefore, x € (0#(T'));. However, this contradicts the fact that T'= ©#(T) as « ¢ (T'); and
T € &*, thus we conclude ®#(S) C T |

The above lemma states that being a subset of an equilibrium is in fact invariant under
®#. Now, using this lemma, we can deliver the main theorem of this section. We claim that

the equilibrium I'* constructed in Proposition 3.2.7 is our optimal equilibrium. Define the
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associated value function V' of an equilibrium S € B(T x X) similarly as in Section 2.2,

Vt,z,p1, S) = flz, ) V J(t, x, pm, p(t,z,9)). (3.2.14)

Theorem 3.2.9. Suppose Assumption A holds. Then T defined in Equation (3.2.7) is an

optimal equilibrium.

Proof. By Proposition 3.2.7, T'* is an equilibrium. For any T € &*, () € T (trivially) and
by Lemma 3.2.8 we have S}L = ®H(()) € &*. Therefore, by applying Lemma 3.2.8 to the
sequence {S} }nen defined recursively in Equation (3.2.6), we have S} = ®*(Sn—") € T' for
all n € N, thus I'* = U,y S; € T. Applying Lemma 3.2.5 we have J(t,z, u, p(t, z,T*)) >
J(t,x, pw, p(t,x, T)) for all (t,z) € TxX and hence V (¢, x, u, p(t,x, T*)) > V(t,z, p, p(t, z,T))

for all (t,z) € T x X. Since T is arbitrary we conclude that I'* is an optimal equilibrium. M
As a byproduct of our construction of I'* we have the following corollary.

Corollary 3.2.10. If X is time-homogeneous then there exists a time-homogeneous optimal

equilibrium to Equation (2.1.2).

Proof. By taking f(x,u) = f(z) and g(z,u) = g(x), I'* is an optimal equilibrium to
Equation (2.1.2). Moreover, by construction (I'*); = (I'*); for any i # j since X is time-

homogeneous. u

3.3 Mean Field Formulation and Objective of Agents
Following the heuristics in Section 3.1, let u € P(T), we identify each p as a non-decreasing,
deterministic sequence in [0, 1]N defined by pu = (o, g1, pto, - - - ) where p; = u([0,t]). For
each fixed u € [0,1]N, we solve the time-inconsistent stopping problem given by objective
function Equation (3.2.1) by constructing an optimal equilibrium I'* with respect to u. We
now state formally the objective of each players.
We extend the process { X, }ier backwards in time to t = —1 and without loss of generality

we assume all players start at X_; = A where A is some fixed constant in X where they are
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not allowed to stop. At ¢t = 0, X transition from A to some initial condition X, according
to a known initial distribution independent of the family of transition kernels {Q, }ier of X

defined by
P(X,1 € B| X, =) = /BQt(:U,dy) VteT and VB e B(X).

Here T = {0,1,2,...} and does not include ¢ = —1. For this process X, players collectively
seek an equilibrium strategy to Equation (3.2.1) from the initial starting time t = —1 such
that when implemented none of the players has incentive to deviate from. We call such

strategies soft mean field equilibria.

Definition 3.3.1 (Soft MFE). A pair (u, S) is a soft mean field equilibrium if ©#(S) = S
and u; = P(p(—1,A,S5) <t) forall t € T.

This mean field formulation is different from the single-agent formulation as we need to
take into account a continuum of players where each player play against other agents and

future selves.

Remark 3.3.2. We would like to reiterate again that as we extend X backwards to t = —1,
the set T does not include t = —1 and p_; and S_; are not included in our formulation

either, or we can simply assume p_; = 0 and S_; = 0.

Given p € [0,1]N if (u,S) is a soft mean field equilibrium such that S is also optimal

w.r.t i, i.e., for any other equilibria R € £,
v(t’x7M’S)ZV(t’x7u7R> v<t7$)ETXX7

then we say (u,.S) is sharp.

Definition 3.3.3 (Sharp MEF). A pair (i, S) is a sharp mean field equilibrium if it is a soft

mean field equilibrium and in addition S is optimal w.r.t p.
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In particular, it is easy to see that any fixed-point to the map p +— {P(p(—1,A,T#*) <
t) bier must be a sharp mean field equilibrium to Equation (3.2.1).
Remark 3.3.4. We would also like to stress that the purpose of this chapter is to present
methods in showing the existence of fixed-point to the limiting game rather than a detailed
study concerning the mean field game setup and its asymptotic behaviour as in [11]. However,
one thing to note is that even without the sophisticated framework of mean field game we
still have the convergence of the empirical measure p1y = imy_,o0 ptr, 5 = E[Ljg4(7*)] simply
by the law of large number and the extension to the limiting game is readily justified. For a
probabilistic treatment of mean field games, we refer the readers to the excellent two volume

textbook/monograph [10] by Carmona and Delarue and the references therein.

3.4 A Bank Run Model
In this section, we analyze an example motivated by bank run which describes the situation
where a large number of depositors of a financial institution withdraw their holdings and

thus triggering liquidation. Consider the following objective function,

J(t, @, p,7) =B [0(7 — ) f (X7, pir)]
=B [3(r — ) {F(X:) Lirapy + & - Loy ]

=B [3(r — O{F (X)L jp<q) + € Tprnir}] (3.4.1)

where F' : X — R* is strictly positive and 0 := inf{t : y, > ¢} with ¢ € [0,1] a predeter-
mined constant and is interpreted as the bank’s asset to liability ratio. Let & be a constant

such that 0 < £ < inf f representing the recovery payoff in the case of bank liquidation.

Remark 3.4.1. The particular form of the bank run time #* defined above is motivated by

[11]. Here for simplicity we do not require ¢ to be random as in [11].

Lemma 3.4.2. Let S,T € B(T x X) such that T C S then

w=Pp(—1,A,8) <t) >P(p(—1,A,T) <t) =1, VteT.
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Lemma 3.4.3. For any (non-decreasing) v,y € [0,1]N such that v < p,

Jt, o p, 1) < J(t,x,v,7), V(t,z)e TxX,T€T. (3.4.2)

Hence V*(t,z,pn, S) < V*(t,z,v,S) forallz € X, t € T and S € B(T x X). Moreover, we
have

O¥(T) C DH(S)

for all S,T € B(T x X) with T C S.

Proof. By definition, if v < p then 6# < 6 we have,

EN[5(r — ) f(Xs, vr) — 01 — ) f(Xor, )]
= EY[8(1 — ) (f(Xr, vr) — F(Xys )]

> EH[§(r —t) - 0] =0,

where the last inequality comes from the fact 8* occurs before 6 and ¢ < inf F'. Therefore,

we have J(t,z, u,7) < J(t,z,v,7) for all (t,z) € T x X and 7 € Ty, and hence

Vit z, 1, S) < V*(t,z,v,8) VS e B(T x X) (3.4.3)

Next, fix S,7 € B(T x X) with 7" C S. Take x € (®*(T)); \ (T);. If x € (S); then
x € (P*(S)); by definition of ®* (Equation (3.2.4)). Now, assume z ¢ (S5);. Consider
t < 0" <. With x € (®¥(T)): \ (T):, Equations (3.2.4) and (3.4.3) give,

flz, ) = fz,vn) = Fx) > V*(t,z,v,T) > V*(t,x,v,S) > V*(t,z,pu,S). (3.4.4)

This together with x ¢ (S5); yields that = € (®#(95)); for any ¢t < 0*. If ¢ > 6" then by
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Equation (3.2.4) again,

J(t,x,u,t) = fle,u) =6 >Vi(tz,pn,S)=061)-& VeeX

Hence ®¥(7T') C X = ®#(S). In either case, we have ®(T") C &#(.S) |

Using the above lemma we show that the mapping ¢ — I'* is monotone under our
model setup. This monotonicity will play a crucial role in the iterative procedure defined in

Theorem 3.4.5.
Corollary 3.4.4. For any (non-decreasing) v, i € [0, 1]N such that v < u, we have IV C TH.

Proof. We have () C () therefore by Lemma 3.4.3 and definition of S} (Equation (3.2.6)),
(S§): € (S§): for any t € T hence S§ C Si. Applying this procedure for all n € N, we
have S¥ C S* for any n € N. Therefore, by definition of I'* (Equation (3.2.7)), we have

- Ccre. |

Next, we design an iterative procedure for p which leads to a sharp mean field equi-
librium. To this end, we start with u® := (0,0,0,---). We construct a stopping region
induced by the optimal equilibrium w.r.t u° given by T, From I'*" we derive the sequence
{P(p(—1,A,T*") < t)}er := p', by definition, we must have p' > p°. Then Corollary 3.4.4
tells us that T*" D I'*" where I is the stopping region constructed w.r.t u'. Next, we
derive p? := {P(p(—1,A,T*") < t)}er and by Lemma 3.4.2, u> > pu'. We apply this iter-
ative procedure for all n € N, then by the fact that u" is non-decreasing and bounded it
must converges to some limit in [0, 1]Y. We show that the limit gives a shape mean field

equilibrium.

Theorem 3.4.5. Let (S™, u™) be a sequence defined by p° := (0,0,0,--),

ST=T"" and p"tt = {P(p(—1,A,S") <t)}ler. (3.4.5)
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Then S™ and p™ is non-decreasing. By taking S := U°S™ and p®™ = lim,,_,. p" we have

O (S®) =8, S®=T"" and pu> ={P(p(—1,4,5%) <t)her. (3.4.6)

Proof. The first statement is obvious by the above argument. As S™ is non-decreasing S is
well-defined and as for each ¢, uy is bounded and monotone, then the limit g} — pf® exists
and u™ converges to some limit in [0, 1]V, denoted by u*°.

Next, we show that O+ (S®) = S®. Fix t and = € (5S®); = U,(S");. There exists

N € N such that x € (S"™), = (T*"), for all n > N. By the fact that T*" € £" we have,

J(tuxnun7t) = f<x7/L;L> 2 J(t,x,u",p(t,x,sn)), n Z N.

Letting n — 0o, by each iteration of Equation (3.4.5) u™ is increasing in n and by definition
(Equation (3.4.1)) the function f(z,-) has left limits, therefore we have convergence on
the LHS of the above inequality. Again, using this fact and since f is bounded we apply

dominated convergence theorem to the RHS then,

[, p1®) > J(t,x, 1>, p(t,z, S)),

which implies x € ©*™ (5*). Hence S C ©# (5*). To see the other inclusion, for any x ¢
S* =, S" x ¢ St =T*" for all n € N. Again due to the fact I*" € £+, x ¢ T*" implies
that f(z,puy) < J(t,z, 1", p(t,x,S")). Take n — oo, f(z,pu®) < J(t,z,u>, p(t, z, S>)),
which implies that x ¢ ©#°°(5%). Hence (S*)°¢ C (O*"(S%))¢, or O~ C §°°. We therefore
conclude that O#™ (S%) = S ie., S® € &+,

Fix t and by Corollary 3.4.4, we have (IT*”); D (I'*"); for all n, thus S™ = I'*" C I'*~
for all n and thus S C I'*™. On the other have, since S® € &*, this together with

Lemma 3.2.8 implies that I'*~ C S* and we conclude that I'*~ = S°°. Finally, fix ¢ and as
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S™ is non-decreasing, the event {p(—1,A,S™) <t} is also monotone in n, hence

P(p(_LA’SOO) < t) = lim P(p(—l,A,Sn) < t) = lim p" = p>.

n—oo n—oo

By Equation (3.4.6), we have found a fixed-point to the map pu +— {P(p(—1,A,T*) <
t) hier given by p>° through the iterative procedure. This gives us the existence of a nontrivial
sharp mean field equilibrium. Since our iterative procedure outlined in Theorem 3.4.5 starts
from p° = (0,0,0,---), it is easy to see that the sharp MFE (u°, T*™") must be the smallest

among all sharp MFEs. That is, we have the following result.

Corollary 3.4.6. Let (fi,['*) be a sharp MFE. Then u>® < i and T~ C T'® where u™ is

given by Theorem 3.4.5.

Proof. By definition p® = (0,0,0,---) < fi therefore I'*" C I'* by Corollary 3.4.4. Using
the fact that (ji,T'#) is a sharp MFE and Lemma 3.4.2 we have p! < fi. Continuing this

procedure we see that " < ji for all n € N hence u™® < ji and I'*™ C T'#, [ |

Remark 3.4.7. Our model, similar as other game theoretic papers on bank runs also exhibit
the complementarity property. Informally, this means that early withdrawal of depositors
increase the probability of liquidation of the bank which encourages withdrawal of more
depositors. Games with this property is called supermodular games (see [44, 36]) and in
our model there exists a trivial sharp mean field equilibrium given by i = (1,1,1,---) and
' = (X,X,X,---). However, this is the worst sharp mean field equilibrium and any other
sharp mean field equilibrium such as our construction in Theorem 3.4.5 must be bounded

below by this in terms of the value function V.

Recall the associated value function defined by Equation (3.2.14) which gives us the

payoff for the agent at time ¢ under fixed S € B(T x X) and p € [0, 1]".
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Theorem 3.4.8. If (u,I'*) and (v,T") are sharp MFEs such that v < p then V (t,z,v,I') >
V(t,z, 1, TH). In particular, (u>,T*") is an optimal sharp MFE, i.e., for any sharp MFE
(i1, TR) we have V (t,z, u>, T*7) > V(t,z, i, T#) for all (t,z) € T x X.

Proof. By Corollary 3.4.4 if v < p we have I'V C T'*. Since I'V € £ and [V C T'*, by

Lemma 3.2.5 we have that,

J(t,x, v, p(t,x, TH)) < J(t,z, v, p(t,x,TY)).

Moreover, as v +— J(t,z,v,7) is decreasing,

J(t,x, p, p(t,x, TH)) < J(t, z,v, p(t,z,TH)).

Hence, we have

J(t,x, pw, p(t,x, T")) < J(t, z, v, p(t,z,T")). (3.4.7)

Similarly, as v — f(x,v) is decreasing we also have f(x,pu;) < f(x,1;), combining with

Equation (3.4.7),

flx, ) vV Itz pw, p(t,z, T)) < f(z,v) vV J(t, z,v, p(t,z,T)), (3.4.8)

that is, V (¢, 2, u, T*) < V(¢,2,v,T"). Consequently, by Corollary 3.4.6, the pair (u>, '*™)

is an optimal sharp mean field equilibrium. |

3.5 A General Model

In this section, let us consider the following objective function,

T—1

J(t,x, p,7) = EM Z: Ik —t)f( Xk, p) +0(m —t)g(pr)| - (3.5.1)
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In the above objective function, we make the following assumptions,
Assumption B.

(B.1) ¢g:[0,1] — [0, .J] is bounded and uniformly continuous;
(B.2) f: Rx[0,1] — [0, K] is bounded and uniformly continuous in both variables and
strictly increasing in the first variable;

(B.3) the discount function ¢ satisfies >7°, d(¢) < oo and Equation (2.1.3).
In order for some of our proofs to work, we shall further assume the following,

Assumption C.

(C.1) for each t € T, given X; = x, X;y1 = h(X, &) = h(x,&), where h : R? — R
is continuous and strictly increasing in the first variable and {&}ier is a family of
independent random variables. Without loss of generality we assume {&, };,eT generates
the filtration F in this section.

(C.2) given X; = x the process X has a probability density function f xp for all k > ¢.

Remark 3.5.1. The process X5* continuously depends on x for any s > ¢ and is strictly
increasing in z. Indeed for any z, — z, X;/™ — X;* by (C.1) of Assumption C and
consequently X7 = h(X[™, &) — h(X[", &) = X7, we then apply this recursively for all
s > t. Therefore, coupled with (B.2) of Assumption B, we see that f and J is also strictly

increasing and continuous in x.

Let us define the topology for the space [0,1]N. For any real-valued sequence v, define

the weighted ¢; norm by,

ol = i 5(m)lol, (35.2)

where ¢ is our choice of discount function. We denote ¢ the space of real-valued sequences
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having finite ||-]|¢ norm, i.e.,

0= {v cRY: i d(n)|v,| < oo} (3.5.3)

n=1

equipped with the topology induced by ||-||3. By (B.3) of Assumption B, for any u € [0, 1]V,
we have ||ul]§ < 30°,3(n) < co. Hence, [0,1]Y is a subset of the normed vector space ¢5.

Moreover, [0, 1] is convex and compact. Finally, for any sequence {1"},en € [0, 1]V,

p* — poif and only if ||lu" —pllf = (5(1{)‘/12? - Mk‘ — 0, (3.5.4)
k=0

or equivalently u" converges to  if and only if )} converges to py for each k € N.

Remark 3.5.2. At this stage, we do not require each u € [0, 1]N to be non-decreasing. Later
we will find p as a fixed-point for some iteration where non-decreasing is automatically

implied.

For T = (Ty,T1,--+) € B(T x X), u € [0,1]N and (t,z) € T x X, let us recall the
function V*(t,x, i, T'), the operator ®*(7T") and the non-decreasing sequence {S, },,en defined
in Section 3.2 given by Equations (3.2.4) to (3.2.6) respectively. We first establish the strict

monotonicity of V* in x.

Lemma 3.5.3. Assume Assumptions B and C hold. Suppose T € B(T x X) is such that
(1) = (—00,C,) NX for some constant Cy, if xa > x1 then p(t,x2,T) > p(t,z1,T) and

V*(t,wo, 1, T) > V*(t, 21,1, T) for any t € T and any p € [0, 1]N.
Proof. The proof is postponed to Appendix C.1. [ |

For any sequence {7}, },en in B(T x X) such that (T},)x := (—oo, C}')NX for some constant

Cp, we say,

T, —T:=(-00,C)NX ifand onlyif |Cf —Cy| =0 VkeT. (3.5.5)
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In this section we shall only consider stopping regions in the above form, the reason for
this will be made clear later (Proposition 3.5.10). In the next two lemmas, we establish the

continuity of V* in the stopping region 7' € B(T x X) and p € [0, 1]".

Lemma 3.5.4. Assume Assumptions B and C hold. Suppose T,, — T in the sense of
FEquation (3.5.5). Then p(t,z,T,) — p(t,z,T) almost surely. This implies that for any fived

we [0, 1N, V*(t,z, 1, T) — V*(t, 2,1, T) for all (t,z) € T x X.
Proof. The proof is postponed to Appendix C.2. [ |

Remark 3.5.5. It is evident from first part of the proof of Lemma 3.5.4 above that p(—1, A, T,) —
p(—L,AT)asT, —T.

Lemma 3.5.6. Suppose Assumption B holds. Let " — . Then for any (t,x) € T x X and

e > 0 there exists N such that

sup  |V*(t,x,p",T) = V*(t,z, 1, T)| < ¢
TeB(TxX)

for alln > N.
Proof. The proof is postponed to Appendix C.3. [ |

Next, we combine the previous two lemmas and show the continuity of V*in T' € B(T xX)

and p € [0, 1]Y which will play a crucial role in our main result.

Lemma 3.5.7. Suppose Assumptions B and C hold. Let u™ — p and T™ — T in the sense
of Equation (3.5.5). Then V*(t,x, ", T") — V*(t,z,u, T) for all (t,x) € T x X.

Proof. We have

‘V*(t, x, 1, T) = V*(t,x,u", T")‘

< ‘V*(t,x,u,T) — V*(t,x,,u,T")‘ + ‘V*(t,x,u, ") — V*(t,ﬁ,u",T")‘.
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The convergence in the first term is by Lemma 3.5.4 and the convergence in the second term

is by Lemma 3.5.6. Therefore,

lim ‘V*(t,x,,u,T) — V*(t,x,,u”,T”)‘ =0.

n—o0

In a similar fashion as Lemma 3.5.4 we also establish the continuity of V* in x.

Lemma 3.5.8. Suppose Assumptions B and C hold. For any x € X and T € B(T x X) such
that (T'),, = (=00, Cy) for some constant Cy, if x, — x then p(t,z,,T) — p(t,xz,T) almost

surely.

Proof. For any w € , let ((w) := p(t,z,T)(w). By Remark 3.5.1, as z,, — x we have
X" (w) converges to Xf(w) and the rest follows an identical argument as in the proof of the

first part of Lemma 3.5.4. [ |

Lemma 3.5.9. Suppose Assumptions B and C hold. For any T € B(T x X), if x, — x then
V*(t,a™, pu, T) — V*(t,x, 1, T) for allt € T and p € [0,1]N.

Proof. The proof is postponed to Appendix C.4. [ |

The next proposition justifies our consideration of stopping regions satisfying Equa-

tion (3.5.5).

Proposition 3.5.10. Suppose Assumptions B and C hold. For any p € [0,1]N and t € T,
we have for alln € N, (S}}); given by Equation (3.2.6) is of the form (—oo, C{*) NX for some

constant C}' € [—o0, 00].

Proof. Consider the case n = 0, then (S)), = (®#(0)), = {z € X: g(u) > V*(t,z,11,0)} =
{r e R:g(u) > V*t,x,u,0)} N X, Let a :=sup{zx € R: g(u) > V*(t,2,1,0)}. Now for
any y < a, by Lemma 3.5.3, V*(t,y, i1, 0) < V*(t, a, u, 0) therefore (S); = (—o0, CY)NX with

C? = o where the openness at C? is the by the strict inequality in the definition of ®* and
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the continuity of V*(¢t,z, 1, T) in x by Lemma 3.5.9. If {x € R: g(p) > V*(t,2,1,0)} =R
we take CP to be oo and if {z € R: g(u) > V*(¢, 2, 1,0)} = 0 we then take C? = —oo.

Now assume (5}); = (—o0, Cf*) N X for some constant Cf'. Then

(Sp e = (2(Sp)e = (Sp)e U{z & (S)e = g(p) > V7 (t, 2, 1, S))}

= (S U{z € [C,00) : g(p) > V*(t,z, 11, S} N X.

Let 8 > C, such that 8 := sup{z € R : g(u) > V*(t,x,p,S;)}. If 3 > C} then by
Lemma 3.5.3 (52, = (—oo, CP)NX with § = C7'*' otherwise (S2F1), = (—o0, Cf)NX =

(S}):- This concludes the proof. [ |
To prove our main theorem, we need another auxiliary result.

Lemma 3.5.11. Let H = H(z,y) : R? — R be continuous in both and decreasing in the first
argument. For anyy, € R define v, :=sup{x € R: H(z,y,) > 0}. Then if y, -y € R we

have @, — ¢ :=sup{z € R: H(z,y) > 0}.
Proof. The proof is postponed to Appendix C.5. [ |

Using the above auxiliary lemma, we can now prove a key result of this section, which

says that S} defined by Equation (3.2.6) is continuous in p for all n € N.

Theorem 3.5.12. Suppose Assumptions B and C hold. For any u",p € [0,1]N such that

u" — p, we have Sﬁn — Sﬁ for all k € N.

Proof. Fix (t,z) € TxX, by Proposition 3.5.10, each (®*"(0)); is in the form of (—oo, p")NX
for some constant ™ where ™ := sup{z € R : g(u") > V*(¢t,z, ™, 0)}. By Lemma 3.5.6, the
function g(uj') — V*(t, z, u", @) converges to g(p;) — V*(t, z, 1, 0) and it is strictly monotone
and continuous in x by Lemmas 3.5.3 and 3.5.9. Therefore by Lemma 3.5.11, ¢" = sup{x €
R : g(uy) > V*(t,z,u™, 0)} converges to ¢ = sup{x € R : g(u;) > V*(¢t,x,u,0)}. Hence

(S

)t = (@ (0)); = (o0, ¢™") NX converges to ()¢ := (®*(0)); = (—00, ¥) NX and since

this is true for all ¢ and x we have Sgn — Sg.
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Next,

(Spn)e = (S )e U & (Sia)e = g(ug) >V (t, 2, ", (S )e) }

= (Spn)e Uz € Rig(p) > V7 (t, 1™, (Spn))} NX

Here the last equality comes from the fact (SP.); = (—o0,¢") N X and the set {z € R :
g(ui) > V*(t,z, ", (S)):)} is also in the form of (—oc, ") where ¢ = sup{z € R : g(u}") >
V*(t, @, u", (Sgn)t)} as shown in the proof of Proposition 3.5.10. As pu™ — pu, by previous
step we have (S).); — (S)); and by Lemma 3.5.7, V*(t,z, u", Sp) — V*(t,z, 11, S)). Again
by Lemma 3.5.11 we have ¢ — 1 and thus S}, — S.. Applying this procedure for all

k k n
k € N, we have S/, — 5] as u" — p. [

Recall the optimal stopping region constructed by ® w.r.t u by,

= s, (3.5.6)

neN

which is an optimal equilibrium with respect to p. If I'* is also continuous in g and then
we can employ Tikhonov fixed-point theorem to find a fixed-point to the mapping p

{P(p(—l, A? FH)) S t}te’]l‘-

Theorem 3.5.13. In addition to Theorem 3.5.12, if T*" — T" as u™ — u then there exists
w* € [0,1N such that P(p(—1,A,T*") < t) = p} for allt € T. In particular, (T*, u*) is a

sharp mean field equilibrium.

Proof. As T*" — I'*, Remark 3.5.5 implies that p(—1, A, T*") — p(—1, A, T*) almost surly,
hence P(p(—1,A,T*") < t)} — P(p(—1,A,T*) < t)} for all t € T. Therefore the mapping
F(p) == {P(p(—1,A,T*") < t)}ier is continuous since it is continuous in each component
and clearly F : [0, 1]N — [0, 1]N. As [0, 1] is a nonempty, convex and compact subset of £,
a locally convex topological vector space then by Tikhonov fixed-point theorem ([43]), we

have the existence of a fixed-point p*. [ |
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Remark 3.5.14. Under the current assumptions, although Sﬁn — Sﬁ for each £ € N, we
cannot conclude that TH" = (J, Sﬁn converges to I'* = |, Sﬁ. To see this, consider the

following example. We consider the stopping regions at time ¢ = 0 and suppose,

(—00,0)NX, VE<n
(), -

0
(—00,1)NX, Vk>n,

and (Sﬁ)o = (—00,0) N X for all £ € N. Then as u™ — p, we have (for each fixed k € N)
(Skn)o = (SF), while (I"")g = (=00,1) N X £ (") = (—00,0) N X,

3.5.1 A Case where I'*" — I'*. In this subsection, we impose a set of conditions on top
of Assumption B and Assumption C such that the convergence I'*" — T'* is verified for any
p® — . For any (t,7) € T x X, u € [0,1]N and 7 € T, define the following auxiliary
function U, which has appeared in similar forms in the proofs of Proposition 3.5.10 and

Theorem 3.5.12,

T—1

U(t,a,p,m) =E |36k — ) f( Xy, pur) + 0( — 1) g(p1r) | — g(pae)- (3.5.7)

k=t
Assumption D.

(D.1) Xy = Xi + & where & are i.i.d for each ¢t € T with a probability density function
bounded by some constant L;
(D.2) 320 t6(t) < oo;

(D.3) there exists a,b € R with a < b such that

(i) forall p € [0,1]N and t € T

sup U(t,a,p,7) <0,
T>t+1

and inf,cp 1) f(a,v) > 0;
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(ii) for all g € [0,1]N and ¢ € T we have

J (b pegr) + 0(1)g(pes1) > g(pe).-

(iii) there exists o > 0 such that for all € [a,b], u € [0,1] and Az > 0, we have,

fz+ Az, p)

> 14 aAx.
f(x, )

Remark 3.5.15. An example for (D.3) of Assumption D is given by

(1) f(z,p) = F(x)G(pn) where F(z) — 0 as x — —oo, inf G > 0 and sup G < oo;
(2) g is decreasing, inf g > 0 and sup g < o0;

(3) limg oo F(z) -inf G > sup g, F' exists on [a, b] and satisfies infyec(qp £7(x) > 0.

It is straightforward to see that (2) and (3) implies (ii), and (3) also implies (iii). To see that

(1) and (2) implies (i) we first observe that sup,,,; E“*[6(7 — t)g(u-)] — g(pe) < 0 since

sup E“[o(7 — )g(pr)] — g(pe) < 0(1)g(p+1) — g(pe) < (8(1) = 1)g(1) <0,

T>t+1

w is decreasing and inf g > 0. Denote v := —(§(1) — 1)g(1) > 0 which is independent of ¢.

Next, we can separate the finite sum involving f as in the proof of Lemma 3.5.6,

< supG - E° [i 5(k)F(Xk)]

k=0

[ 3 s w5t

— [z 50k — ) F(Xe. u0)

T>t+1

~+

k=N

Here we remove the dependency on ¢ in the first line as F'(X}) is now time-homogeneous by
(D.1). Choose N large enough so that the second term is smaller than 4sup o By the fact
that lim, , o, F'(z) = 0 and for each k € {0,1,..., N — 1}, F/(X}) continuously depends on

x so we can choose x = a small enough such that the first term is also smaller than ﬁ
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and hence,

7—1
sup U(t,a,p,7) < sup E" | > 0(k —t)f( Xy, )| + sup E'[6(7 — ¢)g(p-)] — g(pue)
T>t+1 T>t+1 ot T>t+1
< 2+ (6(1) = Dg(1) = —y/2 <.

By Proposition 3.5.10, for each fixed u € [0, 1] there exists some constant C* such that
S")e = (—o0, C}) for each t € T where S7" is defined by Equation (3.2.6). We find a bounded
M t M

interval for these constants.

Lemma 3.5.16. Suppose Assumption D holds. We have C}* € [a,b] for alln € N andt € T

where a and b are given in (D.3) of Assumption D.
Proof. This is a direct consequence of (D.3) of Assumption D. [ |
Denote ACP := C™ — O < b — a and AC™ = sup,.r ACP < b — a.

Lemma 3.5.17. Suppose Assumption D holds. There exists 5 € (0,1) independent of u €
[0, 1] such that AC]™ < BAC™. Hence ACT < (b — a).

Proof. The proof is postponed to Appendix C.6. |

The previous lemma says that the change in the stopping region after each iteration of ®*

decrease exponentially and uniformly in p. This gives us the main result of this subsection.
Proposition 3.5.18. Suppose Assumption D holds. If u* — p then I*" — TH,

Proof. Fixt € T and € > 0. By Lemma 3.5.17, we have
SACKSY Bb—a)=(b-a)Y B <o,
k=0 k=0 k=0

as a (convergent) geometric series. Hence there exists N large enough such that for all
k > Ny, ("), can be approximated by (SF.), within /3 (ie., (I*"), = (—o00,C}") and

Sk = (—o0, C"%) where |C — Cf"F| < /3 for all k > Ny). Note that this is independent of
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the choice of ™ € [0, 1]N and therefore for the same reason, (I'*); can be approximated by
(SF)¢ within e/3 for all k> Ny. By Theorem 3.5.12, there exists N large enough such that
(Sk.): can be approximated by (SF), within /3 for all n > N,. Combining this together we
have for all € > 0 there exists N large enough such that for all n > N, |C}* — Cy| < ¢ where
(TH"); = (—00,CP) and (I'*); = (—o0,C}), i.e., (T*); can be approximated by (I'*"); within

¢ for all n > N thus completing the proof. [ |

3.6 References and Remarks
The explicit construction of the optimal equilibrium I'* in Section 3.2 is borrowed from [31,
Section 3] and the references therein. The formulation of the bank run model is partially
inspired by [11] and the iterative procedure for finding a sharp mean field equilibrium is
partially borrowed from [31, Section 4].

One generalization of our model is to incorporate heterogeneous players. Where the
choice of f, g and the discount function ¢ depends on the preference of each player, see, e.g.
[33]. This may work in both examples.

We can also incorporate the common noise say Y; and the process X; is treated as an
idiosyncratic noise unique to each player. As such u is now a P(T)-valued random variable,
i.e., a random measure depending on the value of Y. With some effort, we should be able

to extend the bank run model in this direction.
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Appendix A

Proof of Lemmas in Section 2.2

A.1 Proof of Lemma 2.2.1
Proof. We prove by contradiction. Suppose that Equation (2.2.1) does not hold, in other

words, there exists some nonnegative constant

v:i= sup (J(t,z,p(t,z,S))— J(t, z, p(t,z,0(S5))) > 0. (A.1.1)

(t,x)e(TxX)

We can choose some (t,y) € (T x X) such that

J(t,y, p(t,y,S)) — J(t,y, p(t,y, O(5))) > 6(1)v. (A.1.2)
Next, fix S € B(T x X) nonempty and consider the event E := E; N Ey, where
Ei={weQ:plty S (w) <oc} and E;:= {w eN: X;gv%s)(w) €S\ @(S))p(t,y,S)}-

First consider the complement event (£7)¢, ©(S) C S implies that p(t,y, 0(5)) > p(t,y,S) =
co. By the boundness of f we must have 0(p(t,y, S) =) f(X,wy.5)) = 0(p(t,y,0(S))—t) = 0.
On the other hand, on the event E; N (F3)¢, we have p(t,y,S5) < oo and (O(5))ptys)

(S)p(t.y,s) implying that X7, o € (O(5))p(ty,s)- Which further implies that p(t,y, O(S)) =
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p(t,y,S) and therefore we have

almost surely on (E)¢ and E; N (Ey)°. Consequently,

J(tv Y, P(t, Y, S)) - ‘](tv Y, p(tv Y, @(S)))

— Fty

p(ty,S)—1
. { > ol — 190X + 8(p(t.9.5) ~ D (Xp5)

p(t,y,@(S))—l

- Z 6(8 - t)g(Xs) - 5(p(tv Y, @(S)) - t)f<Xﬂ(t,y,9(S)))}:|

s=t
To simplify the notation we write:
L. T = p<t7 Y, S)u

2. k1 :=p(t,y,O(S)) and Ky := p(m1, XY, 0(9)).

T1 )

Now,

J<t7 Y, 7_1) - J(t> Y, ’il)

_E |1, {z (s — D)g(X,) + 8(r — Of(Xn) = 3 8ls — g(X,) — (w1 — t)f(Xm)H

s=t

— Etv -]lE {—512_: 0(s —1)g(X,) +6(m —t) f(X7) — 0(k1 — t)f(Xm)H

5=Ty

= EY |150(m — t)EMY [f(Xn) - MZ ;((:I:tt))g(Xs) - Mf(?(m) an (ALY
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where the last equality comes from the tower property of conditional expectation. Using

(A.2) of Assumption A we have,

d(k1 —t) "l (s — t) K1l
RASAE VAN _ S ) > _
5(7—1 - t) o 5</€1 Tl) and 5:27'1 5(7—1 - t szﬂ'l 5 ’ Tl X ) (A 1 4>

Substituting Equation (A.1.4) into Equation (A.1.3) we have,

J(ty.m) — J(ty, ) < B [nEé(ﬁ 1) {f(X R Hmzla (s — m)g(X.)
st} 2] NE
Next, by the strong Markov property of X, it holds a.s. that,
Ri—1
E"Y L;l 6(s —11)9(Xs) + 0(k1 — 1) f(Xy,) J-"n] Ig
— g r:z_l 0(s —11)g(Xs) + (ke — Tl)f(Xm)] Ig

== J(Tl,XTl, IQQ)I]_E.

Taking the above equation into Equation (A.1.5), we have,

J(t,y, p(t,y,s)) — J(t,y, p(t,y,0(5)))

< EY [10(m — ) {f(Xo,) — J(r1, Xors p(11, Xy, O(S)Y]

<EY [158(r — ) {J (11, Xy, p(71, X1, S)) = J(71, Xy, p(71, Xy, O(S))}]
< EY[1gd(m — t)V]

<do(1)w.

The second inequality in the above equations is by the definition of ©, f(z) < J(t,z, p(t,z,5))
for all x ¢ (©(5));. The last inequality comes from Equation (A.1.1). Therefore we have a

contradiction and thus establishing Equation (2.2.1).
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Fix t € T. For any x ¢ (©(9)):, using the definition of © and what we just proved, we

have,

f(l”) < J(t,$,p(t,l’, S)) < J(t,$,p(t,$,@(3))),

and therefore x ¢ (©%(S)); which then implies (©%(S)); C (0(S));. Since the previous

argument works for all ¢ € T, we have ©(5) C S. |

A.2 Proof of Lemma 2.2.6
Proof. Fix some arbitrary initial condition (¢,z) € T x X. We shall define, for simplicity,

the following notation for all n =0,1,2, ...,

P P T2n,Y2n e T2n+1,Y2n+1 .
Loyo=2, Y41 = XP(T2n,y2n,R)’ Yoan+2 = A p(ra11,92041,9)

2. 1=t Tons1 = p(Ton, Yons R),  Tons2 = p(Tons1, Yont1, 5);

3. B, ={weQ:1,(w) <ooand y,(w) & SN R};

4. €, (Y) :=Em-v¥-1[1g 0(1, — 7,—1)Y] for any random variable Y : Q — R;
5. J(t,x,8) = J(t, x pt x,5)) for any S € B(T x X).

6. Kant1:= p(Ton, Yon, SN R) and Koniz 1= p(T2nt1, Y2nt1, 5 N R)

By the definition of Fy, we have,

J(t,z,SNR) — J(t,z, R)

— R0 [ﬂEl {Zj 8(s —t)g(Xs) + 0(k1 — t) f(Xiny)
-3 ot~ a2~ ot 000 |

— Erowwo [11,31 {i 0(s —1)g(X,) 4 6(k1 — ) f(Xy,)

5=Ty

~d(n -0/ |
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"l §(s —t)

— [E70:%0 []lEl(S(Tl — t)ETO’yO [; mg<xs)
+(;<(/;1:§>)f(Xm> — fly) leH
> BT [11315(71 —1) {Em’yo [le_:l 0(s = m)g(Xs)

=7 (A2.1)

fﬁ] - f(yl)H,

where we use the tower property of conditional expectation and invoke (A.2) of Assumption A

+ 5(K1 - Tl)f(Xm)

similarly as in the proof of Lemma 2.2.1. Again, by the strong Markov property of X we

obtain,

k1—1

I [Z 5(8 — Tl)g(Xs) + 5(/@1 - Tl)f<Xli1)

S=T1

— T ri 5(5 _ Tl)g(Xs) —+ (5(52 — T1)f(Xn2)] ]1E1

:J(Tl,yl,st)ﬂEl. (AQQ)

Moreover, notice that on the event F;, we have y; € (R),, but y; ¢ (SN R),, this means

that y; ¢ (S),,. Thus by the discussion of Remark 2.1.8 we have,
f(yl) < J(Tl,yl,S). (AQS)
Together Equations (A.2.1), (A.2.2) and (A.2.3) give

‘](t7 z, S N R) - J(t7 z, R) Z To-¥0 []]'El(;(Tl - 7-0) (J(Tl) Y1, S N R) - J(Th Y1, S))]

261 (J(Tl,yl,SmR)—J(Tl,th)). (A24)
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Now, we will apply the above argument in a recursive manner. First, repeat the previous

procedure for J(71,y1,S N R) — J(11,y1,5), instead of J(¢t,z,5 N R) — J(t,z, R) gives us,

J(11,y1, SN R) — J(11,11,5) > Eo(J (72,92, S N R) — J(Ta,y2, R))

Combining this with Equation (A.2.4), we have,

J(t,I,S N R) — J(t,l’, R) > @1 o QEQ(J(TQ,yQ, SN R) — J(Tg,yz, R)) (A25)

Next, applying the above procedure to J(7a,y2, S N R) — J(72, y2, R), instead of J(t,z,S N

R) — J(t,z, R) and continuing this procedure for 2n number of times, we have

J(t,x,SNR)— J(t,z, R)

2 @1 O-:+-0 €2n(t](7—2n7y2n7 SN R) — J(Tgn, Yon, R)), Vn € N. (A26)

By Assumption A, there exists a constant C' > 0 such that |.J(s,y,5)| < C for all (s,y) €
T x X and S € B(T x X). Then,

€1 0 Eon(J(Ton, Yon, S N R) — J(Ton, Yous R))]

< & o0 C(|J(Ton, Yo, SN R) — J(Ton, Yon, R)|) < 5(1)**-2C — 0 asn — oo,

as 0(1) < 1. Then by Equation (A.2.6) and the fact that the choice of (¢, x) is arbitrary,

J(t,z,SOAR)—J(t,z,R) >0 V(t,x) e T xX. (A.2.7)

Similarly, interchanging the role of S and R, we conclude,

J(t,z, SOAR)—J(t,z,5) >0 V(t,z) e T x X. (A.2.8)
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Combining Equations (A.2.7) and (A.2.8) this completes the proof of Equation (2.2.8). Fix
t €T, forany = ¢ (SN R), if ¢ (S);, then by definition and Equation (2.2.8) f(z) <
J(t,x,8) < J(t,x,S N R), which implies = ¢ (©(S N R));. Similarly, if x ¢ (R);, we have
x ¢ (©(SNR));. Since the above works for all ¢, we can conclude ©(SNR)C SNR. N
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Appendix B

Proof of Lemmas in Section 3.2

B.1 Proof of Lemma 3.2.5
Proof. Consider the event E := E; N Es, where,

By ={weQ:p(tyS)(w) <oco} and E,:= {w €N X;’(f’LS)(w) € (S\ R)p(t,x,S)} :

For the same argument as in Lemma 2.2.1,

p(ty,S)—1

Z 5(8 - t)g(st MS) + 5(p<t7 Y, S) - t)f<Xp(t,y,S)7 ,up(t,y,S))
s=t

p(tﬁy?R)i]‘
= Z 5(5 - t)g(X57 /’Ls) + (5(p(t7 y? R) - t)f(XP(t:va)’ ’Lép(t’yzR)>
s=t

almost surely on the event E°. To simplify the notation we write:
1. 7 :=p(t,z,S) and 75 := p(t, z, R);
2. k1 := p(m1, XE*, R).

T

We have,

J(t> T, 1, p(t, Z, R)) o J(tv Lyl ,O(Zf, Z, S))

— Eb® [ILE {TZZ_ 5(8 — t)g(Xs, ,US) + 5(7_2 - t)f(X’T'Q?H’TQ) - 5(7_1 - t)f(Xna Nﬁ)}]

— Et,x []lE(S(Tl _ t)Et’x [Tiz_ mQ(Xs7ﬂs) —|— gEz:z;f(Xq—gnuTz) - f<X7'17/’[‘T1) -FTI‘|‘|
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To—1

> Ebe [nE(S(ﬁ —#) {Et"” lz 5(s — 71)g( Xy, prs) + 8(r2 — 71) f(Xo,, i)

§=T1

fﬁ] - f(XTl,un)H

= Ei® [ﬂEa(n —t) {En,ng lZ_ (s — 71)g(Xs, ps) + (k1 — 1) f( X, um)] - f(Xn, Mn)H

5=T1

= Y [1gd(m — ) {J (T, X, 1, R) — f(Xry, )} 2 0.

Here we use (A.2) of Assumption A in the third line and apply the strong Markov property
to the inner expectation in deriving the fourth line. Finally, under the event E and by
Equation (3.2.3) we have f(z,u;) < J(t,z,u, R) for all z € X\ (R);, thus the term inside
the expectation in the last line must be non-negative and hence establishing the desired

result. [ |

B.2 Proof of Lemma 3.2.6
Proof. Fix (t,x) € X. Since S™ C S, we have p(t,z,S™) > p(t,z,5%), thus by the
definition of V*, V*(¢,z, u, S™) > V*(t, z, u, S*°) for all n and

lim V*(t,z,u, S™) > V*(t, x, u, ST). (B.2.1)

n—oo

To prove the other inequality, let 7, € 7; with ¢t +1 < 7,, < p(¢t, x, r, S™) be a L-optimizer of

n

V*(t, x, u, S™) for each n € N. Then, writing p.. := p(t, z, S%) and p, := p(t,x,S™),

V*(t,x, u, S™) = V*(t, z, p, S)

1
S J(t7x7,u?7—n) + - — J(t7x7u77—n/\poo)
n

< E"* Z 5(5 - t)g(Xs, NS) + (5(7—71 - t)f(XTrH NTn)
ST AP (B.2.2)
1
- 5((Tn A poo) - t)f(XTn/\poo7 ,u/‘rn/\poo) + ﬁ
Now, for any w € Q, we have, by definition, 7,(w) < p,(w) and by Lemma 3.2.4 we also

have pp(w) = poo(w). If poo(w) < oo, this implies there exists N large enough such that
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Tn(W) = (Th A poo) (w) for all such n > N. If py(w) = 0o then 7, (w) = (7, A poo) (w) holds with
triviality. Thus, taking limit on both sides of Equation (B.2.2) and applying the dominated

convergence theorem we then have,
nh_)rglo V*(t,x, u, S™) < V*(t, z, pu, S™),

proving the other inequality. |
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Appendix C

Proof of Lemmas in Section 3.5

C.1 Proof of Lemma 3.5.3
Proof. For any w € €, by Remark 3.5.1, X*?(w) > X*'(w) therefore, by the form of the stop-
ping region T, we must have p(t,zq,T)(w) > p(t,x1,T)(w). Hence, p(t,x9,T) > p(t,x1,T)

almost surely. Consequently, as J is also strictly increasing in x for any 7 > t,

V*(t>x17u7T> = sSup J(tath? T)
t<r<p(t,z1,T)

< sup J(t,flfg,/,l/, T)
t<T§p(t’zlaT)

< sup J(tvaa/'LvT)

t<T<p(t,z2,T)

- V*(t,l'g,,u,T),

where the strict inequality comes from (B.2) of Assumption B that f is strictly increasing

in z. Indeed if x; < x5 then

T—1
Vi(ta, T = sup B |30 6(k — ) (X i) +6(r — £)g(pr)
t<T<p(t,r1,T) k=t

[ 7—1
= f )+ sup BN ST 6k — ) f (X o) + 0T — £)g(er)

t<r<p(t,x1,T) k=t+1

T—1
< FXP™ )+ osup BN ST S(k —t) f (X, ) + 0(7 — £)g(pr)

t<r<p(ta1,T) heti1
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T—1
< FXP™ )+ osup ERT N S(k — ) f( X, ) + 0(T — t)g(pr)

t<r<p(t,x2,T) k=t+1

= V*(t7x27,u7T)a

since f(X7™ 1) < (X", ) by (B.2) of Assumption B. |

C.2 Proof of Lemma 3.5.4
Proof. Fix any w € Q. Let ((w) := p(t,z,T)(w) and assume Xé’x(w) € (T)¢(w)- Then by
the openness of (7). there exists IV large enough such that X, € (T5,)¢() for all n > N
hence we have,

limsup p(t, z,T,,) < p(t,z,T) a.s. (C.2.1)

n—oo

Next, by (C.2) of Assumption C, the process X,i’x has a density therefore the probability that
X,f;w sits on the boundary Cj is 0 and X ,tf € (Cy, 00) with probability 1. Hence, consider
we A:={w: Xy(w) # CxVEk >t} with P(A) = 1 and suppose there exists k such that
t < k < ((w) with X;*(w) € (Tp)x for some n but X, (w) ¢ (T), = (—00,Cx) N X. Then,
for a.e. w € Q there exists another N such that X;*(w) ¢ (T},)x for all n > N and all such

k. Therefore,
lim inf p(t,x,T,) > p(t,x,T) a.s. (C.2.2)

Note that if p(t,z,T) = oo then the first inequality holds trivially and since P(Up X" =
C%) = 0 as a countable union of sets with probability zero the second inequality also holds.

Combining Equations (C.2.1) and (C.2.2), we have for all (¢,z) € T x X

lim p(t,z,T,) = p(t,z,T) as. (C.2.3)

n—o0
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For (t,z) € T x X and p € [0, 1]N denote
Gp,7) =D 0(k = 1) f (Xi i) + 0(7 — t)g(pir).
Let 7, such that ¢ < 7,, < p(t,z,T,) be a L-optimizer of V*(¢,z, 41, T),) for n € N. Then

limsup [V*(¢, 2, p, Tp) = V*(t, 2, p, T)]

n—oo

< Tim sup {Ew G, )] + i —ER[G (A plt, T))]]

1
= limsup |E"[G(i, 7)) — G (1, 70 A p(t, 2, T))] + n] =0 (C.2.4)

By first part of this proof, for a.e. w € Q, if p(t,z,T)(w) < oo there exists N such that
To(w) < p(t,z,T,)(w) = p(t,z,T)(w) for all n > N. Otherwise, if p(t, x,T)(w) = oo then the
equality 7,(w) < p(t,z,T,)(w) = p(t,z,T)(w) holds trivially. Hence, taking limit on both
sides and applying the dominated convergence theorem we have the convergence to 0.

On the other hand, let 7,, such that t < 7,, < p(¢,z,T) be a %—optimizer of V*(t,z, u, T)
for all n € N instead. Then similarly, for each w € Q, if p(¢,z,T)(w) < oo then there exists
N such that 7,(w) < p(t,z,T)(w) = p(t,z,T,)(w) for all n > N. If p := p(t,z,T)(w) = 00

we denote 7, := T, (w), p, = p(t, z,T,)(w) for simplicity, then

Tn—1

< 3 (k=) f(Xu ) + 0(7) g () — (T A pr) g (rnp)

k=TnA\pn

<K T"f Sk — )+ T - [8(a) = 6(7 A p)]

k=Tn/A\pn

{szla — )+ T [5(r) — 5(Tn/\pn)]}-]1{7n>pn}—>0.

k=pn

As p, — p = o0, the first sum converges to 0 and the second term also converges to zero as

Tn N pn — Tn. Therefore, by dominated convergence theorem, we can take the limit under
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the expectation and hence

limsup (V*(t, 2,1, T) = V*(t, 2, 1, Tp)]

n—o0

1
< lim sup [Et’z[G(p, Tn) — G, 7o A p(t, z,T3))] + ] =0.

n—o0

Combining Equations (C.2.4) and (C.2.5), we have,

lim [V*(, 2, 1, To) = V*(t, 2, 1, T)| = 0,

n—oo

whenever, T,, — T in the sense of Equation (3.5.5).

C.3 Proof of Lemma 3.5.6

(C.2.5)

Proof. Fix any p € [0,1]N and let {u"}nen converges to u. By (B.3) of Assumption B, for

every 5 > 0 there exists NT such that Yo vt 0(k —t) < e9. and there exists d; and s

such that whenever |u} — p;| < 6; and |ul — p;| < 62 we have |f(z, ;) — f(z, p)| < €1 and

lg(p:) — g(u)| < €1, let 6 := min{d;,do}. We consider the first NT terms of each n of the

sequence p" and the limit pu. We can find N* = max{Ny, N, ..., Nyt } where N; is such that

for all n > N, |u — p;] < 6 then for all n > NT, |ul — p1;| < maxyent | — pu| < 6 for each

i < Nt. Hence, for all n > N*,

|V*(t,£L',p,,T) - V*(tvrnuan”

< s B | S0 00 CXhn) £ i)+~ Do) - a0

t<t<p(t,z, T

< sup E' [i5<k_t)’f(XkaUk) — (X, )| + 007 = )] (ur) = g(u2)

t<T§OO k=t

|

Nf—1 00
SEY Y 0k — )] (X ) = £ )|+ D2 00k = )| (X, pae) —f(Xk,u’;)\}
k=t k=Nt
+ sup B [3(r = Hg(ur) — ()| 1iranty + (7 = 1)|g(11r) = 9(127)

< Mey+ Keg+e1+Jeg=(M+1)ey + (K + J)eg =: €.
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Here J, K, M is by (B.1), (B.2) and (B.3) of Assumption B, respectively. Since this is true

for all T' € B(T x X) the lemma is then established. |

C.4 Proof of Lemma 3.5.9

Proof. Let p, = p(t,x,,T) and p = p(t,z,T) then,

sup J(t,z,pu,7) — sup J(t,x,, 1, T)

t<t<p t<T<pn

‘V*<t,x,u7T) - V*(t, xm,u,JT)’ —

< +

sup J(t,zp, p,7) — sup J(t,xp, p1, 7)

t<Tt<p t<T<pn

sup J(t,z, pu,7) — sup J(t,xp, p1, 7)

t<rt<p t<T<p

By Remark 3.5.1 X} is continuous in « for each k£ > ¢, we can control the convergence of the
first NT terms of X" as in the proof of Lemma 3.5.6, where NT is such that 32 1 6(¢) < &9

for some €5 > 0, therefore, there exists N* > 0 such that for all n > N*,

sup J(t,z,pu,7) — sup J(t, xp,, 1, T)

t<t<p t<rt<p

< sup L](t7$7/L>T)'_ J(taxna/L7T)‘

t<r<p
T—1
< s B |00 = 0] 08, ) = 10X )
t<T<p k=t

-~ [i Sk — )] OXE. ) — FXE mﬂ

k=t

<Ef

NZ_15(k - t)‘f(Xffa 1) — f(X,f”,uk)‘]

+ E!

> ok — )| 7K ) — SXE m\]

k=Nt

< Me, + Ke,

where K and M is given by (B.2) and (B.3) of Assumption B respectively. Therefore, we
have the convergence of the first term. To see the convergence of the second term, using

Lemma 3.5.8 we employ the same argument as in the second part of the proof of Lemma 3.5.4.
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We can show that,

lim sup  J(t,z,pu,T) — sup J(t, zp, p, )| = 0.
0 | t<r<p(t,a,T) t<T<p(t,z",T)
Therefore, collecting the convergence of the two terms, we have the desired results. [ |

C.5 Proof of Lemma 3.5.11

Proof. Indeed as H is continuous and strictly decreasing ¢, = sup{z € R: H(z,y,) > 0} =
{r eR: H(z,y,) =0} := {x € R: b,(z) = 0} and is unique. By continuity in the second
argument we have h, — b := H(-,y). As b is continuous and strictly decreasing, for any
e > 0 there exists 6 > 0 such that, h(¢ —¢) > d and h(p+¢) < —d. Therefore by continuity,
there exists N large enough such that for all n > N, b,(p — &) > /2 and b, (p +¢) < 6/2.
Hence ¢" € (¢ — e, +¢) and o™ — .

Let us denote sup () = —oo. If sup{z € R: H(z,y) > 0} is empty then ¢ = —oo and for
any M > 0 we have h(—M) < —¢ for some § > 0 and again by continuity there exists N
large enough such that b, (—M) < —§/2 for all n > N. Since M is arbitrary this completes

the proof. [ |

C.6 Proof of Lemma 3.5.17
Proof. Let 7 € 7T; be a stopping and denote 7 the shifted version of 7: if under 7, X stops
when X < 7 then under 7, X stops if X <7+ (1—n)AC™ where n € (0, 1) is some constant
to be determined. Denote (Si), = (oo, Cf"*') and (§LL+1) = (—o0,Cf + AC™) D (Spt),

for all t € T. Throughout the proof we fix t € T and n € N, for simplicity let us also define,

1. c=Cr + (1 —n)ACT,
2. 7 the shifted version of 7 with t + 1 < 7 < p(t, Ct*1, Sh),

3. T=TANAp(tc gg“).
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We wish to show that the following inequalities holds,

sSup U(tv CZL+1 + (1 - n)Acnv K U)

t+1§a§p(t,C,Sﬁ+1)

> sup U, CP™ + (1= n)AC™, p, 0)

t+1<o<p(t,e,SpH)

> s UGG o) =0,
tJrlSOSp(tvC?Jrleﬁ)

If this holds true for any ¢ € T then we have C/™? < CI™ + (1 — n)AC™, ie., AC;T <

(1 —n)AC™ and therefore AC}* < ™(b —a) for all t € T where § := 1 —1n. In the above
inequalities, the second line is straightforward as p(t, ¢, Spt) > p(t,c, gﬁ“). We now show
that for any 7 with ¢t + 1 < 7 < p(t, C’fL“,SZ) we can construct another stopping time 7

given by 3 above satisfying t + 1 < 7 < p(t, ¢, SLL“) such that,
U(ta Cthrl ( )AC”,M, ) = U(t Cn+17:u7 )7 (C61>
this would establish the third line and complete the proof. We have,

[:=U(t,c,n,7) = Ult,c,u, 7)]

= |Ete IL{:F<?} Nzt;H 1{?:N} { [Z d(k F( Xk pi) | +6(7 —t)g(ps) — (N — t)g(“N)}] ‘
<E | D (B =)0k —t) [f( Xk, )] ]1{?<?,?:k}]
k=t+1
+EY | > (07 — ) g(pz) — 6(k — t)g(pw)] 1{?<?,?=k}]
k=t+1

<K > (k=t)5(k—tPFE<77=k +2J > 0(k—t)P(F<F7=k)
k=t+1 k=t+1

Note that by (D.1) of Assumption D and definition of 7 and 7,
P(7 <77 =k) <P (X;° € (Cp™ + (1 - n)AC™, Cpt' + AC™)) < LyAC™.
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Then by (D.2) of Assumption D we have,
I < MLnAC™,
for some constant M. Then by (D.3) of Assumption D again, we have

U(t,e,u, 7) > Ult,c,pu, 7) — MLnAC™
T—1

>E > 6k — ) f( Xk p) + (1 — t)g(pr) | — glpe) + (1 — ) AC" f(C;H, ) — M Ly AC™
k=t

> U(ta Ctn+17 Hy 7_) + &(1 - n)ACnf(a> ,ut) - ML?”]AC”
By (D.3) of Assumption D, inf,cp 1 f(a,v) > 0 therefore choosing n € (0,1) such that

a(l—n)f(a, ) —MLn >0

for all p; € [0,1], note that n is independent of pu and n (iterations). This establishes

Equation (C.6.1) and the proof is complete. |
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