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Coupled frustrated ferromagnetic and antiferromagnetic quantum spin chains in the
quasi-one-dimensional mineral antlerite Cu3SO4(OH)4
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Magnetic frustration, the competition among exchange interactions, often leads to novel magnetic ground
states with unique physical properties which can hinge on details of interactions that are otherwise difficult to
observe. Such states are particularly interesting when it is possible to tune the balance among the interactions to
access multiple types of magnetic order. We present antlerite Cu3SO4(OH)4 as a potential platform for tuning
frustration. Contrary to previous reports, the low-temperature magnetic state of its three-leg zigzag ladders is
a quasi-one-dimensional analog of the magnetic state recently proposed to exhibit spinon-magnon mixing in
botallackite. Density functional theory calculations indicate that antlerite’s magnetic ground state is exquisitely
sensitive to fine details of the atomic positions, with each chain independently on the cusp of a phase transition,
indicating an excellent potential for tunability.

DOI: 10.1103/PhysRevB.106.L020405

Magnetic frustration, wherein the exchange energy can-
not be simultaneously minimized on all individual bonds in
the spin system, leads to a wide array of novel magnetic
phases [1–3]. The ground state can be selected by a delicate
balance of interactions, while the cancellation of stronger
interactions can bring weaker interactions to the fore, allowing
the observation of effects that would ordinarily be hidden or
negligible [4]. Magnetic frustration can be achieved either
geometrically, where spins populate a lattice whose spatial
arrangement forces the interactions to compete, or through
longer-range interactions which compete with shorter-range
interactions [5–7]. A reduction in dimensionality can also as-
sist in destabilizing conventional magnetic order, by reducing
the number of exchange pathways that lower its energy. The
richest physics is expected where the energy scales of the in-
teractions and the competition among them either prevent the
system from finding a unique ground state, or make multiple
spin configurations nearly degenerate, such that the material
may be readily tuned among several exotic states. This can
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be particularly interesting in quantum spin systems, materials
with effective spin- 1

2 moments, where quantum fluctuations
also play a significant role.

Divalent Cu materials offer a particularly attractive play-
ground for frustration, since a strong tendency toward
Jahn-Teller distortions breaks orbital degeneracy, leading to
a half-filled band, in which strong on-site interactions drive
localization and favor S= 1

2 antiferromagnetism. A wide va-
riety of Cu sublattices are realized in natural minerals,
predominantly composed of distorted Cu triangular motifs
[8], offering a rich playground for frustrated quantum spin
physics. As two very recent examples, the coexistence of
triplons, spinons, and magnons was reported in SeCuO3 [9],
and the interaction of spinons and magnons was reported for
the first time in botallackite, Cu2(OH)3Br [10]. In the latter,
a distorted-triangular Cu plane can be understood as alter-
nating ferro- and antiferromagnetic (AFM) one-dimensional
(1D) chains with weaker interchain interactions. The mag-
netic ground state in botallackite, shown in Fig. 1(e), has
now been explained through a combination of first-principles
calculations based on density functional theory (DFT), linear
spin-wave theory, and exact diagonalization [12], and related
systems are now being explored theoretically as the spin
model is generalized [13].
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FIG. 1. (a) Crystal structure of Cu3SO4(OD)4 from single-crystal x-ray diffraction at 30 K, and 5.9 K neutron powder diffraction.
(b) Cu sublattice viewed along the b axis. (c) Refined magnetic ground state of antlerite. (d) Exchange interactions within a ladder. (e) Cu
sublattice [11] and spin orientations [10] in botallackite for comparison. Neutron powder refinements are shown for (f) the paramagnetic state
at 5.9 K and (g) the low-temperature state at 2.2 K. (h) The difference between these datasets. Inset: refinement of spin-polarized neutron
diffraction data (D7) with the idle-spin and non-idle-spin magnetic models.

The natural mineral antlerite Cu3SO4(OH)4 is a three-leg
ladder compound in which zigzag bonds between the central
and side legs form triangles of Cu2+ ions [14]—its cop-
per sublattice is depicted in Fig. 1(b). Such triangular-lattice
ladders have been studied far less than their square-lattice
analogs [15], despite the opportunity for strong frustration.
Previous neutron diffraction studies on antlerite indicated that
only the outer legs of the ladder possess an ordered mo-
ment while the central leg exhibits unexplained “idle-spin”
behavior [16,17]. However, follow-up studies have seriously
questioned this result. DFT calculations showed strong AFM
coupling along the central leg of the ladder, which would be
expected to induce order [18]. Then, comprehensive specific-
heat and proton-NMR measurements in magnetic field [19]
found a more complex magnetic phase diagram than previ-
ously reported [17], including a phase which can only be
realized if the system has at least four distinct magnetic sites.
The correct low-temperature magnetic ground state has re-
mained elusive.

In this Letter, we determine the low-temperature magnetic
ground state of antlerite and model its magnetic interactions
using DFT. It is not idle spin as previously proposed [16].
In a ground state strongly reminiscent of botallackite, the
ferromagnetic (FM) outer legs of the ladder are antialigned
but noncollinear, while the central leg is AFM with a very
different spin orientation. DFT finds that both inner and outer
chains are on the cusp of phase transitions. This proximity to
multiple quantum phase transitions, and the complex phase
diagrams already reported [17,19], suggest a unique ability to
tune a state of coupled FM and AFM chains. We anticipate
that antlerite could serve as a versatile platform for investigat-

ing spinon-magnon interactions and the competition among
magnetic ground states.

Antlerite was synthesized hydrothermally under autoge-
nous pressure at 180 ◦C in a Teflon-lined stainless steel au-
toclave, from CuSO4 · 5H2O (Alfa Aesar, 99%) and Cu(OH)2

(Alfa Aesar, 94%) in distilled or deuterated (Acros Organics,
99.8%D) water. Single-crystal x-ray diffraction data were col-
lected from 30 to 295 K on a Bruker-AXS KAPPA APEX
II CCD diffractometer with graphite-monochromated Mo Kα

radiation using an Oxford Cryosystems N-HeliX cryostat
to verify the space group symmetry and atomic positions.
Weighted full-matrix least-squares refinements on F 2 were
performed with SHELX [20,21] as implemented in WINGX
2014.1 [22]. To determine accurate hydrogen positions and the
magnetic structure, high-resolution neutron powder diffrac-
tion was performed at D1B [23] and neutron diffraction with
polarization analysis using D7 [24], both at the Institut Laue-
Langevin, Grenoble, France. Powder diffraction data were
Rietveld refined in FULLPROF by the full-matrix least-squares
method [25], using the scattering factors from Ref. [26]. The
atomic positions, shown in Fig. 1(a) and detailed in the Sup-
plemental Material [27], largely agree with the previously
reported structure [14,16], hydrogen positions excepted. The
latter are now better aligned with their host oxygen atoms
along c.

Powder inelastic neutron scattering (INS) was measured
on the FOCUS spectrometer at the Paul Scherrer Institute,
Villigen, Switzerland [28], using wavelengths of 5 and 6 Å,
having energy resolution of 91 and 43 μeV at the elastic
line, respectively, and was modeled using SPINW [29]. High-
field magnetization of a powder sample was measured at the
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Dresden High Magnetic Field Laboratory (HLD), Helmholtz-
Zentrum Dresden-Rossendorf (HZDR), Germany, using a
60-T pulsed field magnet with a rise time of 7 ms and a total
pulse duration of 25 ms. The magnetization was obtained by
integrating the voltage induced in a compensated coil system
surrounding the sample [30].

Neutron diffractograms in the paramagnetic state at 5.9 K
and in the low-temperature state at 2.2 K are shown in
Figs. 1(f) and 1(g), respectively. Additional magnetic inten-
sity on structural Bragg peaks and new weak magnetic peaks
were observed at low temperature, as seen in the difference
spectrum in Fig. 1(h)—the strongest magnetic reflection, the
structurally forbidden (100), is highlighted. Our refinements
of the low-temperature ground state do not support the idle-
spin model proposed previously [16,17,31], which fails to
predict several observed magnetic peaks as shown in the inset
to Fig. 1(h). The data are instead best described by a model
with propagation vector (100) having AFM order along the
central (Cu1) leg of the ladder and significant canting of the
other spins, as depicted in Fig. 1(c). The ordered moments on
the Cu1 site are 0.80(22)μB along [±0.54(17), 0, ±0.59(14)],
while the ordered Cu2 moments of 0.97(5)μB lie along [0,
±0.38(5), ±0.89(9)] and are ferromagnetically aligned along
each side leg. As found previously, the side legs are mutually
antialigned. Accounting for g factors of 2.1–2.3 from electron
spin resonance (ESR) [27,32] and magnetization [17], this
indicates that Cu2 is nearly fully ordered, while a reduced Cu1
moment may arise from the quantum fluctuations expected
for S = 1

2 , from frustration, or from the low number of inter-
actions present in this low-dimensional material. Our refined
ground state resembles the “AF6” state calculated in Ref. [18]
but with significant additional canting.

To determine the isotropic magnetic exchange interactions
in antlerite, we performed DFT band-structure calculations
using the full-potential local-orbital code FPLO v.18 [33]. We
employed a scalar-relativistic treatment within the generalized
gradient approximation (GGA) for the exchange and correla-
tion potential [34]. For the structural input, we used our newly
refined low-temperature unit cell parameters and atomic coor-
dinates, which are described alongside further details of our
calculations in the Supplemental Material [27].

In a nonmagnetic GGA calculation, antlerite features a
spurious metallic ground state due to the underestimation of
Coulomb repulsion among the Cu 3d electrons. An eight-band
manifold crossing the Fermi level is due to the antibonding
combination of Cu 3dx2−y2 and O 2pσ states. We mapped
these states onto an effective one-orbital model which is
parametrized by projecting the respective GGA bands onto
a Wannier basis of Cu 3dx2−y2 states. The parameters of the
effective one-orbital model are hopping integrals ti j that de-
scribe virtual electron transfer between Cu sites i and j. Nine
ti j terms exceeding the threshold of 15 meV are provided in
Table I, where we adopt the notation from Refs. [16–18]. In
agreement with the previous works, we find that antlerite is a
quasi-1D magnet, with sizable hopping interactions confined
to the three-leg ladders [35].

To estimate the respective exchange integrals, we doubled
the unit cell in the b direction and constructed 64 inequivalent
magnetic configurations, whose total energies were calculated
on a 2 × 2 × 2 k mesh within the GGA+U approximation.

TABLE I. Leading hopping (ti j , in meV) and exchange (Ji j , in
K) integrals in antlerite based on our refined structure. Positive ex-
changes are AFM. The respective intersite distances dCu-Cu are given
in Å.

Label dCu-Cu ti j Ji j Type of exchange

J1 2.980 93 −26
}

First-neighbor in outer legs
J2 3.053 73 −11
J3 3.240 101 9

}
Couple central and outer legs

J4 3.151 103 11
J5 3.018 167 48 First-neighbor in central leg
J6 6.034 56 25 Second-neighbor in central leg
J ′

6 6.034 18 6 Second-neighbor in outer legs
J7 6.391 26 1

}
Couple outer legs

J ′
7 5.634 30 �0

To describe interaction effects in the 3d shell of Cu, we
used the on-site Coulomb repulsion U = 8.5 eV, the on-site
Hund exchange J = 1 eV, and the fully localized limit for
the double-counting correction. The resulting total energies
are mapped onto a classical Heisenberg model, whose model
parameters—the magnetic exchange integrals Ji j in Table I—
are evaluated by a least-squares solution [27].

While both the crystal and electronic structure of antlerite
are shaped by ladders, the backbone of its spin model is
the legs, which are coupled by relatively weak J3 and J4

exchanges. The central leg hosts competing AFM exchanges
J5 and J6 operating, respectively, between first and sec-
ond neighbors. In contrast, the side legs feature alternating
first-neighbor FM exchanges J1 and J2 and a weaker AFM ex-
change J ′

6 between second neighbors the relevance of which,
to the best of our knowledge, has not been discussed previ-
ously. Finally, while two relevant hoppings connect the side
legs, only J7 gives rise to a small AFM exchange. Our mi-
croscopic magnetic model is fundamentally different from the
phenomenological model of Ref. [16] and qualitatively similar
to the band-structure-based model of Ref. [18]. Despite this
qualitative similarity, the ratios such as J6/J5 and J3/J5, as
well as the absolute values of the exchanges, differ signifi-
cantly, possibly because of the different choice of U , different
code, or a high sensitivity of antlerite to perturbations.

We start the discussion of the low-temperature magnetic
ground state by considering a simplified spin model of decou-
pled legs (J3 = J4 = 0). Here, the central leg would have a
helical ground state in the classical model and a gapped phase
in the quantum S = 1

2 case. The side legs would form helices,
but in the vicinity of the fully polarized (ferromagnetic) phase;
both states are quasiclassical with minor quantum corrections.

When we reinstate the interleg exchanges J3, J4, and J7, the
consequent leverage has a drastic impact on the magnetism.
At the classical level, a noncollinear state with the central leg
twisted into a helix and fully polarized side legs has slightly
lower energy than the collinear state which corresponds to
the experimental (100) propagation vector. This disagreement
may arise from inaccuracies in the exchange integrals, as a
collinear state adiabatically connected to the (noncollinear)
experimental ground state is found only ∼1.5 K higher in en-
ergy than the helical state, well within the uncertainty of DFT.
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FIG. 2. Comparison of the magnetization curve measured on
Cu3SO4(OH)4 powder at 1.4 K (blue) against the DMRG simulation
of the spin model (red). (a) Exchanges from Table I based on our
refined crystal structure result in abrupt polarization of the side legs.
(b) A modified parameter set (see text) improves the agreement. A g
factor of 2.18 taken from ESR [27] was used for scaling B.

Such a small energy difference suggests an exquisite sensi-
tivity to the ratios of the exchange interactions, which would
imply that the competition between collinear and helical states
can be manipulated by perturbations such as chemical substi-
tution, pressure, or magnetic field.

To determine the ground state of the quantum model,
we performed density-matrix renormalization group (DMRG)
simulations [36,37] using an open cluster of 40 × 3 spins;
further details are in the Supplemental Material online [27].
The resulting spin correlations indicate a noncollinear state
in which central as well as side legs are twisted into a helix.
Similar to the classical model, other states have comparable
energies. For instance, the enhancement of |J1| and |J2| and the
reduction of J ′

6 readily stabilize the correct ground state [38].
More details on the energy balance of the competing phases
are provided in the Supplemental Material [27].

To gain further confidence in the exchange parameters, we
computed the longitudinal magnetization 〈Sz〉 by DMRG on
a 36 × 3 cluster where periodic boundary conditions were
applied along the ladder, and compared it with the experi-
mental magnetization curve. While the field dependence of
the magnetization for the parameter set from Table I is too
steep [Fig. 2(a)], an effective description based on a modified
set of parameters (J1 = −25.2, J2 = −16.8, J3 = 14.7, J4 =
6.3, J5 = 42.0, J6 = 10.5, J ′

6 = 1.7, and J7 = 6.7 K; also see
the Supplemental Material [27]) yields excellent agreement
[Fig. 2(b)]. With the data at hand, we conclude that antlerite
embodies a delicate balance of frustrated interactions oper-
ating within the central and side legs as well as connecting
them into a ladder. Furthermore, by applying small pertur-
bations, the appearance of fascinating phenomena caused by
competition/collaboration between the Haldane physics and
order-by-disorder mechanism is highly likely.

FIG. 3. (a) Full magnetization curve calculated by DMRG with
the modified parameter set. Inset: Singular behavior of 1 − M/Ms vs
(B − Bs )γ with γ = 0.31 near the saturation field. (b) Log-log plot of
the spin-spin correlation function C(|i − j|) as a function of distance
along the central leg for several M/Ms values. The asymptotic behav-
ior of the pure 1D AFM Heisenberg model, ∝ |i − j|−1, is shown as
a guide.

Finally, we comment on the magnetic state above the
plateaulike feature at M/Ms = 2/3 for saturation magnetiza-
tion Ms, which is not a plateau so much as a gradual upturn.
This means that quantum fluctuations are strong, and the cen-
tral leg is no longer fully AFM ordered, likely due to a loss
of stabilizing interactions with the now-polarized side legs,
which would also act to screen it from the neighboring lad-
ders. Since this would render the central leg as an essentially
ideal 1D Heisenberg spin system and an exotic field-induced
Tomonaga-Luttinger liquid (TLL), it is worth looking closely
at the DMRG results in this regime.

We find that the central leg may be regarded as an ideal
1D Heisenberg spin system at M/Ms � 2/3, implying a field-
induced TLL phase. To confirm the TLL nature of the central
leg at M/Ms � 2/3, we investigated the shape of the full
magnetization curve [plotted vs. B/J5 in Fig. 3(a)] as well as
the asymptotic behavior of the spin-spin correlation function.
At M/Ms ∼ 2/3, the side legs are completely polarized by the
field while the spin state of the central leg remains nearly
singlet. Upon increasing B, the magnetization of the central
leg then exhibits an initially slow increase and ultimately a
singularity dM/dB = ∞ at the saturation field Bs/J5 ∼ 2.5.
This behavior is typical of a 1D AFM Heisenberg system in
a critical regime. Using perturbation theory, the form of the
magnetization curve as M → Ms is known to be 1 − M/Ms ∝
(B − Bs)γ , with γ > 0 [39]. Our calculated magnetization
curve indeed takes this form, with γ = 0.31, as shown in the
inset of Fig. 3(a). This γ value deviates from that of the pure
1D AFM Heisenberg chain with only nearest-neighbor cou-
pling (γ = 0.5) due to the existence of next-nearest-neighbor
coupling J6. The spin-spin correlation function C(|i − j|) =
〈Sz

i Sz
j〉 − 〈Sz

i 〉〈Sz
j〉 calculated by DMRG with a 160 × 3 open

cluster is plotted as a function of distance |i − j| in Fig. 3(b)
for several M/Ms (� 2/3) values. In every case, a power-law
decay is clearly evident. Interestingly, the decay ratios seem
to be relatively close to the ∝|i − j|−1 of the pure 1D AFM
Heisenberg chain despite J6, confirming that the central leg is
a field-induced TLL for 2/3 � M/Ms � 1.
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FIG. 4. Powder INS spectra of deuterated antlerite. Intensity maps at (a) 1.5 and (b) 6.0 K. (c) Temperature dependence of the intensity,
averaged over the Q range identified by bars in (a) and (b); the 6-Å data were rescaled to match the 5-Å data at high energies. (d) Simulated
spectra based on the modified DMRG parameters; main panel is powder averaged.

Powder INS spectra collected at 1.5 and 6.0 K to validate
the model parameters are shown in Figs. 4(a) and 4(b) and to
higher energy in the Supplemental Material online [27]. Peaks
in the magnetic intensity at energies of ∼0.6 and 0.8 meV
may correlate to the narrow band and the bottom of the upper
magnon band in Fig. 4(d), calculated based on the DMRG
exchange parameters above. This intensity vanishes for higher
momentum transfer Q and higher temperatures [Fig. 4(c)]
as expected for a magnetic signal, and appears to disperse
to a minimum near the propagation vector (black arrows).
The calculated exchange parameters can evidently describe
the key features of the spectrum, aside from an overall scale
factor that is likely associated with the uncertainties of DFT
or quantum renormalization, supporting the ratios among our
J parameters. Flat magnon bands have been predicted in saw-
tooth and kagome lattices [40], where they may be a potential
platform for magnon crystals, nontrivial magnon topology,
and non-Hermitian exceptional points [41], and it would be
interesting if the narrow feature around 0.8 meV proved to be
such a flat magnon band.

The low-temperature magnetic state we find in
Cu3SO4(OH)4 contains all the essential ingredients found
in botallackite: a low-dimensional Cu2+ spin system with
mutually antialigned FM legs, separated by an AFM leg with
a spin orientation tilted by a significant angle relative to the
FM spin orientation, linked through a distorted-triangular
motif. This suggests that antlerite may also realize the
spinon-magnon mixing recently proposed in botallackite [10]
and thus far reported in no other materials. The key difference
is that in botallackite these legs alternate in a two-dimensional
sheet, whereas in antlerite they form quasi-one-dimensional
three-leg ladders with very weak interladder coupling. In
antlerite, we find that the magnetic ground state is on the
cusp of several other potential ground states, which are
closely spaced in energy, suggesting that the magnetic
ground state may be readily tuned, for instance by applied
field, strain, or chemical substitution. In fact, when we first
calculated the magnetic ground state starting from the atomic
positions reported in Ref. [16], we obtained a Haldane-like
up-up-down-down magnetic ground state distinct from those
discussed here. Since the reported structure differs from ours

chiefly in interladder hydrogen positions irrelevant to the
intrachain interactions, this is further evidence of an extreme
sensitivity to perturbations. Besides idle-spin cycloidal order
reported upon isoelectronic substitution of S by Se [42],
which could perhaps be revisited in light of the non-idle-spin
magnetism found here, a cascade of phase transitions have
been reported with temperature and in applied magnetic
fields [17,19,43], to which we now add the high-field plateau.
We also note that szenicsite Cu3MoO4(OH)4 has a similar
three-leg ladder motif [44], but with a different alternation of
exchange parameters which leads the outer chains to dimerize
into a classical spin-1 system [45]. The synthesis of szenicite
has not been reported, but substitution of S by Mo may
offer not only a further route for tuning the magnetism, but
feedback on how to grow this Mo analog.

The distorted triangular lattice motifs found in Cu-based
minerals have already revealed a number of interesting ex-
otic magnetic phases, and antlerite stands to serve as an
excellent platform for exploring their wealth of physics.
The interchain exchanges in Cu3SO4(OH)4 give rise to a
model with a rich phase diagram that should be readily
explored experimentally thanks to the advantageous energy
scales.
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