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PREFACE

These lectures might have been called applied linear functional analysis, for the
purpose is not to present functional analysis for its own sake but rather as a tool
for the working analyst. The general results are therefore illustrated by a large
number of examples. They are on the whole taken from natural contexts. However,
functional analysis alone rarely solves an analytical problem; its role is to clarify
what is essential in it. It has therefore been necessary to simplify and modify
many of the examples so that they can be handled by elementary arguments. In
spite of that the reader may not always have the necessary background to follow
the analytical details, but he should then rest assured that the examples are not
strictly necessary for the understanding of the main theme.

It is not possible to draw a sharp dividing line between analysis and functional
analysis. On the contrary, the vital parts of functional analysis have always devel-
oped from proofs of theorems in analysis. When some arguments are felt to occur
frequently they are isolated and put in an abstract form, involving rather little
structure so that they can be applied in apparently different circumstances. This
development is still going on, and what is perceived as central in functional analysis
depends to some extent on what parts of analysis that one is interested in. These
lecture notes are undoubtedly biased towards applications to differential equations
and harmonic analysis, but nevertheless I hope that the material chosen is of a wide
interest. They are a slightly edited version of lectures given at the University of
Lund in 1969 and in 1988.

I am grateful to Anders Melin who read the whole manuscript and suggested
a number of improvements. I would also like to thank the students in the course
just finished for their attention to details which has helped improve the exposition.
Some of the exercises added at the end have been taken over from earlier courses
on the same subject given in Lund or in Copenhagen.

Lund in February 1989

Lars Hormander
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CHAPTER [

LINEAR ALGEBRA

1.1 Vector spaces and linear transformations. Let K be a field. (Later on K
will always be either the field R of real numbers or the field C of complex numbers.)
We recall the following definition:

Definition 1.1.1. A vector space V over K is an abelian group, with elements called
vectors and group operation denoted by +, such that to any x € V and a € K there
is assigned an element ax € V such that

a(r+y) =ax+ay forallz,y €V and a € K,

(a+b)r=axr+bxr forallzeV and a,be K,
(ab)z = a(bx) for all z € V and a,b € K,
l-z=2x for all x € V.

Here 1 is the unit element in K.

These conditions are of course not independent of each other. Note that they
imply that z = (1+0)z=1-24+0-2 =2+ 0 -z, thus 0-x = 0 for every z € V.
Here 0 denotes both an element in K and one in V', the origin.

Ezxzample. Let M be an arbitrary set and denote by V the set of all functions on M
with values in K, sometimes denoted K. With the operations defined by

(af +bg)(m) = af(m)+bg(m); abeK, f,gcV, me M,

it is clear that V is a vector space over K. If M = {1,...,n}, the space is usually
denoted by K" and is the set of all n-tuples of elements of K. Similarly the set
VM of functions from M to a vector space V over K is a vector space over K.

More general examples are obtained as follows:

Proposition 1.1.2. Let W be a subset of a vector space V' over K such that for
all x,y € W and a,b € K we have ax + by € W. Then W 1is a vector space with
the operations inherited from V.

The proof is obvious. One calls W a linear subspace of V.

Ezample. The set V of all f € KM such that > ,,|f(m)] < oo is clearly a linear
subspace of KM. (Here K =R or K = C.)

Given a vector space V and a linear subspace V; we can construct another
vector space V/V, called the quotient space of V' by Vi, as follows: If z,y € V and
r —1y € Vi, we write x = y and say that x is congruent to y mod V;j. This is an
equivalence relation. Since z = z1 and y = vy, implies that ax + by = ax1 + by, the
addition and multiplication by scalars in V' induce such operations in V/V; which
will clearly inherit the properties required in Definition 1.1.1.
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Proposition 1.1.3. If Vo, C V3 C V where V is a vector space and Vi, Va linear
subspaces, then the map V/Vy — V/V1 gives an isomorphism

The simple proof is left to the reader. Instead we pass to introducing the appro-
priate maps between vector spaces.

Definition 1.1.4. Let Vi and V5 be two vector spaces over K. A map T from V; to
V5 is called a linear map (or linear transformation) if it commutes with the vector
operations, that is,

T(ax +by) =alTx+bTy, z,yeV;abelkK.

The linear maps from V; to V5 form a vector space L(V7, V2), which is a linear
subspace of V,*. Thus

(a1T1 + a2To)xr = a1Tix + axTex  when ay,ae € K and = € V7.

It is also obvious that the composition of two linear maps is a linear map.

Recall that a (linear) map T from V; to V5 is called:

(1) injective if Tx = T'y implies = = y,

(2) surjective if for every y € Vo we have Tx = y for some z € V7,

(3) bijective if it is both injective and surjective, and thus an isomorphism.
Since Tx = Ty is equivalent to T'(z — y) = 0, injectivity means precisely that
Tz =0 implies z = 0.

Ezxzample. If V7 is a linear subspace of V', then the inclusion map V; — V is injective,
and the quotient map V' — V/V} is surjective.

In general a linear map T from V; to V5 is of course neither injective nor surjec-
tive, so one has to consider the kernel
KerT = {z;2 € V,Tz = 0}
and the range
ImT ={Txz;xz € Vi}.

It is obvious that the kernel is a linear subspace of V; and that the range is a linear
subspace of V5. The map T induces a bijection 7" from V;/KerT to Im T since T'
maps two elements x1, xo in V; to the same element in V5 if and only if z; and x4
are congruent modulo Ker T'. Often we shall somewhat incorrectly denote T” by T,
although T is really a composition

Vi = Vi/KerT 25 ImT — Vs

where the first map is the quotient map and the last the inclusion.

Definition 1.1.5. If V; and V5 are linear subspaces of a vector space V', then V is
said to be the direct sum of V; and V5 if every x € V' in one and only one way can



be written x = x1 + z2 with ; € V;. One also calls V5 a supplement of V;. We
write V =V, @& V5.

Let P; be the map x + x;. This is then a linear map, and we have Im P, = V;,
Ker P, = V5, Ker P, = V;. Moreover, the restriction of P; to V; is the identity map
of V;. It is obvious that, with I = identity map,

(1.1.1) I=P +Py; PP,=PP=0; P=P,

Conversely, given a linear map P : V — V with P? = P, if we set P, = P and
P, = I — P, then the relations (1.1.1) are fulfilled. If V; = Ker Py, Vo = Ker Py,
then x = Pix + Pox = Pixz when x € Vi, and * = Pox when z € V,. Thus P;
leaves the elements of V; fixed. The equation x = 1 + z2 with z; € V; implies
that Pjx = Pjx; = x;. Conversely, x = x1 + x2 if we set x; = Pjo € V;. Thus V
is the direct sum of V; and Vs, and P;, P, are precisely the maps corresponding to
this decomposition. We have thus found that there is a one-to-one correspondence
between direct sum decompositions of V' and projections:

Definition 1.1.6. A linear map P : V — V is called a projection if

P?=Pr

That V is the direct sum of V; and V5, means precisely that the restriction to
Vo of the map V' — V/V; is a bijection, in other words, that each equivalence class
modulo V; contains a unique element of V5.

Note that given two vector spaces V7 and V5 we can construct a vector space

V = {(z1,22);2; € V;}

with vector operations obtained from those in V; for each component. We can
regard V7 (resp. Va) as the subspace of V' for which x5 = 0 (resp. x; = 0). Then
we have the situation in Definition 1.1.5.

1.2. Dimension and rank. We shall now assign to every vector space V over K
its dimension dimg V' or dim V' for short. This shall be a non-negative integer or
+o00 with the following properties:

a) dim K" = n,
b) If T': V; — V; is a surjective (injective) linear map, then

dimV; > dimV,  (resp. dimV; < dim V3).

We shall see that this is possible in one and only one way.
Indeed, let V' be a vector space over K and consider linear maps

T:K"—=YV.

Such a map is completely determined by the vectors Te; = x; € V, where e; is the
element in K™ with ith coordinate 1 and the other coordinates 0. For using the
linearity of T" we obtain

(1.2.1) T(al,...,an):Zaja;j, a; € K;
1



conversely, given 1, ...,x, € V the equation (1.2.1) defines a linear map K" — V
with Te; = x;. We recall the following terminology:

Definition 1.2.1. The vectors x1,...,x, € V are called linearly independent if the
map 7" defined by (1.2.1) is injective; they are said to generate V' if T is surjective;
and they are called a basis if T' is bijective.

To use conditions a) and b) above we shall consider both surjective and injective
maps from spaces K™ to V. To relate them we need the following lemma — the
only non-trivial point in the discussion.

Lemma 1.2.2. IfT) : K" — V is a surjective and Ty : K™ — V is an injective
linear map, then m < n.

Proof. Since T; is surjective, we can choose a linear map 7' : K™ — K™ such that
Ty =T\ T. In fact, it suffices to choose T'e; with T7(Te;) = Tre; when e; is a basis
vector in K. Then T is injective since T5 is injective, so it suffices to prove that if

T:K™— K"

is an injective linear map, then m < n (or equivalently that a homogeneous system
of equations with fewer equations than unknowns always has a non-trivial solution).
This is obvious if n = 1 since two arbitrary elements in K™ are proportional then.
We prove the statement in general assuming that it is already known for smaller
values of n. Define ) : K™ — K"~ ! by

Q(ar,...,an) = (a1,...,an_1)

and Ry, : K™ ! — K™ for 1 <k <m by
Rk(ala"'7a'm—1) = (a17'~'7ak—1707ak7"'7am—1)-

If QT : K™ — K™ ! is injective it follows by the inductive hypothesis that m <
n — 1. Otherwise, if a and b are two non-zero elements in Ker QT', then T'a and Tb
are proportional and not zero, so a is proportional to b since T is injective. Choose
k so that the kth coordinate aj # 0, hence by, # 0. Then the map QTR : K™~ 1 —
K™ ! is injective, so m — 1 < n — 1 by the inductive hypothesis. The proof is
complete.

Theorem 1.2.3. Let V be a vector space over K such that there exists a surjec-
tive map T : K" — V' for some n. FEvery system of linearly independent vectors
Z1,...,Zk i V can then be extended to a basis xi,...,%Tk,Tk+1,--.,Tq. FEvery
system of generators contains a basis. All bases in V have the same number of
elements d. The number d is also the smallest such that there exists a surjective
linear map K¢ — V as well as the largest such that there exists an injective linear
map K% — V; such maps are automatically bijective.

Proof. Let D be the smallest integer such that there is a surjective map KP — V,
and let d be the largest integer such that there is an injective map K¢ — V. The
existence of D is guaranteed by the hypothesis, and it follows from Lemma 1.2.2
that d is defined and < D. Let now x1, ...,z be a system of linearly independent
elements in V. Then we have k£ < d. If they do not form a basis we can choose



Zk+1 which is not a linear combination of x1,...,x,. Then x4, ..., 2,41 are linearly
independent, for if
a1r1 + -+ ap1Tk4+1 =0

we cannot have apy; # 0 since division by ax41 would then show that zpy, is a

linear combination of x1,...,xx. Thus ary; = 0 and since z1, ...,z are linearly
independent it follows that a; = --- = a; = 0 also. We can thus extend the system
x1i,...,x, until we get a basis x1,...,zny. Then we have N < d < D < N, so
N=d=D.

Now assume that xq,...,x is a system of generators. If they are not linearly
independent then one of them, say xj is a linear combination of the others, so
Z1,...,Tk—1 is also a system of generators. We can continue dropping elements

until we have a linearly independent system of generators, that is, a basis. The
theorem is proved.

The proof also shows that if there is no surjective map K™ — V for any n, then
one can find an injective map K™ — V for any n. The following definition of the
dimension is therefore the only one which can have the properties a) and b) stated
at the beginning of the section.

Definition 1.2.4. A vector space V over K is said to have finite dimension (over
K) if there exists a surjective linear map K™ — V for some n. The smallest such
integer n is equal to the largest integer n such that there is an injective linear map
K™ — V. It is called the dimension of V. If V does not have finite dimension we
say that V is infinite dimensional and write dim V' = oc.

Remark. In case there may be some doubt which scalar field K is being used we
shall make this clear by writing dimg V' for the dimension of V' as a vector space
over K.

It is clear that the dimension of K™ is equal to n as desired, and we also have
the property b):

Theorem 1.2.5. If the linear map T : Vi — Vo 1is surjective resp. injective or
bijective, then

dimVy; > dim Vs resp. dimV; < dimV,  or dimV; = dim V5.

Proof. Let T be surjective. There is nothing to prove unless dim V; < co. From
any surjective map K" — V; we then obtain by composition with 7" a surjective
map K™ — V5, which proves that dim V7 > dim V5. If T is injective, we conclude
that dim V; < dim V5 if we consider injective maps K" — V; instead. This proves
the theorem.

In particular, the dimension of a subspace or a quotient space of V' is thus smaller
than or equal to the dimension of V. If we recall that a linear map 7" : V; — V5
gives rise to a bijection 7" : Vi /Ker T — Im T, hence that

(1.2.2) dim(Vy/KerT) = dim(ImT),

we recover Theorem 1.2.5 from these special cases. The number occurring in (1.2.2)
is so important that it has a special name:
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Definition 1.2.6. If T is a linear map Vi3 — V5, then the rank of T is defined as
dim(Im T") or equivalently as dim(V;/Ker T)).

In a moment we shall write (1.2.2) in various other ways, but first it is useful to
introduce another concept:

Definition 1.2.7. If V' is a vector space and W a linear subspace, then the codi-
mension of W in V', denoted codimy W or simply codim W, is defined to be the
dimension of the quotient space V/W.

In finite dimensional spaces this notion is not indispensable, for we have

Theorem 1.2.8. If V is a vector space and W a linear subspace, then
dim W + codim W = dim V.

Proof. Since dimW < dim V' and codim W < dim V', we may assume in the proof
that the left hand side is finite. Let 7} : K™ — W and Ty : K™ — V/W be
bijections, thus n = dim W and m = codim W. We lift 75 to a map Ty : K™ — V
such that the composition with the quotient map V' — V/W is equal to T5. Then

T=Ty®T,: K" =K"® K™ > (a,b) = Tya+Tib €V

is bijective. In fact, if T'(a,b) = 0 then composition with the quotient map V —
V/W shows that Tob = 0, hence b = 0. It follows that Tha = 0 so a = 0 also. In a
similar way one concludes that 7' is surjective, which proves the theorem.

We can write (1.2.2) in the form
(1.2.2) codimKer T = dim Im 7.
Using Theorem 1.2.8 we therefore obtain
Theorem 1.2.9. Let T : Vi — V5 be a linear map. Then
dimIm7T 4+ dimKer7T = dimV;, codimImT + codim KerT = dim V5.
If Vi and V5 have finite dimension, then
(1.2.3) dim Ker 7' — dim Coker T' = dim V; — dim V5.

Here we have used the notation CokerT = V5/ImT. In the special case when
dim V] = dim V5 the result (1.2.3) is classically phrased as follows:

The number of linear conditions for solvability of the equation Tz = y is equal
to the number of linearly independent solutions of the equation Tz = 0.

One of our main goals is to discuss infinite dimensional extensions of this rule or
the more general formula (1.2.3). In the algebraic case this discussion will begin in
the following section. We shall then need some identities concerning dimensions of
vector spaces which will now be derived.

Let

Tn-1

(1.2.4) 0= Vo 51 51, 2. 25 vy =0

be a sequence of vector spaces and linear maps, starting with the 0 dimensional
vector space consisting of the origin only and ending in the same way. One calls
(1.2.4) a complex if T;1T; = 0 for every j. This means that

ImT; C KerTjy;.

The complex is called ezxactif ImT; = Ker T4 for every j, which in particular shall
mean that T} is injective and that Tv_1 is surjective. If N = 1 exactness therefore
means that Ty : Vy — V3 is bijective, and then we know that dim V;; = dim V;. This
fact is generalised as follows:
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Theorem 1.2.10. If (1.2.4) is an exact complex of vector spaces and linear maps,
then

(1.2.5) D dimVp; =) dim Va4
J J

or, if all dimensions are finite,

(1.2.6) > (1) dimV; = 0.

Proof. Let Rj = KerT; =ImT};_;. By Theorem 1.2.8 and (1.2.2) we have
dlm‘/} = dim Rj + codim Rj = dim Rj + dim Rj_|_1

which shows that both sides of (1.2.5) are equal to ) dim R;.

As a first example we note that given a linear map 7" : V; — V5 we have an exact
sequence
0—->KerT -V, -ImT — 0

where the first map is a restriction of 17" and the second is a quotient map. Hence
we obtain

dimKerT +dimIm7T = dim V;.

Similarly, we have an exact sequence
0—=>Vi/KerT — Vo = Vo/ImT — 0

where the first map is induced by 7" and the second is a quotient map. This gives
codimKerT + codimIm 7T = dim V5

as we already knew from Theorem 1.2.9. Further important examples are given in
the following

Theorem 1.2.11. Let Vi and Vs, be linear subspaces of the vector space V', and let
Vi + Vi be the subspace {x1 + z2; x1 € V1,29 € Vo}. Then we have

(1.2.7) dim(V; N V) + dim(Vy + V) = dim V; + dim Vs,
(1.2.8) codim(V; N V3) 4 codim(V; + V2) = codim V; + codim V5,
(1.2.9) dim(V; N Va) 4 codim Vo = codim(Vy + Vi) + dim V3.

Note that these equalities are equivalent if V' has finite dimension but not oth-
erwise.

Proof. We have an exact sequence

O—-VinVo, = VieVeo—-Vi+Vy—0
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where the first map is Vi NV2 3 z — (z,2) € V3 @ V5, and the second map is
Vi ® Ve 3 (21, 22) — 21 — x2. The trivial verification of exactness is omitted. This
gives (1.2.7). Similarly the exact sequence

0= V/(VinVe) = (V/Vi)® (V/V2) = V/(Vi+V2) = 0
leads to (1.2.8). Finally (1.2.9) is obtained from the exact sequence
0=->VinVo -V, =5 V/Vo =5 V/(Vi +V3) — 0.

The definition of the various maps and the proof of exactness are left as an exercise
for the reader.

Finally we shall make a remark on duality:

Definition 1.2.12. Let Vi and V5 be two vector spaces over K, and let V7 x V5 3
(z,y) — (x,y) € K be a bilinear form, that is, a function which is linear in x (resp.

y) when y (resp. x) is fixed. The form is said to define a duality between V; and
Vo if

(1.2.10) (x,y) =0 VYyelVy = 2=0,
(1.2.11) (,y) =0 VeelV; = y=0.

An example is V; = V5, = K™ and

n
(1.2.12) (@) => zy;i =@, %), Y= (Y1, Un)-
1

This is more than an example:

Theorem 1.2.13. If V; and V5 are two vector spaces which are dual with respect
to a bilinear form (-,-), then dimV; = dimVa. If this dimension is finite, then
(1.2.12) holds for the coordinates with respect to suitable bases in Vi and V.

Proof. There is nothing to prove unless one of the spaces, say Vi, is finite dimen-
sional. Then we choose a basis e, ..., e, for Vi and consider the linear map

e:Vasy— ({er,y),.--,(en,y)) € K"

¢ is injective since (e;,y) =0, j =1,...,n, implies (z,y) =0, z € V4, hence y = 0.
This proves that dim Vo, < n = dim V;, and interchanging the roles of V; and V5 we
conclude that dim V; = dim V5. Thus ¢ is bijective. The inverse can be written

n
K" (Y1, yYn) — Zyifi,
1

where f1,..., fn is a basis for V5. Hence

<Z Tj€j, Zyifi> = Z%’(SO(Z yifi))j = ijyj

as claimed.
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1.3. The index of linear transformations. We shall now resume the discussion
of the quantity which occurs in the left-hand side of (1.2.3), without assuming that
dimV; and dim V5 are finite. If 7" : Vi — V5 is a linear map such that either
dim Ker 7" or dim Coker 7" is finite, we thus define the index of T by

(1.3.1) ind7T" = dim Ker 7" — dim Coker 7.

The index has a stability property generalizing (1.2.3).

Theorem 1.3.1. If T and S are linear maps from Vi to Vo such that indT s
defined and S has finite rank, then ind (T + S) is defined and

(1.3.2) ind7T = ind (T + 5).

Before the proof of Theorem 1.3.1 we give another property of the index, some-
times referred to as the logarithmic law, which is convenient in computations in-
volving the index.

Theorem 1.3.2. LetT; : Vi — Vo and Ty : Vo — V3 be linear maps. For the linear
map 15T : Vi — V3 we have

(133) ind (T2T1) = ind T2 + ind T1

provided that the right-hand side is defined, that is, either dimKerT; < oo for
Jj=1,2 or dim CokerT; < oo for j =1,2.

Proof. Tt suffices to verify the exactness of the complex

i 0= KerT) — Ker T —5 Ker Ty~ Va/Im T

ng/IngTl i) Vg/Ing — O,

where i and ¢ denote inclusion and quotient maps and 77 and T4 are derived from
T and T, in an obvious way. For then it follows that the left-hand side of (1.3.3)
is defined if the right-hand side is, and using Theorem 1.2.10 we obtain (1.3.3).
The easy verification that (1.3.4) is an exact complex is left for the reader except
for the exactness at V5/ImT; which may be somewhat less trivial than the other
statements. So assume that zo € V5 and that the class of zo in Vo/ImT} is
mapped to 0 by T5. This means that Toxe = ToTix; for some x; € V3. Thus
xo — Thzy € KerTy, and since xo — Tz is equal to 9 modulo Im 7%, this proves
the statement.

The following special case of Theorem 1.3.2 is often useful:

Corollary 1.3.3. Let T : Vi — V5 be a linear map such that indT is defined, let
W1 be a subspace of Vi of finite codimension and Ws a subspace of Vo of finite
dimension. Let i : Wy — Vi and q : Vo — Vo /Ws be the inclusion and quotient
maps. Then the index of qTi : Wy, — Vo /Ws is defined and equals

indT + dim Wy — codim Wj.
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Proof of Theorem 1.3.1. By hypothesis W; = Ker S has finite codimension. With
the notation of Corollary 1.3.3 we have ind (7') = ind 7'+ ind ¢, if ¢ is the inclusion
W1 — V4. Since Si = 0, it follows that

ind ((T"+ 5)i) = ind (T%) = ind T + ind 4,

which shows that either Ker (T" + S) or Coker (T' + S) has finite dimension, for by
(1.2.9) we have dim Ker (T+5) < dim Ker ((T+.5)i)+codim W7, and dim Coker (7T+
S) < dim Coker ((T"+ S)i). Thus ind (T'+ S) is defined, and another application of
Theorem 1.3.2 shows that

ind ((T+ S)i) =ind (T + S) + ind ¢,

hence that ind (7'+ S) = ind 7.

When T is a linear map V — V and dim V' < co we know that ind T = 0. This
is not always true in the infinite dimensional case, however, which is one of the
reasons for the interest of the index.

Ezample 1.3.4. Let V. = K12} that is, the set of all sequences = = (r1,22,...)
with elements in K, the vector operations being defined coordinatewise. Let n be
a fixed integer and set

Tx = (xn+17$n—|—27 . )

where coordinates with index < 0 should be read as 0. Then we have
dimKerT' = max (n, 0), dim Coker T' = max (—n, 0),

and it follows that ind T = n.

1.4. Hyperplanes and linear forms. A linear subspace W of a vector space V'
is called a hyperplane if codim W = 1. Equivalently, this means that W is a proper
subspace of V' contained in no strictly larger proper subspace. A hyperplane can
always be defined by one linear equation. For if V/W has dimension 1, there is a
bijection V/W — K. By composition we get a linear form

L:V->V/W-=K
such that W is the inverse image of 0 in K. Thus we have
(1.4.1) L(x+y)=L(x)+ L(y), =z,yeV; L(az) =al(z), a€ K,xeV;

and L(z) = 0 if and only if z € W. Conversely, assume that we have a linear form
L, that is, a map V — K satisfying (1.4.1), and that L does not vanish identically.
Then W = {x; L(x) = 0} is a hyperplane, for the map V/W — K induced by L is
a bijection.

Now consider a linear subspace W of finite codimension n. Composing the
quotient map V' — V/W with a bijection V/W — K™ we then get a linear map
L :V — K" such that L is surjective and Lz = 0 is equivalent to x € W. Writing
L = (Ly,...,Ly), where L; are linear forms, we conclude that W can be defined
by n linear equations, that is, W is the intersection of n hyperplanes. On the other
hand, the intersection of k hyperplanes has codimension < k in view of (1.2.8).
Thus we have
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Theorem 1.4.1. A linear subspace W of V' of codimension n can always be ob-
tained as the intersection of n but not fewer than n hyperplanes.

We shall now discuss an analogue of Theorem 1.4.1 for spaces of arbitrary codi-
mension.

Theorem 1.4.2. Fvery linear subspace of V' is the intersection of hyperplanes.
An equivalent statement is the following:

Theorem 1.4.2'. If V; is a subspace of V and x an element in V \ Vi, then one
can find a hyperplane Vo in V' such that Vi C Va but = ¢ V5.

Proof. a) We prove first that if codim V; > 1 then one can choose V5 containing V;
strictly but not containing x. To do so we note that V/V; has dimension > 1 and
that the residue class & of = there is not 0. We can therefore find another element,
say the residue class y of some y € V', which is linearly independent of . Now set

Vo={z+ty;z€ V3, t € K}.

This is a linear subspace of V' which contains V; strictly since y € V5 \ V4. On the
other hand, x ¢ V5 for the image of V5 in V/V; is generated by ¢ so it does not
contain .

b) Now consider the set F of all linear subspaces V5 of V' containing V; but not
2. The union of a completely ordered subset of F is obviously an element of F.
According to Zorn’s lemma it follows that there exists at least one maximal element
Vo € F. Since = ¢ V5 we have codim Vo > 1, and by a) we know that V5 would not
be maximal if codim V5, > 1. Hence codim V5 = 1, which proves the theorem.

With Vi = {0} we conclude in particular that hyperplanes exist and that for
every x € V' \ 0 there is some linear form L on V with L(z) # 0. Another useful
consequence is given by

Corollary 1.4.3. If Wy C V s a linear subspace of finite dimension, then there
exists a linear subspace Wo C V' with codim Wy = dim Wy such that Wi NWy = {0}.
Thus V is the direct sum W1 @& Whs.

Proof. The assertion is obvious if Wi = {0}. If 0 # = € W; we can find a hyperplane
H1 with z ¢ Hl, thus dlIIl(Wl N H1> = lelW1 -1 by (129) since H1 + W1 =V.
Repeating the argument we obtain hyperplanes Hy, k = 1,...,d, d = dim W7y, such
that

dim (Wi NnHyN---NHg)=d—k, k=1,...,d.

Thus W1 N Wy = {0} if Wo = HyN---N Hy, and d < codim W5 < d by (1.2.9) and
(1.2.8).

Remark. Using Zorn’s lemma it is also easy to prove directly that Corollary 1.4.3
holds for an arbitrary linear subspace W;. We leave this as an exercise for the
reader.

As an application we prove a supplement to Theorem 1.3.1.



12

Theorem 1.4.4. Let T : Vi — V5 be a linear map of index 0. Then one can find
a linear map S : Vi — Vu of finite rank such that T 4+ S is a bijection.

Proof. Using Theorem 1.4.3 we choose a linear subspace W; of V; such that Wi N
KerT = {0} and codim W7 = dim Ker T". The range of T is then equal to the range
of the restriction of T' to W7, which is injective. Now choose a linear subspace
Wy C V5 such that Wo NIm7T = {0} and dim Wy = dim Coker 7. We just have
to take W5 spanned by vectors whose images in Coker T form a basis there. By
hypothesis

dim Ker T = dim Coker T' = dim W5;

hence we can define S so that S vanishes on Wj and the restriction to KerT is a
bijection with range W5. Then the image of T'+ S contains ImT" and W5 so it is
equal to V5. The construction also shows that 7'+ S is injective. This proves the
theorem.

The origin in V' belongs to every linear subspace. Sometimes it is convenient to
remove this special role of the origin by introducing the following concept:

Definition 1.4.5. A subset W of the vector space V is called an affine subspace
(hyperplane) if W can be transformed to a linear subspace (hyperplane) by a trans-
lation.

The definition means that {x — y;x € W} is a linear subspace (hyperplane) for
every fixed y € W, and that this set is independent of y. Conversely, if {z —y;z €
W} is a linear subspace (hyperplane) for some fixed y , then W is an affine subspace
(hyperplane) through y. With this terminology Theorem 1.4.2" extends immediately
to affine spaces.

Every linear form L on K™ is obviously of the form

n
K" > (al,...,an) l—)ZCjCLj
1

for some ¢; € K. However, in an infinite dimensional space there may be so many
linear forms that they are hard to describe. This is one reason for the study of vector
spaces with topology where one only has to consider continuous linear forms. As a
preparation for that we shall now give an extension of Theorem 1.4.2" with K = R
and the point x replaced by a larger set.

Definition 1.4.6. A subset A of the vector space V over R is called convez if for
arbitrary z,y € V the set {t;t € R,z + ty € A} is an interval (open, closed or half
open; finite or infinite). We say that A is convex and linearly open if the interval is
always open.

Theorem 1.4.7. (Geometric form of the Hahn-Banach theorem.) Let A be a con-
vex, linearly open set in the vector space V' over R, and let V be a linear subspace

which does not intersect A. Then there exists a hyperplane Vo such that Vi C Vs
and VoNA = 0.

Proof. This is analogous to the proof of Theorem 1.4.2" although the 2-dimensional
case is not equally trivial now. We discuss it first.

a) dimV = 2. Then V; = {0} or else there is nothing to prove. From the
convexity of A it follows that if a half ray {tx;t > 0} through 0 intersects A, then
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the opposite half ray {tx;t < 0} does not. Identifying half rays with points on the
unit circle by means of a basis in V', we denote by O, and O_ the set of half rays
intersecting A and their opposites. These are open sets since A is linearly open,
and we have just seen that they are disjoint. Since the unit circle is connected, it
follows that it cannot be the union of O and O_, so we can find a half ray which
is neither in O4 nor in O_. The corresponding line has no point in common with
A then.

b) Assuming that codim V3 > 1 we now prove that there exists a strictly larger
subspace V5 which does not intersect A. Thus form V’ = V/V; and let A’ be the
image of A in V/. Then A’ is convex and linearly open. Forif{; € A’ for j = 1,2, we
can find x; € A with residue class §; for j = 1,2. Thus we have tx1 + (1 —t)z € A
for all ¢ in an open interval I containing [0, 1], hence t&; + (1 — )&, € A, t € I,
which proves the assertion. In view of a) we can find a straight line W’ in V' which
does not intersect A’. In fact, we can choose W’ in any two dimensional subspace
of V' (which by assumption has dimension > 1). But then the inverse image of W’
in V' by the quotient map V' — V' has the required properties.

¢) We can now apply Zorn’s lemma precisely as in part b) of the proof of Theorem
1.4.2’. The repetition is left as an exercise for the reader.
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CHAPTER II
TOPOLOGICAL VECTOR SPACES

2.1. Topological and metric spaces. Let us first recall that a set F is called a
topological space if there is given a family O of subsets, which are said to be open,
such that

a) E €0,

b) the union of the sets in any subfamily of O is always a set in O,

c) the intersection of finitely many sets in O is also in O.

The space E is called a Hausdorff space if in addition

d) for two arbitrary different points x,y € E one can always find two disjoint
sets in O containing x and y respectively.

The complements in E of the open sets are said to be closed. According to b)
and c) arbitrary intersections and finite unions of closed sets are closed. For every
set M C E the intersection M of all closed sets containing M is therefore closed,
hence the smallest closed set containing M.

A subset N of E is called a neighborhood of z € E (and z is said to be an
interior point of N) if x € O C N for some O € O. The neighborhoods of x have
the following properties:

i) E is a neighborhood of x, and x belongs to every neighborhood of x,
ii) the intersection of a finite number of neighborhoods of x is a neighborhood
of x,
iii) if N is a neighborhood of  and N’ D N, then N’ is a neighborhood of x,
iv) if N is a neighborhood of x then there is another neighborhood N’ of x such
that N is a neighborhood of every y € N'.

From the neighborhoods one can reconstruct the open sets: If O is a subset of F
then O € O if (and only if) O is a neighborhood of all of its points. In fact, for
every x € O we can then find O, € O with x € O, C O. Hence U,c0O, = O is in
O by condition b).

Suppose now instead that for every x € E we are given a family V,. of subsets of
E, called neighborhoods of z, so that i) and ii) are fulfilled. We can then define a
topology 7 in E by declaring that a set O C F is open if for every x € O we have
N C O for some N € V,. Then a) follows from i), b) is trivial, and c) follows from
ii) or even the weaker version

i)’ the intersection of a finite number of neighborhoods of z contains a neigh-
borhood of .

If V' is a neighborhood of z in the topology T thus defined, then we can find an
open set O with z € O C N, hence some N' € V, withz € N' C O C N, so N
contains one of our original “neighborhoods”. Now suppose that also

iv)" If N € V, then there is a set N’ 5 z such that N contains a neighborhood
of y for every y € N'.
Let V, be the family of subsets of E containing some set in V,. Then (i) and (iii)
are fulfilled, (ii)’, (iv)" reduce to (ii) and (iv), and the topology T is also defined
by the families Vm
Let N € V,, and denote by O the set of all y € N such that N € ﬁy By iv)
we can then find N, € ljy such that N € V, for every z € Ny, thus N, C O. This
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means that O is open in the topology 7, and since z € O C N we see that IV is also
a neighborhood of x in the topology 7. The neighborhoods of x in the topology
T are therefore precisely the sets containing some set belonging to V,. If iii) is
fulfilled the neighborhoods are precisely those we were given from the beginning.

To define a topology we can therefore either give a family of open sets satisfying
a), b), ¢) or give the families V, of neighborhoods satisfying at least i), ii)’, iv)’.
If condition iii) is not required one calls the sets V, a neighborhood basis or a
fundamental system of neighborhoods. The neighborhoods of z in the topology
defined are precisely the sets V, which contain some set belonging to V,.

Any subset F of E is itself a topological space with the restriction of the topology
in £: The open sets in E; are by definition the sets O N E; with O € O.

A map f: Fh — FE5 between topological spaces is called continuous if for every
open set O C FE5 the inverse image

F710)

is an open set. Equivalently this means that for every neighborhood N of f(x) one
can find a neighborhood N of z with f(N7) C No.

A sequence x; € E is said to converge to x € E if for any neighborhood N of z
all but a finite number of the points z; belong to N. If the Hausdorff separation
axiom d) above is satisfied, then this cannot happen for more than one value of z.
A closed set F' C E contains all limits of sequences contained in F', for E'\ F' is a
neighborhood of all of its points and contains no element of such a sequence.

A topology can sometimes be defined by means of a metric, that is, a function
d on E x F with values in the non-negative reals such that
a) d(z,z) < d(z,y) + d(y, z), (the triangle inequality),

b) d(z,y) = d(y,z),
c) d(z,y) =0 < z =y,
for all x,y, z € E. The metric gives rise to a system of neighborhoods of x,

(2 € By; f(z) € O}

N, ={y € E;d(x,y) < e}, 0<e<oo, z€FE,

satisfying i), ii), iv)’ above, so the metric defines a topology. It follows from a)
that d(z,y) is a continuous function of = (or y) in this topology. It is clear that
the topology satisfies the Hausdorff separation condition d) above. (Note that all
topologies cannot be defined by a metric, and that different metrics may define the
same topology.)

A metric space is called complete if for every Cauchy sequence, that is, every
sequence z,, € F with d(z,,z,,) — 0 as n, m — oo, there is an element x € E such
that z,, — z, that is, d(x,,z) — 0. The real numbers R and the complex numbers
C with the usual distance d(z,y) = |x — y| for z,y € C are examples of complete
metric spaces.

Some of the most important theorems in functional analysis follow from a fun-
damental classical theorem of Baire concerning complete metric spaces:

Theorem 2.1.1. (Baire) Let E be a complete metric space, and let F,, n =
1,2,..., be closed subsets containing no interior points. Then the union U°F,
has no interior point either.

Proof. For any z € E and € > 0 we want to show that
Nee ={y € Eyd(z,y) < €}
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is not contained in UF},. To do so we want to choose sequences z; € F and £; > 0
so that

Nge DNyyey DNpyey Doy F;N Ny, ., =0 forevery j.

When j < k this implies that x € Ny, .., hence d(z;,71) < €, so xy, is a Cauchy
sequence if £; — 0. The limit y belongs to N, .. for every j since N, .. is closed.
Hence y ¢ UF; so the theorem will follow if we show that the sequences z;, €, can
be constructed. Suppose that z1,e1,...,2;-1,€;-1 have already been chosen. By
hypothesis the ball Nz, 1 ,e;_1/2 contains some point z; which is not in F}. Since
Fj is closed we can choose €; so that F; "Ny, ., = 0. If &5 < £;_1/2, we have
N, e; C Ngj_ye;, by the triangle inequality, and &; < 21=Je; — 0. This proves
the theorem.

Ezample. We give an example with ¥ = R. Let f be a function from R to R which
is differentiable at every point. The example f(x) = z?sin(x~2), z # 0; f(0) = 0;
shows that lim,_,, | f’(y)| need not be finite for every x. However, we shall prove
that
E = {z € R; lim | f'(y)| < oo}
y—>I

is an open dense set (that is, the complement is closed and has no interior point).
That F is open is obvious. Let I be a closed interval in R, not reduced to a point,
and set

Fo={zel;|f(z) - f(y)| <nlz—yl,y € I} C {z € I;|f(z)| < n}.

Since f is continuous it is clear that F, is closed, and UF;,, = I since f’(x) exists for
every x. Hence Fj, has an interior point for some n, so I N E is not empty, which
means that E is dense in R.

Definition 2.1.2. A subset A of a complete metric space is said to be of the first
category if there exist countably many closed sets Fi, F5, ... in E without interior
points such that A C UT°F}. All other sets are said to be of the second category.

The definition implies that any countable union of sets of the first category is of
the first category, and so is any subset of a set of the first category. By Theorem
2.1.1 a set of the first category has no interior point, so the complement is dense.
One is therefore justified in thinking of sets of the first category as quite small
although they may of course be dense (such as the set of rational numbers C R).

We shall finally recall the main facts concerning compact spaces. A topological
space F is called compact if it is a Hausdorff space and the Borel-Lebesgue lemma
is valid, that is, if for every family of open subsets O,,a € A, with U4O, = F it
is possible to find a finite subfamily O,,,..., Oy, with union equal to E. Here A
may be any set of indices. An equivalent property is that for closed subsets F, of
E with NaF, = () a finite number of the sets already have an empty intersection.
This follows by considering the complements. Negation gives a third equivalent and
useful statement:

If F,, are closed subsets of the compact set F and if any finite number of the sets
F,, have a non-empty intersection, then all have a non-empty intersection.

It is obvious that a closed subset of a compact space is compact. The converse is
contained in the following:
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Theorem 2.1.3. (i) Every compact subset of a Hausdorff space is closed. (ii) If
f: E — F is continuous, E is compact and F is Hausdorff, then f(E) is compact.
(i5i) If in addition f is injective, then f is a homeomorphism E — f(F), that
is, the inverse is also continuous. (i) If E is compact, then every x € E has a
fundamental system of compact neighborhoods.

Proof. (i) Let K be a compact subset of the Hausdorff space E and let z € E'\ K.
For every y € K we can choose disjoint open sets O'y S x and Og S y. Since K is
compact, we can find yi, ...,y so that K C Oy U---UO,;, . Then O, N---NO,,
is an open set containing x which does not intersect K. Hence E \ K is an open
set. (ii) If O, are open subsets of F with f(E) C UO,, then E C Uf~10,, so
E C Uy f710,, for suitable a,...,a. This implies that f(E) C UO,, so f(E) is
compact since it is clearly Hausdorff. (iii) From (ii) it follows that f maps closed
subsets of E to closed subsets of f(FE), hence open subsets to open subsets, which
means that f~! is continuous. (iv) If O is an open neighborhood of x then the
proof of (i) applied to K = E \ O shows that there are disjoint open sets O' > x
and O” D K; then O' C N = E\ O” C O, and since N is closed, hence compact,
the statement is proved.

Let A be an arbitrary set and let E, be a compact set for every a € A. The
infinite product
E=1]] Ea

acA

is defined as the set of all systems {x, }nca with z, € E,. Let p, be the projection
E — E, on the ath component. A topology in E is defined by taking as a basis
for open sets the finite intersections of sets of the form p_ 10, where O, is open in
FE,; note that this makes the projections p, continuous.

Theorem 2.1.4. (Tychonov) The infinite product E = []
each E, is compact.

aca Eo is compact if

Proof. Let F be a family of closed subsets of E such that finitely many members
of F never have an empty intersection. Using Zorn’s lemma we can extend F to
a maximal family 7’ having the same property. In particular, finite intersections
of sets in F’ are themselves in F’. Since E, is compact we can find z, € E, so
that £, € poF for every F' € F’, where the bar denotes closure. If U, is a compact
neighborhood of x, then it follows that p U, € F' since F’ is maximal. Hence
Zo 18 uniquely determined. Choosing all U, except finitely many equal to E,, we
obtain

[Tv.=Npa'tUa e P, hence ([JU)NF#0 it FeF.

Thus an arbitrary neighborhood of z = {x,}aca intersects F, for every F € F,
and since F' is closed this implies that = € F'. The proof is complete.

2.2. Vector space topologies. A vector space V which is also a topological
space is called a topological vector space if the vector operations

(2.2.1) VxVs(@y—zxt+tyeV;, KxV>3(az)—arecV
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are continuous. Here and in what follows K denotes the field R of real numbers
or the field C of complex numbers with the usual metric topologies. In particular,
(2.2.1) implies that for fixed y and fixed a € K, a # 0, the maps

x+— x+y (translation) and z — ax (dilation)

are homeomorphisms. Thus the open sets are invariant under translations, so the
topology is completely determined by the neighborhoods of 0. Since

T+ x0+yY+yo=2x+y+xo+ Yo, (a+ ao)(z + x0) = ax + axg + apx + apxo,

the continuity of the operations (2.2.1) reduces to the following conditions on the
neighborhoods of 0:

(x,y) — x+y is continuous at (0,0);

(a,) — ax is continuous at (0,0);
(2.2.1) . )
a — axg is continuous at 0 for every xo;
T — apx is continuous at 0 for every ayg.

Explicitly the first three conditions mean that for every neighborhood N of 0 in V/
there shall exist a neighborhood N7 of 0 and € > 0 such that

Ny + N ={x+y; 2,y e N1} CN; ax € N if |a] <eand z € Ny;

(222) for every z € V e, > 0 such that ax € N if |a| < &,.
The last condition in (2.2.1)" is a consequence of (2.2.2), for the second part of
(2.2.2) gives apr € N if 282 € N; for some integer k > 0 with 27%|ag| < ¢, and
repeated use of the first part of (2.2.2) shows that there is a neighborhood N» of 0
such that 2¥ Ny, C Ny, thus agz € N if € No.

To use the second part of (2.2.2) we form

N, = U aN; C N.

lal]<e

This is also a neighborhood of 0, and we have alNy C Ny if |a| < 1.

Definition 2.2.1. A set M in a vector space V over K is called balanced if ax € M
for all x € M and a € K with |a| < 1. It is called absorbing if for every x € V we
have ax € M when |a| is sufficiently small.

Every neighborhood of 0 is absorbing, and we have found that there is a fun-
damental system of balanced neighborhoods of 0. Conversely, for any system of
balanced absorbing sets satisfying the first condition in (2.2.2) the finite intersec-
tions can be taken as a fundamental system of neighborhoods of 0 for a vector space
topology in V.

So far we have not required the Hausdorff separation axiom to be valid. This
axiom is equivalent to

(2.2.3) the intersection of all neighborhoods of 0 is equal to {0}.
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In fact, (2.2.3) is obviously a consequence of the Hausdorff axiom. On the other
hand, if (2.2.3) is valid we can for every = # 0 find a balanced neighborhood N of
0 such that x ¢ N + N. The neighborhoods N and {z} + N of 0 and z are then
disjoint, for if x +y = z; y,2 € N; then x = z + (—y) € N + N.

It follows from (2.2.2) that in any topological vector space V' the intersection
Vo of all neighborhoods of 0 is a linear subspace. If O is an open set in V and if
x € 0,y eV, it follows that x 4+ y € O. The open sets in V are therefore unions
of residue classes modulo V. We obtain a vector space topology in V/V} if we take
as open sets there the maps of the open sets in V' into V/Vjy; conversely, the open
sets in V' are the inverse images of the open sets in V/Vj. The definition of V and
(2.2.3) imply that V/V, satisfies the Hausdorff axiom.

If W is any linear subspace of a topological vector space V', we can also topologize
V/W by taking as open sets the images of the open sets in V. It is clear that V/W
is a Hausdorff space if and only if 0 is closed there, that is, W is a closed linear
subspace of V.

Theorem 2.2.2. If V is a finite dimensional Hausdorff topological vector space
and if T : K™ — V is a linear bijection, then T is a homeomorphism if K™ s given
the product topology.

Thus there is only one Hausdorff vector space topology possible in the finite
dimensional case.

Proof. Since for some x1,...,x, € V

n

TazZajacj, a=(ay,...,a,) € K",
1

it follows from (2.2.1) that T is continuous. To prove that T~! is continuous we
have to show that 7" maps open sets to open sets. This follows if we prove that 1T'1
is a neighborhood of 0 when

I={aec K"a;|<1,j=1,...,n}.
If OI is the boundary of I then
I ={a€ K" wa ¢ 0l when w € K and |w| < 1}.
Thus
T(I)={x € Viwzx ¢ T(0I) when w € K and |w| < 1}.

Since T'(0I) is a compact set which does not contain 0 (Theorem 2.1.3), it follows,
again by Theorem 2.1.3, that there is a neighborhood N of 0 with N NT'(9I) = 0.
If we take N balanced it follows that N C T'(1).

Corollary 2.2.3. Let W be a linear subspace of finite codimension in a topological
vector space V. Then all linear forms vanishing in W are continuous if and only if
W is closed.

Proof. 1t follows from Theorem 1.4.2 that W is the intersection of the zero sets of
linear forms vanishing on W, so W is closed if these are all continuous. On the
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other hand, if W is closed then V/W is a finite dimensional Hausdorff space. A
linear form f on V vanishing on W is a composition

v ov/w - K

where f is continuous by Theorem 2.2.2. Hence f is also continuous.

Let N be an open and balanced neighborhood of 0 in the topological vector space
V. Then there is a unique function p : V' — R4 (the non-negative reals) such that

(2.2.4) plax) = |alp(z), a€ K,z eV, N ={zeV;p(z) <1}.

Moreover, the function p is continuous at 0. In fact, if V is defined by p in this way
and if ¢ > 0, then

p(x) =tp(x/t) > tif z/t ¢ N; p(x) <tif x/t € N,
hence
(2.2.5) p(z) = inf{t;z/t € N}.

Conversely, the function defined by (2.2.5) obviously satisfies (2.2.4) if NV is balanced
and absorbing. If p(x) < 1 we have z/t € N for some t < 1, hence z € N, and if
p(z) > 1 then z/t ¢ N if t < 1. Since N is open we may conclude that = ¢ N.
Finally p(x) < ¢ if x € eN, so p is continuous at 0.

If N7 is another neighborhood of 0 of the same kind, and if Ny + N; C N as in
(2.2.2), we have p(z +y) < 1 if p1(z) < 1 and p;(y) < 1, where p; is defined by
(2.2.5) with N replaced by N;. In view of the homogeneity it follows that

p(z +y) < max (p1(x),p1(y))-

Conversely, if we give a family P of functions from V to R satisfying (2.2.4) such
that for every p € P

p(z +y) < Cmax(pi(z),p1(y)), x,y€V,
for some p; € P and some constant C, then the finite intersections of the sets
Np,s = {z;p($> < 5}7 € > 07 pE 7)7

are a basis of neighborhoods of 0 for a vector space topology in V. The verification
is left for the reader.

Ezample. Let V' be the space of K valued continuous functions on [0,1] C R, and

set for some r > 0 y
i1 = ([ 1rras)

Then || f||, satisfies (2.2.4) and

1 +glle < 20" max(|| £, lgll,).
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Thus the sets {f;||f||- < e} form a basis for neighborhoods of 0 in a vector space
topology.

The general spaces discussed so far are of little use in analysis so we shall nar-
row down our discussion to more and more special classes of spaces which occur
frequently and have useful properties. The first condition we impose is the exis-
tence of a fundamental system of convex neighborhoods. This is required for the
application of the Hahn-Banach theorem proved in Section 1.4.

Definition 2.2.4. A topological vector space is called locally convex if there is a
fundamental system of neighborhoods of 0 which are open, convex, balanced and
absorbing.

Let N be such a neighborhood and define again a function p by means of (2.2.5).
Then we have

(2.2.6) p(ar)=lalp(z), a€ K,xeV;  plz+y) <p)+ply), zyeV.

For if s, > 0 and z/s € N,y/t € N, then the convexity of N gives

(@ +y)/(s+1) = (s/(s +1))(x/s) + (¢/(s +1))(y/t) € N,

thus p(z + y) < s+ t, which implies the second part of (2.2.6). The first part is
just (2.2.4). It follows from (2.2.6) that p is continuous, for

Ip(z +y) —p(y)| < p(x)

and p is continuous at 0. Conversely, (2.2.6) implies that {z;p(z) < 1} is convex,
balanced and absorbing.

Definition 2.2.5. It V is a vector space over K = R or C, then a function p: V —
R satisfying (2.2.6) is called a semi-norm.

In a locally convex topological vector space V the sets
N, ={z € V;p(x) < 1},

where p is a continuous semi-norm, will thus form a fundamental system of neigh-
borhoods of 0. Conversely, assume that in the vector space V over K we are given
a family of semi-norms p;, ¢« € I. Finite intersections of sets of the form

Ny, e ={x€V;pi(zr) <e}, i€le>0,

are then a fundamental system of neighborhoods of 0 in a locally convex topology
in V. A semi-norm p in V is continuous if and only if

J
(2.2.7) p(z) < Csz'j (x), zeV,

for some constant C' and a finite subset i1, ...,7; of I. The sufficiency of (2.2.7) is
obvious. To prove the necessity we note that if p is continuous then one can find i;
and ¢ such that

pi;(r)<e, j=1,....,J = p(z) <Ll
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Replacing = by tz, t > 0, we find that tp(x) < 1if tp;, () <e,j=1,...,J, hence

p(z) < maxp;, (z)/e <e ' Zpij (x)

Another system of semi-norms {¢x } ke x may of course define the same topology;
it defines a weaker topology if and only if for any & an estimate (2.2.7) is valid with
p = qr. The topologies are the same if this remains true when the roles of the p’s
and the ¢’s are reversed.

Ezxample. The continuous functions on R form a locally convex vector space V with
the topology defined by the semi-norms

pn(f): sup ’f('r)‘a n=12,....

|z|<n

(This is designed so that f; — f means that f; — f uniformly on any bounded
interval.) The topology cannot be defined by means of a single semi-norm p(f).
For then there would exist a constant C,, such that

pu(f) < Cup(f), feV.

In particular, |f(n)| < Cpp(f). Since we can choose a continuous function f with
f(n) = nC, for every n, this is a contradiction when n is large.

Remark. In the example preceding Definition 2.2.4 there is no continuous semi-
norm p except 0 if r < 1. In fact, if p(f) < C| f||» and we write f = f1 +--- + fn

it follows that
N

<Y p(fy) < CZ 17l

1
If we allowed f; to have a jump, we could subdivide the interval [0,1] into N
intervals and take each f; equal to f in one of the intervals and 0 in the others, so

that fol |f;|" dx is equal to fol |f|" dz/N; smoothing out the discontinuities we can
certainly achieve that

1
/|fj|’“d:rr§2||f||,’i/N, J=1,...N.
0

Hence p(f) < CN(2/N)Y/" — 0 as N — oo, if r < 1, which proves the assertion.
On the other hand, ||f]|, is a semi-norm if » > 1 (Minkowski’s inequality). In
fact, let || f||» <1, |lgll» <1, and let a,b >0, a+ b= 1. Then

laf +bgl" < (alf[+blg])" < alf]" + blg|"

since the function ¢ — ¢" is convex when ¢ > 0. Hence ||af+bg|, < 1,s0 {f;||f|l- <
1} is convex which means that f +— || f||,- is a semi-norm.

We shall next discuss the conditions required when we want to apply Baire’s
theorem. Let V be a locally convex topological vector space over K such that
the topology can be defined by means of a metric. Then the topology has to be
Hausdorff, and there must exist a countable fundamental system of neighborhoods
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of 0. Thus there must exist at most countably many semi-norms p1, ps, ... which
define the topology of V. That the topology is Hausdorff means that p;(z) = 0 for

every j implies that = 0. Conversely, suppose that V' has a topology defined by
countably many semi-norms with no common zero # 0. Then the function

(2.2.8) d(z) =Y 27"pu(2)/(1 4+ pulx), =€V,

has the properties

dx +y) <d(z)+d(y); =yeV;
(2.2.9) d(az) < d(z); la| < 1,2 € V;
d(z) > 0; O£z eV

In particular, d(z,y) = d(z — y) is a metric. To prove (2.2.9) we need only verify
that the function f(t) =t/(1+1t), t € R4 has the properties

FO < flt+s) < fO)+F(s)  ifs,t e Ry

The first inequality is clear since f(t) = 1 — (1+¢)~!. To prove the second we note
that f(t)/t =1/(1+t) is decreasing. Hence

f(s)/s= f(s+1)/(s+1), [f(O)/t=[f(s+1)/(s+1),

which gives f(s) + f(t) > f(s+t)(s+1)/(s+1t) = f(s+1).
The topology defined by the metric d(z — y) is identical to the topology defined
by the semi-norms pi,po,.... In fact, we have on one hand

dz) <27 = pu(z) <e/(1—¢) ifn<N,
and on the other hand
pu(z) <eg/2forn < N = d(z)<e, if27V <e/2.

We sum up our conclusions as a theorem:

Theorem 2.2.6. A locally convex topological vector space is metrizable if and only
if the topology is Hausdorff and can be defined by a countable number of semi-
norms. The metric can then be chosen translation invariant, that is, of the form
d(z,y) = d(z — y), where d satisfies (2.2.9). For given seminorms pi,pa,... the
metric may be defined by (2.2.8).

Most of the spaces encountered in analysis have all the properties discussed so
far:

Definition 2.2.7. A locally convex metrizable and complete topological vector space
is called a Fréchet space.

Note that a sequence z; € V is a Cauchy sequence if and only if for every n

pn(x; — 1) = 0 as j,k — oo.
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When using the completeness one can therefore avoid working with the metric; the
important point is just to know that it exists.

If the topology can be defined by finitely many semi-norms, it can of course also
be defined by a single semi-norm, for instance their sum, but an example above
shows that a topology defined by countably many semi-norms may not be possible
to define by a single semi-norm.

Definition 2.2.8. If the topology in a vector space V can be defined by a single
semi-norm p we shall say that V is a semi-normed space. If V is in addition a
Hausdorff space, that is, if

(2.2.10) p(z) =0 = =0

then p is called a norm and V' a normed space. Usually we write ||z|| instead of
p(x) then. A complete normed space is called a Banach space.

If ¢ is another semi-norm defining the same topology as p then there is a constant
C such that

C™'p < q < COp;

conversely, this implies that ¢ defines the same topology as p. Such (semi-)norms
are called equivalent.

If V is a semi-normed space and Vo = {z € V;p(x) = 0}, then 1} is a linear
subspace and V/V} is a normed space with [|£|| = p(z) if x is in the residue class
¢ € V/Vy. A familiar example of this is when V' is the set of all measurable functions
on R with [|f|dz < oo. Then V; consists of the functions which vanish almost
everywhere, and V/V; is the space of equivalence classes of integrable functions
which are equal almost everywhere. This is the space which is usually denoted by
LY(R); it will be discussed further below.

If V' is a semi-normed vector space and W C V is a linear subspace, then V/W
is semi-normed with

5 = infp(e). €€ VI

p may not be a norm even if p is a norm; clearly p is a norm if and only if W is
closed in V.

A linear transformation T : V7 — V5 where Vi, V5 are locally convex topological
vector spaces is continuous if and only if {x € Vi;¢(Tx) < 1} is a neighborhood
of 0 in Vj for every continuous semi-norm ¢ in Vo. Thus z — ¢(T'z) shall be a
continuous semi-norm in Vi, that is, (2.2.7) shall be valid with p(x) replaced by
q(Tx) and suitable continuous semi-norms in V; on the right. The continuous linear
transformations form a linear subspace L£(V7,V3) of the vector space L(Vi,Va) of
all linear transformations from V; to V5.

If V7 and V5 are semi-normed spaces, then a linear transformation 7" : V; — V5
is continuous if and only if for some C'

[Tzl2 < Cllzlly, =€V,

where || - ||; is the semi-norm in V. The smallest possible constant C' is called the
semi-norm of 7',
IT[| = sup{[|Tz||2; lz]l < 1}.
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It is a norm if V5 is a normed space. When both V; and V5 are normed spaces one
usually calls the elements in £(V;, V,) bounded operators (from V; to Va). We leave
as an easy exercise for the reader to verify that £(V7,V3) is a Banach space if V] is
a normed space and V5 is a Banach space.

We shall finally consider a still more special class of spaces

Definition 2.2.9. A vector space H over K is called a pre-Hilbert space over K if
there is given a function (-,-) from H x H to K with the properties

(2211) (':Cl +$2,y) = (':Cl?y)—i_(x%y)? 5171,1327961;[7
(2.2.12) (azx,y) = a(z,y); r,y € H, a €K,
(2.2.13) (z,y) = (y, 2); z,y € H,
(2.2.14) (x,z) > 0; r e H.

It follows from these conditions that
(@121 + azza,y) = a1(x1,y) + az2(x2,y),  (x,01y1 +bayz) = bi(x, y1) + ba(z, ya).
Moreover, since
0 < (ax + by, ax + by) = aa(z, r) + ab(z,y) + ba(y, z) + bb(y,y),
we have the Cauchy-Schwarz inequality
(2.2.15) (2, 9)* < (z,2)(y, y)-

This follows if we take a = w+\/(y,y), b = /(z,x) where w € K, |w| = 1, and
w is chosen so that w(z,y) < 0. (If (z,z) or (y,y) is 0 we obtain (x,y) = 0 by

choosing either b or a small.) By (2.2.15) we have |(z,y)|?> < (x,2) if (y,y) < 1,
and if (z,x) # 0 then equality is attained when y = z/+/(z, x). Hence

(2.2.16) V (z,2) = sup{|(z,y)]; (y,y) <1}.

Since x — |(x,y)| is a semi-norm, it follows that x — +/(z,z) = ||z| is a semi-
norm. A pre-Hilbert space can therefore always be considered as a semi-normed
space with this semi-norm. If

(2.2.17) (z,2) =0 = z =0,

the semi-norm is a norm.

Definition 2.2.10. A pre-Hilbert space where (2.2.17) is valid and which is complete

with respect to the topology defined by the norm ||z|| = \/(z, z) is called a Hilbert
space.

We end this section with a diagram which recalls the different levels of generality
of the spaces we have introduced, and with some examples.
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Topological vector spaces

\
Locally convex topological vector spaces
U \
Semi-normed space
! \ \
Normed spaces Pre-Hilbert spaces
U \ \
Fréchet spaces —> Banach spaces —> Hilbert spaces

Here the spaces in the last line are complete.

A linear subspace W of a topological vector space is itself a topological vector
space. W is locally convex, semi-normed, normed or pre-Hilbert if V is. If W is
closed it also inherits completeness from V', so W is in any one of the classes in the
diagram where V is. The quotient space V/W is also a topological vector space.
As already observed, it is Hausdorff if and only if W is closed in V. The reader
should verify as an exercise that completeness properties of V' are then inherited
by V/W.

We shall now give some examples.

1) If M is an arbitrary set, then the bounded functions f : M — K form a linear
subspace [*°(M) of K™ with the norm

[fllec = sup [f(z)]
rzeM

This is a Banach space. For if f; € (M), ||f; — frllcoc = 0 as j,k — oo, then

i () = fe(@)| <N f5 = frlloo =0

for every x so lim;_, fj(z) = f(z) exists. For every ¢ > 0 we have | f;(z)— fx(z)| <
e, v € M, if j,k > N(e). Letting k — oo we obtain |f;(z) — f(z)| < e, 2 € M,
when j > N(e). Hence f € °°(M) and ||f; — f|loc < € for j > N(e), which proves
that [[f; — flloc — 0.

The set ¢(M) of all f € [°°(M) such that for every 6 > 0 there are only finitely
many x € M with |f(z)| > 0 is a closed subspace and therefore also a Banach
space. — When M = {1,2,...} one usually drops M from the notation.

2) When M is a topological space then the continuous functions in [*° (M) form a
closed subspace and therefore a Banach space. In fact, a uniform limit of a sequence
of continuous functions is continuous.

3) If Q is an open subset of R™ then the set C'(2) of all continuous functions in
) is a Fréchet space with the topology defined by the semi-norms

u +— sup |u(zx)|
zeK

where K is a compact subset of €). In fact, the topology is metrizable since it is
enough to consider a sequence Ki, Ks,... of compact sets in ) such that every
compact subset of {1 is contained in the union of finitely many K;. We may for
example take all closed balls C €2 with rational center and radius. If u; is a Cauchy
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sequence it follows from 2) that u; converges uniformly to a continuous function
on every compact set in . Thus there is a function u € C(£2) such that u; — u in
C(Q), so C(Q) is complete.

4) If j is a positive integer or +oo then the space C7(£2) of all j times continuously
differentiable functions in € is a Fréchet space with the topology defined by the
semi-norms

u — sup |0%u(x)],
zeK

where K is a compact subset of Q and o = (v, . . ., ) is an n-tuple of non-negative
integers with |a| < j. We have written

o] =) o, 9% =(0/0z1)™ ... (0/0zn)"".

The metrizability follows as in 3). If u; is a Cauchy sequence it follows from 3) that
for every a with |a| < j there is a continuous function u® such that 0%u; — u®
uniformly on every compact set. But then it is well known that u® € C7 and that
0°u® = u®, |a| < j, which proves that u; — u® in C7(Q).

5) Let M be an arbitrary set and let 1 < r < oo. Then the space {"(M) of all

functions M — K with
1l = (D2 1F@)7) " < oo
xeM

is a Banach space. The proof that || f||, is a norm is essentially the same as in the
integral case discussed in a remark after Definition 2.2.5, so it is left as an exercise for
the reader. If f; € I"(M) is a Cauchy sequence then |f;(z)— fi(z)| < || f;—fell» = 0
as j,k — 00, so f(z) = lim;_, f;(x) exists for every x € M. For every ¢ > 0 we
have for j,k > N(¢) and an arbitrary finite subset F' of M

(S5~ i) <=

Letting £k — oo we conclude since [’ is arbitrary that
1

(X 1@ - @) <o i>Ne.
rzeM
so fel" (M) and | f; — f|l» = 0 as j — oo. This proves the completeness.
When p = 2 we have a Hilbert space with the scalar product

(f.9) =Y fx)g(x).
reM
6) Let du be a positive measure in an open set 2 C R"™, and let LP(du) be the

space of functions measurable with respect to du such that
1

11 = ([ 1917 au) " < o,

or more correctly the quotient by the subspace of functions with || f||. = 0, that is,
vanishing almost everywhere. Here 1 < r < co. When r = oo we introduce instead
| fllco = ess sup|f|, that is, the smallest upper bound for |f| valid almost every-
where with respect to du. For the proof of completeness we must refer to a textbook
on Lebesgue integration; the completeness is the main reason for introducing the
Lebesgue integral; it is not true for the Riemann integral. In the examples below
we shall use that L"(du) is a Banach space and follow the tradition of neglecting
the distinction between a measurable function and its equivalence class.
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2.3. The Hahn-Banach theorem. Already Theorem 1.4.7 gives a geometrical
statement of the Hahn-Banach theorem. Here we shall specialize it to locally convex
vector spaces and derive several variants which are important in the applications.

Theorem 2.3.1. Let A be a convex mon-empty open set in the topological vector
space V over K = R or C, and let F be an affine subspace with F N A= (. Then
there exists a closed affine hyperplane H which contains F and does not meet A
either.

Proof. We may assume that 0 € F. First assume that K = R. According to
Theorem 1.4.7 there exists a hyperplane H D F with H N A = (), for an open
convex set is clearly linearly open and convex. The closure H is also a linear
subspace. It contains H so the codimension must be 0 or 1. Since A is open we
have H N A = () which proves that the codimension cannot be 0. Hence H = H,
which proves the theorem if K = R.

If K = C we can also regard V as a vector space over R, so there is a closed
real hyperplane H D F with H N A = (). The intersection Hy, = H N (iH) is
then a vector space over C since it is invariant under multiplication by arbitrary
complex numbers. The quotient space V/H; is a vector space over C with real
dimension < 2, hence complex dimension < 1. It follows that H; is a closed
complex hyperplane, and the theorem is now completely proved.

Theorem 2.3.1 is obviously of little interest if there are no non-trivial convex
open sets in the space V. In the following theorem we therefore restrict attention
to locally convex spaces.

Theorem 2.3.2. Let A be a closed convex set in the locally convexr topological
vector space V', and let © ¢ A. Then there exists a continuous linear form f on V
such that

int [f(y) - f(a)| > 0.

In particular, the affine hyperplane {y; f(y) = f(x)} does not intersect A.

Proof. Choose an open balanced convex neighborhood N of 0 such that x+ N does
not intersect A. The set

N+A={y+z ye N,z A}

is then open (for it is the union of the open sets N + z when z € A), and it is
obviously convex since both N and A are convex. Furthermore, z ¢ N + A in view
of the choice of N. Hence there exists a closed hyperplane through = which does
not intersect N + A. By Corollary 2.2.3 there is a continuous linear form f on V'
such that the hyperplane is {y; f(y —z) = 0}. Thus

f@)#fy)+f(z) VyeAzeN,

and since f(N) # {0} is a balanced subset of K, the theorem follows.

The following simple but important consequence should be compared with The-
orem 1.4.2.
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Theorem 2.3.3. Let W be a linear subspace of the locally convex topological vector
space V. Then the closure W of W consists of all x € V' such that f(x) =0 for all
continuous linear forms on V wvanishing on W.

Another formulation is that a closed linear subspace is the intersection of all
closed hyperplanes containing it.

Proof. Every continuous linear form f vanishing on W must also vanish on the
closure W. On the other hand, if x ¢ W it follows from Theorem 2.3.2 since W is
closed and linear, hence convex, that one can find a continuous linear form f with
f(y) # f(x) for all y € W. Since y € W implies that ay € W for all a € K, we
obtain af(y) # f(z) for every a € K, hence f(y) = 0 # f(z) for all y € W. This
proves the theorem.

The last but equally important formulation is the following one.

Theorem 2.3.4. Let V be a vector space, W a linear subspace and f a linear form

defined in W such that
(2.3.1) @) <plx), xeW,

where p is a semi-norm in V. Then there exists a linear form fi on V which
coincides with f on W and has the same bound on V,

(2.3.2) (@) <p(z), xeV

Proof. Let Wi be the affine subspace of W which is defined by the equation f(z) =
1. (We may assume that f is not identically 0 since the statement is trivial then.)
By (2.3.1) W does not meet the convex set

A= {z;p(x) <1}
which is open for the topology defined by p. Hence there exists a hyperplane
Vi={zeV;filz)=1}

which contains W and does not meet A. Thus afi(x) = fi(az) # 1 if p(ax) =
la|p(z) < 1, which proves that |fi(x)| < p(z). Now W is the smallest linear space
containing Wi. Since f; = f in W it follows that f; = f in W, and the theorem
is proved.

Before passing to examples of applications we shall discuss the special case of
a Hilbert space where simple alternative proofs are available which also give addi-
tional information.

Theorem 2.3.5. Let H be a Hilbert space, A a closed convex subset of H, and x
a point ¢ A. Then there exists one and only one point y € A such that

(2.3.3) |z —yll < |lz— =, Vz € A.

The continuous linear form L(z) = (z,z —y), z € H, does not vanish identically,
and we have

(2.3.4) ReL(z —y) <0, z € A,
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which implies that
IL(2) = L(x)| = |L(y) = L(z)| = e = y[I* >0,  z€ A

Proof. Let d = inf{||z — y||; y € A}, and choose a sequence y,, € A so that
|z — yn|| — d. We claim that the sequence y,, converges. To prove this we note
that if z, = ¢ — y,, then

12 = 2mlI* + [z + 2l = 2(/|2all* + 120 1),

which is the classical “diagonal theorem”. We have ||(z, + 2zp,)/2|| > d since (y, +
Yym)/2 € A. Hence

2n = 2m|I* < 2(|2nll* + |2m|? — 2d%) = 0 when n,m — oco.

It follows that the limit y = lim,,_, o Y, exists, that y € A (since A is closed) and
that ||z — y|| = lim,— 00 ||z — yn|| = d. That y is unique follows from the fact that
if ¢’ is another point in A with ||z — /|| = d, we have proved that the sequence
v,y Y,y ... converges.

If z € A we have (1 —t)y +tz € A when 0 <t < 1. Hence

lz = ylI* < llo = @ =)y — t2|* = o —y — t(z = y)II?
= ||z — y|* — 2t Re(z — y, 2z — y) + ?||z — y||?, 0<t<l.

If we divide by t and let ¢t — 40, it follows that Re (x — y,z — y) < 0, that is,
Re L(z —y) < 0. Since

L(z) = L(z) = L(z — y) + L(y — ) = L(z — y) — |ly — =],
the last assertion follows immediately.
Corollary 2.3.6. Let H be a Hilbert space, G a closed subspace, and set
G+ ={xc H; (z,y) =0 for all y € G}.

Then G is a closed subspace and H is the direct sum of G and G+. When x € H
is written in the form x =y + z with y € G and z € G+, then

] = llyll* + |1
One calls G+ the orthogonal complement of G in H.
Proof. If x =y + z and (y,2) = 0, then
|2]? = (y + 2,y + 2) = (,9) + (2,2) = [lylI” + [|2]]*

In particular, y = z = 0 if z = 0. Since G is obviously closed, it is therefore
sufficient to show that every x € H can be written x = y + z with y € G and
z € G+. To do so we apply Theorem 2.3.5 with A = G assuming as we may that
x ¢ G. For the closest point y € G we have

Re (w —y,x —y) <0, w € G.

Since w — y is an arbitrary element in G, it follows that z = z — y € G, and since
xr =y + z, this gives the required decomposition.
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Corollary 2.3.7. FEvery continuous linear form on a Hilbert space H can in one
and only one way be written in the form

(2.3.5) z = (2,9)

where y € H. The norm of the linear form is ||y||.

Proof. (2.2.16) shows that the norm of the form (2.3.5) is |ly|| so it only remains
to show that every continuous linear form L can be written in this way. This is
obvious if L = 0. If not, then

G ={r € H;L(x) =0}

is a closed linear subspace of codimension 1. Hence G is one dimensional. Take
y € G+, y # 0. Then the linear form

r— L(x) — (z,y)L(y)/(y,y)

vanishes in G and for z = y so it is identically 0. Replacing y by yL(y)/(y,y) we
have proved the statement.

We have now given alternative proofs of Theorems 2.3.2 and 2.3.3 in the case of
a Hilbert space. There is also a simple proof of Theorem 2.3.4 when V is a Hilbert
space. In fact, if |f(z)| < C|jz||, x € W, we can first extend f by continuity to the
closure W. In view of Corollary 2.3.7 there exists then a unique element y € W
with ||y|| < C such that f(z) = (z,y), x € W. The form x + (z,y) is defined on
H and has the required properties. We remark that it is the only extension of f
which vanishes on the orthogonal complement of W. When dealing with extension
of forms depending on parameters it is often essential to use this unique extension
in order to control the dependence on the parameters.

We shall now give some examples of applications of the Hahn-Banach theorem.
This requires knowledge of the continuous linear forms on some spaces, so we first
recall some such results. Proofs may be found in textbooks on integration theory.
For the notation see the end of Section 2.2.

1) For any set M and 1 < r < oo every continuous linear form L on {"(M) can

be written in the form
L(f) =) f(z)g(x)
xeM

where g € I"' (M) and 1/r + 1/r’ = 1. The norm of the linear form is ||g||,». Every
continuous linear form L on ¢(M) can be written in the same way with g € I*(M),
and the norm of the form is ||g||;.

2) Let du be a positive measure in an open set 2 € R™. Every continuous linear
form L on L"(du), 1 <r < oo, can be written in the form

uﬁzjfummmmw

where g € L™ (dp). The norm of the form is [|g]|,.
3) Let V' be the space C(2) where 2 is an open set in R™. This is defined as
the set of continuous functions f in €2 tending to 0 at oo in the sense that to every
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e > 0 there is a compact set K C €2 such that |f(z)] < ein Q\ K. V is a Banach
space with the norm || f|| = sup |f|. A continuous linear form L on V' can be written

L) = [ £

where dp is a measure with finite total mass [ |dpu|, equal to the norm of the linear
form. An analogous statement is valid for the space C(K) of continuous functions
on any compact space, with maximum norm.

We now give some examples of approrimation theorems which can be proved
using Theorem 2.3.3 in combination with various uniqueness theorems.

Ezxzample 2.3.8. Let (1,(2,... be a sequence of different complex numbers, and let
N(t) be the number of ¢; with |(;| < ¢. If

lim N(t)/2t > 1

t—o00

it follows that the linear combinations of the exponentials = — €’ are dense in
C([—m,]), that is, the closed linear hull of these exponentials is equal to C([—, 7]).

Proof. We have to show that every continuous linear form vanishing for the expo-
nentials must vanish identically. Such a linear form can be written

Cll-mm) > £ [ fau

where dy is a measure on [—m, 7|, so what we must prove is that if

/eiij du(z) =0, j=1,2,...

then du = 0. Introduce the Fourier-Laplace transform

FQ) = [ dut@),  cec.
which is an entire analytic function of exponential type:
[F(Q < Cemltel ¢ec.

If F' is not identically 0 and Ny (t) is the number of zeros of F in the disc {(; |(| <
t}, counted with multiplicites, then a classical theorem of Titchmarsh states that
Ny (t)/2t converges when t — oo to the distance between the extreme points in the
support of du, divided by 27. Hence lim Ny(¢)/2t < 1. Now our hypothesis that
F(¢;) = 0 implies that N(t) < Nj(t). This is a contradiction which proves that
F =0, hence p = 0.

Ezample 2.3.9. (Miintz-Szész) Let (,, be a sequence of different complex numbers
with Re ¢,, > —1/2. Then the closed linear hull in L2(0, 1) of the functions z + %"
is equal to L?(0,1) if (and only if)

S Re(Gn + 2)/(1+ 1Gal?) = oc.
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Proof. If we set x = e~*, the interval (0,1) is transformed to (0, 00) and
1 00 00
[ r@pds= [ ienpeta= [ poPa
0 0 0

where F(t) = f(e7!)e /2. If n, = (, + 1 we have Ren, > 0 and the problem
is reduced to showing that the exponentials exp(—tn,) are dense in L?(0,00). By
Theorem 2.3.3 this means that we must show that a function F' € L?(0,00) must
vanish almost everywhere if

/ F(t)e "™ dt =0, n=12,....
0

Introduce the Fourier-Laplace transform

which is analytic for Im ¢ > 0 and satisfies

/ \F(& +in)2d¢ = 27r/ |F(t)|Pe 2 Ren gt < 27r/ |F(t)]? dt, Ren > 0.
0 0

— 00

If F # 0 it is well known that the zeros A1, Ao, ... satisfy the condition for conver-
gence of a Blaschke product in the upper half plane, that is,

S Im /(1 + A [2) < ox.
Now 11,172, ... are zeros of F , so if F is not identically 0 we must have

> "Ren; /(14 [n;]?) < oc.

If this sum diverges, which is the condition in the statement, we can therefore
conclude that F' = 0 and that the exponentials are dense. On the other hand, if
the sum converges, then the Blaschke product

= 1 ﬂ i0; 0. — 5 —n.
B(() 1:[C+ir_]je ) J arg(l—i—n])/(l 77])7

is analytic and |B(({)| < 1 in the upper half plane. Hence it follows by the Paley-
Wiener theorem that ¢ ~— (¢ +4)72B(() is the Fourier-Laplace transform of a
function F € L2(0,00). Since F (in;) = 0 for all j it follows that the exponentials
are not dense then.

From the preceding result it is easy to make a conclusion on density in C(]0, 1])
with the maximum norm when Re (,, > 0. For density in that space implies density
in L2, hence that

S (ReGut 2)/(1 416l = o0
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Conversely, if this condition is satisfied and lim _,__ Re(, > %, the numbers ¢, — 1

with Re(, > 1 will satisfy the same condition. For every f € C*([0,1]) and every
€ > 0 we can then find an approximation to f’ with

1
/ |f'(z) — Zajm<j71|2 dr < &2
0

where the sum is finite and Re (; > % for every term. Since

f(2) = (0) + /0 oL

we conclude that
sup | f(z) — £(0) = > a;z% /(] <.

(0,1)

When limRe¢; > 1 the condition

D Re¢/(1+¢?) = o0
is therefore necessary and sufficient for C(]0,1]) to be the closed linear hull of the
functions 1 and z + 2%, j =1,2,....

Ezxzample 2.3.10. Let K be a compact set in C with connected complement, and let
f be a function which is analytic in a neighborhood of K. Then one can for every
e > 0 find a polynomial ¢ in the complex variable z such that |f — g| < € on K.
(By a famous theorem of Mergelyan it suffices to assume that f is analytic in the
interior of K, but that requires much more delicate arguments than the classical
Runge theorem stated here.)

Proof. By Theorem 2.3.3 we have to show that if du is a measure on K with

/z"du(z):O, n=0,1,2,...,

then [ f(z)du(z) = 0. Let p € C*! be a function which is equal to 1 in a neighbor-
hood of K and vanishes outside a compact subset of another neighborhood where
f is analytic. By the Cauchy integral formula we have, d\ denoting the Lebesgue
measure in C = R?,

f(2)p(z) = ~1/m / F(0)2(C)/0T(= — ) AA(C).

Since ¢ = 1 on K this gives after a change of order of integration

/ f(2)du(z) = —1/r / F(0)00(C) /0T ANC) / (= ¢) " du(2).

The assertion would therefore be proved if we show that

M(z) = / (z— )~  du(Q)
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vanishes in the complement of K. Now M (z) is clearly analytic in the complement
of K, and at infinity the Laurent series expansion is

M) =3 [ ¢aue).

All the coefficients here are 0 by hypothesis, so M (z) = 0 for large |z| and therefore
in the entire complement of K, for it is connected by hypothesis. This proves the
Runge theorem

We now pass to examples of existence theorems which illustrate the use of The-
orem 2.3.4.

Ezxample 2.5.11. Let o > 1 and let ag,aq,... be a sequence of complex numbers
with
lan,| < Cg+lno‘”, n=0,1,...,

for some constant Cy. Then there exists a function f € C*°(R) such that f(™(0) =
a, for every n and for another constant C'y

f™ () <CMn™ n=0,1,..., z€R.
Proof. We want to represent f as a Fourier-Stieltjes transform
f@) = [ (o)
Since | ™) (z)| < [|€]™ |du(€)|, we conclude that if

(2.3.6) / e du(€)] < oo,

then |f(™(z)| < Csup\f\”e_df‘l/a. The supremum is attained when we have
n/€| = (c/a)|€|H/*)=1 that is, |€|'/* = an/c. Thus

f7 ()] < Cem™(an/c)™

which is a bound of the desired form. That f(™(0) = a,, means that

[erau©=iman  n=01,..,

so if p(§) = Y. p;&’ is a polynomial, we must have

[ du(e) =Y i am; = L),

Here the last equality is a definition. Now let V' be the Banach space of all contin-
uous functions u on R such that u(f)e‘cml/a — 0, & = 00, and set

ul| = sup [u(&)]e .
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The continuous linear forms on this space can be written

u /u(:c) du(z)

where dpu is a measure satisfying (2.3.6). The proof is therefore reduced to the
construction of a continuous linear form L’ on V which coincides with L on the
subspace of polynomials. By Theorem 2.3.4 there exists such a linear form if (and
only if) the estimate

IL(p)| < Clipl

is valid for all polynomials p.

—clg|t/ ™

Now the inequality |p(&)|e < |Ip||, valid for real &, implies by the maxi-

mum principle applied to ¢ — p(¢)e ¢ (¢/ £ in the upper and lower half planes
respectively that

—c' Re i e
Ip(¢)|e™¢ R/ <), ¢ eC.

Here ¢/ = ¢/ cos(m/2a). Hence

c 1/
p(Q] < el Ipll,  ¢ec,

which by Cauchy’s inequalities implies that

Pl < lIpll in ™" = [Iplle’™ (/).
It follows that
L) < Ipll Y G35’ (aj/e') =9 = ||pl|Co Y _(Coe™d“a™)’.
If we choose ¢ so small that the geometric series converges, we have proved the

desired estimate and so the existence of the function f.

Ezample 2.8.12. Let P(§) = P(&1,...,&,) be a polynomial with complex coeffi-
cients not all zero, and let P(D) be the differential operator obtained if every ¢;
is replaced by D; = —id/dz;. For every f € L*(R") with respect to the measure

e~1*I* dz one can then find a solution u of the equation P(D)u = f (in the sense of
distribution theory) such that u is also in L?(R") with respect to this measure.

Proof. That P(D)u = f in the sense of distribution theory means, if Q(D) =
P(—D), that

/UQ(D)U dx = /fv dx, v e CO(R™).
In other words, the unknown linear form L(v) = [ uv dz shall have the property
L(Q(D)v) = /fv dz, v e Cy°(R™).
Moreover, L shall be a continuous linear form on L? with respect to the measure

el*” dz. By the Hahn-Banach theorem (Theorem 2.3.4) the existence of such a
form L is equivalent to the estimate

|/fvdx|2 < C’/|Q(D)U|Qe|x2 dr, veCPRY).
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By the Cauchy-Schwarz inequality this follows if we prove that

2.3.7 o|2el*! dx <C | |Q(D)v 2¢lal® dx, v e CP(RM).
0

This will be done by means of an identity based on commutation relations.
First we assume that n = 1. We shall integrate by parts noting that

/(Dv)we%2 dx = /v%eg62 dx; v,w e CF°;  dw = Dw — 2izw.

If @ is the polynomial obtained by taking complex conjugates of the coefficients of
@, we conclude that

/ 1Q(D)v|2e” dz = / @Q(5)Q(D)v)ve™ dz, v e C.

Here we want to change the order of the two operators. To do so we note that
0D = Dé + 2. Since

5D¥ = (6D — DS)D*' + D(6D — D§)D*¥=2 + ... 4 D*1(6D — Dé) + D"
= 2kD*1 4+ Dk,

it follows that for every polynomial p we have dp(D) = p(D)d + 2p’ (D). More
generally, for every polynomial g we have

Zp(J) ) (8)27 /41
In fact, if this is true for ¢ and if ¢;(§) = dq(6), then
01(6)p(D) = q(6)(p(D)d + 2p' (D))
— ZP(J) Vg (8)827 /5! +Zp(1+1 21 14)(8) /5!
_ ZP(J) D)(6¢9(8) + jqU=1(8))27 /5! = ZP(J) )a\ ! (5)27 /41,

so the assertion follows in general by induction. Hence we obtain

[1QyPe ar =S 21/t [ 1@V @)0pe” da.

A similar identity is valid in the case of several variabales. Then we just introduce
the operators d;w = Djw — 2ix;w, which commute with each other and with all
Dy, for k # j; we have

5ij — Dj(;j = 2.

Writing p(® (€) = 9%p(€) and a! = a1!...a,! when a = (ay,...,a,) is a multi-

index, we have
Zp(a) )q ) (8)21% /al,
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for this follows from the one-dimensional case when p and ¢ are monomials. This
leads to the identity

/ Q(D)vel dz =3 2ol j / Q' @yPel’ de, v e CPRM),

Since @(a) is a constant # 0 for some « with |a| equal to the order of @, the
inequality (2.3.7) follows.

Ezxzample 2.3.13. Let V be a semi-normed space and T a linear transformation from
V to V with ||T|| < 1, that is, | Tz|| < ||z|| for all z € V. Assume that T has a fixed
point, that is, Txg = z( for some xg, ||zo|| # 0. Then there exists a continuous
linear form f on V with f(xo) = ||zo||, || f|| =1, and f(Tx) = f(z), z € V.

Before the proof we make an application. Let V' be the space of all bounded
sequences = = (x1,Z2,...) with x; € C, and define ||z|| = sup |z;|. Denote by T
the shift operator (T'x); = x;4+1. The sequence (1,1,...) is then a fixed point of
T, so we obtain a continuous linear form f on V with f(x) = cif x = (¢,¢c,...).
Moreover, ||f|| <1 and f(Tx) = f(z), € V. This implies that for every z € V'

(@) = [f(T"x)| < supz;],  hence [f(z)| < lim |z,].

j>n n—o00
It follows that for every ¢ € C

[f(x) — | < Tim |z, —c],

n—oo

that is, f(x) lies in every closed disc containing all limit points of the sequence z.
In particular, f(x) = lim;_,o z; if the limit exists, and

lim z, < f(x) < lim z,
ngo n— o0

if the sequence is real. One calls f(z) a generalized Banach limit of the sequence
x = (x1,22,...). We sum up its properties:

1) f(x) is defined for every bounded sequence x and is equal to lim,,_, ., x;, if
the limit exists.

2) f(x) depends linearly on z.

3) f(z) = f(y) if z and y only differ by a power of the shift operator.

Proof of the claim in Example 2.3.13. Introduce a new semi-norm in V' by

oo
llzll = inf[| Y s, T"x]
0

where the infimum is taken over all non-negative sg, s1,... with sum 1 such that
only finitely many are # 0. This is a semi-norm. For if

1D saT™al <zl +& 1> taT™yll < llylll +e,
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it follows that

1 8T tmT™) & + )l < Mzl + gl + 2¢,

since Y s, T™ and Y ¢, 7™ have norms < 1. This gives the triangle inequality, and
the homogeneity of ||| - ||| is evident. We have |||T'z — z||| = 0 for all x, for

||n*1(I+T—|— e —|—T”*1)(Tac —z)|| = [|T"z — z||/n < 2||z||/n — 0, n — .

Since Txg = z¢ we have ||zo|| = ||zo]]. By Theorem 2.3.4 it follows that there
exists a linear form f on V with f(z¢) = ||zo|| and
[f@)] <[l=ll, — zeV.

This implies that |f(z)| < ||z|| and that f(Tx) — f(z) = f(Tx — ) = 0 for all
zeV.

As an application of Corollary 2.3.6 we shall now discuss the spectral theory of
the operator on L?(0,27) consisting of multiplication by e®.

Example 2.3.14. In H = L?(0,27) let T be the operator defined by
(Th)O)=€ef(0),  feH.

Let G be a closed subspace of H with TG C GG. Then either

(1) there exists a measurable set E C (0, 27) such that G consists of all f € L?
vanishing almost everywhere in E, or

(2) there exists a function fy € G with |fp] = 1 almost everywhere such that
every f € G is of the form f = fop where ¢ € H,, that is, ¢ € H and the
Fourier coefficients

27
Cn = (27T)_1/ 0(@)e” ™ dh =0
0

vanish when n < 0. This means that ¢ is the boundary value of the analytic
function

oo
Z chz”, |z| < 1.
0

Proof. Since ||Tf]| = ||f|l, it is clear that T'G is a closed subspace of G.
1° If TG = G we have T"G = G for every integer n. Hence f € G implies

uf € G if
u(f) = Z ape™?

is an arbitrary trigonometrical polynomial. Since these are dense in the space of
continuous periodic functions, we have uf € G for all continuous periodic u if
f e G. If h € G, then the fact that

27
/ ufhdf =0,
0
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for every continuous periodic function u, implies that fh = 0 almost everywhere.
Let Ef be the set where f = 0. Since h vanishes almost everywhere in the com-
plement of E;, it follows that every F' € H which is 0 almost everywhere in Ey
must be orthogonal to G+ and so belong to G. More generally, let fi, fa,... be a
dense set in G. Then h = 0 almost everywhere in the complement of £ = NEy,, so
we conclude that G contains the set Hg of all f € H vanishing almost everywhere
in E. Hg is a closed set, and since f; € Hg for every j, we have G C Hg. This
proves that G = Hg.

2° Assume that TG # G. Then we can choose some fy € G with || fo|| = V27
and fo L T'G. This implies that fj is orthogonal to T™ fy if n > 0, thus

27
(27r)_1/ o2 dh =0, n >0,
0

By complex conjugation it follows that the Fourier coefficient also vanishes for
n < 0, and for n = 0 it is equal to 1. Hence |fy(f)] = 1 almost everywhere. If
there exists another function gy with the same properties as fy; and orthogonal to
fo, then

1£0(0)] = |g0(0)] = |afo(8) + bgo(#)| = 1 for almost all @ if |a|® 4 [b]* = 1.

Thus Reabfo(0)go(6) = 0 which implies that fy(0)go(f) = 0 almost everywhere.
This is a contradiction which proves that

G=Cfy®TG (orthogonal sum)

where Cfj is the space spanned by fy. Since (f,g) = 0 implies (T'f,Tg) = 0, we
conclude after n applications of our result that

G=Cfo®CTfy® --&CT"fy & T""'G.

The intersection Gy = N,,~0T"G is a closed linear space with TGy = Gy. Accord-
ing to 1° it must therefore consist of all f € H vanishing on a certain measurable
set E. Since all such f must be orthogonal to fo and |fy| = 1 almost everywhere,
we conclude that the complement of E is of measure 0 and that Gy = {0}.

For an arbitrary f € G we can now write in a unique way

f=afo+aiTfo+ - +a,T"fo+ R,
where R,, € T"t1G and
1117 = 27 (|ao|® + - - - + lan]?) + [ Ral|>.

It follows that the partial sums of Y a;77 fo form a Cauchy sequence, hence that
R,, has a limit. This limit belongs to G so it must be 0. Thus

f=>a;T fo,
0

which proves the statement.



41

We shall finally use the Hahn-Banach theorem to study direct sum decomposi-
tions.

Definition 2.3.15. A topological vector space V' is said to be the direct topological
sum of two subspaces V; and V5 if V= V] @ V5 and the projection P; on V; along
V2 (and therefore the projection P, on V5 along Vi) is continuous. One calls V5 a
topological supplement of V.

We recall that P; + P, = I, that V; is the kernel of P, and that V5 is the kernel
of P;. If V is a Hausdorff space which is the direct topological sum of V; and V5, it
follows therefore that V; and V5 are closed. On the other hand, repeating the proof
of Corollary 1.4.3 with Theorem 2.3.3 substituted for Theorem 1.4.2" we obtain

Theorem 2.3.16. Let Vi be a finite dimensional subspace of the locally convex
Hausdorff topological vector space V. Then there exists a continuous projection
V. — Vi, thus a topological direct sum decomposition V.= Vi @& Va. In particular,
Vi s closed.

The corresponding theorem where V; has finite codimension is completely ele-
mentary and does not require local convexity:

Theorem 2.3.17. Let V; be a closed subspace of finite codimension of the topo-
logical vector space V. Then there exists a topological supplement Vo of Vi, in fact,
any algebraic supplement is a topological one.

Proof. Let V5 be a space spanned by elements x1, ..., z, whose equivalence classes
mod V; form a basis for V/V;. Then V5 is an algebraic supplement. The projection
P, : V +— V5 vanishes on V] so it can be factored

Vo V/VI o Va.

Here V/V; is a finite dimensional Hausdorff topological vector space, since V; is
closed, so the second map and therefore the composed map Ps is continuous. This
proves the statement.

2.4. Applications of Baire’s theorem. We shall now prove some results which
often make it possible to derive quantitative information from a qualitative one.
For example, if it is known that a certain equation has a solution for arbitrary data
one may conclude that the solution necessarily depends continuously on the data.

Theorem 2.4.1. (Banach) Let T be a continuous injective linear map from a
Fréchet space Fy to another Fréchet space Fy. Then either ImT is of the first
category or else ImT = Fy and T is a homeomorphism. (By Baire’s theorem Fy is
not of the first category.)

Proof. It U is a convex symmetric neighborhood of 0 in F} and nU = {nz; x € U},
then

ImT = GT(nU) C [_OJT(TLU).

If Im T is not of the first category it follows that T'(nU) has an interior point for

some n, and since these sets are homothetic it follows that T(U) = n~'T(nU)
also has an interior point. We can therefore choose a point y € F5 and a convex

symmetric neighborhood V of 0 so that V + {y} C T'(U). Since T'(U) is symmetric
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with respect to 0, it follows that V + {—y} C T(U), and since T'(U) is convex we
have

V=1V+{yh)+iV+{-y}) cTO).

Now choose a fundamental system U; D Uz D ... of convex symmetric neighbor-
hoods of 0 in Fj such that 2Uy C Ui_1. For every k we can find a convex symmetric
neighborhood Vi, of 0 in F» such that Vi, C T'(Uy), and we can make sure that they
form a fundamental system of neighborhoods of 0 in F5. To prove that ImT = F5
it suffices to show that every y € Vi belongs to ImT". Now we can choose x; € U;
so that

y1=y—Txy € Vs

and then x5 € Uy so that
y2 =y1 — Txo € V3.

Continuing in this way we get a sequence x,, € U, such that
Yn = Yn—1— Ly € Viyr.
The sequence X,, = x1 + - -+ + x,, is convergent in F}, for
Tyt 4+ + Togm €EUng1+ -+ Upym C 27U 4+ 4+ 27U, C Up,

since 27! 4+ ... +27™ < 1 and U, is convex and symmetric. Let X be the limit of
the Cauchy sequence X,,. Since addition of the preceding equations gives

yn =y —TX,

and y, — 0 when n — oo, we conclude using the continuity of T" that y = T'X.
Thus Im T = F5. Moreover, we have found that if y € V; then the unique solution
x of the equation Tz = y belongs to 2U;. Since this may be taken as an arbitrarily
small neighborhood of 0, we have also proved the continuity of the inverse of T'.

Corollary 2.4.2. If T is a continuous linear map Fy — Fy, where Fy, Fy are
Fréchet spaces, then ImT is either of the first category or else equal to Fs.

Proof. The quotient space Fj/KerT is also a Fréchet space, and T induces a con-
tinuous map 7" : Fy/KerT — F, with the same range as T'. Since 7" is injective,
the statement now follows from Theorem 2.4.1.

Ezxample 2.4.3. Let P(D), D = —id/0x, be a partial differential operator with
constant coefficients and order m. Assume that for some open non empty set
Q C R™ every solution u € C™(Q) of the equation P(D)u = 0 is in fact in C™+1(Q).
Then we have Im( — oo if ( — oo on the surface in C™ defined by the equation
P(¢) = 0. (Conversely, if P has this property then every distribution solution of
the equation P(D)u = 0 is in C'*°, but we shall not prove that here.)

Proof. Let I, Fy be the set of all u € C™+1(Q) resp. C™(2) satisfying the equation
P(D)u = 0. As closed subspaces of C™*1(Q) and C™(Q) these are Fréchet spaces.
Our hypothesis is that the inclusion map F; — F5 is surjective. By Theorem 2.4.1
it follows that the inverse map is continuous. For every compact set K C §2 one
can therefore find another compact set K’ C Q and a constant C' such that

Z sup |[D%| < C Z sup |D%ul, u € Fy = F.
K/

P jal<m
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In particular, we can choose u(x) = e“®< if P({) = 0, ¢ € C", for P(D)u =
P(¢)u = 0 then. If A is the maximum distance between points in K’ and points in

K it follows that
> < cetltmel e

o] <m+1 la|<m

Since the quotient of the sum on the left by that on the right converges to oo as
(14 |¢|) when ¢ — oo, we conclude that Im ¢ — oo then.

As an example we obtain that the Schrédinger equation (D? — Dy)u = 0 has
solutions u € C%\ C3.

We shall now give a variant of Banach’s theorem which is often more convenient
in applications.

Definition 2.4.4. If T is a map from a subset D7 of a Fréchet space F; to a Fréchet
space F5, then T is said to be closed if z,, € Dp, x, — x, Tx,, — y implies that
x € Dp and Tx = y. Equivalently, this means that the graph of T'

G={(z,Tz), v € Dr}

is a closed subset of the direct sum F; & F5.

If T is linear, the graph is thus a Fréchet space too. Note that the two projections
G>3(x,Tz) — x, G>(x,Tx)— Tx

are continuous and that the first is injective. If we apply Theorem 2.4.1 to the first
map and Corollary 2.4.2 to the second map, we obtain:

Theorem 2.4.5. (Closed graph theorem) If T is a closed linear map from Fy to
Fy> where Fy and Fy are Fréchet spaces, then either the domain Dt is of the first
category or else it is equal to Fy and T s continuous. The range ImT is either of
the first category or equal to Fs.

Ezxample 2.4.6. Let P(D) = P,,(D)+ P,,—1(D)+... be a partial differential oper-
ator where Py is a homogeneous polynomial in D = —id/0x of degree k. Assume
that for some real £ # 0 we have

Pu(€) =0, 0% Pl (&) = grad P, (¢) € R™.

Let L ={tP! (&), t € R} (a bicharacteristic line). Then one can find u € C"(R"™)
such that P(D)u € C*°(R"™) and u € C°(CL) whereas u is not in C™*! in any
open set which intersects L. Thus L is the set of singularities of the function wu.

Since the equation P(D)v = f has a solution v € C* for every f € C* (see
Example 2.6.38 below), it is easy to modify the function u in the example so that
P(D)u = 0. If for example P(D) is the wave operator, the example then shows that
there is a solution of the wave equation with singularities precisely on any given
light ray.

Proof. Let F be the set of all u € C™(R") such that u € C*°(CL) and P(D)u €
C>(R™). This is a Fréchet space with the topology defined by the semi-norms
la] < m, K is compact in R", or

u +— sup |[D%ul|, where { ) i ]
K « is arbitrary and K is compact C CL,
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in addition to the semi-norms

w > sup |[D*P(D)ul, K compact in R" and « arbitrary.
K

The verification of completeness is left as an exercise for the reader. Let V' be an
open set in R™ containing some point zg € L. We shall prove then that

My = FnCc™t(v)

is of the first category in F'. Taking the union of the sets My when V varies over all
balls with radius » > 0 and center tP), () where r and t are rational, we conclude
that the set of all u € F belonging to C™ (V) for some V intersecting L is also
of the first category, so the assertion follows.
Assuming that My, is not of the first category we apply the closed graph theorem
to the restriction map
T:F—C™ (V)

with domain equal to F'NC™TY(V). That T is closed is obvious. It follows that T
must be continuous. Hence we can find a constant C', an integer N, and compact
sets K ¢ R", K’ ¢ CL, such that

> ID%u(w)| < C( ) sup|[D|+ Y sup | D*P(D)u
la|<m+1 laj<m laj<n K

+ Z sup | D%ul), u e F.

jal<N

(2.4.1)

To show that this is impossible we must construct good approximate solutions of
the equation P(D)u = 0.
To do so we set
ug(z) = @8y, (2)

where t shall — co. Then
P(D)uy(x) = 8 P(D + t&) vy (2).
Since P,,(£) = 0 we obtain using Taylor’s formula
P(D +1t€) =t ((P,,(€), D) + a+ Ry(D))

where a is a constant and R, is a polynomial in 1/t without constant term. Thus
we should choose v; so that

(P, (§), D) + a+ Re(D))vy

is very small. This can be done by successive approximation. We take vy as a
solution of the first order differential equation

(<P7/71(§)7D> + a)UO =0, Uo(ZL‘Q) =1.

Since this is a differential equation which only involves differentiations in the direc-
tion of L, we can choose vg € C* so that the support, which is a cylinder I" with
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the generator in the direction L, does not meet K’. Then we choose successively
V1,t, V2.t, ... SO that

(P}, (&), D) + a)vgs = —Ri(D)vg_14.

Then vy ; will be a finite sum of terms each of which contains a factor t=J with
Jj = k. We can choose all v, ; with support in I'. Now set

Vk,t =Vt U1+ F Vgt

Then
(P, (€), D) + a+ Ry(D))Vi,s = Ri(D)vgs,

and all semi-norms in C* of the right-hand side are O(t=*71). With u(z) =
e @V, ; the left-hand side of (2.4.1) is > ct™*+! for some ¢ > 0. The first
sum on the right is O(t™), the second is O(tV*+™~1=%k=1) and the third is 0. If
m+1>N+m—k—2, that is, kK > N — 3, we conclude that (2.4.1) is not valid
and have proved the statement.

Before passing to the next consequence of Baire’s theorem we must introduce
some notation.

Definition 2.4.7. A subset M of a locally convex topological vector space V is said
to be bounded if for every neighborhood U of 0 in V' there exists some £ > 0 such
that eM C U.

Since U is absorbing it is clear that every finite set is bounded. We can set
U = {z; p(z) < 1} where p is a continuous semi-norm. That eM C U means that
p(ex) < 1for all z € M, that is, p(x) < 1/e, z € M. In a locally convex topological
vector space an equivalent definition is therefore: M is bounded if every continuous
semi-norm is bounded on M. If V is a normed space, a set M C V is therefore
bounded if and only if the norms of its elements are bounded.

Now let V7, V5 be two locally convex topological vector spaces and let ® be a
subset of the space L£(V7,V3) of continuous linear maps from V; to V. We shall
say that ® is equi-continuous if for every neighborhood U; of 0 in V5 there is a
neighborhood U; of 0 in V; such that TU; C Us for every T € ®. If Uy, Us are
defined by the semi-norms pq, p2, this means that py(Tx) < py(z) for x € V5 and
T € ®. If V4, V, are normed spaces, the definition of equi-continuity thus means
that

|Tz[]2 < C|lz||1, reW, Te?,

for some constant C, that is, | T|| < C for every T € ®.

Theorem 2.4.8. (Banach-Steinhaus; the principle of uniform boundedness) Let F'
be a Fréchet space and V' a locally convex topological vector space. If ® is a subset
of L(F,V) such that {Txz; T € ®} is a bounded subset of V' for every fixred x € F,
then ® is equi-continuous. On the other hand, if ® is not equi-continuous, then the
set of all x € F such that {Tx; T € ®} is bounded forms a set of the first category.

Proof. Let U be a convex, closed, symmetric neighborhood of 0 in V' and set

A={x e F; Tx € U for every T € ®}.
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Then A is convex and symmetric, and A is closed since every T" € ® is continuous.
We now distinguish two different cases.

1° A has an interior point for every choice of U. As in the proof of Theorem
2.4.1 we conclude that 0 is an interior point of A. Since TA C U for all T € ®, the
family @ is thus equi-continuous.

2° If for some U the set A has no interior point, then U$°(nA) is of the first
category and contains all x such that {Txz; T € ®} is bounded. Indeed, for such =
we have ex € A for some € > 0, hence x € nA if ne > 1. This completes the proof.

Corollary 2.4.9. Let F be a Fréchet space and V' a locally convex Hausdorff topo-
logical vector space. If Th,T5,--- € L(F,V) and Tjx — Tx for every x € F, it
follows that T € L(F, V).

Proof. Passing to the limit in the equation T} (az + by) = aTjz + b1T}y; =,y € F,
a,b € K; we obtain T'(azx 4+ by) = aTx + bTy since V is Hausdorff. By Theorem
2.4.8 the sequence Tj is equi-continuous which implies that 7' is continuous.

The following statement is closely related to Theorem 2.4.8 but it is quite ele-
mentary.

Theorem 2.4.10. Let T; € L(F,V), j = 1,2,..., be equi-continuous, F' and V
locally convex topological vector spaces. If Ty € L(F,V') then

Fy={z € F; Tjz — Tyx, as j — oo}

s a closed linear subspace of F'.

Proof. The linearity is obvious. Assume that z is in the closure of F;. Let U be
any convex symmetric neighborhood of 0 in V' and choose a neighborhood U’ of 0
in F' such that T;U’ C U when j > 0. For some y € F; we have y — 2 € U’. Then

Tijx —Tox = Ty — Toy+Tj($ —y) —To(x —y) € 3U

if j is sufficiently large. Hence x € F}.

Ezxample 2.4.11. There exists a continuous function with period 27 such that the
partial sums of its Fourier series are not bounded at 0.

Proof. The space C' of continuous functions with period 27 is a Banach space with
the maximum norm || f|| = max|f(x)|. The Fourier coefficients of f are

cp = (2m) 71 ’ f(z)e e dx

and the partial sums are
n

Sn(f,x) = cheik”.

—MN
In particular, we have

n ™

$u(£,00=) cx= | f(z)Dn(z)da

—n -
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where the Dirichlet kernel D,, is given by
Dp(x) = (2m)7" Y ™ = (2m) " sin((n + §)x)/sin(}x).

The norm of the linear form f — s,(f,0) on C is equal to ["_|D,(z)|dz. By
splitting the interval of integration where (n + %)x = km with k£ an integer, we
obtain since sin(3z) < s

—Tr

/7r | Dy ()| dz > 472 " 1/k = (4logn)/x* + O(1).

Thus the norm of the linear form f — s,(f,0) tends to oo with n, so Theorem
2.4.8 shows that the set of all f € C such that s, (f,0) is bounded must be of the
first category.

Ezxample 2.4.12. Let M,, be a sequence of positive numbers such that M,, /logn — 0
as n — 0o. Then there exists a continuous function f with period 27 such that
sn(f,x)/M, is unbounded for every rational number z.

Proof. The proof in the preceding example shows that the set of all f € C such
that s, (f,0)/M, is bounded is of the first category. The same conclusion is valid
for s, (f,x)/M, for every fixed = in view of the translation invariance. If we let
vary over any countable set A, the union of the sets of f € C for which s, (f,x)/M,
is bounded for some x € A and all n will be of the first category, hence # C'. This
proves the assertion.

Let us note that s, (f,z) = o(logn) uniformly in z for f € C since s,, is bounded
for f in the dense subset of C! functions and the lower bound for [ |D,|dz in
Example 2.4.11 is also valid apart from a constant factor as an upper bound. Fur-
thermore, Carleson has proved that s, (f,z) — f(x) for almost every z if f € C, so
we could not extend the conclusion in Example 2.4.11 to any set of positive measure
or any M, of faster increase.

Ezxample 2.4.13. Let aj; j,k =1,2,...; be a matrix of complex numbers which is
row finite, that is, a;, = 0 for large k when j is fixed. For every sequence s1, s2,. ..
of complex numbers we set

(As); = Zajkzsk;, j=12...

and say that the sequence s, is summable with the method (A) if (As); has a limit
when 7 — oo. Every convergent sequence is then summable to the usual limit with
the method (A) if and only if for some constant M

(2.4.2) d lagl <M, j=1,2,...
k
(2.4.3) jlggo a;i, = 0 for fixed k; jli)rgozczjk =1.

Proof. Assume that every convergent sequence is summable to the usual limit.
Then (2.4.3) follows if we consider the sequence s; =1, j = k; s; =0, j # k, or
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the sequence with s; = 1 for every j. To prove the necessity of (2.4.2) we consider
the Banach space B of all sequences with s,, — 0 and ||s|| = sup |s,|. The map

B> s+ (As); € C

is then for fixed j a linear form with the norm ), |a;x|, and since (As); — 0 when
j — oo for every fixed s € B, we conclude in view of Theorem 2.4.8 that the norms
must be uniformly bounded. This means that (2.4.2) must be valid. — To prove
the sufficiency of (2.4.2), (2.4.3) we note that (2.4.2) gives

lim |(As);| < sup |(As);| < M|s|, s € B.

For every N we can write s = s’ + s” where s’ = s; for j < N and s} = s; for

j > N. From (2.4.3) it follows then that (As’); — 0, as j — oo, hence

Tim |(As); | = T |(As");| < M]|s"]| = M sup |s,].
j>N

Thus (As); — 0 if s € B. The second part of (2.4.3) allows us to conclude that
(As); — cif s; = ¢, for s; — ¢ — 0 then. This proves the statement.

As an example we can take a;; = 1/, k < j, ajr = 0, K > j. Then (As); is
the arithmetic mean of the first j elements in the sequence. Note that (As); may
then converge even if s; does not converge. An example is s; = (—1)7 for which
(AS) j 0.

We shall now discuss a result on the continuity of bilinear maps which is closely
related to Theorem 2.4.8. Let E, I, G be topological vector spaces and B : ExXF —
G a bilinear map. This means that B(x,y), x € E, y € F, is linear in z for fixed y
and linear in y for fixed x. If B is continuous at the origin, then we can for every
neighborhood Ug of 0 in G find neighborhoods Ug, Ur of 0 in E and in F' such that
B(z,y) € Ug when z € Ug and y € Up. Then it follows that B(x,y) is continuous
everywhere in E x F'. In fact,

B(z + xo,y + yo) = B(z,y) + B(z,y0) + B(zo,y) + B(zo, yo)-
We can choose ¢ > 0 so that exg € Ug and eyy € Ugr. Then we have
B(x,yo) € Ug if z/e € Ug, B(xo,y) € Ug if y/e € Up.
Hence
B(x 4+ zo,y +yo) — B(xo,y0) € Us + U+ Uqg if x € Ug NeUg, y € Up NeUp.

If £, F, G are locally convex, then the continuity means that for every continuous
semi-norm p¢g in G one can find continuous semi-norms pg and pr in E and in F
so that

pa(B(z,y)) < pe(@)pr(y); reFE, yeF.

In fact, if the neighborhoods Ug, Ug, Up are the sets where pg, pg, pr are < 1,
the preceding inequality follows in view of the homogeneity.

A bilinear form is called separately continuous if the linear forms obtained by
giving one of the arguments a fixed value are continuous.
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Theorem 2.4.14. Let E be a locally convex metrizable vector space, F' a Fréchet
space and G a locally convex topological vector space. Every separately continuous
bilinear map from E x F to G is then continuous.

Proof. Let U be a closed, convex, symmetric neighborhood of 0 in G. Choose a
fundamental system V3 D V5 D ... of neighborhoods of 0 in E, and set

A; ={y € F; B(z,y) € U for every z € V;}.

It is then clear that A; is convex and symmetric. Since U is closed and B is
continuous with respect to y for fixed x, the sets A; are closed. Since B is continuous
with respect to x for fixed y, we have U®A; = F. Hence some A; has an interior
point, and as in the proof of Theorem 2.4.1 we conclude that 0 is an interior point.
Now B(z,y) €e U if x € V; and y € A, so B is continuous.

The proof did not require G to be Hausdorff, and it also gives

Theorem 2.4.15. Let E be a locally convex metrizable vector space, F' a Fréchet
space and G a locally convex topological vector space. Let B be a bilinear map from
E x F to G such that B(z,y) is a continuous function of y for fized x. If B is not
continuous, then the set of all y € F such that B(x,y) is continuous with respect
to x s of the first category.

We shall use this improvement in the following example.

Example 2.4.16. For some f € C*°(R3) the differential equation

does not have a distribution solution u in any open set in R3.

Proof. If Q is open in R? and the equation has a solution in €, the definitions of
differentiation and multiplication in the space of distributions mean that

(u, —Pv) = (f,v), v e Cy°(9).
If K is a compact subset of ) the definition of distributions shows that

(2.4.4) [(f,0) <C > sup|D*Pu|,  veCF(K),

o[ <m

where C' and m depend on f. Let E be the space C3°(K) with the topology defined
by the semi-norms occurring in the right-hand side of (2.4.4). Only countably many
occur. Let F be the Fréchet space C°°(R?). The bilinear form

B:ExFB(v,f)H/fvdx

is continuous with respect to v in view of (2.4.4) if the equation Pu = f has a
solution u € D’(£2). On the other hand, the map is automatically continuous with
respect to f for fixed v. If we prove that B is not continuous it follows therefore
from Theorem 2.4.15 that the set of all f € F' such that the equation Pu = f has
a distribution solution in € is of the first category.
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Assume that B is continuous. Then we have for some C and m
(2.4.5)

|/fvdx]§C Z sup | D% Pv| Z sup [D*f|, v e CP(K), f € C®(R?).

laf<m laf<m

Our aim is to prove that this estimate is not valid if K has interior points. First
we assume that 0 is an interior point of K. We want to choose v so that Pv is
nearly equal to 0 while v is not. To do so we note first that the equation Pv = 0 is
satisfied by v = 1 + izy and by v = 23 + 22 + iz3, hence also by all polynomials
in these two solutions. In particular,

w(x) = —27 — x5 — w3 + (25 + 23 +ixs)?

satisfies the equation Pw = 0, and w(z) = —izz — |z|*> + O(|z|®), as x — 0. In a
neighborhood of 0 it follows that Rew(z) < —|z|?/2.
Now choose x € C§°(K) so that x = 1 in a neighborhood of 0 and Rew(z) <
—|z|?/2 in supp x. Writing
ve(x) = x(@)e ™

we have Pu, = (Px)et™, hence |[D*Puv,| = O(e=“tl?l) when t — oo, where ¢ is a
positive constant. Set
fi(z) = e t3n(tx)

with A € C§° and [ hdz = 1. With v = v; and f = f; the limit of the left-hand
side in (2.4.5) when t — oo is equal to 1, for

/ftvt dr = /h(:L‘)X(m/t)et“’(”'j/t)*'igc3 dr — /h(x) dr = 1.

On the other hand, the right-hand side of (2.4.5) can be estimated by Ct3+2me=¢t —
0 as t — oo, which contradicts (2.4.5).

Since the origin has a countable fundamental system of neighborhoods we have
now proved that the set of all f € C°°(R?) such that the equation Pu = f can
be solved in some neighborhood of 0 is of the first category. We shall now prove
that this is also true for any other point. This will show that the set of all f €
C>°(R3) such that Pu = f can be solved in some open set (and therefore in some
neighborhood of a rational point) is also of the first category.

To study the equation Pu = f near y € R3 we replace x by = + y and obtain
the equation

(D1 +iDy + (2i(y1 + iy2) + 2i(z1 +iw2)) D3)u = f.
This we write in the form
((Dl — 2y2D3) —+ Z(DQ —+ 2y1D3) + 22(%1 + ZCCQ)D:;)’U, = f

If we introduce as new coordinates =) = x1, b = z2, x5 = x3 + 2y2w1 — 2y1 22, the
equation assumes its original form and our assertion is proved.
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2.5. Fredholm theory. In this section we shall study the index of linear operators
between topological vector spaces. For the sake of simplicity we study only Banach
spaces at first and make some comments on more general spaces afterwards.

If T is a continuous linear map from a Banach space B; to another Bs, it is clear
that the kernel

KerT = {x € By; Tz =0}

is a closed linear subspace of By. On the other hand, the range Im T need not be
closed. For example, it is not closed if By = By = the space of continuous functions
of t € [0,1] and T is integration from 0 to ¢ or multiplication by ¢. However, we
can easily prove

Theorem 2.5.1. If T € L(B1,Bsz) and codimImT < oo, then ImT is closed.

Proof. We may assume that T is injective, for otherwise we can consider instead
the map from B/ KerT to By induced by T'. If n is the codimension of Im T, we
can choose a linear map

S: K" — BQ
such that Im S is an algebraic supplement of Im 7. Then the map
Ty : B & K" > (z,y) — Tx+ Sy € By
is a continuous bijection so by Banach’s theorem it is a homeomorphism. It follows
that Im T = T1(B; & {0}) is closed.

Passage to the graph of T" shows that the preceding result is also true if T is just
closed and not necessarily continuous.

Definition 2.5.2. An operator T € L(Bp, Bs) is called a Fredholm operator if
dim KerT" and dim CokerT" are both finite, thus
indT = dim KerT' — dim Coker T’

is a finite integer.

In Section 1.3 we proved the stability of the index under perturbations of finite
rank. For continuous linear operators we shall now prove that the index is stable
under perturbations which are small in various other respects.

Theorem 2.5.3. LetT € L(B1, B2) be a Fredholm operator. If S € L(By, Bs2) and
1S is sufficiently small, it follows that T + S is a Fredholm operator with

(2.5.1) ind (T + S) =indT, dimKer (T'+ S) < dimKer T

More generally, if T € L(B1,Bs), dimKerT < oo and ImT is closed, then T' 4+ S
has the same properties and (2.5.1) holds if ||S|| is sufficiently small.

The extension stated here will be convenient in the proofs; the obvious lack of
symmetry in kernel and cokernel will be removed in Section 2.6. We first prove a
simple special case:
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Lemma 2.5.4. Let I be the identity operator in the Banach space B and let S be
an operator in L(B, B) with ||S|| < 1. Then it follows that I — S has an inverse in
L(B, B), hence that ind(I — S) = 0.

Proof. The Neumann series
R=) S*
0

converges in £(B, B) since

oIS <Y IsIF <1/ - sl
0 0

Since R(I —S) = (I — S)R = I, the lemma is proved.

Proof of Theorem 2.5.5. a) First assume that T is bijective. Then T is continuous
by Banach’s theorem and

T+S=TI+T719).

When || T7Y|||S|| < 1 this is a product of two invertible operators, so T + S is
invertible and the index is 0.

b) If T is a general Fredholm operator then B; = V; @ KerT and By = Vo dIm T,
by Theorems 2.3.16 and 2.3.17, where V5 is finite dimensional, V; is closed and the
sums are direct topological. If 7" and S” denote the maps V3 — By /Vs induced by
T and S, then T” is bijective and ||.S’|| < [|S||. From a) it follows then that 7" 4 S’
is bijective when ||S|| < . Hence

dimKer (T + S) < dimKerT, dim Coker (T'+ S) < dim V5 = dim Coker T

Since T" + S’ is the composition of the injection V; — By, T + S, and the quotient
map By — By/Va, Theorem 1.3.2 gives

0=ind (T"+S') =dim Vs +ind (T + S) — dimKer T = ind (T'+ S) — ind T,

which proves (2.5.1).

c¢) Assume now that dim KerT' < oo and that Im 7" is closed, dim CokerT" = oo.
Choose V; as in case b) above. Then T is a bijection of Vi on Im T, so it follows
from Banach’s theorem that

x|l < C|[Txl, 2 e V.

Hence
lzl| < CI(T + S)z|| + ClIS|[|=|, =z €W,

and if S € Q ={S € L(B1, Bs);||S]| < 1/2C} it follows that
[zl < 2CI(T + S)zll, 2 € V.

Hence T'+ S is then injective with closed range on V7, which implies that (7'+.5) By
is closed and that dim Ker (T'+ §) < dimKer T'. It remains to prove that

Y ={S € Q;dim Coker (T + S) < oo}
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is empty. ¥ is the union of the sets X,, = {S € Q;ind (T'+ S) = n}, which are open
by part b) of the proof. If 3,, is not empty, then Q \ ¥,, is not open, for 0 € Q\ 3,
and 2 is connected. Hence X,, must have a boundary point Sy € 2. Since ¥
are open and disjoint, it is clear that Sy ¢ UX,. Thus dim Coker (T" + Sp) = oo,
but in every neighborhood of Sy one can find S such that dim Coker (7" + S) =
dimKer (T'+ S) — n < dimKer T — n. Choose a finite dimensional subspace W of
By with dimW > dim KerT' — n which intersects Im (T + Sp) only at the origin.
Then the composed map

Vi — B =% By — By /W

is injective with closed range when S = Sy, hence also when S is close to Sy. Thus
the index is < 0, so we obtain by Theorem 1.3.2

0>ind(T+S) —dimKer7T +dimW =n —dimKer 7'+ dim W > 0

which is a contradiction completing the proof.

We shall now extend Theorem 2.5.3 to certain perturbations which, like operators
of finite rank, may have a large norm:

Definition 2.5.5. A linear operator T' from a Banach space B; to a Banach space Bs
is called compact (or completely continuous) if the closure of the image of the unit
ball of B; is compact in By. Equivalently: If z, € By and ||z, <1, n=1,2,...
then the sequence T'z,, has a convergent subsequence.

Y

Compactness obviously implies continuity, which motivates the term complete
continuity.

Ezample 2.5.6. Let By and By be the Banach spaces C*(I) and C7(I) where I is
a compact interval on R. Then we have a continuous inclusion map B; — By if
j <k, and it is compact by Ascoli’s theorem if j < k.

Proposition 2.5.7. The compact linear operators from a Banach space By to an-
other By form a closed subspace L.(B1,Bs) of the Banach space L(Bi,Bs). If
Ty € L(B1,Bs) and Ty € L(Bg, Bs) where Bz is another Banach space, and if
either Ty or Ty is compact, then ToTy € L.(B1,Bs). Fvery T € L(By,Bs) of fi-
nite rank is compact. In particular, L.(B1, B2) = L(B1, B2) if By or By is finite
dimensional.

Proof. Let T,, € L.(B1,B2) and T € L(B1,B2), |T — T,|| — 0. To prove that
T is compact we consider a sequence xy € By with ||zk||7 < 1. Then there exists
an increasing sequence k(1,7),7 = 1,2,... of indices such that Tyx(; j) converges
in By when j — oo. This sequence in turn has a subsequence k(2,j) such that
Trxy(2,5) has alimit when j — oo, and so on. For the diagonal sequence x; = Tk(jj)
which apart from a finite number of elements is a subsequence of all the sequences
constructed, we know then that Tnac; converges in By for every n as j — oco. Now
we have for every n

lim || T2} — Tz
%,J —>00

< T[T = Tuaf | + 21T - Tl 217 — Tl

so T x; is a Cauchy sequence. Hence T is compact. The next statement in the
proposition is trivial and it implies the last if we observe that the identity operator
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in a finite dimensional space is compact since the unit ball is compact. Now a
continuous operator T of finite rank can be factored as a product of continuous
operators

B — Bl/KerT — By

where the space in the middle is finite dimensional. Hence T is compact.

The following classical theorem of F. Riesz shows that the last statements in
Proposition 2.5.7 cannot be improved, and it will also be of crucial importance
later on.

Theorem 2.5.8. If the identity map in the Banach space B is compact, then B
has finite dimension.

The theorem is an immediate consequence of the following

Lemma 2.5.9. If By C By C ... is a strictly increasing sequence of finite dimen-
stonal subspaces of the Banach space B, then one can find x; € B; so that

|lz; — || > ||z;] =1, when x € B;_1.

In particular, ||z — x;|| > 1 when k < j, so the sequence x; has no convergent
subsequence.

Proof. Choose y; € B; \ Bj_1. Since ||y — y;|| is a positive continuous function of
y € Bj_1 which — oo at oo, it has a minimum point z; € B;_;. Thus

0<llzj —yill <llw+2z —yll, ifzeBja
It follows that x; = (y; — 2;)/|ly; — #;|| has the desired properties.

Remark. If B is a Hilbert space H there is an even simpler proof of Theorem

2.5.8. For any sequence 1, xs,... of linearly independent vectors gives rise to an
orthonormal sequence eq, es, ... by the Gram-Schmidt orthogonalisation procedure:
k—1
er =zr/lleall, o en = v/ llvell; ve =2k =D ej(zn, €5).
=1

It is an easy exercise to verify inductively that (e;,er) = 0 when j # k and that
(ej,e5) = 1. Since |le; — ex||* = 2 when j # k it is not possible to find a convergent
subsequence, so the identity map is not compact unless H is finite dimensional.

If B; and By are Hilbert spaces it is known that L£.(Bj, Bs) is equal to the
closure of the space of continuous operators of finite rank, but a theorem of Per
Enflo states that this is false in general. However, we shall nevertheless find that
the index is stable for all compact perturbations.

Theorem 2.5.10. LetT € L(By, Bs) be a Fredholm operator and S € L.(B1, Bs).
Then the operator T + S is also a Fredholm operator, and

(2.5.2) ind (T + S) =ind T.
More generally, if T € L(B1,Bs), dimKerT < oo and ImT is closed, then T + S
also has these properties and (2.5.2) holds.

This important theorem is due to I. Fredholm and F. Riesz when By = B>
and T" = I. The general version has been given by many authors, notably by
F. V. Atkinson. We shall prepare the proof with two lemmas.
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Lemma 2.5.11. Let T' € L(B1,Bs) and assume that dimKerT < oo and that
ImT is closed. If x; € By is bounded and Tx; is convergent, then the sequence x;
has a convergent subsequence.

Proof. Write B; as a topological direct sum V; @ Ker T, and let P be the corre-
sponding projection on V;i. Then T'x; = T'Px;. Since the restriction of 1" to V; is
a homeomorphism on Im 7', by Banach’s theorem, it follows that Px; converges.
But (I — P)x; is a bounded sequence in the finite dimensional vector space Ker T,
so it has a convergent subsequence. This proves the lemma.

Lemma 2.5.12. Let S € L.(B1,Bs), T € L(B1,Bs), dimKerT < oo, and assume
that ImT' is closed. If x; € By is a bounded sequence and (T + S)x; — y in Ba,
then the sequence x; has a limit point x € By with (T + S)x = y.

Proof. For a subsequence such that Sz; converges, it is clear that T'z; converges,
so x; converges by Lemma 2.5.11 for some still sparser sequence.

Proof of Theorem 2.5.10. Every sequence x; € Ker (T + S) with [|z;|| < 1 has a
convergent subsequence by Lemma 2.5.12. Hence Ker (7' + S) is finite dimensional
by Theorem 2.5.8. If By =V} @ Ker (T' 4+ S) then (T' 4+ S)By = (T + S)Vi, and
there is a constant C' such that

x|l < CI(T + S)zf, xeVi,

For otherwise we could find z; € V; with ||z;|| = 1 and ||(T'+5)z;|| — 0; by Lemma
2.5.12 a subsequence has a limit € V; with ||z|| = 1 and (T + S)z = 0, which
contradicts the choice of V;. Hence Im (T'+ S) is closed. If we apply Theorem 2.5.3
to the operators T+ AS with 0 < A <1 it follows that the index is independent of
A, which completes the proof.

Ezample 2.5.13. Let a and b be continuous functions in [0, 1], and consider the
boundary problem

'+ au' +bu = f, u(0) = u(1) =0,

where u € C%([0,1]) and f € C([0,1]). Then the number of linearly independent
conditions for solvability is equal to the number of linearly independent solutions
of the problem when f = 0, thus at most equal to 1.

Proof. Let B; be the set of all u € C?([0,1]) with u(0) = u(1) = 0 and the norm
inherited from C?([0,1]), and let By = C([0,1]) with maximum norm. Then Bj
and B> are Banach spaces. The operator

T : Bl BUHU//EBQ
is clearly bijective so it has index 0. By Example 2.5.6 the operator
K:Bi>uw— au +bu € By

is compact. Hence T+ K is a Fredholm operator with index 0, which proves
the assertion. If a is real valued and b < 0, then a solution of the homogeneous
problem must be 0. In fact, since v’ = 0 and v” < 0 (resp u” > 0) at a maximum
(minimum) point in (0,1), the equation uv” + au’ + bu = 0 shows that u < 0 (resp.
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u > 0) there. Since u(0) = u(1) = 0 it follows that u = 0. (A slight elaboration of
this maximum principle argument shows that it suffices to assume b < 0.) Hence
the inhomogeneous problem is always solvable then.

Example 2.5.14. Let H be the subspace of L?(0,27) consisting of functions u with
2m )
/ w(@)e™dd =0, n>0.
0

This means that H consists of boundary values of analytic functions in the unit disc.
Let P be the orthogonal projection on H. If f is a continuous periodic function we
define Ty : H — H by

Tyu = P(fu), u € H.

Thus the equation Tyu = v means that fu = v + w where v and v are boundary
values of analytic functions in the unit disc and w is the boundary value of an
analytic function outside the unit disc vanishing at co. We claim that if f has no
zeros, then T is a Fredholm operator and the index of T is the winding number
of 1/f, that is, the argument variation of f(#) when 6 varies from 0 to 2, divided
by —2m.

Proof. A standard proof (Wiener-Hopf) is based on factorization of f with one
factor analytic inside and another analytic outside the unit disc. This also gives
the values of the dimensions of kernel and cokernel, but we shall give a different
proof which is also applicable if H consists of functions with values in CV and the
values of f are invertible N x N matrices.

First we prove that for all continuous f and g

Try —T¢T, is a compact operator.

To do so we first assume that f and g are trigonometric polynomials, that is, finite

sums
in6 in6
f= g ane'™’, g= E b,e".

Then Tyu = gu, TiTyu = fgu and Tryu = fgu if sufficiently many Fourier coeffi-
cients of u are equal to 0. Hence T, —T¢T} is of finite rank and therefore compact.
Now ||T%|| < sup]|f], so if we approximate f and g uniformly by trigonometric poly-
nomials it follows in view of Proposition 2.5.7 that Ty, — T;T, is always compact.
If f is never 0 we can take g = 1/f and conclude that 74T, — I and T,Ty — I are
compact. Hence the cokernel and kernel of T’ are finite dimensional. We have also

ind7Ty +ind T, = ind T,

for arbitrary continuous f and g without zeros. Moreover, when f(#) = e"? the
index is —n. (This is essentially Example 1.3.4.) Therefore it only remains to show
that the index of T’ is 0 when the argument variation of f is 0. Then we can write
f = exp F where F is also a continuous periodic function. If we set f; = exp (tF),
Theorem 2.5.3 shows that ind 7', is independent of ¢ so ind Ty = ind Ty, = ind Ty, =
ind I = 0.

When the two Banach spaces By and By coincide one can give more specific
information:
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Theorem 2.5.15. (F. Riesz) Let S be a compact operator B — B. Then
(2.5.3) N = {z € B;(I + S)*z =0 for some k > 0}
is a finite dimensional subspace of B, thus N = Ker(I+S)7 when j > J. Moreover,

(2.5.4) F=(\I+S)"B=(I+S)B, j=>1
1

1s a closed subspace of B, and B is the direct topological sum of N and F. The
restriction of I + 5 to N is a nilpotent operator N — N, and the restriction of
I+ S to F is a bijection F — F.

Proof. The spaces N, = Ker (I + S)* are finite dimensional, Ny C N, C ..., and
(I + S)Np C Ng_1. If they were all different we could by Lemma 2.5.9 choose
T € Ni with ||xx|| = 1 so that ||z — || > 1, x € Ng—1. If j < k we can take
x = (I + S)xr — Sz; and obtain [|Szy — Sz,|| > 1, so the sequence Szj has no
convergent subsequence contrary to the hypotheses. Hence N = N1 for some k,
which inductively implies N}, = N; if j > k, thus N = Nj. Since ind (I + S)/ =
for every j, it follows that (I + S)/B = (I + S)¥B, j > k, for the codimensions are
the same and one space contains the other. Thus F' = (I + S)*B so it follows from
Theorem 2.5.10 that F' is closed and codim F' = dim N. Since S maps F' into F
and I + S is a surjective map F' — F', it follows from Theorem 2.5.10 that I + S'is
a bijection ' — F. Hence N N F = {0}, which completes the proof.

The operator I+ AS is a bijection of F' for A close to 1 in view of Theorem 2.5.3,
and I + AS is a bijection of N for every A # 1 since (I + A\S)x =0, z € N, gives

0=\ +A)kz = (\—1)kz.

It follows that I + \S is a bijection of B for A\ # 1 sufficiently close to 1. Replacing
S by a constant times S, we conclude more generally that I + AS' is a bijection of
B except for a closed set of isolated values of A, which leads to the following:

Theorem 2.5.16. Let T € L(B1, B2) be a Fredholm operator and S € L.(B1, Bz).
Set

k = min dim Ker (T" + \S5), w = min dim Coker (T + \S5).
AEK XEK

Then we have dimKer (T + A\S) = k and dim Coker (T' + \S) = w except when \
belongs to a closed set with only isolated points.

Proof. We may assume that dimKerT' = k, for we can otherwise replace T by
T + \S for a suitable A to make this come true. Since the index of T"+ AS is
independent of A\ it suffices to prove that for all A outside a closed set with only
isolated points we have dim Ker (T'+ \S) < k. We can follow the proof of Theorem
2.5.3.

a) If T is a bijection then T+ \S = T'(I + AT ~1S5) is bijective except for a closed
set of isolated values of .

b) In the general case By = V3 @ KerT and By = Vo @ Im T where V5 is finite
dimensional, V; is closed and the sums are direct topological. If T/ and S’ denote
the maps Vi3 — By /V5 induced by T and S, then 7" is bijective and S’ is compact,
so T + \S’ is bijective except when A is in a closed set with only isolated points.
Then we have dim Ker (T'+ AS) < dim KerT' = k, which completes the proof.

Theorem 2.5.15 also gives precise information concerning the resolvent (S—zI)~!

when z # 0:
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Theorem 2.5.17. Let S be a compact operator B — B. For arbitrary X\ # 0 such
that Ker (S — M) = {0} we have, with A; € L(B, B) and convergence in operator
norm for small z, a power series exrpansion

(2.5.5) (S — (A +2) Z A
At any other X\ # 0 we have for small z # 0 a Laurent series erpansion
(2.5.6) (S—(A+2)) ' =) Az

where —A_1 is the projection on Ny = |J" Ker (S — A)* along Fx = (N;°(S —
A)EB.

Proof. In the first case the resolvent is given by the Neumann series (see Lemma
2.5.4)
(S—A+2)D) ' =(S=A)T'T—2(S-AD"H) = (S - A"
0

provided that |z|||(S — AMI)~!|| < 1. In the second case we can by Theorem 2.5.15
applied to —S/\ use this expansion on the space F\. On the space N the resolvent
is

(S—A+2))t=—2"'T—=(S=X)/2)"' = 12[35 M)

where the sum is finite since high powers of (S — AI) vanish on Ny. The first term
is —z~! times the identity operator in Ny. This proves the theorem.

Remark. We derived Theorem 2.5.17 from Theorem 2.5.15 but one can also argue
in the opposite direction. In fact, multiplication of (2.5.6) to the left or right by
S — (A + 2)I gives after identification of the coefficients

(S~ A)A_p = A_, (S — \) =0,
(S = M)A; = Ay =Ay(S = AD) — A ={ 7 07 70
It follows that all A; commute with S and that A_;(S — AI)"™ = 0. Hence
Ao(S =AD" = (S — A",
which shows that (S — AI)""1z = 0 implies (S — A\I)"x = 0, so
(S— A"z =0 if (S—A)?z=0 for some j.

Let N be the kernel of (S —AI)". Then we know that the range of A_; is contained
in NV, and on the other hand

r+A jx=(S— M)Az = (S — M)Az =---=(S—A)"A,x =0, =xcN.
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Hence —A_; is a projection on N. If A_jz = 0 then A_1(S — M)z = (S —
M)A_1x =0, s0 S — Al maps the kernel of A_; into itself. Since Ker(S —\[) C N
it follows that S — AI is a bijection on the kernel F of the projection —A_;. Thus
we have recovered Theorem 2.5.15 from (2.5.6).

Theorem 2.5.17 is closely related to the classical Jordan canonical form for ma-
trices, which is obtained by further decomposition of the space N. The details
can be found in the appendix. Instead we shall now discuss Fredholm operators
depending on parameters. The results have important applications in topology but
they are outside the scope of these notes. Let T' be a Hausdorff topological space
and let P, t € T be a Fredholm operator in £(B;, By) which depends continuously
on t in the uniform topology, that is, ||P. — Ps|| < € for an arbitrary e > 0 if ¢ is
in a neighborhood of s depending on €. When ¢ is sufficiently small we know from
Theorem 2.5.3 that the index is then independent of ¢. If Coker P, = {0}, then the
kernel varies continuously:

Lemma 2.5.18. Let P;, t € T, be a uniformly continuous family of Fredholm
operators in L(By, Ba) which is surjective for every t. For every s € T one can
then find a neighborhood Ny and continuous functions x; : Ny — By such that
x1(t),...,x,(t) are a basis for Ker P; for every t € Ng.

Proof. We can write By = Vi @ Ker P; where V; is closed and the sum is direct
topological. Then P; is a continuous bijection of V; onto By, and by Theorem 2.5.3
this remains true for P; when ¢ is sufficiently close to s. Let R; be the inverse, and
let x1,...,x, be a basis for Ker P;. Then

Cl'fj(t) =T — RtPtll]'j € KerPt;

and z1(t),...,x,(t) are linearly independent since z;(t) = z; mod V;. Since the
dimension of Ker P; cannot exceed the codimension v of Vi, we have obtained the
desired basis.

In Lemma 2.5.18 we have in fact encountered the notion of vector bundle which
we shall now define and study:

Definition 2.5.19. Let T be a Hausdorff topological space. A complex vector bundle
over T is a Hausdorff topological space V' together with

i) a continuous map p: V — T, called the projection,
ii) a finite dimensional vector space structure on each V; = p=1(t), t € T,
compatible with the topology induced on the fiber V; from V,
iii) such that for every s € T there is a neighborhood N and a homeomorphism
p~1(Ns) = Ns x C™ for some n, which restricts to a linear isomorphism
Vi — {t} x C" for every t € Nj.

Two vector bundles V' and W over T are called isomorphic if there exists a home-
omorphism between them which restricts to a linear isomorphism in each fiber.

Under the hypotheses in Lemma 2.5.18 the kernel is thus a vector bundle on the
parameter space, and it is natural to define the index of the family as this bundle.
To study general families it is necessary to introduce a construction which allows us
to form differences between vector bundles. This is quite analogous to the extension
from positive integers to arbitrary integers.
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First note that the set Vect T of isomorphism classes of vector bundles on a
compact space T is an abelian semi-group if we define the sum of two vector bundles
Vi and V; as the set of all (vi,v2) € Vi x Vo with pjv1 = pava, where p; is the
projection V; — T, and the addition in the fiber over ¢t € T"is defined as usual in a
direct sum. If A is any abelian semigroup, we can associate to A an abelian group
K(A), determined up to isomorphism, with the properties

i) there is a semigroup homomorphism A — K(A),

ii) if G is any abelian group and A — G is a semigroup homomorphism, then
there is a unique homomorphism K(A) — G such that the map A — G can
be factored as

A—SK(A)

\vg
G

The uniqueness of K(A) is obvious: If G is another group with the same property
as K(A), we obtain in this way homomorphisms G — K(A) and K(A) — G which
must be inverses of each other by the uniqueness required in (ii). To construct K (A)
we let A? be the set of all pairs (a1, a2), a; € A, with the obvious addition, and
let A% be the subset of diagonal pairs (a,a), a € A. The quotient K(A) = A%/A%
defined by

(2.5.7) (a1,a2) ~ (b1,bs) if (a1 +a,as+a) = (by +b,ba +b) for some a,b € A,

is then an abelian group where the 0 element is the class of A%, and the inverse of the
class defined by (a1, as) is the class defined by (a2, a1). We have a homomorphism
A — K(A) mapping a € A to the class [a] of (a + b,b), b € A, which does not
depend on b in view of (2.5.7). Note that if a,b € A then [a] = [b] if and only if
a+c = b+c for some ¢ € A. The map A — K (A) is therefore injective if and only if
the cancellation law (a + ¢ = b+ ¢ implies a = b) is valid in A. It is also easily seen
to be bijective if and only if A is a group. If B is another abelian semigroup and
A — B a homomorphism, the construction gives a unique group homomorphism
K(A) — K(B) such that the diagram

A —— K(A)

! |

B — K(B)

commutes. In particular, this shows that property ii) is fulfilled.

In particular, we can therefore introduce K (Vect T'), which we denote simply by
K(T). If T and S are compact spaces and f : T — S is a continuous map, then we
have a homomorphism

f*:Vect S — Vect T

which for a given vector bundle V' on S gives one on 7" with the fiber at ¢ equal to
the fiber of V' at f(t). More precisely, the pullback f*V is defined by

fV={(tv)eT xV;pv=f(t)}.
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The verification that this is a vector bundle on T is an easy exercise. Now we
obtain from ii) a homomorphism f* : K(S) — K(7T). In particular, if 7" is a point,
then K (T) is isomorphic to the integers and f*a is an integer valued function of
a € K(S), which can be regarded as the “virtual dimension” of the element a at
ft).

We shall prove next that there is homotopy invariance in K-theory:
Proposition 2.5.20. Let X and Y be compact spaces and let f : X x I — Y
be a continuous map, I = [0,1]; set fi(x) = f(z,t) if 2 € X, t € I. Then
fif K(Y) = K(X) is independent of t € I.

Proof. 1t is sufficient to show that for every vector bundle V on Y the isomorphism
class of fV is independent of . Let f*V = W be the corresponding vector bundle
over X x I. It is then sufficient to show that for every vector bundle W over X x [
the isomorphism class of the pullback W; of W to X by the map x — (z,t) is
independent of £. To do so we just have to show that W; and W, are isomorphic
if s is sufficiently close to ¢t. Let W (t), t € I, be the bundle on X x I obtained
by pulling back W by the map X x I 3 (z,s) — (z,t). Then there is a bundle
homomorphism ¢ : /V[7(t) — W, that is, a continuous map which commutes with the
projections and is linear in the fibers, such that ¢ is the identity over X x {t}. In
fact, the existence of such a homomorphism is trivial in a neighborhood of any point
(xz,s) € X x I, since bundles are locally trivial. Piecing such local constructions
together using a partition of unity we obtain the map ¢. For reasons of continuity
the homomorphism is an isomorphism at (z,s) if s is sufficiently close to ¢, which
proves that W, and W, are isomorphic then. The proof is complete.

If X is a compact space, we shall say that we have a Fredholm family of operators
from a Banach space B; to another Bs, parametrized by X, if for every x € X
we have a Fredholm operator P, € L£(B1, Bz) which is uniformly continuous as a
function of x.

Theorem 2.5.21. There is a unique way of assigning to each Fredholm family P
parametrized by a compact space X an index ind P € K(X) such that
i) ind P = [Ker P] if P, is surjective for every x € X,

ii) ind(P® Q) =ind P+ ind @ if P and Q are two Fredholm families which
are parametrized by X.

iii) the index is functorial: if Y is another compact space and f :Y — X is
a continuous map, and (f*P), is defined as Py, y €Y, then ind f*P =
f*ind P.

iv) if Ppy, v € X, t € I =10,1], is a Fredholm family parametrized by X x I,
then the Fredholm families on X defined by Py 1 and Py o have the same
indez.

v) if P, Q are Fredholm families of operators from By to Bs and from Bsy to
Bs respectively, parametrized by X, then ind (QP) = ind @ + ind P.

Proof. Concerning i) we first recall that Ker P is a vector bundle by Lemma 2.5.18
if P, is surjective for every x € X. Let us also recall that if P, is surjective then
P, is surjective for all y in a neighborhood of z. In fact, dim Ker P, < dim Ker P,
when y is sufficiently close to x, by Theorem 2.5.3, and since ind P, = ind P, it
follows that

dim Coker P, = dim Coker P, — dim Ker P, + dim Ker P, < 0.
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For every x € X we can find a finite dimensional space W C By such that By =
W & Im P,. Thus the map

(2.5.8) Qz: BioW 3 (b,w) — P,b+w € By

is surjective, so @), remains surjective for all y near x. In view of the compactness
we can therefore find a finite number of finite dimensional subspaces W7y, ..., Wy
such that for every x € X the map (2.5.8) is surjective when W = W; for some j.
If W is the linear hull of W7y,..., W} then @, is surjective for every x € X. Thus
we must have ind @ = [Ker Q] in view of i). Now the operators

@%t: (b,w) — P.b+tw € Bs, (z,t) € X x I,

define a Fredholm family parametrized by X x I which for ¢ = 0 reduces to the
direct sum of P and the map W — {0} which has the index [W] and for t =1 is
the family Q. If ii) and iv) hold, it follows that

ind P+ [W] = ind Qp = ind Q; = [Ker Q]
hence
(2.5.9) ind P = [Ker Q] — [W].

Thus the index is unique if it exists.

We shall define the index by (2.5.9) after proving that the right-hand side is
independent of the choice of W. Let Wy and W7 be two such spaces W and let
Qo, Q1 be the corresponding Fredholm families defined by (2.5.8). Consider the
Fredholm family

By ® Wy @ Wy 3 (b,wp,wy) — Ppb+ (1 — t)wy + twy € By, (x,t) € X x I.

It is surjective so the kernel is a vector bundle V' over X x I. Thus the bundles V}
and V; obtained by restricting to ¢ = 0 and to ¢ = 1 are isomorphic by Proposition
2.5.20. However,

Vo=KerQo®W;, Vi=KerQ:dW,, hence
[Ker Qo] + [W1] = [Ker Q1] + [Wy], that is, [Ker Qo] — [Wo] = [Ker Q1] — [W1],

so it is legitimate to define the index by (2.5.9). ii) is then an obvious consequence
of the definition, and so is iii), which implies iv). v) follows from ii) and iii) if we
use the following homotopy of families of operators from B; & Bs to By & Bs:

I, 0 cos(mt/2)lz  sin(mt/2)I5 P 0

0 @ —sin(mt/2)Is  cos(mt/2)Iy 0 I
where I, is the identity operator in Bsy. For t = 0 this is the family P & @ and for
0 I

—QP 0
—QP. It follows that ind QP = ind P 4+ ind ). The proof is complete.

t = 1 the family ), which is the direct sum of the identity in By and

Remark. The preceding homotopy argument could also have been used to prove
the “logarithmic law” for the index of a single operator.

For further developments of the connections between Fredholm theory and K-
theory, and applications to geometry, we must refer to the literature. Instead we
shall discuss Fredholm theory in general locally convex topological vector spaces.
First we consider a semi-normed space.
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Lemma 2.5.22. Let E be a vector space with semi-norm q, and let S : E — E
be a linear map such that q(x) = 0 implies Sx = 0 and for every sequence x,, €
E with q(x,) < 1 there is a subsequence x,; and an element y € E such that
q(Stpn; —y) — 0, j — oo. Then Ker (I + S) is finite dimensional, Im (I + S) is
closed, in the topology defined by q, and dim Ker (I + S) = codimIm (I + 5).

Proof. The new features here are that ¢ may not be a norm and that F may not
be complete. We shall remove these obstacles successively.

Set N = {x € E;q(z) = 0} and E; = E/N, which is a normed space with
€]l = g(x) when z is in the residue class £ € FE;. Since Sz = 0 on N, the
operator S induces an operator S; : By — Fjp, and S;§; contains a subsequence
converging in E; for every bounded sequence §; € Ey. If I; is the identity in F;
then ¢ € Ker (I; + S1) means that (I + S)z = y for some y € N, if x is in the
class of £&. Thus z — y is the only element in £ belonging to Ker (I +.5), so the map
E — E/N restricts to a bijection Ker (I +.5) — Ker (I; +.51). Similarly, Im (I +.5)
is the inverse image of Im (/3 + S1). It is therefore sufficient to prove the lemma
for 57, and we are then in a normed space.

We can complete the space F; to a Banach space Es where F; is a dense subset.
This familiar procedure consists in forming the space C' of all Cauchy sequences
X = (&,6&2,...) in Ey, that is, sequences with [|{; — &l — 0 as j,k — oco. We
define || X|| = lim;_, [|£;||. This is a semi-normed space where the subspace Cy =
{X € C;||X]|| = 0} consists of sequences converging to 0. The quotient Fy = C/Cjy
is a Banach space; mapping £ € F; to the class of (§,&,...) in Es gives an isometric
embedding of F; as a dense subset. The proof of the completeness of F5 and the
other statements are the same as for the completion of rational numbers to real
numbers, and they are left for the reader.

The hypotheses imply that ||S1&]| < M||£]|, £ € E1, so Sy can be extended by
continuity to a linear map Ss : E5 — FEs. Since every element of E5 is the limit of
a sequence &; € Fq and 51&; has a subsequence converging in Fy, it follows that
SoFEs C Ey. If (I3 + S3)€ = n, where £ € Fy and 1 € Ey, we can therefore conclude
that ¢ € E/y. Hence

Ker (Il + Sl) = Ker (IQ + SQ), Im (Il + Sl) = E1 N Im (I2 + 52)
The second equality shows that the obvious map
El/Im (Il + Sl) — EQ/IHI (12 + Sg)

is injective, and it is surjective since F; is dense in Fy and Eo/Im (I + S2) is
finite dimensional. The assertions concerning S; are therefore consequences of the
corresponding statements about Ss contained in Theorem 2.5.10. The lemma is
proved.

Definition 2.5.253. If E and F' are locally convex topological vector spaces, then a
linear operator S : £ — F is called compact if there is a neighborhood U of 0 in E
such that SU is contained in a compact subset of F'.

If U ={x € E;q(z) < 1}, where ¢ is a continuous semi-norm in F, then the
hypothesis means that {Sz;x € E;q(x) < 1} is contained in a compact subset of
F.
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Theorem 2.5.24. Let E be a locally convex, Hausdorff topological vector space and
S a compact linear operator E — E, I the identity operator in E. Then Ker (I +.5)
is finite dimensional, Im (I + 5) is closed, and

dimKer (I + S) = dim Coker (I + S), thatis, ind (I +S5)=0.

Proof. Let ¢ be a continuous semi-norm such that {Sx;z € F,q(x) < 1} is con-
tained in a compact set. Then ¢(x) = 0 implies that ¢S(z) belongs to that set for
all scalars ¢, hence Sz = 0. By Lemma 2.5.22 it follows that dim Ker (I + .5) < oo,
that the range of I + S is closed even in the topology defined by the semi-norm q
alone, and that ind (I + 5) = 0.

Theorem 2.5.25. Let E, F be Fréchet spaces and let'T' : E — F' be a continuous
linear operator with finite dimensional kernel and cokernel, that is, a Fredholm
operator, Let S be a compact linear operator E — F. Then T+ S is also a Fredholm
operator, and indT = ind (T' + §).

Proof. The proof of Theorem 2.5.1 shows that Im 7" is closed. The rest of the proof
follows the lines of the proof of Theorem 2.5.10 and will be left for the reader to
carry out.

2.6. Duality. We shall first restrict ourselves to duality of Banach spaces but at
the end of the section the most important results will be extended to locally convex
topological vector spaces.

If By, Bs are Banach spaces, then the space L(Bj, Bz) of continuous linear maps
T : B; — By is a Banach space with the norm

[T = sup [[Tz|/|lz] = sup [T
0#£z€B; z]|<1

The completeness follows from the completeness of Bs; we could have allowed B,
to be any normed space. In fact, if |7 — Tx|| — 0, then ||T;2 — Tyx| — 0, so
the completeness of By shows that T'x = lim;_,o Tz exists for every z € Bj.
Obviously T is linear and

Tl = 1 _T.2ll < Gm _T.
T2 = Tyal) = lim Tyw — Tyl < T 1T, — T3,
which proves that T' — T} and therefore 7" is continuous and that
|T —T;|| < lim ||T}, — Tj|| — 0, j — oo.
k—o0

(See also Corollary 2.4.9.)

Definition 2.6.1. If B is a Banach space over K = R or C, then the dual space B*
of B is the Banach space £(B, K) of continuous K-linear forms on B.

If x € B and £ € B* we shall use the notation (z,¢) instead of £(x) to denote
the value of the linear form £ at x. The reason for this is that we shall see that
there is a farreaching (though not complete) symmetry between the roles of B and
B*. First note that the map = — (z,€) is linear for fixed & since ¢ is a linear form.
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Secondly the map & — (z, &) is linear for fixed x in view of the definition of addition
and multiplication by scalars in B*. Thus the form

BxB* 3 (z,§) = (z,§)

is bilinear. There is a fundamental flaw in the symmetry though, for there may exist
continuous linear forms on B* which are not of the form & — (x,&) for any x € B.
An example is given by B = L'(R), B* = L*°(R). In fact, by the Hahn-Banach
theorem there exists a continuous linear form L on L*°(R) such that

L(u) =u(0), ifueCR)NLR).
If we assume that for some f € L'(R)
L) = {fru), weL¥(R),
then we must have

u(0) = /u(x)f(:r;) dr, uweCNL>™,

which implies f(z) = 0 for almost every x, which is a contradiction.
The definition of the norm of a linear form means that

(2.6.1) 1]l = sup [(z,&)[/l=ll, &€ B,
0#x€B

(Note that the same notation is used for the norm in B and for that in B*. This
should cause no confusion since we shall use the latin alphabet for elements in B
and the greek alphabet for elements in B*.) In (2.6.1) the roles of B and B* may
be reversed:

Theorem 2.6.2. For every x € B we have

(2.6.2) [zl = sup [z, E)[/I]-
0#££€B*

Proof. By (2.6.1) we have |(z,&)| < ||z||||€|| for all z € B, £ € B*. Hence
sup (2, )[/|1€]] < [|]]-
0#¢€B*

On the other hand, according to the Hahn-Banach theorem there is a continuous
linear form £ with ||£]| = 1 such that the value of £ at z is equal to ||x||. This proves
(2.6.2) and shows at the same time that the supremum in (2.6.2) is attained (which
is not always true in (2.6.1)).

Theorem 2.6.2 means that the natural map B — (B*)* = B** of B into the dual
of B*, obtained by assigning to x € B the linear form B* 5 £ — (z,€), is a linear
isometry, that is, norm preserving. Thus the range is closed but as we have seen in
an example above it may be strictly smaller than B**.

Definition 2.6.3. If the isometry B — B** is bijective, that is, if every continuous
linear form on B* can be written £ — (z,&) for some = € B, then B is called
reflexive.

For reflexive spaces the symmetry between B and B* is thus perfect. Later on
we shall give a characterization of reflexive spaces.

Having discussed the duality of Banach spaces we pass to studying maps between
them.
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Theorem 2.6.4. For every T' € L(B, Ba) there exists one and only one operator
T* € L(B3, BY) such that

(2.6.3) (Tx,n)o = (x,T*n)1, x € By, n€ B3,
where (-, -); denotes the bilinear form in B; x B}. The map
E(Bl,Bg) ST w—T" e L(B;,BT)

18 a linear isometry. It is surjective if By is reflexive.

Proof. For fixed n € B3 the map
By >z~ (Tz,n)2

is a linear form on By with norm < ||T||||n||2. Thus there exists a unique element
& € BY such that

<T37777>2=<55a5>1a il?GBl,

and we have [|€|li < ||T]|l|n]l2- The map n + & is then linear and the norm is
< |IT'||. This shows that there exists a unique operator T satisfying (2.6.3) and
that |77 < ||T'||. Taking the supremum of the two sides of (2.6.3) when ||z||; < 1,
Inll2 < 1, we conclude that there is in fact equality.

The argument can be reversed if Bs is reflexive. Given T € L(Bj, B7) the
equality (2.6.3) defines an element T'z which is a continuous linear form on Bj,
hence can be identified with an element in By. The proof is complete.

Note that if we take By = K, then £(B;, Bs) = B, L(B3, Bf) = B3*, and the
map 1" — T™ is the embedding of By in B5*. Thus the last conclusion in Theorem
2.6.4 is false unless Bs is reflexive.

Definition 2.6.5. The operator T* defined by (2.6.3) is called the adjoint operator
of T

Theorem 2.6.6. If T} € L(B1, Bs), Ty € L(B2, Bs) then (ToTh)* = TyT5.

The proof is obvious. We shall now study the relations between 7" and 7™ starting
with an important special case.

Theorem 2.6.7. Let W be a closed linear subspace of the Banach space B and let
W?® be its annihilator in B*, that is,

We ={¢&e B*;(x,&) =0 for all x € W},

which is a closed linear subspace of B*. Let i, 1° be the inclusion maps W — B and
We — B*, and let q, ¢° be the quotient maps B — B/W and B* — B*/W?°. Then
i* : B* — W* vanishes on W° and induces an isometric bijection B* JW° — W*. If
we identify W* with B*/W?°, it follows that i* = q°. Furthermore, ¢* : (B/W)* —
B* is an isometry with range W°. If we identify (B/W)* with W° it follows that
q* =1°.

Thus inclusions and quotients are dual to each other.

Proof. 1f £ € B* then i*¢ is by definition the restriction of the linear form & to W,
so it is 0 if and only if £ € W°. Since every continuous linear form on W can be
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extended to a continuous linear form on B with the same but not with a smaller
norm, it follows that i* : B* — W™ is surjective with kernel W° and that

|77 Ellw~ = inf [I€ =

This proves the first assertion. If n € (B/W)* then ¢*n is the linear form B >
x +— {(qx,n) which vanishes on W, hence belongs to W°. Conversely, every linear
form B — K which vanishes on W can be factored through B/W to a linear form
B/W — K which by definition of the norm in a quotient space has the same norm.
This shows that ¢* is an isometry with range W° and completes the proof.

We shall always use the natural identifications of W* with B* /W*° and (B/W)*
with W° given in Theorem 2.6.7 without mentioning this explicitly.
Theorem 2.6.7 implies that

Wee ={x € B;(z,§) =0, € W°} =W.
In fact, Img* = W° so x € W°° if and only if
(qr,0) = (x,q"0) =0, 6¢€ (B/W)*,

which means that gx = 0, that is, that x € W. This gives

Corollary 2.6.8. If W is an arbitrary linear subspace of B, closed or not, then
Wee  the annihilator in B of the annihilator W° of W in B*, is equal to the closure
i B of W.

Proof. The annihilator of W is equal to the annihilator of the closure W, so the
assertion follows from the preceding remarks. The corollary is of course just another
way of stating Theorem 2.3.3.

It should be emphasized that if we start with a closed subspace W of B*, take
its annihilator W*° in B and then the annihilator W°° of W° in B*, we may obtain
a strictly larger space than W. This question will be discussed later. Obviously it
only comes up for non-reflexive spaces.

Theorem 2.6.9. Let T' € L(By, By) and assume that ImT is closed. Then it fol-
lows that ImT* is closed. The annihilator of KerT is ImT* and the annihilator of
ImT is KerT*. Hence dim Ker T = dim Coker T* and dim Coker ' = dim Ker T™.

The same conclusion is valid if Im7™* but not Im 7" is assumed to be closed.
However, the proof is much more difficult and has to be postponed to Theorem
2.6.31 below.

Proof. Assume first that T' is bijective. According to Banach’s theorem we have a
bounded inverse S € L(Bz, By) then. Thus ST = I, T'S = I, which implies

T*S* =IF, S*T* =1},

so T* is a bijection. In the general case we can write T' = T375T where T7 is the
quotient map from B; to By/KerT, T is the bijection By /KerT — Im T induced
by T', and T3 is the inclusion Im7T +— Bs. Then we have T" = 1715715 where
by Theorem 2.6.7 T is the inclusion map (KerT)° — By and T3 is the quotient
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map B — B3 /(ImT)°. According to the first part of the proof Ty is a bijection,
which proves that Im7™* = (KerT')° and that Ker 7™ = (Im7)°. Since Ker7T and
Coker T* (resp. KerT™ and CokerT') are dual, the last statement follows from
Theorem 1.2.13.

The reader should also give a direct proof using the Hahn-Banach theorem,
Banach’s theorem, and the definition of the adjoint operator.

Corollary 2.6.10. If T satisfies the hypotheses of Theorem 2.6.9 and indT is
defined, then ind T* = —ind T'.

The advantage of passing to the adjoint operator, which will be more clear later
on when we have perfected Theorem 2.6.9, is that 7™ may often be easier to study
than T'. For example, if we expect that T is surjective but has a kernel of infinite
dimension, then T should be injective. By Banach’s theorem the question whether
ImT™ is closed is then equivalent to the question whether there is an estimate of
the form |&|| < C||T*¢||, £ € Bs. Thus the proof of existence theorems may be
transferred to the proof of estimates, which is a much more concrete problem.

We shall now show the advantage of duality arguments by using them to give a
partly different derivation of Fredholm theory.

Theorem 2.6.11. IfT € L(By, Bs) has finite rank, then T has also finite rank.
If T € L.(B1,B3) then T* € L.(B3, BY).

Proof. The first assertion is a trivial consequence of Theorem 2.6.9. To prove the
second assertion we need a lemma.

Lemma 2.6.12. If T € L(By, B2) is compact, then ImT has a dense countable
subset.

Proof. Let A = {Tz;x € By, |jz|p < 1}. We have ImT = U(nA) so it suffices
to show that A and therefore nA has a dense countable subset. To prove this
we note that for every € > 0 there exist finitely many yi,...,yn € A such that
ly; — ykll2 > € for j # k but ||y — y;|| < € for some j =1,...,N for any y € A.
This follows from the compactness of T" since there would otherwise exist an infinite
sequence in A which has no limit point. If we choose such elements 1, ...,yy for
a sequence of values of € converging to 0, the assertion follows.

Proof of Theorem 2.6.11 continued. Let n,, € By, n=1,2,... and ||n,||2 < 1. For
every fixed y € By we can choose a subsequence 7, such that

(2.6.4) Hm (y, 0, )2
k— o0

exists. Using the Cantor diagonal procedure as in the proof of Proposition 2.5.7 we
can select the subsequence so that the limit (2.6.4) exists for every y in the dense
countable subset M of Im 7" constructed in Lemma 2.6.12. The sequence 7%, is a
Cauchy sequence. For otherwise there would exist subsequences 7, and 7, with
TN, — TNy lln = ¢ > 0 for all k. We can choose xy, € By with [|zx[l; =1 and

’<xk>T*nn§€ - T*Un;;>| > 0/2

for every k. Since T is compact the sequence T'xj contains a convergent sub-
sequence. Changing notation if necessary we may assume that T'zy — y where
y € ImT = M. Then we have for every Y € M

(@, TNy, — T N) = (T — Yy My, — M) + Y = Y000 — ) + (Y007 — 1)
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When k — oo we obtain ¢/2 < 2|y — Y||. Since y € M this is a contradiction
proving the theorem.

Fredholm theory can now be developed in the following way. Let T € L(B1, Bs)
be a Fredholm operator and S € L.(B1, B2). Then the kernel of T' 4 S is finite
dimensional, by Lemma 2.5.12 and Theorem 2.5.8, and so is the kernel of T 4 S*
in view of Theorem 2.6.11. The range of T+ S is closed. For if F' is a topological
supplement of Ker (1" + S) and z,, € F, (T + S)x, — y, then the sequence z,,
must be bounded. In fact, otherwise there exists a subsequence z,, such that
(T 4+ S)zp,, /|| %n, || — 0. We can choose the subsequence so that also Sz, /||n, ||
converges. Then Tz, /||zy, | converges, so Lemma 2.5.11 shows that a subsequence
of xp, /||zn, || converges to alimit z € F. Since ||z|| = 1 and (T'+.5)z = 0 we obtain
a contradiction. In the same way we then conclude that the sequence x, has a
convergent subsequence. If the limit is « then (T'+S)x = y, so Im (T'+.5) is closed.
In view of Theorem 2.6.9 it follows that dim Coker (T" 4+ S) = dim Ker (T + S*)
which is finite. Hence T + S is a Fredholm operator. By Theorem 2.5.3 the index
of T'+ tS' is therefore independent of ¢, thus equal to ind 7.

The adjoint operator can also be defined for certain unbounded linear operators.
By an unbounded operator from B; to By we shall mean a linear operator with
domain D7 contained in B; and range contained in Bs. We want to define T™ so
that 7 is in the domain of T and T%*n = ¢ if and only if (2.6.3) is valid, that is,

(T'z,m)2 = (x,&)1, z€Dr.

In other words, if

GT = {(SL’,T&?),JZ € DT} C B1 D B2

is the graph of T', we want to have

<.CL’,§>1 - <y777>2 = 07 if (xvy) S GT-

Now Bj @ B3 is the dual space of By @& By with respect to the bilinear form

<(xay)a(§7n)>:<x=£>_<yan>7 CL'GBl, y€B27 gera UEB;

In fact, if By ® Bs 3 (z,y) — L(x,y) is a continuous linear form, then L(z,0) =
(x,€), x € By, —L(0,y) = (y,m), y € Ba, where £ € B, n € B;. This proves that
L(z,y) = (z,&) — (y,n). (The minus sign is introduced for the sake of convenience
later on.) The desired definition of 7 then means that G~ shall be the annihilator
of Gr. Denote the annihilator of G by W. In order that W shall be the graph
of a function from Bj to Bj it is necessary and sufficient that (£,0) € W implies
¢ =0. But (£,0) € W means precisely that £ is orthogonal to Dr, so the adjoint
operator T™ exists if and only if T" is densely defined, that is, Dp is dense. If By is
reflexive then T* is densely defined if and only if the only element (0, ) orthogonal
to W is (0,0). But we know that the annihilator of W in By @ Bs is the closure
of Gp. Thus T* is densely defined if and only if the closure of G is a graph, that
is, if T" has a closed extension. One calls T' preclosed then. Summing up, we have
proved:
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Theorem 2.6.13. If T : By — By is a closed, densely defined linear operator,
then (2.6.3) defines a closed operator B5 — BY; n is in the domain of T* and
T*n =& if and only if

(Tz,m)e = (x,&)1, for all x € Dr.

Conversely, x is in the domain of T and Tx =y if and only if

<y7?7>2 = <£E, T*T]>1 fOT all n e D
T* is densely defined if By is reflexive.

It is often convenient to note that T is closed if and only if Dp is a Banach space
with the graph norm
z = [zl + |1 Tz]2.

In fact, this means that Gr is complete which is equivalent to G being closed as
a subset of By x Bs.

We shall now discuss some important special features of the Hilbert space case.
Let H be a Hilbert space. Then H > x — (x,y) is for every fixed y € H a linear
form with norm ||y||, and by Corollary 2.3.7 every continuous linear form on H can
be written in this way. Thus we have an isometric bijection § : H — H™* assigning
to y € H the linear form above. 6 is antilinear, that is,

0(ax + by) = ad(x) +b0(y), z,y € H, a,b < K.

It follows that H is reflexive.
If T: H — Hs is a closed densely defined linear map between Hilbert spaces,
then the diagram

HQL)Hl

0| K
* T* *
H —— Hj
defines a closed densely defined map T : Hy — Hy. This is also called the adjoint

of T'; we have N
(Tz,y)2 = (,Ty)1, «€Dr, y <€ Ds.

T and T determine each other by this relation just as T' and 7™ above. In what
follows we shall use the conventional notation 7™ instead of T since it will always
be clear from the context if we are defining the adjoint operator with respect to
Hilbert space scalar products.

Definition 2.6.14. 1f H is a Hilbert space and T': H — H is a densely defined linear
operator, then T is called self-adjoint if T* = T'; this implies that T" is closed.

In Chapter III we shall give a detailed study of the structure of self-adjoint
operators. Here we shall content ourselves with some additions to Theorem 2.6.13
which follow from inspection of the proof.

Let Gy C Hy & Hy be the graph of a closed densely defined linear map from H;
to Hy. Then (z1,x2) is orthogonal to G if and only if

(x1,2) + (x2,Tx) =0, € Dr.
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This means that xo is in the domain of T and that T*xy, = —x;. By Corollary
2.3.6 we now conclude that every element (£,n) € Hy & Hs can be written in one
and only one way in the form

(5777) = (x7Tx)+(_T*y7y)a xeDT? ?JGDT*-

Thus ¢ =x —T"y and n = Tx +y. If we take ¢ = 0 it follows that T*y = z, so y
is in the domain of TT* and (I3 + TT*)y = n. Scalar product with y gives

(v, y) + Ty, T*y) = (n,y) < |Inllllyll,

which implies that ||y|| < ||n|| and that | 7*y|| < ||n||. Thus the inverse of I +TT*
is an everywhere defined operator of norm < 1, so its graph and therefore the graph
of Iy +TT* is closed. Is + TT* is a self-adjoint operator. For let (z,y) belong to
the graph of the adjoint. This means that

(z,(I2 +TT*)E) = (y,§), & € Drr=.

We can write y = (I3 +T7T*)n and obtain

Since Iy + T'T* is surjective this proves that x = 7, that is, that (Io + TT*)z = y.
On the other hand, if (z,y) and (2’,y’) are in the graph of Iy + TT* then

(x,y) — (y,2') = (x,2' + TT*2") — (x + TT*z,z") = 0,

so the graph of Iy + TT* is equal to the graph of its adjoint, that is, Io + TT™*
is self-adjoint. Now the sum of a self-adjoint operator and a bounded self-adjoint
operator is obviously self-adjoint, so we have proved:

Theorem 2.6.15. If T is a closed densely defined operator from a Hilbert space
Hy to another Hs, then T*T and TT* are self-adjoint operators (thus closed and
densely defined). The operators (Iy + T*T)~1, (I +TT*)~™t, T(I; + T*T)~! and
T*(Io + TT*)™! are everywhere defined and of norm < 1.

We shall now discuss some properties of complexes of unbounded operators in
Hilbert space. As preparation we give a variant of Theorem 2.6.9 for unbounded

operators between Hilbert spaces. Properly modified it is also valid for arbitrary
Banach spaces.

Theorem 2.6.16. Let T be a closed densely defined linear operator from one
Hilbert space Hy to another Hy. Then the following conditions are equivalent:

a) ImT is closed.
b) There is a constant C' such that

|zl < C||Tx||2, x € DrN[ImT*.

Here [W] denotes the closure of a linear space W.
c) ImT™* is closed.
d) There exists a constant C' such that

lyllz < ClIT"ylly,  y € Dp- N [ImT].
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Proof. Let us first note that by the definition of the adjoint operator the orthogonal
space of Im T is equal to Ker T*. The orthogonal space of KerT™ is therefore the
closure of Im7T". Now assume that a) holds. Since the orthogonal space of [Im 7] is
the kernel of T', the restriction of 7' to DN [Im T™] is closed and injective. The range
is the closed subspace Im T of Hy. Hence the inverse is continuous by the closed
graph theorem, which proves b). Conversely, b) implies a), for T'(Dy N [ImT™*]) =
Im7T since T vanishes on [Im7T*]+. In view of the symmetry between T and T*
it is now clear that c¢) and d) are also equivalent, and it suffices to prove that b)
implies d). From b) we obtain, if y € Dp+ and € Dy N [ImT™],

(v, Tx)a| = [(T7y, )1 < |1 T7yl [zl < CIT yll2 ][ T2

Hence |(y,n)z2| < C||T*y|1||n]]2 if y € D+ and n € [Im T, and this proves d).

Let us now assume that in addition to the operator T we have another closed
densely defined linear operator S from Hs to a third Hilbert space H3 and that
ST = 0, which means that Im7T C KerS. An example of this situation occurs if
T is defined by the exterior differential operator from k forms to k£ + 1 forms and
S by the exterior differential operator from k£ + 1 forms to k + 2 forms. We are
interested in studying the possible gap between Im T and Ker S, the homology of
the complex.

Theorem 2.6.17. A necessary and sufficient condition for ImT and Im S both to
be closed is that

(2.6.5) |lyll3 < C*(|IT*y||7 + |Syll3), y € Dr- NDsN N+, N =KerT* NKerS.

ImT and Im S are closed and N 1is finite dimensional if and only if from every
sequence yi € D« N Dg with ||ykll2 bounded and T*y,, — 0 in Hy, Syr — 0 in Hs,
one can select a convergent subsequence.

Proof. First we note that
Hy =[ImT] & N & [ImS™].

In fact, since ImT" C Ker S and Ker S is orthogonal to [Im S*], we know that [Im T’
and [Im S*| are orthogonal. The intersection of their orthogonal complements is
N by definition. Now S vanishes on [Im7], and T* vanishes on [Im S*| since
T*S* = 0. In view of Theorem 2.6.16 the estimate (2.6.5) is therefore valid for
y € Dp« N[ImT) if and only if Im T is closed, and it is valid for y € Dg N [Im S*] if
and only if Im S is closed. Since every y occurring in (2.6.5) can be split into two
such orthogonal components, it follows that (2.6.5) holds if and only if Im7" and
Im S are both closed. Now assume that this is true and that N is finite dimensional.
If yx € Dp- N Dg we write yp = zr + ni where ny € N = Ker S N KerT* and zj
is orthogonal to N. Using (2.6.5) we conclude that zx — 0 if 7%z, = T*yr — 0
and Szp = Syr — 0. Since N is finite dimensional we can extract a convergent
subsequence from the sequence ny, if yx is bounded.

On the other hand, assume that the compactness condition in Theorem 2.6.17 is
fulfilled. Then the unit ball in NV is compact, so NV is finite dimensional by Theorem
2.5.8. If (2.6.5) were not valid we could choose a sequence y;, € D= NDg orthogonal
to N such that |lyg|l2 = 1 but ||[T*yk|l1 — 0 and ||Syk|ls — 0. Let y be a strong
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limit of this sequence, which exists by hypothesis. Then we have |Jy|l2 = 1, y is
orthogonal to N, and T*y = Sy = 0 since S and T™ are closed. Thus y € N which
is a contradiction proving (2.6.5) and so the theorem.

Theorem 2.6.17 has important applications in the theory of functions of several
complex variables. It would take us too far to develop them here, so the reader is
referred to Chapter IV of L. Hormander, An introduction to complex analysis in
several variables.

We shall now discuss some deeper results concerning duality which are related
to the use of another topology in the dual space. We introduce this notion in a
quite general context:

Definition 2.6.18. Let ' and G be two vector spaces over K = R or C, and let
(x,y) be a bilinear form on F'x G defining a duality between F' and G (see Definition
1.2.12). The locally convex topology in F' defined by the semi-norms

Foze[(z,y)

with y € G is called the weak topology in F' and denoted by o(F,G). Correspond-
ingly we have a weak topology o(G, F) in G.

Note that the definitions imply that o(F,G) and o(G, F') are Hausdorff topolo-
gies, and that the linear form = +— (z,y) on F is continuous for every y € G. The
same is true if F' and G are interchanged, but from now on we usually just mention
one of two such symmetric statements. On the other hand, we have

Theorem 2.6.19. Ewvery linear form on F which is continuous for o(F,G) can for
one and only one y € G be written in the form

(2.6.6) F>az— (z,y).

Proof. Let L be a linear form on F' which is continuous for o(F,G). Then there
exist y1,...,y, € G and a constant C' such that

(2.6.7) L(z)| < CY [(z,y:)l, z€F

Thus L(z) = 0if z € N = {z € F;(z,y;) = 0,i = 1,...,n}. The forms L
and x — (z,y;) induce linear forms L’ and Y; on the finite dimensional vector
space F'//N, and 0 is the only common zero of the forms Y;. Hence L’ is a linear
combination of Y7, ... Y, which proves the theorem.

We shall now examine the duality between a Banach space B and its dual space
B*.
Theorem 2.6.20. If&,&, -+ € B* and §,—&,, — 0 in o(B*, B) when n,m — oo,

it follows that there exists an element §& € B* such that &, — £ in o(B*, B) when
n — oo.

Proof. The completeness of the scalars implies that (x,&,) has a limit for every
x € B, so the theorem is an immediate consequence of Corollary 2.4.9.

Now we turn to the fundamental property of the weak topology o (B*, B) (usually
called the weak* topology).
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Theorem 2.6.21 (Tychonov). If B is a Banach space, then the unit ball
U={{e B¢l <1}

is compact for o(B*, B).

Proof. For every £ € U and = € B we have |[(z,&)| < ||z||. If for every x € B we let
D, denote the disc {z € K |z| < ||z||}, we therefore obtain an injective map

v:U3€&m {(2,8}een € |[ D= D.
rEB

The range consists of all f = {f;}zeB € [[,e5 De = D such that
faw+by:af:c+bfy Vr,ye B, a,b e K.

Each of these relations defines a closed subset of D. Thus U is a closed subset of
D, and since D is compact (Theorem 2.1.4) it follows that yU is compact. Now a
basis for open sets in D is obtained by imposing on f = {f,}.cp a finite number
of inequalities

|fo — Co| <€z, €x>0.

The inverse image in U is the set of all £ € U such that

|<I,§> _C:E| < &y

for finitely many values of x. It follows that v is a homeomorphism, hence that U
is compact.

Remark. Note that the proof is valid without change if B is just semi-normed.

In the cases which occur most frequently in the applications, the proof of Theo-
rem 2.6.21 is completely elementary:

Definition 2.6.22. The Banach space B is called separable if it contains a countable
dense subset.

Theorem 2.6.23. Let B be separable and let x1,x2,... be a dense subset. Then
the semi-norms

(2.6.8) &= (z;,8), 7=12,...,
define the same topology as o(B*, B) on the unit ball U in B*.

Proof. 1t suffices to show that if N is a neighborhood in U of a point &, € U with
respect to the topology o(B*, B), then N contains a neighborhood in the topology
defined by means of the semi-norms (2.6.8). We may assume that

N={¢eU;[{z,§ - &)l <e}; e>0,z€B.
Choose k so that ||z — zx|| < e/4. Then [(x — xx, & — &o)| < e/2if £,& € U, so
N D {€ € U;[(zx, & — &o)| < /2},

which proves the theorem.

Combination of Theorems 2.6.21 and 2.6.23 gives
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Theorem 2.6.24. The unit ball in the dual space of a separable Banach space is
a compact metrizable space in the weak topology o(B*, B).

This result can also easily be proved directly. It suffices to show that every
sequence in U has a weakly convergent subsequence. This can be proved using the
Cantor diagonal procedure and Theorem 2.6.23. The details are left as an exercise.

Ezxample 2.6.25. From every bounded sequence f,, € LP , 1 < p < oo, one can
choose a subsequence f,, with a weak limit f € LP, that is,

/fnkgdx%/fgdx, geLp/, 1/p+1/p =1.

An analogous “selection theorem” is valid for a sequence of measures with uniformly
bounded total mass.

We shall now prove a certain converse of the preceding theorems. The first step
is a general but elementary result concerning vector spaces in duality.

Let I, G be two vector spaces in duality with respect to the bilinear form (x, ).
Let A C F be conver and balanced (that is, z € A and a € K, |a|] < 1 implies
ax € A). We set

A°={yeG;(z,y)| <1 Vae A},

which is called the polar of A. It is clear that A° is convex, balanced and closed for
o(G, F), so A°° has the corresponding properties and contains A.
Note that if A is conic, that is, tx € A if £ > 0 and = € A, then

A° ={y e G;(z,y) =0 Vze A}
In particular the polar of a linear subspace of F' is its annihilator in G, so there is
no conflict with our earlier notation.

Theorem 2.6.26. A°° is the closure of A in the topology o(F,G).

Proof. Assume that x( is not in the closure of A. According to the Hahn-Banach

theorem (Theorem 2.3.2) there exists a linear form f on F, which is continuous for
o(F,G), such that
|f(z) = f(xo)] > >0, x€A.

Since x € A implies ax € A if |a| < 1, it follows that |f(zo)| > |f(z)| + & when
x € A. Let g(x) = f(z)/a where |f(xo)] —e < a < |f(zo)|- Then
l9(x)] <1 <|g(zo)|, =€ A
By Theorem 2.6.19 we have g(x) = (z,y) for some y € G. Hence y € A° and
xg ¢ A°°, so the proof is complete.
We can now prove a converse of Theorem 2.6.21.
Theorem 2.6.27. Let F' and G be two Banach spaces which are in duality with

respect to the bilinear form B(x,y). Assume that

(2.6.9) |z = sup |B(z,y)|/|lyll, =z€F,
0#£yeG
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and that the unit ball in G is compact for o(G, F). Every linear form on F which
is continuous with respect to the norm topology can then be written x — B(z,y)
for suitable y € G, and the norm of the linear form is ||y||. Thus the map G — F*
defined by B is a bijective isometry.

Proof. From (2.6.9) it follows that the linear form z : z — B(z,y) is continuous
with norm < ||ly||. The map y — 2z = ¢(y) is therefore an injection G — F* of norm
< 1. Let Ug be the unit ball in G, let U = ¢(Ug) be the image in F*, and denote
the unit ball in F* by U*. The theorem will be proved if we show that U = U*.
First note that it follows from (2.6.9) that

Ut ={z e F;l[(x,2)| <1 VzeU}={ze F;[B(x,y)|<1 Vyeq |yl <1}

is the unit ball in F'. Here (-, -) is the bilinear form on F' x F*. If we apply Theorem
2.6.26 to the spaces F' and F* with this duality, it follows that U* is the closure
of U in o(F*, F'). By hypothesis Ug is compact in the topology o(G, F'), and ¢ is
continuous for the topologies o(G, F') and o(F*, F') since

(x,0(y)) = B(z,y) ifxeFyed.

Hence U is compact and therefore closed in the topology o(F*, F') (Theorem 2.1.3),
soU=U".

Corollary 2.6.28. A Banach space B is reflexive if and only if the unit ball in B
is compact for the weak topology o(B, B*).

We shall now complete Theorem 2.6.9 to a more symmetric statement. The main
tool in the proof is

Theorem 2.6.29 (Banach). A linear subspace M of the dual B* of a Banach
space is closed for o(B*, B) if and only if the intersection of M and the unit ball
m B* 1s compact in this topology.

The necessity follows at once from Tychonov’s theorem. The main step in the
proof of the sufficiency is the following:

Lemma 2.6.30. Let M be a linear subspace of the dual B* of a Banach space such
that the intersection with the unit ball in B* is compact for the topology o(B*, B),
and let &y be a fized element € B* \ M. Then there exists a sequence x,, € B with
Zpn — 0 such that € ¢ M if |(xn,& — &o)| < 1 for all n.

Proof. Let M, = {¢ € M;|§—¢&o|| < n}. Assume that we have already proved that
there exist finitely many elements z1,...,z; € B such that

(x5, € — &) <1, 1<j<k = {¢ M,.

We shall prove that there exist elements xgy1,...,Zk+m € B with norms < 1/n
such that
(2.6.10) (2, =) <1, 1<j<k+m = ¢ Mpi1.

Repeated use of this construction will of course yield a sequence with the required
properties.
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M,,+1 is compact for o(B*, B), for
M1 ={§ € M; [€]l <n+1+[[&ll} N{€ € Bl — &l <n+1},

where the first set is compact for o(B*, B) by hypothesis, and the second is closed.
By assumption

0,

k
(2611)  Mupa [ (U o€ =€) <1 [ {& 1@, € - &) <1}

n|lz[<1

for the last intersection is {¢; ||§ — &o|| < n}. Since M, 11 is compact for o(B*, B)
and the other sets are closed, it follows that already a finite number of the sets in
(2.6.11) have an empty intersection. But this means that (2.6.10) holds for suitable
Thtls .-y Thom With norm < 1/n, so the proof is complete.

Proof of Theorem 2.6.29. Let {& ¢ M and choose a sequence x, according to
Lemma 2.6.30. Write

p(§) = SliprnagH? ¢ € B*.

Then the distance from &y to M is at least 1 with respect to the semi-norm p, so by
the Hahn-Banach theorem there exists a linear form L on B* which is continuous
for p, and vanishes on M although L(&,) = 1. To prove the theorem we have to
show that L is the scalar product with an element of B.

Let ¢ be the Banach space of sequences a = (aj,as,...) converging to 0 in
K, with the norm |ja|| = sup |aj|. The dual space is I'. We define a linear map
p:B* —cby

p(€) = ((21,8), (22,8),...).

Since p(§) = [[¢(€)| we have L(§) = L'(¢(£)) where L’ is a continuous linear form

on the range of ¢. Let L be a continuous linear extension of L' to all of ¢. Then
we have L(§) = L(¢(€)), and

L(a) = thaj, Z |tj] < oo.

L&) =L(p(§) = Y _tj{x;, &) = (,8), £€B",

where = ) t;z;. The proof is complete.

Now

It is now easy to complete Theorem 2.6.9.

Theorem 2.6.31. Let T' € L(By,Bs) and assume that ImT* is closed (in the
norm topology of By ). Then it follows that ImT is closed, the annihilator of Ker T’
1s ImT™*, and the annihilator of ImT s Ker T™.

Proof. As in the proof of Theorem 2.6.9 we can reduce the proof to the case where
KerT = {0} and Im7T is dense in By. Then we have KerT* = {0}, and we shall
first show that Im7T™ = B7.

Since Im T is closed and Ker T = {0}, it follows from Banach’s theorem that
there is a constant C' such that

(2.6.12) Inll2 < CIT*nlli, n € B;.
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Let U; be the unit ball in Bf. Then we have
(2.6.13) UNImT* =U; N{T*n;n € B3, |n|2 < C}.

Now T is continuous for the weak topologies, for if x € B; and € > 0, then
|{(z,T*n)1| < e for all n € B3 with |(Tx,n)2| < €, which is a neighborhood of 0 in
o(Bj, By). Hence the last set occurring in (2.6.13) is compact and therefore closed
for o(B7, B1), for it is the continuous image of a compact set for o(B3, By). Thus
Uf NImT™* is closed for o(B7, B1), so Theorem 2.6.29 shows that Im 7™ is closed
for o(B7, B1). But if x € B; is orthogonal to Im 7™, we have

(x,T*n)1 = (Tx,m)2 =0, n € By.

This implies that Tx = 0, hence that z = 0 since we have assumed that Ker 7" = {0}.
By the Hahn-Banach theorem applied to B} with the topology o(B7, By) it follows
that Im7T™ = B7.

Using (2.6.12) we now obtain

{2, T | = [(Tz,me| < Tz T 0], =€ By, ne By
and since Im7T™* = By, it follows that
lz]lx < ClITz|[.

Since Im T is dense in By we conclude that Im7T = B,, and the theorem is proved.

We can also extend Theorems 2.5.3 and 2.5.10 now so that symmetry between
kernel and cokernel is restored:

Theorem 2.6.32. Let T € L(B1, Bz) and assume that Im T has finite codimen-
sion. If S € L(By,Bs) and ||S|| is sufficiently small, it follows that the range of
T + S also has finite codimension and that

ind(T+ 5) =ind T, dim Coker (7' + ) < dim Coker 7.
For an arbitrary S € L.(By, Bs) the range of T + S has finite codimension and
ind (T4 S) =indT.

Proof. By Theorem 2.5.1 we know that Im 7" is closed. Hence it follows from Theo-
rem 2.6.9 that Im 7™ is closed, and dim Ker 7" = codim Im 7" = dim Coker T'. When
15*]] = |IS|| is small, it follows from Theorem 2.5.3 that (7' + S)* = T™* 4+ S* has
finite dimensional kernel and closed range, and that

ind(T'+ S)" =ind T™, dimKer (T"+ §)* < dim Ker 7™ = dim Coker 7T'.

For arbitrary S € L.(B1, B2) we have S* € L.(B3, B}) by Theorem 2.6.11, so we
can then conclude from Theorem 2.5.10 that (7'+ .5)* has finite dimensional kernel
and closed range, and that ind (7" + S)* = ind T*. Now it follows from Theorem
2.6.31 that T+ S has closed range and that the statements in the theorem are valid.

Before giving an example of applications we shall discuss the extension of some of
the preceding results to the case of Fréchet spaces. The dual E* of a locally convex
topological vector space F is always defined as the space of continuous linear forms
on E. There are several interesting topologies on E* but we shall only be concerned
with the weak* topology o(E*, E).
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Theorem 2.6.33. If E is a locally convex topological vector space and p is a con-
tinuous semi-norm on E, then

Up ={§ € E7 [{z,§)| < p(x), z € E}

is compact for o(E*, E).
This was already observed in a remark following Theorem 2.6.21.

Theorem 2.6.34. A linear subspace M of the dual E* of a Fréchet space is closed
for o(E*, E) if and only if UyN M is closed for o(E*, E) when p is any continuous
semi-norm in E.

Proof. The necessity follows from Theorem 2.6.33. To prove the sufficiency we first
have to extend Lemma 2.6.30 and prove that if &y ¢ M, then there exists a sequence
xn € E with z,, — 0 such that £ ¢ M if [(x,,& — &)| < 1 for all n. To do so we
take a sequence of continuous semi-norms pq, p2,... on E such that

{x € E;pj(z) <1}
is a decreasing fundamental sequence of neighborhoods of 0 and § € U),. Let
M, = M N (Up, +{%}) CMNUy,.
Assume that we have already found finitely many x1,...,z; € E such that
(25,6 — &) <1, 1<j<k = {¢& M,.

We claim that there exist elements zyi1,...,Zk+m € E such that p,(z;) < 1,
k<j<k+m, and

(2, = &) <1, 1<j<k+m = & Mni1.

If this were not true we would as in the proof of Lemma 2.6.30 obtain an element
& € M, 41 such that

|<x37€_£0>|§17 ]Skv thusggM?h
[(x, & —&)| <1 forall z € E with p,(x) <1, thus £ € M,,.

The existence of the sequence x,, is therefore established. The proof of Theorem
2.6.29 is now applicable with no further change, for > ¢;x; convergesin E'if ) |t;| <
oo since ) [t;|pr(z;) < oo for every semi-norm py,.

Now let F and F' be two Fréchet spaces and T : E' — F' a continuous linear map.
As before we can define the adjoint T : F* — E* by

(Tz,n) = (x,T™n), xz€E, neF*

for this means that T*n is the continuous linear form = — (T'z,n) on E.
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Theorem 2.6.35. The range of T is closed if and only if the range of T* is weak*
closed in E*. The annihilator of ImT is then Ker T™, and the annihilator of Ker T
is ImT™.

In applications of this theorem one will of course use Theorem 2.6.34 in verifying
that the range of T™ is weak™® closed.

Proof. a) Assume that TE is closed. Then we shall prove that £ € T*F* if and
only if £ belongs to the annihilator of KerI. The necessity is easy, for if & = T™n,
then

(KerT,&) = (Ker T, T*n) = (T'Ker T',n) = 0.

On the other hand, assume that ¢ is orthogonal to KerT', and set
L(Tz) = (x,§), x€E.

L is uniquely defined since (z,£) = 0 if z € KerT. L is also continuous since the
map T : E/KerT — Im T is a homeomorphism by Banach’s theorem. Hence there
exists a continuous extension of L to all of F, that is, there is an element n € F™*
with

(x,&) = (Tz,m), x€E.

This means that T"n = €.

b) Let N be the annihilator of Im7™ in E. We have (T'xz,n) = 0 for all n € F* if
and only if x € N. Thus N = KerT. If we assume that Im 7™ is weak™ closed then
N° =ImT*, by Theorem 2.6.26. Let T} be the map from E/N to F induced by
T, thus T' = T1q where q is the quotient map £ — E/N. Then T* = ¢*T} where
Ty maps F* to the dual space N° = ImT™* of E/N and ¢* is the injection of N° in
E*. (Compare with Theorem 2.6.7 which immediately carries over to the present
situation.) Thus T} is surjective.

Changing notation so that T} is called T it is thus sufficient to prove the state-
ment when Im7T* = E*, which implies that T is injective. We claim that 7! is
then continuous, that is, T'z; — 0 implies x; — 0. This will prove that the range
of T is closed and complete the proof. We need two lemmas.

Lemma 2.6.36. A sequence x; in a metrizable locally convex topological vector
space E converges to 0 if and only if there exists a sequence of positive reals €; — 0
such that x;/e; is bounded.

Proof. If z/e; is bounded, we have p(z;/e;) < C), for every continuous semi-norm
p on E. Hence p(z;) — 0 if ¢; — 0, that is, z; - 0 when j — oco. On the
other hand, assume that z; — 0. Let p; < ps < ... be a sequence of continuous
semi-norms such that the sets {x € E;p;(z) < 1} form a fundamental system of
neighborhoods of 0. By hypothesis we have p;(x;) < 1/j when k > k;, where k;
is an increasing sequence. If we define ¢, = 1/j when k; < k < k;11, it follows
that €, — 0 when k& — oo and that p;(zx/ex) < 1 when k; < k < kjy1. Hence
pj(zr/ex) < 1 for k > k; since p; increases with j. Thus zy/ej is a bounded
sequence.

Lemma 2.6.37. A sequence x; in a locally convex topological vector space E is
bounded if and only if the sequence (x;,&) is bounded for every £ € E*.

Proof. If the sequence is bounded we have a bound for |(z;,§)| for every £ € E*
because x — [(x, )] is a continuous semi-norm. On the other hand, assume that all
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these scalar products form bounded sequences. Let p be a continuous semi-norm
on F and let £ be the set of all § € E* which are continuous with respect to p,
that is,

Illp = sup  [z,8)|/p(x) < oo.
z€E,p(x)#0

This is a Banach space. We have

(25, O < play)lEllp, € € Ep,

so that £ — (x5, &) is a continuous linear form on E;. By hypothesis it is pointwise
bounded, so Theorem 2.4.8 proves that there is a uniform bound, that is,

(25, ) < Cpllélly, €€ By, j=1,2,....

In view of the Hahn-Banach theorem (see Theorem 2.6.2 or Theorem 2.6.26) it
follows that p(x;) < C for every j. Hence the sequence z; is bounded.

End of proof of Theorem 2.6.35. We can now continue the discussion in part b) of
the proof. Let Tx; — 0. By Lemma 2.6.36 there is a sequence €; — 0 such that
Tx;/e; is bounded. Hence

(Txj/ej,m) = (x;/e5, T*n)

is bounded for every n € E*. Since every £ € E* is of the form £ = T*n, it follows
from Lemma 2.6.37 that the sequence x;/¢; is bounded, hence that z; — 0 by
Lemma 2.6.36. The proof is complete.

Ezample 2.6.38. (Malgrange) If P(D) is a partial differential operator with constant
coefficients in R™ then P(D)C*>®(R™) = C>*(R").

To prove this we observe that the adjoint is the operator P(—D) : &'(R") —
E'(R™) where &'(R™) is the dual space of C*°(R"™), that is, the space of distributions
of compact support. As usual D stands for —id/0z. The adjoint is injective, for
if p € &'(R™) and P(—D)u = 0, taking Laplace transforms gives P(—()i(¢) = 0.
Here i is an entire function so it must vanish identically, which implies that u = 0.
By Theorems 2.6.34 and 2.6.35 it remains only to show that if ¢ is a continuous
semi-norm in C*°(R™), then P(—D)&" N M is weakly closed if

M = {p € & |u(u)] < q(u) when u € C*(R")}.
We may assume that for some constants C' and A

q(u) = Z sup |[D%|, uwe C®R"); K ={xeR";|z| < A}
la|<N

M is a set of distributions of order N with support in K, and the Paley-Wiener
theorem gives

(0| <+ [¢chNeAl™dl ¢eCm, pue M.

Since the exponential functions are in C*°(R"), the maps M > p — [(¢) are
continuous for the weak topology o(&’,C°). This is metrizable on M since C'*°
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has a dense countable subset, say the set of all polynomials with rational coefficients.
If a sequence pi; € M converges in the weak topology, it follows that /1;(¢) converges
uniformly on every compact set in C", for the functions fi;(¢) and their derivatives
are uniformly bounded on every compact set in C™.

Let us now consider M N P(—D)E’, that is, the set of all yu € M which can be
written = P(—D)v with v € €. Then we have

P(=0)p(C) = i(Q)-
Assume the coordinates chosen so that P(—() = ¢(7" + ... where ¢ is a constant

# 0 and the dots indicate terms of lower order with respect to (;. Then we have

m

P(=( —t,—C, ... ) =c] J(t =),

1

and since there are only m zeros we can choose a circle [t| = r with 0 < r < 1 such
that [] [t —¢;| > (2m)™™ when [t| = r. By the maximum principle it follows that

O] < b 1700+ Gus o) < 2"l sup [t + oG

Hence there is a constant C; such that

(O] < Cy sup [a(C+ ) i P(=¢)2(C¢) = fa(C).-

1€ <1

If now p; = P(—D)v; and p; € M converges in the weak topology to a limit
p € M, it follows that fi; — fir, — O uniformly on compact sets. Hence this is true
for ©; — I, too, so 7;(¢) converges uniformly on compact sets to an entire analytic
function f such that
FO] < Ca(1 + [c) VeIl

By the Paley-Wiener theorem f = © for some v € £, and P(—D)v = p since
P(=¢)(¢) = lim 1;(¢) = A(C).

It follows that M N P(—D)E’ is weakly closed, and the assertion is therefore proved.
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CHAPTER III

SPECTRAL THEORY FOR SELF-ADJOINT
OPERATORS

3.1. Some basic facts on Hilbert spaces. In the preceding chapter we have
mainly discussed properties shared by at least general Banach spaces. Before pass-
ing to the main theme of this chapter we shall call attention to some of the special
features of a Hilbert space. First we expand Corollary 2.3.6.

Theorem 3.1.1. Let H be a Hilbert space, and let G;, 1 € I, be closed, mutually
orthogonal subspaces, that is,

($7y):0, if x € Gy, yeGj, and i # j.

Set
Gr={zecH;(z,y) =0Vy¢c UGZ}
iel

Then every x € H can be writlen in a unique way as a sum

(3.1.1) x:Za:i+y, z; € Gy, ye Gt
iel

where the series is absolutely convergent: For every € > 0 there is a finite subset I
of I such that for every finite set J with I. C J C I we have

le = aj -yl <e.

jeJ

We have

(3.1.2) 2] = llazsll” + [yl
iel

In particular, {i € I;x; # 0} is countable.

Proof. By Corollary 2.3.6 there is a unique z; € G; such that z — x; € Gz-l. Since
Gi D Gj if j # i, it follows for every finite J C I that y; = x — ZjeJ z; € Gi, for
all 7 € J. We have

Izl =Y g l® + llysll® = Y Nl ),

JjeJ jeJ

which proves that >, ||@;i||* < |lz]|*>. Thus {i € I;x; # 0} is countable, and
X =) ;e ; exists, for if the finite set I. is chosen so that >\ ;_ |z;:||* < €2, then

IS a5 = S ail = (S lal®)? <&, if J S L. is finite.
jeJ icl. i€ J\I.

By Cauchy’s convergence principle this proves the existence of X. Sincey = z—X =
xr — x; + x; — X is orthogonal to G; for every 4, it follows that y € G+, hence y is
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orthogonal to X. For any decomposition (3.1.1) we have (3.1.2), which proves the
uniqueness.

One denotes by @;c;G; the set of all convergent sums xz = Ziel x; where z; € G;;
this is the orthogonal space of G*. The notation is also used when we are just given
a family of unrelated Hilbert spaces H;, ¢ € I; one then defines H = @;c1 H; as the
set of all & = {x;}ie; where x; € Hy and ), ||| < co. Then the scalar product
(z,y) = Z(xi,yi)m, x={xi}ier, Y= {Yyitier,

i€l

is well defined. H is complete, for suppose that ¥ = {z },cs is a Cauchy sequence.
For fixed ¢ the completeness of H; proves that = — x; € H; as v — oo. For
arbitrary € > 0 we have by hypothesis

Z |2y — 2t ||? < &2, if v,u > N(e).
iel

Let J be a finite subset of I, restrict the summation to J, and let p — oo. Then
we obtain

Z |zt — 2] < &2, if v > N(e),

i€J
and since J is arbitrary we can replace J by I and conclude that Y, |z]* < oo
and that {z¥};er — {x;}ier, which proves the completeness.

An example is the space [ of sequences x* = (z1,22,...) with z; € C and

|z]|> = 3 |zj|? < oo. This is a separable Hilbert space, for elements with rational
coordinates and only finitely many # 0 are dense. This is more than an example:

Theorem 3.1.2. In every separable Hilbert space over C there exists an ortho-
normal basis ey, eo, ..., that is, elements with

<8j7ej):17 (ejaek):()ifj#ka

such that H = ®7°(Ce;). This means that every x € H can be uniquely written
x =" zje; where z; € C and |z||* = 377 |z;]°.

Proof. Let y1,y2,... be a countable subset of H such that their finite linear com-
binations are dense in H. We may assume that y; are linearly independent, for
otherwise we can drop elements which are linear combinations of the preceding
ones. We can then get an orthonormal sequence by the Gram-Schmidt orthogonal-
isation procedure, already mentioned in a remark after Lemma 2.5.9,

ev=yi/llyills--es = Y3/ Y50, Y5 =u; =D en(ysoen).
k<j

Y; # 0 because of the linear independence assumed. By induction we obtain
(ej,ex) = 0 for k < j, and (ej,e;) = 1. The linear combinations of y1,...,y;
are also linear combinations of ey, ..., e;, so these are dense in H. Hence z = 0 if
(x,e;) =0 for every j. By Theorem 3.1.1 it follows that H = ©7°(Ce;).

Remark. In every Hilbert space Zorn’s lemma shows that there exists a maximal
set of orthonormal vectors; by Theorem 3.1.1 it must be a basis in the Hilbert space
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sense. There is of course an analogue of Theorem 3.1.2 for Hilbert spaces over R.
For the sake of brevity we shall usually just make statements for complex Hilbert
spaces and leave for the reader to decide if they remain true in the real case.

Definition 3.1.3. If Hy and H are Hilbert spaces and T is a linear map with domain
Dr C Hy and range ImT' C Hy, then T is called an isometry if

|Tz||2 = ||z[1, = € Dr; hence (Tz,Ty)2 = (x,y)1, =,y € Dr.

If in addition Dy = Hy and Im T = Hs, then T is called unitary.

With this terminology Theorem 3.1.2 states that for every separable Hilbert
space H of infinite dimension there is a unitary map U : [> — H. (The term
Hilbert space is often reserved for the infinite dimensional case. However, this
restriction tends to complicate statements.) More generally, we have

Theorem 3.1.4. Let Hy, H> be separable Hilbert spaces. The closure T of a linear
isometric map T with domain Dy C Hy and range ImT C Hy is an isometry with
closed domain and closed range. It can be extended to a unitary map U from H,
to Hy if and only if codim D7 and codim ImT are equal.

Proof. 1f w,, € Dy and f,, = Tu,, then ||u, — un|| = || fn — fmll, SO u, converges
to a limit u if and only if f,, converges to a limit f, and then we have ||u|| = || f]|.
This proves the first statement. If U is an isometric extension of 7', then

(Ux,Ty)2 = (Uz,Uy)s = (v,y)1 =0, ifx € (Dr)*, y € Dr,

so U maps (Dr)* to (ImT)~*. If U is unitary then this restriction must be unitary,
which implies that the dimensions are the same. Conversely, if the dimensions
are the same it follows from Theorem 3.1.2 that we can find a unitary map U; :
(Dr)t — (ImT)*, which gives a unitary map

Hy =Dy @ (D)t "4 ImT @ (ImT)* = H,.

Remark. The proof shows that the isometric map 7" can always be extended to an
isometric map with either the domain equal to H; or the range equal to Hs.

3.2. Symmetric and self-adjoint operators. Let H be a separable Hilbert
space over C.

Definition 3.2.1. A linear operator A with domain D4 and range Im A contained
in H is called symmetric if

(3.2.1) (Au,v) = (u, Av), u,v € Da.

If A is densely defined this means that the adjoint A* is an extension of A. If
A* = A then A is called self-adjoint.

Remark. In the literature one often requires symmetric operators to be densely
defined.

To clarify the difference between the notions of self-adjointness and symmetry
we shall discuss an elementary example (see also Exercise 17):
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Example 8.2.2. Let H = L*(I), I = (—1,1), and define Au = u” when u € C3(I).
Then A is obviously symmetric and densely defined. If u,, € C3(I) and u,, — u,
u! — fin L?(I), then

0= [ s [ sas

uniformly in I, so u € C*(I), u = v =0 at &1, and v” = f € L?(I) in the sense of
distribution theory. Conversely, these conditions imply that (u, f) is in the closure
of the graph of A, for if u, f are defined as 0 outside I, then " = f on R in the
sense of distribution theory, and

() = n/|s|<1/2n w(n(t — s)/(n — 1)) ds € C2(I),

uﬂw:n%n—n*/’ f(n(t — 5)/(n — 1)) ds,

|s]<1/2n

which shows that u, — u, u!! — f in L?(I) as n — oo.
That A*u = f means on the other hand that u, f € L?(I) and that

(U,AU):(f,U>, UGCS(I),

that is, v’ = f in I in the sense of distribution theory. This implies u € C*(I).
The difference between A and A* is that the domain of A is restricted by boundary
conditions. If u,v € Da«, then

(A*u,v) — (u, A*) = [u'0 — uv']* 4,

which confirms that A* is not symmetric. (The adjoint of A* is of course the closure
of A.) The restriction A of A* to the set of u € D4« satisfying boundary conditions

a_u(—1)+b_u'(-1) =0, aru(l)+byu'(1) =0,

with real a_,b_, a4, by with a? + b2 # 0, a? + b3 # 0, is self-adjoint though. It
is clear that A is symmetric, so A* must be an extension of A and a restriction of
A*. Tt is equal to A for if [u'v —uv’]l | = 0 for all smooth v satisfying the boundary

conditions it is clear that u also satisfies them.

We shall now discuss the extension of symmetric densely defined operators A in
general, which is a great deal more complicated since the dimension of D« /D4 is
usually infinite. However, this will give an abstract frame for discussion of boundary
conditions for partial differential operators. Since A* is a closed extension of A, we
can always close A to obtain a closed symmetric operator A which is a restriction
of every self-adjoint extension of A. In what follows we may therefore assume that

A is closed.

Proposition 3.2.3. Let A be a closed symmetric operator. If z € C\ R then
A — zI is injective, the range is closed, and

(3.2.2) | Tm z|||u|]| < [|(A — zD)u||, w € Da.
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The codimension of Im (A — zI) only depends on the sign of Im z.
Proof. If z = x + iy we obtain using the symmetry of A

(3.2.3) I(A = zDull* = (A = 2Dull* +y?||ull® > y*||ull?,

which proves (3.2.2). If u,, € Dy and (A—=zI)u,, — f, it follows from this inequality
applied to u,, — u,, that u,, — u, hence u € D4 and (A — zI)u = f. This proves
that the range is closed. If ¢ € C then

T:Gs3 (u,Au) = (A —2I)u € H, S:Ga> (u,Au) —»(ue H

satisfy the hypotheses of Theorem 2.5.3, with Ker 7' = {0}, so it follows that the
range of A — (z+()I has the same codimension as that of A— zI if |(| is sufficiently
small. The proof is complete since the half planes {z; £Im z > 0} are connected.

Definition 3.2.4. The codimensions ny of Im(A — zI) when £Im z > 0 are called
the defect indices of the symmetric operator A.

Since (u, (A —zI)v) =0, v € Dy, is equivalent to u € Dy~ and A*u — zZu = 0, if
A is densely defined, we also have

ny = dimKer (A* —2I), +Imz <0.

Hence ny = n_ = 0 if A is self-adjoint. Conversely, if A is closed, symmetric,
densely defined, and the defect indices ny are 0, then A is self-adjoint. In fact, if
u € Dy~ and Imz > 0, we can find v € Dy with (A — zl)v = (A" — zI)u since
n4 = 0. Hence (A* — zI)(u—v) = 0, for A* is an extension of A, so u —v = 0 since
n_ =0. Thus u € D4 and A is self-adjoint. For self-adjoint operator the resolvent
is well behaved off the real axis:

Theorem 3.2.5. If A is self-adjoint and z € C\ R then the inverse R(z) =
(A — 2I)~1 is defined in all of H, and |R(2)|| < 1/|Im z|. We have R(2)* = R(Z),
and

(3.24) R(z2)R(w)(z —w) = R(z) — R(w) = R(w)R(2)(z —w) if ImzImw # 0.

Proof. 1t only remains to prove (3.2.4). Since the range of R(w) is in the domain
of A, we have
(A —wl) = (A= 2I))R(w) = (z — w)R(w),

and (3.2.4) follows if we multiply to the left by R(z).

The extension problem for symmetric operators can be reduced to that for iso-
metric operators already discussed in Theorem 3.1.4:

Proposition 3.2.6. If A is symmetric and densely defined then
(3.2.5) T:(A+il)u— (A—il)u, u € Dy,
is isometric, Ker (I —T) = {0}, Im (I — T') is dense, and

(3.2.6) Dy ={v—Tv;v € Dr}, Av—Tv)=1i(v+Tv).
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Conversely, if T is a given isometric operator with Im (I —T') dense, then Ker (I —
T) = {0} and (3.2.6) defines a symmetric operator with dense domain. T is closed
if and only if A is closed.

Proof. That (3.2.5) defines an isometric operator when A is symmetric is a conse-
quence of (3.2.3). With w = Au + iu and Tw = Au — iu we obtain 2iu = w — Tw
and 2Au = w+ Tw, or v = v — Tv and Au = i(v + Tv) if we set w = 2iv. We
have v — Tv # 0 if v # 0, and the range of I — T is equal to the domain of A.
Now assume instead that an isometric operator 7" with Im (I — T") dense is given.
If v € Dy and Twv = v, we have for every w € Dp

(w—Tw,v) = (w,v) — (Tw,v) = (Tw, Tv) — (Tw,v) = (Tw, Tv —v) =0,

which proves that v = 0. Hence v —T'v determines v, so we can define A by (3.2.6).
Then A is symmetric, for if v,w € Dr then

(i(v+Tv),w —Tw) = (v—Tv,i(w+ Tw)), since (v,w) = (Tv, Tw),
and A is densely defined, which completes the proof since the graphs of A and of
T are related by a continuous linear isomorphism.

Theorem 3.2.7. A closed densely defined symmetric operator A has a self-adjoint
extension if and only if the defect indices are equal.

Proof. By Proposition 3.2.6 the existence of a self-adjoint extension of A is equiva-
lent to the existence of a unitary extension of the corresponding isometric operator
T'. Since the defect indices are the codimensions of Im (A F ¢I), that is, of Dy and
Im T, the theorem follows from Theorem 3.1.4.

We shall finally give some sufficient conditions for the existence of a self-adjoint
extension.

Theorem 3.2.8. Let A be a densely defined symmetric operator such that for some
A € R and constant C

ull € ClI(A = ADull, € Da.
Then the defect indices of A are equal, so A has a self-adjoint extension.

Proof. Without restriction we may assume that A is closed. The proof of Propo-
sition 3.2.3 shows that the codimension of Im (A — zI) is constant when |z — A| is
small, which in particular means that the defect indices are equal.

Corollary 3.2.9. If A is a densely defined symmetric operator which is bounded
from below, that is,

(Au,u) > C(u,u), u€ Dy,
then A has a self-adjoint extension.

Proof. Replacing A by A+ (1 — C)I we may assume that C' = 1. Then
lul < (Au, w) < [ AullJu]l, € Da,
hence ||u|| < [|Aul|, u € D4, and the assertion follows from Theorem 3.2.8.

If (Au,u) > 0, u € Dy, one says that A is a positive operator and writes A > 0.
With an obvious extension of this notation the hypothesis in Corollary 3.2.9 is that
A > C1, and one calls A semi-bounded. For such operators there is in fact a natural
self-adjoint extension (the Friedrichs extension) with the same lower bound as A:
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Theorem 3.2.10. Let A be a densely defined symmetric operator such that

C= inf  (Au,u) > —oc.

u€D 4, ||ul|=1

Then there is a self-adjoint extension Ap with (Apu,u) > C|lu||?*, u € Da,.
Proof. As in the proof of Corollary 3.2.9 we may assume that C' = 1. Set
(U,U)D = (AU,, U)? ||u||2D = (U,U)D7 u,v € Da.

Then D4 becomes a prehilbert space. Let D be the completion of Dy with the
norm || - || p. Since ||u|| < ||u||p, v € Da, we have a natural map of norm < 1 from
D to H. To prove that it is injective, we let u; € D4 be a Cauchy sequence in D
which converges to 0 in H, that is,

(A(u; — ug),u; —ug) — 0 as j,k — oo; |luj]] = 0 as j — oc.
We must prove that (Au;,u;) = 0 as j — co. Now

(A(u; — ug), u; — ug) = (Auj, uj) + (Aug, ug) — 2 Re(Au;, ug)
> (Auj,u;) — 2Re(Auj, ur) — (Auj,u;), as k — oo.

Hence (Auj,u;) — 0 when j — oo, as claimed. We may therefore consider D as a
subset of H.
Next we prove that

(3.2.7) (u,v)p = (A"u,v), if u,v € D and u € Dy-.
To prove this we take sequences u;, vy € Dy with u; — u and vy, — v in D. Then

(A*u,v) = lim (A"u,v;) = lim (u, Avg) = lim lim (uj, Avg) = (u,v)p.
k—oo k—o00 k—o00 j—00

If Ap is the restriction of A* to D+ N D it follows that Ap is symmetric. The
equation Apu = f has a unique solution u € D4, = D~ ND for every f € H. For
by (3.2.7) this equation implies

(3.2.8) (u,v)p = (f,v), wveD.
Conversely, if u € D then (3.2.8) implies that

(u, Av) = (f,v), v € Da,
so u € Dy« and A*u = f, that is, Apu = f. Now

[(Fs o)l < WAl < 1A vl

so it follows from Corollary 2.3.7 that (3.2.8) is valid for a unique u € D, and that
|lu|| < JJullp < ||f|l. But this implies that Ap is self-adjoint. For assume that
u, f € H and that

(u, Apv) = (f,v), v€Da,.
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Choose U € Dy, with ApU = f. Then
(U, Apv) = (ApU,v) = (f,v), v €Da,,
since Ap is symmetric, so
(u—U,Apv) =0,v € Dy,,.

Since the range of Ap is equal to H it follows that U = u, hence that Apu = f.

The Friedrichs extension constructed here is in fact independent of how the
positive lower bound was chosen, and it is in a sense the largest possible self-
adjoint extension. We shall not discuss the possible extensions systematically here
but content ourselves with an elementary example which shows the classical origin
of the construction (Dirichlet’s principle).

Ezample 3.2.11. The closure of the operator A in Example 3.2.2 is defined for all
u € CY(I) withu =« = 0 at +1 and u” € L?(I) in the sense of distribution theory.
We have

(—Au,u) = / [u'|*dt,u € Da,
I

and since for u € Dy
/|u|2dt = —Q/Reuu’tdt < 2|jul|||v||, hence |lul| < 2]]u'||,
1 1

it follows that —4A satisfies the hypotheses in the proof of Theorem 3.2.10. The
space D consists of all u € C(I) vanishing at +1 with «/ € L?, so the Friedrichs
extension corresponds to the Dirichlet boundary condition u = 0 at the boundary
0I. The analogue for the Laplacian is the classical Dirichlet principle.

Theorem 3.2.12. (Kato) Let A be a self-adjoint operator in H, and let V be a
symmetric operator with Dy D Dy and

(3.2.9) |Vul|| < al|Aul| + bl|ul|, w€ Da.

If a < 1 it follows that the operator A+ V with domain D4 is also self-adjoint.

Proof. 1t is clear that A 4+ V is symmetric. When u € D4 we have
[(Au+ Vu)|| = [[Aull = [Vul| = (1 — a)[| Aull = bl[ul].

This implies that the graph norms of A and A + V are equivalent so A + V is
closed. We must prove that the defect indices are 0. Since all the maps A + ¢V,
0 <t <1, are closed and symmetric, it follows from Theorem 2.5.3 as in the proof
of Proposition 3.2.3 that the codimension of Im (A + ¢tV F i) is then independent
of t. Thus the defect indices of A+tV remain 0 since this is true when ¢ = 0, which
proves the theorem.

We shall give an example using Theorem 3.2.12 later on (Example 3.3.9).
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3.3. The spectral theorem. Let us first as an introduction show how the di-
agonalization of A is obtained from Theorem 3.2.5 if H is finite dimensional. In
that case we can represent R(z) by a matrix with rational functions as entries, the
denominator being given by det (A — zI). If z is a pole it follows from Theorem
3.2.5 that z must be real and that the pole is simple. Since R(z) — 0 when z — oo,

we conclude that
R(z) =) (\j—2)"'Ej,

where A; is real, the sum is finite, and E; € £L(H, H) is independent of z. Now we
obtain from (3.2.4)

=) Tk —w) T E B =) (N —2) T (N —w) T,

which means that

In particular, E; is a projection on a space H; = E;H, annihilated by Fj when
k # j. Furthermore, letting z — oo we see that I = > E;. Thus the whole space
H is the direct sum of the spaces H;, and since
(A=NDE; = lim (A; = 2)(A = NDR(2) = lim (A —2)(I + (2 = A;) R(2))
Z—rAj Z—rAj
we have (A — A\;I1)E; = 0. Thus the elements of H; are eigenvectors belonging to
the eigenvalue \;. Since R(2)* = R(z) we have EY = Ej, hence

(Eju, (I — Ej)v) = (u, (E; — Ej)v) =0,

so Hj is orthogonal to the kernel of F; and therefore to Hj, for k # j. Thus H is
the orthogonal direct sum of the eigenspaces H; corresponding to real eigenvalues
Aj.

Next we shall extend the preceding argument to compact self-adjoint operators
in a Hilbert space. The following fact is an immediate consequence of the results
of section 2.5 but also easy to prove directly.

Lemma 3.3.1. Let A be compact and self-adjoint, 0 # X € R. Then Ker (A — )
is finite dimensional and (A — A) restricted to the orthogonal complement is a
bijection.

Proof. If Ker (A — AI) were not finite dimensional it would contain an infinite

orthonormal sequence 1, ¥, .... Thus Ax; = Az; so that ||Az; — Azg|| = [A|V2
when j # k, which excludes the existence of a convergent subsequence. Since

(Az — Az,y) = (z, Ay — A\y) =0, Vz <= y e Ker(A— ),

the closure G of Im (A — AI) is the orthogonal space of Ker (A — AI). Hence
A — A\l maps G injectively into GG, and the range is dense. A standard compactness
argument now shows that the range is closed, so it is equal to G.

As in Section 2.5 (see (2.5.6)) we conclude that for z sufficiently close to A we
have if A # 0
R(z)=(A—z)"' =\ —2)"'E+ Ryi(2)
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where R;(z) is analytic at A and F = lim,_,y(A—z)R(z) is the orthogonal projection
on the kernel of A — A\I. Hence there are at most countably many eigenvalues # 0
of A, say A1, A2,.... The orthogonal projections F; on the corresponding finite
dimensional eigenspaces are mutually orthogonal, that is, (3.3.1) is valid. This
follows as before from (3.2.4). Hence

Eu= ZEju

exists for every uw € H (Theorem 3.1.1). E is an orthogonal projection commuting
with all F;, FFE; = E;E = E;. Writing Eg = I — E and \g = 0, we claim that

R(2)u=(A—z20)"tu= i()\j —2)"'Eju, Imz#0.
0

By Theorem 3.1.1 the right-hand side is well defined and has norm < |u||/|Im z|.
Thus

F(z) = (R(z)u,v) = Y ((\j = 2) "' Eju,0)
0

is an analytic function when z # 0, and since ||(A4 — 2I) " tu+ 27 1u| = O(]z|72) we
have
[F(2)] < 2llullllo]l/|Im 2|,  F(2) = O(|2|7?) as z — oc.

These conditions imply that F' vanishes identically. In fact, it suffices to prove that
the coefficients in the Laurent series expansion vanish, that is, that

/ F(2)zFdz=0
|z|=R

for all k. When k < 0 this follows by letting R — oco. If £ > 0 and the assertion is
already proved with k replaced by k£ — 2, then

/|Z|_R F(2)2* dz = / P()552(? — B?)ds.

|z|I=R

The second integral can be estimated by
2HuHHvHRk/ |22 —1|/|Im 2| |dz| = 0, R —0.
|z|=

Hence F' = 0.
As already observed, we have (A — X\;1)E; =0, j # 0, so

u = ZEju —(A— 2Dz 'Eyu=u— 2z ' AEyu,
1
which shows that AEy = 0. Thus, with orthogonal direct sum,

H=@DH,; H;=EH; (A-))H;=/{0}.
0
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Again the whole space is therefore the orthogonal direct sum of all the eigenspaces.

We shall now pass to a study of general self-adjoint operators. This requires
somewhat deeper tools from analytic function theory concerning functions analytic
outside the real axis. These shall be applied to the functions f(z) = (R(2)u,u),
uw € H. We note that

f(z) = (u, R(z)u) = (R(Z)u,u), Imz#0,
so we have in view of (3.2.4)
2i Im (R(2)u,u) = (R(2)u — R(Z)u,u) = 2iIm z(R(2)u, R(2)u) = 2iIm z||R(2)ul*.
Thus
(3.3.2) Im f(z) >0, Imz > 0; |f(2)] <C/|Imz;

where C' = |lul|?>. The analyticity of f(z) for Imz # 0 follows immediately from
Theorem 3.2.5 which gives first that ||R(z) — R(w)||> — 0 when w — z, then that

(R(2) — R(w))/(z — w) = R(2)?* when w — z.

Lemma 3.3.2. Let f be an analytic function in the upper half plane satisfying
(8.3.2). Then it follows that

/Imf(x+iy)dx§07r, y >0,

and that there is a positive measure dy of finite mass on R such that

(3.3.3) /gp(w)ﬂ_llmf(x +iy) dz — /gp(a:) du(x), y— +0,
for any ¢ € Cp = C(R) N L®(R). We have

(3.3.4) f) = [ dn©/(€ =), mmz>o0,

(3.3.5) [ dn(©) = tim_ytm fii) = lim 27 (o),

where z — oo with the argument bounded away from 0 and w. If du is a bounded
measure and f is defined by (3.3.4) then (3.3.3) and (3.3.5) hold.

Proof. Let L. denote the line Im 2z = ¢, oriented in the direction of increasing Re z.
If 0 < ¢ < Im 2, the reflection z* of z in L. is below L., and (2*+2)/2 = ic+(2+2) /2,
S0 2 —2* =z —Z— 2ic and

(—2*=("—-2*=(—-2z if(elL..

If we apply Cauchy’s integral formula to a large half disc in the upper half plane
with the straight boundary on L., we obtain when the radius — oo

f(z) = (27ri)‘1/L FOA/(C—2) = 1/(C—2%))dC
=(Imz—-c)/m — 2|72 ence
— (Imz — ¢)/ / EGISERAE

I (2) = (mz — )/ [ 1 FOIC— 2/ de.

c
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If we multiply by Im z and let Im z — oo keeping Re z fixed, it follows from (3.3.2)
and Fatou’s lemma that

w—l/oo Im f (€ +ic) d¢ < C.

Hence, by Theorem 2.6.24, we can choose a sequence ¢, — 0 such that
lim =" Tm £(€ + e, d€ = dp(€)

exists weakly, that is, in the weak®™ topology in the dual space of the space of
continuous functions vanishing at infinity, with the maximum norm. Passing to the
limit in the preceding formulas we obtain

tm f(2) =Tz [ 1€ = 2/ dufe).

The difference between the two sides in (3.3.4) is a constant since the imaginary
part is 0, and letting z — oo along the imaginary axis we conclude that the constant
is 0, so (3.3.4) is valid.

Whenever (3.3.4) holds, multiplication by ¢ € Cp and integration gives

[ ota) i fotivydo = [ au(@/m [ I —a— il o) da - [ o(©due).

To justify this we note that

y/m / € — o — iy (@) do = 7~ / (14 8) (€ + ty) di

is bounded by sup |¢| and converges to ¢(§) when y — 0 by the dominated con-
vergence theorem. In the same way we justify the limit of the repeated integral.
Thus

/gp(x)lmﬂ_lf(m+iy)d:v—>/gp(m)du(m), y— 40, if p € Cp.

Since (3.3.5) follows at once from the representation formulas for f and Im f, the
lemma is proved.

If we apply Lemma 3.3.2 to f(z) = (R(2)u,u), u € H, which satisfies (3.3.2)
with C' = ||ul|?, we conclude that for u = v the limit

e(u,v,0) = lim (2mi)~" [ (R(z +iy)u — R(z — iy)u,v)p(x) dv
(3.3.6) y= /

= lim y/m /(R(x +iy)u, R(z + iy)v)p(z) dz

exists if ¢ € Cp and is a measure with norm < ||u/|2. (The second equality follows
from (3.2.4).) Thus

(3.3.7) le(u,u, ) < [lul*sup¢|,  e(u,u,0) >0 if ¢ >0,
3.8) e(u,v,p;) = e(u,v,p) if ¢; = ¢ pointwise and boundedly,
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by which we shall mean that there is a constant C' such that |p;| < C for every
J, and that ¢;(z) = ¢(z) for every x when j — oco. Here ¢, p; € Cp. We obtain
(3.3.8) from (3.3.7) and the dominated convergence theorem when u = v. The
statement for arbitrary wu, v follows, for if S(u,v) is linear in u, antilinear in v, then

4S(u,v) = S(u+v,u+v) — S(u—v,u—v) +iS(u+iv,u+iv) — iS(u — v, u — ).

(This is called polarization.) Instead of (3.3.7) we only obtain by first considering
the case where |Jul| = ||v]| =1

(3.3.7) le(u, v, )| < 2[ull[vllsup|el;  u,v € H, ¢ € Cp.

The factor 2 will be removed later on.
Next we shall prove that

(3.3.9) e(u,v,1) = (u,v).

To do so we may assume that u,v € Dy, for this is a dense set and e(u,v,1) is a
continuous function of u and v. But then we have

(A—zI)u = Au — zu, hence u= R(z)Au — R(2)zu,
so it follows that
R(z)u = —u/z + R(2)Au/z = —u/z + O(|z|7?), if 2 — oo, with Rez fixed.

In view of (3.3.5) this proves (3.3.9) when u = v € D4. By polarization we obtain
(3.3.9) for arbitrary u,v € Da.

If u € Dy we have already observed that R(z)Au = u+zR(z)u. Taking z = x+iy
with x real and y > 0, we obtain

(R(x+iy) — R(x —iy))Au = z(R(z +iy) — R(z —iy))u+iy(R(x +iy) + R(x —iy) )u,

which implies that when ¢ € Cp and p1(\) = Ap(A) € Cp

e(Au,v, ) =e(u,v, 1) + lim i((R(az +iy) + R(z — iy))u,v)p(z) dz.
y—40 2T

Now we have
7yl [ IRGe+ igpulP de = efu,u, 1) = [ul?, g0

and ¢ is square integrable, so it follows by Cauchy-Schwarz’ inequality that the
integral converges to 0. Hence
(3.3.10)

e(AU,'U, SD) = e(u,v,gpl), ifue DA) v E H7 Y, p1 € CB7 and 901()‘> = )‘(10<)\)

If 0 < ¢ € Cp has compact support, two applications of this result give

e(Au, Au, @) = e(u,u, \2p), u € Da.



96

Letting ¢ * 1 we obtain if e also denotes the extension of the positive measure
o = e(u,u, )

(3.3.11) e(u,u, \?) = ||Au||* < 0o, u € Da.

The converse of (3.3.11) stating that u € D4 if e(u, u, \?) < oo will be proved later.
Before proceeding we sum up what has been proved so far concerning the trilinear
form e(u, v, ¢); u,v € H, ¢ € Cp; defined by (3.3.6):

(i) e(u,v,¢) is linear in w and in ¢, antilinear in v, and has the hermitian
symmetry property

(3.3.12) e(u,v,p) =e(v,u,p); u,ve H, pe€Cp.

(ii) The continuity properties (3.3.7), (3.3.7)’, (3.3.8) are valid.
(iii) e(u,v,1) = (u,v); u,v € H.
(iv) fu € Dy, v e H, p,01 € Cp, p1(A) = Ap(N), then

€(Au7 v, SO) = 6(“7 v, 901)

From these properties we have already derived (3.3.11). Our next step is to extend
the definition of e(u, v, ¢) to a wider class of functions ¢, namely the smallest class
B of bounded functions containing C'p which has the property

B If ©1,¢9,--- € B, |¢;| < C for some C and all j,
() ©;(A) = @(X) for every A as j — oo, then ¢ € B.

This is the algebra of bounded Borel measurable functions. Clearly B is a Banach
space with the sup norm, for it is a closed linear subspace of [*°(R). Every ¢ € B
is measurable with respect to every measure on R, for the set of functions in B
having this property satisfies (B) and contains C'g, and B is minimal. In the same
way we conclude that B is an algebra and that all properties (i)—(iv) are valid if
p € B.

For fixed ¢ € Cp and u € H, the map

v = e(u,v, )

is an antilinear form with norm < 2[ju|| sup |¢|, so there is a unique element A,u €
H such that

(3.3.13) e(u,v,p) = (Ayu,v); u,ve H, p € B.

A, is obviously a linear operator and

(3.3.7)" [ Al < 2supg].

In view of (3.3.12) it is also clear that A}, = Ag. From (3.3.8) it follows that

Ay u — Ayu in the weak topology for every w € H if ¢; — ¢ pointwise and
boundedly; this will be improved below.
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Let ¢ be a continuous function with compact support, and define @i by ¢ (A) =
Mep(N). Tt follows from (iv) that

(Apu, Av) = e(u, Av, p) = e(u,v, 1) = (Ay,u,v); v €Dy, ue H.

Hence Ayu is in the domain of A and AA, = A,,. Iteration gives A*A, = A,
for every k. For every polynomial p, the product p(A)A, is therefore well defined
and equal to Ap,. From this we shall deduce

(3.3.14) A¢<P = A¢A¢; Y, € B.

To do so we first assume that ¢ and 1 are continuous functions with compact
support, and we choose another such function y which is real valued and equal to
1 on the supports of 1) and of ¢. If p is a polynomial, we have

(Apu, Apyv) = (Agu, p(A)Ayv) = (P(A)Apu, Ayv) = (Appu, Ayv).
Now choose a sequence of polynomials p; such that p;x — % uniformly, hence
pjp — Y uniformly. Then we conclude that
(Apu, AGv) = (Ap,u, Ayv).
Letting x — 1 boundedly and using that A; = I, we conclude that
(AypApu,v) = (Ayppu, v),

which proves (3.3.14) for continuous functions with compact support.

Now the set of all 1) € B such that (3.3.14) is valid for every continuous ¢ with
compact support satisfies (B) and contains Cpg, so it must be equal to B. Repeating
the same argument with the roles of ¢ and v reversed, we obtain (3.3.14) for all

v, Y e B.
An immediate consequence is that

(3.3.15) [Apll < suple|, ¢ € B.
In fact, if M = sup |¢| then
(AtpuaAtpu) = (A|<p|2u7u) = e(u,u, |(P|2) < 6(U,U,M2) = M2(u>u)‘

The factor 2 has thereby been removed from (3.3.7)" and (3.3.7)"”. Next we note
that

(3.3.16) |Ap,u — Ayul| — 0 if p; — ¢ pointwise and boundedly.
This follows from (3.3.8) since the square of the norm on the left-hand side is
(Ajp,—p2u, u) = e(u,u, |p; — ©[?).
We can also prove a converse of (3.3.11) promised above. Thus assume that

e(u,u, \?) is finite. Let 0 < ¢ < 1 be continuous with compact support. Then
AAu = Ap uif o1(X) = Ap(A), hence

IAA ul* = e(u, u, ¢1).
If we take a sequence of such functions ¢” increasing to 1, it follows that
|AApru — AAguul]? = e(u,u, (¥ — *)?A%) — 0, as v, — oo.

Hence f = lim, o, AA, v u exists, and since Agvu — u, it follows that u € D4 and
that Au = f. Thus we have proved the converse of (3.3.11) and in fact also that

(3.3.17) if e(u,u, \?) < 0o, then u € Dy and Au = lim AAgvu, if B> ¢” =1
- pointwise and boundedly, and Ag”()) is bounded for every v.

We are now ready to give a first version of the spectral theorem.
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Theorem 3.3.3. Given a self-adjoint operator A in H, there exists a unique homo-
morphism « from the algebra B of bounded Borel measurable functions to L(H, H)
such that
(i) a(p) = ale), ¢ € B;
(1)" [le(p)ll < suplopf,  thus [[ale;) — ale)ll —= 0 if ¢; = ¢ uniformly;
(i) If B 3 ¢; — ¢ pointwise and boundedly, then ||a(p;)u — a(p)u| — 0 for
every u € H;

(ili) a(p1) = Aale) if ¢, 01 € B and p1(A) = Ap(A).
An element u € H is in the domain Dy of A if and only if there is an upper bound
for ||a(e1)ul| when ©1(A) = Ap(X) and 0 < ¢ < 1 has compact support. In that
case Au is the limit of a(@Y)u if we take a sequence p¥ converging to 1 everywhere,
such that ©¥ has compact support and 0 < ¥ < 1.

Proof. 1t only remains to prove that (i)—(iii) determine « uniquely. Let Imz # 0
and set R,(A\) = (A — z)71. Then we have a(R,) = R(z). In fact, since AR, ()\) =
14 zR.(\) we obtain from (iii)

Aa(R,) =1+ za(R,),

that is, (A — zl)a(R,) = I. Hence a(R,) = R(z). If du is the measure ¢ —
(a(p)u, u) for some fixed u € H, this means that

JO=27 du3) = (R ).
But then the proof of Lemma 3.3.2 shows that du is the limit as y — +0 of
Im(R(z + iy)u, u) dz /7, which proves the uniqueness.

Definition 3.3.4. A homomorphism B — L(H, H) with the properties (i)—(ii) in
Theorem 3.3.3 is called a spectral measure on R.

The conditions (i)—(ii) are somewhat redundant. In particular, by (i)

*

a(lel?) = ale)a(p) = a(p)alp)

is a positive operator, thus a(¢p) is positive for every ¢ > 0in B. Since a(M) = M1
if M is a constant, the bound ||a(p)|| < sup|p| follows immediately.

Given any spectral measure we shall now see how to obtain a corresponding
self-adjoint operator. More generally, we shall discuss how to define a(y) as a
possibly unbounded operator if ¢ is any Borel measurable function which is finite
everywhere. We introduce as before for ¢ € B

e(u,v,¢) = (alp)u,v),

which is a positive measure when u = v. Its extension to arbitrary positive Borel
measurable functions is denoted by é(u, u, ¢). Note that if ¢ € B we have

lac()ull* = (el )u, w) = e(u, u, o).

For a general finite Borel measurable ¢ it is therefore natural to define the domain
of a(p) as the set of all u € H such that

(3.3.18) é(u,u, |¢]?) < oco.
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When this condition is fulfilled we take any sequence ¢; € B such that ¢; — ¢
pointwise and |¢;| < ® for some ® with é(u,u, ®?) < co. For example, we can
define (X)) = ¢(A) if [p(N)] < j and ¢;(X) = 0 otherwise, taking ® = |¢|. Then
a(p;)u has a limit, for

(e ;) — alor)ull® = &, u, [; — @l*) = 0

by the dominated convergence theorem. The limit is clearly independent of the
chosen sequence, for two sequences can be mixed alternatingly and we still have
convergence. We can therefore define o(¢)u to be the limit of a(p;)u. Since the
domain of a(y) defined by (3.3.18) is obviously linear and a(yp;) is linear, it follows
that a(p) is a linear operator.

The domain of a(y) is dense. For if y,, is the characteristic function of the set
where |p| < n, then 0 < x,, /1 as n — 00, so a(x,)u — u for every u € H. On
the other hand, the definition of a(y) shows at once that the range of a(y,) is in
the domain of a(p) and that a(p)a(x,) is the bounded operator a(pxy,).

The adjoint of a(yp) is equal to a(p). In fact,

(alpxn)u,v) = (u, a(Pxn)v); u,v € H;

since @, is bounded. If u and v are in the domains of a(y) and a(p), it follows
when n — oo that (a()u,v) = (u,a(@)v). On the other hand, assume that

(a(<p)u, U) = (u7 f)7 Vue Doz(go)a

while a priori we only know that v, f € H. Then we obtain

(a(p)a(xn)u,v) = (a(Xn)u, f), YueH.

Since the left-hand side is equal to (a(pxn)u,v) and @x, is bounded, it follows
that a(@xn)v = a(xn)f. Hence

e(v,v, loxnl?) = e(f, [, Ixal?) < I FI17.

When n — oo we obtain e(v, v, |¢|?) < co. Thus v is in the domain of a(p). We
have therefore proved that a(p) is a closed densely defined operator with adjoint
a(@). In particular, a(y) is self-adjoint if ¢ is real valued.

It is immediately verified that

O{(QO)O&(’Q/J)U = a(¢¢)uv ifue Da(i/)) N Da(gm/))-

Hence condition (iii) in Theorem 3.3.3 is fulfilled if we take A = a(y), where
©(A) = A. We have therefore established a bijective correspondence between self-
adjoint operators and spectral measures.

Just as a positive measure on the real line can be described completely by means
of an increasing function, we can also describe a spectral measure completely in
terms of the operators

1, when t < A,

Ex=a(pr); oa(t) = { 0. whemt> )
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We have
(3.3.19) E) is an orthogonal projection, ExE, = Epin(x )
(3.3.20) Exf— E.f ifX Sp fed,

(3321)  Exf—0 ifA——o0; Exf—f ifA—+o0; feH

(3.3.19) shows that the spaces E\H increase with A. Conversely, given projections
E) with these properties we can define a(p) first for step functions which are
continuous to the right, and prove that the properties of a spectral measure are valid
then. The definition is then extended as in the definition of the Riemann integral
to all continuous functions with compact support. Since e(u,u,p) = (a(p)u,u)
is then defined for v € H and all continuous ¢ with compact support, and is a
measure with total mass |[ul|?, we can extend the definition as before to all Borel
measurable bounded functions. It is immediately verified using (3.3.21) that the
complete spectral measure thus obtained gives back the projections we started from.
This justifies the use of the formal notation

a(p) = / o(N) dE),

analogous to the notation for the Stieltjes integral. In particular, the operator A is
written in the form

A= /)\dE,\.

The domain of a(y) consists of all u with
(3.3.18)’ /|<p()\)|2d||E,\u||2 < oo.

This integral is also equal to ||a(p)ul?.

Ezample 3.3.5. Let M be a locally compact topological space and du a positive
measure on M. Take H = L?(du). If a is any real valued function on M which is
measurable with respect to du, we define an operator A so that

Au = f means that u, f € L*(dp), and au = f.

It is clear that A is self-adjoint. The corresponding spectral measure « assigns
to the Borel function ¢ the operator corresponding to multiplication by ¢(a). In
particular, the projection E) is multiplication by the characteristic function of the
set where a < A\. If M = R and a(§) = &, the projection F) is multiplication by the
characteristic function of (—oo, \). Note that the eigenvalues correspond to points
where dyp has positive mass — or in the general case level surfaces of a which have
a positive measure for dp. There may of course be no eigenvalues at all.

Ezample 3.3.6. Let P(D), D = —i0/dx, be a partial differential operator in R™
with constant coefficients such that P(§) is real for £ € R™. We define Au = f if
u, f € H= L?*(R") and f = P(D)u in the sense of distribution theory. The Fourier
transformation F' : H — H is a unitary operator when properly normalized, and the
transformed operator FAF~! is multiplication by P(¢) as in Example 3.3.5. This
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shows that the projections F) can be written as convolution with the inverse Fourier
transform of the characteristic function of the set where P(§) < A, multiplied by a
constant factor.

For differential operators with variable coefficients or operators in subsets of R"”,
spectral theory consists in developing a substitute for the Fourier transformation
which will transform the operator to the special form discussed in Example 3.3.5.
We shall study two elementary examples.

Example 3.3.7. Let 0 < p € Co(R). With H = L?(R,) we denote by A the
operator defined by Au = —u"” + pu when u is in

Da={uec C'Ry)N H;u(0) =0,u" € H in the sense of distribution theory}.

(That u” € L? in the sense of distribution theory means precisely that u’ is abso-
lutely continuous and that u”, defined pointwise, is in L2.) We leave as an exercise
for the reader to verify that A is self-adjoint and positive if p = 0 (cf. Example
3.2.2). Since u +— pu is positive, bounded and self-adjoint, it follows that this re-
mains true when 0 < p € Cy(R). There is no eigenfunction with eigenvalue 0, for if
u € Dy, Au= —u” + pu =0, then u is a linear function for large ¢, which must be
0 since u € H. Hence u is identically 0 by the uniqueness theorem for the Cauchy
problem. In the same way we conclude that there is no positive eigenvalue either.

To determine the spectral measure we can therefore concentrate on studying
e(u,v,¢) when ¢ is continuous and has compact support in (0,00). To do so we
shall examine the resolvent of A. If f € Cy(Ry) and Imz > 0, then u = R(z)f
means that

(3.3.22) —u" +pu—z2u=f, u(0)=0,

so this equation must have a unique solution in H. When ¢ is large, u is a solution
of the homogeneous equation —u" — zu = 0, so u must be a linear combination of
exp(it\/z) and exp(—ity/z) then. But one of these is exponentially increasing so it
is ruled out since u € L2. If \/z is defined so that the imaginary part is positive,
it follows that R(z)f is the unique solution of (3.3.22) which for large ¢ is of the
form Cexp(ity/z). We shall now show that R(z + iy)f has a limit when y — +0,
although it will not belong to H.
The solution of the Cauchy problem

(3.3.23) —v"+pv—2v=f v(0)=2(0)=0
depends continuously on z, and for large t it is of the form
C(2) exp(ity/z) + C_(2) exp(—ity/z).

Here C; and C_ are continuous functions of z when Im z > 0, if /2 is in the first
quadrant. The solution of the Cauchy problem for the homogeneous equation

(3.3.24) —w’" +pw—zw=0, w(0)=0, w'(0)=1,
is for large t of the form

Ay exp(ity/z) + A_ exp(—ity/z)
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where Ay and A_ are also continuous functions of z. (We assume that z # 0.)
When 2z > 0 the coefficients A, and A_ are complex conjugates since w is real,
and since w is not identically 0 neither one can be 0 then. Hence A_ # 0 in a
neighborhood of R;. When z is in this neighborhood and Im z > 0, it follows that

u=R(z)f=v—-C_w/A_.

When Imz > 0 and z — A > 0 it follows that R(z)f converges to v — C_w/A_,

which is proportional to etV for large t. We shall now determine this solution
fairly explicitly.
We want to write the desired solution of (3.3.22) with z = A > 0 in the form

_ / Kt $)f(s) ds.

(3.3.25)  Kx(0,s) =0; Kx(t,s) is proportional to etV for large t,
2

This requires that

+p—AN)Kx(t,s) =0 when t # s;

dKx(s —0,s) " dKx\(s+0,s)
dt B dt '

((3.3.26) means of course that (—d?/dt*> +p — A\)Kx(t,s) = §(t — s) in the sense of
distribution theory.) Let wy(t) be the solution of —u" + pu — Au = 0 which is equal
to exp(itv/\) for large t. Clearly wy and w) are linearly independent so they form

a basis for the solutions of this linear differential equation. We can now rewrite
(3.3.25), (3.3.26) as follows:

(—
(3.3.26)
K)\(S - O,S) = K)\(S + 075)7

Ky(t,s) = a(s)wx(t) + b(s)m, t <s; Kx(t,s) =c(s)wx(t), t>s;

To solve these equations for a(s), b(s), c(s) we recall that the Wronsky determinant
is a constant, thus
' wx(s)  wx(s)

wi(s)  wi(s)
since this is true for large s. (That the determinant is constant follows if one
differentiates each row and takes the differential equation into account.) This gives

c(s) = (wa(s)wa(0) — wx(0)w(s))/2iVAwx(0)

which is the only coefficient that we shall need.
Since R(2)f = R(z)f, because A is real, the limit of R(z)f as z — A > 0 from
the lower half plane is [ Kx(t,s)f(s)ds. Hence (see (3.3.6))

= 2ivV\

y—+0

_ —1/// Im K (¢, 5))u(s)o(D)o(\) dAds dt,

e(u,v,0) = lim (2mi)~1 / (RO + i) — RO — i) ), 0)o(\) dA
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if u,v,¢ € Co(R4). Here

Im K\ (t,s) = (c(s)wx(t) — c(s)wx(t))/24,

when ¢ > s. But Im K (¢, s) and dIm K (t, s)/dt are continuous when t = s, so this
is true for all s and ¢. Hence

Im K\ (s,t) = (c(s)wx(t) — c(s)wa(t))/2i
= c(s)(wa(t) — wA(0)wa () /wA(0))/2i = e(t, Ne(s, ) /4V/A,

where

e(s,A) = wx(s) — wx(0)wy(s)/wx(0).
This is the unique solution of the differential equation —u" + pu — Au = 0 with

w(0) = 0 which for large s is of the form ¢/®V* 4+ Cye™ Y} where C) is a constant
(of absolute value 1). Summing up, we have found that

(3.3.27) e(u,v, @) = /000 u(s)e(s, A v(t)e(t, \)p(A) dsdtdu(N),

where du(\) = d\/4nv/ X = d(v/A/27). Here it is assumed that u,v, ¢ € Co(Ry).
(3.3.27) suggests that one should introduce

(3.3.28) a(\) = /000 u(s)e(s,A)ds, A >0; u € Co(Ry).

This can be regarded as a generalized Fourier (or rather sine) transform. We can
now write (3.3.27) in the form

(3.3.27) e(u, v, ) = / T AN e(N) du).

Taking u = v and letting ¢ 1 on R, we obtain

e(u,u, ) = / a2 ),

if ¢ is the characteristic function of R;. Since A > 0 the left-hand side is 0 if ¢ is
replaced by the characteristic function of R_, and since A has no eigenfunction cor-
responding to the eigenvalue 0, the same is true if ¢ is replaced by the characteristic
function of the origin. Hence

ol = e(u,u, 1) = / a2 du).

The map u — u can therefore be extended by continuity to an isometric linear
map U : H — L?*(R,,dp). It remains to prove that it is surjective and that it
transforms A to multiplication by A.

If ¢ € B we have

(Apu,v) =e(u,v,p) = /OOO a(N)o(N)e(A) du(X);  u,v € H.
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On the other hand, the isometry of U gives
/ F(tyo(t) dt = / FOTOY du(N); fr0 € H;
SO m must be the projection in L?(R.,du) of o on the range of U. Since
I Azul® = Al = e l6l?) = [ laPloP du= [ loal dn

it follows that E:u is equal to u, for the norm would otherwise be smaller. This
implies that the range of U is invariant under multiplication by functions in B. For
every A > 0 we can choose u € Cy(R) with 4(A) # 0. Using a partition of unity we
conclude that the range of U contains Co(Ry ), so it must be equal to L2(R., dpu).

Summing up, we have therefore proved that the closure of the map u — u
defined by (3.3.28) is a unitary operator U : H — L?(R,du), and that UAU !
multiplication by A as in Example 3.3.5.

The same method can be used in principle to study the Schrodinger equation
for many variables when the potential is sufficiently small at infinity. However, the
technicalities are of course more difficult then. We shall instead give an example
showing how the method can be used with strikingly different conclusions when the
potential is periodic.

Ezample 3.3.8. Let p € C(R) be real valued and periodic with period 1. With
H = L*(R) define Au = —u" + pu with the domain

Dy ={uc C'(R)N H;u" € H in the sense of distribution theory}.

Since u — pu is bounded and self-adjoint, it is clear by Example 3.3.6 that A is
self-adjoint. To study the resolvent we take f € Cy(R) and look when Im z > 0 for
the solution of

(3.3.29) —u" +pu—zu = f, u € L*(R).

Outside a compact set we have a solution of the homogeneous differential equation,
and we introduce a basis for such solutions,

(3.3.30) —uj +puj — zu; = 0 on R; <u9 u,l) = <é (1)) at 0.

Up Uy
The solutions u,(t, z) are analytic functions of z € C, and the determinant of the

Wronsky matrix
_ UO(taz) ul(taz)
wies) = (62 e

is independent of ¢, hence equal to 1. If u is a solution of the homogeneous equation
—u” + pu — zu = 0, then
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so the periodicity of p gives for every integer n
(3.3.31) W(t+n,z)=W(t,z)W(n,z) =W(t,z)W(1,z)".
Since the product of the eigenvalues of W (1, 2) is equal to 1, there is an eigenvalue 7
with |7] < 1. We shall show that |7| < 1 if Im 2z # 0. To do so we choose (a,b) € C?
with |a|?+|b]> = 1 and W (1, 2) <Z) =T (Z), and let u(t) = aug(t)+buq(t). Since

u(t+n) = 7™u(t) for integers n, it follows if we multiply the equation —u""+pu—zu =
0 by u and integrate from 0 to a positive integer N that

N N
0 = o (0)a0) — o/ (N Yu(N) + / (p— 2)luf> dt + / () dt,
N—-1

N 1
Im (v’ (0)u(0) — ' (N)u(N)) = Imz/o lu|? dt = Imz/o |u|? dt Z |7|2".

0

When N — oo we conclude that |7| < 1 and that
[Tm 2|/(1—|7[*) < C

when |z| is bounded. Hence the difference between the eigenvalues of W can be
bounded from below,

(3.3.32) [r=1/7[ = [(r* = 1)/7[ = (1 = |7?])/I7| = [Im 2|/ (C]7]).

The characteristic root 7(z) in the unit disc is therefore an analytic function in the
upper half plane. The characteristic equation det (W (1, z) —71) = 0 can be written

T2 =29(2)T+1=0,  29(2) = uo(1,2) +ui(1,2)

with roots y(z) £ /72 — 1. It follows that v(z) # +1 when Im z # 0, and (3.3.32)
shows that 1 —+2 can at most have double zeros on the real axis. When A € R
and y(A) = 1, then the equation —u” + pu — Au = 0 has a non-trivial solution
with period 1, and when 7(\) = —1 there is one with u(t + 1) = —u(t), hence
u(t +2) = u(t). There is no eigenfunction € L2, for if y(\) = +1 then the equation
—u” +pu— Au = 0 has either two linearly independent periodic solutions or else one
which is periodic and one for which u(t + 1) F u(t) is periodic and not identically
0, which implies that u cannot be in L?.

When Im z > 0 we denote by u4 (¢, z) solutions of the equation —u” +pu—zu =0
with

(3.3.33) ut(t+1,2) = 7(2) us (t, 2),
normalized so that the Wronsky determinant is 1,

Uy U-—

=1
/ / ‘

(3.3.34)
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This can be done continuously when Im z > 0 and 7(2)? # 1. When Imz > 0 the
solution of (3.3.29) is given by

(3.3.35) u(t) = /OO K.(t,s)f(s)ds,
[ u—(s, 2)ut(t, 2), if t > s,
(3:3.36) Ka(t,8) = { us (s, 2)u—_(t, z),if t < s.

In fact, K (t, s) decreases exponentially when t — +oo, (—d?/dt?> +p—2)K,(t,s) =
0 when t # s, K(t,s) is continuous also when ¢ = s, and

dK.(s —0,s)/dt — dK.(s+0,5)/dt = us(s,z)u’_(s,2) —u_(s,2)u/ (s,2) =1

by (3.3.34). This shows that wu satisfies (3.3.29) and there is no other solution
since every solution auy + bu_ # 0 of the homogeneous equation is exponentially
increasing either at +o0o or at —oo.

If o € Cop(R) and v2(\) # 1 when X\ € supp ¢, we obtain for u,v € Co(R) (see
(3.3.6))

e(u, v, p) = yl—iﬁo % / ((R(/\ +1iy) — R(\ —iy))u, U)cp()\) d\

(3.3.37)

_ %/// Tm K yio (£, 5)u(s)0(8)p(\) dA ds dt.

Now

Im K 1i0(t, 8) = (u—(s, Nup(t, A) — u_(s, Nuy(t,\))/21,

for this is true when ¢ > s and ¢ — Im K 10(t, s) is a solution of the homogeneous
differential equation on all of R. At a point with y()\)? > 1, the characteristic roots
are real so u4 can be chosen real, hence Im K ;0(t,s) = 0 then. This means that
there is no spectrum in such intervals, which we could also see right away from the
fact that K (t,s) is then the kernel of a bounded operator in L?, so the resolvent
exists also at . In intervals where (7)? < 1 the eigenvalues of W (1, \) are complex
conjugates, so
U_(s,\) = cus(s,\).

Hence uy and 4 are a basis for the solutions of —u”" 4+ pu — Au = 0. The normal-
ization condition (3.3.34) becomes

u+ ﬂ+
(AT

C

which shows that c is purely imaginary and that

2iTm Kx4i0(t, s) = “+(2A)u2(s, A u(t,N)a-(s,\)
+ Ut
ul, wl,

When () dX tends to the Dirac measure at A it follows from (3.3.37) that

// Im Ky 1i0(t, s)v(s)v(t) dsdt > 0,
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and choosing v € Co(R) with [u_(t,\)v(t)dt = 0 or [uy(t,\)v(t)dt = 0, we
conclude that

U—  U_
ual

lu U .
200 5 THI>0, 2 < 0.

We can therefore change the normalization of ug so that instead of (3.3.34)

U_  U_

ual

(3.3.38) 2i | U Ul =1, 2i = 1.
u+ U+

~

With that convention we can write (3.3.37) in the form

c(u,v0¢) = [ AT a7+ [T (p(N) di/m

where

¥ ={\eR;y(\)? < 1}, it (\) = /u(t)ui(t,)\) dt

provided that ¢ € Cy(R) and v(\)? # 1 in the support. Since we know that
the isolated zeros of ¥(\)?2 — 1 carry no spectral measure, it follows when we let

©(A) 1 that
Jull® = / (las (2 + i (V) dv/.
>

As in the preceding example we conclude that the closure of the map Cy(R) >
u > (@4, ) is a unitary map U : L2(R) — L3(X,d)\/m) ® L*(%,d)\ /), and that
UAU ! is multiplication by X\. We leave for the reader to prove this by recalling
the arguments used in the preceding example.

It is instructive to consider the trivial case p = 0. Then

up(t) = cos (tv/z), ui(t) = sin (tv/2)/V/z,
_ ([ cos(yz)  sin(Vz)/Vz
= (L2 ie Teh )
v(z) =cos (Vz), 7(2)=eVZ up(t,\) =eFVA/(2VN).

Hence @i+ (\) = @(£VA)/(2v/)\) and
[t +la-mavs = [ T Ja(r) dr/or,

where 4 is the Fourier transform of u, so we have just obtained Parseval’s formula.
In this example the equation 7(A) = 1 has a simple root A = 0 and double roots
A\ = (2km)?, where k is a positive integer. The equation (\) = —1 has the double
roots A = ((2k—1)m)2. These alternate and are all the real zeros of det (W (2, \)—1I).
By a continuity argument using the fact that the zeros of v(\)? — 1 can be at most
double, one obtains in general: The zeros of det (W (2, A\)—1I), that is, the eigenvalues
of —u” 4 pu on the interval [0, 2] with periodic boundary conditions are

)\0</\1§/\2<)\3§)\4<...;
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v = —1at A\jy4k, Aotar and v < —1 in between; v = 1 at A344x, Agyqar and v > 1 in
between. In (Agx, Agg+1) we have Im7 > 0, and in (Agx42, Aak+3) we have Im 7 < 0.
The spectrum consists of the closure of the union X of these intervals.

Finally, we give an example showing how one can often prove self-adjointness
for the Schrodinger equation with many variables with the singularities which are
natural in the many-body problem.

Ezample 3.3.9. For the quantum mechanical two body problem with Coulomb force,
the Schrodinger operator in L?(R?) is the sum of a kinetic energy part

3
Hy=) D3 D;=—id/0x;,
1

and a potential part
V=l

We have seen in Example 3.3.6 that Hy defines a self-adjoint operator in L?(R3),
and claim that Hy + V is self-adjoint with the same domain. This will follow from
Theorem 3.2.12 when + is small, if we prove that

(3.3.39) /\u|2]:1:|_2 dr < O(||Houl|| + ||ul])?, u € Dy,.

Changing scales one can then remove the restriction that + should be small. To
prove (3.3.39) we first observe that taking Fourier transforms one obtains

/ W2 de < |Houlllull, € D,

If x € CZ is equal to 1 in the unit ball and 0 outside the concentric ball with radius
2, we conclude that

[ACw| < C1Au] + [lul])-
Now xu = E x A(xu), E(z) = —(4x|x])~!, so we have

xul® < /|| 4!E(ﬂ:)\zd%HA(xu)H2 < C(||Houl| + [[ul))?,
x| <

hence
/IXU\2\$!_2 da < C'(||Howl| + [Jul])?,

which immediately gives (3.3.39).

It is not hard to extend the argument above to the Schrédinger operator of a
general many-body system, but we leave that for the reader.

3.4. The complete spectral theorem. We shall now analyze the spectral mea-
sure further and show that every self-adjoint operator is unitarily equivalent to a
multiplication operator as described in Example 3.3.5:

Definition 3.4.1. A self-adjoint operator A; in the Hilbert space H; is said to be
unitarily equivalent to a self-adjoint operator A, in the Hilbert space Hs, if there
is a unitary map U : Hy — Hs, such that AsU = U A;.
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Examples 3.3.6, 3.3.7 and 3.3.8 were two concrete cases of unitary equivalence.
We want to emphasize that the abstract results to be proved do not eliminate the
interest of concrete solutions for concrete operators. Indeed, scattering theory is
devoted to such results.

Let A be a self-adjoint operator in H, and let uw € H. If ¢ is a Borel measurable
function with e(u,u, |p]?) < oo, we have seen that ¢(A)u can be defined. (We use
the notation ¢(A) instead of A, or a(y) which occurred in Section 3.3.) Moreover,

le(A)ull® = e(u,u, [o]*).

If L2 is the space of square integrable functions with respect to the measure ¢
e(u, u, ), we obtain an isometric map

L3 pw— p(Auc H.

The range is a closed subspace H, of H. A dense subset is of course obtained
by taking only functions ¢ € Cy. If v is orthogonal to H, it follows that H, is
orthogonal to H,. In fact,

((A)u, Pp(A)) = () (A)u,v) = 05 ¢,1) € Co;

since () (A)u € H,.

Lemma 3.4.2. Let H be a separable Hilbert space and A a self-adjoint operator in
H. Then there exist finitely or countably many elements uy,us,... in H such that

H =D Hy,,

1

the orthogonal direct sum taken in the sense of Theorem 3.1.1.

Proof. Let vy,vq,... be a dense sequence of elements in H. Set u; = vy, us =
orthogonal projection of vy on the orthogonal complement of H,,,, ..., up = or-
thogonal projection of vy on the orthogonal complement of H,, &---® H,, ,. The
spaces then obtained are orthogonal to each other, and their orthogonal direct sum
contains all v;, so it must be equal to H. The lemma is proved.

By the lemma we have a unitary map
U:EPLL > (102, ) = Y pi(Au; € H.

If ¢ € B and ¢ denotes multiplication by ¢ in Lij, then the fact that (pp;)(A) is
an extension of p(A)yp;(A) shows that

Up=p(A)U.

Since a spectral measure determines the corresponding operator uniquely, it follows
that U1 AU is multiplication by X in @]1\7 L . This is essentially the spectral
theorem we are aiming for, but we shall study @f} Lij further in order to obtain
an essentially unique representation for A. However, considering € Lij as the L?
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space on R x {j;1 < j < N} with respect to the measure which is ¢ — e(u;, u;, )
when restricted to R x {j}, we already have the situation in Example 3.3.5.

A better understanding is obtained if we use the Radon-Nikodym theorem to find
a measure dy on R such that all the measures p1;(¢) = e(u;,u;, ) are absolutely
continuous with respect to du. We may for example choose

ule) = D27 ui(0)/ lluy1?,

which has total mass one. There exist non-negative Borel functions o; € L (du)

such that duj = 05 dp, j =1,2,.... If (¢1,02,...) € @Lij we have then
ZH%‘H%gj :Z/!Qj%'ﬁdu'
J J

We shall now remove components which never play any role.

For every A let N () be the number of integers j = 1,..., N such that p;(\) # 0.
Then we have 0 < N(A) < oo, and N()) is Borel measurable. Since the integrals
above do not change if dy is replaced by the product with the characteristic function
of the set where N(A) > 0, it is no restriction to assume that N(\) > 0 almost
everywhere with respect to du. Now we set

(3.4.1) My ={(X,j); A € R, j positive integer < N(\)}.

This is a Borel set. On Rx{1,2,...} we consider the measure dv which is the direct
product of du and the counting measure on {1, 2, ... }; abusing notation slightly we
denote the restriction to My also by dv. Now we obtain a unitary map

U : @ L:, — L*(My,dv)

as follows: If (¢1,¢2,...) € @Lij, then Uy(p1,p2,...) is for the points in My
over A the sequence obtained from (01(A)¢1(A), 02(A)@2(A),...) by dropping the
places where p;(\) = 0. It is an easy exercise to verify that this is a unitary map.

The map UU; 1is then a unitary equivalence between A and multiplication by A
in L?(My,dv).

Theorem 3.4.3. Let A be a self-adjoint operator in a separable Hilbert space H.
Then A is unitarily equivalent to an operator A defined as follows: du is a positive
measure on R, N is a Borel measurable function on R whose values are positive
integers or +o0o, and My is defined by (3.4.1). By dv we denote the direct product
of du and the counting measure on the integers, restricted to Mpy. Then A is
multiplication by X on L?*(My,dv). An operator Ay defined in the same way with
another choice of measure duy and dimension function Ny is unitarily equivalent
to A if and only if the measures du and duy are equivalent and N1 = N almost
everywhere with respect to them.

Proof. Only the uniqueness statement remains to be proved. First note that if
¢ € B, then ¢(A) = 0 if and only if ¢ = 0 almost everywhere with respect to du. If
A and A; are unitarily equivalent it follows that the null functions for duy and duq
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are the same, so the measures are equivalent. Thus dyu; = 0? du, where o is a Borel
function # 0 almost everywhere and locally square integrable with respect to du.
The map L?*(My,,dvi) — L?(My,,dv) defined by multiplication with g is then a
unitary map transforming A; to the operator defined with the measure du and the
dimension function N;. Thus we may assume that du = du; in what follows.

Assume that U : L?(My,dv) — L*(My,,dv) is a unitary equivalence, that is,
UA = AU. With a positive integer k£ we denote by x the characteristic function
of the set where N(\) >k, and set for j =1,...,k

N, ifi= g,
wyng) = { X T

0, if 1 #£ j.
Then we have for ¢ € C

((Mui, uz) = i [ (A)x(A) du(X).

If v; = Uu; € L*(Mpy,,dv), then (¢(A)u;,u;) = (¢(A1)vi,vj), so by Fubini’s theo-
rem

Ni(\)

[ 3 s pmple O duh) = 55 [ GO du(Y), i =Lk

Hence we have
N1(X)

p=1
for almost all A with respect to du. For such A with x(\) = 1 it follows that the
vectors

(?Ji()\,l),'l)i()\,2),...), izl,...,k,

are orthonormal, which implies that Ny (A) > k. Thus N1(A) > k almost everywhere
in the set where N(\) > k, so N; > N almost everywhere. The proof is now
complete, for the roles of N and N; may be interchanged.

Note that for the operator A in Theorem 3.4.3 the eigenvalues are the atomic
part of the measure du. At a point where du carries positive mass, the value of N
is uniquely determined and is of course the dimension of the space of eigenvectors,
that is, the multiplicity of the eigenvalue. It is therefore natural to call N(\) the
spectral multiplicity also in the general situation. However, one should keep in
mind that N(A) is not defined uniquely at any individual point outside the point
spectrum, but only determined almost everywhere with respect to dA.

Example 3.3.7 is clearly a case where the spectral multiplicity is 1 on R4 and 0 on
R_. What we obtained was an explicit version of Theorem 3.4.3. In Example 3.3.8
the spectral multiplicity is 2 in ¥ and 0 elsewhere. For self-adjoint operators defined
by ordinary differential operators the spectral multiplicity never exceeds the order
of the operator — simply because a homogeneous ordinary differential equation has
at most that many linearly independent solutions. For partial differential operators
the spectral multiplicities usually become infinite (see Example 3.3.6). For this
reason the rather arbitrary choice of an orthogonal decomposition in Lemma 3.4.2
does not give a satisfactory spectral representation for concrete partial differential
operators.
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APPENDIX

Ordered sets. A set E is called (partially) ordered if there is given a subset
P C E x E such that, with the notation x < y if (x,y) € P we have
) z<yandy <z = x < z;
ii) if x < y and y < x then z = y.
An example is R"; we define (x1,...,2,) < (y1,...,yn) if ; < y; for every j.
Another example is the set of subsets of another set M.
An ordered set E is called linearly (or completely or totally) ordered if in addition

iii) for arbitrary x,y € E either z <y or y < x or x = y.

In every linearly ordered finite set there is a largest (and a smallest) element; we
just have to compare the elements two by two to find one.

Definition. An ordered set E is called inductively ordered if every linearly ordered
subset Fy has an upper bound in F, that is, there is an element x € E with y <
for every y € Ej.

With this definition we have:

Zorn’s lemma. FEvery inductively ordered set has at least one maximal element,
that is, an element x such that x <y, y € E implies y = x.

In the applications F is often a set consisting of subsets of another set M. Then
we have the following special case:

Let E be a set of subsets of another set M, ordered by inclusion, such that if F
is a linearly ordered subset of E the union of the sets in F is also in E. Then E

contains a maximal set, that is, a set contained in no strictly larger one belonging
to I.

The Jordan normal form. In this section we shall complete the discussion of
the spectral decomposition of a compact operator T' € L(B, B) given in Section
2.5. What remains is to study the decomposition of a nilpotent linear operator T'
in a finite dimensional vector space.

Theorem. Let V be a finite dimensional vector space over C and let T : V — V
be a nilpotent linear map, that is, TN = 0 for some N. Then V can be written
V =@V, where TV; C V; for each j, and for every V; there is an element x; € V;
and an integer k; > 0 such that x;, Tx;, ..., Tkj_lxj is a basis in V; while
Tkj XTj = 0.

Proof. The theorem is trivial if the dimension of V' is equal to 1 or, more generally,
if KerT' =V, for then we just have to write V' as a direct sum of one dimensional
subspaces. By induction we may thus assume that it has already been proved for
spaces of lower dimension and that KerT # V. Let ¢ : V. — W = V/KerT be
the quotient map. 7' induces a map W — V, hence a map T : W — W such
that qTx = qu z € V. The inductive hypothesis applied to W shows that
W = @1 W; where TW C W; and W, has a basis T”yj, 0 < v < kj, where

T* iy; = 0. Choose x; so that gx; = y;. Then T"z; are linearly independent for
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1<j<Jand 0 <v <Ej, but Tkj+1.'13j = 0 since qT’“jxj = fk-fyj = 0. To prove
the linear independence assume that we have a linear relation

k;

J
Z Z CLj,/TV$j =0.
1

If we apply q it follows that

—

kj—

J
Z Z ajyf”yj = 0,
1 0

which proves that a;, = 0 if v < k;. Thus

J

g ajr, T2 =0
jkj ] Y

1

which means that Y a;, 7% ~'z; € Ker T, that is,

J
Z Ajk, Th=ly; = 0.
1

Hence all the coefficients vanish and the linear independenced is proved. Set
> J
V= @1 Vj.

Since qr/ = W we have V = V + Ker T, so we can choose a subspace Vy C KerT
such that V' =V @ V{. This completes the proof.

If with the notation in the theorem Tkj_lxj, ..., x; are taken as basis vectors in
Vj, then the matrix of T restricted to Vj takes the form

T; =

o O o O
oo o =
o= O O

Hence a nilpotent operator always has a matrix consisting of such diagonal blocks
and zeros elsewhere. If (T'— M )" = 0 for some X # 0 the only difference is that
the diagonal elements are equal to A. Repeated use of Theorem 2.5.15 specialized
to the finite dimensional case now proves that every linear transformation 7" in a
finite dimensional complex vector space V has a matrix built up by such Jordan
blocks for a suitable choice of the basis. Theorem 2.5.15 also allows one to apply
the result to arbitrary compact operators.
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EXERCISES TO CHAPTER I

1. Determine dim Ker 7" and dim Coker T" when T' = d/dx : V; — V5 and
a) V1 = Vao=the space of all polynomials on R.
b) V; is the space of continuously differentiable functions on R and V5 is the space
of continuous functions on R.
c) V1 and V5 consist of the functions with period 1 in the preceding case.
d) V1 consists of the twice continuously differentiable functions on R and V5 is the
space of continuous functions on R

2. Let V4 and V5 be linear subspaces of the vector space V. Prove that dim V5 <
codim V7 if V4 NV, = {0}. Prove more generally that dim Vo < dim(V; N V,) +
codim V] is always true.

3. Let (1.2.4) be a complex with all V; finite dimensional. Prove that

Z( 1) dimV; = Z 1)7 dim (Ker T,/ Im T} _1).

4. Show that if
Vi o, Va LN Vs,

is exact then
dim V; 4+ dim V3 = dim V5 + dim Ker T7 + dim Coker Ty > dim V5,

with no assumption on finite dimensionality.

5. Let V be the space of polynomials on R, and let p be a fixed element # 0 in
V. Determine the index of the multiplication operator V- — V : ¢ — pq.

6. Let T : V7 — V5 be a linear map such that ind 7T is defined. Show that one
can find a linear map S : V3 — V5 of finite rank such that either dim Ker (7" + S)
or dim Coker (T' + S) is equal to 0. What is the other dimension then? Can one
choose S of finite rank so that dim Ker (7'+.5) and dim Coker (T'+.5) have arbitrary
non-negative integer values or +oo with difference ind 77

7. Let V be a vector space over K and let T : V' — V be a linear map of
finite rank. Prove that one can choose a; € V and K valued linear forms L; on V,
7 =1,...,k, such that

k
T = ZLj(ZC)CLj, x V,
1

and that the rank of T' is the smallest possible value for the integer k. Show that

k

> Lilay)

1

is independent of the choice of representation; it is called the trace of T' and denoted
TrT.
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EXERCISES TO CHAPTER 11

1. Let T = {2z € C;|z| = 1} be the unit circle and let TR be the set of functions
R — T with the product topology. Denote by M the subset consisting of the
functions fy : R 3 x + €’ € T where A € R. Show that:

a) the closure of M in T® consists of all functions y : R — T such that x(z+y) =
x(z)x(y) when z,y € R.

b) that if A\; € R is a sequence such that fy; converges in TR then ), converges to
a limit in R, so M is sequentially closed.

c¢) Show that a function x defined on a subspace V' of R with respect to the rational
number field Q with values in T and satisfying the condition x(z + y) = x(x)x(y)
for all x,y € V can be extended to R so that these properties remain valid.

2. Show that if M is a subset of a metric space E then M is closed if and only
if the limit of every convergent sequence of points in M also belongs to M.

3. Show that a metric space E is compact if and only if every sequence x1, xo, . ..
in F has a convergent subsequence. (Hint: To prove the converse show first that
there is a countable basis for neighborhoods in E.)

4. V1 C V4 are linear subspaces of the locally convex topological vector space W
such that V5/V; is finite dimensional. Show that V5 is closed if V; is closed. Is the
converse true?

5. Show that if F' is a closed and W is a finite dimensional linear subspace of a
normed space N, and W N F = {0}, then there is a constant C' such that

|zl + [yl < Cllz —yll, zeF, yeW

Use this to prove that if ¢ is the quotient map N — N/W, then ¢F is closed in
N/W.

6. Show that there is a hyperplane H in C([0,1]) containing all functions f €
C([0,1]) such that f/(0) exists. What is the closure of H.

7. Show that a linear map T : E1 — FEs where F; and E5 are metrizable locally
convex topological vector spaces is continuous if and only if 7" maps every bounded
sequence in F; to a bounded sequence in Es.

8. A locally convex topological vector space is called a Montel space if every
bounded closed subset is compact. Which of the following spaces is a Montel
space?

a) C°°(§2) where 2 is an open subset of R"™.

b) C™ () where € is an open subset of R™ and m is an integer > 0.

c) A(R), the subspace of C'(2), 2 open in C, consisting of analytic functions.

d) A(D), the space of continuous functions in the closed unit disc which are analytic
in the interior, with the maximum norm.

9. Let M be a measurable subset of R™ with finite positive measure. Prove that
L9(M) is of the first category in LP(M) if 1 <p < ¢ < oc.

A function f € C([0,1]) is called Holder continuous of order § > 0 if there is a
constant C such that |f(z) — f(y)| < Clx —y|°, z,y € [0,1]. Show that the Holder
continuous functions form a set of the first category in C([0, 1]).

Let Vi, V5 be closed linear subspaces of a Banach space B, and assume that
B =V;+V;5. Show that there is a constant C' such that every x € B can be written
x = x1 + 22 with z; € V; and

]| + [lz2[l < Cllz]].
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a) Let L be a continuous linear form on [*°(M), M = {1,2,...,}. Define (pL)(u) =
L(pu) if ¢, u € [°°(M) and show that

k
1L =) llpsLl
1

if the functions ¢;, j = 1,...,k, are characteristic functions of subsets of M with
> =1
b) Show that if L,, is a sequence of continuous linear forms on [*° (M) with || L, || <
C, then one can find characteristic functions ¢; > @9 > ... of infinite subsets of
M such that

lonLnll < 1/n, hence ||¢;L,| < 1/n, j > n.

c¢) Show that if L,, is a sequence of continuous linear forms on {*°(M) with L, (f) =
f(n) if f € ¢(M) (the set of sequences converging to 0) then L, (¢) /4 0 for some
@ € 1°°(M). (Hint: Assume this is false, apply b) (legitimate?) and take a sequence
ng with ¢r(ng) = 1; let ¢ be the characteristic function of the sequence.)

d) Conclude that ¢(M) does not have a topological supplement in [°°(M).

Let B be a complex Banach space and F' a function 2 — £(B), where (2 is an open
set in C. Assume that the function z — (F(2)u,v) is analytic in Q for arbitrary
u € B and v € B*. Prove that F'(z) = limy,o(F(z + w) — F(z))/w exists in the
operator norm for every z € {2 and that

d
(F'(2)u,v) = @(F(z)u,v% z€Q, u,veH.

Prove that if  is the disc {z € C;|z| < R} then F(z) can be expanded in a power
series which converges in operator norm when |z| < R. (Assume that B is a Hilbert
space if you have not yet read Section 2.6.)

B is a complex Banach space, and T € L(B, B). Prove

a) that there is a compact set o(T") C C (called the spectrum of T, such that the
resolvent R(z) = (T — zI)~! exists if and only if 2 ¢ o(T);

b) that R(z) is analytic in the complement of o(7T") with the various equivalent
definitions in exercise 13;

c) that |z| < ||T|| if z € o(T);

d) that

sup |2| = T [|T"|[V/".
ZEO'(T) n—oo

e) that the limit actually exists; it is called the spectral radius. (Hint: Show that

for any sequence a,, of positive numbers with a,, 4., < a,a,, the sequence a}/ " has
a limit as n — o0.)

f) that M is larger than the spectral radius if and only if there is an equivalent
norm in B such that the norm of 7" is smaller than M with respect to this norm.
Let B be a Banach space and let T' € L(B, B). Show that if the resolvent exists
for all z with |z| = 1, then

Py = L R(z)dz, P = L R(z)dz/z

271 \z|:1 271 |z|:1
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are bounded operators with Py + P, = I, PhP, = PPy = 0, and therefore pro-
jections on closed subspaces By, B1 of B with direct topological sum equal to B.
Prove that TB; C Bj, j = 0,1, and show that

1 AS
T'"Py = —— R(z)z"dz, n>0; P, =_— R(z)z""dz, n > 1.
211 |z|=1 211 |z|=1

Deduce that T restricted to B; has an inverse S, and that T restricted to By and
S both have spectral radius < 1.

Let a,,n € Z be a sequence of complex numbers such that a,b,,n € Z is the
sequence of Fourier coefficients of a continuous function on R/(27Z) when this
is true for the sequence b,,n € Z. Prove that there is a measure with Fourier
coefficients a,,,n € Z.

Let B be a Banach space and let L be a linear form, defined on a linear subspace
Dy, of B. What is the closure of the graph of L if L is not continuous?

a) Let By, B, Bs be Banach spaces. Prove that if T is a closed linear map with
domain Dr C By and range C Bs, then T'S is closed if S € L(B;, Bz). b) Prove
that if T' is a linear map with domain D7 C B; and range in By, and if ST is closed
for some S € L(Bs, Bs), then T is also closed if T is preclosed.

If H;, i € I, are Hilbert spaces, we define H = @,_; H; as the set of all sequences
x = {x; }ies such that

i€l

|z]1* = llzil* < oo
icl
Show that H is a Hilbert space with the natural scalar product. When is H
separable?
Let Hy, H> be Hilbert spaces and let T be a closed linear operator with domain
dense in H; and values in Hy. Prove that the projection on the graph of 7' in
H, & H> has the block matrix form

(I + T*T)"r  T*(Io+TT*)"}
T(I + T*T)~Y TT*(Iy + TT*)~! )°

where I; is the identity operator in H;. In particular, the operator in the (j,k)
block is in L(Hy, Hj).

Prove that if H is a Hilbert space and B is a Banach space, then L.(B, H) is the
closure of the set of operators in £(B, H) which are of finite rank.

Let B be a Banach space and let D = {z € C;|z| < 1}. Assume that for every
z € D we are given an operator T(z) € L.(B, B) which depends continuously on
z € D in the operator norm and is analytic in D as in Exercise 13 above. Set

Y = {z € D;dimKer (I + T(z)) # 0}.

Show that ¥ is closed and that if 32 # D then XN D is discrete and {6 € R; e € X}
has measure 0.

Let By and Bs be Banach spaces and let T € L( By, Bs). Prove that if T'is compact,
then lim,, o ||Tuy||2 = O for every sequence u,, € By such that u,, — 0 in the weak
topology o (B, By). Prove the converse when B; is reflexive and Bj is separable.
Prove that a Hausdorff topological vector space is a normed space if and only if it
contains a bounded, open, convex set.
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Let B be a Banach space and let T' € L(B, B) satisfy an equation p(T") = 0 where
p is a polynomial with only simple zeros A1, ..., \,,. Prove that

B=B;, B;=Ker(T-\I),
1

and that p;(7T) is the projection on B; along @k# By if

pi(2) = p(2)/((z = AP (A7)

Let F be a locally convex topological vector space over R. If X is a non-empty
subset of E, then the supporting function H of X is defined by

H(E) = sup(0,€),  £c B
rzeX

Prove
1) that H is convex and positively homogeneous, that is, with the convention 0-c0 =
0,

H(s§+1tn) < sH(E) +tH(n),  st>0, &neE,

and that H is lower semi-continuous for the topology o(E’, E).

2) that {x € F;(x,&) < H(), V§ € E'} is the smallest closed convex set C F
containing X, and that its supporting function is equal to H.

3) that for every H satisfying the conditions in 1) there is exactly one closed convex
set X C F with supporting function H.

Let E be a locally convex topological vector space over R, and let f be a function
defined in F with values in [0, +oc]. The Legendre transform f is defined by

f(&) =sup ((z, &) — f(z)), E€E"
zek
In analogy to Exercise 26 try to give conditions characterizing Legendre transforms
f, and necessary and sufficient conditions on f in order that

f@) = sup ((.€) = f€),  we k.

What is the Legendre transform of the norm in a Banach space?

Determine the closed convex hull in [P(N), 1 < p < oo, of the elements with one
coordinate equal to 1 and the others equal to 0.

Let B be a Banach space such that the norm is the sum of two norms p; and po;
let B; be the completion of B with the norm p,. Prove that {z € B;p;(z) = 1} is
closed in By if and only if B = Bs.

Let € be a convex subset of a locally convex topological vector space E with dual
E’. Show that the closure in the weak topology o(E, E’) of the boundary 952 in the
original topology is either equal to 9€) or the closure of 2 in the original topology.
Apply the result when €2 is the unit ball in a Banach space.

Show that if B is a Banach space then £(B,B) 3 T + rankT is a lower semi-
continuous function with values in [0, oo].

Let B be a Banach space. Prove that the set of operators T' € L.(B, B) such
that dim Ker (T — M )* > 1 for some \ # 0 and some integer k > 0 is of the first
category. (Hint: Examine Jordan canonical forms in finite dimensions first.)
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EXERCISES TO CHAPTER 111

1. Let A be a bounded self-adjoint operator > 0 on a Hilbert space H. Prove without
using the spectral theorem that

1Al = sup (Au,u), [ Aul]® < [|A][(Au,u), u € H.
llull=1

2. Let Ay > Ay > A3z > --- > 0 be bounded self-adjoint operators in a Hilbert space
H. Prove that there is a bounded self-adjoint operator A in H such that 4,, — A
in the strong topology, that is, ||A,u — Au|| — 0 as n — oo, for every u € H.

3. Let A be a bounded self-adjoint operator in the Hilbert space H, and set

a= | iﬂlf1(Au’ u), b= sup (Au,u).
wi= flull=1

Prove that the spectrum of A is contained in the interval [a, b] and contains the end
points.

4. Prove that if H is a Hilbert space and T' € L(H, H), then each of the following
conditions is necessary and sufficient for T" to be isometric:
a) (Tu, Tv) = (u,v) for all u,v € H.
b) ™T=1.

5. Show that if U is a unitary map in the Hilbert space H, then the resolvent of U is
defined and analytic outside the unit circle.

6. Prove that if H is a complex Hilbert space and T' € L(H, H), then there is a unique
decomposition T'= A + iB where A and B are self-adjoint. Prove that

INu|| = [|[N*u|, we H <= AB=BA < T*T =TT".

The operator T is then called normal.

7. Prove that every bounded self-adjoint operator in a Hilbert space can be written in
one and only one way as a difference A = B — C with B, C self-adjoint, positive
and bounded, and BC' = CB = 0.

8. Let Hiy, Hy be Hilbert spaces and let T € L(Hy, Hy). Set A = (T*T)z. Prove
that KerT = Ker A, that Im A is dense in the orthogonal complement of Ker A,
and that there is an isometric operator U : (Ker )t — Hy such that T = UA (the
polar decomposition).

9. Prove that if Hy, Hy are Hilbert spaces and T' € L(H1, H3), then

Do ITz3 =) 1T el

if x1,x9,... and y1,¥y2,... are orthogonal bases in H; and in Hy. The square root
|T||zs of the sum is called the Hilbert-Schmidt norm if it is finite. Prove that
such operators form a Hilbert space with the Hilbert-Schmidt norm. Prove that
I7Sls < |T)las|S| and that [ 7S] s < |T1]|S]|s.

10. Let X and Y be locally compact spaces with positive measures du, dv, and let K
be a function in L?(X x Y,du ® dv). Prove that if f € L?(Y,dv), then

mﬁmzjkuMﬂwww
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exists for almost every x € X with respect to du, and that K is a Hilbert-Schmidt
operator from L?(Y, dv) to L?(X, du) with Hilbert-Schmidt norm equal to the norm
of K in L?(X x Y,du ® dv). Prove that every Hilbert-Schmidt operator in these
L? spaces is of this form.

Let Ty € L(Hy,Hs) and Ty € L(Hy, Hy), and set T = ToTy € L(H;y,H;). Prove
that if 77 and Ty are Hilbert-Schmidt operators then

T = Z(Tej,ej)

exists if e; is an orthonormal basis for H;, and prove that the sum is independent
of the choice of basis.

Let H be a Hilbert space and let A be a self-adjoint operator in H. A point
A € R is said to be in the essential spectrum of A if it is in the spectrum and is
not an isolated eigenvalue of finite multiplicity. Prove that this is equivalent to the
existence of an orthonormal sequence u,, with |[(A — Al)u,|| — 0 as n — oo, and
conclude that if K € L.(H, H) then X is also in the essential spectrum of A 4+ K.
For z € C, |z| < 1 define f, = (1,2,22,...) € I2. Prove that all these vectors are
linearly independent. Prove that if Z is a subset of the open unit disc then the
linear hull of {f.;z € Z} is dense in [? if and only if

> (1—12]) = 0.

zEZ

Let H be a Hilbert space and A a self-adjoint operator in H. Prove that if 0 < A < T
then the limit Px = lim,,_,,, A"z exists for every x € H, and show that P is the
orthogonal projection on the subspace of fixed points of A. Also prove that for
every A € L(H, H) with [|A|| <1 the limit Qz = lim,,_,oo (I — (I — A*A)™)x exists
for every x € H. Show that @) is an orthogonal projection and describe the range.
Let H be a Hilbert space and let P and () be two orthogonal projections. Prove
that Rx = lim,,_, o (PQ)"z exists for every z € H and show that R is an orthogonal
projection. What is the range?

In the Hilbert space [2({1,2,...}) let

Tx = (ij,0,0,...), when z = (z1,22,...),z1 =0, and x; = 0 for large j.
j>1

Show that T is symmetric (although not densely defined), and determine the closure
of the graph. Is T preclosed?

In L*(I), I = (0,00), let Au = iu’ with domain Dy = C$°(I). Show that A
is symmetric, and determine the closure and the defect indices. Does A have a
self-adjoint extension? What are the answers if I is a finite interval or if I = R?
Let H be the Hilbert space L?(I), I = [0,1], and let for z € C the operator A, be
the closure of the operator u — iu’ with domain consisting of all u € C*(I) with
u(1) = zu(0). Determine the values of z such that A, is self-adjoint. What is the
spectrum then?

Let A be the operator in L?(R) with domain D4 = C$°(R) defined by (Au)(z) =
i(x?u(z) + zu(x)). Prove that A is symmetric and determine the defect indices.
Does A have a self-adjoint extension?

Let H be a Hilbert space and let V' be a dense linear subspace. Prove that if G is
a closed subspace of finite codimension, then V N G is dense in G. Prove that for
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arbitrary x,y € H with (z,y) = 0 there are sequences z,, € V', y,, € V such that
Tn = Ty Ym — Y, and (T, Ym) = 0 for all n and m.

Let A be a closed densely defined symmetric operator in the complex Hilbert space
H. Prove that

GA" ) =GA) e WL oW_, Wi={(z,fiz);x € H} NG(A"),

where the sums are orthogonal and G denotes the graphs.

Let H be a real Hilbert space and let H be the orthogonal direct sum H & H,
viewed as a complex Hilbert space through i(x,y) = (—y,z). What is the scalar
product in this space then? Show that a linear (symmetric) operator on H gives
rise to a linear (symmetric) operator on H with equal defect indices.

Let I be an open interval on R, and let p € C*(I), ¢ € C°(I), be real valued
functions. Show that the operator Au = —(pu’)’ + qu with domain C3(I) has a
self-adjoint extension in L?(I).

Prove that if H is a Hilbert space and x,, € H is a sequence which converges weakly
to x € H, then ||z — z,|| — 0 if and only if ||z, | — ||z| as n — .

Let 1 < p < oo and define ¢ € (1,00) by 1/p+ 1/q = 1. Show that there is a
positive constant C), such that if g € LP(X,dp) and § = |g|P /g, then § € LY(X, du)
and

lg+ FI2 > llglE + pRelf, ) + Cp /X PSP du f € IP(X, dp).

Use this to extend the result in exercise 24 to LP, 1 < p < co. Would it be possible
to extend it also to p = c0?
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