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The developed model of diffusion-limited and diffusionless solidification of a

eutectic alloy describes the relation “undercooling (ΔT)-velocity (V)-inter-

lamellar spacing (λ)” for two cases. Namely, when the solidification front

velocity V is smaller than the solute diffusion speed in bulk liquid VD, V < VD,

the model predicts a regime of eutectic solidification similarly to known classi-

cal models. If the solidification front velocity V is higher than the diffusion

speed, V > VD, the solidification is mainly controlled by kinetic and thermal

undercoolings. New expressions for the solute distribution coefficient and

slope of the liquidus lines are supplied. The influence of the model parameters

on the growth kinetics during eutectic solidification is discussed. Model predic-

tions are compared with experimental data for the solidification of an Fe–B
alloy with eutectic composition. Computational results show that the model

agrees well with experimental data especially for low and high undercoolings,

extending the undercooling range that can be covered by sharp interface

modeling.
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1 | INTRODUCTION

Numerous reports have shown that in eutectic alloys, a lamellar eutectic forms at lower undercooling, and an anoma-
lous eutectic forms at intermediate and larger undercooling.1-3 If the undercooling is extremely large or the growth rate
extremely fast, a chemically homogeneous single phase may form upon diffusionless transformation.4 With the develop-
ment of a eutectic growth theory, the Jackson–Hunt (“JH”) model successfully explained the relationship between
undercooling and growth rate.5 The Tivedi–Magnin–Kurz (“TMK”) model describes the growth characteristics under
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high growth rate conditions,6 and the Li–Zhou (“LZ”) model (LZ model) describes dendritic eutectic growth, which is
often found for alloys in the presence of third element impurities.7 A modified LZ model has explained the phase
fractions of anomalous eutectics.8 The models in previous studies5-7 sequentially reveal the true mechanism of eutectic
solidification under nonequilibrium conditions.8 The predictions of these classical models get gradually closer to experi-
mental results. However, they do not consider the limit of solute diffusion speed during eutectic growth, and they do
not predict the appearance of chemically partitionless solidification that may occur under diffusionless conditions at
extreme cooling rates or very high undercoolings. Therefore, in our previous study,9 we have derived a eutectic growth
model that considers the limit of solute diffusion speed and predicts chemically homogeneous single phase solidifica-
tion for diffusionless phase transformations. In the present work, we investigate how this model is affected by
parameter changes concerning the characteristics of the solidification process. Namely, we will continue to discuss the
effects of various physical parameters on the velocity of fast eutectic growth or on interlamellar spacings. Finally, we
compare the model predictions with experimental data on the solidification of an Fe–B alloy to demonstrate the
reliability of the model.

2 | BASIC EQUATIONS

The model of diffusion-limited and diffusionless solidification of eutectic alloys9 describes the relation “undercooling
(ΔT)-velocity (V)-lamellar spacing (λ)” for two cases. Namely, if the solidification front velocity V is lower than the
solute diffusion speed in bulk liquid VD, V < VD, the model predicts a regime of eutectic solidification similarly to
known classical models. If the solidification front velocity V is higher than the diffusion speed, V > VD, the solidifica-
tion is mainly controlled by kinetic and thermal undercoolings. For the calculation, an equation relating to the
minimum undercooling condition gives interlamellar spacing λ and growth velocity V as follows9:
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where Cases I and II are for a phase diagram with cigar-shaped solid/liquid phase equilibria and a phase diagram with
constant, equal distribution coefficients, respectively. The relation of undercooling ΔT, minimum interlamellar spacing
λ, and growth velocity V is given as follows:
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The definition of the parameters can be found in Xu and Galenko.9 For a melt undercooled by ΔT, we can determine
the growth velocity V and the minimum lamellar spacing λ. Under local equilibrium in the diffusion field described by
parabolic equation, VD ! ∞, the system of Equations 1–9 transforms to the expression ΔT-V-λ that was previously
obtained in the LZ model.7

3 | EFFECTS OF MATERIAL PARAMETERS ON SOLIDIFICATION
KINETICS

In this section, we demonstrate the effects of material parameters on the solidification kinetics. In particular, we
consider the effect of bulk diffusion in the liquid phase, atomic redistribution at the interface and peculiarities of the
phase diagram. When not mentioned otherwise, the equations for Case II (kα = kβ = const) are used for the
calculations.

3.1 | Effect of diffusion coefficient

Figure 1 shows the V-ΔT curves calculated by different models with similar parameters: ΔCα/ΔCβ/mα/mβ/CE/Te/
= 0.48/0.48/450/450/0.5/1400, respectively. In the following, the dimensions of liquidus slope m, solute concentration
C, and temperature T are all expressed by K at.%−1, at.%, and K, respectively. It is straightforward to show that the cal-
culated V-ΔT curve by the JH model with a constant diffusion coefficient D shows a n-power relationship; the values of
V and ΔT are both unlimited in this theory. The shape of the V-ΔT curve by the TMK model shows an asymptotic value
(Figure 1), appearing mainly due to temperature dependence of the diffusion coefficient given by D(T) = D0exp(−E/RT)
with the frequency factor D0 (=8 × 10−8 m2 s−1), the activation energy for diffusion E (=50 000 J mol−1), and the gas
constant R. Using the same D(T) in the JH model, the V-ΔT curve is similar to that of TMK model. Evidently, the diffu-
sion coefficient D has a significant effect on the V-ΔT curves in diffusion controlled eutectic growth such that an
increasing D leads to a higher growth front velocity V.

The V-ΔT curve for the LZ model is below that of the TMK and JH models, because the kinetic undercooling main-
tains the coupled eutectic growth range to higher undercoolings. If μ is large enough, the V-ΔT curve for LZ model may
quantitatively coincide with that of the TMK model.

The V-ΔT curve of the present model may be lower or higher than those of the other models, depending on the
value of the solute diffusion speed VD (Figure 1). For a given equilibrium distribution coefficient ke, if VD is large
enough, the V-ΔT curve of the present model is similar to that of the LZ model. In the range of low undercoolings, the
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V-ΔT curves of all models converge due to the low growth velocity in comparison with the intensity of interface and
bulk diffusion processes.

3.2 | Effect of solute distribution coefficient

The solute distribution coefficient ke reflects the difference of solid and liquid concentration at a solidifying interface.
Larger values of ke indicate that the solidus and liquidus are closer in phase diagram, which leads to higher growth
velocities at a given undercooling. A low value of ke leads to a wider solidification interval and a lower growth velocity.
The JH, TMK, and LZ models assume that solute redistribution is characterized by the equilibrium partition coefficient
at the interface5-7:

ke =
concentration in solid
concentration in liquid

=
Cs

Ce
ð10Þ

Kurz and Trivedi10 include the effect of solute trapping in eutectic solidification by introducing the velocity-dependent
solute segregation coefficient given by Aziz.11

k Vð Þ= ke +V=VDI

1+V=VDI
ð11Þ

where VDI is the diffusion speed at the interface. The quantitative analysis of the model including the function k(V),
Equation 11, shows a reasonable agreement with the experimental data at small and moderate growth velocities. How-
ever, experimental results indicate that complete solute trapping, that is, k(V) = 1, occurs at a finite interface velocity,12

whereas Equation 11 predicts complete solute trapping only at infinite interface velocity, that is, k(V) ! 1 only for
V! ∞. To describe the increase of k(V) up to k(V) = 1 at a finite interface velocity, both the diffusion speed at the inter-
face VDI and the diffusion speed in the bulk VD need to be included in the model.12 Using a generalization of Fick's law
that accounts for the finite relaxation time of the diffusion flux into its steady state, one can define the solute segrega-
tion coefficient as (see Galenko and Jou12 and references therein)

FIGURE 1 Calculated V-ΔT curves of

different models employing identical material

parameters [Colour figure can be viewed at

wileyonlinelibrary.com]
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where C0 is the initial composition (in atomic fraction) for single phase growth. However, for eutectic alloys, the com-
position for the two solidifying phases is different, so in the steady-state regime of solidification, the solid concentration
is C0 = Csα for the α phase and C0 = (1 − Csβ) for the β phase.

Figure 2A shows the change of k with V predicted by Equations 10–12 using the parameters of VD/VDI/ΔCα/
ΔCβ = 2/1.6/0.48/0.48, respectively. Then, with different expressions of k, we can further calculate V-ΔT curves for the
present model, as shown in Figure 2B, where the parameters are kept constant as ΔCα/ΔCβ/mα/mβ/CE/Te/VD/VDI/
μα/μβ = 0.48/0.48/450/450/0.5/1400/2/1.6/0.01/0.01, except the k values that change. It can be seen that V increases
when Equations 10–12 are employed, which also shows that a larger k leads to higher velocities.

For varying kα = kβ = ke, Figure 2C shows V-ΔT curves predicted by Equations 5 and 12. The calculation parameters
are constant, particularly mα/mβ/CE/Te/VD/VDI/μα/μβ = 450/450/0.5/1400/2/1.6/0.01/0.01, respectively, only ke changes
(i.e., also ΔCα and ΔCβ change). It can be seen that the larger ke, the higher is the velocity. We can further calculate
λ-ΔT curves with varying ke for the present model, as shown in Figure 2D. Also in this case, a larger ke leads to larger
lamellar spacing at lower undercoolings.

FIGURE 2 Effect of solute diffusion coefficent: (A) k as a function of V for different models (in the limit of diluted alloys, C0 ! 0 in

Equation 12); (B) V-ΔT curves for different k values; (C) V-ΔT curves for different ke values; (D) λ-ΔT curves for different ke values [Colour

figure can be viewed at wileyonlinelibrary.com]
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3.3 | Effect of slope of liquidus line

The slope of the liquidus line m = (Tm − Te)/CE describes the change of liquidus temperature with composition and the
α- or β-phase melting temperature. In the JH model, the slope of the liquidus line m is directly that of the equilibrium
phase diagram. In general, a change of the slope of the liquidus line in rapid solidification (“kinetic liquidus”) can be
described as12

mv
α =mαf kαð Þ ð13aÞ

mv
β =mβf kβ

� � ð13bÞ

mv =mf kð Þ ð13cÞ

f kð Þ= 1−k+ ln k=keð Þ+ 1−kð Þ V=VDð Þ½ �2
1−ke

ð14Þ

where mv
α and mv

β are the liquidus line slopes dependent on the growth velocity through the segregation coefficients kα
and kβ. In (near-) equilibrium, V ! 0, k = ke, one gets from Equation 14: f(k) = 1.

Calculated with the parameters ΔCα/ΔCβ/μα/μβ/CE/Te/VD/kα/kβ = 0.48/0.48/0.01/0.01/0.5/1400/2/0.04/0.04, respec-
tively, Figure 3 shows the dependencies of V-ΔTα, V-ΔTβ, and V-ΔTI from Equations 13a, 13b, and (14) in Xu and

FIGURE 3 Effect of liquidus line slope: (A) mα = mβ = 450 K at.%−1; (B) mα = 450 K at.%−1, mβ = 150 K at.%−1; (C) mα = 150 K at.%−1,

mβ = 450 K at.%−1; (D) mean concentrations of the two phase interfaces for different mα and mβ [Colour figure can be viewed at

wileyonlinelibrary.com]
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Galenko,9 respectively, using varying values of mα and mβ. With the same parameters, if mα = mβ = 450 K at.%−1, the
velocity of each phase is the same as that of coupled growth defined by V-ΔTI (Figure 3A). For mβ = 150 K at.%−1 and
mα = 450 K at.%−1, the V-ΔTβ curve is higher than the V-ΔTI curves (Figure 3B). If we swap values of mα and mβ, the
relative positions of the V-ΔTα and V-ΔTβ curves are changed (Figure 3C). This confirms that an increase in the
liquidus slope reduces the growth velocity.

Figure 3D shows the mean solute concentrations from Equation (9) in Xu and Galenko9 at the α- and β-phase inter-
faces for the cases of mα/mβ = 450/450 and mα/mβ = 150/450, respectively. It is found that when mα changes from 450
to 150 K at.%−1, the solute concentration at the α-phase interface Cα increases, while that for β-phase interface Cβ

decreases. This indicates that the lower the slope of the liquidus line, the higher is the solute concentration at the inter-
face. It is also found that with increasing undercooling, the deviation of the solute concentrations from the eutectic
composition (CE) increases, which can be regarded as an increase of the off-equilibrium degree.

3.4 | Effect of VD on V-ΔT and λ-ΔT curves

VD is the critical velocity for the transition of the eutectic reaction from diffusion-limited to diffusionless. Figure 4A
shows the V-ΔT curves for different VD. The calculation parameters are ΔCα/ΔCβ/mα/mβ/CE/Te/kα/kβ/μα/μβ = 0.48/
0.48/450/450/0.5/1400/0.04/0.04/0.01/0.01, respectively. It is found that VD mainly affects the maximal undercooling
and growth velocity. Figure 4B shows λ-ΔT curves in which the value of VD mainly affects the maximal undercooling
and minimum lamellar spacing, but it has a small effect at low undercoolings. When the undercooling is high enough,
λ increases suddenly (Figure 4B). This is due to the lower diffusion coefficient D. When V ! VD, the lamellar eutectic
growth is gradually suppressed in such case.

3.5 | Effect of μ interface-attachment kinetics

The kinetic term ΔTk = V/μ is strongly dependent on the value of the kinetic coefficient μ which describes the (random)
attachment of atoms under thermal activation onto the interface. Figure 5A shows V-ΔT curves for different μ values.
The calculation parameters are ΔCα/ΔCβ/mα/mβ/CE/Te/VD/kα/kβ = 0.48/0.48/450/450/0.5/1400/2/0.04/0.04, respec-
tively. It is found that a larger μ leads to a higher growth velocity at a given undercooling. Figure 5B shows λ-ΔT curves
for different μ values; μ has a negligible effect on the lamellar spacing except near the maximal undercooling. Since the
kinetic undercooling is a part of the total undercooling, the kinetic effect maintains eutectic growth at a higher
undercooling.

3.6 | Effect of Péclet number Pe

The function P in the JH model is described by Equation 15; it is affected by the phase fraction f(=fα).5 The P-function
for the TMK model is given by Equations 16a and 16b for two-type phase diagrams, where pn = 2nπ/Pe with the

FIGURE 4 Effect of VD on the growth velocity: (A) V-ΔT; (B) λ-ΔT [Colour figure can be viewed at wileyonlinelibrary.com]
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eutectic Péclet number Pe = Vλ/(2D).6 It changes with f, Pe, and k. For f = 0.4, the curves with different k are shown in
Figure 6A. If k ! 1, the curve given by Equation 16b approaches the curve given by Equation 16a.

JH−model :P=
X∞
n=1

sin2 nπfð Þ
nπð Þ3 ð15Þ

Case I of TMK−model :P=
X∞
n=1

sin2 nπfð Þ
nπð Þ3

pn
1+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ pn2

p ð16aÞ

Case II of TMK−model :P=
X∞
n=1

sin2 nπfð Þ
nπð Þ3 � pn

2k−1+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ pn2

p ð16bÞ

For the present model, P as given in Equation 9 is used. It is affected by f, k, Pe, and VD. For constant f, k, and VD, the
value of P also increases with Pe as shown in Figure 6B, where the parameters are f/VD = 0.4/2, respectively. When
k ! 1, the kinetic curve given by Equation 9 Case II (kα = kβ) tends to the curve given by Case I (cigar type). For the
present model, P is smaller than that of the TMK model; when VD ! ∞, P approaches the value of the TMK model,
and if Pe is smaller, it approaches that of the JH model.5

FIGURE 6 Function P in dependence of the Péclet number for f = 0.4, kα = kβ = 0.01 ~ 1: (A) function P of the TMK model; (B)

function P of the present model [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 Effect of kinetic coefficient μ: (A) V-ΔT-V; (B) λ-ΔT [Colour figure can be viewed at wileyonlinelibrary.com]
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3.7 | Effect of phase diagram

For cigar-type phase diagrams, generally kα and kβ are not equal. For comparing the calculated results for Cases I (cigar)
and II (kα = kβ) phase diagrams, we used the parameters as Csα/Csβ/mα/mβ/CE/Te/VD/kα/kβ/μ = 0.002/0.998/450/450/
0.5/1400/0.2/0.004/0.004/0.1, respectively, in Equations 4 and 9 to calculate the V-ΔT and λ-ΔT curves, as shown in
Figure 7A,B, respectively. It is found that the V-ΔT curve for Case I is slightly higher than that for Case II, and the
λ-ΔT curves almost coincide at all undercoolings. Generally, for Case II (kα = kβ), the solid solubility of the two eutectic
phases is smaller and that for Case I (cigar) is larger, so Case II features a lower growth velocity than Case I, as
expected. The result also indicates that relaxing the assumptions of small Péclet numbers has a stronger effect on the
V-ΔT curve but only a small effect on the λ-ΔT curve. When k ! 1, the solidification interval becomes narrow, and
Cases II and I tend to be the same.

3.8 | Effect of the concentration distribution at the interface

The plot of the solute concentration field C(x,z) calculated by eq. (3a) in Xu and Galenko9 with V = 7 and 14 mm s−1 is
shown in Figure 8A,B, respectively. The parameters are ΔCα/ΔCβ/mα/mβ/CE/Te/VD = 0.48/0.48/450/450/0.5/1400/2,
respectively. The plot shows how the solute concentration field changes periodically along lamellae but decreases in
amplitude with distance away from the interface. With increasing V, the interface concentration C(x,0) increases, and
the periodic interval in x direction decreases. With faster growth velocity, the solute atoms in liquid enrich the concen-
tration boundary layer at the interface in liquid.

FIGURE 8 Plot of the solute concentration field for different growth velocities: (A) V = 7 mm s−1; (B) V = 14 mm s−1 [Colour figure

can be viewed at wileyonlinelibrary.com]

FIGURE 7 Calculations from diagram of Cases I (cigar) and II (equal k): (A) V-ΔT; (B) λ-ΔT [Colour figure can be viewed at

wileyonlinelibrary.com]
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3.9 | Effects of further parameters on the V-ΔT and λ-ΔT curves

Besides the calculation with different parameters in Sections 3.2–3.7, the thermophysical parameters ΔH, Cp, and ther-
mal diffusivity α also have an effect on the growth velocity. Particularly, with an increase of D, k, μ, VD, Cp, and α and a
decrease of m and ΔH, the velocity increases, and the undercooling decreases, as demonstrated in Figure 9.

4 | COMPARING MODEL RESULTS WITH EXPERIMENTAL DATA

As shown in Xu and Galenko,9 for a calculation six-phase diagram parameters, particularly ΔCα and ΔCβ, mα and mβ,
CE, Te must be known, and further entities can be deduced from them, particularly Csα and Csβ, kα and kβ, and Tmα and
Tmβ. To compare the calculations of the present model with experimental results, the undercooled rapid solidification
of Fe-17at%B alloy melt was investigated. The master alloy was prepared by high-frequency induction melting. The melt
undercooling was achieved by the melt-fluxing method.13 Several heating and cooling cycles were carried out to homog-
enize the melt and achieve high undercoolings. Using a high-speed camera, the growth velocities for different under-
coolings were measured; see Figure 10. Comparing the experimental data with the predictions of various models using
the parameters from Table 1, it can be seen that all the models fit the data well at low undercoolings. However, at
higher undercoolings, only the present model can fit the data well.

5 | DISCUSSION

Figure 11 demonstrates that for growth velocities V < VD, the kinetic curve V-ΔT calculated with the present model
changes continuously with the increase of the velocity V up to a maximum undercooling ΔT2

*. When V approaches VD,

FIGURE 9 V-λ-ΔT curves affected by different parameters: (A) V-ΔT; (B) λ-V; (C) λ-ΔT [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 10 Theoretical predictions and experimental results

for an Fe-17at%B eutectic alloy [Colour figure can be viewed at

wileyonlinelibrary.com]
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growth may occur with a higher velocity at a lower undercooling. At the point V = VD, the curve exhibits a discontinu-
ity due to the ending of the diffusion-limited mode and the beginning of the diffusionless solidification. This mode pro-
ceeds further with V > VD, with a suddenly reduced undercooling necessary for thermally controlled growth of the
curved solid/liquid interface. This growth mode strongly differs from the dendrite growth kinetics in substitutional
alloys. As shown in Figure 11B, the growth kinetics at the transition to purely thermally controlled growth in binary
systems with ΔT = ΔT2

*, the growth curve is continuous even though it has a break point. By contrast, the transition
from diffusion-limited to purely thermally controlled growth in eutectic binary systems with ΔT = ΔT2

*, the growth
curve is discontinuous, Figure 11A. Experimental evidence for this regime is not available, but it should be observable
in future natural or computational experiments.

We specially note that if the thermal undercooling is high enough in comparison with other contributions, the
Ivantsov function, Iv, for a eutectic dendrite must be used in Equation 5. This means that at high undercoolings, the
growth front features a dendrite tip shape (parabola-like tip shape12), but there are eutectic lamellae inside the dendrite,
as is shown in Xu and Galenko9 for the condition of very fine lamellae in comparison with the dendrite tip radius, that is,
with λ < <R. In the absence of thermal undercooling, the solidification interface can, as a whole, be considered as planar.

6 | SUMMARY

New expressions for solute distribution coefficients and slopes of liquidus lines are supplied in this study. The effects of
different parameters on the growth velocity and lamellar spacing for given undercoolings are discussed. The growth
velocity increases with the increase of the material parameters D, k, μ, VD, and Cp, while it decreases with the increase
of the other set of material parameters m and ΔH. The model predictions are compared with experimental data for a

FIGURE 11 Schematic V-ΔT curves: (A) eutectic growth predicted by the present system of Equation 5; (B) dendritic growth as

predicted by a sharp interface model in consistence with experimental data12 [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 The parameters for the model calculation of Fe/Fe2B eutectic growth13,14

Parameter Value Parameter Value

ΔHα (J mol−1) 2.24 × 104 Csα 0.00017

ΔHβ (J mol−1) 1.38 × 104 Csβ 0.335

mα (K at−1) 2030 Te (K) 1454.4

mβ (K at−1) 1395 CE (at) 0.17

VD (m s−1) 0.09 α (m2 s−1) 1.5 × 10−6

CP (J mol−1 K−1) 50 ke 0.001

D0 (m
2 s−1) 5 × 10−8 E (J mol−1) 5 × 104
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solidifying eutectic Fe–B alloy. Computational results show that the model agrees well with experimental data
especially for both low and high undercoolings.
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