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The ability to judge accurately the difficulty of mathematical tasks is considered as a
central facet of the diagnostic competence of mathematics teachers. An underlying
reason is that the accurate judgement of task difficulty is the basis for achieving an
optimal level of instruction for the learning group. Although a lot of studies have
already investigated the judgement accuracy and the influence of additional factors,
like teacher knowledge, there is a lack of a detailed look at the task features as possible
influencing factors. Therefore, in the present study, we first investigated the judgement
accuracy of word problems with fractions. Afterwards, by means of theoretical varied
task features and an empirical study with 153 6th graders as well as 64 prospective
teachers, we explored differences in the tasks regarding the judgement accuracy.

THEORETICAL BACKGROUND

Accurate diagnostic judgments are considered to be crucial for adaptive teaching (e.g.,
Hardy, Decristan, & Klieme, 2019). In mathematics teaching, the task diagnoses play a
key role for shaping teaching and influencing learning processes (e.g., Sullivan,
Clarke, & Clarke, 2013). In this context, to estimate the task difficulty is one method of
adapting the teaching to a learning group (e.g., Hammer, 2016) and for achieving an
optimal level of challenge for the learning group (e.g., Urhane, & Wijnia, 2020).
Anders et al. (2010) were able to show in a study that students are more cognitively
stimulated during instructional activities when a teacher can make an adequate
judgement of task difficulty. Thus, accurate judgements of task difficulty have also
been identified as one of the core tasks of mathematics teachers.

In a large part of the empirical studies on teachers' diagnostic competence conducted so
far, the quality of diagnostic judgments is regarded as judgment accuracy. There is
knowledge from over 40 years of research on the accuracy of teacher judgement (e.g.,
Urhane, & Wijnia, 2020). Judgment accuracy describes the degree to which teachers'
judgments on task solution agree with empirically collected solution rates (Hoge, &
Coladarci, 2016; Stdkamp, Kaiser, & Moller, 2012). It is important to distinguish
more precisely between person-related, task-related and person-specific teacher
judgement accuracy (e.g., McElvany et al., 2009). In this contribution, we focus on the
task-related judgement accuracy. Empirical studies on the judgement of task difficulty
could show that the task difficulties are mostly underestimated and are judged with a
too low of variance (e.g., Urhane, & Wijnia, 2020). Although the rank component is
judged well on average, it shows considerable variance. Furthermore, teacher
overestimate the level of their classes up to 45.5 % (e.g., Hosenfeld, Helmke, &
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Schrader, 2002). Only a few studies considered the three components of judgment
accuracy in their analysis of teachers' diagnostic competence. However, these few
studies reported low positive associations between the three components of accuracy
(e.g., Schrader & Praetorius, 2018). Teacher judgment accuracy in a given content area
differs across and within studies and show high inter-individual variances in the
teacher judgment accuracy (e.g., Sudkamp, Kaiser, & Mdller, 2012; Urhane, & Wijnia,
2020). Research has identified several moderators that can determine the degree of
judgment accuracy (e.g., Stidkamp, Kaiser, & Moller, 2012). The accuracy can be
influenced by teacher characteristics, judgment characteristics, student characteristics,
class-level characteristics as well as test and task characteristics. Test and task
characteristics refer to features of the tests or the tasks that have been used to measure
student achievement. For example, Stidkamp et al. (2012) examined the role of subject
matter and the domain specificity of the achievement test as moderators of the
judgement accuracy. But, none of these moderators affected teacher accuracy of
judging and similary, Machts et al. (2016) found no evidence that test standardization
moderated the judgement accuracy.

Despite the long period of research, we can look back on, and despite the numerous
factors that have been investigated as influencing factors on the judgment accuracy,
there has been little research on the association between teachers' judgment accuracy,
the empirical solution frequency and the features of a task.

OBJECTIVE

According to the need for research pointed out in the previous section, we investigate
first, whether the judgement accuracy and the interindividual variances regarding the
judgment accuracy of student solutions reported in meta-analyses and task difficulty
could also be shown in the judgement accuracy of mathematical word problems with
fractions. Afterwards, as the focus of the study, we explicitly look more closely at the
difficulty-generating task features with regard to the judgement accuracy and to the
empirical solution frequency with the aim to analyze task features as influencing
factors.

SAMPLE AND METHODS

The tasks that we focus on in this contribution is part of a larger study in which the
influence of stress on the cognitive processes underlying diagnostic judgements on
tasks (Becker et al., 2020) and the resulting judgement accuracy was examined. The
difficulty of the tasks, eight mathematical word problems with fractions, were
theoretically determined and empirically verified. For this reason, we designed fraction
word problems with varied task features based on tasks frequently found in
mathematics textbooks. The difficulty of word problems and fraction tasks has already
been investigated in a number of studies. The task features chosen in the previous study
were deduced from a review of those studies. In the present study, we considered two
mathematical as well as two linguistic task features. First, we differed the relationship
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between the denominators (like or unlike fractions) (Padberg, & Wartha, 2017). It has
been shown that like fractions have a lower requirement for the solution of a task in
comparison to arithmetic tasks with unlike fractions and that tasks containing like
fractions are easier to solve by students because of the analogy to the familiar natural
numbers (e.g., Padberg, & Warta, 2017). Second, we distinguished between the
number of calculation steps that have to be executed until the task is solved (one or two
steps) (e.g., Jordan et al., 2006). It has been shown that tasks including one calculation
step based on one mental model of operation and are therefore easier to solve by
students than tasks that require two steps, because they include a further mental model
of operation (Jordan et al., 2006). Furthermore, in word problems, the mathematical
operation is part of the semantic structure of the text, which can also influence the
difficulty of tasks (e.g., Verschaffel et al., 2020). For example, passive constructions
can cause a change of the subject and the object of a sentence and can therefore be a
further difficulty for students (e.g., Wessel, Buchter, & Prediger, 2018). Therefore, we
varied as the third difficultly, the sentence structure of the tasks by using a passive
construction in the task or not. Fourth, we distinguish between the use of words that
can be considered as unfamiliar to 6th graders and the abandonment of those words,
because it has been repeatedly shown that the use of those words can influence the
solution of tasks and therefore the difficulty (e.g., Glrsoy et al., 2013). The number of
the four difficulty-generating task features determines the theoretical difficulty in the
present study.

The theoretically defined difficulty of the tasks has been proven in an empirical study
with N = 153 6th graders at various secondary schools in Germany. For this purpose,
the students edited the word problems during their lessons in a randomized order to
prevent sequence effects. Correctly solved tasks were subsequently coded with 1,
incorrectly solved or unsolved tasks with 0. The students had sufficient time to solve
the tasks.

Based on the solution frequency of each task, an empirical difficulty was determined
by assigning a corresponding difficulty to the task on a ten-point scale (e.g.:
100 % - 90.1 % solution frequency corresponds to difficulty level 1, 90 - 80.1 %
solution frequency corresponds to difficulty level 2, etc.; see task difficulty — students
in table 1, 2 and 3). Furthermore, based on the empirical solution frequency, a ranking
of the tasks was created.

Afterwards, in the main study, N =64 prospective teachers of the educational
university of Heidelberg judged the difficulty of the mathematical word problems in
fractions for 6th graders on a ten-point scale. In a previous questionnaire, the semesters
of the participants and whether any courses regarding the difficulty of fraction tasks
had already been attended, but could be excluded as influencing factors in subsequent
calculations. The mean of the participants' judgements is referred to as task difficulty —
prospective teacher in the tables below (see task difficulty — p. teachers; table 1, 2 and

PME 45 - 2022 2-69



Becker, Dorfler

3). In the divisions of the means, the values were rounded down when the non-whole
number is less than .5, higher than that the values were rounded up.

RESULTS

In all three components of judgment accuracy, the teachers' judgements deviated from
the empirically determined difficulties of the tasks. On average, the task difficulty and
the variance of task difficulty was underestimated. The rank component showed low
positive correlations between prospective teachers' judgments and the empirically
solution frequency. Furthermore, the results indicated high inter-individual variances
in the teachers' judgments. No correlations were found between the individual
components of judgment accuracy (between -0.001 and -0.180; averaged correlation is
0.000).

In view of the aim to identify task features that could influence the judgement accuracy
of tasks, in the following, the varied task features of the eight word problems, the
judgements of the prospective teachers and the empirical solution frequency of the 6th
graders are examined in more detail with regard to each word problem.

The prospective teachers estimated the tasks mostly accurately, that are solved
correctly by the students to a large extent (close to 50 % or more) (see table 1). This
includes task 1, that is correctly solved by 89 % of the 6th graders, task 5, that is
correctly solved by 42 % of the 6th graders, and task 7, that is correctly solved by 48 %
of the 6th graders. Taking a closer look at the tasks, that are mostly judged accurately
by the prospective teachers and are correctly solved by the 6th graders at a rate of
almost 50 %, it is noticeable that task 1, 5 and 7 include only mathematical
difficulty-generating task features. The lower the theoretical difficulty of the task, the
more often the task is solved correctly. The theoretical task difficulty of task 1 is two,
of task 5 it is five and of task 7 it is four.

task difficulty task features
task p.teachers  students  fraction steps lexicology syntax
1 2 2 (89 %) 1 1 0 0
5 5 6 (42 %) 3 2 0 0
7 5 6 (48 %) 2 2 0 0

Table 1: Task difficulty of task 1, 5 and 7, judged by prospective teachers and derived
from the solution frequency of the empirical survey, and task features
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Task 2 and task 6 don’t fit into the previously recognized structure, although both
include exclusively mathematical difficulty-generating task features and would
therefore have to be assigned to table 1. The theoretical task difficulty of task 2 is four
and of task 6 it is also four.

task difficulty task features
task p.teachers  students  fraction steps lexicology syntax
2 5 4 (25 %) 2 2 0 0
6 6 4 (35 %) 2 2 0 0

Table 2: Task difficulty of task 2 and 6, judged by prospective teachers and derived
from the solution frequency of the empirical survey, and task features

But the teachers’ judgements are not accurate and the empirical solution frequency is
in the lower third. If we take a closer look at task 6, it is noticeable that this is not a
classic fraction calculation task. The solution is already given in the word problem.
The word problem was therefore less about mathematical calculation and more about
understanding the text of the task. Analyzing the verbal protocols of the participants, it
Is noticeable that some participants noticed this and therefore classified it as easy and
other participants classified it as difficult for 6th graders. Some participants did not
recognize the given solution in the task and analyzed the mathematical calculation with
regard to the difficulty for the 6th graders. No verbal protocols are available for the
solutions of the 6th graders. But the solutions of the 6th graders showed that some
pupils recognized and noted the solution in the text of the task, other pupils tried to
solve the word problem by calculating.

Finally, we will take a closer look at those tasks that are mostly judged accurately by
the prospective teachers with regard to the theoretical task difficulty, but that are not
accompanied by the empirical solution frequency and thus the empirical difficulty of
the tasks (see table 3). Task 3, 4 and 8 include mathematical difficulty-generating task
features as well as semantic and linguistic difficulty-generating task-features. The
theoretical task difficulty of task 3 is five, of task 4 it is also five and of task 8 it is six.

task difficulty task features
task p.teachers  students  fraction steps lexicology syntax
3 5 8 (30 %) 2 1 1 1
4 5 9 (18 %) 2 2 1 0
8 6 9 (12 %) 2 2 1 1

Table 3: Task difficulty of task 3, 4 and 8, judged by prospective teachers and derived
from the solution frequency of the empirical survey, and task features
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DISCUSSION AND CONCLUSION

The present study investigated the judgement accuracy of task difficulty by
prospective teachers. The results of the present study for the domain of word problems
with fractions are consistent with the research findings reported in the literature
presented.

Because these results were consistent with our assumptions, we investigated the task
features with regard to the teachers’ judgement accuracy and the empirical solution
frequency. It is noticeable that in particular such tasks are accurately judged, that
include only mathematical difficulty-generating task features and that are solved
correctly by a large part of the students (task 1, 5 and 7). The theoretical difficulty, the
teachers' judgement and the empirical solution frequency largely coincide for these
three tasks. This is consistent with previous research showing that teachers can
accurately judge those tasks in particular, that are easier to solve for students in
particular (e.g., Urhane, & Wijnia, 2020). Tasks that contain linguistic
difficulty-generating task features in addition, may be accurately judged by the
prospective teachers with regard to the theoretical task difficulty (task 3, 4 and 8).
However, the theoretical difficulty and the judgement do not concur with the empirical
solution frequency. Students seem to find the linguistic difficulties more challenging
than judged by the teachers. Two tasks were included in the test, where the empirical
solution frequency largely correspond with the theoretical difficulty (task 2 and 6).
However, it seems that it was difficult for teachers to judge these tasks accurately. The
reason could be, for example in task 6, that the solution was already obtained and the
task was, insofar as one recognized this as a student, very easy. This was sometimes
not recognized by the teachers or was listed as a point of discussion.

Before discussing possible implication for international research on teachers’
judgement accuracy, we would like to recall the limitations of this research, which
suggest interpreting the evidence with care. First, it must be pointed out that
prospective teacher may not yet be familiar with judging task difficulty for students.
However, in order to exclude further influencing factors, such as experience, we first
conducted the study with prospective teacher. An important further research approach
would therefore be to replicate the results also through studies with in-service teachers.
Furthermore, the results of this research report are based on only eight tasks, precisely
word problems with fractions. It would be crucial to transfer the results to other content
areas and task frameworks. Moreover, further research should complement these
findings by means of different methodological approaches, especially quantitative
data.

However, the findings of the present study provide a first, explorative insight into the
influence of task features as influencing factors on teachers’ judgment accuracy. Since
the interindividual variances of teachers' judgments have still not been satisfactorily
elucidated, despite over 40 years of research, the study offers a starting point for
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further investigation of the influence of task features on the teachers’ judgement
accuracy.
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