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Given two Banach spaces X and Y , we analyze when the 
projective tensor product X⊗̂πY has Corson’s property (C) 
or is weakly Lindelöf determined (WLD), subspace of a weakly 
compactly generated (WCG) space or subspace of a Hilbert 
generated space. For instance, we show that: (i) X⊗̂πY is 
WLD if and only if both X and Y are WLD and all operators 
from X to Y ∗ and from Y to X∗ have separable range; (ii) 
X⊗̂πY is subspace of a WCG space if the same holds for 
both X and Y under the assumption that every operator 
from X to Y ∗ is compact; (iii) �p(Γ)⊗̂π�q(Γ) is subspace 
of a Hilbert generated space for any 1 < p, q < ∞ such 
that 1/p + 1/q < 1 and for any infinite set Γ. We also 
pay attention to the injective tensor product X⊗̂εY . In this 
case, the stability of property (C) and the property of being 
WLD turn out to be closely related to the condition that 
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Weakly compactly generated Banach 
space

all regular Borel probability measures on the dual ball have 
countable Maharam type. Along this way, we generalize a 
result of Plebanek and Sobota that if K is a compact space 
such that C(K ×K) has property (C), then all regular Borel 
probability measures on K have countable Maharam type. 
This generalization provides a consistent negative answer to 
a question of Ruess and Werner about the preservation of 
the w∗-angelicity of the dual unit ball under injective tensor 
products.
© 2022 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The projective tensor product �2⊗̂π�2 is not reflexive, because it contains an isometric 
copy of �1; in fact, such a copy is spanned by the sequence (en⊗ en)n∈N , where (en)n∈N
is the usual basis of �2 (see, e.g., [26, Example 2.10]). More generally, given two reflexive 
Banach spaces X and Y , their projective tensor product X⊗̂πY is reflexive whenever 
every operator from X to Y ∗ is compact, and the converse holds provided X or Y
has the approximation property (see, e.g., [26, Theorems 4.19 and 4.21]). This fact and 
Pitt’s theorem imply that, given 1 < p, q < ∞ and a non-empty index set Γ, the space 
�p(Γ)⊗̂π�q(Γ) is reflexive if and only if 1/p +1/q < 1. Actually, the argument for �2⊗̂π�2
can be adapted to deduce that �p(Γ)⊗̂π�q(Γ) contains an isometric copy of �1(Γ) whenever 
1/p + 1/q ≥ 1 (see Proposition 3.6), which for uncountable Γ implies that �p(Γ)⊗̂π�q(Γ)
even fails other Banach space properties, much weaker than being reflexive, that have 
been thoroughly studied over the years, like being weakly compactly generated (WCG), 
weakly Lindelöf determined (WLD) or having Corson’s property (C).

The point is that it is difficult to handle weak compactness in projective tensor prod-
ucts. The following result goes back to [3, Theorem 16]:

Theorem 1.1. Let X and Y be Banach spaces such that either X or Y has the Dunford-
Pettis property. Then WX ⊗WY is relatively weakly compact in X⊗̂πY whenever WX ⊆
X and WY ⊆ Y are relatively weakly compact. Consequently, X⊗̂πY is WCG whenever 
X and Y are WCG.

A more involved result by Talagrand (see [27, Théorème 5.1(v)]) states that if X and 
Y are weakly K-analytic (resp., weakly K-countably determined) Banach spaces such 
that either X or Y has the Dunford-Pettis property, then X⊗̂πY is weakly K-analytic 
(resp., weakly K-countably determined).

It is also natural to consider such type of questions for the injective tensor product 
X⊗̂εY of two Banach spaces X and Y . While reflexivity is not preserved in general (for 
instance, its is easy to check that �2⊗̂ε�2 contains an isometric copy of c0; cf. [8, Theorem 
16.73]), the analogue of Theorem 1.1 for injective tensor products is valid for arbitrary 
Banach spaces (see [25, Theorem 2.1]), and the same can be said about Talagrand’s 
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results above (see [27, Théorème 5.1(iv)]). It is also worth mentioning a result of Pol 
saying that the space C(K, Y ) = C(K)⊗̂εY has property (C) whenever K is Eberlein 
compact and Y has property (C) (see [21, Section 4]).

In this paper we study several topological properties for the projective and injective 
tensor products of Banach spaces. Namely, we focus on property (C) and the following 
classes of Banach spaces: WLD spaces, subspaces of WCG spaces and subspaces of 
Hilbert generated spaces. The paper is organized as follows.

In Section 2 we fix the terminology and include some preliminaries on spaces of oper-
ators, tensor products and Banach spaces.

In Section 3 we discuss the impact of property (C) in projective tensor products. It 
turns out that if X and Y are Banach spaces such that X⊗̂πY has property (C) and X has 
the bounded approximation property or the separable complementation property, then 
every operator from X to Y ∗ has w∗-separable range (Corollary 3.11). As an application, 
we get Kalton’s result [15] that L(X) cannot be reflexive unless the Banach space X is 
separable (Corollary 3.15).

In Section 4 we analyze the property of being WLD in projective tensor products. A 
complete characterization is obtained, namely: given two Banach spaces X and Y , the 
space X⊗̂πY is WLD if and only if X and Y are WLD and every operator from X to Y ∗

and from Y to X∗ has (norm) separable range (Theorem 4.2). This allows to elucidate 
when Lebesgue-Bochner spaces L1(μ, Y ) = L1(μ)⊗̂πY are WLD (Corollary 4.6).

In Section 5 we consider the property of being subspace of a WCG space in projective 
tensor products. In the spirit of Theorem 1.1, we prove that if X and Y are Banach 
spaces such that X is subspace of a WCG space, Y is WCG and either X has the dual 
quantitative Dunford-Pettis property or Y has the direct quantitative Dunford-Pettis 
property of Kacena, Kalenda and Spurný [12] (both properties are fulfilled by all L1
spaces and all L∞ spaces), then X⊗̂πY is subspace of a WCG space (Theorem 5.14). 
The same conclusion holds if X and Y are subspaces of WCG spaces and every operator 
from X to Y ∗ is compact (Corollary 5.21).

In Section 6 we pay attention to the property of being subspace of a Hilbert generated 
space in projective tensor products. We prove that, for any non-empty index set Γ, the 
spaces c0(Γ)⊗̂πc0(Γ), c0(Γ)⊗̂π�q(Γ) (for any 1 < q < ∞) and �p(Γ)⊗̂π�q(Γ) for any 
1 < p, q < ∞ with 1/p +1/q < 1 are subspaces of Hilbert generated spaces (Theorem 6.2
and Corollary 6.6).

In Section 7 we address similar questions for injective tensor products. Some proper-
ties like being WCG, Hilbert generated or subspace of such spaces are easily seen to be 
stable under injective tensor products, hence we focus on WLD spaces and property (C). 
Given two Banach spaces X and Y , the injective tensor product X⊗̂εY is shown to be 
WLD if and only if X and Y are WLD and every integral operator from X to Y ∗ and 
from Y to X∗ has (norm) separable range (Theorem 7.3). This happens if X and Y
are WLD and either (BX∗ , w∗) or (BY ∗ , w∗) has property (M) (i.e., every regular Borel 
probability measure on it has separable support), see Corollary 7.4. A Banach space X

is WLD and (BX∗ , w∗) has property (M) if and only if X⊗̂εX is WLD (Corollary 7.6). 
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As to property (C), we prove that if a Banach space X has the bounded approxima-
tion property or the separable complementation property and X⊗̂εX has property (C), 
then every regular Borel probability measure on (BX∗ , w∗) has countable Maharam type 
(Corollary 7.7). This generalizes a result of Plebanek and Sobota [20] who proved the 
same statement when X = C(K) for some compact space K. It also provides a consistent 
negative answer to a question of Ruess and Werner [25] about the preservation of the 
w∗-angelicity of the dual unit ball under injective tensor products (Remark 7.9).

Finally, in Section 8 we collect several open questions related to our work.

2. Preliminaries

Our topological spaces are assumed to be Hausdorff and our locally convex spaces 
and Banach spaces are assumed to be over the real field. The cardinality of a set Γ
is denoted by |Γ| and the symbol ω1 stands for the first uncountable ordinal. By a 
compact space we mean a compact topological space. Given 1 < p < ∞ we denote by 
p∗ its Hölder conjugate, i.e., 1/p + 1/p∗ = 1. Given a subset D of a locally convex 
space E, the linear subspace of E generated by D is denoted by span(D) and its closure 
by span(D). We write co(D) (resp., co(D)) to denote the convex hull (resp., closed 
convex hull) of D. By a subspace of a Banach space we mean a norm closed linear 
subspace. The topological dual of a Banach space X is denoted by X∗ and we write 
w∗ (resp., w) to denote the weak∗-topology (resp., weak topology) on X∗ (resp., X). 
The evaluation of x∗ ∈ X∗ at x ∈ X is denoted by either x∗(x) or 〈x∗, x〉. We write 
BX = {x ∈ X : ‖x‖ ≤ 1} to denote the closed unit ball of X. A Markushevich basis in X

is a biorthogonal system {(xi, x∗
i ) : i ∈ I} ⊆ X ×X∗ such that X = span({xi : i ∈ I})

and {x∗
i : i ∈ I} separates the points of X. Given two sets C1, C2 ⊆ X, its Minkowski 

sum is C1 + C2 := {x1 + x2 : x1 ∈ C1, x2 ∈ C2}.
All unexplained terminology can be found in standard references like [8] and [10]

(Banach spaces) and [26] (tensor products). The survey paper [29] is a good source of 
information on non-separable Banach spaces.

2.1. Spaces of operators

Given two Banach spaces X and Z, we write L(X, Z) to denote the Banach space of 
all operators (i.e., linear and continuous maps) from X to Z, equipped with the operator 
norm. The space L(X, Z) can be equipped with several locally convex topologies weaker 
than the norm topology. The strong operator topology (SOT) on L(X, Z) is the one for 
which the sets

{T ∈ L(X,Z) : ‖T (x)‖ < ε} where x ∈ X and ε > 0

are a subbasis of open neighborhoods of 0. Therefore, a net (Tα) in L(X, Z) is SOT-
convergent to T ∈ L(X, Z) if and only if Tα(x) → T (x) in norm for every x ∈ X. If in 



A. Avilés et al. / Journal of Functional Analysis 283 (2022) 109688 5
addition Z = Y ∗ for some Banach space Y , then the weak∗ operator topology (W∗OT)
on L(X, Y ∗) is the locally convex topology for which the sets

{T ∈ L(X,Y ∗) : |〈T (x), y〉| < ε} where x ∈ X, y ∈ Y and ε > 0

are a subbasis of open neighborhoods of 0. Therefore, in this case a net (Tα) in L(X, Y ∗)
is W∗OT-convergent to T ∈ L(X, Y ∗) if and only if Tα(x) → T (x) in the weak∗-topology 
for every x ∈ X.

We will consider the following subspaces of L(X, Z):

K(X,Z) = {T ∈ L(X,Z) : T is compact},

W(X,Z) = {T ∈ L(X,Z) : T is weakly compact},

DP(X,Z) = {T ∈ L(X,Z) : T is Dunford-Pettis},

S(X,Z) = {T ∈ L(X,Z) : T has separable range}.

As usual, we write L(X), K(X) and so on to denote L(X, X), K(X, X), etc.

2.2. The projective tensor product

Given two Banach spaces X and Y , we denote by B(X, Y ) the Banach space of all 
continuous bilinear maps S : X ×Y → R, equipped with the norm ‖S‖ = sup{|S(x, y)| :
x ∈ BX , y ∈ BY }. Each element of B(X, Y ) induces a linear functional (denoted in the 
same way) in the algebraic tensor product X ⊗ Y . The projective tensor product of X
and Y , denoted by X⊗̂πY , is the completion of X ⊗ Y when equipped with the norm

‖u‖ = sup{|S(u)| : S ∈ B(X,Y ), ‖S‖ ≤ 1}, u ∈ X ⊗ Y.

Thus each S ∈ B(X, Y ) defines an element of (X⊗̂πY )∗ and, in fact, this correspondence 
is an isometric isomorphism from B(X, Y ) onto (X⊗̂πY )∗. For each S ∈ B(X, Y ) we 
define SX ∈ L(X, Y ∗) and SY ∈ L(Y, X∗) by

SX(x)(y) = SY (y)(x) := S(x, y) for all x ∈ X and y ∈ Y .

The map S �→ SX (resp., S �→ SY ) is an isometric isomorphism from B(X, Y ) onto 
L(X, Y ∗) (resp., L(Y, X∗)). Under these identifications, the weak∗-topology of (X⊗̂πY )∗
coincides with the W∗OT-topology on bounded subsets of L(X, Y ∗) (resp., L(Y, X∗)).

2.3. The injective tensor product

Let X and Y be Banach spaces. For each x∗ ∈ X∗ and for each y∗ ∈ Y ∗ we have 
x∗ ⊗ y∗ ∈ B(X, Y ) defined by
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(x∗ ⊗ y∗)(x, y) := x∗(x)y∗(y) for all x ∈ X and y ∈ Y .

The injective tensor product of X and Y , denoted by X⊗̂εY , is the completion of X⊗Y

when equipped with the norm

‖u‖ = sup{|(x∗ ⊗ y∗)(u)| : x∗ ∈ BX∗ , y∗ ∈ BY ∗}, u ∈ X ⊗ Y.

The identity map on X ⊗ Y can be extended to an operator from X⊗̂πY to X⊗̂εY

with norm 1 and dense range. Each element of (X⊗̂εY )∗ can be identified with some 
S ∈ B(X, Y ) for which SX (equivalently, SY ) is Pietsch integral, i.e., it factors as

X
SX

U

Y ∗

L∞(μ) I
L1(μ)

V

for some finite measure μ, where I is the formal inclusion operator and U and V are 
operators. The norm of S as an element of (X⊗̂εY )∗ is the Pietsch integral norm ‖SX‖int
of SX , which is defined as the infimum of the quantities ‖U‖‖V ‖μ(Ω) over all factoriza-
tions as above. Clearly, ‖SX‖ ≤ ‖SX‖int.

The linear subspace of L(X, Y ∗) (resp., L(Y, X∗)) consisting of all Pietsch integral 
operators will be denoted by I(X, Y ∗) (resp., I(Y, X∗)). Under the identifications above, 
the weak∗-topology of (X⊗̂εY )∗ coincides with the W∗OT-topology on ‖ · ‖int-bounded 
subsets of I(X, Y ∗) (resp., I(Y, X∗)).

2.4. Weakly compactly generated and Hilbert generated spaces

We refer the reader to [8, Chapter 13] and [10, Sections 6.2 and 6.3] for complete 
information on these topics. A Banach space X is said to be weakly compactly generated 
(WCG) if there is a weakly compact set G ⊆ X such that X = span(G). Separable 
spaces and reflexive spaces are WCG. The class of WCG Banach spaces is not closed 
under subspaces (this was first discovered by Rosenthal, see [24]). A Banach space X
is subspace of a WCG space if and only if (BX∗ , w∗) is Eberlein compact. Recall that 
a compact space K is said to be Eberlein compact if it is homeomorphic to a weakly 
compact subset of a Banach space or, equivalently, to a weakly compact subset of c0(Γ)
for some non-empty set Γ.

The Davis-Figiel-Johnson-Pełczyński factorization procedure applies to deduce that 
a Banach space X is WCG if and only if there exist a reflexive Banach space Y and 
an operator from Y to X with dense range. If Y can be chosen to be a Hilbert space, 
then X is said to be Hilbert generated. The class of Hilbert generated spaces includes all 
separable spaces and L1(μ) for any finite measure μ. It is neither closed under subspaces, 
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as Rosenthal’s aforementioned counterexample to the heredity problem for WCG spaces 
shows. A Banach space X is subspace of a Hilbert generated space if and only if (BX∗ , w∗)
is uniform Eberlein compact. Recall that a compact space K is said to be uniform 
Eberlein compact if it is homeomorphic to a weakly compact subset of a Hilbert space. 
Every super-reflexive Banach space is subspace of a Hilbert generated space, but there 
are reflexive spaces which are not.

2.5. Weakly Lindelöf determined spaces

The reader is referred to [8, Section 14.5], [10, Sections 5.4 and 5.5] and [6, Chapter 7]
for complete information on this topic. Given a non-empty set Γ, the topology of point-
wise convergence on RΓ is denoted by τp(Γ). We denote by �c∞(Γ) the subspace of �∞(Γ)
consisting of all bounded functions f : Γ → R having countable support (i.e., the set 
{γ ∈ Γ : f(γ) 
= 0} is countable) and we write

Σ([−1, 1]Γ) := [−1, 1]Γ ∩ �c∞(Γ) = B�c∞(Γ).

A compact space K is said to be Corson compact if it embeds homeomorphically into 
(Σ([−1, 1]Γ), τp(Γ)) for some non-empty set Γ. Every Eberlein compact space is Corson 
compact. A Banach space X is said to be weakly Lindelöf determined (WLD) if there 
exist a non-empty set Γ and an injective operator Φ : X∗ → �c∞(Γ) which is w∗-to-τp(Γ)
continuous. This is equivalent to the fact that (BX∗ , w∗) is Corson compact. The class 
of WLD spaces is closed under subspaces and is strictly larger than the class of sub-
spaces of WCG spaces (see, e.g., [6, Section 8.4]). Every WLD Banach space X admits a 
Markushevich basis and, if {(xi, x∗

i ) : i ∈ I} ⊆ X ×X∗ is any Markushevich basis in X, 
then for each x∗ ∈ X∗ the set {i ∈ I : x∗(xi) 
= 0} is countable.

2.6. Corson’s property (C)

A Banach space X is said to have Corson’s property (C) if every family of convex closed 
subsets of X with empty intersection has a countable subfamily with empty intersection. 
Pol [21] showed that this is equivalent to the fact that (BX∗ , w∗) has convex countable 
tightness (see, e.g., [8, Theorem 14.37]), in the following sense:

Definition 2.1. A convex subset C of a locally convex space is said to have convex count-
able tightness if for every D ⊆ C and for every x ∈ D there is a countable set D0 ⊆ D

such that x ∈ co(D0).

Clearly, a convex subset C of a locally convex space has convex countable tightness 
if and only if for every convex set D ⊆ C and for every x ∈ D there is a countable set 
D0 ⊆ D such that x ∈ D0.

Every WLD Banach space has property (C) (see, e.g. [10, Theorem 5.37]), but the 
converse fails in general (see, e.g., [8, Theorem 14.39]).



8 A. Avilés et al. / Journal of Functional Analysis 283 (2022) 109688
2.7. Measures on compact spaces

Given a compact space K, we denote by P (K) the set of all regular Borel probability 
measures on K. Recall that a Corson compact space K is said to have property (M) if 
every μ ∈ P (K) has separable support. Since every separable subset of a Corson compact 
space is metrizable (see, e.g., [8, Exercise 14.58]), it follows that a Corson compact 
space K has property (M) if and only if every μ ∈ P (K) has metrizable support, which 
in turn implies that μ has countable Maharam type (i.e., the space L1(μ) is separable). 
So, any Corson compact space having property (M) belongs to the following class:

Definition 2.2. A compact space K is said to belong to the class MS if every μ ∈ P (K)
has countable Maharam type.

Here MS stands for “measure separable”; this class of compact spaces was given such 
a name in [5]. Conversely, for any WLD Banach space X, the Corson compact space 
(BX∗ , w∗) has property (M) if and only if it belongs to the class MS. Indeed, for an 
arbitrary Banach space X, any regular Borel probability measure on (BX∗ , w∗) having 
countable Maharam type is concentrated on a w∗-separable set (see the remark after 
Theorem B.2 in [1]) and so it has w∗-metrizable support whenever X is WLD (cf. [19, 
Theorem 2.2]).

A Corson compact space K has property (M) if and only if the space C(K) is WLD 
(see, e.g., [10, Theorem 5.57]). Every Eberlein compact space has property (M). However, 
the question of whether every Corson compact space has property (M) is undecidable in 
ZFC. On the one hand, under MA+¬CH every Corson compact space has property (M) 
(see, e.g., [10, Theorem 5.62]). On the other hand, under CH there exist Corson compact 
spaces without property (M); in fact, there exist WLD Banach spaces X for which 
(BX∗ , w∗) fails property (M) (see [19, Corollary 4.4]). We also stress that under CH 
there are Corson compact spaces belonging to the class MS which fail property (M) (see 
[18] and the references therein).

3. Property (C) and projective tensor products

We begin this section by pointing out that the question of whether the projective 
tensor product preserves property (C) has a simple answer when one of the spaces is 
separable:

Proposition 3.1. Let X and Y be Banach spaces. If X is separable and Y has property (C), 
then X⊗̂πY has property (C).

The proof relies on the fact that convex countable tightness is preserved by countable 
products of compact convex sets, see Lemma 3.5 below. The later can be proved by 
essentially the same argument that the product of countably many compact spaces having 
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countable tightness also has countable tightness (see, e.g., [11, p. 112, 5.9]). We include 
a detailed proof for the convenience of the reader.

Definition 3.2. A subset D of a topological space is said to be ω-closed if D0 ⊆ D for 
every countable set D0 ⊆ D.

Lemma 3.3. Let E be a locally convex space and C ⊆ E be a closed convex set. Then C
has convex countable tightness if and only if every ω-closed convex subset of C is closed.

Proof. The ‘only if’ part is immediate. Suppose now that every ω-closed convex subset 
of C is closed and take any convex set D ⊆ C. Define

D1 :=
⋃{

U : U ⊆ D is countable
}

=
⋃{

co(U) : U ⊆ D is countable
}
,

so that D ⊆ D1 ⊆ D ⊆ C. Clearly, D1 is ω-closed and convex, hence D1 is closed and 
therefore D = D1, as required. �
Lemma 3.4. Let E1 and E2 be locally convex spaces and let C1 ⊆ E1 and C2 ⊆ E2
be compact convex sets having convex countable tightness. Then C1 × C2 has convex 
countable tightness in E1 × E2.

Proof. By Lemma 3.3, it suffices to show that every ω-closed convex set H ⊆ C1 × C2
is closed. Take (x1, x2) ∈ H and let us prove that (x1, x2) ∈ H. Since the map

φ : E2 → {x1} × E2, φ(y) := (x1, y),

is an affine homeomorphism, φ(C2) = {x1} × C2 is a convex compact set having convex 
countable tightness. Since its convex subset

H0 := H ∩ ({x1} × C2)

is ω-closed, it follows that H0 is closed, hence compact.
Let π2 : C1 × C2 → C2 be the canonical projection. To finish the proof we will check 

that x2 ∈ π2(H0). By contradiction, suppose that x2 /∈ π2(H0). Since π2(H0) is compact, 
there is a closed convex neighborhood V of x2 in C2 such that V ∩ π2(H0) = ∅. Since 
W := C1 × V is a neighborhood of (x1, x2) in C1 × C2 and (x1, x2) ∈ H, we have 
(x1, x2) ∈ H ∩W .

Let π1 : C1×C2 → C1 be the canonical projection. Since π1 is continuous and C1×C2
is compact, π1 is a closed map (i.e., π1(F ) is closed whenever F ⊆ C1×C2 is closed). Since 
H ∩W ⊆ C1 × C2 is ω-closed, it follows that π1(H ∩W ) is ω-closed as well. Bearing in 
mind that π1(H∩W ) is convex and that C1 has convex countable tightness, we conclude 
that π1(H ∩ W ) is closed. Now, the continuity of π1 implies that x1 ∈ π1(H ∩ W ), so 
there is y ∈ C2 such that (x1, y) ∈ H ∩W . In particular, (x1, y) ∈ H0 and y ∈ V , which 
contradicts the fact that V ∩ π2(H0) = ∅. �
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Lemma 3.5. Let (En)n∈N be a sequence of locally convex spaces and, for each n ∈ N, let 
Cn ⊆ En be a compact convex set having convex countable tightness. Then 

∏
n∈N Cn has 

convex countable tightness in
∏

n∈N En.

Proof. We will check that every ω-closed convex set H ⊆
∏

n∈N Cn is closed (and then 
Lemma 3.3 applies). For each finite set F ⊆ N, let

πF :
∏
n∈N

Cn →
∏
n∈F

Cn

be the canonical projection. Since πF is continuous and 
∏

n∈N Cn is compact, πF is a 
closed map. This fact and the ω-closedness of H imply that the set πF (H) is ω-closed as 
well. Since H is convex, so is πF (H). From the fact that 

∏
n∈F Cn has convex countable 

tightness (which follows by induction from Lemma 3.4), we conclude that πF (H) is 
closed.

Fix x ∈ H. For each finite set F ⊆ N the map πF is continuous, therefore 
πF (x) ∈ πF (H) and we choose xF ∈ H such that πF (x) = πF (xF ). Clearly, D :=
{xF : F ⊆ N is finite} is a countable subset of H with x ∈ D. Since H is ω-closed, we 
have D ⊆ H and so x ∈ H. This shows that H is closed. �
Proof of Proposition 3.1. Let (xn)n∈N be a dense sequence in BX . Then the map

ξ : (B(X⊗̂πY )∗ , w
∗) → (BY ∗ , w∗)N , ξ(S) := (SX(xn))n∈N ,

is an affine homeomorphic embedding. Since (BY ∗ , w∗)N has convex countable tightness 
(by Lemma 3.5), the same holds for (B(X⊗̂πY )∗ , w

∗). �
As we already mentioned, the projective tensor product of two Banach spaces having 

property (C) can fail property (C). An example is �p(Γ)⊗̂π�q(Δ) for uncountable sets Γ
and Δ and 1 < p, q < ∞ satisfying 1/p +1/q ≥ 1. The point is that, under such assump-
tions, �p(Γ)⊗̂π�q(Δ) contains a subspace isometric to �1(ω1), which fails property (C) 
(and this property is inherited by subspaces). While that embedding might be known 
for specialists, we include a proof for the sake of completeness.

Proposition 3.6. Let Γ and Δ be uncountable sets and let 1 < p, q < ∞ be such that 
1/p + 1/q ≥ 1. Then �p(Γ)⊗̂π�q(Δ) contains a subspace isometric to �1(κ), where κ =
min{|Γ|, |Δ|}.

Proof. We can assume with no loss of generality that Γ = Δ, since �q(Γ) is a 1-
complemented subspace of �q(Δ) if |Γ| ≤ |Δ| (and then [26, Proposition 2.4] applies). 
Let {ei : i ∈ Γ} and {ẽi : i ∈ Γ} be the canonical bases of �p(Γ) and �q(Γ), respectively. 
Let us prove that the set {ei ⊗ ẽi : i ∈ Γ} ⊆ �p(Γ)⊗̂π�q(Γ) is isometrically equivalent to 
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the canonical basis of �1(Γ). To this end, pick a finite set F ⊆ Γ, take λi ∈ R for every 
i ∈ F , and let us prove that ∥∥∥∥∥∑

i∈F

λiei ⊗ ẽi

∥∥∥∥∥ =
∑
i∈F

|λi|. (3.1)

The inequality “≤” is obvious. Define a bilinear functional S : �p(Γ) × �q(Γ) → R by

S(x, y) :=
∑
i∈F

sign(λi)xiyi for all x = (xi)i∈Γ ∈ �p(Γ) and y = (yi)i∈Γ ∈ �q(Γ).

Let us prove that S is continuous and ‖S‖ ≤ 1. Observe that 1/p +1/q ≥ 1 is equivalent 
to q ≤ p∗, where p∗ is the Hölder conjugate of p (i.e., 1/p + 1/p∗ = 1). Now, given 
x = (xi)i∈Γ ∈ �p(Γ) and y = (yi)i∈Γ ∈ �q(Γ), we have

|S(x, y)| ≤
∑
i∈F

|xi||yi| ≤
(∑

i∈F

|xi|p
) 1

p
(∑

i∈F

|yi|p
∗

) 1
p∗

by Hölder’s inequality. Since q ≤ p∗ we get

(∑
i∈F

|xi|p
) 1

p
(∑

i∈F

|yi|p
∗

) 1
p∗

≤
(∑

i∈F

|xi|p
) 1

p
(∑

i∈F

|yi|q
) 1

q

≤ ‖x‖‖y‖.

Consequently, S is continuous and ‖S‖ ≤ 1. Hence∥∥∥∥∥∑
i∈F

λiei ⊗ ẽi

∥∥∥∥∥ ≥ S

(∑
i∈F

λiei ⊗ ẽi

)
=

∑
i∈F

λiS(ei, ẽi) =
∑
i∈F

|λi|,

which proves inequality “≥” in (3.1) and finishes the proof. �
The following definition fits in the general scheme of approximation properties of 

Banach spaces.

Definition 3.7. We say that a Banach space Z has the λ-bounded separable approximation 
property (λ-BSAP) for some λ ≥ 1 if the identity operator on Z belongs to the SOT-
closure of λBL(Z) ∩ S(Z).

The previous concept is a common extension of two properties which have been thor-
oughly studied in the literature, namely, the λ-bounded approximation property (λ-BAP)
and the λ-separable complementation property (λ-SCP). On the one hand, the λ-BAP 
is defined as in Definition 3.7 by replacing S(Z) with the set of all finite rank operators 
on Z. On the other hand, a Banach space Z is said to have the λ-SCP for some λ ≥ 1 if 
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for every separable subspace X ⊆ Z there is a projection P ∈ S(Z) with ‖P‖ ≤ λ such 
that X ⊆ P (Z). Examples of Banach spaces with the 1-SCP are WLD spaces and duals 
of Asplund spaces (see, e.g., [10, Theorem 3.42]).

Lemma 3.8. Let Z be a Banach space. If Z has the λ-SCP for some λ ≥ 1, then Z has 
the λ-BSAP.

Proof. Let IZ : Z → Z be the identity operator. Let {Pd : d ∈ D} be the family of all 
projections belonging to λBL(Z) ∩ S(Z) and set Zd := Pd(Z) for every d ∈ D. Consider 
the preorder � in D defined by

d � d′ ⇐⇒ Zd ⊆ Zd′ .

Since Z has the λ-SCP, (D, �) is a directed set. Clearly, the net (Pd)d∈D is SOT-
convergent to IZ , as desired. �
Definition 3.9. Let X and Y be Banach spaces. We denote by W∗S(X, Y ∗) the set of all 
T ∈ L(X, Y ∗) such that T (BX) is w∗-separable.

Theorem 3.10. Let X and Y be Banach spaces and V ⊆ L(X, Y ∗) be a convex set such 
that:

(i) T ◦ S ∈ V for every S ∈ BL(X) and for every T ∈ V .
(ii) V has convex countable tightness with respect to W ∗OT .

Suppose that X has the λ-BSAP for some λ ≥ 1. The following statements hold:

(a) Every element of V has w∗-separable range.
(b) If V ⊆ W(X, Y ∗), then V ⊆ S(X, Y ∗).
(c) If λ = 1, then V ⊆ W∗S(X, Y ∗).

Proof. Fix T ∈ V and let us prove that T (X) is w∗-separable. Consider the map

T̂ : BL(X) → V, T̂ (S) := T ◦ S.

Let IX ∈ L(X) be the identity operator and write

W := T̂ (λBL(X) ∩ S(X)).

Since X has the λ-BSAP, the SOT-to-SOT continuity of T̂ implies that

T = T̂ (IX) ∈ W
SOT ⊆ W

W∗OT
.
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Therefore, since W is convex and V has convex countable tightness for W∗OT, we have

T ∈ U
W∗OT

for some countable set U ⊆ W .
Let A ⊆ λBL(X) ∩ S(X) be a countable set such that U = T̂ (A). For each S ∈ A we 

fix a countable set DS ⊆ BX such that S(BX) ⊆ S(DS)
‖·‖

. Then

H :=
⋃
S∈A

S(DS)

is a countable subset of λBX and so T (H) is a countable subset of λT (BX). We claim 
that

T (BX) ⊆ T (H)
w∗

. (3.2)

Indeed, take any x ∈ BX . For each S ∈ A we have S(x) ∈ S(DS)
‖·‖ ⊆ H

‖·‖ and so 

T (S(x)) ∈ T (H)
‖·‖ ⊆ T (H)

w∗

. Since T ∈ T̂ (A)
W∗OT

, we conclude that

T (x) ∈ {T (S(x)) : S ∈ A}w
∗

⊆ T (H)
w∗

.

This proves (3.2). Hence T (X) ⊆ T (
⋃

n∈N nH)
w∗

and so T (X) is w∗-separable.
(b) Since T is weakly compact and H ⊆ λBX , the set K := T (H)

w
is weakly compact. 

Observe that K is norm separable because H is countable. Moreover, since K is weakly 

compact, it is also w∗-compact and K = T (H)
w∗

. From (3.2) it follows that T (BX) is 
norm separable, that is, T has norm separable range.

(c) Observe that if λ = 1 then H ⊆ BX and (3.2) implies that T (BX) is w∗-
separable. �
Corollary 3.11. Let X and Y be Banach spaces such that X⊗̂πY has property (C) and 
X has the λ-BSAP for some λ ≥ 1. The following statements hold:

(a) Every element of L(X, Y ∗) has w∗-separable range.
(b) W(X, Y ∗) ⊆ S(X, Y ∗).
(c) If λ = 1, then L(X, Y ∗) = W∗S(X, Y ∗).

Proof. Apply Theorem 3.10 with V = BL(X,Y ∗) for statements (a) and (c) and with 
V = BL(X,Y ∗) ∩W(X, Y ∗) for statement (b). �
Remark 3.12. Part (b) of Theorem 3.10 and Corollary 3.11 should be compared with the 
fact that for arbitrary Banach spaces X and Y we have

W∗S(X,Y ∗) ∩W(X,Y ∗) ⊆ S(X,Y ∗).
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Proof. Let T ∈ W∗S(X, Y ∗) ∩ W(X, Y ∗). Since T (BX) is w∗-separable, the set K =
T (BX)

w
is w∗-separable as well. Since K is weakly compact, the weak and weak∗ topolo-

gies coincide on K, hence K is weakly separable, which is equivalent to being norm 
separable. Thus, T has separable range. �
Corollary 3.13. Let X be a non-separable Banach space having the λ-BSAP for some 
λ ≥ 1. Then X⊗̂πX

∗ fails property (C).

Proof. The canonical embedding J : X → X∗∗ fails to have w∗-separable range, because 
the topologies w∗ and w coincide on J(X) and X is non-separable. The conclusion follows 
from Corollary 3.11(a). �

By Proposition 3.6, if 1 < p, q < ∞ are such that 1/p + 1/q ≥ 1 and Γ is any non-
empty set, then �p(Γ)⊗̂π�q(Γ) contains a subspace isometric to �1(Γ), and so it cannot 
have property (C) whenever Γ is uncountable. The last statement is a particular case of 
the following consequence of Corollary 3.11(b):

Corollary 3.14. Let X and Y be Banach spaces such that X is reflexive and L(X, Y ∗) 
=
S(X, Y ∗). Then X⊗̂πY fails property (C).

As an application, we obtain the following classical result (see [15, Theorem 2]):

Corollary 3.15 (Kalton). Let X be a Banach space. If L(X) is reflexive, then X is sepa-
rable.

Proof. Since Y := X∗ is isometric to a subspace of L(X), both X and Y are reflexive. 
We also have (X⊗̂πY )∗ = L(X), so that X⊗̂πY is reflexive as well. The conclusion now 
follows from Corollary 3.14. �
4. WLD spaces and projective tensor products

Bearing in mind that the product of countably many Corson compact spaces is Corson 
compact, an argument similar to that of Proposition 3.1 yields the following:

Proposition 4.1. Let X and Y be Banach spaces. If X is separable and Y is WLD, then 
X⊗̂πY is WLD.

This can also be obtained from the main result of this section, which is the following 
characterization of WLD projective tensor products:

Theorem 4.2. Let X and Y be Banach spaces. The following statements are equivalent:

(i) X⊗̂πY is WLD.
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(ii) X and Y are WLD, L(X, Y ∗) = S(X, Y ∗) and L(Y, X∗) = S(Y, X∗).

Our proof of Theorem 4.2 will use two lemmata:

Lemma 4.3. Let X and Y be WLD Banach spaces and T ∈ L(X, Y ∗). Then T (X) is 
separable if (and only if) it is w∗-separable.

Proof. Define Z := T (X)
‖·‖

. If we consider T as an operator from X to Z, then T has 
dense range and so T ∗ : Z∗ → X∗ is injective. Therefore, Z is WLD.

Let Φ : Y ∗ → �c∞(Γ) be an injective and w∗-to-τp(Γ) continuous operator, for some 
non-empty set Γ. Since Z is w∗-separable (because T (X) is w∗-separable), the restriction 
Φ|Z is an injective operator with values in �∞(Γ0) (as a subspace of �c∞(Γ)) for some 
countable subset Γ0 ⊆ Γ, hence Z∗ is w∗-separable. It follows that Z is separable (see, 
e.g., [10, Proposition 5.40]). �
Lemma 4.4. Let X and Y be Banach spaces and let ΓX ⊆ BX and ΓY ⊆ BY be sets such 
that X = span(ΓX) and Y = span(ΓY ). Define Γ := ΓX × ΓY and

Φ : B(X,Y ) = (X⊗̂πY )∗ → �∞(Γ)

by the formula

Φ(S) := (S(x, y))(x,y)∈Γ for all S ∈ B(X,Y ).

Then Φ is an operator which is injective and w∗-to-τp(Γ) continuous.

Proof. Straightforward. �
Proof of Theorem 4.2. (i)⇒(ii) This follows from Corollary 3.11 and Lemma 4.3, be-
cause the property of being WLD is hereditary, WLD spaces have property (C) (see 
Subsection 2.5) and the 1-BSAP (combine [10, Theorem 3.42] and Lemma 3.8).

(ii)⇒(i) We have to prove the existence of an injective and w∗-to-τp(Γ) continuous 
operator Φ : (X⊗̂πY )∗ → �c∞(Γ) for certain non-empty set Γ. Since X is WLD, it admits 
a Markushevich basis {(xi, x∗

i ) : i ∈ I} and, for every x∗ ∈ X∗, the set {i ∈ I : x∗(xi) 
=
0} is countable (see Subsection 2.5). By the same reason, Y admits a Markushevich basis 
{(yj , y∗j ) : j ∈ J} and, for every y∗ ∈ Y ∗, the set {j ∈ J : y∗(yj) 
= 0} is countable. We 
can assume that ‖xi‖ ≤ 1 for every i ∈ I and that ‖yj‖ ≤ 1 for every j ∈ J .

Write ΓX := {xi : i ∈ I} and ΓY := {yj : j ∈ J}. Define Γ := ΓX × ΓY and

Φ : B(X,Y ) = (X⊗̂πY )∗ → �∞(Γ)

as in Lemma 4.4. Let us prove that Φ(S) ∈ �c∞(Γ) for every S ∈ (X⊗̂πY )∗. On the 

one hand, since SX has separable range, we have SX(X) ⊆ C
w∗

for some countable set 
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C = {y∗n : n ∈ N} ⊆ Y ∗. For each n ∈ N we choose a countable set Bn ⊆ ΓY such that 
y∗n(y) = 0 whenever y ∈ ΓY \ Bn. Then B :=

⋃
n∈N

Bn ⊆ ΓY is countable and y∗n(y) = 0

for every y ∈ ΓY \B and for every n ∈ N. Since SX(X) ⊆ C
w∗

we deduce that

S(x, y) = SX(x)(y) = 0 for every x ∈ X and for every y ∈ ΓY \B.

On the other hand, the same argument applied to SY ensures the existence of a countable 
set A ⊆ ΓX satisfying

S(x, y) = SY (y)(x) = 0 for every x ∈ ΓX \A and for every y ∈ Y.

Clearly, A ×B ⊆ Γ is countable and S(x, y) = 0 whenever (x, y) ∈ Γ \A ×B. This shows 
that Φ(S) ∈ �c∞(Γ). The proof is finished. �

We finish this section with an application of Theorem 4.2 to Lebesgue-Bochner spaces. 
Recall that if μ is a finite measure and Y is a Banach space, then the Lebesgue-Bochner 
space L1(μ, Y ) is isometrically isomorphic to L1(μ)⊗̂πY (see, e.g., [26, Section 2.3]). 
We will use the following result (see [22, Corollary 2.4]), which will also be needed in 
Section 7.

Theorem 4.5. Let Y be a WLD Banach space. Then (BY ∗ , w∗) has property (M) if and 
only if L(L1(μ), Y ∗) = S(L1(μ), Y ∗) for every finite measure μ.

Corollary 4.6. Let Y be a Banach space. The following statements are equivalent:

(i) Y is WLD and (BY ∗ , w∗) has property (M).
(ii) L1(μ, Y ) is WLD for every finite measure μ.

Proof. (ii)⇒(i) This follows from Theorems 4.2 and 4.5.
(i)⇒(ii) We will apply Theorem 4.2. On the one hand, any operator from L1(μ)

to Y ∗ has separable range by Theorem 4.5. On the other hand, we claim that any 
T ∈ L(Y, L∞(μ)) has separable range. Indeed, if we consider such a T as an operator 
from Y to Z := T (Y )

‖·‖
, then T has dense range and so T ∗ : Z∗ → Y ∗ is injective, hence 

(BZ∗ , w∗) is a Corson compact space with property (M).
The compact space L := (BL∞(μ)∗ , w∗) admits a strictly positive measure, i.e., there 

is a regular Borel probability measure on L whose support is L (cf. [19, Theorem 4.1]). 
Therefore, its continuous image (BZ∗ , w∗) admits a strictly positive measure as well. 
Since (BZ∗ , w∗) is Corson compact and has property (M), we conclude that it is metriz-
able, that is, Z is separable. It follows that T has separable range. �
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5. WCG spaces, their subspaces and projective tensor products

We begin this section with a result analogous to Propositions 3.1 and 4.1 for WCG 
spaces:

Proposition 5.1. Let X and Y be Banach spaces. If X is separable and Y is WCG, then 
X⊗̂πY is WCG.

Proof. Let (xn)n∈N be a dense sequence in X and let K ⊆ Y be a weakly compact set 
such that Y = span(K). Then each Kn := {xn} ⊗K is weakly compact in X⊗̂πY and 

we have X⊗̂πY =
⋃

n∈N Kn
‖·‖

, hence X⊗̂πY is WCG. �
We next consider a slight extension of Theorem 1.1, see Proposition 5.5 below. To 

this end we need to introduce more terminology. Recall that a Banach space X is said to 
have the Dunford-Pettis property if x∗

n(xn) → 0 for all weakly null sequences (x∗
n)n∈N in 

X∗ and (xn)n∈N in X. This is equivalent to the fact that every weakly compact operator 
from X to another Banach space is Dunford-Pettis (see, e.g., [8, Proposition 13.42]). 
As usual, an operator T from X to a Banach space Z is said to be Dunford-Pettis
(or completely continuous, shortly T ∈ DP(X, Z)) if T (W ) is norm compact whenever 
W ⊆ X is weakly compact or, equivalently, if (T (xn))n∈N is norm convergent for every 
weakly Cauchy sequence (xn)n∈N in X.

Definition 5.2. Let Y be a Banach space. A set H ⊆ Y ∗ is said to be Y -limited if every 
weakly null sequence in Y converges uniformly on H.

Given a Banach space Y , it is immediate that a set H ⊆ Y ∗ is Y -limited if and 
only if every countable subset of H is Y -limited. Furthermore, every relatively norm 
compact subset of Y ∗ is Y -limited. In fact, the property of being Y -limited is equivalent 
to being relatively compact with respect to the Mackey topology τ(Y ∗, Y ) (see, e.g., [10, 
Theorem 3.11]). If Y contains no subspace isomorphic to �1, then every Y -limited subset 
of Y ∗ is relatively norm compact (see, e.g., [10, Theorem 3.16]).

Definition 5.3. Let X and Y be Banach spaces. We denote by WDP(X, Y ∗) the set of 
all T ∈ L(X, Y ∗) such that T (W ) is Y -limited for every weakly compact set W ⊆ X.

Remark 5.4. Let X and Y be Banach spaces. The following statements hold:

(i) Let T ∈ L(X, Y ∗). Then T ∈ WDP(X, Y ∗) if and only if {T (xn) : n ∈ N} is 
Y -limited for every weakly null sequence (xn)n∈N in X.

(ii) DP(X, Y ∗) ⊆ WDP(X, Y ∗).
(iii) If X or Y has the Dunford-Pettis property, then L(X, Y ∗) = WDP(X, Y ∗).
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Proof. (i) is a consequence of the Eberlein-Smulyan theorem, whereas (ii) follows from 
the Y -limitedness of relatively norm compact subsets of Y ∗. For the proof of (iii), fix 
T ∈ L(X, Y ∗) and take any weakly null sequence (xn)n∈N in X. If {T (xn) : n ∈ N} is 
not Y -limited, then there exist a weakly null sequence (yk)k∈N , a map ϕ : N → N and 
ε > 0 in such a way that

∣∣〈T (xϕ(k)), yk〉
∣∣ =

∣∣〈T ∗(yk), xϕ(k)〉
∣∣ ≥ ε for all k ∈ N. (5.1)

Since (yk)k∈N is weakly null, the set ϕ(N) is infinite and so, by passing to a subsequence, 
we can assume that ϕ is strictly increasing, hence (xϕ(k))k∈N is weakly null. Observe 
that the sequences (T (xϕ(k)))k∈N and (T ∗(yk))k∈N are weakly null in Y ∗ and X∗, respec-
tively. Now, it is clear that (5.1) contradicts that either X or Y has the Dunford-Pettis 
property. �
Proposition 5.5. Let X and Y be Banach spaces with L(X, Y ∗) = WDP(X, Y ∗). Then:

(i) WX ⊗WY is relatively weakly compact in X⊗̂πY whenever WX ⊆ X and WY ⊆ Y

are relatively weakly compact.
(ii) X⊗̂πY is WCG whenever X and Y are WCG.

Proof. (ii) is immediate from (i). To prove (i), by the Eberlein-Smulyan theorem, it is 
enough to show that if (xn)n∈N and (yn)n∈N are weakly null sequences in X and Y , 
respectively, then (xn ⊗ yn)n∈N is weakly null in X⊗̂πY . Take any S ∈ (X⊗̂πY )∗. Then 
SX ∈ WDP(X, Y ∗) and so {SX(xn) : n ∈ N} is Y -limited. Therefore, 〈S, xn ⊗ yn〉 =
SX(xn)(yn) → 0, as desired. �
Remark 5.6. The equality L(X, Y ∗) = WDP(X, Y ∗) is not necessary for X⊗̂πY to be 
WCG. Indeed, the space �2⊗̂π�2 is separable (hence WCG), while B�2 is not �2-limited 
and so the identity operator on �2 does not belong to WDP(�2, �2).

Throughout the rest of this section we analyze the property of being subspace of a 
WCG space for projective tensor products.

As we mentioned in Subsection 2.4, a Banach space X is subspace of a WCG space 
if and only if (BX∗ , w∗) is Eberlein compact. Since the product of countably many 
Eberlein compact spaces is Eberlein compact (see, e.g., [28, Theorem 1.2]), the same 
idea of Proposition 3.1 gives the following:

Proposition 5.7. Let X and Y be Banach spaces. If X is separable and Y is subspace of 
a WCG space, then X⊗̂πY is subspace of a WCG space.

A key tool is the following characterization of subspaces of WCG spaces due to Fabian, 
Montesinos and Zizler [9] (see, e.g., [10, Theorem 6.13]). This result was the starting point 
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of a fruitful branch of Banach space theory devoted to quantifications of already known 
results (the concept of ε-relatively weakly compact set is recalled in Definition 5.9 below).

Theorem 5.8. Let Z be a Banach space. The following statements are equivalent:

(i) Z is subspace of a WCG space.
(ii) For each ε > 0 there is a countable decomposition BZ =

⋃
n∈N Mε

n such that each 
Mε

n is ε-relatively weakly compact in Z.

Definition 5.9. Let Z be a Banach space and M ⊆ Z be a bounded set.

(i) We write

wkZ(M) := sup
{
d(z∗∗, Z) : z∗∗ ∈ M

w∗}
,

where d(z∗∗, Z) := inf{‖z∗∗ − z‖ : z ∈ Z} and M
w∗

is the w∗-closure of M in Z∗∗.
(ii) M is said to be ε-relatively weakly compact, for some ε ≥ 0, if

M
w∗

⊆ Z + εBZ∗∗ .

Remark 5.10. Under the assumptions of Definition 5.9, we have:

wkZ(M) < ε =⇒ M is ε-relatively weakly compact =⇒ wkZ(M) ≤ ε.

The following quantitative versions of the Dunford-Pettis property were introduced 
in [12]:

Definition 5.11. A Banach space X is said to have the:

(i) Direct quantitative Dunford-Pettis property if there is a constant C > 0 such that for 
every weakly null sequence (xn)n∈N in BX and for every bounded sequence (x∗

n)n∈N
in X∗ we have

lim sup
n→∞

|x∗
n(xn)| ≤ CwkX∗({x∗

n : n ∈ N}).

(ii) Dual quantitative Dunford-Pettis property if there is a constant C > 0 such that for 
every bounded sequence (xn)n∈N in X and for every weakly null sequence (x∗

n)n∈N
in BX∗ we have

lim sup
n→∞

|x∗
n(xn)| ≤ CwkX({xn : n ∈ N}).

All L1 spaces and all L∞ spaces have both the direct and dual quantitative Dunford-
Pettis properties (see [12, Theorem 5.9]).
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Theorem 5.12. Let X and Y be Banach spaces such that X has the dual quantitative 
Dunford-Pettis property (with constant C > 0). If WX ⊆ BX is ε-relatively weakly 
compact for some ε ≥ 0 and WY ⊆ BY is relatively weakly compact, then WX ⊗WY is 
ε′-relatively weakly compact in X⊗̂πY for ε′ = (4C + 2)ε.

Proof. It suffices to check that WX ⊗ WY ε′-interchanges limits with B(X⊗̂πY )∗ (see, 
e.g., [10, Theorem 3.69]). Let (xn)n∈N , (yn)n∈N and (Sm)m∈N be sequences in WX , WY

and B(X⊗̂πY )∗ , respectively, for which the iterated limits

α := lim
m→∞

lim
n→∞

〈Sm, xn ⊗ yn〉 and β := lim
n→∞

lim
m→∞

〈Sm, xn ⊗ yn〉

exist. We will prove that |α − β| ≤ ε′. Fix a subsequence (ynk
)k∈N that is weakly 

convergent to some y ∈ Y .
Step 1. Take any S ∈ B(X⊗̂πY )∗ for which limn→∞〈S, xn ⊗ yn〉 exists. Then the fact 

that X has the dual quantitative Dunford-Pettis property implies that

lim sup
k→∞

∣∣〈S, xnk
⊗ ynk

〉 − 〈S, xnk
⊗ y〉

∣∣ = lim sup
k→∞

∣∣〈xnk
, S∗

X(ynk
− y)〉

∣∣ ≤ 2Cε. (5.2)

Let x∗∗ be a w∗-cluster point of (xnk
)k in X∗∗. Then 〈x∗∗, S∗

X(y)〉 is a cluster point of 
the sequence (〈S, xnk

⊗ y〉)k∈N and so (5.2) yields

∣∣∣ lim
n→∞

〈S, xn ⊗ yn〉 − 〈x∗∗, S∗
X(y)〉

∣∣∣ =
∣∣∣∣ lim
k→∞

〈S, xnk
⊗ ynk

〉 − 〈x∗∗, S∗
X(y)〉

∣∣∣∣ ≤ 2Cε. (5.3)

Since WX is ε-relatively weakly compact, there is x ∈ X such that ‖x∗∗ − x‖ ≤ ε, hence

∣∣∣ lim
n→∞

〈S, xn ⊗ yn〉 − 〈S, x⊗ y〉
∣∣∣ =

∣∣∣ lim
n→∞

〈S, xn ⊗ yn〉 − 〈x, S∗
X(y)〉

∣∣∣ (5.3)
≤ (2C + 1)ε.

(5.4)

Step 2. Let S̃ be any w∗-cluster point of (Sm)m∈N in B(X⊗̂πY )∗ . Inequality (5.4)
applied to each Sm yields∣∣∣ lim

n→∞
〈Sm, xn ⊗ yn〉 − 〈Sm, x⊗ y〉

∣∣∣ ≤ (2C + 1)ε for all m ∈ N

and so

|α− 〈S̃, x⊗ y〉| ≤ (2C + 1)ε.

Observe that β = limn→∞〈S̃, xn⊗yn〉, so another appeal to inequality (5.4) (now applied 
to S̃) yields

|β − 〈S̃, x⊗ y〉| ≤ (2C + 1)ε.
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It follows that |α− β| ≤ (4C + 2)ε, as required. �
Remark 5.13. The same statement holds if the assumption is replaced by “Y has the 
direct quantitative Dunford-Pettis property (with constant C > 0)”. Indeed, the proof 
follows the same steps and the only difference is that inequality (5.2) is obtained using SY

and bearing in mind that S∗
Y (WX) is ε-relatively weakly compact in Y ∗ (as it can be 

easily checked).

Theorem 5.14. Let X and Y be Banach spaces such that either X has the dual quanti-
tative Dunford-Pettis property or Y has the direct quantitative Dunford-Pettis property. 
If X is subspace of a WCG space and Y is WCG, then X⊗̂πY is subspace of a WCG 
space.

Proof. Let C > 0 be a constant witnessing that X has the dual quantitative Dunford-
Pettis property or Y has the direct quantitative Dunford-Pettis property. Fix ε > 0. Since 
X is subspace of a WCG space, for each m ∈ N there is a sequence (Bm

n )n∈N of ε
4(4C+2)m -

relatively weakly compact sets in such a way that BX =
⋃

n∈N Bm
n (apply Theorem 5.8). 

Clearly, for any n, m ∈ N the set An,m := mBm
n is ε

4(4C+2) -relatively weakly compact 
and X =

⋃
n,m∈N An,m. This shows that X can be covered by countably many ε

4(4C+2) -
relatively weakly compact sets. Fix a sequence (Bn)n∈N of ε

4(4C+2) -relatively weakly 
compact subsets of X such that X =

⋃
n∈N Bn. We can assume without loss of generality 

that Bn ⊆ Bn+1 for all n ∈ N.
Now, we use the fact that Y is WCG to choose a weakly compact absolutely convex set 

K ⊆ Y such that 
⋃

n∈N nK is dense in Y . By Theorem 5.12 and Remark 5.13, for each 
n ∈ N the set Bn ⊗nK is ε4 -relatively weakly compact in X⊗̂πY , hence co(Bn ⊗nK) is 
ε
2 -relatively weakly compact (see, e.g., [10, Theorem 3.64]) and so

Cn := co(Bn ⊗ nK) + ε

2BX⊗̂πY

is ε-relatively weakly compact (as it can be easily checked).
Observe that X⊗̂πY =

⋃
n∈N Cn. Indeed, if u ∈ X⊗̂πY , then there exist x1, . . . , xp ∈

‖u‖BX , y1, . . . , yp ∈ BY and λ1, . . . , λp ≥ 0 with 
∑p

i=1 λi = 1 such that ‖u −
∑p

i=1 λixi⊗
yi‖ ≤ ε

4 (see, e.g., [26, Proposition 2.2]). Take n ∈ N large enough such that xi ∈ Bn and 
yi ∈ nK+ ε

4‖u‖BY for all i ∈ {1, . . . , p}, and pick ỹi ∈ nK such that ‖yi−ỹi‖ ≤ ε
4‖u‖ . Then 

‖u −
∑p

i=1 λixi ⊗ ỹi‖ ≤ ε
2 and so u ∈ Cn. Therefore, we have BX⊗̂πY

=
⋃

n∈N Cn ∩BX , 
with each Cn ∩ BX being ε-relatively weakly compact. Another appeal to Theorem 5.8
ensures that X⊗̂πY is subspace of a WCG space. �

Our next objective is to show that if X and Y are subspaces of WCG spaces and 
L(X, Y ∗) = K(X, Y ∗), then X⊗̂πY is subspace of a WCG space (Corollary 5.21). We 
will obtain this as a consequence of a technical result (Theorem 5.20) which might be of 
independent interest. We first need to introduce some terminology.
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Definition 5.15. Let X be a Banach space.

(i) Let (xn)n∈N be a bounded sequence in X. We write

ca((xn)n∈N) := inf
m∈N

sup
n,n′≥m

‖xn − xn′‖

and

δ((xn)n∈N) = sup
x∗∈BX∗

inf
m∈N

sup
n,n′≥m

|x∗(xn) − x∗(xn′)|.

(ii) We say that a set M ⊆ X is ε-precompact (resp., ε-weakly precompact), for some ε ≥
0, if it is bounded and every sequence (xn)n∈N in M admits a subsequence (xnk

)k∈N
such that ca((xnk

)k∈N) ≤ ε (resp., δ((xnk
)k∈N) ≤ ε).

We will also need the following quantitative strengthening of the usual notion of 
Dunford-Pettis operator:

Definition 5.16. Let X and Z be Banach spaces and let c > 0. We say that an operator 
T : X → Z is c-Dunford-Pettis if, for each ε ≥ 0 and for each ε-weakly precompact 
set W ⊆ X, the set T (W ) is cε-precompact. We denote by DPc(X, Z) the set of all 
c-Dunford-Pettis operators from X to Z.

Example 5.17. Examples of c-Dunford-Pettis operators are:

(i) Compact operators.
(ii) Absolutely summing operators. Indeed, combine Pietsch’s factorization theorem 

(see, e.g., [4, 2.13]) and [23, Lemma 2.8].
(iii) Any operator from/to a Banach space with the so called quantitative Schur property 

(see [13,14]).

In order to prove Theorem 5.20 we will need the following characterization of subspaces 
of WCG spaces (see, e.g., [10, Theorem 6.13]).

Theorem 5.18. Let X be a Banach space and let G ⊆ X be a set such that X = span(G)
and, for each x∗ ∈ X∗, the set {x ∈ G : x∗(x) 
= 0} is countable. The following statements 
are equivalent:

(i) X is subspace of a WCG space.
(ii) For each ε > 0 there exists a countable decomposition G =

⋃
n∈N

Gε
n such that 

{
x ∈

Gε
n : |x∗(x)| > ε

}
is finite for every n ∈ N and for every x∗ ∈ BX∗ .
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Remark 5.19. Observe that condition (ii) in Theorem 5.18 implies that, for each x∗ ∈ X∗, 
the set {x ∈ G : x∗(x) 
= 0} is countable.

Theorem 5.20. Let X and Y be Banach spaces which are subspaces of WCG spaces. 
Suppose that L(X, Y ∗) = DPc(X, Y ∗) and L(Y, X∗) = DPc(Y, X∗) for some c > 0. 
Then X⊗̂πY is subspace of a WCG space.

Proof. Both X and Y are WLD and so they admit Markushevich bases, say

{(xi, x
∗
i ) : i ∈ Γ1} ⊆ X ×X∗ and {(yj , y∗j ) : j ∈ Γ2} ⊆ Y × Y ∗.

Moreover, for every x∗ ∈ X∗ (resp. y∗ ∈ Y ∗), the set {i ∈ Γ1 : x∗(xi) 
= 0} (resp., 
{j ∈ Γ2 : y∗(yj) 
= 0}) is countable (see Subsections 2.4 and 2.5). We can assume that 
‖xi‖ ≤ 1 and that ‖yj‖ ≤ 1 for every (i, j) ∈ Γ1 × Γ2.

Define G := {xi⊗ yj : (i, j) ∈ Γ1 ×Γ2} ⊆ X⊗̂πY . Clearly, X⊗̂πY = span(G). We will 
check that G satisfies condition (ii) in Theorem 5.18 and, therefore, X⊗̂πY is subspace 
of a WCG space.

Fix ε > 0. Pick any ε > ε′ > 0. By Theorems 5.8 and 5.18, we can find countable 
decompositions

BX =
⋃
n∈N

B1,n, BY =
⋃
n∈N

B2,n, Γ1 =
⋃
n∈N

Γ1,n and Γ2 =
⋃
n∈N

Γ2,n

such that, for each n ∈ N, the sets B1,n and B2,n are ε′

4c -relatively weakly compact and 
the sets

U(x∗, n) :=
{
i ∈ Γ1,n : |x∗(xi)| >

ε

2

}
V (y∗, n) :=

{
j ∈ Γ2,n : |y∗(yj)| >

ε

2

}
are finite for every x∗ ∈ BX∗ and for every y∗ ∈ BY ∗ . Define

Gε
(n1,m1,n2,m2) := {xi ⊗ yj : (xi, yj) ∈ B1,n1 ×B2,n2 and (i, j) ∈ Γ1,m1 × Γ2,m2}

for all (n1, m1, n2, m2) ∈ N4. Let us prove that the countable decomposition

G =
⋃

(n1,m1,n2,m2)∈N4

Gε
(n1,m1,n2,m2)

satisfies the required property.
Fix S ∈ B(X⊗̂πY )∗ and (n1, m1, n2, m2) ∈ N4. Since B1,n1 is ε′

4c -relatively weakly 

compact, it is ε
′

2c -weakly precompact (see [23, Lemma 3.7]) and therefore SX(B1,n1) is an 
ε′ -precompact subset of BY ∗ (because SX is a c-Dunford-Pettis operator with ‖SX‖ ≤ 1
2
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and B1,n1 ⊆ BX). Therefore, since ε > ε′, we can find finitely many y∗1 , . . . , y
∗
p ∈ BY ∗

such that

SX(B1,n1) ⊆
p⋃

k=1

B
(
y∗k,

ε

2

)
,

where B(y∗k, ε2 ) denotes the closed ball of Y ∗ centered at y∗k with radius ε
2 . Analogously, 

there exist finitely many x∗
1, . . . , x

∗
q ∈ BX∗ such that

SY (B2,n2) ⊆
q⋃

l=1

B
(
x∗
l ,

ε

2

)
.

Note that

H :=
(

q⋃
l=1

U(x∗
l ,m1)

)
×

(
p⋃

k=1

V (y∗k,m2)
)

⊆ Γ1 × Γ2

is finite. In order to finish the proof we will show that∣∣〈S, xi ⊗ yj〉
∣∣ ≤ ε for every xi ⊗ yj ∈ Gε

(n1,m1,n2,m2) with (i, j) /∈ H.

To this end, suppose for instance that i /∈
⋃q

l=1 U(x∗
l , m1) (the other case runs similarly). 

Since yj ∈ B2,n2 , there is l ∈ {1, . . . , q} such that ‖x∗
l −SY (yj)‖ ≤ ε

2 . Since i /∈ U(x∗
l , m1), 

we have |x∗
l (xi)| ≤ ε

2 and therefore

|〈S, xi ⊗ yj〉| = |〈SY (yj), xi〉| ≤ ‖x∗
l − SY (yj)‖ + |x∗

l (xi)| ≤ ε,

as required. The proof is finished. �
It is well known that, for arbitrary Banach spaces X and Y , the equalities L(X, Y ∗) =

K(X, Y ∗) and L(Y, X∗) = K(Y, X∗) are equivalent. Indeed, this is a consequence of 
Schauder’s theorem (saying an operator is compact if and only if its adjoint is compact) 
and the fact that every T ∈ L(Y, X∗) coincides with the restriction of (T ∗|X)∗ to Y .

From Theorem 5.20 we get:

Corollary 5.21. Let X and Y be Banach spaces which are subspaces of WCG spaces. If 
L(X, Y ∗) = K(X, Y ∗), then X⊗̂πY is subspace of a WCG space.

6. Hilbert generated spaces, their subspaces and projective tensor products

In this section we study the stability under projective tensor products of the property 
of being subspace of a Hilbert generated space (recalled in Subsection 2.4) for some 
concrete Banach spaces. We begin with a general result.
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Proposition 6.1. Let X and Y be Banach spaces. If X is separable and Y is Hilbert 
generated (resp., subspace of a Hilbert generated space), then X⊗̂πY is Hilbert generated 
(resp., subspace of a Hilbert generated space).

Proof. Suppose first that Y is Hilbert generated and fix an operator T : �2(Γ) → Y with 
dense range, for some non-empty set Γ. Let (xn)n∈N be a dense sequence in BX and 
consider the operator

T̃ : �2(�2(Γ)) → X⊗̂πY, T̃
(
(un)n∈N

)
:=

∑
n∈N

1
n
xn ⊗ T (un),

where �2(�2(Γ)) stands for the �2-sum of countably many copies of �2(Γ), i.e., the Banach 
space of all sequences (un)n∈N in �2(Γ) such that (‖un‖)n∈N ∈ �2. It is immediate that 
T̃ has dense range, so X⊗̂πY is Hilbert generated.

The argument for subspaces of Hilbert generated spaces follows the same lines of 
Proposition 3.1, bearing in mind that a Banach space Z is subspace of a Hilbert generated 
space if and only if (BZ∗ , w∗) is uniform Eberlein compact (see Subsection 2.4) and the 
fact that uniform Eberlein compactness is preserved by countable products (see, e.g., 
[28, Theorem 3.6]). �

Clearly, the space �p(Γ) is Hilbert generated for any 2 ≤ p < ∞ and for any non-
empty set Γ, but it fails to be Hilbert generated when 1 < p < 2 and Γ is uncountable 
(see [7, Lemma 6]). Still in this case �p(Γ) is subspace of a Hilbert generated space, 
because so is every superreflexive space. If 1 < p, q < ∞ satisfy 1/p + 1/q < 1, then the 
projective tensor product �p(Γ)⊗̂π�q(Γ) is reflexive (as we mentioned in the introduction) 
but cannot be superreflexive unless Γ is finite (see [2, p. 522]). We next prove that it is 
always subspace of a Hilbert generated space:

Theorem 6.2. Let Γ and Δ be non-empty sets and let 1 < p, q < ∞ be such that 1/p +
1/q < 1. Then �p(Γ)⊗̂π�q(Δ) is subspace of a Hilbert generated space.

The proof of Theorem 6.2 uses the following elementary lemma:

Lemma 6.3. Let I and J be sets, Ω ⊆ I × J and m, r, s ∈ N. Suppose that:

(i) |{j ∈ J : (i, j) ∈ Ω}| ≤ r for every i ∈ I;
(ii) |{i ∈ I : (i, j) ∈ Ω}| ≤ s for every j ∈ J ;
(iii) |Ω| ≥ m(r + s).

Then there exist sets {i1, . . . , im} ⊆ I and {j1, . . . , jm} ⊆ J with cardinality m such that 
(ik, jk) ∈ Ω for all k ∈ {1, . . . , m}.
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Proof. For each (i, j) ∈ I × J , write

Ω(i,j) := {(i′, j′) ∈ Ω : i = i′ or j = j′},

so that |Ω(i,j)| ≤ r + s. Therefore, we have

Ω \
⋃

(i,j)∈F

Ω(i,j) 
= ∅

for every F ⊆ I × J with |F | < m. Now, we can apply this fact recursively to get 
(i1, j1), . . . , (im, jm) ∈ Ω in such a way that (ik′ , jk′) /∈

⋃
k<k′ Ω(ik,jk) for all k′ ≤ m, 

hence ik 
= ik′ and jk 
= jk′ whenever k 
= k′. �
Another key ingredient is the following characterization of subspaces of Hilbert gener-

ated spaces (see, e.g., [10, Theorem 6.30]) which should be compared with Theorem 5.18:

Theorem 6.4. Let X be a Banach space. The following statements are equivalent:

(i) X is subspace of a Hilbert generated space.
(ii) There is a set G ⊆ BX with X = span(G) such that for every ε > 0 there is a 

countable decomposition G =
⋃

n∈N Gε
n such that

∣∣{x ∈ Gε
n : |x∗(x)| > ε}

∣∣ < n for every n ∈ N and for every x∗ ∈ BX∗ .

Proof of Theorem 6.2. We can assume without loss of generality that Γ = Δ. Indeed, 
observe that if |Δ| ≤ |Γ|, then �q(Δ) is a 1-complemented subspace of �q(Γ) and so 
�p(Γ)⊗̂π�q(Δ) embeds isometrically into �p(Γ)⊗̂π�q(Γ) (see, e.g., [26, Proposition 2.4]).

Let {eγ : γ ∈ Γ} and {ẽγ : γ ∈ Γ} be the canonical bases of �p(Γ) and �q(Γ), 
respectively. The set G := {eγ ⊗ ẽγ′ : (γ, γ′) ∈ Γ × Γ} ⊆ B�p(Γ)⊗̂π�q(Γ) satisfies 
�p(Γ)⊗̂π�q(Γ) = span(G). By Theorem 6.4, in order to show that �p(Γ)⊗̂π�q(Γ) is sub-
space of a Hilbert generated space it is enough to prove that for every ε > 0 there exists 
n ∈ N such that for all S ∈ B(�p(Γ)⊗̂π�q(Γ))∗ we have

∣∣{(γ, γ′) ∈ Γ × Γ : |S(eγ ⊗ ẽγ′)| > ε}
∣∣ < n.

Suppose by contradiction that there exists ε > 0 such that for each n ∈ N there is 
Sn ∈ B(�p(Γ)⊗̂π�q(Γ))∗ in such a way that the set

Ωn := {(γ, γ′) ∈ Γ × Γ : |Sn(eγ ⊗ ẽγ′)| > ε}

has cardinality |Ωn| ≥ n. Given any n ∈ N, write Tn := Sn
�p(Γ) ∈ BL(�p(Γ),�q∗ (Γ)) and 

notice that for each γ ∈ Γ the set {γ′ ∈ Γ : (γ, γ′) ∈ Ωn} has cardinality ≤ ε−q∗ , because
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1 ≥ ‖Tn(eγ)‖q∗ ≥
∑

γ′∈Γ: (γ,γ′)∈Ωn

|Tn(eγ)(ẽγ′)|q∗ ≥ εq
∗ |{γ′ ∈ Γ : (γ, γ′) ∈ Ωn}|.

Similarly, for each γ′ ∈ Γ the set {γ ∈ Γ : (γ, γ′) ∈ Ωn} has cardinality ≤ ε−p∗ .
Choose t ∈ N large enough such that t ≥ ε−p∗ + ε−q∗ . Fix m ∈ N and write n :=

mt. By Lemma 6.3, we can find sets {i1, . . . , im} ⊆ Γ and {j1, . . . , jm} ⊆ Γ, both of 
cardinality m, such that

|Tn(eik)(ẽjk)| > ε for all k ∈ {1, . . . ,m}. (6.1)

Let T : Rm → Rm be the linear map whose matrix is⎛⎜⎜⎜⎜⎝
Tn(ei1)(ẽj1) Tn(ei2)(ẽj1) . . . Tn(eim)(ẽj1)
Tn(ei1)(ẽj2) Tn(ei2)(ẽj2) . . . Tn(eim)(ẽj2)

...
...

. . .
...

Tn(ei1)( ˜ejm) Tn(ei2)( ˜ejm) . . . Tn(eim)( ˜ejm)

⎞⎟⎟⎟⎟⎠ .

Then T can be seen as an operator from �m∞ to �m1 and also as an operator from �mp
to �mq∗ . Notice that ‖T‖L(�mp ,�m

q∗ ) ≤ 1, because it factors as

�mp
T

u

�mq∗

�p(Γ)
Tn

�q∗(Γ)

π

where u and π are (up to the natural isometric isomorphisms) the inclusion of 
span({ei1 , . . . , eim}) and the projection onto span({êj1 , . . . , ˆejm}), respectively (here 
{êγ : γ ∈ Γ} denotes the canonical basis of �q∗(Γ)). Since the identity operator �m∞ → �mp
has norm ≤ m1/p and the identity operator �mq∗ → �m1 has norm ≤ m1/q (as an application 
of Hölder’s inequality), we conclude that

‖T‖L(�m∞,�m1 ) ≤ m1/p+1/q. (6.2)

Grothendieck’s inequality (see, e.g., [4, 1.14]) applied to the matrix above yields∣∣∣∣∣
m∑

k=1

m∑
k′=1

Tn(eik)(ejk′ )〈uk, vk′〉
∣∣∣∣∣ ≤ KG‖T‖L(�m∞,�m1 )

for any vectors u1, . . . , um, v1, . . . , vm in the closed unit ball of a given Hilbert space, 
KG being Grothendieck’s constant. In particular, if {u1, . . . , um} is chosen to be any 
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orthonormal basis of �m2 and we take vk := sign(Tn(eik)(ejk))uk for all k ∈ {1, . . . , m}, 
then the previous inequality, (6.1) and (6.2) give

mε <
m∑

k=1

∣∣Tn(eik)(ejk)
∣∣ ≤ KG m1/p+1/q.

Therefore ε < KG m1/p+1/q−1. This inequality holds for all m ∈ N, thus contradicting 
that 1/p + 1/q < 1. The proof is finished. �
Remark 6.5. The proof of Theorem 6.2 shows that condition (ii) of Theorem 6.4 is 
satisfied without passing to a countable decomposition of {eγ ⊗ ẽγ′ : (γ, γ′) ∈ Γ × Γ}.

Corollary 6.6. If Γ and Δ are non-empty sets and 1 < q < ∞, then c0(Γ)⊗̂πc0(Δ) and 
c0(Γ)⊗̂π�q(Δ) are subspaces of Hilbert generated spaces.

Proof. Take 1 < p < ∞ such that 1/p +1/q < 1. The formal inclusion from �p(Γ)⊗̂π�q(Δ)
into X := c0(Γ)⊗̂πc0(Δ) (resp., Y := c0(Γ)⊗̂π�q(Δ)) is a norm 1 operator with dense 
range, so its adjoint is injective and gives a homeomorphic embedding of (BX∗ , w∗)
(resp., (BY ∗ , w∗)) into the uniform Eberlein compact space (B(�p(Γ)⊗̂π�q(Δ))∗ , w

∗). �
The space Lp(μ), for a finite measure μ and 1 ≤ p < ∞, is subspace of a Hilbert 

generated space (see Subsection 2.4). Given any Banach space Y , the projective tensor 
product L1(μ)⊗̂πY coincides with the Lebesgue-Bochner space L1(μ, Y ) (see, e.g., [26, 
Section 2.3]), which is easily seen to be Hilbert generated (resp., subspace of a Hilbert 
generated space) whenever Y is. The case 1 < p < ∞ is different:

Remark 6.7. Let 1 < p, q < ∞ and let μ and ν be finite measures of uncountable Ma-
haram type. Then Lp(μ)⊗̂πLq(ν) is not subspace of a Hilbert generated space. Indeed, 
since the spaces Lp(μ) and Lq(ν) are non-separable, each contains a subspace isomorphic 
to �2(ω1) (see, e.g., [16, pp. 127-128, Theorems 9 and 12]), which can be seen to be comple-
mented like in the separable case (see, e.g., the proof of Theorem 4.53 in [8]). Therefore, 
Lp(μ)⊗̂πLq(ν) contains a complemented subspace isomorphic to �2(ω1)⊗̂π�2(ω1) (see, 
e.g., [26, Proposition 2.4]). From Proposition 3.6 it follows that Lp(μ)⊗̂πLq(ν) contains 
a subspace isomorphic to �1(ω1) and so it even fails property (C).

7. Topological properties in injective tensor products

Some of the Banach space properties that we already considered are known to be 
stable by taking injective tensor products. Namely, given two Banach spaces X and Y , 
their injective tensor product X⊗̂εY is WCG or subspace of a WCG space if (and only 
if) both X and Y have the corresponding property (see [25, Section 2]). Indeed, the basic 
idea is to consider the natural isometric embedding
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X⊗̂εY ↪→ C(K)

where K := BX∗ ×BY ∗ is equipped with the product of the weak∗-topologies. Then the 
usual characterization of relative weak compactness in C(K) via pointwise convergence 
(see, e.g., [8, Corollary 3.138]) applies to conclude that W1 ⊗ W2 is relatively weakly 
compact in X⊗̂εY whenever WX ⊆ X and WY ⊆ Y are relatively weakly compact. From 
this it follows at once that X⊗̂εY is WCG whenever X and Y are WCG. If we only 
assume that X and Y are subspaces of WCG spaces, then (BX∗ , w∗) and (BY ∗ , w∗) are 
Eberlein compact and so the same holds for K, hence C(K) is a WCG space (see, e.g., 
[8, Theorem 14.9]) containing X⊗̂εY as a subspace. A similar argument yields:

Proposition 7.1. Let X and Y be Banach spaces. Then X⊗̂εY is subspace of a Hilbert 
generated space if and only if X and Y are subspaces of Hilbert generated spaces.

Proof. Bear in mind that the product of two uniform Eberlein compact spaces is uniform 
Eberlein compact and that C(K) is Hilbert generated whenever K is a uniform Eberlein 
compact space (see, e.g., [8, Theorem 14.15]). �

We next analyze Corson’s property (C) and the property of being WLD in injective 
tensor products, for which another approach is needed.

Proposition 7.2. Let X and Y be Banach spaces such that X⊗̂εY has property (C). The 
following statements hold:

(i) The range of every element of I(X, Y ∗) (resp., I(Y, X∗)) is contained in a w∗-
separable subset of Y ∗ (resp., X∗).

(ii) If X has the λ-BSAP for some λ ≥ 1, then I(X, Y ∗) ⊆ S(X, Y ∗).

Proof. We identify (X⊗̂εY )∗ with I(X, Y ∗) (resp., I(Y, X∗)) as in Subsection 2.3.
(i) Take T ∈ I(X, Y ∗) with ‖T‖int = 1, so that

T ∈ B(X⊗̂εY )∗ = cow
∗({x∗ ⊗ y∗ : (x∗, y∗) ∈ BX∗ ×BY ∗}

)
.

Since X⊗̂εY has property (C), there exist countable sets A1 ⊆ BX∗ and A2 ⊆ BY ∗ such 
that

T ∈ cow
∗({x∗ ⊗ y∗ : (x∗, y∗) ∈ A1 ×A2}

)
.

For each (x∗, y∗) ∈ A1 ×A2, the functional x∗ ⊗ y∗ is identified with the operator from 
X to Y ∗ acting as (x∗ ⊗ y∗)(x) := x∗(x)y∗ for all x ∈ X. If A denotes the set of 
such operators, then T belongs to the W∗OT-closure of co(A) in L(X, Y ∗). Clearly, this 
implies that T (X) is contained in the w∗-separable set spanw∗(A2) ⊆ Y ∗.
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(ii) is immediate from Theorem 3.10(b) applied to V = B(X⊗̂εY )∗ , bearing in 
mind that any Pietsch integral operator is weakly compact (see, e.g., [26, Proposi-
tion 3.20]). �
Theorem 7.3. Let X and Y be Banach spaces. The following statements are equivalent:

(i) X⊗̂εY is WLD.
(ii) X and Y are WLD, I(X, Y ∗) ⊆ S(X, Y ∗) and I(Y, X∗) ⊆ S(Y, X∗).

Proof. Since the property of being WLD passes to subspaces and implies both property 
(C) (see Subsection 2.5) and the 1-BSAP (combine [10, Theorem 3.42] and Lemma 3.8), 
it follows from Proposition 7.2(ii) that (i)⇒(ii).

The converse follows the same lines of Theorem 4.2. Indeed, suppose that (ii) holds 
let Φ be as in the proof of Theorem 4.2. Since the formal inclusion

j : (X⊗̂εY )∗ → B(X,Y ) = (X⊗̂πY )∗

is an injective w∗-to-w∗ continuous operator, the composition

ϕ := Φ ◦ j : (X⊗̂εY )∗ → �∞(Γ)

is an injective w∗-to-τp(Γ) continuous operator. Moreover, Φ(S) ∈ �c∞(Γ) for every S ∈
B(X, Y ) such that SX and SY have separable range (see the proof of Theorem 4.2). 
Hence ϕ takes values in �c∞(Γ) and so X⊗̂εY is WLD. �
Corollary 7.4. Let X and Y be WLD Banach spaces. If either (BX∗ , w∗) or (BY ∗ , w∗)
has property (M), then X⊗̂εY is WLD.

Proof. Suppose, for instance, that (BX∗ , w∗) has property (M). On the one hand, since 
L1(μ) is separable for every regular Borel probability measure on (BX∗ , w∗) (see Sub-
section 2.7), we can apply Pietsch’s factorization theorem (see, e.g., [4, 2.13]) to deduce 
that every absolutely summing operator from X to another Banach space has separable 
range. In particular, I(X, Y ∗) ⊆ S(X, Y ∗).

On the other hand, any T ∈ I(Y, X∗) factors as

Y
T

U

X∗

L∞(μ) I
L1(μ)

V

for some finite measure μ, where I is the formal inclusion operator and U and V are 
operators. Since X is WLD and (BX∗ , w∗) has property (M), we know that V has 
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norm separable range (Theorem 4.5), and so does T . Hence I(Y, X∗) ⊆ S(Y, X∗). The 
conclusion now follows from Theorem 7.3. �
Theorem 7.5. If X is a Banach space such that (BX∗ , w∗) does not belong to the class MS, 
then I(X, X∗) � S(X, X∗).

Proof. Let μ be a regular Borel probability measure on (BX∗ , w∗) for which L1(μ) is not 
separable.

Step 1. Define S : X → L1(μ) by S := u ◦ i, where i : X → C(BX∗) is the canonical 
isometric embedding and u : C(BX∗) → L1(μ) is the formal inclusion operator. Let 
A ⊆ C(BX∗) be the subalgebra generated by i(BX) ∪ {1} (we denote by 1 the constant 
function taking value 1). By the Stone-Weierstrass theorem we have C(BX∗) = A

‖·‖ and 
so u(A) is dense in L1(μ) (bear in mind that u has dense range). Hence u(A) is not 
separable.

Since u(fg) = u(f)u(g) for every f, g ∈ C(BX∗), the set u(A) consists of all linear 
combinations of finite products of elements of H := S(BX) ∪ {1}. The following claim 
allows us to conclude that S(BX) is not separable.

Claim: For each n ∈ N, the “multiplication” map

ξn : Hn → L1(μ), ξn(f1, . . . , fn) := f1 · · · fn,

is τ -to-norm continuous, where τ is the product topology on Hn induced by the norm 

topology on each factor. Indeed, we will show that ξn(W τ ) ⊆ ξn(W )
‖·‖

for every W ⊆
Hn. Fix (f1, . . . , fn) ∈ W

τ ⊆ Hn and take a sequence ((fk
1 , . . . , f

k
n))k∈N in W which τ -

converges to (f1, . . . , fn). Then there is a strictly increasing sequence k1 < k2 < . . . in N

such that for each i ∈ {1, . . . , n} the subsequence (fkj

i )j∈N is μ-a.e. convergent to fi, 
so (fkj

1 · · · fkj
n )j∈N is μ-a.e. convergent to f1 · · · fn. An appeal to Lebesgue’s dominated 

convergence theorem ensures that (fkj

1 · · · fkj
n )j∈N is norm convergent to f1 · · · fn (bear 

in mind that |fk
i | ≤ 1 μ-a.e. for all i and k). This shows that ξn((f1, . . . , fn)) ∈ ξn(W )

‖·‖
. 

The claim is proved.
Step 2. Let us consider the adjoint S∗ : L∞(μ) → X∗. For each w∗-Borel set C ⊆ BX∗

we have

〈S∗(χC), x〉 =
∫
C

S(x) dμ for all x ∈ X, (7.1)

where χC denotes the characteristic function of C. Since |S(x)| ≤ 1 μ-a.e. for every 
x ∈ BX , equality (7.1) can be used to deduce that

‖S∗(χC)‖ ≤ μ(C) for every w∗-Borel set C ⊆ BX∗ .
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This inequality and the density of simple functions in L1(μ) allow to define an operator 
R : L1(μ) → X∗ such that R(χC) = S∗(χC) for every w∗-Borel set C ⊆ BX∗ . From (7.1)
we get

〈R(f), x〉 =
∫

BX∗

fS(x) dμ for all x ∈ X and f ∈ L1(μ). (7.2)

We will check that the operator T := R ◦ S : X → X∗ satisfies the required properties. 
Clearly, T is Pietsch integral because S (and so T ) factors through the formal inclusion 
operator from L∞(μ) to L1(μ).

Observe that S factors as S = J ◦ v ◦ i, where

v : C(BX∗) → L2(μ) and J : L2(μ) → L1(μ)

are the formal inclusion operators. Since S has non-separable range (as we showed in 
Step 1 ), the same holds for S′ := v ◦ i. Then there exist ε > 0 and an uncountable set 
{xα : α < ω1} ⊆ BX such that

‖S′(xα − xβ)‖ = ‖S′(xα) − S′(xβ)‖ ≥ ε whenever α 
= β. (7.3)

It follows that

2‖T (xα) − T (xβ)‖ ≥
〈
T (xα) − T (xβ), xα − xβ

〉
=

〈
R(S(xα − xβ)), xα − xβ

〉
(7.2)=

∫
BX∗

S(xα − xβ)2 dμ = ‖S′(xα − xβ)‖2
(7.3)
≥ ε2

whenever α 
= β. Therefore, T has non-separable range. �
Recall that, if X is a WLD Banach space, then (BX∗ , w∗) has property (M) if and 

only if it belongs to the class MS (see Subsection 2.7). Thus:

Corollary 7.6. Let X be a Banach space. Then X is WLD and (BX∗ , w∗) has property (M) 
if and only if X⊗̂εX is WLD.

Proof. Apply Corollary 7.4 and Theorems 7.3 and 7.5. �
Corollary 7.7. Let X be a Banach space having the λ-BSAP for some λ ≥ 1 such that 
X⊗̂εX has property (C). Then (BX∗ , w∗) belongs to the class MS.

Proof. Apply Proposition 7.2(ii) and Theorem 7.5. �
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Since C(K) has the 1-BAP for every compact space K and C(K×K) is isometrically 
isomorphic to C(K)⊗̂εC(K) (see, e.g., [26, Sections 4.1 and 3.2]), from the previous 
corollary we get the following result (see [20, Theorem 5.6]):

Corollary 7.8 (Plebanek-Sobota). Let K be a compact space. If C(K × K) has prop-
erty (C), then K belongs to the class MS.

It should be mentioned that a compact space K belongs to the class MS if and only 
if (BC(K)∗ , w∗) belongs to the class MS, see [17, Proposition 2.4].

Remark 7.9. As we already mentioned in Subsection 2.7, under CH there exist WLD 
Banach spaces X for which (BX∗ , w∗) fails property (M) (equivalently, it does not belong 
to the class MS) and so X⊗̂εX does not have property (C) by Corollary 7.7. Since 
(BX∗ , w∗) is angelic (i.e., Fréchet-Urysohn) whenever X is a WLD Banach space, this 
provides a (consistent) negative answer to the question raised in [25, Problem 2.7] of 
whether the property of having w∗-angelic dual ball is preserved by the injective tensor 
product.

8. Questions

We finish the paper with some related questions that we have been unable to answer. 
In what follows, X and Y are Banach spaces.

(a) Suppose that X and Y have property (C) and that

L(X,Y ∗) = K(X,Y ∗). (8.1)

Does X⊗̂πY have property (C)? What happens if (8.1) is weakened to

L(X,Y ∗) = S(X,Y ∗) and L(Y,X∗) = S(Y,X∗)?

What about the particular case when either X or Y is reflexive?
(b) Suppose that X and Y are WLD and that either X or Y has the Dunford-Pettis 

property. Is X⊗̂πY WLD?
(c) Suppose that X and Y are subspaces of Hilbert generated spaces and that equal-

ity (8.1) holds. Is X⊗̂πY subspace of a Hilbert generated space?
(d) Suppose that X⊗̂εY is WLD. Does either (BX∗ , w∗) or (BY ∗ , w∗) have prop-

erty (M)?
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