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Abstract

In this manuscript we give an extension of the classic Salem—Zygmund inequality for
locally sub-Gaussian random variables. As an application, the concentration of the
roots of a Kac polynomial is studied, which is the main contribution of this manu-
script. More precisely, we assume the existence of the moment generating function
for the iid random coefficients for the Kac polynomial and prove that there exists an
annulus of width

O(n’z(logn)fl/zf""), y>1/2

around the unit circle that does not contain roots with high probability. As an another
application, we show that the smallest singular value of a random circulant matrix is
at least n=*, p € (0,1/4) with probability 1 — O(n=2*).
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1 Introduction

A classical problem in Harmonic Analysis is the quantification of the magnitude of
the modulus for a trigonometric polynomial on the unit circle. Erdds [10] studied the
trigonometric polynomial 7, (x) = Z,n;ol wel™, x € [0,2x], for choices of signs +1
for all o;, and estimated how large |7}, (x)| for x € [0,27) can be. Salem and Zygmund

[30] proved that almost all choices of signs satisfy

c1(nlog n)% < n[lax]|Tn (x)] <cz(nlog n)% for some positive constants ¢; and c;.
x€[0,2n
(1)

Inequalities of type (1) are known as Salem—Zygmund inequality. There are different
versions of Salem—Zygmund inequality that appear in many areas of modern anal-
ysis, see [8]. In a probabilistic context, the common version of Salem—Zygmund
inequality is usually established when the coefficients «;, ..., o, of 7, are iid sub-
Gaussian random variables, see Chapter 6 in [14]. In the present manuscript, we give
an extension of Salem—Zygmund inequality for locally sub-Gaussian random coef-
ficients. This extension allows us to study the localization of the roots of a random
Kac polynomial and the probability for the singularity of a random circulant matrix.

1.1 Roots of random trigonometric polynomials

The study of the roots of a polynomial is an old topic in Mathematics. There are
formulas to compute the roots for polynomials of degree 2, degree 3 (Tartaglia—
Cardano’s formula), degree 4 (Ferrari’s formula), but due to Galois’ work, for a
generic polynomial of degree 5 or more it is not possible to find explicit formulas for
computing its roots in terms of radicals.

For a random polynomial, Bloch and Polya [3] considered a random polynomial
with iid Rademacher random variables (uniform distribution on {—1, 1}) and proved
that the expected number of real zeros are O (n'/?). In a series of papers between
1938 and 1939, Littlewood and Offord gave a better bound for the number of real
roots of a random polynomial with iid random coefficients for the cases of
Rademacher, Uniform[—1, 1], and standard Gaussian [21]. Kac [13] established his
famous integral formula for the density of the number of real roots of a random
polynomial with iid coefficients with standard Gaussian distribution. Those were the
first steps in the study of roots of random functions, which nowadays is a relevant
part of modern Probability and Analysis. For further details, see [9] and the
references therein.

The localization of the roots of a polynomial is in general a hard problem.
However, there are relevant results in the theory of random polynomials [2]. For
instance, for iid non-degenerate random coefficients with finite logarithm moment,
the roots cluster asymptotically near the unit circle and the arguments of the roots are
asymptotically uniform distributed. More precisely, Ibragimov and Zaporozhets [12]
showed that for a Kac polynomial
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Gu(z) = Z &z forzeC, (2)

with  (real or complex) iid non-degenerate coefficients satisfying
E(log(1 + |&y|)) <o, its roots are concentrated around the unit circle as n — oo,
almost surely. Moreover, they proved that the condition E(log(l + |&y|)) <oo is
necessary and sufficient for the roots of G, to be asymptotically near the unit circle.

For iid standard Gaussian random coefficients of G,, most of the roots are
concentrated in an annulus of width 1/n centered in the unit circle. However, the
nearest root to the unit circle is at least a distance O (n~2), for further details see
[23]. Larry and Vanderbei [20] conjectured that the last statement holds not only for
standard Gaussian coefficients but also for Rademacher coefficients. This conjecture
was proved by Konyagin and Schlag [19]. Our Theorem 2.3 establishes that most of

the roots of G, are near to the unit circle in a distance at least O (nfz(log n)’l/ 2*"")

for y > 1/2 with probability 1 — O((log n)77+1/2). Konyagin and Schlag [19]
showed that if G, has iid Rademacher or standard Gaussian random coefficients, then
for all ¢ > 0 and large n the following expression
i G,(2)| >en /2
zEC:Hz|Hlllr\l< en=? | n(z>‘ =
holds with probability at least 1 — C¢, for some positive constant C. Karapetyan
[15, 16] studied the sub-Gaussian case, but up to our knowledge, his proof is not
complete. Even so, using our extension of Salem—Zygmund inequality and the notion

of least common denominator, which was developed to study the singularity of the
random matrices [28], we show that for fixed > 1,

min |G, (2)| > tn™ "2 (logn) 7,
2€C : ||z 1] < =2 (log n) ™27

with probability at least 1 — O((log n)g’“/ ?). The techniques using in the present
paper are not the same using in Konyagin and Schlag [19]. The main result of
Konyagin and Schlag only holds for Rademacher and Gaussian iid random coeffi-
cients. They did a refined analysis of the characteristic function and applying the so-
called circle method. This approach is not straightforward to apply for more general
random coefficients, even sub-Gaussian or with finite moment generating function
(mgf for short).

The novelty of this manuscript is the use of the notion of least common
denominator for cover more general random coefficients. This approach works for
quite general random coefficients. However, the authors still working for relaxing the
assumption of the existence of a mgf. The main obstacle for relaxing this assumption
arises in the control of the maximum modulus over the unit circle of the random
polynomial under the assumption of the existence of some p—moment. We
emphasize that the proof is not a direct consequence of [29] since good estimates of
the least common denominator typically are difficult to obtain. We remark that this
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result and the main result in [19], up to our knowledge, are not direct consequences
of the so-called concentration inequalities.

1.2 Random circulant matrices

Recall, an n x n complex circulant matrix, denoted by circ(cy, . . ., ¢,—1), has the form
[ Co Ci o Cp2 Gy ]
Ch—1 Co "+ Cup—3 Cp_
circ(co, - - ., Cpe1) 1= S
(&) C3 s Co C1
|l a o o e o |
where ¢y, . ..,cy—1 € C. For &, ..., &, being random variables, we say that

C, = circ(&,...¢1)

is an n X n random circulant matrix. The circulant matrices are a very common object
in different areas of mathematics [11, 17, 26]. In particular, circulant matrices play a
crucial role in the study of large-dimensional Toeplitz matrices [5, 31]. In the theory
of the random matrices, the singularity is one aspect that has been intensively studied
during recent years [4, 27, 28]. In the case of the random circulant matrices have
Rademacher entries, Meckes [22] proved that the probability of a random circulant
matrix is singular tends to zero when its dimension is growing.

As a consequence of our concentration result of the roots for Kac polynomials, for
a random circulant matrix with iid zero-mean entries and finite mfg, it follows that for
all fixed ¢t >1 and y > 1/2, the smallest singular value s,(C,) of C, satisfies

$2(Cy) >t~ (logn) ™"

with probability 1 — O((log n)77'+1/ 2). However, under weaker assumptions (see

below the condition (H)), for p € (0,1/4) we also show
su(Cp)>n""

with probability 1 — O(n=2°).

The manuscript is organized as follows. In Sect. 2 we state the main results and
their consequences. In Section 3 we give the proof of a Salem—Zygmund inequality
for random variables with mgf. In Sect. 4 with the help of Salem—Zygmund
inequality and the notion of least common denominator we prove Theorem 2.3 about
the location of the roots of a Kac polynomial. Finally, in Sect. 5 we prove
Theorem 2.6 about that the smallest singular value of a random circulant is relatively
large with high probability.
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2 Main results
2.1 Salem-Zygmund inequality

Recall that a real-valued random variable & is said to be sub-Gaussian if its mgf is
bounded by the mgf of a Gaussian random variable, i.e., there is b > 0 such that

E(e)<e”"/>  for any 1 € R.

When this condition is satisfied for a particular value of » > 0, we say that ¢ is b-sub-
Gaussian or sub-Gaussian with parameter b. In particular, it is straigforward to show
that the mean of a sub-Gaussian random variable is necessarily equal to zero. For
more details see [6] and the references therein.

According to [6], a random variable & is called locally sub-Gaussian when its mgf
M: exists in an open interval around zero. Due to this, it is possible to find constants
>0, 0 € (0,00] and v € R such that

M() <" for any 1 € (=6, 5).

If the mean of ¢ is zero and its variance ¢ is finite and positive then we can take
v =0 and o> > ¢° for some & > 0 as the next lemma states.

Lemma 2.1 (Locally sub-Gaussian rv.). Let & be a random variable such that its
mgf My exists in an interval around zero. Assume that E(&) = 0 and [E(éz) =0?>0.
Then there is a positive constant 0 such that

M:(t) <2 forany € (—6,0) and o > o>

The preceding lemma is not suprising, see for instance Remark 2.7.9 in [34]. Since
its proof is simple, we give it here for completeness of the presentation.

Proof Assume that M;(¢) is well-defined for any ¢ € (—dy,0,), for some J; > 0.
Then M;(r) has derivatives of all orders at # = 0. Define g(r) := e**'/2, for ¢ € R.
Then g(0)=1, g'(0)=0 and g”(0) =o>. Let h(t):=g(t) — M:(t), for all
t € (—=6y,01). Since h is continuous and 4”(0) = o> — 6> > 0, then there exists
0<0<0; such that A”(¢) > 0, for every ¢ € (=9, ). Therefore, the function 4 is
convex in the interval (—d,0). As #/(0) =0 then 0 is a local minimum of A.
Therefore, it follows that (z) > k(0) = 0, for every ¢ € (—0,0). Thus, the result
follows.

The classic Salem—Zygmund inequality is usually established for iid sub-Gaussian
random variables. But thanks to Lemma 2.1 we are able to extend it to iid locally
sub-Gaussian random variables as it is stated in Theorem 2.2. Even though,
Theorem 2.2 is interesting on its own, we stress that it is also crucial for our approach
using in the proof of the main result Theorem 2.3.

Before presenting Theorem 2.2, we introduce some useful notations. For
simplicity, we keep the same notation between the Euclidean norm and the modulus
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for the complex numbers. Denote by T the unit circle R/(2nZ). For any bounded
function f : T — C, the infinite norm of f'is defined as ||f|| ., = sup |[f(x)|, and 2
xeT

means “equal in distribution”.

Theorem 2.2 (SalemZygmund inequality for locally sub-Gaussian random vari-
ables). Let & be a random variable with zero mean and finite positive variance.
Assume that the mgf M of ¢ exists in an open interval around zero. Let {&; : k >0}

be a sequence of iid random variables with ﬁkgéfor every k>0. Let ¢ : [0,1] = R
is a non-zero continuous function. Consider W,(x) = Z;':_OI Ed(j/n)e™ for any
x € T. Then, for all large n

C
B (I > Col(10g ) sto/n )<

where Cy and C; are positive constants that only depend on the mgf of ¢ and the
function ¢.

Actually, under the assumption of finite second moment, a version of a Salem—
Zygmund type inequality can be obtained in terms of the expected value of the
infinite norm of a random trigonometric polynomial, for more details see [33].
Theorem 2.2 provides an upper bound of how large the infinite norm of a random
trigonometric polynomial is in probability. Moreover, Theorem 2.2 gives a better
bound than Corollary 2 in [33] as we see below.

Let {&; : £ >0} be a sequence of iid random variables such that E(&,) = 0 and
E(&) = o® > 0. By Corollary 2 in [33] we have

(o557
< C(nlog(n + 1)E(|&))"2,

where C is a universal positive constant. By the Markov inequality we obtain

n—1
P | max
xeT |4
J=0

n—1

Z f el]x

IN

Cmin{ (nlog(n-+ 1)E(12) " Bl }

Cnlog(n+ 1)E(&*)'"”
Co(n logn)l/2 ‘

> ge”

zco(nlogn)‘/2> <

Note that the upper bound asymptotically equals a positive constant. On the other
hand, under the assumptions of Theorem 2.2 we deduce

max E &l
(xeT j

for all large n, where Cy and C| are positive constants that only depend on the mgf of

So-

G
n

< Co(nlog n)l/z) >1—
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2.2 Kac polynomials

For using the concept of least common denominator we introduce the following
condition. We say that a random variable &, satisfies the condition (H) if

supP{|&y —u|<1}<1—¢g and P{|&|>M}<gq/2 forsomeM >0 and ¢ € (0,1).
ueR
(H)

The notion of concentration function was introduced by P. Lévy in the context of the
study of distributions of sums of random variables. For &, being not degenerate, zero
mean with mgf, one can deduce that condition (H) is valid for some M > 0 and
€ (0,1). We refer to [32].
The main result of this manuscript is the following theorem.

Theorem 2.3 Let & be a random variable with zero mean and finite positive
variance. Assume that the mgf Mz of  exists in an open interval around zero. Let

{& : k >0} be a sequence of iid random variables with fkgffor every k> 0. Let

M, = { min |G, (2)| gmlﬂ(lognw’}.

z€C : ||z]—1| < m~2(logn)~'/>77

Then for any fixed t > 1,
P(M,) = O((logn) ),

where y > 1/2 and the implicit constant in the O-notation depends on ¢ and the mgf
of ¢.

Remark 2.4 Observe that all bounded random variables satisfy (H) in Theorem 2.3
(with a suitable scaling). In particular, the Rademacher distribution which
corresponds to the uniform distribution on {—1, 1} and the uniform distribution on
the interval [—1, 1] satisfy (H).

2.3 Random circulant matrices

It is well-known that any circulant matrix can be diagonalized in C using a Fourier
basis. Indeed, let w, :=exp(i%), i = —1, and F,, = #(w’é")osﬁkg_l. The matrix
F, is called the Fourier matrix of order n. Note that F;, is a unitary matrix. By a
straightforward computation it follows

circ(cg, - - -y Caey) = F:diag(Gn(l), Gy(wn), ..., Gn(a)”’l))Fn7

n

where G, is the polynomial given by G,(z) := Z;(l) cxz*. Hence, the eigenvalues of
circ(co, . . ., cu—1) are Gu(1), Gu(®y), - . ., Gy(w" 1), or equivalently

T Birkhauser
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n—1

2nkj

Gu(ah) = E cjexp(iﬂ) forany k=0,...,n—1. (3)

A n
Jj=0

Expressions like (3) appear naturally in the study of Fourier transform of periodic
functions. For a complete understanding of circulant matrices, we recommend the
monograph [7].

In the sequel, we consider an n X n random circulant matrix C,, i.e.,
C, :=circ(&, ..., &,_1), where &, ..., &,_; are independent random variables. The
smallest singular value of the random circulant matrix C, is given by

_ : k
sa(Co) = | _min_ |Gy(e,)]. (4)
We remark that in general the smallest singular value is not equal to the smallest
eigenvalue modulus. Since C, is a normal matrix, its singular values are the modulus

of its eigenvalues. Thus, the following corollary is a direct consequence of
Theorem 2.3.

Corollary 2.5 Let ¢ be a random variable with zero mean and finite positive
variance. Assume that the mgf M of & exists in an open interval around zero. Let

{& : k> 0} be a sequence of iid random variables with fkgifor every k> 0. Let

C, :=circ(&,...,&,_1) be an n X n random circulant matrix and let s,(C,) be the
smallest singular value of C,. Then, for all fixed t > 1 and y > 1/2 we have
P (s,,(C,,) <t '?(log n)ﬂ) =0 ((log n)fﬁl/z) : (5)

It is possible to weaken the assumptions of Corollary 2.5. Using similar reasoning
as in the proof of Theorem 2.3 we obtain the following theorem.

Theorem 2.6 Let ¢ be a non-degenerate random variable which satisfies (H). Let

{& : k> 0} be a sequence of iid random variables with fkgffor every k> 0. Let
C, :=circ(&, ..., &,_1) be an n x n random circulant matrix. Then, for each p €
(0,1/4) we have

P(s,(Co) <nP) = O(n~2").

3 Proof of Theorem 2.2. Salem-Zygmund inequality for locally sub-
Gaussian random variables

Firstly, we provide the proof of the following claim which is an important fact that
we use in the proof of Theorem 2.2.

Claim 1: There exists a random interval / C T of length 1/p, with p, =3n/8
such that

W Birkhauser



SalemZygmund inequality for locally sub-Gaussian random variables... Page 9 of 29 45

1
| W, (x)| > §||W,,HOo for any x € [.

Proof Let p,(x) := ZJ;OI bje™, x € T be a trigonometric polynomial on T, where

bo, ..., b,_1 are real numbers. For x € T write

n—1 2 n—1 2
gn(x) == |pa(x)[ = (Z b; Cos(jx)> +<Z b; sin(jx)) (6)
j=0 j=0

and

n—1 2 n—1 2
ha(x) == (Zjbf cos(jx)) +<Zjbj sin(jx)) .
=0 =0
Then
1Pl = sup () = llgulle  and [Ip}I1% = sup (). )
xeT xeT

Recall the Bernstein inequality ||p},||. <#l|pall., (see for instance Theorem 14.1.1,
Chapter 14, page 508 in [25]). For any x € T we have

2
()| < 4llpalloo Iyl < 4nllpalls, = 4nlgnll- (8)

Since g is continuous, there exists xo € T such that g(x) = ||gx]| ... Moreover, by the
Mean Value Theorem and relation (8) we obtain

1g(x) — g(xo)| < llgyllc I — xo| < 4nllgullc I — xol

for any x € T. Take / := [xo — 13-, X0 + 15 C T. Notice that the length of 7 is 2.
The preceding inequality yields

3
lg(x) —gxo)| < 7 llgnlloc  for any x € 1.

Since g(xo) = ||gull, the triangle inequality yields (1/4)|gxll <lgn(x)| for any
x € I. The preceding inequality with the help of relation (6) and relation (7) implies

1
S IPallo <lpu(x)] for any x € 1.

Now, we are ready to provide the proof of Theorem 2.2.

Proof of Theorem 2.2 By Lemma 2.1, there exists a d > 0 such that
M;:(t) <’ for any e (=4,0), where &> > > > 0.

For each je{0,...,n—1}, define fi(x)=(j/n)e”™, xeT. Let

T Birkhauser
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Py = Zj’.’:_()l |p(j/n)|*. At first, we suppose that the J; are real (we consider only the
real part or the imaginary part) and we write S, := || W,|| .. Since ||fj||., <||¢]l =
: K for every j =0,...,n — 1, we obtain

n—1

n—1 n—1
P2 11 LLIAI/2 > I1 LLIWR2 > I1 [E(erz,ﬂx))
J=0 J=0

Jj=0

n—1
= [E(H etéfﬁ(")> = [E(etm(x)) for any 7 € (—J/K,0/K).

=0
By Claim 1, there exists a random interval 7/ C T of length 1/p, with p, = 8n/3

such that W,(x)>S,/2 or —W,(x)>S,/2 on I Denote by pu the normalized
Lebesgue measure on T. Observe that

1 1
oS/2 — 7/ &S1/2dx < 7/<etW,,(x) 1 e”W"O‘))dx.
(D) J (D) J

Then, for every ¢ € (—6/K,/K) we have

$,/2) < ( 1, (%) 7tW,,(x))
[E(e )pn[E(/I e +e ,u(dx))
Spn[E(/ (etW/,(x) —|—e’W"(x)),u(dx)> < zpneaztzrn/;
T

The preceding inequality yields

2 1
[E(exp{% (Sn — o*tr, — ;log(anl)) }) < 7 forany / >0 and ¢ € (-90/K,0/K),

which implies
, 2 1
P(S,>a’tr, +?log(2pnl) < 7 forany / >0 and ¢ € (—0/K,0/K).

Note that nlLrgC = fol |p(x)|*dx > 0. By taking [, = cn® where ¢ is a positive con-

log(2p,ln
stant, we have %
n

oUry

1/2
<& /K? for all large n. By choosing #, = (%) we

obtain
2 1/2 1
I]J’(Sn > 3(o2r, 10g(20,11)) ) < forall large n.

Since f; = Re (f;) + i Im (f;), we get for all large n

W Birkhauser
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n—1 1/2
Pl Re (W)l 23<a22 | Re %)llilog@pnln)) <

Jj=0

=

and

| —

1/2
P ([ m >3<22||1m log@pnzn)) <

ol

Finally, since p, = 8_,)—”, the choose of /, = % yields

32
|13’<||W,,||oo > 6a\/3(r logn)l/2> < e for all large n.

4 Proof of Theorem 2.3. Localization of the roots for Kac polynomials

The proof is based on the small ball probability of linear combinations of iid random
variables introduced by Rudelson and Vershynin in [29]. Throughout the proof, || - ||,
denotes the Euclidean norm, |-| denotes the complex norm and det(:) the
determinant function that acts on the squared matrices. We consider the module 7
of a real number y, y mod 7, which is defined as the set of numbers x such that
x —y = kmn for some k € Z.

Definition 4.1 (Least common denominator (lcd for short)). Let L be any positive
number and let 7 be any deterministic matrix of dimension 2 x n. The least common
denominator (Icd) of V'is defined as

T
D(V) = inf{ 10]l, > 0: 0 € R?, dist(V70,2") <Ly log, (7”VLH”2> }

where dist(v, Z") denotes the distance between the vector v € R" and the set Z”, and
log, := max{log,0}.

For more details of the concept of Icd see Section 7 of [29]. Observe that D(aV) =
(1/]a|)D(V) for any a # 0. Indeed, from the definition of D(aV) we have that
D(aV) < ||0||, for any 6 € R? such that

dist ((aV)Te, Z”) <L, |log, <|(CZVT)T9|2> :L\/Iog+ (” (L )||z>

Therefore, from the definition of D(V) we deduce D(V') < |la0||, = |al||0||,. Since
a # 0, then (1/]a|])D(V') < |0||,. Again, from the definition of D(a¥) we deduce that
(1/]a|)D(V) < D(aV). On the other hand, from the definition of D(V) we have that
D(V) <0]|, for any 0 € R* such that

T Birkhauser
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T T
dist (V70,2") <Ly [log. (@) =L,|log, <M>

Therefore, from the definition of D(aV) we deduce D(aV)<|0/a|, = |0],/lal.
Consequently, |a|D(aV) <||0||,. Again, from the definition of D(V) we deduce that
|a|D(aV) < D(V). Putting all these pieces together we obtain the next useful lemma.

Lemma 4.2 For all a#0, the led of any matrix V € R¥" satisfies
D(V) = |a|D(aV).

Let X be a random vector of dimension n x 1 whose entries are iid satisfying (H).
Assume det(VVT) > 0. For any @ > 0 and ¢ > 1, by Theorem 7.5 (Section 7 in [29])
we have

W2 Cc?1? V2
Pl <2} =l = van s ot (v i)

where L > /2 /¢ with ¢ given in (H), D(aV) is the least common denominator of a¥,
and the constant C only depends on M, ¢. Recall the well-known inequality (x +

y)? <242 4 2y? for any x,y € R. By Lemma 4.2, it follows that D(aV) = (1/a)D(V)
for all @ > 0. Therefore,

2712 272
P{HaVXHzgfzz}g L - 2€ v _
(et @2(det(yvT)) A(D(ab)) o
o 20212

- az(det(VVT))l/zt " (det(VVT) 2 (D(V))*

In order to obtain a meaningful upper bound for the left-hand side of the preceding
inequality, it is needed to do a refined analysis of the following quantities: a lower
bound for det(VVT) and a lower bound for D(V). Implicitly, in the definition of the D

(V) we also need to estimate ||'70||, for some adequate 0 € R?.

4.1 Small ball probability analysis

The following analysis explains the reason of introducing the concept of the least
common denominator, which is a crucial part along the proof of Theorem 2.3. Recall

Gu(z) = Z &z forzeC.

For G,, we associate a random trigonometric polynomial
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n—1
W,(x) = Z e forxeT,
=0

where T denotes the unit circle R/(2nZ). Assume n>2 and y > 1/2. Let N =

|n*(logn)"/*™" | and x, = o/N foroa € {0,1,2,...,N — 1}. Let > 1 be fixed and let
Cp > 0 be the suitable positive constant being given in Theorem 2.2. Define the
following event

G, = {1y < Contogm ™, max_[G,c)] <2},

"zeC: [|z|-1] <2m~2

where W/ denotes the derivative of W, on T. For short, we also denote by P(4, B)
the probability PP(4 N B) for any two events A and B. Recall

M, = { min |G,(2)] <tn_1/2(logn)y}.

zeC : ||z|—1| < tmn2(logn) 277

By the Boole—Bonferroni inequality we obtain
P(M,) <P(M,G) + P (1)l > Con”(logn) )
+ P( max Gn(z)|2n3/2> (10)
z€C : ||z|-1| < 2tn~?
=:P(M,,G,) + 1 + L.
Our goal is to show that every probability on the right side of the above expression is
decreasing to zero when »n tends to infinity.

Using the Berstein inequality (Theorem 14.1.1 in [25]) and Theorem 2.2 for
¢ =1, for all large n we have

G

P(1W;l.. > Con(10gm)?) < P(IW, 1. = Colnlogm)?) < =

n

On the other hand, using the Markov inequality we obtain
P 32 A 20\ _ ),
(ZEC : H?\lfll)fgzm—Z‘G"(Z” >n ) <P <;|fj’ <1 + n_2> >n )
1 n—1

20\'\ _ E(&n _ E()
I+ n2 =7 k2 T a2

where the last inequality follows from the following fact: for any j € {0, ..., n*} we

have

$
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2t J
1+

h+b=0@”@, (11)

IN
7 N
—
+
:‘l\)
| o~
N——
=
IN
[N

Therefore,

where the implicit constant depends on the distribution of &, and ¢. We stress that the
rate of the convergence in (11) can be improved, however, the contributed term in the
right-hand side of (10) is P(M,, G,).

In the sequel, we analyze the strategy to prove that P(M,,, G,) is small. First, we
construct a set of closed balls that covers {z € C : ||z| — 1| <2} For each closed
ball, we reduce the event {M,,G,} to a “simple event” using Taylor’s Theorem.
Finally, we use the concept of Icd to show that the probability of each “simple event”
is sufficiently small.

The strategy is to consider a set of balls centered at a point on the unit circle with a
suitable radius. We distinguish two kind of balls. The special balls centered in 1 4 0i
and —1 + 0i, where the radius r is large, r = 2tn=""/1°, and the balls centered in
points z with argument satisfying n~'1/1° n~ 110 with small
radius, r = 2t 2.

Recall that for any x € R, |x| denotes the greatest integer less than or equal to x.
Let N := |[n(logn)'*"| and x, := % fora = 0,1,...,N — 1. Fora € C and s > 0,
denote by B(a,s) the closed ball with center ¢ and radius s, ie.,
B(a,s) = {z € C: |z — a| <s}. Denote by S' the unit circle. Let

<|arg(z) mod n|<m —

A(Slvmiz(bg”)il/zﬂ) = {z eC:llz| -1 gtn’z(logn)fl/zf”’},
Note that
A<§l,tn_2(logn)*1/2ﬂ’) _ {Z € A:n 10 L larg(2)| <7 — n—n/m}
- {Z € A:arg(z)| <n "1 or |arg(z) — 7l Snfu/lo}.
Let > 1 and observe that
{z e A:jarg(z)| <n V10 or  Jarg(z) — 7l gn—ll/w}
C B(—l + 04, 2tn’“/10) U B(l +0i, 2m711/10>.

The preceding inclusion yields that any z € A with small argument belongs in the
balls centered at 1 + 0i and —1 + 0i with radius 2n~'/1°. On the other hand, for
z € A with large argument we have
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{z e A:n W< arg(z)| < — n’“/w}

N-1

C U B(eﬂ“x*, 2tn~*(log n)fl/zﬂ’).
a=1

o n_”/10<|2nxa mod 7| <7 — p11/10
We define [N — 1] :=[I,N — 1] NN and
o0 {002 )
Jr(n,N) = {oc e [N —1]: n"*V1%log n) 7> ged(a, N) Zn(logn)l/Zer},
J3(n,N) := {oc €N —-1]: n(logn)l/2+v > ged(a, N) Zn‘)/lO(logn)l/2+}x}7

where ged (o, N) denote the greatest common divisor between o and N. Observe that
for any o € J5(n,N) we have

1
n— <
n(logn)'/?*7 ~ ged(a, N)

<p'/10,

The preceding inequalities yield that the irreducible fraction of x, is as small as a
multiple of n~ /19, Therefore,

N-1
U B(eizml, 2tn%(log n)fl/zfv)
o=1
- 11/10

o <|2mx, mod 7| <7 — n~ /10

- U B (eizm .2t (log n)_l/z_")

O(EJl(VL,N)

U U B(e’?"x’,2tn’2(10gn)71/27y)
o€Jr(n,N)

U U B(eiznx’,2tn_2(logn)71/zfy).
O(GJ;(}'I,N)

We emphasize that if o € J,(n, N) UJ>(n, N) U J5(n, N), then we have
n 110 < |2mx, mod n| <m — n /10,

Consequently,
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B{M,, G} < P{gn, min |Gn<z>|<m1/2<logn>“f}

z€B(1+0i,2tn-11/10)

z€B(—1+0i,2tn~11/10)
+ > P{GnB.+ > P{G.B,} + > P{G,B},
aeJi(n,N) acy(n,N) aeds(n,N)
(12)
where
B, := min |Gn(z)|<[n*1/2(10gn)—”/ )
zeB(eiz’”“,2tn*2(logn)’l/z’7)

4.1.1 Small ball analysis at the points 7+ 0i and -7+ 0i

On the two points 1 & 07 we have the largest two closed balls, which are considered
in our set of balls. This is remarkable since the number of real roots of a Kac

polynomial for some common random variables is at least O(log }gg " gn) with high
probability [24]. This means that the real roots of a Kac Polynomial are moving
slowly to the unit circle.

On the one hand, let z € B(1 + 0i,2tn~1/1%). By Taylor’s Theorem we obtain
|Ga(2) = Gu(D)| < [z = 1]|G,(1)| + |Ra2(2)],

where R, (z) is the error of the Taylor approximation of order 2. On the event G, we
have

(2”17171/10)2

R S
IR (2)] < 1—o(1) zga:;||$al)|(§2m*2
An2-15302 42p—1/2-1/5
l—o(l)  1-o(1) ’

|Ga(2)]

where o(1) = 2m~'~1/1° Assuming that G, holds, the preceding inequality yields

42p=1/2-1/5 42n=1/2-1/5

G,(2) — G,(1)| <2m~ -1 G (1 MR oo Arn— /P

162(@) = Gu()] <2077/ 01G ()] + o= <20 R + s
42n-1/2-1/5

< 2Com!* log )4 =
—0

Hence,
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zeB

1+0i,2tn~11/10)

< IP<|G,,(1)| <2C,m! /> 110(10g n)l/z),

where 2C, = 2Cpt + 4£> + 1. Since G,(1) = Z;':_Ol &;, Corollary 7.6 in [29] implies
for L > +/1/q (with ¢ given in (H)) that

G 1
P{16(1)] < 26> (togn) | < 25 (2car + )

where C; is a positive constant and D(a) is the lcd of the vector
a=(n">""%0gn) "7 (1,...,1) e R".

By Proposition 7.4 in [29] we have D(a) > 1n'/2-1/1%(1og n)'/2. Therefore,

IP(|G,,(1)| < zczml/Z*l/lO(logn)l/z)

CsL(logn)'? 2ot 2 _ Gt +2)L(logn)'” (13)
nl/10 2 n'/z—'/lo(logn)l/z = 71/10 ‘

On the other hand, let z € B(—1 + 07,2~ '/1%). Assuming that G, holds, Taylor’s
Theorem implies

4t2 —1/2-1/5

Ga@) = Ga(=D)I < |2+ 1|G, (D) + [Ra(@)] <20~ VN oo+ =53

< (2Cot + 42)n"/> 110 (1og ) /2.

Thus,

P<g"’ min | n(z)|§lnl/2(logn)7>
z€B(—1+0i,2tn~"1/10)

< B (|G (~1)] <2Cn' > tog ) ).

Since G,(—1) = Z;l:_o] (—1)"5_,-, by Corollary 7.6 in [29] for L > /1 /q (with g given
in (H)) we obtain

CsL 1
[P’(|Gn(—1)| §2C2tn1/271/10(10gn)1/2) < Tl (2c2 W)’

where C; is a positive constant and D(b) is the led of the vector
b= (n'*""(logn)"/?)™! (1,—1,..., (—1)”‘1) c R".

By Proposition 7.4 in [29], we have D(b) > 1n 1/2-1/10(10g n)l/z. Therefore,
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P(\Gn(—l)\ <2C,m' > 119(10g n)1/2>

CsL(logn)'/? 2 (2Cyt + 2)L(logn)'/? (14)
< ———— | 2Cot + < .
nl/lO nl/zfl/lo(logn)l/z nl/lO

Combining (13) and (14) we obtain

P<g"’ min = 1G,(2)] sm‘”z(logn)")
z€B(1+0i,2tn=11/10)

+P (gn, min G, (2)| < m~'2(log n)_V") _ O(n—l/lo)
2€B(—1+0i,2tm11/10)

4.1.2 Small ball analysis at 2™

In this part, we are focusing mainly on the complex roots of a Kac polynomial. We
remark that the complex roots are more dispersed than the real roots, but they are
approaching faster than the real roots to the unit circle. However, the complex roots
do not approach extremely fast.

Let z € B(e?™, 2tn?(log n)fl/z*ﬂ") and assume that G, holds. By Taylor’s
Theorem we obtain

|Gu(2) — Gu(™)

< ‘Z o ei27rxx

G; (ei27tx1)

+ [Ra(2)];

where R;(z) is the error of the Taylor approximation of order 2, and it satisfies

2
(2tn=2) 40
Ro(z)| < L P
R < 7507 | e X, OO = T3
Then
: 12—y 442n=5/2
Gule) — Gul(e™)| <2 2(0gn) 27wy 4 A
42512
<2Cotn~ (1 -y A
<2Cotmn~ '*(logn) +1_2m72
Hence,

P(G,,B,) <P (|G, (*™)

<2C4tm*(logn) ™),

where 2Cy = 2Cy + 4¢ + 1. For proving that P(G,,B,) tends to zero as n — 0o, we
rewrite the sum G,(e?™) as the product of a matrix by a vector. This simple
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rewriting allows us to apply lcd techniques for matrices. To be precise, we define the
2 x n matrix V, as follows

[l cos(2mxy) ... cos((n—1)2mx,)
Vai= {O sin(2mx,) ... sin((n— l)anx)]

and X := [&,..., f,,_l]Te R”". Notice that
n—1 n—1 T
V,X = lz < cos(j2nx“),Z§j sin(jana)] € R?,
=0 =0
which implies

VXl = = [Gu(e"™)].

n—1

2Ty
> e
=

Let © = r[cos(0),sin(0)]" € R?, where » > 0 and 0 € [0,27]. For fixed r, 0, we have

VI® = rlcos(—0),cos(2mx, — 0),...,cos(2(n — 1)mx, — 0)]".

Note that ||V7 ®|, <r/n. On the other hand, we have

1 n—1
ZJ”;OI cos?(j2mxy) 3 Z sin(2 - j2mx,)
det(V, V) = det =

1 n—1

EZ sin(2-j2mx,) Yoy sin(j2mx,)
j=0

Now, we are in the setting of inequality (9). Recall that x, satisfies

- 11/10 - 11/10

<|2mx, mod 7| <m —

In the following we distinguish three cases for x,.

4.1.3 Case 1. a € J;(n,N)

Assume that ged(e, N) >n't1/1%(logn) 7. Recall that N = |[n?(logn)"/*""|. Then
we have

N n*(logn)'/**7

_ 1-1/10 1/2+2y
gcd(a, N) — nl+1/19(logn)™" n'™!/1(logm) '

Note that 27x,, satisfies n~! <|2mx, mod n| <m — n~! for all large n. By Lemma 3.2
part 1 in [19], there exist positive constants cs, Cs such that

csn® < det(V,V]) < Csn*. (15)

Before continue with our arguments, we estimate the number of indexes o« where the
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condition ged(a, N) >n'+1/1%(logn)™" holds. The following lemma provides such
estimate.

Lemma 4.3 The number of indices o such that

14+1/10
ged(o, N) > =

(logn)’
is at most

pl—1/10+0(1) (log n)1/2+2y+o(1)_

By Proposition 7.4 in [29], the led of V, satisfies D(V,)>1/2. Thus, by
inequalities (9) and (15), and Lemma 4.3 we obtain

> p(joe)

< 2tC4n71/2(log n)“”)

OCEJl(Yl,N)
2
< 2n1*1/1°+°(1)(logn)1/2+2>’+°<1) 2C2L2(21C4) 2c°1°
B (csnz)l/z(nl/Z(log n)y)2 %(05;12)1/2
ACPL2(24Cy)  (log n) TN 4C2 L2 (log )2
C;/2n1+l/10—0(1) ‘1_‘0;/2”1/10_0(1)
(logn)l/2+27+0(l)

<G n1/10—o(1) )

where Cg = 4c; '2C212 ((ZtC4)2+4).

4.1.4 Case 2. a € Jr(n,N)

Assume that
n' /1% ogn) 7 > ged(x, N) > n(logn) />

Since N = |n?(logn)"/*""|, we have

N \
> > pl=1/10] Y242 _ (g
n> iy 2 oem o), (16)

where o(1) = n~'~1/1%(logn)’. We observe that 27x, is such that
nl < |27x, mod #n| <7 — n L.

By Lemma 3.2 part 1 in [19] there exist positive constants c¢s5, Cs such that
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esn? < det(Va VaT) < Csn?.

Also, we observe that x, = % =% > where o = o ged(a, N) and N = N’ ged(a, N).
Note that ged(o', N') = 1. Since N’ <n, for any 0 we have

R B ()

The above observation allows us to assume that x, = 1/N’. To apply inequality (9)
we need to estimate the Icd. The following lemma shows an arithmetic property of
the values cos(j2mx, — 6) forj = 0, ..., N’ which becomes crucial for estimating the
lcd.

Lemma 4.4 Fixed 0 € [0,2n) and positive m € Z. Let V be a vector in R™ which
entries are V; = rcos(j2nx — 0) for j = 0,...,m — 1 with positive integer r > 2 and
x=1/m. Then

1
— whenever >6.

1
dist(V,Z2™) > —
sV, 2") 2 48 2mx 2r(27mx)

Since it is needed to analyze
VI® = rlcos(—0),cos(2mx, — 0),...,cos(2(n — 1)mx, — 0)]"

in the definition of the least common denominator, we can assume without loss of
generality that 7 is a positive integer. In fact, by Proposition 7.4 in [29], we can take
r>1/2. For the case 2 >r>1/2, we can replicate the ideas in the proof of
Lemma 4.4 to obtain that dist(V/©®,Z") > Cn'~/!° for some positive constant C. If
r>2, we can use |r| instead of » in Lemma 4.4.

If r<s5e5— by Lemma 4.4 and expression (16), we would obtain
L inl_l/m(logn)l/zﬂv o(1)< 11 <dist(V;}®,2")
48 21 48 2mx, =

VIe| /2 32
SL\/long‘TZSL log+T§L 10g+T,

which is a contradiction since L > /2/q is fixed. Thus, we should have r >
which implies that lcd of V, satisfies
1 1

D .
V) > 1575,

2:62mx, 27‘[)67

n' =110 (10g n)! /> —o(1).

By inequality (9) we obtain
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> p(lG ()

<26Cyn~ 2 (log n)‘"/)

ocr(n,N)
2
<n?(logn)'*"7 2L (2C)
B (esn?)'*(n!/2(log n)")’
N 2C%2
+n*(logn)' /"7 = )
(esn)! (1 =1 /10(10g ) —o(1))

L (21C,)* 2022

(logn)’~'/2 c;/z(é~ﬁ)2n1—‘/5(logn)l/2+37(l —o(1))*

G

< —7
" (logn)"'?

where C; = 2C*L? ((2tC2)2+05_1/2).

4.1.5 Case 3. a € J3(n,N)

Assume  that  n(logn)"/**7 > ged(a, N) >n%'%(logn)'/*™".  Since that
N = |n?(logn)"/**7|, then

N
1/10 5, >0 —o(l
& ~ ged(a, N) > n—o(l),

where o(1) = W Note that 27x, satisfies
n 10 < 27x, mod 7| < (n — (1))
or
n—(n—o(1)"" < |2mx, mod 7| <7 —n~ "0,
By Lemma 3.2 part 2 in [19], there exist positive constants cs, Cs such that

C5n271/5 < det(Va V(XT) < C5n2.

On the other hand, the number of indexes o which satisfy the condition over
ged(o, N) is at most

1 1 a1 1
w (n “o(l) nm/lo) < dnllogm) ™ T3y ~ 7m0 )

In order to use the inequality (9), we need to analyze the least common denominator
of V, for this case. In particular, we need to obtain a suitable lower bound for the
distance between V/® and Z". We use similar ideas using in the proof of
Lemma 4.4.
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As x, = £ =% with ged(o/,N') = 1 and N’ >n — 1, then all the points in

{exp(i(j2mx, — 6)) :j=0,...,n— 1} are different.

Let r be a positive integer and we consider the set of intervals of the form [% , ’”T“] for
allm € [-r,r] N Z. Let I,, and J,, be the corresponding arcs on the unit circle whose
projection on the horizontal axis is the interval [’" '”“] If » <n, by the pigeon-hole
principle we have that there exists at least one ) (or Jyy) for some M € [—r,r| N Z,
which contain at least n/(2r) points exp(i(j2mx, —6)) in it. For each

cos(j2mx, — 0) € [X Mt it is defined

-

Note among the values d; at most two can be equal and

cos(j2mx, — 0)

cos(j27tx“—6)—M+l‘}.

7

1
i - >2n—.
o - min ,171{|l27txa k2mx,|} > 27'CN/

Observe that for each 0 <A< L, with L = mln{ 145 — 3], |25 — 1}, there exists

at least one d; such that d; > (24 + 1)2n N,. So, the sum of all d; is at least

LZ

1
L
21:0(2}“—1_ 1)27'Cﬁ >ZTCN/’

and taking 7 < [n'/4] it follows that

12 1 (=o' L 1 /, 2
Lo fa-1/20 _
M 22T n'+'/'0< 167 ) = 1287 (" °(l)> '

Now, let v be a vector in R" whose entries are v; = cos(j2mx, — 0) for each

j=0,...,n— 1.1fa positive integer < | n'/*|, by the previous discussion it follows
that the vector rv = (), ., satisfies

@( p/4=1/20 _ 0(1))2‘

Thus, if » < [n'/*] and taking a fixed L > \/2/q, by the definition of lcd we would
deduce that

dist(rv, Z2") >
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1 1/4—1/20 2 _ . T / 1VIe|,
_— — < ) < =
28n (n 0(1)) 7dlst(V“ 0,7 )7L log., 7

/2 13/
<Ly/log, 7 §L\/10g+T,

which implies that the lcd of ¥, should satisfy D(V,) >n'/%. By (9), we obtain

> p(|Gi(e™™)

LISH S (n,N)

1 1 20212 (21Cy)°
<4n(logn)"/*t -
<4n(logn) <1 —o(1) n1/10> ((C5n2—1/5)1/2(n1/2(10gn)y)z

. 1 1 2C22
4n(l 1/2+y _
=+ }’l( Ogn) (1 _ 0(1) n1/10> <(C5n21/5)1/2(711/4)2>

<2tC4n~ " (log n)fh’)

=4 11 2C2L2(21Cy ) . 20212 (log n)' />
~ \l—o(l) nl/10 A2 n=1/10(1og )7~ P10
1/2+4y
<Cg ! (logn) 7
1—o(1)) nl/2-1/10

where Cg = 8¢5 '/ C2L? ((ZtC4)2+l).

Combining Case 1, Case 2 and Case 3 we obtain

Z P(G.,By) = O((logn)ﬂ’ﬂ/z), where y > 1/2. (17)

aEA

Hence, inequality (12) with the help of (13), (14) and (17) yields
P(M,) = O((logn)_y-H/z)7 where y > 1/2.

The preceding estimate, inequality (10) and relation (11) imply Theorem 2.3.

5 Proof of Theorem 2.6. On the lower bound for the smallest singular

value for random circulant matrices

Let p € (0,1/4) be fixed. We define x = k/n, k =0,...,n — 1. Note that
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+ P(G, (™) <n77).

k : ged(k,n) < n'/?

In the sequel, we prove that the right-hand side of the preceding inequality is
O(n~%). We consider the following three cases.
Case 1. The same reasoning using in Section 4.1.1 yields

P(G,(1)] <n™?) + P(|G,(~1)]<n )= O (n—l/z).

Case 2. ged(k,n) > n'/2. By similar reasoning using in the first case of the proof of
Theorem 2.3, Section 4.1.3, we deduce

Z P(|Gn(€i2m")‘ Sn*/)) Snl/2+o(1)<

20212 2C2L2>

12 140, 1,172
s nit ses’Tn

2C%1? 4c?r? Co
= C;/2n1/2+2070(1) c;/2n1/270(1) = pl/2-o(1)’

where Cy = 46;1/2C2L2.

Case 3. ged(k,n) <n'/2.
By similar reasoning using in the second case of the proof of Theorem 2.3,
Section 4.1.4, we obtain

n—1 272 272
Z P(|Gy (™) <n ") <n 12/5 L 7 2CL >
k=0 s n' T cs ”(2-6142n”1/2)

k : ged(k,n) < n'/?
2C%L%  115272C2L*  Cy

="1n 1/2 ="
cs/nZP cs/n n=r

where Cjo = C;I/ZCZLZ(Z + 11527%).
The combination of all the preceding cases yields P(s,(C,) <n~*) = O(n~?/) for
any p € (0,1/4).
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Appendix A. Proofs of Lemma 4.3 and Lemma 4.4Proof of

Lemma 4.3 Write m := n'*'/1%(logn) ™. Let T be the Euler totient function. Then we
have

o : ged(a,N) > m d=|m|
0<a<N d|N

Notice that T'(s) <s — /s for all s € N. Moreover, if d(s) is the number of divisors
of's, it is well-known (see Theorem 13.12 in [1]) that there exists an absolute constant
C > 0 such that

d(s) < $Clloglog(s) ™"

Hence,
3 1< <ﬂ _ ﬂ) nClogtog) ! o L pitcogiogy)
o : ged(o,N) > m [m] Lm] Lm]
0<a<N

S 2n1—1/10+0(])(10g n)1/2+2))+0(1)

where o(1) = C(loglog(N))™".
Proof of Lemma 4.4 We define the following sequence
P ={exp(i(2nmx — 0)) :j=0,...,m — 1},

where i is the imaginary unit. Note that P is a set of points on the unit circle which
can be seen as vertices of a regular polygon with m sides inscribed in the unit circle.
Since the arguments of points exp(i(j27x — 0)) are separated exactly by a distance
27nx, the number of points exp(i(j2mx — 6)) which are in any arc on the unit circle is
at least ﬁ — 2, where [ is the length of the arc.

Let [,y + 3(27x)] be a subinterval of [—1, 1] and consider the arc 4 on the unit
circle whose projection on the horizontal axis is [y, + 3(2nx)]. If the length of the
arc A4 is /, then the number of values cos(j2nx — 6) which are still in (y,y + 3(27x))
is at least ;.- — 2> 3@m) 5 _ 1 since [> 3(27x).

2nx

Let s € [-(r — 1), (r — 1)] N Z. Note that there exists at least one value

cos(j2nx — 0) € (’S—/+3(k7 1)(2nx),§+3k(2nx)) C F,S+ 1}

r r

for all positive integers k < m In the sequel, we consider all the values

cos(j2mx — 0) € [¢,*£!] and define
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d; = min{ ’cos(jan —0) 2 ,
,

cos(jan—B)—s_’_l‘}‘

Let L be the biggest integer which satisfies (3 -2nx)L < %, or equivalently,
L = | 5395 Therefore, the sum of d; for all cos(j2mx — 0) € [3,*F] is at least

2

L L
L
22(3 - 2nx) = 6(2mx A>6(2mx) —
32246 2m) = 60m) 3 4260w

>3(2nx) <1 ! )2 ! !

x —_—e— = —— 5
= 2 (2r)(3-2mx)) 12 (2r)%(27x)
where we used the following inequality

1 1 1

L>— >
“2r(3-2nx) T 2 2r(3-2mx)’

which holds if 55— >6 Let o, be the sum of d; for each interval [f,#],
s=—(r— l),...,(rf 1). As r>2, then

r—1
1 1
DT T Y (A N, FA D —
s=—(r—1) 12 (2r) (27‘[)() 24 (2}’)(2717)()
By the previous analysis, we have that the distance between the vector V € R™
whose entries are V; = rcos(2nx — 0) forj=0,...,m — 1 withx = 1/m to Z" is at
least

1 1 1 1
]/' —_— = ——
12 (2r)(2nx)) 48 2nx’
verifying that expression 5 ( = = 6 is fulfilled.
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