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ABSTRACT
Generating pre-initial conditions (or particle loads) is the very first step to set up a cosmological N-body simulation. In this work,
we revisit the numerical convergence of pre-initial conditions on dark matter halo properties using a set of simulations which
only differs in initial particle loads, i.e. grid, glass, and the newly introduced capacity constrained Voronoi tessellation (CCVT).
We find that the median halo properties agree fairly well (i.e. within a convergence level of a few per cent) among simulations
running from different initial loads. We also notice that for some individual haloes cross-matched among different simulations,
the relative difference of their properties sometimes can be several tens of per cent. By looking at the evolution history of these
poorly converged haloes, we find that they are usually merging haloes or haloes have experienced recent merger events, and their
merging processes in different simulations are out-of-sync, making the convergence of halo properties become poor temporarily.
We show that, comparing to the simulation starting with an anisotropic grid load, the simulation with an isotropic CCVT load
converges slightly better to the simulation with a glass load, which is also isotropic. Among simulations with different pre-initial
conditions, haloes in higher density environments tend to have their properties converged slightly better. Our results confirm
that CCVT loads behave as well as the widely used grid and glass loads at small scales, and for the first time we quantify the
convergence of two independent isotropic particle loads (i.e. glass and CCVT) on halo properties.

Key words: methods: numerical – dark matter – large-scale structure of Universe.

1 IN T RO D U C T I O N

Cosmological N-body simulations are one of the most crucial tools
in cosmology to study the formation of structures in the Universe
(see e.g. Frenk & White 2012; Kuhlen et al. 2012, for reviews). To
prepare an initial condition for a large-volume cosmological N-body
simulation, the first step is to generate a homogeneous distribution
of N particles. This uniform particle distribution is usually named a
pre-initial condition or a particle load.1

There are several known methods to prepare a pre-initial condition:
(i) The grid (or simple cubic lattice) load (e.g. Efstathiou et al.
1985) simply places N particles in a regular grid, and it is uniform
but anisotropic (see Joyce et al. 2009, for considerations on other
related Bravais lattice configurations, e.g. body-centred cubic and
face-centred cubic). (ii) The glass method (White 1996) starts from
a random distribution of N particles, and then evolves the whole
configuration under antigravity until it reaches an equilibrium state
(see Couchman et al. 1995, for a similar consideration of relaxing
smoothed particle hydrodynamics (SPH) particles at constant entropy
under the influence of gas pressure until all particles have roughly
equal SPH densities). The glass pre-initial condition is homogeneous

� E-mail: tczhang@bjp.org.cn
1Note that we use these two terms interchangeably in this article.

and isotropic. (iii) The Q-set method (Hansen et al. 2007) partitions
the space recursively using the quaquaversal tiling and places a
particle in each quaquaversal tile. Note that the total particle number
of a Q-set configuration is restricted to 2 × 8Niter , with Niter being
the number of iterations. A Q-set configuration with finite particle
number is not essentially isotropic, but it approaches the condition
of isotropy in a statistical sense with large Niter (see Hansen et al.
2007, for detailed discussions). (iv) Recently, Liao (2018) adopted
the capacity constrained Voronoi tessellation (CCVT) from computer
graphics to generate a particle configuration which satisfies two
constraints, i.e. the volume of each particle’s Voronoi cell is equal
and each particle resides in the centre-of-mass position of its Voronoi
cell. It is shown in Liao (2018) that a CCVT configuration is uniform
and isotropic. The CCVT pre-initial conditions have been used in
simulations of interacting dark energy models (Zhang et al. 2018).

Quantifying and understanding the impacts of numerical setups
on physical results is an essential task for simulation studies.
Many previous studies have investigated the impacts of pre-initial
conditions on the formation and evolution of large-scale structures
by performing cosmological N-body simulations starting from grid,
glass, and Q-set loads. For example, Baugh et al. (1995) use
cosmological simulations starting from grid and glass loads to
study the discreteness effects on two-point correlation functions and
power spectra for the matter distribution. These authors find that
at early times, glass simulations show higher correlation functions
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on small scales than grid simulations, but such small discrepancies
become negligible at later times. These observations are qualitatively
confirmed by Joyce et al. (2009), who further quantify that the
impacts of pre-initial conditions on matter power spectra at scales
around the Nyquist frequency are at per cent levels (see also
Smith et al. 2003 and L’Huillier, Park & Kim 2014). Apart from
the aforementioned two-point statistics, halo mass functions and
pairwise velocities have also been shown to converge at a level of
several per cent among simulations starting from grid and glass
particle loads (see e.g. L’Huillier et al. 2014; Liao 2018). Schmittfull
et al. (2013) show that at z � 3, the bispectra measured from grid
and glass simulations also converge at per cent levels. Different
particle loads would also produce spurious structures in filaments in
warm/hot dark matter simulations, these effects have been addressed
by e.g. Götz & Sommer-Larsen (2002, 2003) and Wang & White
(2007). Especially Wang & White (2007) disfavour the use of Q-set
loads by showing that the spurious low-mass structures produced in
hot dark matter simulations with the Q-set load are more abundant
and more complex than the cases with grid and glass loads. Recently,
Masaki et al. (2021) studied the impacts of pre-initial conditions on
the anisotropic separate universe simulations, by studying the tidal
response function caused by the supersurvey modes. They show that
the grid load can produce artificial features which can be seen until z

∼ 9 while the simulations of glass loads are more stable and accurate
over the interested range of scales. But the impacts of pre-initial
conditions become negligible at z ≤ 3 in their simulations.

In this work, with the newly introduced uniform and isotropic
CCVT particle load, we revisit the study of numerical convergence
for pre-initial conditions. Liao (2018) has shown that the large-
scale statistics (e.g. power spectrum, two-point correlation function,
pairwise velocity, and halo mass function) converge at per cent
level among simulations starting from grid, glass, and CCVT loads.
Here, we extend the work of Liao (2018) to study the numerical
convergence of pre-initial conditions on small-scale halo properties.
We would like to quantify how well CCVT simulations converge
to the widely used grid and glass simulations at small scales.
Especially, CCVT and glass are two independent isotropic pre-
initial conditions, for the first time, we are able to quantify the
convergence of isotropic pre-initial conditions, and to compare it
with the convergence between grid and glass which has been studied
before. As we will show below, when looking at halo properties,
CCVT simulations converge slightly better to glass simulations
compared to their convergence to grid simulations.

The goal of this work is to study the numerical convergence (i.e.
the agreement between different simulations) instead of the physical
convergence (i.e. the agreement between the simulation results and
the absolute physical results which are independent of numerical
setups and parameters). Although the latter is of ultimate interest,
currently we still lack analytical tools to precisely study the physical
convergence in the non-linear structure formation process (but see
e.g. Joyce et al. 2005; Marcos et al. 2006, for the introduction of
analytical tools to study the discreteness effects on the evolution of
power spectrum).

The structure of this paper is as follows. We describe the details
of our simulations, halo identifications, and computations of halo
properties in Section 2. In Section 3, we present the convergence
results of halo properties from simulations with different pre-
initial conditions, and the environmental dependence of convergence
results. We conclude and summarize in Section 4. Not to make the
results too tedious, we list some examples and discussions on the
numerical convergence of halo masses, centres, and other properties
in Appendices A and B.

2 N U M E R I C A L M E T H O D S

2.1 Simulations

We use the GADGET-2 code (Springel 2005) to perform three cosmo-
logical N-body simulations starting from three different pre-initial
conditions, i.e. grid, glass, and CCVT.2 The glass load containing 643

particles is prepared using the GADGET-2 code, while the CCVT pre-
initial condition containing 643 particles is from Liao (2018) with a
capacity parameter of 203. Our adopted cosmological parameters are
�m = 0.3, �� = 0.7, σ8 = 0.9, h = 0.7 and ns = 0.96. The initial
conditions are generated at redshift z = 127 using the N-GENIC

code and the input matter power spectra are from Eisenstein & Hu
(1998). Each simulation contains Np = 5123 dark matter particles
in a periodic cube with a side length of Lbox = 200 h−1 Mpc. The
mass resolution of each simulation is mp = 4.96 × 109 h−1 M�. The
gravitational softening length is 7.81 h−1 kpc (i.e. approximately 1/50
of the mean inter-particle separation), which is roughly the optimal
softening length for the haloes studied in this work according to
Zhang et al. (2019). There are 135 output snapshots (with a time
interval of ∼0.1 Gyr) in total for each simulation.

Note that we input the same random seed in N-GENIC to generate
the initial conditions for all three simulations, and thus we can cross-
match haloes in these simulations which produce identical large-scale
structures. We have also varied the random seed to perform two
additional sets of simulation, and made sure that all our conclusions
do not depend on simulation realizations. In the following sections,
we will only present the results of the first realization set.

Also, note that both glass and CCVT particle loads are not unique
and they can have different realizations. To study the impacts from
different realizations of glass/CCVT loads, we have performed two
additional simulations starting from a different glass realization
(denoted as ‘glass-1’) and a different CCVT realization (denoted
as ‘CCVT-1’). The glass-1 (CCVT-1) simulation and the aforemen-
tioned glass (CCVT) simulation only differ in the input particle load
and otherwise they use the same parameters and setup.

2.2 Halo identification and cross matching

Dark matter haloes are identified by the friends-of-friends (FOF)
algorithm (Davis et al. 1985) with a linking length parameter of
0.2 times the mean inter-particle separation. We further use the HBT+
halo finder code (Han et al. 2018), which is an improved version of
the HBT code (Han et al. 2012), to identify subhaloes with at least
20 particles from the FOF groups and construct the subhalo merging
history.

The halo centre is defined as the position of the most bound
particle, rmin,pot, in each FOF group. The boundary of a halo is
defined by the virial radius, R200, within which the mean density is
200 times the cosmic critical density. In this article, we use M200 and
N200 to denote the halo virial mass and the halo total particle number
inside R200, respectively. To achieve better numerical resolution for
the halo sample, we only use haloes with N200 ≥ 2000 (i.e. M200 ≥
9.9 × 1012 h−1 M�) for analysis. In total, we have 2460, 2481, and
2474 haloes in the glass, grid, and CCVT simulations, respectively
(i.e. the ‘ALL’ sample in Table 1).

2Note that we do not consider the Q-set pre-initial condition here because
its particle number is restricted to some specific numbers, it is not ideally
isotropic, and it has been shown to perform worse than either a grid or a glass
load (Wang & White 2007).
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Table 1. Number of haloes in different simulations.

Halo sample Glass Grid CCVT

ALL 2460 2481 2474
MATCHED 1192 1192 1192
MISMATCHED 1268 1289 1282

To have one-to-one comparisons between haloes from different
simulations, we have tried to cross-match the z = 0 haloes from three
simulations by comparing their centre positions and virial masses.
Taking glass haloes as reference, we first match haloes between
the glass and grid simulations. Specifically, for each glass halo, we
compute its relative centre offset and relative mass difference with
respect to every grid halo

�dist,i =

∣∣∣rgrid,i
min,pot − rglass

min,pot

∣∣∣
R

glass
200

, (1)

and

�mass,i =

∣∣∣Mgrid,i

200 − M
glass
200

∣∣∣
M

glass
200

, (2)

where rgrid,i
min,pot and M

grid,i

200 represent the centre and mass of the ith

grid halo, respectively, and rglass
min,pot and M

glass
200 denote the centre and

mass of the targeted glass halo, respectively. The matched grid halo
of this glass halo is defined as the one with the minimum �2

dist,i +
�2

mass,i . Similarly, we can also match glass haloes to the CCVT
haloes. We have also cross-matched the haloes in the simulations
starting from different particle load realizations (i.e. glass-1 versus
glass and CCVT-1 versus CCVT).

The probability distribution functions (PDFs) of �dist and �mass

for all matched haloes in both grid and CCVT simulations are shown
in the upper panels of Fig. 1. As a comparison, we also overplot
the results from the haloes matched in simulations starting from
different load realizations (i.e. grey lines for glass-1 versus glass
and light blue lines for CCVT-1 versus CCVT). Grid and CCVT
haloes have fairly similar PDFs for �mass, with a median of ∼0.03,
and this convergence in halo mass among different particle loads is
fairly similar to that among different realizations of the same load
class. However, for �dist, CCVT haloes are more skewed to lower
values comparing to grid haloes. The median values of �dist are
0.07 and 0.14 for CCVT and grid haloes, respectively. This indicates
that CCVT haloes converge better to glass haloes in halo centres.
Especially, the convergence in halo centres between CCVT and glass
simulations is almost indistinguishable from that between different
realizations of the glass (or CCVT) class. This implies that CCVT and
glass loads share fairly similar properties in uniformity and isotropy.

If a glass halo has both its grid and CCVT counterparts satisfying

�dist ≤ 0.15 and �mass ≤ 0.15 (3)

at the same time, which indicates that the corresponding haloes
in three simulations converge better than a level of 15 per cent in
both halo centre positions and virial masses, we classify this glass
halo and its matched grid/CCVT counterparts into the MATCHED
halo sample. In total, there are 1192 MATCHED haloes in each
simulation. Then, the remaining haloes in each simulation are
referred as MISMATCHED haloes. See Table 1 for the numbers
of MATCHED and MISMATCHED haloes in different simulations.
Note that we have followed similar criteria to define the matched and
mismatched halo samples between glass-1 and glass (also CCVT-1
and CCVT) simulations. We will compare the convergence among

different particle loads with the convergence between different
realizations of the same load class from time to time in the following
sections.

In the bottom panels of Fig. 1, we plot the mass dependence of
�dist and �mass. Most of MISMATCHED haloes are low-mass haloes.
However, we can also find that even some massive haloes are poorly
converged in simulations with different pre-initial conditions. For
example, two grid haloes with masses M200 > 1014.5 h−1M� have
�dist > 0.15 and thus they are classified as MISMATCHED haloes.
We have examined the growth histories of these massive haloes,
and found that they are usually either merging haloes which have
their major merger events happened in significantly different paces
in different simulations or haloes in the relaxing process after recent
major merger events which are out-of-sync in different simulations.
During these out-of-sync merging processes, the scaled centre offset
and mass difference can be larger than the threshold of 15 per cent
temporarily (see Appendix A for further details and discussions).

Note that, apart from the threshold of 0.15 which classifies about
half of the haloes in ALL sample as MATCHED haloes, we have also
used other thresholds to define the MATCHED halo sample (e.g. 0.1
and 0.2) and confirmed that our main conclusions in this paper are
not affected by these choices. In the rest of this paper, we will only
present the results using the threshold of 0.15.

2.3 Computations of halo properties

In this work, we will examine the impacts of pre-initial conditions
on various halo properties at z = 0 including halo concentration,
spin, maximum rotation velocity, radius corresponding to the maxi-
mum rotation velocity, shape, one-dimensional velocity dispersion,
formation time, and subhalo mass fraction. These physical quantities
have been widely used in the literature to quantify halo structures and
properties, and they are important for us to understand the formation
of haloes. We summarize the computation procedures of these halo
properties as follows.

(i) Halo concentration cNFW. For each halo, we compute its density
profile in 20 equally logarithmic radius bins in the range of [0.05R200,
R200], and fit the density profile with the Navarro–Frenk–White
(NFW) model (Navarro et al. 1996, 1997),

ρ(r) = ρs

(r/rs)(1 + r/rs)2
, (4)

where ρs and rs are free parameters. The halo concentration is then
computed as cNFW = R200/rs.

(ii) Halo spin λ. Following Bullock et al. (2001), the spin param-
eter is computed as

λ = J√
2M200V200R200

, (5)

where J is the magnitude of the total angular momentum J =∑N200
i=1 mp(r i − rhalo,COM) × (vi − vhalo,COM), r i and vi are the ith

particle’s position and velocity vectors respectively, rhalo,COM and
vhalo,COM denote the halo centre-of-mass position and velocity,
respectively, V200 ≡ √

GM200/R200 is the halo rotation velocity at
R200 and G is the gravitational constant.

(iii) Halo maximum rotation velocity Vmax. Vmax is the maximum
of the halo rotation curve

V (r) =
√

GM(< r)

r
, (6)

where M(< r) is the enclosed mass within the halo radius r.
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Figure 1. Top: PDFs of �dist (left-hand panel) and �mass (right-hand panel). We use blue and green colours to distinguish results from grid and CCVT
simulations. The median values of �dist or �mass are shown in each panel accordingly. The pink vertical lines mark the threshold of 0.15 which we used to
define MATCHED haloes. As a comparison, we use grey (light blue) lines to overplot the PDFs of the relative centre offset and relative mass difference for
simulations starting from two different glass (CCVT) realizations. Bottom panel: Halo mass dependence of �dist (left-hand panel) and �mass (right-hand panel).
Again, the grid and CCVT simulations are plotted with blue and green colours, respectively. The pink horizontal lines mark the threshold of 0.15.

(iv) rmax. It marks the halo radius where the halo rotation curve
reaches the maximum velocity (i.e. the aforementioned Vmax).

(v) Halo shape. To measure halo shape, we first compute the
tensor

Iαβ =
N200∑
i=1

(
ri,α − rα

min,pot

)(
ri,β − r

β
min,pot

)
, (7)

where α and β refer to x, y or z, ri,α is the α-component of the ith
particle’s position vector, and rα

min,pot is the α-component of the halo
centre position vector. We then compute the eigenvalues of Iαβ , λ1

≥ λ2 ≥ λ3. The lengths of the halo major, mediate, and minor axes
are given by a = √

λ1, b = √
λ2, and c = √

λ3, respectively. In this
work, we mainly present the results of the minor-to-major axial ratio
c/a.

(vi) Halo one-dimensional velocity dispersion σ v . Following
Evrard et al. (2008), we compute the one-dimensional velocity
dispersion as

σv =
√√√√ 1

3N200

N200∑
i=1

|vi − vhalo,COM|2. (8)

(vii) Halo formation time zf. The halo formation time is defined
as the redshift when the halo main progenitor first reaches half of

the virial mass at z = 0, i.e. M200(z = zf) = M200(z = 0)/2. In
practice, we follow the main branch of a halo’s merger tree, and
find out the snapshot at which the mass of the main progenitor first
exceeds M200(z = 0)/2, then the formation time is computed with
a logarithmic interpolation between this snapshot and the previous
one.

(viii) Subhalo mass fraction fsub. For each halo, we add up the
masses of all resolved subhaloes (i.e. with at least 20 particles) within
the halo virial radius,

∑
Msub, and compute the subhalo mass fraction

as fsub = ∑
Msub/M200.

3 C O N V E R G E N C E R E S U LTS

3.1 Convergence of median halo properties

In this subsection, we study the convergence of median halo
properties from simulations starting with different initial loads. In
Figs 2 and 3, we plot the halo properties as a function of halo mass.
From top to bottom, we show the halo concentration, spin, Vmax,
rmax, axial ratio c/a, velocity dispersion, formation time, and subhalo
mass fraction. From left- to right-hand columns, we show the results
from ALL, MATCHED, and MISMATCHED halo samples. For each
halo property, in the upper panel, the scatter points show the halo
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Convergence of pre-ICs 6165

Figure 2. Halo properties as a function of halo mass at z = 0 for simulations with different initial loads. The grid, glass, and CCVT simulations are plotted
with blue, red, and green colours. From top to bottom rows, we show halo concentrations, spins, Vmax and rmax and their ratios of median values with respect
to the glass simulation. From left- to right-hand columns, we show the results for haloes from ALL, MATCHED, and MISMATCHED samples. In each panel,
the scatter points mark all haloes from the sample, while the dots with error bars show the median values and the 16th and 84th percentiles in each mass bin.
The grey horizontal lines in each ratio panel mark the 10 per cent convergence level. The errors of ratios are computed from the errors of median according to
equation (9). The numbers at the top of each column indicate the number of haloes within each mass bin. For comparison, in the ratio panels, we overplot the
ratios of different median halo properties from glass-1 versus glass (CCVT-1 versus CCVT) simulations with grey (light blue) colour.
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6166 T. Zhang et al.

Figure 3. Continued to Fig. 2, for halo shape, velocity dispersion, formation time, and subhalo mass fraction at z = 0.

property–halo mass relation for all haloes in the sample while the
large dots with error bars plot the median relation and its scatters in
different mass bins; in the lower panel, we plot the ratio of medians
with respect to the glass simulation. Note that, to have a robust

estimation of the ratio of medians, we only show the ratios for the
mass bins which have more than 20 haloes. The halo numbers in
each mass bin are outlined at the top of the figures. We use blue, red,
and green colours to distinguish the results from the grid, glass, and
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Convergence of pre-ICs 6167

CCVT simulations, respectively. To compare with the convergence
between different realizations of the same load class, we overplot
the ratio of medians from the glass-1 versus glass simulations and
from the CCVT-1 versus CCVT simulations with grey and light blue
colours, respectively.

Let us first focus on the left-hand column in Figs 2 and 3 to
investigate the impacts of pre-initial conditions on ALL halo sample.
It is easy to find that the median relations of halo property–halo
mass converge fairly well among grid, glass, and CCVT simulations.
Specifically, from the plots for ratios of median relations, both grid
and CCVT simulations converge to glass simulation at a level of a
few per cent (i.e. �10 per cent). The numerical convergences among
pre-initial conditions are particularly good for Vmax, c/a, and σ v ,
which have convergence levels of�2 per cent. Quantitatively, similar
convergence results are observed between different realizations of the
same load class. From the plots of ALL halo sample, we confirm that
the results of median halo properties in many previous studies, such
as halo concentration–mass relations (see e.g. Macciò et al. 2007;
Neto et al. 2007; Dutton & Macciò 2014), converge at a level of a
few per cent among different initial particle loads as well as different
realizations of the same particle load class, and we are free to use
grid, glass, or CCVT loads to perform simulations when studying
the median halo properties.

In the figures, we have also plotted the errors of ratios for different
properties x,

δ(x/xglass) =
√

(δx/xglass)2 + (
xδxglass/x

2
glass

)2
, (9)

where δx and δxglass denote the errors of median which are estimated
by bootstrap resampling. The fluctuations of x/xglass in different mass
bins are within the range specified by these error bars, we therefore
conclude that in general, the convergences of median halo properties
do not depend on halo mass for our halo sample.

We further separate the whole ALL halo sample into MATCHED
and MISMATCHED sub-samples, and plot their results in the middle
and right-hand columns in Figs 2 and 3. We can easily find that,
for all median halo properties, the convergences are better for the
MATCHED halo sample. For example, for median halo concentra-
tions, the convergences among grid, glass and CCVT are better than
∼ 5 per cent for MATCHED haloes, while the convergence level
exceeds 10 per cent in the third mass bin for MISMATCHED haloes.
This indicates that overall the haloes which converge better in centre
positions and virial masses tend to converge better in other halo
properties.

For the subhalo mass fractions shown in the bottom panels of
Fig. 3, we can see that the median fsub in different mass bins for
MISMATCHED haloes tend to be significantly larger than those
of MATCHED haloes. This is due to the fact that MISMATCHED
haloes are usually merging haloes or haloes which have experienced
recent major mergers, as we discussed in Section 2.2 and Appendix A.

As the median halo properties are fairly well converged among
different simulations, we move on to look at the convergence of prop-
erties for individual haloes. To this end, in the following subsections,
we will focus on the MATCHED halo sample consisting of 1192
haloes that are well one-to-one matched across three simulations.

3.2 Convergence on properties for MATCHED individual
haloes

In this subsection, we compare directly the halo properties of every
matched halo pairs in the MATCHED halo sample. In Fig. 4, we
compute the ratio of each property, x/xglass, for every grid-glass

and CCVT-glass matched halo pair, and plot their PDFs. To better
quantify their differences, we also fit each PDF with a Gaussian
distribution

P (x/xglass) = 1√
2πσ

exp − (x/xglass − μ)2

2σ 2
, (10)

with μ being the mean (or median) of the distribution and σ being
the dispersion. The best-fitting μ and σ are outlined in the upper
right-hand corner of each panel. In the last panel, we summarize |μ
− 1| and σ for different halo properties.

We find that all PDFs can be well-fitted with Gaussian distribu-
tions. All best-fitting values of μ are close to one (i.e. �10 per cent),
indicating that the median halo properties are well converged among
different simulations. This is also the conclusion in the last sub-
section. We also note that the best-fitting values of σ are non-zero.
Especially, the best-fitting σ of some PDFs, such as concentrations,
spins, rmax, and subhalo mass fractions, are larger than 10 per cent.
This indicates that although the median values converge at a level of
a few per cent among different simulations, the relative differences
for some individual haloes can be several tens of per cent or even
larger.

To find out what happens for those extreme outliers whose
properties converge poorly among different simulations, we look
at MATCHED haloes with ratios deviating from μ larger than 2σ .
In Fig. 5, we choose a typical example to illustrate why some
haloes converge poorly in subhalo mass fractions which have the
largest σ among all properties discussed in this work. In the figure,
we plot Halo #1064 and Halo #2878, which have similar masses
(∼1014.5 h−1M�) at z = 0, from the glass simulation and their
matched counterparts in the grid and CCVT simulations. At z =
0, the former halo has its subhalo mass fraction converged fairly
well (fsub/fsub,glass ≈ 1), while the subhalo mass fraction of the latter
converges poorly (fsub/fsub,glass ≈ 10). From top to bottom panels,
we have plotted the time-evolution of their M200, M200/M200,glass, fsub

and fsub/fsub,glass. We can clearly see from both haloes that if a halo
experiences a major merger event, its subhalo mass fraction will
increase significantly when the merging halo becomes a subhalo.3

However, the time when this merger event happens may be slightly
different in simulations with different initial loads, and this leads
both M200/M200,glass and fsub/fsub,glass deviate from 1 temporarily. Such
behaviours can be observed almost in every major merger event in
the formation history of both haloes. The reason for Halo #2878
to have a very large fsub/fsub,glass at z = 0 is because it happens
to experience a major merger event recently and its fsub/fsub,glass is
still in the temporarily deviating process. Note that at z = 0, the
ratios of M200/M200,glass in both grid and CCVT simulations for this
halo have already fallen below 1.15 and thus it is classified as a
MATCHED halo. Although we only illustrate one example here,
similar behaviours can be seen in other haloes which have their
subhalo mass fractions poorly converged at z = 0.

For other halo properties, we also observe that when a merger
event happens, and if this merger event happens in an out-of-sync
manner in different simulations, the convergence can become poorer
temporarily. Therefore, those haloes with their properties poorly
converged at z = 0 usually are experiencing merger events or
experienced merger events recently and are still in the process of
relaxation; see Appendix B for more details.

3The subhalo mass fraction then decreases gradually as the subhalo is tidally
stripped by the host halo.
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6168 T. Zhang et al.

Figure 4. Distributions of halo property ratios with respect to the glass simulation for MATCHED haloes at z = 0. Grid and CCVT haloes are shown with blue
and green colours, respectively. Smooth curves are the best-fitting Gaussian distribution functions; and the corresponding best-fitting μ and σ are given on the
upper right-hand corner of each panel. In the last panel, the best-fitting |μ − 1| (solid, left y-axis) and σ (dashed, right y-axis) are plotted versus different halo
properties. To compare with the convergence between different realizations of the same load class, we overplot the results from glass-1 versus glass (CCVT-1
versus CCVT) simulations with grey (light blue) lines in the last panel. Note that the order of halo properties has been sorted according to the magnitude of σ

in the last panel. The error bars show the 16th and 84th percentiles estimated with the bootstrap resampling.

From the last panel of Fig. 4, we can also find that comparing
to grid simulations, CCVT simulations converge slightly better
to glass simulations, and the convergence between CCVT and
glass simulations is almost indistinguishable from the convergence
between different realizations of their own. In general, the best-fitting
μ for different halo properties from CCVT versus glass simulations
are more close to 1, and the best-fitting σ from CCVT versus glass
simulations are usually smaller than the ones from grid versus glass
simulations. But we stress that their differences are tiny. This slightly
better convergence between glass and CCVT is possibly due to the
fact that both of them are isotropic while the grid configuration is
anisotropic.

3.3 Role of environment

It has been well-known that the memory of pre-initial conditions is
preserved in the void region of a simulation even at low redshifts
(e.g. Baugh et al. 1995; White 1996). For example, in Fig. 6, we plot
the z = 0 particle distributions of void regions from simulations
starting with different particle loads. In the left-hand panel, we
can clearly see some regular structures (i.e. particles like beads on
a string) in low-density regions, which originate from the initial
regular grid load. In contrast, we do not see such regular structures
in glass and CCVT simulations whose initial particle loads are
isotropic.
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Convergence of pre-ICs 6169

Figure 5. Evolution of virial mass and subhalo mass fraction for Halo #1064 (left-hand panel) and Halo #2878 (right-hand panel) from MATCHED sub-sample.
From top to bottom panels, we plot the time-evolution of virial masses, ratios of virial masses with respect to the glass halo, subhalo mass fraction, and ratios of
subhalo mass fraction with respect to the glass halo. The grid, glass, and CCVT simulations are plotted with blue, red, and green lines, respectively. The dashed
lines in the bottom panels mark fsub/fsub,glass = μ + 2σ . Note that the halo IDs mentioned here are from the glass simulation.

Figure 6. Visualization of z = 0 void regions in simulations starting from grid, glass, and CCVT particle loads (from left- to right-hand panel). In each panel,
we project the particles within a 25 h−1 Mpc × 25 h−1 Mpc × 5 h−1Mpc slice on to the xy-plane. The colours denote the local density with black (yellow) colour
representing low (high) density regions. In the grid simulation, we can clearly see some regular structures (i.e. particles like beads on a string) in the low density
region.
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6170 T. Zhang et al.

Figure 7. Left-hand panel: PDFs of λCCVT/λglass for high-density (black) and low-density (red) haloes in the CCVT simulation. The PDFs are fitted with
Gaussian distributions which are shown as smooth curves with corresponding colours. The best-fitting μ and σ of Gaussian distributions are outlined on the upper
left-hand corner. Middle: best-fitting |μ − 1| (solid, left y-axis) and σ (dashed, right y-axis) for different halo properties in the grid simulation. High-density
(Low-density) haloes are plotted with black (red) lines. Right-hand panel: similar to the middle panel, but for haloes in the CCVT simulation.

A natural and interesting question is: whether these large-scale
environmental dependencies due to pre-initial conditions could
affect the numerical convergence on halo properties? To answer
this question, for both grid and CCVT simulations, we classify
haloes from the MATCHED sample into high-density or low-density
environments by computing their environmental number densities
(Dressler 1980)

ρn = 3n

4πD3
n

, (11)

where Dn is the distance to the n-th nearest neighbour. In this work,
we adopt n = 5 and consider all isolated haloes containing more than
100 particles within their virial radii when searching for their 5th
nearest neighbour. We sort the MATCHED haloes in each simulation
according to their ρ5, and classify the first one-third of haloes (397
haloes) with larger ρ5 as high-density haloes and the last one-third
of haloes (397 haloes) with lower ρ5 as low-density haloes.

For both grid and CCVT simulations, we compute the PDFs of the
ratios with respect to the glass simulation for different halo properties.
We also fit the PDFs with Gaussian distributions to obtain the best-
fitting μ and σ . In the left-hand panel of Fig. 7, we show an example
of the PDFs of λCCVT/λglass for both high-density haloes and low-
density haloes in the CCVT simulation. We can clearly see that for
halo spins, high-density haloes tend to have their μ more close to
1 and to have a smaller σ , indicating that high-density haloes have
their spins converged better among simulations with different initial
loads.

We summarize the environmental dependence of |μ − 1| and σ

for all halo properties in the middle (right-hand) panel of Fig. 7 for
grid (CCVT) haloes. In general, haloes in high-density environments
show slightly better convergence in properties (especially for con-
centrations, spins, rmax, and subhalo mass fractions) among different
simulations, i.e. haloes residing in high-density environments tend
to have μ closer to 1 and to have smaller σ . This reflects that haloes
in high-density environments tend to experience a higher degree
of non-linear evolution and thus retain less memory of pre-initial
conditions. Again, we stress that the environmental dependence for
the convergence is only a weak effect. Note, we have checked that
this environmental dependence of convergence can also be seen in
the glass-1 versus glass and CCVT-1 versus CCVT simulations.

4 C O N C L U S I O N S A N D D I S C U S S I O N S

In this work, we study the numerical convergence of pre-initial condi-
tions on dark matter halo properties, by using a set of cosmological
N-body simulations starting from initial conditions with identical
random phases but with different particle loads (i.e. grid, glass, and
CCVT). Our conclusions can be summarized as follows:

(i) The median halo properties converge fairly well among simula-
tions with different initial loads and among simulations with different
realizations of the same glass/CCVT load class, i.e. at a convergence
level of a few per cent. The convergence is particularly good for Vmax,
axial ratios and velocity dispersion which have convergence levels
of �2 per cent.

(ii) Haloes in the MATCHED sub-sample, which have their
scaled centre offsets and mass differences ≤ 15 per cent across three
simulations, generally converge better in their median properties than
the remaining MISMATCHED haloes.

(iii) Although the median halo properties converge at levels of a
few per cent among different simulations, the properties of some
individual MATCHED haloes sometimes can be poorly converged
(i.e. at convergence levels of several tens of per cent or even larger),
especially for halo concentrations, rmax, spins and subhalo mass
fractions. By tracing the growth histories of these poorly converged
haloes, we find that they are either merging haloes or haloes have
experienced recent merger events and still in the relaxation process,
and the merging processes happen in an out-of-sync manner in
different simulations. These out-of-sync merging events can lead
to poor convergences temporarily.

(iv) Comparing with the grid simulation, the halo centre and other
halo properties from the CCVT simulation converge slightly better
to those from the glass simulation, and the convergence between
CCVT and glass simulations is comparable to that between different
realizations of the same glass/CCVT load class. This is possibly due
to the fact that both glass and CCVT loads are isotropic while the
grid load is anisotropic.

(v) Haloes in high-density environments tend to have their proper-
ties converge slightly better than haloes in low-density environments.
This is possibly because haloes in high-density environments have
a higher degree of non-linear evolution and retain less memory of
initial loads.
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Convergence of pre-ICs 6171

Together with the convergence results of CCVT simulations on
large-scale statistics from Liao (2018), by further investigating the
numerical convergence of pre-initial conditions on small-scale halo
properties, in this study, we have confirmed that CCVT loads behave
as well as the traditional grid and glass loads in cosmological N-body
simulations. Especially, for the first time, we are able to quantify
the convergence between the two independent isotropic pre-initial
conditions, i.e. CCVT and glass.

Our study also confirms that the results of median halo properties
in many previous studies (e.g. halo concentration–mass relations,
mass dependence of other halo properties, etc.) converge fairly well
with different initial particle loads, and we are free to use grid, glass,
or CCVT loads to perform simulations when studying median halo
properties.

At the same time, we notice that for some individual haloes which
are merging or have experienced merger events recently, the relative
differences of their halo properties among simulations with different
particle loads can be temporarily several tens of per cent, even with
the same random seed to generate the initial conditions. This cautions
that we should check the numerical convergence carefully when we
study individual haloes or a small sample of haloes in simulations, for
example, in zoom-in simulations. Especially, if a zoomed individual
halo experiences recent major merger events, its halo properties may
not be well converged regarding the used pre-initial conditions. This
is worth detailed and careful study in future works.

In this work, we only focus on the numerical convergence of pre-
initial conditions, i.e. the agreement between simulations starting
from different particle loads. The ultimate question on convergence
is: how do simulation results converge to the absolute physical
results? Although we still lack the precise analytical tools to answer
this question, there have been some attempts in this direction.
For example, Joyce et al. (2005) introduce the dynamical matrix
formalism from solid state physics to study the discreteness effects
from grid-like particle systems, and show that comparing to the
theoretical fluid evolution, the growth of power spectrum for a grid
particle system is suppressed at scales near the Nyquist frequency
(see further work in e.g. Marcos et al. 2006; Joyce & Marcos 2007;
Joyce et al. 2009). Recently, Garrison et al. (2016) have developed
a method to correct this effect on grid initial conditions. It will be
interesting to apply this formalism to study the discreteness effects
in glass and CCVT particle systems.
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APPENDI X A : W HY DO SOME MASSI VE
H A L O E S C O N V E R G E P O O R LY I N V I R I A L
MASSES O R C ENTRES?

In this appendix, we study why some massive haloes converge
poorly in halo masses or centres and why they are classified into
the MISMATCHED sub-sample. As an example, we look at the
most massive halo in the MISMATCHED sub-sample, which is
numbered as Halo #9812 and has a virial mass of 4.7 × 1014 h−1 M�
in the glass simulation. We have matched its counterparts in
the grid and CCVT simulations according to the procedures out-
lined in Section 2.2. For both grid and CCVT simulations, their
virial masses converge quite well to the glass simulation (i.e.
�mass < 2.68 per cent and <1.42 per cent, respectively). However,
for the grid simulation, Halo #9812 has �dist = 23.74 per cent,
which makes it a MISMATCHED halo. In the CCVT simulation,
�dist is 1.47 per cent.
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Figure A1. The time evolution of properties for Halo #9812 from the
MISMATCHED sub-sample. From top to bottom panels, we plot its mass
growth history, time evolution of �mass and �dist. The haloes from grid,
glass, and CCVT simulations are shown with blue, red, and green curves,
respectively. The vertical dashed lines mark the merging redshift, which is
defined as the redshift of the snapshot in which the centre of the merging halo
first moves into the virial radius of the main halo. In the lower two panels, the
pink horizontal lines mark the threshold (15 per cent) that we use to define
the MATCHED halo sample.

To understand why there is a large centre offset for Halo #9812
between the grid and glass simulations, we have traced the evolution
of the matched haloes along the main branch of their merger trees.
In Fig. A1, we plot the mass growth history and the time-evolution

of �mass and �dist from z = 0.3 to 0 for the matched haloes in three
simulations.

From Fig. A1, it is evident that Halo #9812 experiences a major
merger event (with a merger mass ratio of 1:1.83) recently at z <

0.1. Prior to this merger event, both �mass and �dist are within the
threshold of 15 per cent for both grid and CCVT simulations. In
the grid simulation, this major merger event happens significantly
(∼0.3 Gyr) earlier than those in the glass and CCVT simulations.
To illustrate this process more clearly, we plot the evolution of the
projected matter distribution centred on the main halo progenitor
in Fig. A2. At z = 0.067, the centre of the incoming halo has
already moved into the virial radius of the main halo in the grid
simulation while the corresponding incoming halo is still outside the
main halo in glass and CCVT simulations. In the later evolution,
this subhalo in the grid simulation keeps moving at a different pace
from that in the glass/CCVT simulation, affecting the potential well
of the main halo differently. This different pace in the merging
process leads both �mass and �dist in the grid simulation to larger
deviations temporarily, as shown in Fig. A1. At z = 0, as the
incoming halo has already merged into the main halo in all three
simulations, �mass drops back to a few per cent. However, as the
halo is still relaxing, �dist in the grid simulation is still larger
than 15 per cent.

We have also looked at the evolution history of other massive
haloes with �mass > 15 per cent or �dist > 15 per cent, and found
that they have similar evolutionary behaviours. Grid/CCVT haloes
with �mass > 15 per cent are usually merging haloes which have
their merging events happened significantly earlier or later than the
glass counterparts. Grid/CCVT haloes with �dist > 15 per cent are
usually haloes in the relaxing process after a recent major merger
event which happened in significantly different pace from the glass
counterparts.

Note that we have also compared the evolution history of some
massive mismatched haloes between the glass-1 and glass (also
CCVT-1 and CCVT) simulations, and we observed similar be-
haviours discussed above.
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Convergence of pre-ICs 6173

Figure A2. Illustration of the merging process for Halo #9812. From top to bottom rows, the projected density distributions centred on the halo main progenitor
at z = 0.075, 0.067, 0.044, and 0 are shown. From left- to right-hand columns, we plot the visualizations from the grid, glass and CCVT simulations. The virial
radius of the main progenitor is marked with a green circle centring the halo centre. The virial radius of the incoming halo is marked with a purple (pink) circle
before (after) it becomes a subhalo.

APPENDIX B: EVO LUTION O F H ALO
PROPERTIES FOR O UTLIERS IN THE
MATCHED SAMPLE

In Section 3.2, we have illustrated that during the processes of major
mergers, if there is a large time-lag among different simulations, the
subhalo mass fraction can be poorly converged temporarily. In this

appendix, we look at the evolution of other halo properties for some
randomly selected haloes.

From Fig. 4, we know that in the MATCHED sample, apart
from subhalo mass fractions, three other halo properties (i.e.
concentrations, spins, and rmax) have σ for their x/xglass ratios larger
than 10 per cent. From each of these three halo properties, we look
at the haloes whose ratios deviate from μ larger than 2σ , randomly
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Figure B1. Randomly selected examples from the MATCHED sub-sample, for the evolution of haloes whose x/xglass at z = 0 deviate from μ larger than
2σ . From left- to right-hand columns, we show evolution examples for halo concentration, rmax and spin. In each column, from top to bottom panels, we plot
the mass accretion history M200(z), the ratio of M200(z)/M200,glass(z), property x(z), and the property ratio x(z)/xglass(z). Note that in this plot, the evolution
of halo properties has been slightly smoothed (i.e. averaged over every five adjacent snapshots) in order to reduce noise. In the bottom panels of each
column, the horizontal dashed lines mark the values of μ ± 2σ . Haloes from grid, glass, and CCVT simulations are shown with blue, red, and green colours,
respectively.

select a halo as an example, and plot the evolution of halo properties
in Fig. B1.

Both the z = 0 concentrations of Halo #15726 (left-hand column
of Fig. B1) in grid and CCVT simulations are significantly different
from that in glass simulations. This is associated with a major
merger event happened after z ∼ 0.2. Haloes in the glass simulation
merged slightly earlier than the counterparts in the grid and CCVT
simulations, which leads to temporary large mass deviations among
different simulations. At the same time, the halo density profiles
evolve rapidly and the fitted concentrations4 oscillate with large
amplitudes during the merging and relaxation processes. The out of
sync concentration evolution leads to very poor convergence among
three simulations after z ∼ 0.1. Note that Halo #15726 experienced
another major merger event during the period from z ∼ 0.6 to
0.4. However, as the merger happens almost synchronously in three
simulations, the halo concentration converges fairly well during this
merging process.

For Haloes #7469 and #767 shown in Fig. B1, we can also
observe similar evolution behaviors for their rmax and spins. If there

4Note that we have checked that the NFW profile still provide a relatively
good description for the simulated density profile during the merging process
for this halo.

are large differences for the mass growth history among different
simulations, the convergences of rmax and spins can become poor
temporarily.

After illustrating examples of individual haloes, to look at the
statistical correlation between the convergence in haloes’ mass
accretion history and the convergence in halo properties, we in-
troduce two quantities, QNs and �Ns (x), which are defined as
follows.

Q2
Ns

≡ 1

Ns

Ns∑
i=1

[
log10 M200(zi) − log10 M200,glass(zi)

]2
(B1)

measures the averaged difference of mass accretion histories for a
halo from the grid (or CCVT) simulation and its counterpart from
the glass simulation. Here, Ns is the number of snapshots, M200(zi) is
the virial mass at the redshift of the ith snapshot, zi, for the halo from
the grid (or CCVT) simulation, and M200,glass(zi) is the virial mass of
the matched halo at zi in the glass simulation.

�Ns (x) ≡ 1

Ns

Ns∑
i=1

|x(zi) − xglass(zi)|/xglass(zi) (B2)

quantifies the averaged relative difference of halo property x over Ns

snapshots. x(zi) is the property of a halo from the grid (or CCVT)
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Figure B2. Correlations between Q20 and �20(x) for different halo properties. From top to bottom and from left- to right-hand, we show the halo properties
of concentration, spin, rmax, Vmax, axial ratio, velocity dispersion, and subhalo mass fraction. Grid haloes and CCVT haloes are marked with blue and green
colours, respectively. The scattering dots plot the single haloes, while the large dots with error bars show the median values and the 16th and 84th percentiles
in five Q20 bins. To have a robust estimation of the median values, we require that each Q20 bin contains �20 haloes. The Spearman’s rank coefficients Rs and
p-values are given in the lower part of each panel.

simulation at zi, while xglass(zi) is the property of a halo from the glass
simulation at zi. x stands for any of the halo properties discussed in
this work.

Note that both QNs and �Ns (x) are dimensionless. The smaller QNs

[�Ns (x)] is, the better the halo mass accretion history (the evolution
of halo property x) converges.

In the following, we set Ns = 20 and use the last 20 simulation
snapshots, which corresponds to the evolution history of a halo in
the last ∼2 Gyr (or from z ∼ 0.15 to z = 0), to compute Q20 and

�20(x) for all haloes in the MATCHED sample. The correlations
between Q20 and �20(x) are shown in Fig. B2 for seven properties
(i.e. except for the halo formation time which is specifically defined
for z = 0 haloes). We have also computed the Spearman’s rank co-
efficients and the corresponding p-values to quantify the correlation
strength for each halo property (shown in the lower part of each
panel).

We can find that for all halo properties, there are weak
or moderate positive correlations between �20(x) and Q20,
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indicating that the poor numerical convergence in halo properties
tends to associate with largely different mass growth histories.
This confirms the aforementioned observations from individual
haloes.

Note that we have also tested with Ns = 5, 10, and 30, and
confirmed that our conclusions above do not change. We have also
looked at the evolution of halo properties for outliers in the matched
halo sample from the glass-1 versus glass simulations as well as

from the CCVT-1 versus CCVT simulations, and the results are
similar to what have been discussed above for the MATCHED
outliers from the grid versus glass and CCVT versus glass
simulations.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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