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Abstract
In this paper we study the following parabolic system

Au—du=lu! ayu=0, uw=@" 0",

with free boundary d{|u| > 0}. For 0 < g < 1, we prove optimal growth rate for solutions u
to the above system near free boundary points, and show that in a uniform neighbourhood of
any a priori well-behaved free boundary point the free boundary is C-¢ in space directions
and half-Lipschitz in the time direction.

Mathematics Subject Classification 35B65 - 35R35

1 Introduction

1.1 Background

In this paper we shall study for 0 < g < 1 the parabolic (free boundary) system
Au—du= f):=uf aygu-o, w=@' - u", (1.1

whereu : Q) — R™, Q01 = B1(0) x (—1, 1), with By being the unit ball in R", n > 2,
m > 2, and | - | is the Euclidean norm on the respective spaces. System (1.1) relates to
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concentrations of species/reactants, where an increase in each species/reactant accelerates
the extinction/reaction of all species/reactants. The special choice of our reaction kinetics
would assure a constant decay/reaction rate in the case that u',fori = 1,---,m are of
comparable size.

A diverse scalar parabolic free boundary problem has been subject of intense studies in
more than half-century. On the other hand there are very few results for problems that involve
systems (see [1, 5, 9]), and probably no results for the system related to equation (1.1).

The elliptic case of the above system is studied in [1, 9] or in the scalar case, whenm = 1
in [8], where they prove optimal growth rate for the solutions as well as C!*%-regularity of
the free boundary at points that are a priori well-behaved.

In this paper we shall study the parabolic system (1.1) from a regularity point of view.
The analysis of the above parabolic system introduces several serious obstruction, and hence
a straightforward generalization of the ideas and techniques of its elliptic counterpart is far
from being obvious. Due to its technical nature, and the need for notations and definitions,
we shall explain these difficulties below, during the course of developing the tools and ideas.

1.2 Main results and plan of the paper

Our results concern two main questions: Optimal growth of the solution u at free boundary
points (Theorem 3.3), and the regularity of the free boundary (Theorem 6.5) at well-behaved
points.!

To prove our results we use the regularity theory for the elliptic case, see [1, 9] and follow
the ideas that have been used to treat parabolic free boundary problems, as in [4] that was used
for the no-sign one phase scalar case. In doing so we encounter several technical problems,
that we need to circumvent by enhancing the previous techniques. The first problem we
encounter is the use of the balanced-energy monotonicity formula for proving quadratic
growth estimates from the free boundary points. In parabolic setting, and specially in system
case, the combination of balanced energy and Almgren’s frequency is more delicate than the
elliptic case done in [1].

The second problem we encounter concerns the regularity of the free boundary, where we
are forced to use the epiperimetric inequality in elliptic setting. In order to do this we need
to prove that d;u, the time derivative of u, is Holder regular for ¢ = 0. When ¢ > 0 we need
some modification (see Sect. 5). This, however, can be proved at the so-called regular points.
Indeed, since the set of regular points is open (in relative topology) we can use indirect
argument to show that d;u tends to zero at free boundary points close to a regular point.
From here one can bootstrap a Holder regularity theory for |d;u|. Once this is done we can
invoke the epiperimetric inequality for equations with Holder right hand side and deduce (in
a standard way) the regularity of the free boundary in space. The Holder regularity in time
then follows by blow-up techniques, and indirect argument.

1.3 Notation

For clarity of exposition we shall introduce some notation and definitions here that are used
frequently in the paper.

Ls] is the greatest integer below s,i.e. s — 1 < |s] < s.

Points in R"*! are denoted by (x, t), where x € R" and ¢t € R.

I Later we shall call them regular points.
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Let X = (x, 1) and define | X| := (|x|® + |¢]) /2.

B, (x) is the open ball in R" with center x and radius r, B, := B, (0).

0O, (x, t) denotes the open cylinder B, (x) x (t — r2,t +r2) in R

Q;"(x, 1) = Br(x) x (1,1 +71%) (upper half cylinder).

O, (x,t) =By (x) x (t — r2,t) (lower half cylinder).

T4 = By x (—4r2, —rz], T, :=R" x (—4r2, —rz].

0 Qr(x, t) is the topological boundary.

0p O, (x, 1) is the parabolic boundary, i.e., the topological boundary minus the top of the
cylinder.

V denotes the spatial gradient, V = (Dy,, - -, Dy,).

m m
|V“|2=Z|Vui|2, Vu:VV:Z(Vui V),
i=l1 i=1
Vu-& =&'Va= (Vu' - & -, Vu™ &), for all £ € R”.

We will denote the derivative of the function f by fy.
We fix the following constants throughout the paper

K= Eq’ a = (k@ — 1)/ (1.2)

' =T() = 9{|ju] > 0}.
I'“(u) = {(x0, t0) € T(u) : 3] 35 u(xo, 10) = O for all 2i + |u| < k}.
Q, I'y, 02, are t-sections of the corresponding sets in R+ at the level z.
H = A — 9, (the heat operator).
X< is the characteristic function of €2.
We denote by G (x, t) the backward heat kernel
n P2

(—4mt)"2e3 ,t <0
G(x,t) =

0, t>0.
The following parabolic scalings at the point Xg = (xo, tp) € I" are used,

u(rx + xo, r2t + 1)

rk

u x,(x, 1) == . =y (0,0)(x, 1).
We say that u is k-backward self-similar if u, = u for all » > 0, or equivalently Lul =0,
fori =1, ..., m, where

Lv:=Vv-x+2tdv —kv.

For u a solution to the system (1.1) in R” x (—4, 0], with a polynomial growth, we denote
by W the parabolic balanced energy

1 22
W, r) = — / /<|Vu|2+K|ut| +?|u|1+‘1> G(x,ndxdt,  (13)
rek q

for 0 < r < 1. A change of variables implies that

W, r) =W, 1).
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For a fixed point Xo = (xo, fo) € I, denote by
W(u, r; Xo) := W(u, x,, 1.

For notational simplicity we set
M) := W(u, 1).

The class of half-space solutions H is defined as
H:= {x — amax(x -v,0)e: where,v e R", [v|=1,e € R", |e| = 1],

where « is defined in (1.2). A simple computation yields that W(h, 1) =: A is constant for
every h € H.
We denote by N (r) the monotonicity function of Almgren

2

[ [ IVh(x, DG (x, t)dxdt
—4r2 R

—r2

[ [ LihG, 0PG(x, ndxdt
—4r2 R"

N@)=N(r, h) =

)

where & is of polynomial growth in x-variables.

2 Preliminary results and standard facts
2.1 Monotonicity formulas

In this section we shall present a few monotonicity formulas, that are the corner stone of
our approach. The first of these is the standard balanced energy functional, that has strict
monotonicity property for (global) solutions of our equation, unless the solution is backward
self-similar of order «. See [11] for the similar result for the scaler case.

Theorem 2.1 (Monotonicity formula) Let u be a solution of (1.1) in R" x (—4,0), with a
polynomial growth at infinity. Then W(u, r) is monotone nondecreasing in r.

Proof Using the identity
VoG = V(G) — —vG,
2t

we compute the derivative of W with respect to r

dW(u, r) dW(ur, // 2 K|llr| 1+
\Y —_— 9 ) Gdxdt
dr [Vu, |~ + o + 1+ [u, | X
—4R”
du, «u, du, v d
=2 Vu, : V q= Gdxdt
//( WV gy T
—4 Rn
T rd v
u _ Ku x-Vu
:2// dr’ (—Aur-i-urlurlq 1Jrz—t’— 5, ’)dedz
—4R"
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dr ar r 'Vr
// - (— - t“)dedz

—4 Rn

_r//(du’> G, t)d dt > 0.
—t O

—4 Rn

The above monotonicity functional being limited to global solutions, needs to be enhanced
in order for us to apply to a local setting. This is done by inserting a cutoff function into the
functional, that in turn makes the functional almost monotone and calls for adding an extra
term, as stated in the next theorem. See also [4] for the similar result in obstacle problem.

Theorem 2.2 Given a solution u to (1.1) in Q| , we consider the function v := nu, where
n € C§°(B3)4) is nonnegative, n < 1, and n = 1 in By>. Then there exists a non-negative
Sfunction F depending on the given data, satisfying F (0+) = 0, and such that W (v, r)+ F(r)
is monotone nondecreasing inr for0 <r < 1/2.

Proof As in the previous theorem and applying the relation ‘ﬁlv’ = %Lvr, we get
dW(v,r)  dW(v,, 1) g—1 x - Vv
o = o = 3er / /LV —AV 4+ V|v| + % Gdxdt
—4r2 R"
2
-2 4oy + =Y Gdxa
—m Lv —AV+V|V| + tv+_72t xdt
—4r2 R"
2
-2 Lv(-A =1 4 9,v) Gdxd
T v(=Av+ v 4+ 9,v) Gdxdt,
—4r2 R"
Observe that Hv = Hu = ufu|?~! = v|[v|?~lin By »,and Hv(x, ) = 0if |x| > 3/4, hence
2
dW(v,r) 2 —1
— o 2 / /LV (=Hv+v|v|""") Gdxdt
—4r2 R"

—r2 —1

2 Ceosr?
_ _ g—1 _
=T / / Lv(—Hv+v|v|!"") Gdxdt > ST

—4r2 B3j4\Bi)2
where we have used the following relations
Lv=(x-Vnpu+nLu, and Hv= Anu+nHu+2Vu-Vn.

Now the statement of the lemma follows with

P
F(r)=C/‘c_”_2’(+leﬁdr.

o m}

We state the following standard result concerning regularity theory, leaving out the stan-
dard proof. See for example [12] for similar result.

@ Springer



124  Page 6 0f 38 G. Aleksanyan et al.

Corollary 2.3 Let u be a solution to our problem and suppose it has polynomial growth from
a free boundary point Xo = (xo, to) € I'*(u). Then the following hold:

(1) The function W(u, r; Xo) has a right limit as r — 0+.

(2) Any blow up of u at (xo, to) is a k-backward self-similar function.

(3) The function Xo > W(u, 0+4; Xo) is upper semicontinous.

Next we state, and for reader’s convenience, prove Almgren’s monotonicity formula. There
are different versions of this formula in literature, see for example [6].

Lemma 2.4 (Almgren’s frequency formula) Let h be a non-zero caloric function in R" x

(—4, 0), with polynomial growth, and recall the definition of Almgren’s monotonicity function

N(r,h). Then

i) N'(r,h) > 0, for0O < r < 1.

it) If N'(r, h) = const := N, then h is a backward self-similar caloric function of degree
2N.

iii) For an integer number £ > 2, if 3/ 3% h(0) = 0 for all 2j + || < £ — 1, we obtain
2N(0+, h) > L. Furthermore, equality 2N (r, h) = € for some r > O implies that h is
backward self-similar of degree (.

Proof We have »
[ [ IVh,|*Gdxadt
NGy == ,
[ [ Lin2Gaxdr
AR

and
21 f [ Line dedt—ZIQf [ Ln, Y Gaxdr
N/(r) = 4R —4R 5 ,
~1
(/ / ‘,|h,|2dedt>
—4 Rn
where
- -1
h 1=// —//|Vh,|2dedt.
—4 R _4Rn
Let us ‘g” = }Lhr. Using integration by parts, and taking into account that &

is caloric, we obtain

—1

/ _// AR _ x-Vh\ dh,

b= 4 2t dr
—4 Rn
-1

_] 2
= E((Lh,) + khyLh,) Gdxdt.

—4R”

By similar computations,

—1 -1
x-Vh, -1
b= —Ahy — == ) by Gdxdt = 5 (Lhe +chy)hy Gdxdr. (2.1)

—4 Rn —4 Rn
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Now consider

1 2
—1
rN'(r) //T|h,|2dedt
4 R
//—(Lh V> Gdxdt //—Ih 1>Gdxdt
4Rr 4RN
f/—h Lh,Gdxdt | > 0.
4Rr

Hence N is nondecreasing, and if N = 0, then Lh, = ch,. Recalling that Lh, = x - Vh, +
2tdthy — khy, we obtain x - Vh — 2t9;h — (k + ¢)h = 0, which is equivalent to / being
backward self-similar of degree ¢ + k. On the other hand, we have from (2.1)

|Vh,2Gdxdt
c+k

N(@r) =

/
R
[ Lih 2Gdxdt
Rn

/
4

—1
/
4
hence ¢ + k = 2N.

The last statement of the lemma follows now by the contradiction argument. Suppose that
2N (s) < £ for some s € (0, 1], it follows that 2A'(0+) < £. By scaling

hy

O 1/2°
(f f _ltlh,|2dedt>

—4 Rn

wy 1=

we infer from the boundedness of A/(r) that {w,} is bounded? in L2(—4, —1; W12(Bg))
for every R > 0. Now we apply Lemma 7.2 for w, and Vw, to get that {w,} is bounded in
L2(—4,0; WE2(Bg)). Indeed, for —4 < s < —2 and —1 < ¢ < 0 we can write

//lwr(x ol dxdz<////ie 2 (fi)n

—1Bg Z1Bg —4Rn
x |y (y, )I*G (y, s)dydsdtdx
-2
< eR2/222n+13n/2|BR|// Ls|wr(y,3)|2G(y,s)dyds
g
< R/ 1312 gy,

Furthermore, the estimates on derivatives for caloric functions imply that {w, } is bounded
in L2(—3, 0; W22(Bg)). Consequently, by dia onalization technique there is a weakly con-
vergence sequence wy, —wq in L%(=3,0; WloC (R™)) as well as w,,, — wp strongly in

2 Note that G > <=

Z Uer )n/z for |x| < R, and h is of polynomial growth.
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L%(=3,0; Wlf)’cz(R”)). Therefore, the limit wq is a caloric function satisfying wo(0) =

8,j 3 wo(0) = 0 for all 2j + |u| < £ — 1. The later equality is a consequence of wy,,
being smooth and their derivatives being uniformly bounded by [|wy, [l 11 ((—4,0)xBg)- Ve
claim now that for every fixed 0 < r < 1/3,

2 _2
1 2 . 1 2
—|wo|*Gdxdt = lim —|w,, |*?Gdxdt = 1, (2.2)
—t rm—0 —t
—4r2 R" —4r2 R”
and
—2 )
/ / |Vwo|>Gdxdt = lim / f [Vw,, |*Gdxdt. (2.3)
Fm—>
—472 R" —4r2 R"

Suppose this is true, then we for r < 1/3 we have

N(r,wy) = limO/\/(r, wy,) = limON(rrm, h) = N(0+, h).

Fm—>

So, wo must be a backward self-similar function of degree 2N (0+, 7) < £ for0 < ¢ < 1.
Since wy is caloric function, so 2A/(0+, ) € N, comparing with wo(0) = 8/ 3w (0) = 0
forall 2j + || < £ — 1, this yields a contradiction with (2.2).

Therefore, 2N (s, h) > £ fors € (0, 1]. If 2N/ (1, h) = £, then N is constant on (0, 1) and
thereby 4 is a backward self-similar function of degree ¢.

To close the argument, we need to prove (2.2) and (2.3). This is a matter of computation
and can be settled easily by Lemma 7.2. Indeed, we just need to show the following uniform
convergence when 0 < r < 1/3 is fixed and r,, — 0,

7)‘2 7’,2
1 2 1
/—tlwr”,lzdedts / /(2@)"eﬁ—tc;(x,t)dxdt
—4r2 R"\Bg —4r2 R"\Bg
X //_—S|wrm(y,s)|2G(y,s)dyds
4 R
- /2+1 2 2
7 ( 3\ x| |x|
< — — ) dxdt
_/ / 3 (—m> eXp(3—t+ 4 )
—4r2 R"\ Bg
2
- 3 \n/2+]
< |3
- 3\ —mt
—4r2 R"\Bg

x>
x e 8 dxdt — 0 as R — oo.

The proof of (2.3) is the same if we apply again Lemma 7.2 for the caloric function
Vwy,,. O
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2.2 Nondegeneracy
Proposition 2.5 (Nondegeneracy) Let u be a solution of (1.1) with0 < g < 1. Then there is
a positive constant ¢ = c(q, n) such that if (xo, tp) € {ju| > 0}, and Q; (x¢, to) C Q1, then

sup |u| > cr.
0 (x0,70)

Proof Let U(x, ) := |u(x, 1)|'~2. The proof follows in a standard way using

AU —,U=(10—-q)+( )'V“|2 L+q|VUP
=i V=1~ 14 U

) in {U > 0}.

For any (y, s) € {|u] > 0}, (close to (xo, f0)), set w(x, 1) = c(|x — y|2 + (s — 1)) for small
constant ¢ > 0 to be specified later. Then 7 = U — w satisfies in O, (y, s)

1 VU 4
Ch—dh = Ah—oh 4 T4 (YUFW) o) e,
I—g¢ U U
2n+1 l+g |Vu|? A 4gs—t
—(l—q)—4 Ty 4a- 424 >0,
(1= g) —4e(T 7=+ D + (=) oy 447 Tt =

provided that c is small enough. In particular / cannot attain a local maximum in Q; (y, s) N
{lu| > 0} according to the maximum principle for £ — 9;. On the other hand 2 < 0 on
d{|u| > 0} and hence the positive maximum of / is attained on 3, O, (v, s), and we conclude
that

sup (U—-w)=U(y,s) >0,

9p0r (.9)
which amounts to
sup U > cr?.
0pQr (v,5)
Letting (v, s) — (x0, f0), we arrive at the statement of the proposition. O

3 Regularity of solutions

In this section we study the regularity of solutions (to equation (1.1)), which according to the
parabolic regularity theory, are known to be C;"g N C?’(Hﬁ)/z forg = 0 and Cf’ﬂ N C,l’ﬁ/2
for ¢ > 0. Here we will show the optimal growth for solutions from points where u vanish
to the highest order for our problem. In order to study the optimal growth (regularity) of
solution, we start with the following definition; see also [10].

Definition 3.1 The vanishing order of u at point Xy is defined to be the largest value V(X))
which satisfies

21l 2o (07 x0))

~V(X0) < +00.

lim sup
r—>0+t

One of main tools in studying a sublinear equation is Lemma 7.5, which is the dual of
[3.Lemma 1.1] for the elliptic case. For the convenience of reader we put the proof in the
Appendix. One of the useful result of Lemma 7.5 is that if u is a solution of (1.1) and Xo €
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['(u), then V(Xp) € {1,2,3,---, |«], x}. (recall also nondegeneracy property, Proposition
2.5). Moreover, we can find out easily that if V(Xo) = s < «, then 8{ dtu(Xy) exists and
vanishes for 2i + || < s. Indeed, there is a self-similar vectorial polynomial P of degree
s such that [u(X) — P(X)| < C|X — Xo|*. Our main result for case ¢ > 0 is that if
Xo € T (u) = {Xo € T'(w) : 3/85'u(Xo) = 0 for all 2i + || < «}, then V(Xp) = «.

We start with the following lemma which is essential to obtain our result.

Lemma 3.2 For any u solving (1.1) in Q,, and satisfying the doubling
lall oo gy) = 25Nl ooy 3.1
we have
lull (o) < max {1, ClluG!/ 1+ ”LH‘?(QI’)} ’
where C is independent of u.

Proof Suppose the statement of the lemma fails. Then there is a sequence u; satistying the
hypothesis of the lemma with

ljllpeoiory = L and  ujllsopoy = jlle GV g ooy (32)

Defineu; = u;/|u; ||L°°(Q()’ and insert in (3.2), to arrive at
1 -
ic 18; GV g oy 3.3)

Since ui; satisfies the doubling (3.1), then it yields

oy Kq g 197! Kq
1H @)ooy < 29001170 o) < 247,
Therefore we have a subsequence of ii; which converges to a limit function ug satisfying

||ﬁ()Gl/(l+q)”Ll+q(Q1*) =0, ”ﬁO”LOO(Qf) =1,

which is obviously a contradiction. O

Theorem 3.3 For u a solution to (1.1), with (0,0) € I'“(u), there exists a constant C such
that

supjlu| < Cr, VO<r<1/2.

Or

Proof Case « ¢ N: The proof in this case follows by standard blow-up and the use of
Liouville’s theorem, and the only subtle point would be to prove the blow-up solution will
vanish at the origin, of order «; the latter is taken care of in Appendix. Here is how it works
out. If the statement of the theorem fails, then there exists a sequence ; — 0 such that

sup u| < jr*, Vr>rj, sup |u| = jr}f.
o 0r;
. . - u(rjx,rz.t) .
In particular the function u; (x, 1) = —L— satisfies
- « 1
sup ;| < R, forl <R < —,

0% T
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with equality for R = 1, along with

_ f@y)

Hu; e

—> 0 uniformly in Q.

From this we conclude that there is a convergent subsequence, tending to a caloric function
ug with growth «, i.e.

sup|ug| < R, VR>1, suplug|=1, Huy=0, (3.4

Or oy
and furthermore, |u;(X)| < Co|X| in Q| uniformly for some constant Cp > 0 and all j.
Thus [Hu;| < [u;|? < Cg|X|‘7 in Q. Now if we apply Lemma 7.5 for each component of
0 = (ﬁj, cee 12’}1), we obtain a caloric polynomial ij of degree at most |2+ ¢ ] = 2 so that
Iﬁ;(X)—P]’: (X)| < C1Co|X|*Tin Q7 and the constant Cy depends only on 7, g and an upper
bound on 1@~ (o). Since (0,0) € I (w), so P} = 0 and then |&;(X)| < C1ColX[**9.
By a bootstrap argument we find out the uniform estimate |u;(X)| < C¢|X [ for every
€ > 0. Therefore, we get

uy(0,0) = 3 3 up(0,0) =0, forall 2i + |u| < «. (3.5)

Obviously (3.4) and (3.5), along with the fact that « ¢ N, violates Liouville’s theorem and
we have a contradiction.
Case « € N: Consider the function v = nu where n € Cgo(B3/4) satisfies 0 < n < 1,

andn = lin Bypp. Fix0 < r < %, let p; = 27, i =0,1,2,..., and define Vo (x,1) =
v(pix, p?t)/pf, then

0
f/|u|1+‘1dedt
—/2 B,
. 0
=Z / /|V|1+‘1dedt
izl_piz_l B,
= //Iv lJ“’dedt<X:,02’(//|v 't Gdxdr
—4 B, —4 Rn
14+q I e
:szﬁ W(vp[,n—// [V, | +T‘; Gdxdt
i=1 —4Rn
l+g & K 2
=2y o | W, p,>—//(|V<vp, —pP +M> Gaxdr
i=1 4R
-1
1+q o 5 kIVp — Pl
< szﬁ W(v, 1)+F(1)+/f"_Tdedt

i=1 Z4Rn
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P21+ / / dedt , (3.6)

—1 Rn

where we have used Lemma 7.4, F is the function defined in Theorem 2.2 and p € H, the
space of all «-backward self-similar caloric vector-functions. We now let p = 7, where

0
2
T, =argminqu//. quxdt,

—1 Rn

and observe that

vV, — 7)) -
// %dedr —0, foreverype M. 3.7)
—]1 Rn
Now suppose, towards a contradiction, that there is a sequence ry — 0, such that
sup jul < kr,  Vr >y, sup Ju| = krg.
or 0
Consider the scaling u, (x, ) = u(rx, r2r) /r*, where the sequence u,, satisfies the doubling
condition (3.1) because

”urk ”LOO(QZ’) =2 ||u2rk ”LOO(QD <2k =2¢ ||urk ”LOO(Q]’)'

Therefore Lemma 3.2 and (3.6) implies that
1/2

0
. 2
/‘/Mdedt — 0.

1 R)I

9 2
// 'w") Gdxdt = 1. (3.8)

—1 R»

Furthermore, we can show that {Vw;G!/?} is bounded in L?(—1, 0; L2(R")). In order to
show this, we can write

//(IV “ k' >dedz
_IRH
M2//(|erk| + |Vrk| >Gd dt

vy, =TT,
For w;, = 'kMk & we have

—1Rn
= 22—2“// IVvyi >+ M Gdxdt
M/% 2 Ik 2[
i=1 Z4Rn
0 . .
< — Y 27FW(, 27 ) — 0, 3.9)
k i=1
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which together with (3.8) implies

0
/lek|2dedt =0(1). (3.10)
_1 RN
On the other hand, we have
1 1 _
Hwi = - Hvn = o0 (rfun An(rix) + n(rx) ' =9 f (V) + 2V, - V()
3.11)
and also,
,I]Rn
_ —2lK 1+q
= Voi, Gdxdt
1+q //' 2in]
—4 Rn
00 -l 2
. K|Vy—i
= > 27 | WV, 1)—// (|Vv2,v,k|2+|22’k|) Gdxdt
i=1 —_4Rn !
-1
i . K|V2—[ — Ty, |2
<Y 272 W, )+ F(1 —= % " Gdxdt
=y . 1)+ ()+// — x
i=1 _4Rn
9 2
— 0(1)+//Mdedt
—2t
—1 Rn
2
Therefore by (3.11), we get forg > 0
0 { 0
//'Hwk|(1+q)/quxdl EW C(T], ”u”Hl(Bl,R’"))_l—/f|Vrk|l+qu'xdt
_1R" k _1 R~

2
<! c Mi 0
_W . ||“||H1(31,Rm)y",Q)+m — U,
k

and ||[Hwg|loc — O for ¢ = 0. Hence {wy} is bounded in WP (— 1,4 T W2P(Bg)) for all
fixed R > 0 and by diagonalization technique there is a weakly convergent subsequence
with limit wg in L2(—1, 0; Wli’cp (R™)), satistying Hwy = 0. We claim next that the strong
convergence

Wi 1/2
(_t)l/ZG _>( t)]/z

G2, inL*(—1,0; L>(R")), (3.12)
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holds, which follows if we prove the uniform convergence in k

2
/ Wkl” Gavdr - 0. asR — oco. (3.13)

Z1RM\Bg

This can obviously be obtained by applying Lemma 7.3 and relations (3.8) and (3.10)

ef |

0
2 2
'w"tl dedzgf/|wk|2%c;dxdt: o).

—1R"\Bg —1R»
Therefore we get
0
2
/ / |w°t| Gdxdt = 1,
_1 R?l
and also by (3.7),
0
/ / il .thdxdt =0, for every p € H. (3.14)
—1 Rn

Moreover, from (3.9), (3.12) and weakly lower semicontinuity of norm we obtain for every
R >0

0
2
ff(wwm%r%) Gdxdi < lim /f(w ' 4 )dedt <0.

It implies that

0
2
0> f/(ww + kIl )dedt
2t

—1 R
> KW o-i |
Z Z/f (|Vw02 O 0 )dedt. (3.15)

—4 Rn
If we further have )
|848“w{)(0, 0)] =0, for 2¢ + || <k — 1, (3.16)

then by Lemma 2.4, each component wé of wy ,-i must satisfy

/f(w O + w l)Gd dt > 0.

Z4pe

Summing over j and comparing with (3.15), implies that wé is a «-backward self-similar
caloric function. But (3.14) implies that wo = 0 which contradicts (3.13).

To close the argument, we need to prove (3.16). This can be shown by invoking Lemma
7.5 to obtain uniform estimate ||Wk||Loo(Q;) = o(r* 1. To apply Lemma 7.5 it is neces-

sary to show the uniform estimate || Hwy ||LOO(Q;) = o(r*=271/2), Since we have assumed
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la, ”L°°(Q’) — oo by contradiction, the scaled sequence u; = u,, /||u,, ||L°“(QD satisfies

Huy = f(w)/]uy, IILOO(Q )
Moreover, |u;(X)] < C0|X | for a constant Cp > 0 and all k. Now apply Lemma 7.5

repeatedly to obtain the uniform estimate [0z (X)| < C.|X|“~€ for a small value €. So,
[u, (X)] < Celluy, IILOO(QDIXI"’6 and by Lemma 3.2 as well as (3.6)

— 0 and converges to a caloric function 1y as a subsequence.

1 c?
[Hwi (X)] < —|f(u, (X)] < 76(] +M]?)q/(l+q)|X|"72*€q < C|X|K*27€q'
My, M;,

Remark 3.4 Although Theorem 3.3 shows the backward regularity, we can see obviously the
regularity in forward problem. A line of proof can be considered toward a contradiction and
assuming the sequence r; — 0 such that

sup |u| < jr*, Vr > rj, sup |u| = jr
or 07,

Thenu;(X) =u(r; X)/(jr;) converges to a caloric function u#g in R” x R with polynomial
growth, ”uOHLOO(Ql*) = 1l and up = 0 for r < 0 (we also apply here Theorem 3.3). This
contradicts the uniqueness of heat equation solution with polynomial growth in forward
problem.

4 Homogeneous global solutions

In this section we perform energy classification of regular free boundary points, that will
be needed in order to establish the Holder regularity of the time derivative d;u in the next
section. Indeed the main goal is to show that half-space solutions are isolated within certain
topology. The proofs for the case ¢ = 0 and ¢ > 0 differs to some extent and hence we
are forced to consider them separately. For the case ¢ = 0 we need to consider two lemmas
(Lemmas 4.1, and 4.2) that will give us the result. The proof for the case ¢ > 0 takes a
different turn, and is shown in the proof of Proposition 4.3.

Lemma 4.1 Letq = 0 andu be a backward self-similar solution to (1.1). If {lu| > 0}N Q| C
{x, > =6}, where § > 0 is small, then u € H.

Proof Letu be a backward self-similar solution, and recall that the condition of homogeneity
(for each component) is

ke 2ed,u* + x - VuF — 2u* = 0. 4.1

Hence we obtain the following equation for each component

2k — x - Vuk uk
— +AUF— 7X{\u\>0 =0, (4.2)
—2t [u]
and
uk
2 AUk 4 x - vk — 2tﬁ Xiu=0p = 2uk. (4.3)
Denote by £y := —A +x -V and £ := Ly + | Then for t = —%, any uk is an

eigenfunction of £ in {U > 0} corresponding to the eigenvalue A = 2.

@ Springer



124  Page 16 of 38 G. Aleksanyan et al.

We want to show that A = 2 is the first eigenvalue for £, since then u¥ = cy|u| in each
connected component of {|u| > 0}, and we have a scalar problem for [u| when r = —1/2. It
is sufficient to show that 2 is not larger than the second eigenvalue for L.

We prove that for some § > 0, A> (L, {x, > —§&}) > 2, whichimplies A1 (L, {x, > —§}) =
2. Since3 A2 (Lo, R ) = 3, we have

ML, {xp > =8}) > X (Lo, {xn > =6} = 22(Lo, RY) —w(d) =3 —w(©), (44

where w(6) is the modulus of continuity of A2 (Lo, {x, > —4}). By choosing § > 0 small,
we will obtain A (L, {x, > —4}) > 2, implying that 11 (L, {x, > —8}) = 2. Hence u = c|u|
in each connected component of {|u] > 0}, where ¢ € R depends on the component and

|e| = 1. It remains to observe that for t = —1/2, the function U = |u| is a homogeneous
stationary solution to the equation HU = x{y-o), and therefore U is a half-space solution
andu € H. O

Lemma 4.2 (Closeness to half-space) Let ¢ = 0 and u be a backward self-similar solution
to the system (1.1) with the property

// lu — h|Gdxdt < e, 4.5)
o7

where h = %el. Then
{lu] > 0} Q) C{(x, 1) : %y > —CeP). (4.6)
for C = C(n,m), and B = B(n).

Proof The proof is standard and follows from the nondegeneracy. Let (xo, f9) € {|lu| >
0}n Q;/z’ and x,(l) = —p < 0, then

/f lu|Gdxdt < // lu —h|Gdxdt < e. “@.7
Q2 or

By the nondegeneracy, there exists X € QQ_ (x0, fo), such that

u(X) = sup |u| > c,0%
0O, (x0,10)

Then for a small r > 0,

inf [u| > c,0? — Cpr? > Co?,

07 (X)
and
£ > / / lu|Gdxdt > Co"**. (4.8)
50
Now (4.6) follows with f = 1. O

The next proposition shows that the half-space solutions in H are isolated in the class of
k-backward self-similar solutions.

3 This follows from a simple computation for one dimensional case, and the fact that eigenvalues decrease by
symmetrisation, and translation invariance of the set Rj_ in directions orthogonal to e;;.
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Proposition 4.3 The half-space solutions are isolated (in the topology of L>(—1,0; H'(By;
R™))) within the class of backward self-similar solutions of degree k.

Proof The proof follows from Lemmas 4.1 and 4.2 for ¢ = 0. When ¢ > 0, we assume
toward a contradiction that there exists a sequence of backward self-similar solutions of
degree k, say u;, such that

0< ]12{]]”“1 — hlle(—l,O;Hl(Bl;Rm)) = ”lli — h”LZ(—l,O;Hl(B“R’")) =: (Sl‘ — 0, asi — 0o,

where h = a(x;7)*e;. When passing to a subsequence, (u; — fl)/(Si =: w;—w weakly in
L2(—1, 0; H! (B1; R™)), the limit w is still a backward self-similar function of degree «.
Furthermore, for ¢ € C§°(Q7; R™) we have

1
// —Vw; : Vo +w; - 0;¢pdxdt = =3

0

—1 B| 1BI
0
-1

QU
_

If suppp C B x (-1, 0), we conclude that

0 1
/ / —Vw; : Vo +w; - 0,¢pdxdt = / / / fu(ﬁ +18;Wi)(W;) - p drdxdt
—1 By 1 By 0
0 1
=///fu(f5iwi)(wi)-¢drdxdt
—1p- 0

1

—
= o™ [ [ fatwoow - gz,

_IBI—

let i — o0 to obtain

0
/ / Fa(W)(W) - ¢ dxdt = 0.
-1 By
Thenw = 0in B x (-1, 0). Now for every supp ¢ C Bf x (—1,0),
0 0
// —VW: Ve +w-d¢dxdt = / / fu(h)(W) - ¢ dxdr.

g “la
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Thus Hw = fu(ﬁ)(w) in BlJr x (—1,0). Now let w/ := w - e; for1 < j < m,then
Hw/ = gk(x — D)™ 2w/, forj =1,

and
Hwl = k(K — 1)(x,'f)_2wj, for j > 1.

Next extend w/ to a backward self-similar function of degree « in {x, < 0} and define

_ wi (X' X, t), Xy >0,
W/ (x, xp, 1) ==
—w! (X', xp, 1), xp <0,

which is a backward self-similar weak solution of degree « and satisfies

' g (k — Vx| 2w/, for j =1,
Hu' = (4.9)
Kk — Dxy| 2w, for j > 1.

If we consider any multiindex u € Z/,~ ' {0} and any nonnegative integer y € Z as well as
the higher order partial derivatives 87/8“ w/ =: ¢ then ¢ is a backward self-similar function
of order k — |pt|1 — 2y and satisfies again in the same equation in R” x (—o0, 0). From the
integrability and homogeneity we infer that 3 8%/ = 0 for k — ||y — 2y + 1 < —n/2.
Thus (x', 1) — W/ (x’, x,, 1) is a polynomial and the homogeneity imply the existence of
a polynomial p such that w/(x’, x,, 1) = x,’iwj(%, 1, x’—%) = x;fp(jf—;, x’—’%) for x, > 0.
Next choose y such that Bty p = r(x’) # 0, then according to the H'-integrability of
8/ w/ = x'(_2yr("—/) we know that k —2y —degr > l . Take the multiindex u € Z’_’[] x {0}
such that |u|; = degr and 3%'r # 0, and insert Byaﬂwf = a2 71 i equation (4.9),
which implies that

(k =2y =l =2y —|uh = 1) = gx(k — 1), for j =1,
=2y —|pnlD) =2y —|uh = ) =« = 1), forj>1,
and hence
2y +|ul1 =1, or2¢ =2, for j =1,
2y + |ul1 =0, or2k — 1, for j > 1.

The condition k —2y —degr > % and k > 2 yields that the only possible case is y = 0 and
|l = 1for j = 1 and ||y = O for j > 1. We obtain that w'(x, 1) = xEd+ € x"/xp)
and w/ (x,1) = ¢ jXxp for j > 1. Comparing with the equation (4.9) implies that we must
have d = 0. To sum up, we find that w(x, ) = (x;,(_lﬁl cx' lxk, oo Lyxk) for some
¢ eRland ly, .-, 4y € R

Recall that we have chosen h as the best approximation of u; in H. So, it follows that for
h,(x) := amax(x - v, 0)“ey,

I hi2
(wis hU - h)Lz(—l,O;Hl(Bl ]R”’))) = 28 ”h h”Lz(—l,O;Hl(B];R'”))' (410)
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v—e,
[v—en|

Now let v — e, so that converges to the vector £ (where & - e, = 0), then

0
o(l) > //(Wi ek () T 6)+
—1 By

V(wi-er) - [k e — DOGH T2 (x - £)ey ] dxdt.

Choosing £ = (£1, 0) and passing to the limit in 7, we obtain that

0
0> //x(x#“(x’-el>2+x<xn+>2”*2|zl|2
—1 B
(e — D2 - 01)? dxdt.
Hence, ¢; =0, and then w - ¢; = 0.

If we apply once more the relation (4.10) for hy = oc(x;," )<e; istead of h,, where ey =
(cos0)e| £ (sinf)e;, and let & — 0. We obtain

(Wi, Ea (x))Ke;) 1o pm < 0.
Therefore,

O Wy o my = 0

and then £; = 0.

So far, we have proved that w = 0. In order to obtain a contradiction to the assumption
Wil L2(—1,0: 1 (B,:Rm)) = 1, it is therefore sufficient to show the strong convergence of Vw;
to Vw in L2(—1, 0; L2(B;; R™)) as a subsequence i — 0o. But by compact imbedding on
the boundary

0 0 0
//lei|2dxdt=//w,--(Vwi~x)dH"_1dz—//wi-Awi dxdt

—1 B —10B) —1 By
0 0
://K|Wi|2—2t3twi Wi dH”_ldt—//w,--atwi dxdt
—10B) —1 By
0
-5 [ = - piiy axar
—1 B
0 0
5//K|w,-|2—ta,|w,»|2dH"*1dz—%//agw,-ﬁdxdt
—19B; —1 By
0
://(K+1)|w,~|2dﬂ”*ldt— / lw; (x, —=1)|> dH"!
—10B; dB]
1 2 2
+§/|Wi(X,_1)| — [wi(x,0)["dx
B
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//w+mMum"%+ /mu —1)>dx

—193B,
0
=//w+mWRMP%
—19B
1 2
+m//|wi| dxdt — 0,

—-1B

as a subsequence i — 0o. (Note that we have used the homogeneity property of w; in the
last line.) ]

Definition 4.4 (Regular points) We say that a point z = (x,¢) € I'“(u) is a regular4 free
boundary point for u if at least one blowup limit of u at z belongs to H. We denote by R the
set of all regular free boundary points in I" ().

Proposition 4.5 If zo = (xo, t0) € R, then all blowup limits of u at zo belong to H.

Proof Suppose there are two sequences r;, p; — Osuch that the scaling u(xo+r; -, fo —i—ri2 /rE
and w(xo + p;-, to + pi2~) /pf converges respectively to up € H and a ug ¢ H. Furthermore,
we can assume thatrj 1 < p; < ri.Bya continuity argument we can find p; < t; < r; when
i is large enough such that dist (u(xo + 1,00+ ‘L’ )/'L’K, H) = Odist(ig, H) for an arbitrary
0 € (0, 1/2). The boundedness of u(xg + t;-, o + ‘L'i 9/ ‘L'l» implies that every limit u* of that
is a k-backward self-similar solution such that dist(u*, H) = 0dist(iy, H), which for small
6 contradicts the isolation property Proposition 4.3. O

Remark 4.6 We will conclude later the uniqueness of blowups at regular points of free bound-
ary by Theorem 6.4 in Sect. 6.

The following lemma and theorem show that the half-space solutions have the lowest
energy among the global self-similar solutions for the case ¢ = 0.

Lemma 4.7 Letq = 0andu be a backward self-similar solution to the system (1.1), satisfying

lu| > O a.e.. Then
—1

15
M(u) =// lu|Gdxdt > ER

—4 Rn

Proof Observe that by homogeneity of u we have M(u) = W(u, r), for any r. Integration
by parts, and (again) homogeneity of u implies

-1
M@_/fQV| '+m®amm://mmww

Z4Rn Z4 R

4 They are also called low-energy points. When g = 0, these points have the lowest energy (see Theorem 4.8).

Itis not generally true forg > 0 and they have the lowest energy when the coincidence set has nonempty interior

1
(see Theorem 4.9). In this case, half-space solutions have the energy M(h) = < (Kﬂl) 4ffl 22— 3F(/( - ),

where I" is the Gamma function here. The time-dependent global solution 6 (x, 1) = (== =2t ) /2¢ has the energy

M@®) = m (4% — 1) which is less than the energy of half-space solutions for k > 5/2.
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Let U = |u| > 0 a.e., as we observed before, AU — 9;U > 1. Hence

-1

-1
3 ://dedt < //(AU —0;U)Gdxdt

—4R" —4Rn
—1

://—UAG + UG — 8,(UG)dxdr = —/U(x,t)c;(x,z)dx|§z;‘1

4 Rn R
=—n"} / U a1z, e dzi=7) = +4n~% / 1U G ~1/4)e W dz ="}
R» R»
=12n—%fU(z,—1/4)e—'Z‘2dz.
Rn

4.11)
Employing again the homogeneity of U, we obtain

—1 —1
M(u)://U(x,t)c(x,z)dxdt:—471*%f/zU(z,—1/4)e*'Z'2dzdt
—4Rn —4 Rn

. 15
:3071’7/U(z, —1/4)e 1P gz > 5

R~

where we used (4.11) in the last step. ]

Theorem 4.8 Let g = 0 and u be a backward self-similar solution to the system (1.1). Then
M(u) > 14—5 and the equality holds if and only if u € H.

Proof Step 1: We show that Ml(u) = % if w is a half-space solution. If u € H, then

—1 —1

1 15
M(u) :// lu|Gdxdt = f/—tdz .
2 4

—4Rn —4

Step 2: If U = |u| > 0 a.e., then M(u) > % by Lemma 4.7. Suppose that [{U = 0}| > 0
and M(u) < %. By the nondegeneracy and quadratic decay estimates, we imply that the
interior of {u = 0} is nonempty. Then we may choose Q7 (Y) C {u = 0} in such a way that
there exists a point Z € 9, Q, (Y) N I'(u). Moreover, since u is backward self-similar we
can assume that the point Z is very close to the origin and satisfies W(u, 0+; Z) < 15/4,
by the upper semicontinuity of the balanced energy. Hence any blow-up at Z is a half-space
solution by Lemma 4.1 which contradicts the result in Step 1.

Step 3: It remains to show that if M(u) = % for a backward self-similar solution u, then u
is ahalfspace solution. Let Xo = (xo, 7o) € I" beasin Step 2,i.e. such that 0,%)C {u=0},
for a small r > 0. If Xy = 0, then u € H by Lemma 4.1. Assume that | Xo| > 0. Let ug be a
blow-up of u at X, then ug € H. Hence

15 15
i M(ug) = W(u, 0+; Xo) < W(u, +o0; Xo) = W(u, +00; 0) = M(u) = R
(4.12)
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since W(u, +00, X) does not depend on X € I'. Indeed, by homogeneity of u at the origin,

2
u(rx + xo, r°t + 1 X I
( 02 0) :u(x—i——o,t—i——g)—)u(x,t), asr — +oo.
r r r

Therefore (4.12) implies that W (u, r; Xo) does not depend on r and u is backward self-
similar with centre at Xo, hence u(xg + rx, fto + r2t) = rfu(xg + x, 1o + ¢). On the other
hand, u(xo+rx, fo+r2t) = rzu(xg/r +x, to/r2 +1), and therefore u(xo /r +x, to/r2 +1) =
u(xp + x, t9 + t). Letting r — +o00, we obtain u(x, t) = u(xg + x, ty + ), for any (x, 1),
hence u satisfies the assumptions in Lemma 4.1, and u € H. ]

The next theorem is a version of Theorem 4.8 for case ¢ > 0 to show that half-space solu-
tions have the lowest energy among the backward self-similar solutions whose coincidence
set has nonempty interior.

Theorem 4.9 Let u be a backward self-similar solution to the system (1.1) satisfying {|u| =
0}° # @. Then M(u) > Ay, and equality implies that w is a half-space solution; here
Ay = M(h) for every h € H.

Proof The proof is indirect. Consider the self-similar solution u with M(u) < A,. Assume
that {|u| = 0} contains the cube Q and X¢ = (xg, 79) € 0Q N d{|u| > 0} and 7y < 0. From
here we deduce that all derivatives of u at X vanish if they exist. If we start with the initial
regularity and the estimate [u(X)| < C|X — Xy|, we are able to apply Lemma 7.5 iteratively
and obtain [u(X)| < C¢|X — Xo|“~€. This implies that Xo € I'*. Also from self-similarity
of u, we infer that

W(u, 0+; Xo) = lim W, r; Xo) = lim W(u, —; X) = W(u, 0+; X).
r—0t r—0+t m

where X 6” = (fn—o, %). By the upper semicontinuity of the function X +— W(u, 0+; X), we
get

W, 0+; Xo) = lim sup W(u, 0+; Xi') < W(u, 04;0) < W(u, 1;0) = M(u) < A,.

m— 00

Thus every blow-up limit ug of u at the point X satisfies the inequality M(up) < A,. Note
that by the nondegeneracy property ug # 0. Now the self-similarity of u tells us that ug must
be time-independent. To see that let u, (x, t) := u(xg + rx, o + r2r) /r* which converges to
up in some sequence. According to the self-similarity of u, we have

Vu(xg +rx, o + r20) - (xo 4 rx) + 2(t0 + r*0)dulxo 4 rx, 1o + r’1)
= ku(xo + rx, to + r’1),

so,
rvu,(x,t) - (xo +rx) + 2(t0 + r2t)8,ur (x,1) = rzlcur (x,1),

and passing to the limit, we obtain #pd;ug(x, ) = 0. Therefore, ug is a k-homogeneous global

solution of Au = f(u) and violates Proposition 4.6 in [9], the elliptic version of this theorem.

To find the elliptic energy of ug, we can write for every x-homogeneous time-independent
solution v,
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-1
1 —
M(v) ZJ//|V(X)|1+qG(x,I)dxdt
144
74Rn
-1

1-— n
B q’ﬁ/ / V(v —d12)|F e dzdr

1+gqg
—4 Rn
1 — 42’( — 4K n 412
"1 +Z Pt / V@It dz
Rn
1 —dq 42’( — 4K n T 2
~1tq 4 n—f//|v(2)|‘+qu<1+q>+"—‘e—’ dzdr
0 0B

l—gq 2y 144 g5
= v d
1+ch,n f| (Z)l Z
9B

1— q . I4q ~
e dz = M s
1+ch,n/|V(Z)| Z=2Cqn )
B

where M (v) is the adjusted energy for the elliptic case which is used in Proposition 4.6 in
[9]. In particular, for h € H, we find out M (ug) < M (h).

Finally, to prove the second part of the statement we consider the backward self-similar
solution u satisfying M(u) = Ay, O C {lu| = 0} and X¢ = (x9, to) € 30 N d{|u| > 0} for
some 7y < 0. As in the first part of the proof we obtain that every blow-up limit ug of u at the
point X satisfies the inequality M(ug) < A, that ug is a k-homogeneous time-independent
solution and {|ug| = 0}° # . Thus according to Proposition 4.6 in [9], up must be a half-
space solution. Therefore, every blow-up limit of u at the point X' = (”‘70, %) must be
a half-space solution. Assuming u ¢ H, we find by a continuity argument for an arbitrary
0 € (0, 1) a sequence p,, — 0 such that

dist(p, u(xo/m + pp-, to/m* + p2-), H) = Odist(u, H) > 0.

It follows that u(xg/m 4+ py, -, to/ m2+ przn -)/ pk, converges to a backward self-similar solution
u* along a subsequence as m — 00, because

W*, r;0) = lim W(u, rp,; Xg) = W, 04, X§') = Ay,
m—0o0
and for every 0 < p
W*, r,0) = lim W, rp,; Xg) < lim W(u, p; Xi') = W(u, p; 0).
m— 00 m—0Q
Then W(u*, r; 0) = Ay for all > 0 and u® must be a self-similar solution. The conclu-
sion is that dist(u*, H) = Odist(u, H) which for small 6 contradicts the isolation property
Proposition 4.3. O

Here, we show that the regular points are an open set in I'(u) = d{|u| > 0}.

Proposition 4.10 The regular set R is open relative to " (u).
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Proof Assume that there is a sequence X; = (x;,%) € '(w) \ R converging to Xg =
(x0, o) € R. We can find a sequence t; — 0 and a subsequence of X; such that?

. c

dist (u(x; + 7+, t; + )/t H) = ST (4.13)
where c is the constant defined in Proposition 2.5 and the distance is measured in L*°(Q7).
The uniform boundedness of set H implies the convergence u(x; + 7;-,t; + 'L'i2~) /t{ in a
subsequence to a global solution u*. For convenience assume that ||, x; —h||; « ©7) <c/4*

for h(x, 1) = a(x})*. Then

g x, (1) < o (.14)
forall (x, 1) € Q; where x; < 0. According to the nondegeneracy property, Proposition 2.5,
we know that SUpP - (z) lug x;| > cr* forall Z € {|ug x;| > 0} such that Q0,7 (Z) € Q7.
Comparing with (4.14) for r > 1/4, we deduce that u; x, = Oin {(x,1) € Ql_/2 x <
—1/4}. Therefore, the coincidence set {|u*| = 0} has a nonempty interior and there exists
cube Q C {|u*| =0} and Yy € 9Q N d{|u*| > 0}. According to Theorem 4.8 and Theorem
4.9, Yy is a regular point for u* provided its energy is not larger than A, . To see this, we fix
r < 1 and consider the energy value

W(*, 0+; Yo) < W(u*, r; Yo) = lim W(an, rt;; X; + 7;Y0)
1—> 00
< lim W(un, p; X; + 7;Yo) + F(p)
11— 00
= W(un, p; Xo) + F(p),

where p > 0 is an arbitrary constant. Then W(u*, 0+; Yp) < W(u*, r; ¥y <
W(un, 0+; Xo) = A, and Yp is a regular point. So, W(u*, 0+;Yy) = Ay, and
W*, 0+; Yo) = W(*, r; Yy) = A, for every r < 1. Therefore, u* is self-similar in
Q| with respect to the point Yy = (yo, so). Now apply again Theorem 4.8 and Theorem 4.9
to find out u* is a half-space solution with respect to Yo, say u*(x, 1) = a((x* — y(1))+)" for
t < so. The uniqueness of solution of (1.1) (Lemma 7.1) yields that the equality holds for
t < 0.Notice that [u*(0, 0)| = Osince X; € I'(u). Therefore, y} = Oandu*(x, 1) = ar(x1)~,
which contradicts (4.13). O

5 Holder regularity of 8;u

Our way of approach, as mentioned in the introduction, is to use elliptic regularity theory
for the free boundary problems. This approach is based on using the epiperimetric inequality
for the elliptic systems as done in [1, 9]. The reduction of parabolic problem to the elliptic
case was successfully used in [12]. The idea is that near regular points of the free boundary,
where the blow-up regime is half-space, the time derivative of the solutions vanishes faster
than the order of scaling which is k = 2/(1 — ¢). This enables us to apply the epiperimetric
inequality.

Our strategy is to prove that d,u is subcaloric and vanishes continuously on the free
boundary (when ¢ = 0). So we can deduce the Holder regularity for it. This method needs a
modification for g > 0. We start by following lemma which is essential in the case g > 0.

5 The distance ranges between almost zero to infinity, depending on ;.
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Lemma 5.1 Let (xo, to) € I'* be a regular free boundary point of u. Then for every € > 0,
there exists ro > 0 such that

2
s in Qry(xo, fo). (GRY;

m

ZukVuk

k=1

lu?[Vul* < (1+¢)

Proof By contradiction consider the sequence (x;, ;) — (xo, fo) at which inequality (5.1)
does not hold. Let d; := sup{r : Q7 (x;,t;) C {|lu] > 0}} and (y;,s;) € 8I,Q;j (xj, ;)N
I"(u). According to the openness of regular points, see Proposition 4.10, we imply that (y;, s;)
are regular points of free boundary. Now, employing the growth estimates of solutions near
I'“, Theorem 3.3 (as well as Remark 3.4), and possibly passing to a subsequence, we may
assume that

u(djx + x;, djz.t +1))

g

=u(x, 1) > ug(x, 1),

and
((yj —xj)/dj, (sj — tj)/d_%) = (3j.5;) = (Jo,50) € 0,07 .

Therefore, inequality (5.1) can not be true for u; at point (0, 0). We will show that ug is a
half-space solution with respect to (o, Sp), i.e.

u(x, 1) = a((x — ¥o) - v)e, in R" x (o0, Sol, (5.2)

for some unite vectors v € R”, e € R™. By the uniqueness of forward problem, Lemma
7.1, the representation (5.2) is valid for t € (—o00,0] and uy must satisfy the equality
lug 2|V |? = |Zz1:1 ul(‘)Vu’(j |2. The contradiction proves the lemma.

In order to show that ug is a half-space solution, let ¢ > 0 be a small number, such that
Qo (x0, t9) NT consists only of regular points; see Proposition 4.10. For every r > 0 denote
by

w,(X) :=W(n, r; X).

Then w, is continuous, and has a pointwise limit, as » — 0. Since Q,(xo, fo) N I" consists
only of regular points, then
lim wy(x,1) = Ay, for (x,1) € Qp(xo,20) NT. (5.3)
r—0+
Furthermore, by monotonicity formula w;(x, t) + F(r) is a nondecreasing function in r,
hence by Dini’s monotone convergence theorem, the convergence in (5.3) is uniform. Thus

W(llo, r, )7(), 50) = 'lim W(llj?],r; 511', EJ) = _lim W(un,djr; YVjs Sj) = Aq,
J—>00 J—>00

for any r > 0. Hence ug is backward self-similar with respect to (¥, So). To finish the
argument, note that (y;, 5;) is a regular point of u; and consider the convergence u; — ug
in Q, . Then the interior of {ug = 0} is not empty and by Theorem 4.9 we infer that uyp must
be a half-space solution with respect to the point (o, 5p). O

Lemma5.2 Let
g(x, 1) := [dux, 1) [ulx, 1),

(i) If g =0, then g(x,t) = |d;u(x, N2isa subcaloric function in the set {|u| > 0}.
(ii) If0 < q < 1 and (xg, ty) € ' is a regular free boundary point. Then there exists 0 < rg
and 6 > 2 such that g° is a subcaloric function in the set {ju| > 0} N QO (x0, 1).
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Proof (i) By direct calculations;
m m m
Al =Y A@u*)? =2 gk Adut +2) Vo uk)?
k=1 k=1 k=1

and

m
lopul* =2 " dukoju.
k=1
Hence calculating and using the Cauchy-Schwarz inequality, we obtain

m m
H(jdu?) =2 g H@u*) +2) " [Vau*|?

k=1 k=1
- 2%3#3 ut +2i|vatuk|2
ar \ Ju|'—4
k=1 k=1
m ky2 kg yks™m g ul m
(3,u®) uo,u* Y " ul du
=2y ( |u’|1_q —(1-¢q) Iulé—q +2)  |Vout P
k=1 k=1
2 m
= up (luPu)* — (1 = g)(u- dw)?) +2> " |Vouk? > 0.

k=1
(ii) Since H(g%) = 0g?2(gHg + (6 — 1)|Vg|?), it is enough to show that
gHg+ 6 — |Vg> > 0. (5.4)

Note that this relation is valid for & > 2 in {|u| > 0} regardless of whether d;u vanishes or
not. We can write

Hg = [u|7H(|3,ul*) + |d,ul*H(Ju|~27) + 2V (|d,ul*) - V(lu| ).

From part (i), we know that

H(|du*) =

m
(luP19ruf> = (1 = g)(u- dw)?) + 2y " [Vout P,

3—¢q
|u] P

and by a direct calculation we obtain,

2
m
H(ju|20) = ~2q[u~0~" — 2|07 Vul® + 4g (1 + g)lu| 747} utvut
k=1
Then
1 3 4y
&Hg =(1 = @)l =7 (jul|duf? — (- 3,w)?) — g|duf ju) 47| Val?
m 2
+ 10,0~ | Vaul* + 2g(1 + @)du*lu] = Y " ukvut
k=1
m m
— 4q|d,u)?u| %2 (Z atukva,uk> . (Z ukVuk) .
k=1 k=1
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According to Lemma 5.1, we can assume that
2

m
Z uFvuk

k=1

lu?|Vu> < (1 +e)

)

in a neighborhood of (xg, 7o) for some € > 0 which is determined later. Therefore, in order
to prove (5.4) in this neighborhood we have

%gHg >[u| ™ > " aufVout| +qQq+1—e)dult > ub v
k=1 k=1
m m
— 4q|d,u)*lu| %2 (Z a,u"va,uk) : (Z ukVuk>
k=1 k=1
m m 2
>—20—1)|ju~ (Z a,ukvatuk> —glo,u*ju|~%2 (Z ukVuk>
k=1 k=1
Lo - nvep
= 2( IVl
where the last inequality holds when 20q¢ < (26 — 1)(1 — €). We can choose suitable € > 0
provided 26 > ﬁ o

Now we prove that the time derivative vanishes continuously on the regular part of the
free boundary.

Lemma 5.3 Let g be the function defined in Lemma 5.2 and suppose (xg, to) € I'“ is a regular
free boundary point, then
lim gx, 1) =0.
(x,1)=>(x0,10)

Proof Let (x;,t;) — (xo, fp) be a maximizing sequence in the sense that

lim g(xj,t;) = limsup g(x,t) := m* > 0.
URSs (x,1)=> (x0,70)

Letd; :=sup{r : O, (xj,t;) C {|lu] > 0}} and (y;, s;) € apQ;j (xj, t;) NI'. Following the
same lines of proof as that of Lemma 5.1, we may assume

u(djx +xj,dt + 1))
7
((yj — x))/dj. (sj — 1))/d3) = (3}, 5)) — (5o. %) € 0,07,

= (x, 1) = up(x, 1),

and
ug(x, 1) = a((x — Jo) - v)ie, inR" x (—o0,0]. (5.5)

Since Q| C {lu;| > 0}, then Q| C {lug| > 0}, and the convergence is uniform in Q; .
Hence

18,0 (0, 0)] [ug(0, 0)[ ™7 = lim |9;u;(0, 0)] Ju; (0, 0)[™7
j—00

= lim [du(xj, 1j)] [u(x;, 1;)|77 =m,
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and for all (x, 1) € Q7
3o (x, O] [ao(x, ™7 = lim [dyu; (x, )] uj(x, )74
J—> 00

= lim |du(d;x + x;.d}t + t))| [u(djx + xj. djt + )| 77 < m.
J—> 00

Since |d;u|? is subcaloric for ¢ = 0 or g? for ¢ > 0 (Lemma 5.2), we can apply the
maximum principle to arrive at |d;ug(x, )| = m|ug(x, 1)|7 in the connected component of
Q| , containing the origin, which contradicts (5.5). O

Now using a standard iterative argument one can prove the Holder regularity of the time
derivative.

Lemma 5.4 Let g be the function defined in Lemma 5.2 and suppose (xo, ty) € I is a regular
free boundary point. Then g is a Holder continuous function in a neighbourhood of (xo, tp).

Proof Lemma 5.2 and Lemma 5.3 together imply that g (or g? for 0 < ¢ < 1) is a continuous
subcaloric function in a neighbourhood of regular points (we extend g to zero in {u = 0}).
Since the coincidence set {u = 0} close to regular points are uniformly large, we may invoke
Lemma A4 in [2], which states thatif » < M in Q1 := By x (0, 1) is a continuous subcaloric

function and
|01 N{h < M/2}|

> A >0,
101
then there exists 0 < y = y(A) < 1 such that
h(,1) < yM.

Since g is continuous subcaloric, we obtain that

sup g(x, 1) < ysupg(x,t).
Qr/2 Qr

Fix (x,t) € Qyy/2(x0, to), then there exists k > 1 such that 27k=lpy < |x| < 2 %rp, and

ny

1
« 1 [Ix]\ ™2
g,y <y sup g(x,1) <y supg(x,1) < —| — sup g(x, 7).
QZ_"‘HrU Qro Y ro QrO
Hence the function g is Holder continuous with the exponent § = — 21? L. O

Corollary 5.5 Let u be a solution to (1.1) and suppose that (xo, to) € T*(u) is a regular
point, then there exists constants C, 0 < rop < 1 and 0 < B < 1 such that

sup |dul < Cr<T B VO <1 <.
0 (x0,0)
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6 Regularity of the free boundary

We consider the following local (fixed time) version of balanced energy;

Wy, (u, r, x0) == ————— |Vu(x, t0)|* + 2 lu(x, 10)| " Tdx
n\W, 'y A0) .= rn+2K—2 s 10 1+q s 10
By (x0)
K _
— m |u(x,t0)|2d'H" l.

9By (x0)

Proposition 6.1 Let (xq, to) € ['“ be a regular free boundary point, then there exist constants
C >0and0 < B < 1, such that

rn

d
WIU (us 2, XO) - Wto(u» I, XO) - 2fr / ‘71-1}”,10

2
o dH" 'dr| < C|r£3 — r{3|.

1 3B1(0)

Proof Let us denote by u, ;, 1= “2H200) thep

Wiy (u, 7, x0) = / |Vur,,(,|2+1 +q|ur,t0|1+‘1dx—k< / [P dH" L
B1(0) 9aB1(0)

Hence

d u, d
Wi (u, r, x0) =2 / Vu, ,V—u, , + li’m—ur,,odx

dr dr w112 dr
B1(0)
— 2K / || P iur 1 dHn_]
10 dr 510
9B1(0)
d d : n—1
=2 —adu(rx + xo, to);umodx +2r Eur,,o dH"".
B1(0) 3B (0)
6.1)
Letting r, > r; > 0 and integrating (6.1) in the interval (ry, r2), we obtain
rn d 2
WIO (us ra, XO) - WI() (ua ry, XO)—z / r / ‘?ur,to d'H”fldr
r
71 9B1(0)
2
d
<2 |0;u(rx + xo, to)| d—u,.7t0 dxdr
r
r1 B1(0)
r 8
f
EC/ / [0,u(rx + xo 0)|dxdr
r
1 Bi(0)
n
C
<C /r’gfldr = —l(rg — rf).
ﬂ O
r
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The following epiperimetric inequality from [1] and [9] will be used to treat the parabolic
system.

Theorem 6.2 (Epiperimetric inequality) There exists ¢ € (0,1) and 8§ > 0 such that if
¢ = c(x) is a backward self-similar function of degree k satisfying

[le — h||W1,2(Bl,]Rm) + lle = h|| g, Ry < &8, for some h € H,
then there exists v.€ WY2(By; R™) such that v = ¢ on 3B and
M(v) — M) < (1 —¢)(M(c)— M(h)),

where 5
M) = /(|Vv|2+—|v|‘+4)dx—x / Iv2dH" .
144
B dBy

Proposition 6.3 (Energy decay, uniqueness of blow-up limits) Let (xg, to) € I be a regular
point, and ugy be any blow-up of u at (xo, ty). Suppose that the epiperimetric inequality holds
with 0 < ¢ < 1 for each

K

¢ (x, o) := |x|“uy g (x/|x], t0) = ——u(xo + rx/|x|, to)

rK'
and for all r < ry. Then there exists C > 0 and 0 < y < 1 such that

|Wi, (u, 7, x0) — Wiy (w, 0+, x0)| < Cr?, for small r > 0, (6.2)

and
u(rx + xo, to)

K w(x)| dH"! < crY/?, (6.3)
p

/

9B1(0)

therefore uy is the unique blow-up limit of a at the point (xo, to).

@ Springer



Regularity of the free boundary for a parabolic cooperative system Page310f38 124

Proof Let e(r) := Wy, (u, r, xo) — Ws,(u, 0+, xo), then

n—+2x—2
e(r) = T a1 / [Vu(x, f0)|2 + 1+g [u(x, f0)|l+qu
By (x0)
k(n+2k—1) _
T lutx, fo)PdH" !
9By (x0)
1 2 -1
Tz / [Vu(x, 1)~ + 2[u(x, to)|dH"
9By (x0)
Kk -1
— m 2 / (Vu(x, ZQ) . \)) . u(x, [O)dHn
9By (x0)
n—1
+ lux, 10)|2dH" !
9By (x0)
n—+2k—2

= f (e(r) + Wto (u7 0+7 XO))

1
+- f |V, (x, 10)|* + lu, (x, )| T7dH" !
aB1(x0)

2K 1
- — (Vu,(x, 10) - v) - u,(x, to)dH
,

9B (x0)
-2

SO e pane !
.

dB1(x0)

n+2k—2

>
r

14+g¢

(e(r) + Wy (u, 0+))

1 2
+ - / (|v9ur|2 + " — (k(n —2) +x2>|ur|2) dH"!
r 144
9aB1(0)

= P22 ) 4 Wy, 04))
:

1 2

+ - / (|v9cr|2 + e[ — (k(n - 2) + K2)|cr|2> dH"!

r 1+4¢
9aB1(0)

+ 2k —2
= % (M(cr) —e(r) — W,O(u, 0+, xo))
. n+2k—2 (M(V) - I;V,O(u, 0+, x0) —e(r)) ,
—¢

r

where we employed the epiperimetric inequality in the last step. Now let us observe that u, 4,
minimises the following energy

2
J(V) = / |Vv|> + rm'*qu +2r27K / V- du(xg + rx, to)dx,
q
B1(0) B1(0)
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where v = u, 4, on dB1(0). Hence

2
M) =f IVV[* + ——v|"dx — / Iv[2dH"!
1+4¢
B dB
=J(v) —2r*7¢ / v du(xo + rx, to)dx — Kk / [, |2 dH" !

B 0By

>Mu, ) + 2p2K /(ur,,U — V) - ou(xg +rx, tg)dx.

By
Now we may conclude that

n+2k—2

)z i (M) = Wi, 0+, x0) +2r° 7"

X /(ur,to —V) - dru(xp + rx, to)dx

B
_ (n+ 2k —2)e(r) . (n+ 2k —2)e(r) _ (n+ 2k —2)e(r)
r a r(l —eg) r
ZMH”‘ /(ur’,o — V) - 0u(xg + rx, to)dx
(I—¢)
B
- e(n+ 2k —2)e(r) _ Crﬁ_l,
r(l —e)

by Corollary 5.5. It follows from (6) that

d _ e t2x=2) f—] - 22)
_ (e(r)r T—¢ ) > —Cr l—e |
dr

Integrating the last inequality from r to 1, we obtain

_ e(n+2c—2) C _ e(n+2c—2)
e() — ey T 2 - (1-r25),
/3 1—¢

and therefore

e(n42k—2) C e(n42k—2)
e(r)fe(l)r 1-¢ —W(V I—¢ —rﬂ)SCory,

l1—e

e(n+2k—2)
1—¢
proof of (6.2) is now complete, and we proceed to the proof of (6.3).

where y := min (,8, ), and Cop > 0 depends only on the given parameters. The
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Let27! < <27t <27F <y < 27%+1 where k, [ € N. It is easy to see that

r
u(xg + rix, t u(xg + rox, _ d _
/ (xo Kl 0)  ulxp Kz 0) aH! < / /‘711”0 drd 1"
r| rh dr
9B (0) 3dB1(0) 11
9—J+l
<Z / / ‘ u, g, drdH"!
I=aB10) 2-i
1
X 2—j+l J 5 2
—1
SC"Z / /r Eur’"’ drdH"

7= \oBi0) 2-i

By Proposition 6.1 and relation (6.2), we can estimate

2 J+1
/ / ur 1o drdH” I < C(2( J+hy _ o= /y) <2V,
0B1(0) 2-J
Hence X
u(xo +rix,fo)  u(xo + r2x, fo) o i
- — o dn"' < C Zz
B1(0) =
—yl)2 —y(k+1)/2
_ 2—vl/2 _ g—yk+1)/ - C (y/Z V/2)
1—2-v/2 — /2 _
and (6.3) follows. ]

The following theorem has been proved as Theorem 4.7 in [9] (for ¢ > 0) and Theorem
41in [1] (for g = 0).

Theorem 6.4 Let Cj, be a compact set of points xo € l";; with the following property: at least
one blow-up limit wg of u(rx + xo, ty) /r* is a half-space solution, say ug(x) = o max(x -
v(xo, t0), 0)“e(xo, to) for some v(xg,t9) € dB; C R" and e(xg,ty) € 0B C R™. Then
there exist ro and C < oo such that

/

JdB

u(rx + xo, to)

- — amax(x - v(xg, 1), 0) e(xo, to)| dH"~! < Cr?/?,
"

for every xog € Cj, and every r < ry.

Theorem 6.5 In a neighbourhood of regular points the free boundary is C'* in space and
C%1/2 in time.

Proof First, consider the normal vectors v(xg, ty) and e(xg, fp) defined in Theorem 6.4, we
show that (xg, t9) — v(xo, fo) and (xg, 7o) +> e(xo, tp) are Holder continuous with exponent
p= vl

Therefore, it follows that for each time section the free boundary is C LB provided the
free boundary point is a regular point. This in turn implies that the free boundary is a graph
in the time direction, close to such points. To see that the free boundary is half-Lipschitz in
time, we may perform a blow-up at free boundaries, along with a contradiction argument.
This is standard and left to the reader. m]
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7 Appendix

Lemma 7.1 (Uniqueness of forward problem) Let u and v be global solutions of (1.1) in
R" x (=00, tg] which have polynomial growth. If u(-,s) = v(-, s) for some s < to, then
u(-, 1) =v(, t) foralls <t <.

Proof Multiply H(u — v) = f(u) — f(v) by (u — v)G and integrate

0= [ [rw-son-@-veaxar=- [ [[Catu-vi+1va-vp

s Rn s Rn
X
+ (V(u —v). E> C(u— v)]dedt.

Letw :=u — v, then

/lw(x DI2G(x, T)dx <// \w|28,G — [le| +(VW 2—) ~w] Gdxdt

N Rn
|x| + 2nt ) P X
w|© — |Vw|” + |VWw]| |27| lw| | Gdxdt
s Re
T
<// L \wikGdxdr =: ¢(7)
- —4¢ o ’
s Rn
Therefore, —zn—f¢>/(t) < ¢(7) and so % [(—0)"?¢(r)] < Ofors < T < 0. From ¢(s) =0,
we conclude that ¢ () = 0. O

Lemma 7.2 Let h be a caloric function in R" x (—4,0]. Then for s <t < 0 we have the
Sfollowing estimate

[ Vs '\
e |h(x, ) < (H> /|h(y,s>|2G(y,s)dy.
Rl’l

Proof By the representation of the caloric function, we have

hix,t) = /h(y, $)G(x —y,s —t)dy.
]Rll
Then

(G(x —y,s —1)*
G(y,s)

e, D < / Ih(y, )Gy, )dy dy (7.1)

On the other hand, we can write

(Gl = y.5 — 1) _( s )"/2 I I
G(y,s) T \dr(t —s)2 cxp 2(t —s) 4s

<( s )"/Zex kP xey ol
“\an -2 P\720 =9 T 1=s  asti—9)
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_ —s "/2ex R Ix|2 (L s [y[2
~\dr(t —s5)2 P 2 t—s 4e 4s Jt—s )"
S

For every € > o we obtain that

o ((;_E) |x|2) GG =y, s =07
P2 P GGy s) Y
Rn
_ n/2 2
(o) [or((G-0)i)s
a(t —s) 4de 4s t—s
Rn
n/2
. —s
_<<r—s>(ftf—i)) '

so by (7.1) the proof will be done. O

3s—t

Now let € = T

Lemma 7.3 Assume that w € L*(Qy) has polynomial growth and t < 0 fixed, then

2
/ Iw(x, t)|2|f—|tc(x, Ndx < 4/ (nlw(x, 0)]* — 41|Vw(x, 1)[*) G(x, )dx.
]Rn

n

Proof Using the relation VG (x, t) = %G(x, t) to obtain

2
/|w(x,t)|2%G(x,t)dx = —2/ w2 (x - VG)dx = 2/div(|w|2x)de

Rﬂ RH er
:2n/ |w|2de+4/w- (Vw - x)Gdx
R" R)I
2 2 Jx|?
<2n | |W[*Gdx + [ |w]| Ede
Rn R’l
+ /(—8t)|Vw|2de.
Rn
Now we can easily prove the lemma. O

Lemma 7.4 Letu be afunction defined in R" x [—R, 0) (for some a, R > 0) with polynomial
growth, and p be a k-backward self-similar caloric vector-function. Then for —R < t| <
<0

123 5]
i 2
// <|V(p —wl?+ %) Gdxdt = // (|Vu|2 + %) Gdxdi.

n R? 1 R

Proof Since VG (x,t) = 5-G(x, ), we have

vG
(Vu:Vv)G =Vu:V(kvG) - (Vu-x)- LT
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Obviously, |V(p —w)|?> = |Vu|?> — 2Vp : Vu + |Vp|?, hence
5]

2
(|V<p WP+ '7t') Gdxd

//(w 2 +L) Gaxdr

1 R

1 Rr

f
+ / / Vp : (Vp —2Vu)Gdxdt

1 R®
5]
-(p—2
+//KMded[
2t
tl Rll
n
2
://<|Vu|2+K|u| )dedt
2t
1 Rn
Kp
//(Ap-l——x VP_Z) (p —2u)Gdxdt
1 R
= [ (o + 22 s
1 R

where we used integration by parts and that
Kp 1

1 Kp 1
Ap+—x-Vp—"P _op+—x-vp—SP__1p=0
PH o VP— o SUpH o VP = o =5 0P O

The following lemma is an extension of Lemma 1.1 in [3] to the parabolic case.
Lemma 7.5 Consider B > 0 to be noninteger, and let u(x, t) be a function satisfying
|Hw)(X)| < CIX P
Then there is a caloric polynomial P of degree at most | 8] + 2 such that
lu = Pllpoig-y < CCarP™2, forr e (0, 1),
where constant C depends only on n, B and ||””L°°(Q()'

Proof We can assume that ”””LOC(Qf) < 1 and Cyx < &, where § is small enough and

will be determined later. (Replace u by u(R~'x, R=%¢) for a large fixed constant R to find
|H (u)| < 8|X|P) The proof of lemma is based on the following claim.
Claim: There exists 0 < p < 1 and a sequence of caloric polynomials Py such that

”14 — Pk”LOO(Q*k) = Pk(ﬂ+2),
P
and

1019f (P = P—1)(0,0)| < Cop*~DEH2=ILIZ20 g 1) 420 < B+ 2.
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A straight forward implication of this claim is that the sequence { P} converges uniformly
in Q1 to a polynomial P of degree at most | 8] + 2 which clearly satisfies

ee}

I = Pl <= Pellqs + ;lnpi = Ptz o
i=k+

o0

B L3 3T gl DBkl 20 gl 20
i=k+1 || +26<p+2

<FB L ST oD < ¢, 5 CopH B,
|l+2e<p+2

Therefore, the lemma will be proved for C := %C,,, sCo p~B+D,
Now we prove the claim. It is obviously true for k = O (just take Pp = P_; = 0). We
now assume that it holds for k and we prove it for k + 1. Define

u(p*x, p?*1) — Pe(pkx, p* 1)

v(X) =
PRCE)

Then by inductive hypothesis [v| < 1in Q7 . In addition,

Hu)(pkx, pr1)

H ()| = e

=Cy =4,

If we apply Lemma 6.1 in [7], there exist § = §(e) and function w satisfying
lv—w| <€ in Ql_/z,
and
H(w) =0in Q17/2’
w="v on ale_/z-
Now consider a polynomial P of degree at most |B] + 2 such that 3} Bfﬁ(O, 0) =
Bﬁafw(O, 0) for |u| + ¢ < B + 2. Since ||w||L°°(Q]_/2) < ”U”LOO(QI‘) < 1, by estimates

on derivatives for caloric functions |3} 8fﬁ(0, 0)| < Cy for a universal constant Cy. Obvi-
ously, P is caloric and

”w - ﬁ”Loc(Q;) < COPLBJ+3.

In particular, if we choose p sufficiently small so that Cy plPIH3 < %pﬁ“ and then choose
€ such that € < %p‘g“, we arrive at

lv— P”LOO(Q;) =< P'B+27
or equivalently

lu — Py ”L"O(Q}H) < p(k+1)(ﬂ+2)7 Pii1(X) := Pe(X) _|_pk(ﬂ+2)13(pka, pfzkt).
p

We also have

10295 (Prs1 — PO)(0,0)] < pFBF2IHI=0 150058 (0, 0)| < CopkPF2=111=0), o

@ Springer



124  Page 38 0f 38 G. Aleksanyan et al.

Acknowledgements H. Shahgholian was partially supported by Swedish Research Council. G. Aleksanyan
thanks KTH for visiting appointment. M. Fotouhi was supported by Iran National Science Foundation (INSF)
under project No. 99031733.

Funding Open access funding provided by Royal Institute of Technology.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Andersson, J., Shahgholian, H., Uraltseva, N., Weiss, G.S.: Equilibrium points of a singular cooperative
system with free boundary. Adv. Math. 280, 743-771 (2015)
2. Caffarelli, L.A.: The regularity of free boundaries in higher dimensions. Acta Math. 139(3—4), 155-184
(1977)
3. Caffarelli, L.A., Friedman, A.: Partial regularity of the zero-set of solutions of linear and superlinear
elliptic equations. J. Differ. Equ. 60(3), 420—433 (1985)
4. Caffarelli, L.A., Petrosyan, A., Shahgholian, H.: Regularity of a free boundary in parabolic potential
theory. J. Amer. Math. Soc. 17(4), 827-869 (2004)
5. Caffarelli, L.A., Shahgholian, H., Yeressian, K.: A minimization problem with free boundary related to
a cooperative system. Duke Math. J. 167, 1825-1882 (2018)
6. Danielli, D., Garofalo, N., Petrosyan, A., To, T.: Optimal Regularity and the Free Boundaryin the Parabolic
Signorini Problem. volume 249. American Mathematical Society, (2017)
7. Figalli, A., Shahgholian, H.: A general class of free boundary problems for fully nonlinear parabolic
equations. Annali di Matematica 194(4), 1123-1134 (2015)
8. Fotouhi, M., Shahgholian, H.: A semilinear pde with free boundary. Nonlinear Anal. 151, 145-163 (2017)
9. Fotouhi, M., Shahgholian, H., Weiss, G.S.: A free boundary problem for an elliptic system. J. Differ. Equ.
284, 126-155 (2021)
10. Soave, N., Terracini, S.: The nodal set of solutions to some elliptic problems: sublinear equations, and
unstable two-phase membrane problem. Adv. Math. 334, 243-299 (2018)
11. Weiss, G.S.: Self-similar blow-up and hausdorff dimension estimates for a class of parabolic free boundary
problems. SIAM J. Math. Anal. 30(3), 623-644 (1999)
12. Weiss, G.S.: The free boundary of a thermal wave in a strongly absorbing medium. J. Differ. Equ. 160(2),
357-388 (2000)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

