Neural Computing and Applications (2022) 34:1099-1121
https://doi.org/10.1007/500521-021-06414-8

ORIGINAL ARTICLE q

Check for
updates

An algorithm to compute the strength of competing interactions
in the Bering Sea based on pythagorean fuzzy hypergraphs

Hafiza Saba Nawaz' - Muhammad Akram’ - José Carlos R. Alcantud?

Received: 24 March 2021/ Accepted: 17 August 2021/ Published online: 31 August 2021
© The Author(s) 2021

Abstract

The networks of various problems have competing constituents, and there is a concern to compute the strength of
competition among these entities. Competition hypergraphs capture all groups of predators that are competing in a
community through their hyperedges. This paper reintroduces competition hypergraphs in the context of Pythagorean fuzzy
set theory, thereby producing Pythagorean fuzzy competition hypergraphs. The data of real-world ecological systems
posses uncertainty, and the proposed hypergraphs can efficiently deal with such information to model wide range of
competing interactions. We suggest several extensions of Pythagorean fuzzy competition hypergraphs, including Pytha-
gorean fuzzy economic competition hypergraphs, Pythagorean fuzzy row as well as column hypergraphs, Pythagorean
fuzzy k-competition hypergraphs, m-step Pythagorean fuzzy competition hypergraphs and Pythagorean fuzzy neighbor-
hood hypergraphs. The proposed graphical structures are good tools to measure the strength of direct and indirect
competing and non-competing interactions. Their aptness is illustrated through examples, and results support their intrinsic
interest. We propose algorithms that help to compose some of the presented graphical structures. We consider predator-
prey interactions among organisms of the Bering Sea as an application: Pythagorean fuzzy competition hypergraphs
encapsulate the competing relationships among its inhabitants. Specifically, the algorithm which constructs the Pytha-
gorean fuzzy competition hypergraphs can also compute the strength of competing and non-competing relations of this
scenario.

Keywords Pythagorean fuzzy sets - Hypergraphs - Predator-prey interactions - Algorithm

1 Introduction

Graph theory gradually emerged as an autonomous subject
after the publication of Euler’s work on the problem of the
Seven Bridges of Knigsberg in 1736. This subject has
turned out to be an efficient tool for the interpretation of
combinatorial problems of various areas like algebra,
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topology, geometry and operations research. Later on,
combinatorics of graph theory was generalized to hyper-
graph theory where a hypergraph H on a non-empty set
U is a family of subsets of U. Each member of this family
is called hyperedge which connects multiple vertices
(rather than only two vertices as in case of graphs). These
discrete mathematical structures were broadly analyzed by
Berge [8, 9]. Hypergraph theory can be successfully
implemented to find the solutions of location problems,
scheduling problems, as well as integer optimization
problems. Therefore it has noteworthy applications in the
fields of transportation engineering, computer science,
database theory, etc.

Particularly interesting are the competition graphs pre-
sented by Cohen [14]. They are very effective to represent
the competition occurring in the networks of predator-prey
relationships, economic market structures, politics, cell
metabolism and in various forms of ecosystems. Cohen put
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forth this idea while studying an ecological food web as an
acyclic digraph such that two species 1; and u, compete
for an organism u if 1 is a common prey of both u; and u,
(that is, if the digraph contains the arcs (11, u) and (115, 11)).
Various forms of competition graphs introduced afterwards
include open neighborhood graphs [1, 10], competition
common-enemy graph (or double competition graph) [25],
niche graphs [12], tolerance competition graphs [11], p-
competition graphs [22] and m-step competition graphs
[13]. All these forms are effective to encapsulate the visual
representation of different types of competitions taking
place in various fields.

Competition graphs were generalized to competition
hypergraphs by Sonntag and Teichert [41] who declared
that the latter provide clear description of competition
taking place in ecological interactions, an improvement as
compared to the former. In terms of predator-prey narra-
tive, an edge in competition hypergraph captures all those
species competing for a specific prey, while that of a
competition graph merely demonstrates that the connected
species have certain common prey. Many subclasses of
competition hypergraphs have also been explored. These
include the open neighborhood hypergraph [20], double
competition hypergraphs [35], niche hypergraphs [17] and
competition cluster hypergraphs [38]. Some properties of
competition hypergraphs are discussed in [42, 43].

But crisp models are not always adequate to describe
real interactions. The presence of fuzziness in linguistic
communication cannot be denied. Zadeh [47] was the
pioneer of fuzzy set (FS) theory that handles the uncer-
tainty of actual-world problems. A FS assigns truth-mem-
bership grade from the unit closed interval to each of its
elements, that describe the degrees to which its members
partake in. In order to improve its representation ability,
Atanassov [7] put forward a non-standard FS, the intu-
itionistic fuzzy set (IFS), that incorporates an independent
falsity-membership grade to illustrate the extent to which
the elements do not contribute to that set; a natural
restriction is presumed, namely, that for each element, the
sum of its truth-membership and falsity-membership values
should be at most one. Yager [46] introduced the Pytha-
gorean fuzzy set (PFS) that allows the Pythagorean mem-
bership values thus providing more flexibility in the
assignment of membership and non-membership values as
compared to IFS. It permits all those membership and non-
membership values for which the addition of their squares
never exceeds one. Different authors described applications
of IFSs and PFSs in decision-making [3, 6, 15, 26]. For
further  studies, the readers are referred to
[5, 16, 23, 29, 32].
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The concept of graph was soon studied in FS theory and
related extensions. The notion of fuzzy graph was intro-
duced by Kaufmann [21], and its operations were deter-
mined by Moderson and Nair [28]. Paravathi and
Karunambigai [33] developed the intuitionistic fuzzy gen-
eralizations of various notions of fuzzy graphs and revealed
that the proposed graphs have applications in network
analysis. Naz et al. [31] presented a more generalized
model of Pythagorean fuzzy graphs (PFGs) together with
properties and several applications to decision-making
problems. Goetschel [18] found that any finite collection of
fuzzy subsets over a finite crisp set gives rise to the notion
of fuzzy hypergraphs, and he applied this technique on
Hebbian structures. Similarly, Paravathi et al. [34] pre-
sented intuitionistic as well as dual intuitionistic fuzzy
hypergraphs. Akram and Dudek [2] also discussed intu-
itionistic fuzzy hypergraphs and implemented these struc-
tures on scheduling and telecommunication problems.
Lugman et al. [24] put forth g-rung orthopair fuzzy
hypergraphs with some applications to decision-making.
The proposed hypergraphs correspond to Pythagorean
fuzzy hypergraphs (PFHs) for ¢ = 2. Akram and Lug-
man [4] deeply discussed the fuzzy hypergraphs and its
distinct variations.

Likewise, the idea of competition graphs was also
extended to represent notions from several theories of
uncertain knowledge. Fuzzy competition graphs were
defined by Samanta and Pal [39], which not only describe
the competing entities of a system, but also compute the
strength of competition. Samanta et al. [37] investigated m-
step fuzzy competition graphs. Similarly, intuitionistic
fuzzy competition graphs [36], g-rung orthopair fuzzy
competition graphs [19] and fuzzy soft competition graphs
[30] are also found in literature. Fuzzy competition
hypergraphs with several applications were presented by
Sarwar et al. [40].

Given these antecedents, the motivation behind this
article is as follows:

1. PFHs can effectively deliver visual representation of
multinary relations, in such way that one can study the
strength of these connections with the help of
Pythagorean membership grades. For that reason,
representing competing interactions in the framework
of PFHs is a constructive exercise.

2. The introduction of Pythagorean fuzzy competition
hypergraphs (PFCH) has potential advantages over
existing models, as it inherits the properties of both
PFS and competition hypergraphs.
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3. The reason why different forms of PFCHs are useful is
that it is always interesting to find competition at
distinct levels and steps. At a practical level, the
relationship of species with their neighbors is also
helpful in the study of different ecological systems.

Bearing in mind these evidences, this research contributes
to the specialized literature with the following
achievements.

1. It defines and illustrates PFCHs, Pythagorean fuzzy
economic competition hypergraphs (PFECHs), Pytha-
gorean fuzzy row hypergraph (PFR,H), Pythagorean
fuzzy column hypergraph (PFC;H), m-step Pythagor-
ean fuzzy hypergraphs (PFC,,Hs) and Pythagorean
fuzzy neighborhood hypergraphs of both open and
closed types.

2. This study also presents various results regarding the
strength of competition at different levels and steps.

3. It provides some algorithms which help in the under-
standing of related concepts.

4. It considers an interesting ecosystem of the Bering Sea
and describes the competition among its organisms
with the help of PFCH. Further, it computes both the
competing and non-competing strengths of predators
corresponding to each prey.

This article has many new features that make it excel over
the existing literature. Primarily, competition is the focal
point of this work and it is discussed in the background of
PFHs. PFHs have been studied extensively for the solution
of problems in discrete mathematics and decision-making.
The suggested PFCHs are better suited for representing real
data as the ecological networks of different biological
communities are also assembled in terms of directed
graphs. Likewise, PFCHs are constructed using PFDs and
not from PF directed hypergraphs. In addition to this,
competition hypergraphs [41] are able to exhibit who eats
whom, but they do not convey any information about how
much the predators of a community compete for an
organism. However, the consumers of an ecosystem do not
crave alike for their preys. This imprecision and uncer-
tainty is fully demonstrated by PFCHs.

This article is organized as follows. In the next section,
we give some preliminary concepts which will be used in
the following parts. Section 3 includes the concepts of
PFR,,H, PFC;H, PFCH and PFECH. In Sect. 4, we intro-
duce the concept of PFC,,H which helps to compute the
strength of preys in indirect competitions of various eco-
logical systems. Then in Sect. 5, the ideas of Pythagorean
fuzzy neighborhood graphs of both open and closed types
are presented. An application representing the predator-

prey relationship is considered in Sect. 6 to present the
pertinence of PFCHs. The Bering Sea is well known due to
the diversity of its bionetwork as it contains numerous
species of mammals and fish. This characteristic of Bering
Sea urged us to study mutual competition among its
organisms with the proposed model of PFCHs. Section 7
provides the comparative analysis, and the last section
summarizes the main findings of the paper.

2 Preliminaries

Throughout the paper, U denotes a universal set. In addi-
tion, unless otherwise stated, all Pythagorean fuzzy
digraphs (PFDs) and PFHs considered may have isolated
vertices but they are void of loops as well as multiple arcs
and hyperedges, respectively.

Definition 1 [46] A PFS o over the universal set U is
defined as an object o = (ty,{,) : U — [0, 1] x [0, 1] such
that the characteristic functions t,: U — [0,1] and f, :
U — [0,1] represent the truth-membership and falsity-
membership functions, respectively, and for each u; € U,

0<t(w) +f2(;)<1 holds. Moreover, 1i,(1;) =

\/ 1 — (2(w;) + f2(w;)) is the PF index or indeterminacy

value of the element u; to the set o.

Next we define some notions that help to lay the foun-
dations of PFSs:

Definition 2 [19] The height h(c) of a PFS o is defined as
h(a) = (hy(a), hi()), where hi(or) = maxyecy ty(1;) and
hi(o) = minyep f, (1))
Definition 3 [19] The cardinality C(o) of a PES o is
defined as C(x) = (|aly, [af;), where |afy =) (1)
and [of; = Zu,-eU i, ().

Definition 4 [19] The support Supp(x) of a PFS « is
defined as  Supp(o) = (Suppi(o) U Suppi(a)),  where
Suppi(o) = {w; € U | t,(n;) > 0} and Supp;(a) = {w; € U
[,(0) <1},

We can now introduce Pythagorean fuzzy digraphs (and
related concepts) as follows:

Definition 5 [31] A PFD (_}) on universe U is a pair
G = (a,?), where o = (1,,f,) is a PFS over U with
0<£(w) +f2(1;) < 1 for all w; € U and ? = (t?, 1?) is

@ Springer



1102

Neural Computing and Applications (2022) 34:1099-1121

a PF relation (not such that

Yuw € U X U,

t? (u,-uj) < min{ta(ui>> ti(uj)};

symmetric) over o

fz’(uiuj) < max{f, (), f, ()},
with 0 < t%(u,-uj) + f%(u,u,-) < 1. Note that « is the PFS

of vertices and ? is a PFS of directed edges for the PFD

G = (o, ?) Also, in PFD, generally u;1; # uju;.

Definition 6 [19] A PF out-neighborhood N*(u;) of a
)

— —
vertex u; of a PFD G = («, ¢) is defined as N*(u;) =

{(w;, (f?(uiuj%f?(uiuj)» | t—(uay) > Oor f?(u,-uj)
S c

> 0}.

Definition 7 [19] A PF in-neighborhood N~ (i;) of a

vertex 1; of a PFD G = 2 ?) is defined as N~ (u;) =
{(w;, (t?(u]u,) T?(HJ i) It?(u]uz) > OOrT?
(uju;) > 0}

Pythagorean fuzzy graphs are defined in the following
terms:

Definition 8 [31] A PFG G on universe U is a pair
G = (&), where o= (1,,f,) is a PFS over U with
0<t2(w;) + F2(w;) <1 for all w; € U and & = (t¢, ;) is a
PF symmetric relation over o such that V(uay) € U x U,
tz(uay) < min{t, (1), t, () };

ff(uiuj> < max{fo:(ui)a foz(uj)}7

with 0 < té(u,-uj) + fé(u,-uj) < 1. Note that o is the PFS of
vertices and ¢ is a PFS of edges for the PFG G = (g, &).
Definition 9 A PF open neighborhood N (11;) of a vertex u;
of PFG G=(o,&) is defined as N(w)=
{(w, (te(uany), Te (i) | te(uay) > Oor i (uay) > 0}

Definition 10 A PF closed neighborhood N|u;] of a vertex
u; of PFG = (o, &) is defined as

Nw] = N(w) U {(u;, (1, (w), 7, (1)) }-
[19] The underlying PFG L{(g) of a PFD G

. —
over U has the same PFS of vertices as that of G, and there
exists a PF edge between u;,1; € U if

Definition 11
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t?(u,-u,) A t?(u_/ui), if t—(uy) >0, t—>(u/u,) >0,
¢

t:(uay) = t?(u ), if tf; — () >0 t—»(ujul) #0,
t?(uj 1), if tf — (1) #0, t—»(uj ;) >0,

and
f?(u,vuj) Y ‘f?(uju;)7 if I?(u i) >0, T—>(u,u ) >0,
fe(uay) = f?(uiuj), if f?(u ) >0, fﬂ(uju )#0,
f?(uju,-), if f?(u ) #0, f?(uju i) > 0.

Pythagorean fuzzy hypergraphs are next defined:

Definition 12
where

[24] A PFH H over U is a pair H = (o, f8),

1. o= {(w, (t,(w;),T,(w)))w; € U,1 <i<n} is a finite
PFS of vertices over U, and

2. p is a PPS B={(E; (tp(E)), Tp(E)))IE; C
U,1<j<m} of PF hyperedges E; of H, such that
U; Supp(E;) = U. Additionally, the truth-membership
and falsity-membership values of the PF hyperedge E;
with vertices uj,uy,...,
relations

tp(E) < min{t, (), t,(w2), .., ta (1)},
T/ﬁ’( )<max{fa( )af&(llZ)v"'afac(u-Y)}a

u3 can be computed by the

respectively, such that 0 < {3(E;) + (E;) <

To facilitate their study, the next concept is especially
useful:

Definition 13 A PF hyperedge E; = {uj,uz,..., 1} is
called independent strong in the PFH H = (o, f) if the
inequalities

1
tp(E;) > E(ul Ay Ao Al);

1
fﬁ(Ej) < - Vup V... Vi),

[\

hold true, otherwise it is called weak. The strength Str(E;)

of a PF hyperedge E; is defined as
Str(E;) = (Str(E;),, Str(E;);), where
t
su(l), = — B,
U AU AL AU
Str(Ej); = T f)

wVip V...V
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3 Pythagorean fuzzy competition
hypergraphs

Pythagorean fuzzy row and column hypergraphs are
designed in the next definitions:

Definition 14 Let G = (a,?) be a PFD over U. The
— — — A
PFR,,H RoH(G) of G, denoted by RoH(G) = («,&,), is

a PF hypergraph whose PFS of vertices is same as for G
and the PF hyperedges can be constructed as follows: for
all 1 <j<n,

E; = {u;,15,,...,u,

§>2, t?(uiuj) >0 or

wist

f?(uiuj) >0;i € {il, io,..

whose Pythagorean membership grades are computed as

tﬁ,(Ej) = [mln{ta(ul)}]
X [min{t?(ui,uj)}];

fe (Ej) = [max{f,(w)}]

X [max{f?(uiauj)}]v

where i € {i1,i2,...,is}.

Definition 15 Let G = (oc,?) be a PFD over U. The
— — —
PFC/H CoH(G) of G, denoted by CoH(G) = («,&.),is a

PF hypergraph whose PFS of vertices is same as for G and
the PF hyperedges can be constructed as follows: for all
1<i<n,

Ei = {w,, 1w, .., | s>2, t?(uiuj)

> OOVTZ)(U,'U.J') > 0,] S {jl,jg, .. .,js}},

whose Pythagorean membership grades are computed as
te (i) = [min{t, (1) }]

X [min{t?(unuj)}],
fe (Ei) = [max{f,(1;)}]

x [maX{f?(uh W)},

st

Algorithms 1 and 2, respectively, give the detailed steps
for the construction of PFR,,H and PFC,H as defined
above.

Wherej € {jl7j2a .

Algorithm 1 An algorithm for the construction of PFR,,H

Input: A PFD 8 = (a, Z}) whose adjacency matriz is A = [(t?(uiuj)7 f—g(uiuj))]nxn and PFS
of vertices is o = {(u;, (to(1;), fo(Wi))) | 1 < i < n}.

Output: PFR,H RoH(G) of G.

procedure

for j:=1ton do
Take vertex u; from jth column
tIZC)O, tQZOO, f1:0, f2:0, S:O;
fori:=1ton do

if t?(uiuj) >0 or f?(u,-,uj) > 0 then

u; belongs to hyperedge E;
s=s+1;
u; = u;
t1 =1t A ta(ui);
to =1t A\ t?(uiuj);
fi=fiVia(w);
fa=faVv f?(uiuj)a'
else
u; does not belong to hyperedge E;
end if
end for
if s > 1 then
Ej = {uil » Wigy ooy uis}"
t{,.(Ej) = t1 X tz,’
fe, (Ej) = fi X f2;
end if
end for
end procedure

@ Springer
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Algorithm 2 An algorithm for the construction of PFCiH

Input: A PFD 8 = (a, ?) whose adjacency matriz is A = [(t?(uq;uj), f?(ujuj))]nxn and PFS
of vertices is a = {(u;, (tﬂ(uq;)g,,(u,;))) |1 <i<n}.

Output: PFC;H CoH(G) of
procedure
fori:=1ton do
Take vertex u; from ith row
tIZOO, tQZOO, f1:0, f2:0, b:U
for j:=1ton do

if t?(uiuj) >0 or f?(uiuj) > 0 then

u; belongs to hyperedge E;
s=s+1;

to =12 A t?(u,;uj);
fi=f1Vfaluy);
fo=fa Vg (uiy);
else
uj does not belong to hyperedge E;
end if
end for
if s > 1 then
E; = {ujl 2 Wjgs ees ujs};
t&,.(E'L') =11 X tg,'
fe, (E:) = fi X fa;
end if
end for
end procedure

The next example illustrates the application of Algo-
rithms 1 and 2.

- u Uy us Uy Us Ug uy ug
“_<(@’@’@’@’@’W’E’@)’
u Uy us Uy Us Ug uy ug
(%’ﬁ’@’ﬁ’ﬁ’m’ﬁ’@» and
- Uoly UslUp Uyl UslUy UslUpy UsUz Ugly Ugllp
¢ _<(0.37’0.77’0.66’0.55’0.56’0.62’0.52’0.73’

Upglly U7U3 U7U4 U7U5 U7Ug UgU3 Ugliy ng117)
b

0.700.84°0.6770.6170.72°0.360.4170.39
UoUyp UslUp UglUp UsUp UsUy UsU3 Ugl Ugl)p
(0.48’0.3570.58’0.6470.55’0.54’0.4570.38’
Uglly U7U3 U7U4 U7U5 U7Ug UgU3 Uglly ULy
0.560.3270.4970.50°0.40°0.44°0.5770.58 > >

It is presented graphically in Fig. 1. The adjacency matrix

of G is given in Table 1. Note that the vertices are labeled
in such a way that the corresponding adjacency matrix is
strictly lower triangular. By following Algorithm 1, we can
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construct the PFR,,H of G. 1t comprises four hyperedges
Ey={uy,us,u¢}, Er ={usz,ug,us,u6}, E3={us,17,ug} and
E;={ug,u7,ug}, whose truth-membership and falsity-
membership values are computed as

tir(El) = [ta(uZ) A tac(uS) A ta(ué)]
X [t?(uzul) AN t?(llﬂl]) A\ t?(u@tl)]

=0.63 x 0.37 = 0.2331,
fe (E1) = [[,(12) V 1, (u5) V T, (u6)]
X [T?(uzul) v T?(usul) v T?(uéul)]

=0.57 x 0.64 = 0.3648.

Similarly, we have t: (E;) = 0.3528, f: (E») = 0.3364,
te (E5) = 0.1548, i (E3) = 03348, t: (E4) = 0.1763 and
fe (E4) = 0.3534. The obtained PFR, H is shown in Fig. 2.

Likewise, we can construct the PFC,H of 6 by
following Algorithm 2. The hyperedges of PFC/H are
E5 = {u17u2,113}, E6 = {ul,ug,u4}, E7 = {U3,ll4,ll5,116}
and Eg = {u3,u4, 17}, whose truth-membership and fal-
sity-membership values can be calculated as
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te (Es) = [ta(u1) Aty (12) Aty (13)]
X [t?(usul)

A t—>(115112) A t?(u5u3)] =0.59 x 0.55 =0.3245,

¢
fe, (Es) = [i,(w1) V T,(2) V §,(13)]

X [f?(usul) Vv f?(u5uz)

Y f?(u5ug)] =0.65 x 0.64 = 0.4160.

Similarly, we have t; (Es) = 0.3068, fj: (Es) = 0.3640,
t:.(E7) = 03843, f. (E7) = 0.290, t: (Es) = 0.2448 and
fe (Eg) = 0.3364. Its graphical representation is given in

Fig. 3. Notice that any arrangement of rows and columns in
A preserves the PFR,H and the PFC/H (up to
isomorphism).

Pythagorean fuzzy competition hypergraphs have the
following structure:

Definition 16 A PFCH Cy(G) = (o, &¢) of a PFD G =
(o, ?) has the same PF vertex set as of G and E;CUisa
PF hyperedge of CH(E)) if and only if |E;| >2 and there
exists a vertex u; € U such that Ej = {w;,u;,...,1; |
i€ {i17i2, . is}},

that is, N*(u;,) NN*(u;,) N...NN*t(w;,) is a non-empty
set due to u;. The Pythagorean membership grades of E;
can be computed as

t?(uiuj) >0 or f?(uiuj) > 0;

(0.59,0.65)

(0.70, 0.56)

(0.68,0.58)

(0.43,0.62)

N
Fig. 1 APFD G

1105
te (Ej) = [t (1) ALy u,z) At ()]
X h(N* (1) N (u,z) NN (),
fgr( ) [Tu(ull) fx(ulz) -V Ta(uis)]

x hi(N* (u;,) ﬂN+(11i2) N...NNT)).

Remark 1 In the above definition, the factor (Nt (u;,) N
N+(11i2) n... ﬂN+(11is)) = mini{t?(uiuj) | i€ {i],iz, ey
is}} and hi(N*T(u ) NNT(u,) N .NNT () =
maxi{f?(uiuj) |ie {i1,ia,...,is}} for some fixed j,
because multiple hyperedges are ruled out in PFCHs. This
representation yields the following immediate result, which

explains that the concepts defined in this section are
related.

— —
Lemma 1 For a PFD G, its associated PFCH Cy(G)
and PFR,,H RoH(G) coincide.
Let us now introduce Pythagorean fuzzy economic
competition hypergraphs:
—
Definition 17 A PFECH ECy(G) = (o, &) of a PFD

— — —
G = (a, &) has the same PF vertex set as of G and E; C

U is a PF hyperedge of ECy (G ) if and only if |E;| > 2 and
there exists a vertex 1u; €U such that E; =

{w,,w;,, ..., t?(u,-uj) > Oorf?(u,»uj) > 0;

J€ Yo, ist), that is, N~ (w,)NN—(uw,)N...N
N~(u;,) is a non-empty set due to ;. The Pythagorean
membership grades of E; can be computed as

te (Ei) = [t(w;,) Aty (ujz) A ()]

X ht( (ujl) (ujz) "mN_(ujv))»
feo (E0) = [T.(,) V () VooV T ()]

X hi(N~(w;, ) NN~ (uﬂ) NN (u)).

A result that parallels Lemma 1 for this concept ensues:

— —
Lemma 2 For a PFD G, its associated PFECH ECy(G)

-
and PFC,H CoH(G) coincide.

The next theorem characterizes PF hyperedges of
Pythagorean fuzzy competition hypergraphs and Pytha-
gorean fuzzy economic competition hypergraphs that are
independent strong:

— —
Theorem 1 Let G = (o, &) be a PFD on U.

1. If Supp(NT(u)) "NNt(ip) N...NNT(uy)) is a single-
ton subset of U, then the PF hyperedge E; =

@ Springer
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Table 1 Adjacency matrix

A uy 1y 3 Uy s g 1y ug
1 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0)
1y (0.37, 0.48) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0)
13 0, 0) (0.77, 0.35) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0) 0, 0)
1y ©, 0) (0.66, 0.58) 0, 0) 0, 0) 0, 0) 0, 0) ©, 0) 0, 0)
s (0.55, 0.64) (0.56, 0.55) (0.62, 0.54) 0, 0) ©, 0) 0, 0) 0, 0) ©, 0)
Ug (0.52, 0.45) (0.73, 0.38) 0, 0) (0.70, 0.56) 0, 0) 0, 0) 0, 0) 0, 0)
117 0, 0) 0, 0) (0.84, 0.32) (0.67, 0.49) (0.61, 0.50) (0.72, 0.40) 0, 0) 0, 0)
g 0, 0) 0, 0) (0.36, 0.44) (0.41, 0.57) 0, 0) 0, 0) (0.39, 0.58) 0, 0)
(0.59,0.65) only if [NT(u))NNT(u)N...NN(u)|;> 1 and

up
.

(0.82,0.36)
Uy

(0.74,0.42) (0.63,0.57)
Us e o ls

_
Fig. 2 A PFR,H RoH(G)

—
s
(0.43,0.62)
-
Fig. 3 A PFC;H CoH(G)
{uy,uy, ..., u} of CH(E)) is independent strong if and

@ Springer

INT(u) NNT() N NN ()| < 5

2. If Supp(N~(u) NN~ () N...N N (uy)) is a single-
ton subset of U, then the PF hyperedge E; =
{uy,up, ..., us} of [ECH(E)) is independent strong if
and only if |[N~"(u) NN (u) N...NN" ()], > 0.5
and [N~ () NN~ (u2) N... NN~ (1y)]; <0.5.

Proof. Let 6 = (a, ?) be a PFD. Suppose that U is the
only element with truth-membership value t(1) and falsity-
membership value f(1) such that Nt (1) "\NT(up) N...N
N (u) = {Cu, (1), 7)) }- Clearly
Supp(N* () NNT(up) N...N Nt () = {u}. Note that
INT(u)) NNT(up) Moo ANT ()] = t(u) = (N T (uy) N
Nt()N...NNT () and |[NT())NNT(p)N...N
NT ()l = f(w) = A(NT() "N (u2) N ANT(ug)).

— —
Let Cy(G) = (o, éc) be the PFCH of G. Then t¢ (E;) =
(A AL A ) x t(u) and §e (E)) = (W Vg V...V
u;) X f(u) yields the truth-membership and falsity-mem-

bership values of PF hyperedge E;. The outcome is
te (B) T (B) ¢
ul/\urz/\ujﬁul,. - t(u) and uﬂ/uiVi\/ux - T(ll).
Suppose that E; is independent strong, that is,
te (B) > S Am AL Awy) and T (E) <30 Vi Vv

te. (E;) e (B)

: 1 - 1 -
oV 115) or LA A AT, > 3 and FRVIRVARVITN < > Comblnlng
these results gives t(u) > 1 and f(u)< 1. Consequently,
INT(u1) NNT(p) N ANT ()] > 4 and

INT () ANT () N AN ()] < 4

For the converse part, let [INtT(u;)NNT(up)N...N
N*(u)ly > 3 and INT(w) NNT () 0. AN (uy)]; < 3
which shows that t(1) > 1and {(u) <1, respectively. These

. . t. (E:
expressions combine to produce ulm‘fz% > % and
1B _ 1Sy the PF hyperedge E; of Cy(G) i
W Vi V.. Vi <7 0 Ine ypereage L; of D-D( ) A

independent strong.
The strategy for the proof of (2) is similar.
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Pythagorean fuzzy k-(economic)competition hyper- 2. If (N~ () NN~ (1) N ﬂN’(us)) =1=
graphs capture the following concepts: hf( “(u ) NN~ (u) N. N~ (1)), [N"(u)n

Definition 18 Let k be a non-negative real number. The
Pythagorean fuzzy k-competition hypergraph (PFC;H)
Cﬁ(ﬁ) = (&, &) of a PFD G = 2 ?) has the same PF
vertex set as of G and E; C U is a PF hyperedge of C}, (6)
if and only if |Ej|>2 and |[N"(u;)NN*(u,)N...N
NT(u)|, >k and INT(u; ) NNT(u,) N...n
N*(w;)|; > k. The Pythagorean membership grades of E;
can be computed as

kl—k

te, (Ej) = (ta (i) At (i) A At (1))
X h(Nt () NNT(u,) N ... NNT (),
R (B) = 2 (0 00) V ) VoV ()
X hi(NT(w,) "N () N...NNT(wy,)),
where =|NT(u;) "NT(u,) N...NNT ()|, and
=|NT(w,)NNT(u,)N...NNT(u ,;) -

Definition 19 Let k be a non-negative real number. The
Pythagorean fuzzy k-economic competition hypergraph
(PFEC/H) ECY,(G) = (o, &) of a PFD G = (a, &) has
the same PF vertex set as of G and E; CU is a PF
hyperedge of [EC';ﬂ(a) if and only if |E;/>2 and
IN"(u1;,) "N~ (1) N NN~ ()|, > k and
IN"(w,) "N~ (w;,) N...NAN"(w;,)[; > k. The Pythagor-
ean membership grades of E; can be computed as

(B = () A ) A A )
xht(N () NN~ (w,)N...AN (1)),
foe (B) = 2 () V ) V - V)
X BN a3) N ) 1 VN (),
where k= [N(;,) N (u,z) AN-()|, and
ko =|N~ (ujl)ﬁN (w,) N AN () ;-

A result that parallels Theorem 1 for these concepts
ensues:

— —
Theorem 2 Let G = (o, ¢ ) be a PFD on U.

1. If ht(N+(111)ﬁN+(u2)ﬂ
=h(NT(m)NNT() N...NNT (1)), [NT(uy)N
NT(w)N...NN"(uy)|, > 2k and
INT () "NF () N... A NT(u)]; <2k, then the PF

us} of q:’[;ﬂ(ﬁ) is indepen-

L NNT(u)) =1

hyperedge E; = {u;,1y,.. .,
dent strong.

(
N () N...NN"(uy)]; > 2k and N~ (u;)N
N~ (uz) N N~ (uy)]; <2k, then the PF hyperedge
E = {111,112,...,115} of [EC’@U( ) is independent
strong.

Proof. Let G = (a,?) be a PFD and let [EC’D‘_D(E)) =
(o, &) be the corresponding PFEC, H. Given that
MN"() NN () N...NN (1)) =1 and
ki =|N"(w)NN (w)N...NN"(w)|, > 2k. Inserting
these expressions to the definition of te (E;), we have

te, (Ei) = % (t“(ujl) A t“(ujz) ATRRpAS (u]s))

tfk[E (Er> _ki—k ki _7
quently, L AL (W )A-ALO) K >
) ok _ k% _ 1

T Vi,V VR — & <% =2 which shows that

Conse-

= % Similarly,

the PF hyperedge E; is independent strong in [EC’D‘_D(E)).
The proof of statement (1) is similar to above.

Example 2 Consider again the PFD G = (O(,?) whose
graphical representation is given in Fig. 1. The PF out-
neighborhoods as well as in-neighborhoods of vertices of

G are given in Tables 2 and 3, respectively. In order to
construct PFCH of 6, consider the vertex 1; to make E; in
Cu (6) Note that 111 is the common PF out-neighbor of u,,
us and ug, i.e., either t?(uiul) or f?(uiul) is nonzero for

i €{2,5,6}. Therefore, E; = {u,us,us} whose Pytha-

gorean membership values are computed as

N () NNT(us) NN (1)
= {(u;,(0.37,0.64))},
NN" (1)) =

tzo (E1)

[t2(12) At (115) At (ut6)]

(N (u2) NN (us) NN (u6))
3)(0.37) = 0.2331,

= h(NJr(llz) ﬁNJr(llS)
(0.37,0.64),

fCL

/—\

X h
= (0.6
1)
= [, (12) V T, (us) V T, (1)
% hi(N*(12) NN (us) N N (11g))
(0.57)(0.64) = 0.3648.

Similarly, E, = {113, Uy, Ll5,116}, E3 = {Lls, 1,17,113} and
E4 = {ug,u7,ug} are hyperedges in @H(E’) with truth-
membership and  falsity-membership  grades  as
te. (E2) = 0.3528, . (E2) =0.3364, t: (E3)=0.1548,

f. (E3) = 03348, t:. (E4) = 0.1736 and f._(E4) = 0.3534.

The obtained PECH Cy;(G) is shown in Fig. 4.
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Likewise, the PFECH for considered PFD 6 has the
hyperedges Es = {uj,up,u3}, E¢ = {uj,up,114}, E7 =
{uz,us,us,us} and Eg = {u3,u4,u7} with truth-member-
ship and falsity-membership grades as t: (Es) = 0.3245,
. (Es) = 05504, te,(Ee) = 0.3068, iz (Es) = 0.3640,
te, (E7) = 0.3843, s (E7) = 0.290, t: (Es) = 0.2448 and
fe. (Eg) = 0.3364. The acquired PFECH is shown in Fig. 5.

The PFC4H C%*(G) and PFEC,sH EC%’(G) of G are
given in Figs. 6 and 7, respectively.

4 m-Step pythagorean fuzzy competition
hypergraphs

In order to study PFC,,H, we revise some basic concepts:

Definition 20 [19] An m-step PFD G, of a PFD G,
denoted by 6,,, = (a, ?m), is a PFD that has same PFS of
vertices as that of G and has a PF arc from 1; to 1 if there

exists a PF directed path ?TL

The Pythagorean membership values of PF arc u;1; can be
computed as

w) of length m from 1; to ;.

t— () = min{t?(uu) | wi'is an arc of P (wy) >
f— (wu) = max{f?(uu) | wt’ isan arc of P ()3 -
Definition 21 [19] An m-step PF out-neighborhood

— —
N, (u;) of a vertex u; of a PFD G = (a, £) is defined as
N () = {(a: (b (), T )) | P (uexists}, where

t?(uj) = min{t?(uu’) | wisanarcof ?m (wu)} and
f?(uj) = max{f?(uu') | wit isan arc of P (u;uj)}-

Definition 22 [19] An m-step PF in-neighborhood N, (u;)

N

of a vertex 1; of a PFD G = (o, f ) is defined as N, (1;) =
~ —m .

{(w, (tz’(uj)a T?(uj)» | P (uyexists}, where t?(uj) =

min{t?(uu’) | wi’ is an arc of ?m(ujui)} and f?(uj) =
max{f?(uu’) | wit’ is an arc of ?m(uju,.)}.

The PFC,,Hs are helpful to compute the strength of
indirect competing and non-competing relationships at m-
steps. These are defined below:

Definition 23 An PFC,H C!'(G) = («,&,c) of a PFD
G = (o, ?) has the same PF vertex set as of G and E; C
U is a PF hyperedge of Cﬁ(a) if and only if |E;| >2 and
there exists a vertex 1; € U such that N} (1;,) NN, (u;,) N

..N N, (u;,) is a non-empty set due to u;. The Pythagor-
ean membership grades of E; can be computed as

te, (Ej) = [ta(u;) Aty (u,z) At ()]

X he(NF (1) N (11i2) N...NN! (),
Tepe (B) = [T (i) V T (i) VooV T ()]

x hi(N!(w;,) ﬂN;(uiz) N...NN ().

Definition 24 An m-step Pythagorean fuzzy economic
competition hypergraph (PFEC,,H) [E(Cflfﬂ(ﬁ) = (o, &) Of
aPFD G = (o ?) has the same PF vertex set as of G and

E; C U is a PF hyperedge of EC{j(G ) if and only if |E;| >2
and there exists a vertex 1; € U such that N, (u;,)N

Table 2 PF out-neighborhoods

. weU NT(w)

of vertices of G
uy {}
o {(uy,(0.37,0.48)) }
U3 {(up,(0.77,0.35)) }
Uy {(u2, (0.66,0.58)) }
Us {(uy,(0.55,0.64)), (1, (0.56,0.55)), (us, (0.62,0.54))}
» {(u1,(0.52,0.45)), (115, (0.73,0.38)), (114, (0.70,0.56)) }
17 { (13, (0.84,0.32)), (114, (0.67,0.49)), (us, (0.61,0.50)), (116, (0.72,0.40)) }
1 {(u3,(0.36,0.44)), (114, (0.41,0.57)), (u7, (0.39,0.58))}
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Table 3 PF in-neighborhoods of

_ weU N~ ()
vertices of G
" {(12,(0.37,0.48)), (us, (0.55,0.64)), (16, (0.52,0.45))}
™ {(u3,(0.77,0.35)), (14, (0.66,0.58)), (s, (0.56,0.55)), (115, (0.73,0.38)) }
3 {(us,(0.62,0.54)), (u7, (0.84,0.32)), (ug, (0.36,0.44)) }
Uy {(us, (0.70,0.56)), (u7, (0.67,0.49)), (ug, (0.41,0.57)) }
Us {(u7,(0.61,0.50))}
Ug {{u7,(0.72,0.40)) }
1y {{us, (0.39,0.58)) }
ug {}
(0.59,0.65) (0.59,0.65)
- u

(0.82,0.36)

(0.74,0.42) Uy (0.63,0.57) (0.82,0.36)
Us o o ls (0.74,0.42) us (0.63,0.57)
Us e 0 olls
(0.1008,0.1044)
Us o o l3
(0.68,0.58) (0.86,0.33)

Uy o
(0.68,0.58)

el3
(0.86,0.33)

. (0.43,0.62)
Fig. 4 A PFCH Cy(G)

Fig. 6 A PFCo4H C%*(G)

N, (u,)N...NN, (u;) is a non-empty set due to u;. The

m
Pythagorean membership grades of E; can be computed as

tfm[ (E,) = [ta(ujl) A ta(ujz) ANRRA ta(uja)]

X (N, (w;;) NN, () 0. NN, (1)),
e, (Ei) = [[,(;,) V T,(0) V.oV T, ()]

x hi(N,, (w;, ) NN, (1;,) N ... NN, (1;,)).

v Example 3 Consider a PFD G = (o, ?), where
(0.43,0.62)

-
Fig. 5 A PFECH ECy(G)
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(0.82,0.36)
uz
L ]

(0.74,0.42)

(0.63,0.57)
Us o

ols

[ ]
uz

(0.95,0.18)

(0.86,0.33)

ug
(0.43,0.62)

Fig. 7 A PFEC)sH EC%’(G)

?_ Uy Uzl gl UgUusz Usly Ugly Ugls
N 0.46°0.41°0.82°0.76°0.9170.48 7 0.61"

UgUs UyU; U7Up U7U5 U7Ug
0.6370.57°0.3670.53 7 0.55

<UQ111 U3zl gl UgUsz Usly Ugly Ugly

0.5370.6570.3970.4370.19°0.67 ' 0.38’

UgUs U7U; UyUp U7U5 U7Ug
0.4870.6470.6570.42° 0.66

The graphical representation and adjacency matrix of G
are given in Fig. 8 and Table 4, respectively. By following

Definition 20, we have constructed the 2-step PFD 62
displayed in Fig. 9.

The 2-step PF out-neighborhoods as well as in-neigh-
borhoods of vertices of G are given in Tables 5 and 6,

respectively. The PFC,H C, (5)) of the considered PFD G
has same PFS of vertices and its PF hyperedges are
E1 = {Ll37115,116,117}, Ez = {114,116,117}, E3 = {115,117}
and E; = {ug,u7} with truth-membership and falsity-
membership grades as te, (E1) = 0.2124,
fo, (E1) = 04757, t, (E2) = 0.2419, f,_(E») = 0.4757,

S2c

te, (E3) = 0.3245, f. (E3) = 0.4686, t:, (Es) = 03127

@ Springer

M . 2 TN .
and f:, (E4) = 0.3408. The obtained PFC;H Cy(G) is
shown in Fig. 10.

Likewise, the PFEC,H EC% (G ) for considered PFD G
has PF hyperedges Es = {u;,u3}, E¢ = {u;,up,14} and
E; = {uy,up,u3,14,us} with truth-membership and fal-
sity-membership grades as te,. (Es) = 0.6004,
o (Es) = 0.1978, t:, (Es) = 0.1968, . (Es) = 0.4623,
te (E7) = 0.1728 and f;, (E7) = 0.4623. The acquired
PFEC;H is shown in Fig. 11.

Theorem 3 Ifa is a PFD and gm is its m-step PFD, then

1. Cu(G,n) =Cl(G),
2. ECy(G.) = ECH(G).

— — — —
Proof Let G = (a, &) be a PFD, G, = (a, &,,) be the
— — —
m-step PFD of G, Cy(G,,) = (%, &¢) be the PFCH of G,
and Cﬁ(ﬁ) = («,¢,,) be the PFC,H of G. It is evident
that the PF vertex sets of these graphs as well as hyper-
graphs are equal. Let E; = {uj,1,...,u;} be a PF

hyperedge in CH(am). Consequently, there exist PF arcs

U, WLy, . . ., U, for some 1; in 6,,, So in 6,,1, we have
NT(u)NNT(up) N AN (uy) = {(w, (z1,2))}, where
7zt =t— () AMt— (o)A . At (uy) and z; =

m m

f— () Vie () Vv

() A () A AL () (N () AN () N

S NNT(u) = (t () Ata(2) Ao AL (0y)) X 2t Sim-

ilarly, feo (Bj) = (1,(m) Vi, () V... VT, (1))
NN () = (7,(m) VT,

><h,~(N+(u1) ﬂN+(u2) n
uy) V... Vi, () X zi. An arc ulu» in 5:,, implies the
o T J

. \/f? (usuj) Thus, t: (E;) =

existence of a PF directed path P (u) Of length m from

R
w to u; in G. As a result, t— (uu;) = mm{t?(uu) |

w'i nP d ;
isanarcin Py} and j— (up)

= max{jo () |

wisanarcin P () y}. Thus the PF hyperedge E; is con-

tained in (Cm (6) also. Finally, t: (E;) = (t,(u;) A
ty(12) A ty (1)) X (N () NN () N..on
Ni(uy)) = (t (u) At () Ao At (uy)) X 2t and
T (B) = (00 V) Vo V) 0

(uz) NN, (15)) = (7, () Vi, (w2) V... VT,
(u )) X zj. This verifies the existence of a PF hyperedge in

—

Ch(G) correspondmg to each PF hyperedge in CH(G )
and vice versa. This proves CH(_),,,) =Cl(G ) O



Neural Computing and Applications (2022) 34:1099-1121

1

0.59,0.71
(0.59,07)

(0.92,0.21)

0.59,0.71
(0.59,071)

(0.92,0.21) (0.83,0.46)

us U
0
<
=)
o
©
=
Ug o — uz
(0.63,0.55) % (0 48,0.69)
(=
=3
£
=
°
us
(0.79,0.46) (0.79,0.46)
— —
Fig. 8 A PFD G Fig. 9 A 2-step PFD G,
Table 4 Adjacency matrix of A
N u up uz Uy Us Ug uz
PFD G
u o (0,0 0, 0) 0,0 0,0 0, 0) 0,0 0, 0)
u;  (046,0.53) (0,0 0,0 0, 0) 0, 0) 0,0 0, 0)
uz; (0,0 (0.41,0.65) (0, 0) 0, 0) 0, 0) 0, 0) 0, 0)
uy  (0.82,0.39) (0, 0) (0.76, 0.43) (0, 0) 0, 0) 0, 0) 0, 0)
us (0, 0) 0, 0) 0, 0) 0.91,0.19) (0, 0) 0, 0) 0, 0)
ug (0, 0) (0.48,0.67)  (0.61,0.38) (0, 0) (0.63, 0.48) (0, 0) 0, 0)
u; - (0.57,0.64)  (0.36,0.65) (0, 0) 0, 0) (0.53,0.42)  (0.55,0.66) (0, 0)

Theorem 4 Let G be a PFD. If m > |U|, then the corre-

sponding PFC,,H Cj;(G ) and PFEC,,H EC[;(G
of PF hyperedges.

) are void

— — —

Proof Let G = (a, ¢) and C’"(G) (o, &,). Then
te, () = (t (1) Aty (1) A t(1;))  xhi(N,, (1) N
N, (1) N NN, (1)) and ff (E) = (f,(m) V §,(12) V

SV (g)x BN () NN () N NN (). IE
m > |U|, there does not exist any directed path of length m
in G. So, N+(u1) AN ()N...AN () ={}. As a
result, Cj; (G ) is void of PF hyperedges. This completes the
proof. O

The proof for PFEC,,H is similar to the argument above.

Definition 25 [19] Let G = (ot ?) be a PFD over U. Let

u be a common PF prey of m-step PF out-neighborhoods of
that

!y

) .=
vertices 1y, 1up,...u, in G such t?(u ),

t— (u5ud),....t—(u/u’) be the minimum truth-membership

< <

degree and f—>(u’ u), f?(u’zu’z’) f?(u’u”) be the
maximum fa151ty membership degree of directed edges in
PF directed paths ?Zmu)’ ?'(7:12’10,...,?21“11), respectively.

The m-step PF prey u is said to be independent strong if for
all 1 <k<s, t?(%u;’) > 0.5 and f?(uiug) <0.5.

The strength of a PF prey u is denoted by
Str(u) = (Str(u)y, Str(u);), where the mappings Str(u); :

U — [0,1] and Str(u); : U — [0, 1] are defined as
>kt P () pay f—>(u;€uf€’)

Str(u), = + Str(u); = :

Below we give a relationship of m-step PF preys and PF
hyperedges of PFC,,H.

@ Springer



1112

Neural Computing and Applications (2022) 34:1099-1121

Table 5 2-step PF out-

N wevu Ny ()
neighborhoods of vertices of G
1y {}
1 {}
3 {(u1,(0.41,0.65)) }
1y {(112,(0.41,0.62)) }
s {(u1,(0.82,0.39)), (13, (0.76,0.43)) }
g {(1, (0.46,0.67)), (12, (0.41,0.65)), (1, (0.63,0.48))}
1y {(u1,(0.36,0.65)), (1, (0.48,0.67)), (us, (0.55,0.66)), (14, (0.53,0.42)), (us, (0.55,0.66)) }
Table 6 2-step PF in- . WU Ny ()
neighborhoods of vertices of G
1 {(u3,(0.41,0.65)), (us, (0.82,0.39)), {ug, (0.46,0.67)), (117, (0.36,0.65)) }
Jip) {(u4, (0.41,0.65)), (ue, (0.41,0.65)), (117, (0.48,0.67)) }
3 {(us, (0.76,0.43)), (u7, (0.55,0.66)) }
1y {(us, (0.63,0.48)), (u7, (0.53,0.42)) }
Us {{7,(0.55,0.66))}
e {}
7 {}
; .71
(0 5%,70 71)
L ]
(0.92,0.21) (0.83,0.46)
us U
(0.83,0.46) .
up
L]
[ ] L
ug 2
(0.63,0.55) (0.48,0.69)
[ ]
Ug )
(0.63,0.55) (0.48,0.69)

Fig. 10 A PFC,H C2(G)

Theorem 5 [f all m-step PF preys of PFD G are strong,
then all PF hyperedges of PFC,,H Cyj( G

strong.

@ Springer

) are independent

us
(0.79,0.46)

Fig. 11 A PFEC,H ECZ(G)

Proof Let G = (o,
step PF preys of

PFC,,H Cﬁ(a) = (d,?mc) in which the Pythagorean
membership grades of an arbitrary hyperedge E; =

?) be a PFD and suppose that all m-
G are strong. Further, consider the

{u,p,...,u5} are computed as te, (E;) = [t,(u;) A
t () AL At ()] X Ag(N () NN () N...N
N, (u5)) and fe,c (Bj) = [f. () V T, (u2) V. v ()] X
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hi(N (1) NN () N .. NN (1g)). There arise  two

cases. (|
L NNF () ={}.
u,} in

Case I: Let N/ (u;) NN/ ()N

Then there is no hyperedge E; = {uj,uy,...,
m —
Ci(G).

Case-1I: Let N, (1;) NN () N ... NN, (u,) intersect
at ;. Since all m-step PF preys are strong therefore,
he(NF () NN () N AN (i) > 0.5 and
hi(NF () NN () N ... NN (1)) <0.5. Thus, the PF
hyperedge E; = {u;,1y,...,u,} in Cﬁ(a) have the mem-
bership values t:  (E;)> [t (1) Aty(u2) Ao Aty ()]

Z3
and fémﬁ(Ej)S%[fa(ul)\/fa(uz)\/ Vi) As Ej s

arbitrary, all PF hyperedges of Cy; (5
strong.

) are independent

— —
Consider an m-step PFD G,, of a PFD G. If

the Pythagorean membership grades of all arcs n; of 6,,1
satisfy t? (uw) > 0.5 and j— (u;) <0.5, then all PF

m > m

Corollary 1

hyperedges of PFC,,H Cﬁ(a) are independent strong.

5 Pythagorean fuzzy neighborhood
hypergraphs of open and closed types

The PF hyperedges of Pythagorean fuzzy open neighbor-
hood hypergraph (PFONH) and Pythagorean fuzzy closed
neighborhood hypergraph (PFCNH), respectively, repre-
sent the relationship among neighbors of a species and how
a species interact with its neighbors. Mathematically, these
are defined as follows:

Definition 26 A PFONH Ny (G) = («, &) of a PFG
G = (@, ¢) has the same PF vertex set as of G and E; C U
is a PF hyperedge of Ny(G) if and only if |Ej|>2 and
Ej = Supp(N(uj)), that is, N(ll,‘l) N N(Lliz) Nn...N N(Ill‘:) is
a non-empty set due to u;. The Pythagorean membership
grades of E; can be computed as

te (Bj) = [ta(1i)) At (i) A At ()]

X h(N(u;, ) NN(u,) N .NN(wy,)),
e () = (12 (i) V T (i) VooV T, ()]

x hi(N(w;, ) NN(u,) N ... NAN(,)).

Proposition 1
hyperedges if and only if Yi# ],
[Supp(N(1;))| >2; 1<i,j<n.

The PFONH Ny;(G) of PFG G has n PF
N(w;) # N(w;) and

Definition 27 A PECNH Ny [G] = (a, &) of a PFG G =
(o, €) has the same PF vertex set as of G and E; C U is a PF

hyperedge of Ny[G] if and only if |Ej|>2 and
E; = Supp(N[u;]), that is, N[u; | " N[u,] N...NANw,] is a
non-empty set due to u;. The Pythagorean membership
grades of E; can be computed as

te (E) = [ta (i) At (115,) A t (1;,)]

X hy(N[u;, ] N [11,2] ﬂN[uij),
fep () = [T (wi)) V 7, (i) V...V fx(uu)]

X hi(N[u;, ] N N[u,o] N N[u]).

Proposition 2 The PFCNH Ny[G] of PFG G has n PF
hyperedges if and only if Yi#j, N[]# N[w] and
|Supp(N[w])| = 2; 1 <i,j<n.

Definition 28 Let k be a non-negative real number. The
Pythagorean fuzzy (k)-neighborhood hypergraph (read as
open Pythagorean fuzzy k-neighborhood hypergraph
PFONH) N (G) = (a, ) of a PFG G = (o, &) has the
same PF vertex set as of G and E; C U is a PF hyperedge of
N (G) if and only if |E;| >2 and [N(1;,) N\N(u,) N ...N
N(w )|y > kand [N(w;,) NN(w,) N ... NN, )|; > k. The
Pythagorean membership grades of E; can be computed as

ey (B) = () A al) A Aty (3)
X h(N(u;,) " N(ug,) N NN (),

ff(k) (El) = kzkz £ (fac(uil) \ Tac(uiz) V...V fac(ul}))
x hi(N(u;,) A N(u,) N...NN(u,)),

where = IN(u;) NN () N NN ()] and
= IN(;,) NN (1) N NN ()

Definition 29 Let k be a non-negative real number. The
Pythagorean fuzzy [k]-neighborhood hypergraph (read as
closed Pythagorean fuzzy k-neighborhood hypergraph
PECNH) N{;[G] = (2, &) of a PFG G = («,&) has the
same PF vertex set as of G and E; C U is a PF hyperedge of
N§[G] if and only if |Ej|>2 and |[N[u;] N Nu,]N...N
Nu,J[y >k and |N[u, ] N Nu,]N...ANw]|; > k. The
Pythagorean membership grades of E; can be computed as

tey (B) = (100 A ) A A k()
X h(N[u, ] A Nu, [ N NN ]),

fi[k] (EJ) = kzk: £ (Tu(uil) v Tu(uiz) V...V foc(ul's))
X hf(N[uh] ﬂN[uiz] N n N[uix])v

@ Springer
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where ky = [N, ] N Nu,] N ..
ky = |N[u,] N N[u,] 0.0 N ] ;-

NN ]

¢ and

The above mentioned concepts are useful when the
concern is to compute the neighboring relations at different
levels. The following example demonstrates them clearly.

Example 4 Consider a PFG G = (a, £), where
y U u U3 Uy Us  Ug
N 0.69°0.5870.9470.89°0.6370.78 )’

u; Uy usz Uy U;s Ug d
043°0.7270.18°0.27°0.55°0.46 ) /™"

. <(u1112 U3 Ujlg Uolz Uplly Uzls lUglls yllg

0.5270.6270.660.58°0.50 ' 0.56 7 0.62 " 0.74°

Uslg Uiy uju3 Ul UuUsz Uxly UzUs Uyls
0.57 )7\ 0.70°0.41°0.40°0.28 " 0.68 ' 0.47 ' 0.55°

U4llg Us5Ug
0.38 0.48 ’

It is graphically presented in Fig. 12. The PF open neigh-
borhoods of vertices of G are given in Table 7.

=)

The PFONH of the considered PFG consists of hyper-
edges E| = {u2,113,u6}, E2 = {111,113,114},
E; ={uj,up,us}, Eq={up,us,us}, Es={us, uy,ue}
and E¢ = {uy,u4,us}. The Pythagorean membership val-
ues of these hyperedges are ft¢, (E1) = 0.3016,
e (E1) = 0.5040, t¢, (E2) = 0.3450, fe) (E>) = 0.3010,
te,, (E3) = 0.3132, e (E3) = 0.3384, t¢ (E4) = 0.290,
e (E4) = 0.4896, t¢, (Es) = 0.4368, e (Es) = 0.2530,
te, (E¢) = 0.3591 and fcf(,\) (E¢) = 0.2064. The graphical
representation of PFONH is shown in Fig. 13.

The PF closed neighborhoods of all vertices of G are
given in Table 8. The PFCNH of the considered PFG
consists of hyperedges Ey = {uy,up,u3,u6},
Ey = {ug,up,u3, 14}, E3 = {u,12,u3, us},
Eq = {up,ug,u5, 15}, Es = {uz,uy,us, 14} and
Es = {uy, 14, us, s }. The Pythagorean membership grades

of  these  hyperedges are  tz,(E1) = 0.3016,
feu (E1) = 0.5040, te,, (E2) = 0.290,
Tep (B2) = 05184t (Es) = 03132, (E3) = 03384,
tg, (Es) = 0290, e (Es) =0.4896, te (Es) = 0.3528,
fe,, (Es) = 03025, te,, (E) = 0.3591 and

fcj[N] (Es) = 0.2208. The graphical representation of PFCNH
is shown in Fig. 14.

The PFONosH N%’(G) and PFCNosH N{’[G] are
shown in Figs. 15 and 16, respectively.

@ Springer

Theorem 6 Let L[(E)) be the underlying PFG of PFD G.
If G is a loop less PFD, then
CI[‘H](E)) = [E(D]DC_H(E)) = NI[‘H](L{(ﬁ)) where k is a non-neg-
ative real number.

symmetric

— — —

Proof Suppose  that G = (a, &), UG)= (),
k (o~ ko~ k el
Ch(G) = (&), ECy(G) = (o, &) and Ny (U(G)) =
(o, S(x)) represent PFD, underlying PFG, PFCyH, PFEC,H
of G and PFONH of U (6), respectively. It is clear that
the PFS of vertices are same for the above mentioned
PFHs. We only need to show that Cic = Cie = C(x)- There
arise two cases:

Case I:  When for some uj,u,...,us€ U,
te (W, 0y) = 0= Fe (W, 1, 1) then,
INT(u)) NNT(p) N NNT(uy)], <k and

INF() AN () N ... AN ()| <k As G is symmet-
ric, IN"(u)) NN~ (w) N...NN"(uy)|; <k and [N~ (1) N
N™(u) N...NN™(w)[; <k as well as [N(u;) NN (uz) N
NN <kand IN() NN(u2) N... NN (uy)|; <k in

— — .
G and U(G), respectively. As a consequence,

te, (W, 1) = 0= (w10, 5 11) and
te, (g, ) =0 =T (w2, wy).

Case II: When for some ujuy,... u;€ U,
teo (W,u2,. . 05) #0 and e (Wi uz,...,15) # 0 then,
[INT()) NNT(up) N NNT ()], > & and
INT(u) NNF () M. ANT ()]s > k. As G is symmet-
ric, IN"(w) NN () N...NAN (uy)]; > k and

INT(u) NN ()N NN (W) >k as  well as
[IN(u)) NN() N ... NAN(wy)| > &k and |N(u) NN(up) N

~.NN()[; >k in G and U(E)), respectively. As a

consequence, te (U1,uy,.. 1) =te (U, 0p,...,1y) =

te, (1,10, . 1) and fe (U ug,. 0 ) =

te, (ur, v, 10y) :fg(k)(ul,uz,...,us). Hence, the PFS
(0.69,0.43) (0.58,0.72)

(0.52,0.70)

(0.78,0.46)

Fig. 12 A PFG G
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Table 7 PF open neighborhoods of vertices of G

weU N(w;)

" {(12, (0.52,0.70)), (113, (0.62,0.41)), (u1s, (0.66,0.40))}
0 {(uy,(0.52,0.70)), (113, (0.54,0.28)), (114, (0.50,0.68))}
1 {(uy,(0.62,0.41)), (115, (0.54,0.28)), (us, (0.56,0.47))}
W {(112, (0.50,0.68)), (s, (0.62,0.55)), (15, (0.74,0.38))}
us { (13, (0.56,0.47)), (us, (0.62,0.55)), (115, (0.57,0.48))}
" {(1, (0.66,0.40)), (14, (0.74,0.38)), (s, (0.57,0.48))}

Fig. 13 A PFONH Ny (G)

of hyperedges are also same, i.e., Cic = S = Sy This

completes the proof. O

6 Application

Marine ecosystems are characterized by a community of
living organisms and their interactions in this environment.
Here, an organism that preys one species is preyed upon by
some other species. The predator-prey interactions of these
organisms configure their behaviors, strategies, morpholo-
gies and physiologies. Predators in marine ecosystems
adapt to acquire special abilities like breath-holding, div-
ing, dentition, hearing and vision to capture their prey.
Similarly, preys also develop strategies to enhance their
chances of survival. Some species take refuge deep down
in the sea during daytime and swim upward in the night to
feed themselves. Other techniques are cryptic counter-
shading in which organisms blend themselves to confuse
their predators when viewed from top and bottom,
schooling wherein a group of species quickly disperse
creating difficulty for the predator to select one of them as
prey, fleeing, scattering etc. [45] Note that as the number of
species in a community increases, so does the number of
preys that are consumed by a predator. In marine ecosys-
tems, the average length of a food chain in food web is
2 — 5 linkages. Additionally, no matter how many species
a predator can eat, it usually consumes only a few species
in an environment. The organisms that have a common
prey in a community compete with one another for that
specie [44].

The Bering Sea has great diversity in its ecosystem. It is
located between Siberia and Alaska, and is linked with the
Arctic Ocean through the Bering Strait. We have consid-
ered its simplified food web [27] and inverted its arrow-
heads to represent the predator-prey relationships (rather
than the flow of energy) in order to examine competition
among predators for their preys. Due to the binary nature of
an ordinary predator-prey interaction model (i.e., either a
connection between two species exists or not), the linkages
are ambiguous without mentioning the proportion of

Table 8 PF closed

neighborhoods of vertices of G wevu

1
up
usz
Uy
us
Ue

1y, (0.69,0.43
uy, (0.52,0.70
uy, (0.62,0.41
15, (0.50,0.68
13, (0.56,0.47
1y, (0.66, 0.40

0.52,0.70)),
0.58,0.72)),
0.54,0.28
0.89,0.27
0.62,0.55
0.74,0.38

0.62,0.41
0.54,0.28
0.94,0.18
0.62,0.55
0.63,0.55
0.57,0.48

0.66,0.40
0.50,0.68

, (U, us, , {ug,
, (U, u3, s {1y,
(
(
(
(

(g, (
(g, (
, (us, (0.56,0.47
(u, (0.74,0.38
(g, (
(w6, (

Up, usz,

)
)
)
5 (U4, )5 (us, ,
) , (ug, (0.57,0.48
) , (ug, (0.78,0.46

y \M4, y \Us,

NN N N

)
)
),
)
)
)

/\/\/\/\/—\/\
o~~~ o~~~
o~ o~ o~ o~ o~ —

)
)
)
)
)
)

= o ==

) ) )}
) ) )}
) ) )}
) ) )}
) ) )}
) ) )}

o~ o~ o~ o~~~

y (U4, , \Us,
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(0.69,0.43)
up
.

e U4
(0.89,0.27)

)

Fig. 14 A PFCNH Ny[G]

(0.69,0.43)
up
L]

(0.0116, 0.1440)

uz e
(0.94,0.18)

us
(0.63,0.55)

Fig. 15 A PFONysH N%°(G)

(0.69,0.43)
up
L]

(0.0116,0.1440)

uz e
(0.94,0.18)

e Uy
(0.89,0.27)

Fig. 16 A PFCNysH NO’[G]
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consumption of preys. This proportion can be computed by
analyzing the stomach contents, fatty acid signatures, fae-
cal remains, stable isotopes, etc. of the organisms.

The predator-prey interactions of the Bering Sea are

shown by a PFD G in Fig. 17. The vertices and arcs in G
represent organisms of the Bering Sea and who eats whom,
i.e., the arc is drawn from predator to prey, respectively.
The truth-membership and falsity-membership of its ver-
tices depict the biomass (total mass of living matter in that
area) of the corresponding species present and absent in the
Bering Sea; and directed edges imply the proportion in
which the biomass of prey is consumed by the predator.
The Pythagorean membership grades of vertices and arcs

of G are given in Tables 9 and 10. The primary produc-
tivity of the considered ecosystem is due to ice algae and
phytoplankton. These organisms live in the upper few
meters of sea and are consumed by herbivores. Those
which are not used settle down in sea, get mixed into
detritus and become a part of saprotrophic chain. Species
like clams, basket stars, worms and sand dollars consume
bacteria that feed upon detritus, and these deposit feeders
are preyed upon by crabs, marine mammals and ground fish
and the cycle goes on.

The PFCH Cy (8) of the considered model is shown in

Fig. 18. The hyperedges of CH(a) are
Ey = {13,114, 113, 14, 55, Wi6, U0, U2 }, En = {13,114, 1012,
U3, g, W5, M6, U0, M2}, E3 = {14, Us, g, U, Uo, 12,
Uiz, g, Wis, Mo},  Eq = {15, U6, U7, U8, U, 10}, Eg =
{uz, 19, w9}, Eg = {us, 17,151,110}, Eg = {uz, 11,119},
Eis = {uwj, 17, W18, Wi9, 121}, Ejo = {wyy,ug},  Ex =
{17,119} and E = {uy0, 117, 1115, U1 }. The hyperedge
E; represents all those predators that are competing for ice
algae and their competing and non-competing strength is
given by the Pythagorean membership grades
(0.1053, 0.57) of the PF hyperedge E;. The competing and
non-competing strength of predators corresponding to each
organism is given in Table 11.

Algorithm 3 explains the method to produce PFCH for a
considered PFD representing the predator-prey relation-
ships among organisms of the Bering Sea. Primarily, it
finds the PF out-neighborhoods of all organisms and then
utilize them to construct the PF hyperedges of the PFCH
which demonstrates that which species compete for a
specific organism. Finally, it computes the strength of
competing and non-competing interactions of organisms.
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Algorithm 3 An algorithm for the construction of Pythagorean fuzzy competition hypergraphs

Input: A PFD G = (a, ?), where o = {{u;, (ta(Wi), fa(wi))) | 1 <i < n}; u; denote the

organisms of Bering Sea.
Output: PFCH (CH(g) of G.

procedure To compute the strength of competing and non-competing interactions of the Bering

Sea (e (Wiy, Wiy, ey

for j:=1ton do
Take a verter u;
s =0y
fori:=1ton do

if tz(uiu;) > 0 or f2 (uu;) > 0 then
(uj, (t?(uiu]-), fg(uiuj)» € N*(uy);

u; belongs to hyperedge E;
s=s+1;
Wi = Wi 7

else

(uj, (tg (uiny), fp (win))) & N (wi);

end if
end for
if s > 1 then
Ej = {ui, vy, ug, }

uis)7 ffc (uinuizv ceey uis))

tee (B)) = [ta(ui) Ata(uiy) A Ata(ui)] X (N () D NF (ug,) N NN (ug, )

fE'C (E/) = [f(!(uil) v fa(uiz) V..V fu(uis)] X hf(N+(ui1) N N+(ui2) n..

end if
end for
(t&; (uil s Wig g eees
end procedure

vuis))

uis)v f&,(uil y Wigyoee

NN*(wi,));

7 Comparative analysis and discussion

PFSs proposed by Yager [46] possess better traits than
IFSs. An IFS permits the expression of truth-membership t
as well as falsity-membership f, and it imposes the con-
straint that 0<t+ f<1 throughout, whereas the PFS
provides more space to nominate the grades as the limita-
tion relaxes to 0 < t* + f2 < 1. Thus any PFS-based theory
allows for a wider range of applications than the corre-
sponding IFS-based, or FS-based, theories.

The competition hypergraphs defined and explained by
Sonntag and Teichert [43] consist of hyperedges, each of
which illustrates the competing constituents of a system for
a specific entity. As competition hypergraphs merely
deliver binary data, they only enable us to model cases
where either the components of a system fully compete or
the competing interaction is absent for some entity. This
scarce information about who competes for whom is not
always realistic enough. Due to the existence of fuzziness
in many real-life problems, the fuzzy competition hyper-
graphs suggested by Sarwar et al. [40] resolved the issue as
the proposed fuzzy competition hypergraphs include the
explanation of strength of competition for each set of
competing elements. But information about non-competi-
tion is still missing in fuzzy competition hypergraphs.

The motivation supporting the introduction of PFCH
(instead of intuitionistic fuzzy competition hypergraph) is
to add the knowledge about non-competing interaction

together with the strength of competition among the con-
stituents of a system. Additionally, it also facilitates to
analyze the data when the decision-makers and researchers
assign the Pythagorean membership grades to elements.
This study investigates the most common yet significant
problem of competition among the organisms at the Bering
Sea. The food chain of the Bering Sea presents predator-
prey interactions. Since one organism is preyed upon by
many other organisms, the existence of a prey is a cause of
competition among its predators. This set of predators is
represented by a hyperedge of PFCH, and the truth-mem-
bership and falsity-membership values of this hyperedge
suggest the strength of competing and non-competing
interactions.

8 Concluding remarks

The PFS model, as a non-standard stance towards enhanced
FS theories, is effective to represent uncertain information
by pairs of disjoint sets known as orthopairs. This theory
has been implemented on hypergraphs and its significance
lies in the fact that many researchers have discussed
problems modeled within the framework of PFHs. The
competition hypergraphs proposed earlier are unable to
handle certain types of real-world data. The ability of PFHs
to display the interactions among more than two compo-
nents of a system motivated us to discuss the idea of
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Fig. 177 A PFD G representing the predator-prey interactions in the
Bering Sea: u;, ice algae; u,, phytoplankton; u3, copepods; 14,
mysids and euphausiids; us, medusae; 14, hyperid amphipods; u7,
seabirds; ug, pelagic fishes; 19, pelagic fishes; 1,9, walrus; 115, seals;

uyp, basket stars; 13, ascidians; 14, shrimps; s, filter-feeding
bivalves; 1116, sand dollars; 17, sea stars; g, crabs; 11j9, bottom
feeding fishes; uy9, polychaetes; u;, predatory gastropods; iy,
deposit feeding bivalves [27]

Table 9 PFS of vertices of G u; (ta (), () w (ta(u), T, () w (ta (), T,(w))  w (£ (w7), T, (1))
W (0.84,031) w (073, 038) ws (0.55,0.57) we  (0.49, 0.52)
W (0.94,0.17) ws  (0.83,028) we (047, 048) wo (071, 0.74)
ws (082, 0.26) W (077, 045) ws  (0.45,0.65) W (069, 0.29)
1y (0.75, 0.43) 1y (0.75, 0.43) ¢ (0.39, 0.76) IEY) (0.89, 0.17)
s (0.53, 0.63) U (0.72, 0.36) 147 (0.68, 0.66)
Ug (0.56, 0.50) U (0.64, 0.68) g (0.59, 0.61)
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Table 10 PFS of directed edges

o w1 (t?(u,-uj), f?(u,-uj) ;1 (t—g(u,-uj), f?(u,-uj) Y (t—g(u,-uj)., f?(u,-uj)
U3zl (0.81, 0.29) Ujolys (0.41, 0.64) U7y (0.63, 0.63)
U3y (0.82, 0.22) UoUn) (0.75, 0.16) gLy (041, 0.62)
1411y (0.73, 0.40) Uy (0.64, 0.37) Uity (048, 0.51)
IPRITY (0.51, 0.41) U ug (0.59, 0.25) gl (0.56, 0.58)
IPRTES (0.42, 0.39) FIERRIN) (0.76, 0.43) Utz (0.18, 0.24)
UsU3 (0.48, 0.61) Uy U9 (0.63, 0.47) Ujglly (0.45, 0.49)
Uslly (0.42, 0.56) Uy (0.54, 0.66) Ujglg (0.40, 0.47)
Usllg (0.52, 0.52) U3 (0.47, 0.52) Ujgllg (0.34, 0.33)
g3 (0.55, 0.47) U3y (0.53, 0.44) U9l (0.39, 0.48)
Uglly (0.54, 0.29) U3y (0.38, 0.55) Uy (0.46, 0.28)
U7ty (0.72, 0.42) U333 (0.44, 0.23) Uolly5 (0.43, 0.60)
17Ug (0.55, 0.49) Uy (0.36, 0.29) Upgllig (0.37, 0.59)
U7Ug (0.68, 0.26) U4y 045, 0.11) Ujgllpg (0.48, 0.71)
U7Ug (0.75, 0.46) U453 0.42, 0.24) ool (0.68, 0.68)
g3 (0.80, 0.22) U5 (0.37, 0.65) Upplly (0.67, 0.38)
Uglly (0.67, 0.38) U5y (0.46, 0.63) Up U5 (0.35, 0.25)
uglls (0.49, 0.62) U513 (0.23, 0.38) IICTRIC) (0.64, 0.18)
gll3 (0.76, 0.44) Uelly (0.27, 0.75) Ul (0.81, 0.30)
Uglly (0.63, 0.35) U6l (0.32, 0.74) Uil (0.88, 0.16)
Uglg (0.54, 0.46) 17Uy (0.42, 0.67)

Ul 3 0.47, 0.57) 17Uy (0.61, 0.70)

competition with PFHs, and to start exploring its practical
applications.

Thus in this paper we have investigated the concepts of
PFR,,H, PFC;H, PFCH and PFECH. Similarly, the notion
of PFC,,H has also been introduced so that one can study
the indirect m-step competing interactions for any positive
integral value of m. We have also discussed the Pytha-
gorean fuzzy neighborhood hypergraphs of open and
closed types. All these concepts have been elaborated with
examples, and theorems have shown the main facts about
them. Most of the results describe different ways of finding
the strength of competing relationships in the proposed
graphical structures. The significance of these structures
lies in the fact that they can find the straightforward and
mediate competing and neighboring relations of an eco-
logical system.

The idea of PFCHs has been elaborated by an applica-
tion in which the predator-prey interactions of organisms of

the Bering Sea is addressed. Since each organism is gen-
erally consumed by more than two organisms (predators),
the PF hyperedges of PFCH can effectively exhibit com-
petition among consumers. We have designed three algo-
rithms in this article, which are, respectively, designed for
the construction of PFR,,H, PFC;H and PFCH. The latter
one can be used to compute the strength of competing
interactions of the Bering Sea. One can study general
ecological networks to understand competition taking place
among their constituents with the help of these graphical
structures, thus helping the development of biological
communities.

In the future this theory can be extended to study the
following topics among others: (1) Multi attribute group
decision making based on PFHs, (2) Group decision
making based on complex spherical fuzzy soft hyper-
graphs, and (3) Group decision making with neutrosophic
soft hypergraphs.
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Fig. 18 A PFCH of the considered network

Table 11 PFS of hyperedges of obtained PFCH

Competing species Strength of competition

E, (0.1053, 0.57)
E, (0.1248, 0.5624)
E; (0.081, 0.4148)
E4 (0.2058, 0.3528)
Es (0.196, 0.2548)
Eg (0.1666, 0.3276)
Ey (0.1911, 0.2496)
Eys (0.1715, 0.4422)
Eyg (0.2832, 0.3111)
Eyo (0.2352, 4686)
Exn (0.3304, 0.4158)
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