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L2 Decay Of Certain Bilinear Oscillatory Integral Operators

Abstract

In this thesis, we study bilinear oscillatory integral operators of the form \[ I_\lambda(f_1, f_2) = \int_M
eMi\lambda \Phi(x)} f_1(x*1) f_2(x*2) a(x) d\sigma(x) \] where $x*1:= (x_1, \dots, x_d)$, $x2:= (x_{d+1},
\dots, x_{2d})$, and $\rho, \Phi, a$ are smooth functions on an open box $SB_1$ with $a$ compactly
supported, S\partial_i \rho$ nonvanishing on $SB_1$ for each $i$, and $M := \{ x \in B_1 \,|\, \rho(x) = O\}$.
Under an additional determinant condition that has similarities to both a mixed Hessian condition on
$\Phi$ and a Phong-Stein rotational curvature condition on $\rho$, we prove that this operator has
optimal $L*2$ decay, namely that \[ [I_\lambda(f_1, f_2)| \leq C\lambda|*{-\frac{d-1}2}
If_11I_{L*2(\mathbb{R}*d)} |If_2[|_{L*2(\mathbb{R}*d)} \] The proof uses a frequency space
decomposition which is a higher-dimensional analogue of one developed in earlier work with Gressman,
and applies this to the functions $f_1$ and $f_2$ to generate a kernel which captures the oscillatory
behavior of the phase and can be analyzed using stationary phase arguments, among others. The
constant $CS$ in the bound depends continuously on parameters based on $a, \Phi, \rho$, the dimension
$d$, and the size of the support of the integrand, and so the result is stable under small perturbations of
these objects.

We then study two specific bilinear operators which have polynomial phase, and show how the results of
the main theorem can be leveraged to prove decay even when the determinant condition in the hypothesis
does not hold. We also use these examples to show that the decay of the operator is affected by the
precise way in which the determinant condition fails.
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ABSTRACT

L? DECAY OF CERTAIN BILINEAR OSCILLATORY INTEGRAL OPERATORS

Ellen T. Urheim

Philip Gressman

In this thesis, we study bilinear oscillatory integral operators of the form

L fo) = /M @ £ (21) fo(2)alz)do(x)

Vi (21,...,24), 2% := (gs1, - - -, T24), and p, @, a are smooth functions on an open

where z
box B; with a compactly supported, 9;p nonvanishing on By for each i, and M = {z €
B | p(x) = 0}. Under an additional determinant condition that has similarities to both a

mixed Hessian condition on ® and a Phong-Stein rotational curvature condition on p, we

prove that this operator has optimal L? decay, namely that

a1
[(f1s )l < CIANT 2 [ fill 2 eyl 21 2 ey

The proof uses a frequency space decomposition which is a higher-dimensional analogue of
one developed in earlier work with Gressman, and applies this to the functions f; and fo to
generate a kernel which captures the oscillatory behavior of the phase and can be analyzed
using stationary phase arguments, among others. The constant C' in the bound depends
continuously on parameters based on a, ®, p, the dimension d, and the size of the support

of the integrand, and so the result is stable under small perturbations of these objects.

We then study two specific bilinear operators which have polynomial phase, and show how
the results of the main theorem can be leveraged to prove decay even when the determinant
condition in the hypothesis does not hold. We also use these examples to show that the

decay of the operator is affected by the precise way in which the determinant condition fails.
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CHAPTER 1

INTRODUCTION

1.1. Background

1.1.1. Oscillatory Integrals

The study of oscillatory integrals and oscillatory integral operators is a key area of harmonic
analysis with many connections to other fields of mathematics. An oscillatory integral can
take many forms, but a unifying feature is that the integrand is a product with an oscillating
function in the form of a complex exponential, which oscillates at a “speed,” in some sense,
that is controlled by a parameter. Often when studying oscillatory integrals, we are seeking

to quantify “smallness” of the output in terms of this speed parameter.

The prototypical example of an oscillatory integral is the Fourier transform:

F()E) = f(&) = 5 Fz)e 2wty

There is a basic sense in which the Fourier transform exhibits the type of relationship between
speed of oscillation and size of output that we are looking for: the Riemann-Lebesgue Lemma

states that if f € L'(R?), then limyg| 00 ‘f(f)\ =0.

A major area of study in harmonic analysis is the Fourier restriction problem. This is a broad
question which asks: when can we take an L? function f, restrict its Fourier transform to a set
S, and have this be an L? function? (In many cases, the set S is taken to be a hypersurface.)
The Fourier restriction problem is related to other problems in harmonic analysis as well as
problems in other fields such as PDEs. A given Fourier restriction problem can also often
be viewed as an oscillatory integral problem, as the Fourier restriction operator can often

be written as the adjoint of a particular oscillatory integral operator.

Stein [32] divides oscillatory integrals into two types: oscillatory integrals of the first kind,

and oscillatory integrals of the second kind. We detail each type and list some major results



below.

Oscillatory Integrals of the First Kind. Stein defines an oscillatory integral of the first

kind to be an integral of the form

I(\) = / e @) () da

where A € R is a parameter, ¢ is a real-valued smooth function, and ¢ is complex-valued and
smooth, and usually assumed to have compact support. We seek to prove that I(\) — 0
as A — oo, and specifically to determine how fast I(\) decays with respect to A\. A key
property of oscillatory integrals of the first kind is that the limiting factor determining this
decay is the portion of the integral where ¢(z) is stationary, i.e., where V¢ (z) = 0. In other
words, if V¢(x) # 0 on the support of v, then I(\) decays rapidly. This is the principle
of non-stationary phase, which we state and give a proof for below, as a similar type of
argument is used in a proposition later on in the proof of Theorem 1. We will state and

prove the result for d = 1, but the result holds in any dimension.

Proposition (Principle of Non-Stationary Phase [32, p. 331|). Let ¢ and v be smooth
functions on R, with 1 compactly supported in [a,b] and ¢'(x) # 0 on [a,b]. Then for any
N >0,

[IV)] < On gAY

Proof. Define the following differential operator for functions on [a, b]:

1 df
DI =30

and note that its transpose is

‘Df(x) = ;76} (Mfcz%:))

By construction, for any x € [a,b] and any N > 0, we have DV (ei*?) = ¢*¢. Thus, by



integration by parts, since ¢ smooth and supp (¢) C [a, b] implies ¢(a) = ¥ (b) = 0, we have

b b b
() = / M@y (1) dir = / DN (290 (z)dr = / AW (DN (p(x))dz (%)

a

Then, because |(!D)N ((x))| = [A|"N[(D)N (¢(z))| where

DI =g, <¢’{w)> ’

we can complete the proof by applying the triangle inequality to () and using the fact that

¢ smooth and ¢'(z) # 0 on [a, b] implies that |¢'(z)| > ¢ for some ¢ > 0 on [a, b]. O

If we do not necessarily have that V¢ # 0 on the support of the integral, we can still obtain
estimates for I(\). One such result is the van der Corput lemma, which doesn’t necessarily
require any knowledge about whether ¢ is stationary or non-stationary. The van der Corput
lemma says that if the absolute value of the k' derivative of the phase is uniformly bounded

below by a positive constant, then I()\) is O(|A|~1/%).

Proposition (van der Corput lemma (32, p. 332]). Suppose ¢ is real-valued and smooth in

(a,b), and that |¢®) (x)| > 1 for all z € (a,b). Then

b .
/ ez)\qﬁ(x) dr

provided k > 2 or k =1 and ¢'(x) is monotone. The bound ¢y, is independent of ¢ and X.

< ck‘)\‘fl/k

There is also an analogue of the van der Corput lemma for higher dimensional cases.

Proposition (van der Corput lemma analogue [32, p. 342]). Suppose ¢ is smooth and
supported in the unit ball, and suppose ¢ is a real-valued function such that for some multi-

index a with |a] =k > 0, we have |0%¢| > 1 throughout the support of 1. Then

< er(¢) - IATVE (1l + (199l 10)

/ @) () da
R4




Finally, another useful result for oscillatory integrals of the first kind deals with the case
when the phase has a single nondegenerate critical point, i.e., Vé(zg) = 0 but the Hessian

of ¢ at x¢ is invertible. This result is due to Hérmander [21].

Theorem (Hoérmander [21, p. 220]). Suppose K C R? is compact, X D K is open, and
N > 0 is an integer. If ¢ € C2N(K), ¢ € C*N*THX), Im¢ > 0 in X, Im¢(xg) = 0,
Vo(xg) =0, det[H(¢)(z0)] #0, Vo # 0 in K \ {zo}, then

N\ d/2
/eiwx)w(x)dx _ (2;”) o) (det H(¢) (0)) /2 Y - AF Ly + O(IA7Y)

k<N

where Ly is a differential operator of order 2k acting on v at xzq.

The definition of Lj, and details on the constants in the term O(|A|~") can be found in [21].
One way of viewing this result is that it gives us an asymptotic expansion for the A decay

of I()\); it essentially tells us that IT(A) ~ A\=%2 3 ¢pA=F.

Oscillatory Integrals of the Second Kind. For Stein, oscillatory integrals of the second
kind are oscillatory integral operators, which he separates into three different types. The

first type is an operator from functions on R? to functions on R? of the form

(T F)(E) = / POy (1 €) f(x)dr, €€ RY

Rd

The second type is an operator from functions on R%~! to functions on R? of the form

(T2 )(€) = / POy ) f(r)de, £ € R

Ra-1

where here, if we have the special case ®(x,&) = z - € + ¢(2)&; where 2z € R4! and

£ =(&,...,8a—1), then the adjoint T} is essentially the operator which restricts the Fourier

transform of a function on R? to the surface z,, = ¢(z) in RY.

The third type is a Fourier integral operator, which has connections to the study of Radon



transforms, but is less directly relevant to our results in this thesis, so we omit its description

here.

For the first type of operator above, we have another result from Hoérmander [20] which
guarantees decay, provided a “mixed Hessian” condition is satisfied. This condition is related

to one of the assumptions in the hypothesis of Theorem 1.

Theorem (Hormander [20]). Let a € C°(R%), let ® € C(R??) be real-valued, and for

A > 1 define
Tof(z) = / AV o2, ) f(y)dy

for f € CP(RY). If det 0?®/0x0y # 0 in suppa and 1 <p <2, 1/p+1/p' =1, then

TNl gy < CA P 1 1oy

We note that with p = p/ = 2, this becomes

IT0Fl p2qay < CA || 1l 2 gy

Outside of oscillatory integrals of the first and second kind, there has been significant work
done to understand the decay properties of multilinear oscillatory integrals. Phong, Stein,
and Sturm studied multilinear oscillatory integral operators with polynomial phase in [30]
and proved that decay was tied to the reduced Newton polyhedron of the phase. Carbery
and Wright also studied multilinear oscillatory integral operators on measurable real-valued

functions in [3]| while proving a higher dimensional analogue of the van der Corput lemma.

Soon after, Christ, Li, Tao, and Thiele |7] introduced a general framework for studying

multilinear oscillatory integral operators:

Moo fi) = [ O T ma)ala)da
j=1



where X € R is a parameter, ® : R — R is a measurable real-valued function, d > 2, and
a € C& (RY) is compactly supported. Each mj denotes orthogonal projection from R? to a
linear subspace V; C R? of dimension x < d, and fi ' V; = C is locally integrable with
respect to Lebesgue measure on V. The authors were interested in finding conditions on P

and Vj that allowed them to prove an inequality of the form
[AA(frs - fa)l S COALH A H [1£illz=vy)-

for € > 0 (bounds with other exponents on the f; can then be obtained through a simple
interpolation argument). Note that for any function P, this inequality is automatic with
€ = 0. The authors studied polynomial phases P and were able to prove results for k = d—1
and k = 1, provided that the polynomial phase P had bounded degree and satisfied a

nondegeneracy condition with respect to the subspaces Vj.

More recent progress in this area includes work by Christ and Silva [9], Deng, Shi, and Yan
[11], Dong, Maldague, and Villano [12], Gilula, Gressman, and Xiao [13], Greenblatt [14],
Gressman and Xiao [19], Niepla, O’Neill, and Zeng |24, 25|, Xiao [38|, and Zeng [39].

1.1.2. Radon Transforms and Rotational Curvature

We can define the classical Radon transform for measurable functions on R? to be the

following

Rf(w,1) = / _ f@)iola), wesieR

where S%~1 is the unit sphere in R? and do(z) is Lebesgue measure on the hyperplane
{z € R|x-w = t}. Oberlin and Stein fully determined the boundedness properties of the

Radon transform in [26]:

Theorem (Oberlin and Stein, [26]). For d > 2,

B fllzary < Cparllfllze



holds if and only if 1 < p < %, q<p, and % = % —d+ 1, where p' is the dual exponent

top (545 =1).

(The above uses the definition ||Rf|zqrr = (fga1 IR (w, .)||qT(R do(w))/1.)

)

The Radon transform can be thought of as a type of geometric averaging operator, as it is
averaging the input function f over a family of submanifolds of R%. Consider a more general

geometric averaging operator or Radon-like transform of the form

Tf(x) = f(y)do(y)

My

where M, = {y| p(z,y) = 0} for p a real-valued and smooth function defined on U ¢ R%xR?,
and do, is Lebesgue measure on M,. Note that if z € R and U,.(2) := z% + 4 23 -,

then setting p(z,y) = ¥, (x — y) means that

Tf(z) = /8 o, fio)

i.e., T is just a classical spherical averaging operator. In general, T' can be shown to be
bounded from L*(RY) to L?_, (R?) [33], provided that the function p defining the submani-
2

folds M, satisfies a condition known as rotational curvature.

Rotational curvature was introduced by Phong and Stein in [27-29], in part to study singular

Radon transforms, which can be defined as being operators of the form:

Tf(x) = y f(y) Kz (y)doa(y) (%)

where x — M, is any smooth mapping from R? to smooth submanifolds, K,(y) is a
Calderon-Zygmund kernel with singularity at z = y, and do,(y) is any measure on M,

with smooth density.

There are several equivalent ways of defining rotational curvature, but we will use the def-

inition that most closely relates to the setting of the results of this thesis, as there are



connections between this definition and the hypothesis of our first main result, Theorem 1.
(The definition below is also the one used in the proof of the result for the Radon-like

transform 7" defined above.)

Suppose p(z,y) is a real-valued and smooth function defined on U C R% x R%. We define

the rotational curvature of p to be the determinant of the following block matrix

(@, y) ‘ Ip(x,y)/dy;

op(z,y) | 9*plz,y)
O0xp 0x10y;

J(p) = det

We say that p has rotational curvature if J(p) # 0 when p = 0. Note that this is equivalent

to defining

0 ‘ Op(,y)/ 0y,

op(z,y) | 9pla,y)
o0xp 0z, 0y;

J(p) = det

and requiring J(p) # 0 when p = 0.

To help understand this definition, we give two examples which come from Stein [32]|. For
these examples, we consider the setting where we have a mapping from R? to hypersurfaces,
defined by

z = M, :={y e R?|p(z,y) = 0}

where p is smooth and real-valued as above. If p has rotational curvature, i.e., J(p) # 0
when p = 0, then this immediately implies that V,p(x,y) # 0 when p = 0 (the first row
of an invertible matrix cannot vanish), and therefore the surfaces M, are locally smooth

submanifolds and vary smoothly with x.

First, consider the case where M, is given by M, = x + My, i.e., all of the hypersurfaces M,

are given by some translate of a fixed hypersurface. One way that this might happen is if we

have p(z,y) = ¥(y — z), so that My = {y|¢¥(y) = 0}. If y € My, then Vyp(z,y) = V¢ (y)



is a normal vector to My at y, and the requirement that J(p) # 0 when p = 0 is equivalent

to requiring that the (n — 1) x (n — 1) symmetric matrix given by restricting

(5.5.)
0y, Oy, 1<i,j<n

to the the tangent plane to My at y (the plane perpendicular to V41 (y)) is invertible. Thus

in this case, p having rotational curvature is equivalent to My having nonvanishing Gaussian

curvature.

Second, consider the case where p(x,y) = = -y + ¢, for some constant ¢ # 0. If we calculate
J(p), we see that J(p) = ¢ by the first definition and J(p) = —x -y by the second definition.
In either case, J(p) = ¢ # 0 whenever p = 0, so p has rotational curvature. In this situation,
each hypersurface M, is just an affine hyperplane, so has zero Gaussian curvature, but the

idea is that p still has rotational curvature because the hypersurfaces M, rotate as x varies.

After the introduction of rotational curvature by Phong and Stein to study singular Radon
transforms, a key development was made by Christ, Nagel, Stein, and Wainger [8], who
used vector field techniques to define a curvature condition on the submanifolds M, which
implies LP boundedness for the singular Radon transform defined as above in (x). Around
the same time, Christ [6] studied an operator that averages a function along translates of
the curve y(t) := (¢,£2,...,t%), and established optimal LP — L? mapping behavior (outside
of two endpoint cases, in which restricted weak-type estimates are obtained), by iterating
the operator and using geometric and combinatorial techniques now known as the method
of refinements. Tao and Wright [36] then built on the techniques in these papers to study
Radon-like transforms which average over smooth families of curves, and also obtained

optimal LP — L9 bounds up to endpoints.

Other key developments were due to Stovall [35], who generalized the result of Tao and
Wright, moving from a bilinear result to a multilinear result, and Gressman [17|, who de-

veloped an alternate idea of curvature (similar to but distinct from rotational curvature),



which he used to study Radon-like transforms of intermediate dimension and obtain sharp
LP-improving estimates up to endpoints. Finally, other notable papers in this area include
works by Bak [1], Choi [4, 5], Dendrinos, Laghi, and Wright [10], Erdogan and Oberlin [2],
Gressman [15,16], Lee [23], Iosevich and Sawyer [22], Seeger [31], and Stovall [34], although

this is by no means an exhaustive list.
1.2. Definitions and Assumptions

In this thesis, we will be looking at bilinear operators of the form

D) = [P0 A6 fla)ala)do(a) (1)
where
o ' = (21,...,29) and 22 := (2441, ..., T2q)
e f1, fo are measurable functions on R?

p, ® are smooth and real-valued functions on B := (—by, b1)2d

a is smooth and compactly supported in By C By with By := [—bg, bo]*?

The gradient of p is nonvanishing on By and M = {z € B; | p(x) = 0}
e do is Lebesgue measure on M

Furthermore, we assume that |A| is bounded below, specifically that:
IA|7Y2 < min {by — by, 1} (1.2)

and that |0;p| is uniformly bounded below by a positive constant on B; for i =1,...,2d.

Throughout this thesis, we will use the notation a < b to mean that there exists some
constant ¢ such that a < ¢b, with ¢ depending only on the admissible positive constants d,

bo, b1, C), C;, Cg, Cy, and the constant ¢ appearing in (1.7). Here, d is the dimension,

10



bp and by are the constants from the definition of (1.1), and the remaining constants are
defined as follows:

max sup |0%(z)| < C, (1.3)
la|<2d+2 ze B,

max sup |0°®(z)| < Cp (1.4)
lo| <2d+2 ze By

max sup |[0%(z)| < C 1.5
s [07°9(2)] <, (15

. inf ) > ry—1 1.
(i inf [9ip(x)] 2 (C,) (1.6)

1.3. Main Results

The first result we will prove is a bilinear version of the main result in [18]. (The main result
in [18] is discussed in Section 1.4.) This bilinear version is analogous to the multilinear
version, with the main difference being in the formulation of the determinant condition

(1.7) in the hypothesis.

Theorem 1. Suppose that I (f1, fo) is the operator defined by (1.1), satisfying all of the
conditions (1.2), (1.3), (1.4), (1.5), and (1.6). Suppose also that there exists a constant

¢ > 0 such that for every x € By and every (wi,ws) € S, we have

02,p(7) 0F 0y, (W1®(2) +w2p(@)) -+ 0F 4y, (W1®P(2) + w2p())
det | : - : >c (1.7)
O00p(2) 0%, (1®(2) +w2p(2)) -+ 0, (Wi1®(x) + w2p(2))
L 0 8$d+1p(x) e axde(x) ]

Then for any f1, f2 € L*(RY), we have

_d-1
[N(f1, f2)| S AT 2 | fall 2 eyl ol 22 ray (1.8)

and this decay is optimal in the sense that for any X, there exist fi, fo € L*(R%) such that

—1

[Ix(f1, f2)| > Cl|)‘|_dT||f1||L2(Rd)Hf2||L2(Rd); with ¢ independent of |A|.

11



The determinant condition (1.7) in the hypothesis of Theorem 1 is only used in the final
stages of the proof, so we can leverage much of the machinery of the proof of Theorem 1
to prove results for two specific operators which satisfy all of the hypotheses of Theorem 1
except for the determinant condition (1.7). The first operator fails the determinant condition

only on the plane xo = 0.

Theorem 2. Suppose that INA(fl, f2) is the operator defined as follows:

L fo) = /M eAGareteass) f, (1) £y (22)a(a)do (2) (1.9)

where f1, f2 are measurable functions on R3, By, By are bozes as in (1.1), || satisfies (1.2),

a is smooth and compactly supported in By, and M = {x € By | p(z) = 0} for
p(z) = —%zgmg, 4 2324 + 21 + 22 + 23 + T4 + T5 + T
Then for any f1, fa € L*(R3), we have

11 )l S A2 1og AL 2 es) | fol 2 es) (1.10)

The second operator fails the determinant condition only on the plane zs + x5 = 0, and
despite the similarities to the first operator, we get a slightly better result for the second

operator, with a slightly simpler proof.

Theorem 3. Suppose that I:)\(fl, f2) is the operator defined as follows:

I:/\(fla f2) _ /M ei>\($2$4+m2$3$5+%$3$§)f1 (:L‘l)fg (m2)a(a:)do'(3:) (1.11)

where fi, fo are measurable functions on R3, By, By are boves as in (1.1), |\| satisfies (1.2),

a is smooth and compactly supported in By, and M = {x € By | p(x) = 0} for

p(x) = $x3s + Sw0a2 — 2374 — S35 + 21 + T2 + T3 + T4 + T5 + T6

12



Then for any f1, f2 € L*(R®), we have

D1 )L S T2 (il 2y ol |2 sy (1.12)

Note that for both of these specific operators, we are assuming that By = (—by,b1)% is not
too large (for example, by < 1), so that we have |9;p| uniformly bounded below on By, per

the general requirement for these operators.
1.4. Motivation

In earlier work with Gressman [18|, we proved the following theorem for multilinear oscilla-

tory integral operators.

Theorem 4. Suppose I\(f1,..., foqa) is a multilinear operator on measurable functions f;

on R, given by

2d
K(froe s foa) = /M 2@ | T £3(5) | ala)do () (1.13)
j=1

where we have the same definitions and assumptions as in the definition of (1.1). Suppose
that A\, a,®, p satisfy the bounds (1.2), (1.3), (1.4), (1.5), and (1.6). Further suppose that
there exists some ¢ > 0 such that for every x € By and every (wi,ws) € S*, the indices

{1,...,2d} can be partitioned into two sets {i1,...,iq} and {j1,...,Ja} such that

O p(w) 0 (wi®(@) +wap()) -+ 0F;, (wi®(x) +wap(w))
det : : K : >c
iap(x) 03, (@1®(x) +wap(x)) -+ 07, (W1®(x) + wap(x))
L 0 95, p(x) T djap(x) ]

Then for all f1,..., faqa € L*(R),

2d
a1
IL(f1 - Pl ST TT 2wy

j=1

13



A natural next step is to ask whether a bilinear version of this theorem is possible. The
answer is yes: this is Theorem 1. The proof of Theorem 1 is similar in structure and content
to the proof of the multilinear result, although small but pervasive changes are required
to deal with the fact that for the bilinear operator, there is now a fixed partition of the x

variables into z! := (z1,...,24) and 22 := (2441, ..., T2q).

Once we have proved Theorem 1, another natural next step is to ask what happens when the
determinant condition (1.7) fails. It turns out that if the determinant condition (1.7) fails,
the way in which it fails, i.e., the nature of the zeroes of the determinant, greatly influences

the decay of the resulting operator. To see this, consider the following two examples.

Example. An operator in dimension d = 3 which fails the determinant condition is

(I)(ZL') = 21T4 + T2T5

p(x):x1+x2+x3+x4+x5+x6

as then the determinant would be

1 w1 0 0

1 0 w1 0 9
det = wj

1 0 0 O

0O 1 1 1

and this vanishes only at (w1,ws) = (0,41) € S1. We now show that this exhibits optimal
decay as a type of Fourier transform. To make the following estimates simpler, we assume

that the amplitude function a has the form a(x) = a1(x1, x2, v3)as (x4, x5, ¢). First, note

14



that

/ ei)\(11$4+1‘215)f(331, X9, xg)g(xzb x5, $6)a($)d0($)
M

_ / 6@')\(961:v4+12965)f(x17 Z9, x3)§(gp47 s, xﬁ)d(x)da(x)
x3+x6=0

when we make the change of variables z1 + z2 + x3 — x3 and x4 + x5 + x¢ — x6 (keeping
all other variables unchanged), as this has Jacobian determinant 1. Here, f (x1,x2,23) =
flx1, 29,23 — 1 — x2) and §(z4, x5, 26) = g(24, T5, 26 — T5 — x4), and by abuse of notation
we will drop the tildes going forward, as ||f]|;2 = ||f]|z2 and ||§||z2 = ||g||z2. From here,

we do another change of variables:

/ ez‘)\(x1z4+x2x5)f($1, x9,x3)g(x4, x5, x6)a(x)do(z)
M

:/ eA@ITat®2T5) £ (1 o w3)g (24, 5, 26)d(x)do ()
x3+x6=0

R

_ ﬁ 5 ei)\(x1z4+x2:r5)f(x17 Za, :1;3)9([1;‘47 s, —xg)&(f)df
R

where T := (x1,x92,x3,24,75) and we're using the change of variables z¢ = V(T) = —x3
which has Jacobian determinant (14 |VU(Z)[?)'/? = v/2. Going forward, we treat 3 as a

parameter, and use Fubini’s Theorem and the definition of the Fourier transform:

/Mei)‘(wlx‘*"’”%)f(xl, x9,x3)9(T4, T5, x6)a(x)do ()
=2 . eA@1wate2®s) £y o ws)g(wa, x5, —13)a(T)dT
=2 A [/R4 ei’\(xlz4+x2x5)f(x1,xg;xg)g(x4,x5; —xg)c:l(l‘)d$1d.%'2dl‘4d$5:| dxs
= \/5/ / [/ 6M($1$4+z2$5)f($1,$2;1’3)051(961,$2;$3)dl‘1dﬂ$2]

- g(x4, 5; —3)d2 (24, T5; —xs)dmd%} dxs

= \/5/ /(fd1)(>\964,/\375;563)9(334,365;—$3)d2($4,$5;—$3)d904dx5] dxs

15



—

By (fa1)(-,-;x3) we mean the situation in the center brackets on the fourth line above; a
Fourier transform of fa; in only the first two variables. To finish, we apply Cauchy-Schwarz,

another change of variables, and Plancherel’s Theorem:

’/ ei/\(z1x4+562$5)f(3;173727x3)g(m4,m5,$6)a(a?)d0($)
M

~ ’/ [/ (far)( Az, Axs; 23)g(24, 255 —23)d2 (24, T5; —$3)diﬁ4d$5} dx3
- 1/2
< (/ |:/ |(fd1)()\a:4,)\x5;:c3)|2dx4dx4} da:3> Hgd2||L2(R3)

. 1/2
<! ( / [ / r<fa1><x4,:c5;:c3>|2dx4dx4] dx3> o2,

= ’)‘|_1HfleLQ(R3)HgHL2(R3)

S NI 22 sy 9 22 sy

Note also that this decay is optimal; if, without loss of generality, we assume a(0) is positive

and a(z) is real on a neighborhood of x = 0, and if we let

f(@1, 22, 23) = X <A1 (Z1)X | <ea -1 (T2) X | <5 (T3)

9(%4, 75, 76) = X|.|<cq (Ta)X|-|<cs (T5)X| | <cs (T6)

then as long as ¢y, ..., cg are small enough depending only on a (as well as on the specific
choice of p, ® for this example), we can guarantee that Re[e?*(#1#a+225)] > 1 and a(z) >

a(0)/2 > 0 on the support of the integrand. This implies

|/ 6i>\<x1x4+m2m5)f($173727$3)g($4,$5,1‘6)a($)d0(l’)
M

> ’Re [/ ei’\(z1w4+x2x5)f(ac1,xg,xg)g(x4,%,x@a(m)do(w)} ‘
M
>C [ far o a)glon, s 20)do @)
M

= C'IA72 = C" NI Il 2 eyl 2 esy
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for some constant C” that is independent of |A|. Thus the decay of |A|~! proved above for

this operator is sharp; this operator cannot have decay greater than |A|~1.

(Very similar

arguments to the one above are explained in more detail at the end of Section 4.1 and in

Section 4.2.1.)

Example. As another example for d = 3, we can also consider the operator

p(aj):1'1334+1'21‘5+1’1+£L"2+.T3—|—l‘4—|—l’5—|—1'6

as then the determinant would be

det

1424
1+ x5
1

0

O(x)=0

w2
0
0

142

0
w2
0

1+ 29

o o O

1

which vanishes only at (wy,ws) = (£1,0) € S!. As ® = 0, there is no A dependency in the

integral, so the operator cannot have any A decay.

Later in this thesis, we will deal with two more specific examples, also for d = 3, where the

determinant in the condition (1.7) has zeroes that only depend on the x variables: these are

the results Theorem 2 and Theorem 3. In both of these cases, where the zeroes are relatively

simple, we show how the machinery developed in the proof of Theorem 1 can be used to

prove decay on regions outside of the determinant’s zeroes.

One thing to note is that despite the fact that we are unable to prove optimal decay for the

specific operators in this thesis, we will prove that both operators decay at a rate of at least

IA|=1/21og|A| and that both operators cannot decay at a rate greater than |A|~3/4, which

makes them distinct from the examples above.
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CHAPTER 2

FREQUENCY SPACE DECOMPOSITION

In this section we will first develop a decomposition of frequency space R, and then define

a transformation which decomposes a function in frequency space.

The following results are heavily adapted from the d = 1 case outlined in earlier work
with Gressman [18|. The structure of the decomposition requires only minor modifications
to translate the d = 1 case, while the transformation has a slightly different construction
that retains all the key properties that the d = 1 transformation has, but uses smooth cutoff
functions to localize on the frequency side as opposed to characteristic functions. This change
gives us the option of more easily relating the z variables in the original integral with f;(x!)
and fa(2?) to the y variables in the integral of the transformed functions V fi(y',£!) and
V f2(y?,£%). This is done via a Schwartz tails argument, which we briefly outline at the end

of this section.
2.1. Construction of the Decomposition

For each n € Z~, define a cube B,, by the following.

n(n+1) n(n+1)7°
B, = |- 9 s 9

Now consider what happens when we subdivide B,, into (n + 1)? smaller cubes with side
length n in every direction. If we take the union of the interior smaller cubes (that is, all
smaller cubes that do not intersect the boundary of B,,), then this union is exactly the cube
B,,_1. Let B,, be the collection of all cubes in the subdivision of B,, which are not contained

in By,—1, and define Q = J,, By.

For our purposes, it is helpful to create a frequency space division where there is a fixed
smallest side length of the cubes. To this end, define Q,,(n,+1)/2 to be the collection of boxes

which either belong to the subdivision of By, or are in B,, for n > ng, and for any |A| > 2,

18



Figure 2.1: An illustration of the frequency space decomposition Qy of R? for A = 10; the
smallest cubes have side length ng = 4.
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define Q) to be equal to Q,,(ny+1)/1 for no the maximal integer satisfying ng(no+1)/2 < [A|.

We now prove a result that gives an estimate on the side length of a box in the decomposition
Q,. In the proposition below, and in the rest of this thesis, we denote by |Q| the measure

of the cube Q. Note that this means that |Q|'/¢ is the side length of the cube Q.

Proposition 1. Let £ € R? satisfy £ € Q € Qx. Then
QP < max{|)|,3¢|} < 3d'/2|Q[*/ (2.1)

Proof. As above, let ny be the maximal integer satisfying ng(no+ 1)/2 < |A|.
Case 1. Consider first the case that |A| > 3|¢|. Then

1 (n0+1)(n0+2) 1 ng(n0+1) " 2(n0+1) < no(n0+1)

3 2 3 2 2 = 2

1
< =|Al <
€1 < 5

Thus £ € B,,,, and therefore by construction of the decomposition we must have \Q|1/ d = py,

SO:

n(no + 1) nd
A= S 3 = QP
ng+1)(ng + 2
A < S0t DT s g+ 2] < 30 = QP

Since |A| > 3|¢|, we have max{|\|,3|¢|} = |A|, and therefore this case gives us the chain of
inequalities:

QI < max{|A|, 3¢[} < 3|QJ*/¢ (*)

Case 2. Next, suppose |A| < 3|¢| and also £ € Q with |Q|"/¢ = ng. By construction of the

decomposition, this means £ € By, and therefore |&;| < no(ng + 1)/2 for all ¢. Using these

20



inequalities, we get:

no(no +1) _ nj
Blél = A > =R > 20 = QP
d 1/2 .
+
3¢ =3 (Z &F) <3d'/?. "“(”;) = 3d"2[nd + no| < 3d"/*nd = 3d/2|Q [/
i=1

Summarizing, since in this case 3|¢| = max{|\|, 3|¢|},

LIQI?/ < max{|A| 3J¢[} < 31/2|Q[?/ (%)

Case 3. Finally, suppose |A| < 3|¢| and & € Q with |Q|"/? = n > ng. By construction of the

decomposition, this implies £ € By, \ B,,—1, and therefore by definition of the boxes B, all

components & of & = (&1,...,&y) satisfy & < w, and there is at least one component
&; satisfying |¢;] > @ Using this information, we can deduce the inequalities we need
for 3|¢]:
(n—1)n nono_ 3 0
el > 3lg >3- "W 5.0 M5y

d 1/2
3¢ =3 <Z ]§i|2> < 3q%/2. n(n;l) < 3d'/%.n? = 3d"%Q|*/?
i=1

where the third inequality in the first line above follows because n > ng > 1 and hence

(n — 1) > n/2. Again, summarizing, this gives us
31QI/* < max{|],3[¢]} < 34/2| Q| (*)

To combine the three starred inequalities from the three exhaustive and mutually exclusive
cases, we take the minimum of the lower bounds, and the maximum of the upper bounds,

giving us our desired result. O

This result highlights a key feature of how the decomposition Q) scales: at small frequencies,
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the side lengths of the boxes are all the same and are all comparable to |A|'/2, and at large

frequencies, the side lengths of the boxes begin to grow and are comparable to the square

root of their distance to the origin.
2.2. Construction of the Transformation

Before we define the transformation, we first introduce the frequency cutoff functions and

note a few of their key properties.

Lemma 1. Let ¢ be a positive radial mollifier on R supported in Bi16(0). Let ¢ =
X[-1/2,1/2¢ * ¢, and for any cube @ € Qx with center {g and volume |Q|, define Yq(§) =
D(|Q~ V(¢ — £qQ)). Then 1q has the following properties:

1. 1q = Xq * bQ, where ¢o(€) = Q| ¢(|Q|~1/€)
2. g is smooth

3. supp g C 3Q

4. g =1onIQ

5. |[vgllre =1

where for any cube QQ and any positive number r, rQ is the cube with the same center as QQ

and side length r|Q|Y/®.

Proof. Property 2 follows from property 1 and the fact that ¢ is a mollifier, and properties
3 and 4 follow from property 1 and the fact that ¢ is a mollifier supported in Bygj/a /16(0).
Property 5 follows from properties 1 and 4 and Young’s convolution inequality, because

lIxollre =1 and as a mollifier ||¢q||r1 = 1. It suffices to prove property 1, which is just a
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statement about the compatibility of convolution with scaling and translation:

V(€)= v(1Q|7V4(E - &)
— / Xie1j2.120(1QI7Y4(E — €0) — )6 () dy

- / X121 a(QIA(E = Q1YY — £0))o(y)dy
- / xo(€ — 1Q1Y4)é(y)dy
- / o€ — 2) - QI $(1QI"V2)d=

= XQ * 9q(§)

Now we define the transformation.

Lemma 2. Let ¢ € C°(R?) be such that @ is bounded below on [—-%, ] for any Q € Q,,

let &g be the center of Q, let |Q| be the volume of Q, and define
po(x) == 1Q[/*e*™ e o(1QV )

For any € € R? in the interior of Q, let e = @, and for any & € R? on the boundary of
Q € Qn, let p¢ :== 0. Then there exists a dense subspace of L2(Rd) and a bounded map V

from this subspace into L>(R? x R?) such that
f@ = [ VIO~ iy (22)
R4 xRd
for all f in the dense subspace.

Proof. Let the dense subspace be functions with Fourier transform in C¢° (RY). Let g be

defined as in Lemma 1, and let

wzsz

Qe
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Note that the sum is everywhere nonzero and everywhere finite, as the support condition in
Lemma 1 guarantees that 1 is only supported in the union of @) and its neighbors (more
precisely, Q and any cube @’ which intersects %Q). Finally, define % = g /w so that
ZQEQ)\ % =1, i.e., the functions 1/)NQ form a partition of unity. Then
F=>Y" Ivqg
QeQ)

and as the sum is finite at any given point, and all functions in the sum are Schwartz

functions, we get the following equality on the physical side.

f=% F[fwd]
QEQx

Since the Fourier transform of ¢ is bounded below on [—1%, %]d and each % is supported

in %Q, if we let N
Pq(§)
pQI7V4(E - &)

then the operators Ty are uniformly bounded:

T N2 = ITQ ]2

=</\f<§>2 Yo (e)" d5>1/2
BQ (e~ €g))P

< ( / |f<£>|253d5> v

= CIfl

where C,, is just the lower bound of ¢ on [—%%]d in the hypothesis, and is independent of
Q. Note also that the operators {Tg}gco, are almost orthogonal in the sense of Stein [32],
as

C’;Q Q = Q' or Q adjacent to Q'

15T |22 <
0 else
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Also, since

p——

FlIQf + eql (§) = Taf(§)Pq(é)

7 Do(€)
=IO ar e — &)

= Q72 F(&)vq(€)

1QITV2B(1QITM U E - &)

we have the identity

[ Tanweate - vy =101 27 [Fig] ()

for every Q € Qy and every f in the dense subspace. Now, for every & € R?, define

Vf(y.€) = QI (Tef)(y) (2:3)

Then V f(y,€) is a Schwartz function in y and constant in { within the interior of any

Q € 9,. Also,

Vi, _y)dyde = — y)dyd
L VE0Oece - vy Q;Q/RXQ el — y)dyde

S / QI Y2(To ) () pola — y)dyde

QEQA R

-3 | / QIY2(To ) () pala — y)dy

QEQN

= > IQ!W/ Tof(y)eo(r —y)dy

Qe

= > F o] @)

QeQ
= f(x)

25



by earlier observations. Finally, note that

LoV oPdyds = Z/ [V £y, €)[2dyde

Qe

S / QI T f () Pdyde

Qe

/\TQf )[dy
QEQN

va(¢)
03, 2QI74(¢ - ¢Q))

< 1F(Q)q(O)1*d¢
QEQ, 02 /

<3 @ [ FOrc

QEQ
= C2|If112

= C2|IfI172 (2:4)

2
¢

The third-to-last line follows from the fact that 0 < %(() < 1 per Lemma 1 and the
construction of % from 1)g. The second-to-last line follows from the fact that as a member
of the dense subspace, ]/‘\is compactly supported, and therefore the sum is finite and can be

exchanged with the integral to apply the fact that {1/JNQ}Q€QX is a partition of unity. O]

One nice feature of the function ¢¢ is that in addition to being supported in a box with side
length proportional to the inverse of the side length of @), it also gains roughly a factor of

the side length of @ every time we take a derivative.

Proposition 2. Suppose that in addition to the hypotheses of Lemma 2, ¢ is supported
n [—1/(2dY*V/3),1/(2dY/*/3)]%. For &€ € R?, let r = (max{|\|,3|¢]})"Y/2. Then for any
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multi-index «, there exists a constant C, depending only on o and ¢ such that

, Cor=d2=lel gy e [—7/2,7/2]%
0% (e &M e (2))| < (2.5)

0 else

Proof. If ¢ is supported in [—1/(2d'/*\/3),1/(2d"/*\/3)]?, then @¢ is supported in
[—1/(2d"4QY%/3),1/(2dY*|Q|'/4/3)]¢. Furthermore, the inequality (2.1) implies that
|Q|7Y/4 < rd'/*\/3, and so the support of ¢ is contained in [~r/2,7/2]. By the product

rule,

‘804(6727”'(5@)906(%.))‘ _ ‘|Q’1/28a(62m'(§c97§,x>¢(|Q’1/dx))|

<|Q['? Z Ca. 512 (€ — €)[P|Q|11=18N/ | (92 =B o) (|Q| Y )|
p<a
_¢|8
< ‘Q|1/2+\a|/d Z CavﬁW’(aa_ﬂSo)(‘QP/dw)’
B<a

Sap | Q21N

5 o T—d/?—\a|
where the second-to-last line follows from the fact that & € @ and therefore |{g ; — &;| <
|Q[Y/4/2 for any index j € {1,...,d}, and the last line follows from the fact that |Q|~"/¢ ~ r

due to the inequality (2.1). O

Before we proceed, we expand slightly on the comment at the beginning of the section:
using smooth cutoff functions to localize in frequency space (as opposed to characteristic
functions) allows us to more easily translate between localization on the frequency side and

localization on the physical side.

As an example, consider a Schwartz function f on R?. Let 1 be a smooth cutoff function
with =1 on |z| < € and = 0 on |x| > 2¢, and let f(x) = f(z)(1 — n(z)), so that f =0

on |z| < e. We will now sketch how one can show that applying the transformation in some
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sense preserves the fact that f is “small” near x = 0, by getting a (small) upper bound on

|V(f)(y7 g)X\y|<e/2|'

Using the definition of the transformation, we note that

V() (€)= Q7T f)(y)

o121 [ Fry. vg(")
Q7 (f“ @(\@H/d(-—f@)))(y’

= Q72 % ge(y)

where ge(y) = F~[ge] (y) and

¥o(C) ¥o(¢)

Q) = =7 -
T RIRITTC =) T (510w oy 90(©) PUQIYC — 0)

with the second equality coming from the definition of % and the support conditions on 9.
Here, the sum in the denominator is over cubes @’ that are adjacent to @), more precisely

cubes @’ that intersect the slightly expanded cube %Q.

Now, define g¢,(¢) = g§(|Q|1/d( + £g), so that gg,(¢) is g¢ translated and scaled to make
the numerator become our base function from Lemma 1, t(¢) = §—1/2,1/21¢ * ¢ That is, we

have

Y(¢)
210 adi. @) Yo (1Q[YC + fQ)) P(¢)

9éo Q)= (

One then shows by the quotient rule and properties of 1, ¢ (with some effort) that for any
multi-index o and any &, we have [[0%g, |1 < Ca,p, for some C that depends only on
P, 97(p) for B, < a, along with dimensional constants. Importantly, C, can be chosen

to be independent of ¢ and |Q|. By properties of the Fourier transform, this implies that

Q]
L+ QI y[)*

|9e(y)| Sk (
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for any non-negative integer k, with k£ = |a| in the above reasoning. Recall also that (2.1)

tells us that |Q|'/¢ ~ max{|\|'/2, |¢|'/?}. Putting everything together, we have

V£ (1, )Xy <es2] = X\y|<e/2‘Q’_1/2f*g§(y)‘

< Xiyi<esol@ 2 / Fy— 2] - e(2)ld

< 1/2 f(y = 2)|
S Xlyl<e/2|Q /
2@ ) T QIR

~ dz
< Q"I |z~ /
‘ ’ ‘ ‘L (R4) 2 >e/2 (1+‘Q’1/d’2’)kz

where the fourth line follows from the third because the integrand is non-negative and
because |y — z| > € and |y| < €/2 imply |z| > €/2 by the triangle inequality. Note also
that in the last line above, we could use Hélder’s inequality with different exponents to
introduce a different LP norm on f in the upper bound; here we have chosen the L norm

for simplicity’s sake.

All that remains is to bound the integral in the last line above. Simplifying the denominator

and changing variables to polar coordinates gives us that

dz dz
< Q—k/d/ < Q[ Atk
/W/Q Ao <19 ) E R

provided k > d. Combining this with the above, we see

VW, €)X jyl<e2) S 1R 2H| 1] oo (may
= ‘Q|(d72k)/2d€d7k\|JFHL°°(1Rd)

~ (max{|\|, \§|})(d_2k)/4 6d_kHJFHLOO(le)

provided k > d. As long as € is not too small in terms of A, we can take k large to get an

upper bound that is as “small” as we like, in terms of both £ decay and A decay.
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CHAPTER 3

RAPID DEcAY CASES

In the original multilinear version of Theorem 1, the decomposition is applied to each of the
2d single-variable L? functions and the kernel of the resulting operator is analyzed using, in
part, the stationary phase results that follow. There are regions where this kernel can be

shown to exhibit rapid decay without using the determinant condition in the hypothesis.

All of these kernel estimates and rapid decay results translate to the case of a bilinear
operator on L?(R?) functions with only minor modifications. The following results and

proofs are adapted heavily from the results in [18].
3.1. Stationary Phase
In this section, we restate several results from [18], as they are used in the proofs in the

following sections, and outline the key points of their proofs.

Lemma 3. For each positive integer N, there is a constant Cn such that for every smooth
manifold M with measure do of smooth positive density, every pair (¢,v) of CN real-valued

functions on M with ¢ compactly supported, and every nonzero complexr number K,

N N—j
i C i _; N—j
'/ewdo s|KJ‘VNZ/1<X Y| [IXw—KIN T4+ 371X |77 | do, (3.1)
j=0 =2

where X is any C wector field on M and X* is the first-order differential operator dual to

X.

The proof begins by applying a type of stationary phase argument (similar in concept to
the argument outlined in Section 1.1.1) with integration by parts and a differential operator
that when applied to ¥ in the integral generates a multiple of the original integral. One
can then obtain an expression for N* powers of this differential operator, and apply the

inequality for arithmetic and geometric means to get the desired result.
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The next result is not a stationary phase result, but a version of the simple size inequality for
the integral of a bounded function of compact support, translated so that it can be applied

to the integral over a smooth manifold of a bounded function of compact support.

Proposition 3. Suppose that M C By := (—by,b1)?? is the zero set of a function p which
satisfies the inequalities (1.5) and (1.6) and that f is a measurable function on By supported

in a product of intervals I :== Iy X -+ X Iyq. Then for any jo € {1,...,2d},

‘ /M fdo

where do is Lebesque measure on M.

2d
| S lzoeqary TT 1451 (3:2)
j=1

J#jo

The main features in the proof are an application of the Implicit Function Theorem, and a

change of variables to transform the integral into an integral over standard Euclidean space

RQdfl_
Lastly, the previous two results are combined in a helpful corollary.

Corollary 1. For M as in Proposition 3 and ¢, ¥, and X as in Lemma 3, if 1 is supported

on a product of intervals I := Iy X --- X Iog C By and if N is any fixed positive integer, then

N
: Cn|1| K [ N—k
ewwda‘S g X*)|| oo Xo—K||7oe

|/J\4 |K|N|Ijo| k_:OH( ) HL (MnNI) ” HL (MNI)

N—k Nek
3 IXl g 3
(=2
for any complex number K and any jo € {1,...,2d}.
3.2. Kernel Estimates

As indicated earlier, we will now apply the frequency space decomposition to the functions

in our operator:

(i fo) = / X2 f, (1) fo(a2)a(2)do ()

p=0
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We again emphasize that the results in this subsection and the following subsection still
hold in general terms and only require the assumptions in the definition of the operator

(1.1) along with (1.2), (1.3) (1.4), (1.5), and (1.6).

When we apply the frequency space decomposition, i.e., we use the identity (2.2), we get

D)= [ TR0 ER07 ) duds

where above, we are somewhat abusing notation by renaming f;(y’, &%) := V f;(y?, &7), but
there is no issue in doing this because per Lemma 2, ||V f;l| 2(raxray S [Ifjllr2(rae). The

kernel here is

T(y.€) = /M M@ g (2 — y)pga(a? — yP)a(z)do(x) (3.4)

Before proceeding, we first reiterate some notation that will be used going forward. For each
€ € R¥ write ¢! := (&,...,&) and €2 := (g1, ., E0q), let r; := (max{|\|,3[¢7|}) /2
(for j = 1,2), and let 7 = min{r1,72}. Note that by assumption and by (2.5), each ¢,; is
supported in [—7;/2,7;/2]¢, so we must have 7 — yJ € [—r;/2,7;/2]%. Also note that in
the integral Z(y, ) we are only integrating over points x € suppa C By. Combining these
two observations with the condition (1.2), we have that for any k = 1,...,2d, |z — yx| <
max; 1 < IA|=Y/2 < by — by, and |x;| < by, which, along with the triangle inequality, shows

that Z(y, &) is supported in By x R??,

Next, we will apply the results of the previous subsection to get a preliminary estimate on
the size of the kernel Z(y, £). We will be using the smooth vector fields X; defined as follows

fori=1,...,2d.

Xi=0i- |22 (3.5)

The result that follows is adapted from a multilinear version in [18].

Proposition 4. Let N < 2d + 2 be a positive integer. Assuming (1.2), (1.3), (1.4), (1.5),
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and (1.6), we have

—-N

1/2
7'2 2d _
TS |14 —— (Z\Xxmwwa-x)m? P (36)
777 Ni=1

for jo =1,2. Also, if Z(y,&) # 0 then |p(y)| < max;r;.

Proof. If we first use the simple size estimate (3.2), we get

Z(y,€)| = ‘/M MW (@t =y e (a? — y?)a(w)do(x)

d

S e (- =y e (- = 2o anyrirsrs!

< Til/2r§l/2r;01 (3.7)

—d/2
o

because each ; is supported in a product of d intervals of length r; and ||pg|[zo < :

by (2.5).
Next, we rewrite Z(y, &) to pull out expressions that match the left hand side of (2.5):
2

I(y’é-) _ /M ei()«b(m)—i—%rém) e—27ri§~ya(x) H 6—27ri§j~(zj—yj)<p£j (LEj . yj) dO’(SU)
j=1

=iay,¢(x)

and use a, ¢(x) to denote the function in brackets above. We will apply the stationary phase

and size estimate in Corollary 1 with ¥ = ay¢, ¢ = A®(z) 4+ 27€ - x, and X = 7X;, where

7 :=r?/max; r; and ¢ is any index in {1,...,2d}. This gives
< CN?"%T% N NN ~ N—k
T O1 S 2w, 2o NXD ayellie |17X0® + 276 ) = K[+
10 k=0
Nk (3.8)
1672:) (A + 2¢ - )| 20
(=2
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for any K # 0, K € C, and where the L* norm is taken over
M nsupp{per (- =y )pea (- —y*)} C M 0 |y + [—r1/2,71/2) x [=rg/2,72/2)%| = M N T,

Now, we begin simplifying the right hand side of (3.8). First, we can calculate X g for an

arbitrary function g:

/Xifg:/ 0. f \VPZ i0)(0;1) | g
- [ |@ns |QZ )09
=/ —f@g+fzf9 (3 2(3jp)g>

2d
dip aipajp>
—az+§ —_9:p0;g + Ea-(
- [1]-0 [V I L5 P

And thus

2d
. Oip , ([ Oipdip
Xig= ngrZ vy ‘gajpaangg;ag <|VP|2> : (3.9)
By the product rule and quotient rule, Xg is a linear combination of g and 9;g for j =
1,...,2d with coefficients that are polynomials in |V p|~2 and the first and second derivatives
of p. Thus (X;)*g will be a linear combination of d%g for multiindices |a| < k, with
coefficients that are polynomials in |Vp|=2 and 9°p for multiindices |3| < k + 1, as the

coefficients are differentiated each time we apply X.

With all this in mind, we now find an estimate for (7X7 )kay@ where we recall the vector
fields X; are given by (3.5) and 7 = r?/ max; r;. By the reasoning above, (X7)*a, ¢ will be
a linear combination of 9%a, ¢ for |a| < k with coefficients that are polynomials in |Vp| =2

and 9%p for |8| < k + 1. By the initial assumptions (1.5) and (1.6) on p, these coefficients
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are bounded by uniform constants, so applying the triangle inequality gives

X7 ayel S 3 [F0%ay¢l (3.10)
|| <k

By the product rule, triangle inequality, and (2.5), we have for any given multiindex «,

0%yl <D eyald*Val - |07 (e (- — ¥ ) e (- — 7))
<«

< Z T;d/2r2*d/2r—lv| (3.11)
<«
because r = min{ry, r2} and thus r~I'is an upper bound for the additional negative powers
of 71,72 which come from differentiating ¢g1, pe2 a combined total of |y| times. This then
gives us

. —d/2 —d/2 | = —d/2 —d/2
<«

if |a| < k, because v < a, 7 = r2/max; r; < r, and r ~ min{|\|7V/2, |¢}]71/2) €271/} <1

by the assumption (1.2) that |[A| > 1. Combining (3.10), (3.11), and (3.12), we get

d/2

JOpS— —d/2 —
1FX7) ayellpe S 0 %%y (3.13)

Next, consider the term

=

—k
1(FXF) OD + 276 - )| (00
2

~
||

We have |(7X;){(\®)| = 7|\ - | Xf®| < 7|\ because of the uniform bounds on [Vp|~!,
the derivatives of p, and the derivatives of ®. Similarly, we have |(7X;)¢(27¢ - z)| < 7|¢).

Since r ~ min{|\|~1/2, |€1|71/2|€2|71/2}, we have 2 ~ max{|\|, [¢[,[¢2|}, and thus 72 ~
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Al + ¢l as

max{|A[, [€'], [€%[} < [\l + [€1] + €3] < 2(]A + [¢])

max{|AL, [€'], €]} = (1Al + [€'] + 1€2]) 2 1A + I¢]

Thus,
N—k N . E N—k —k)/
1(7X:) @ + 2m¢ - ) |2 (7 + 16n) "
=2 =2
N—k
S (férf2)(N7k)/£
(=2
<1

(3.14)

since £ > 2 and again 7 < r < 1. Combining (3.8), (3.13), and (3.14) gives us so far that

rdyd N
IZ(y, )] S —2 [y A

o [17X:0@ + 27 - ) = K|IN<* +1]
L4/2,d/2 N
- !II€|N2 Z[HfX,'()\@—l—QTrf'x)—K||g;k+l} (3.15)
"o k=0

and this holds for any i = 1,...,2d, any jo = 1,2, and any K # 0 in C.

To finish, for each choice of A, y, and &, we will pick K accordingly and show that we get
the desired inequality. For any A, y, £, and ¢, define

K; =i X;i(A®(z) + 27¢ - z),

K := K for the minimum j satisfying |K;| = max | K|
7

If |[K| <1, then

=1

1/2
2| < 2 <1
U (D) s (L) s
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and so if N >0, (3.7) immediately implies

-N

) 2d 1/2
d/2 d/2 — r
IZ(y, &) S vy Pt | 1+ (Zw)

man ’I“j i—1

which is exactly the desired result. So suppose instead that |K| > 1. We turn now to
estimating the expression in the sum in (3.15). Recall that for ||[FX;(A® + 27¢ - x) — K ||VoF
we are taking the L norm over M NI, ¢ = M N [y + [—r1/2,7r1/2]% x [—7‘2/2,r2/2]d], SO

let x € M NI,¢ and pick i = j for the minimum j satisfying |K;| = max; |K;|. Then

TX;(AR(x) + 27€ - x) — K| = [FX;(A®(x) + 27§ - ) — 7 X;(AP(x) + 27 - )|y |
< FA(X;®) () — (X;®)(y)] + 27| X;(E - ) — X;(€ - @)y ]

(3.16)

By the Mean Value Theorem and the assumptions (1.4), (1.5), and (1.6) on the derivatives

of ® and p,

[(X;®)(7) — (X;P)(y)] < [V(X;®)(c)||x -yl
Sz =y
S max{|z! —y'],|2* — |}

< maxr; (3.17)
j

In the first step, ¢ is some point on the line segment between x and y, and the second to
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last step just follows from the fact that (a? 4 b?)'/? ~ max{|al, |b|}. Similarly,
d;p 0jp
1X5(6 - 2) — X;(& )| = |<s ol Veee) | = (& o)

- ]( G AR Ay -g]

Y

Vo T o)
< e[ ¥ote) ~ o)
< lelle
S I€] max (3.18)

where here the the Mean Value Theorem argument is slightly more complicated as we have a
vector-valued function, but the result is the same; to get from line 3 to line 4 above, we need
to obtain an inequality of the form |F(x) — F(y)| < |z — y| for the function F : R?? — R2¢
defined by F(x) = (9;p(x)/|Vp(x)|*)Vp(z). If the function F has components (F1, ..., Fhq)
then the Mean Value Theorem says, among other things, that for each ¢ = 1,...,2d, we
can find a point ¢; such that |F;(z) — F;(y)| = |DFi(¢) - (x — y)|. Each F; is a monomial
in [Vp|~2 and first partial derivatives of p, so we can get a bound on |DF;(c;)| independent
of i, given our assumptions on p. Thus, for any ¢, we have an inequality of the form
|Fi(z) — Fi(y)] < Clx —y| with C independent of 7. Our desired inequality follows from

these inequalities, as |F'(z) — F'(y)| < max;{|F;(x) — F;(y)|}-
Combining (3.16), (3.17), and (3.18), we get
[FXGA® + 278 - x) — K| < F[IM[(X;®)(2) — (X;@)(y)] + 27| X;(€ - 2) — X;(E - @)y ]

S 7 ||A| maxr; 4+ |§] max 1
J J

= r(]\l + [¢])

N
[t

(3.19)

because 772 ~ || + |¢], as noted earlier. Going back to our main inequality (3.15) and
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applying (3.19), we now have

< ril/zrgp > ~ N—k
7,6 S T 2 [IFX50@ o+ 2m6 - 2) — KII<* + 1]
70 k=0

d/2 d/2 — -N
57"1/ T2/ Tj01|K|

d/2 d/2 1 —N
<Pyl |K))

d/2 d/2 — _
= {27 (U max )

y 12\ N
e (Z | Xi(A® + 27¢ - x)ly!2>

=1

which is the desired result. Note that the third line follows because in this case we are
assuming |K| > 1 and therefore 1 + |K| < | K|, and the last line follows from the definition

of K; and the equivalence of 7 norms on R2%.

It remains to prove the last statement that if Z(y, &) # 0 then |p(y)| < max;r;. Recall that

I(y,&) = /M M@ e (ah — yh)pe (27 — y?)a(z)do ()

so (2.5) implies that if Z(y, &) # 0, then |27 — /| < rj for j = 1,2, But then if Z(y, &) # 0,

the Mean Value Theorem gives us that

()] < lp(z)] + [p(y) — p(z)]
=0+|Vp(c) - (y — )|
<I|Vp(o)| |y — =|

< mjax Tj

by similar arguments as before. O
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3.3. Rapid Decay Cases

In this section, we show that in certain regions of (y,&) € R?? x R?? we can improve the
estimate in Proposition 4 to the point where it implies rapid decay for the operator in the
region. As a reminder, the only assumptions used up until this point and for the result in
this section are the assumptions in the definition of the operator (1.1) and the initial size

estimates (1.3), (1.4), (1.5), and (1.6) for the derivatives and support of a, ®, and p.

Before introducing the specific regions in which rapid decay occurs, we first explain the

significance of the choice of vector fields X; in the estimate (3.6) for Z(y, ). Note that

ai 2d
Xi(A® + 206 - 2)|, = [ 0 — |Vpp|2 S @005 | (@ +2m€ - 2) |,
j=1

2d
0;
= | (0\&i® + 27¢;) — \V;f)P 3 (9;0)(A0;@ + 27¢))
i=1

Y

— (AB(y) + 2mE) %ww C(AV@(y) + 2m6)

and so as a vector,

Vo(y) - AV(y) + 278)
Vp(y)|?

(Xi( + 2n¢ - )],)2) = (AV(y) + 2m€) — ( ) Vo) (3:20)

which is exactly the projection of (AV®(y) + 27€) onto the space orthogonal to Vp(y). In

other words, the expression
2d 1/2
(Z | Xi(A® + 27€ - x)lyl2>
i=1

in (3.6) is essentially the length of the portion of the gradient of the phase (A\V®(y) + 27¢)

which is orthogonal to Vp(y).

It turns out that there are two regions in which rapid decay occurs: the first is when r; and ro

are not comparable, i.e., one is always bigger than the other by at least some (large enough)
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fixed multiple. The kernel Z(y, §) experiences rapid decay on this region essentially because
the size difference between r; and ro ultimately implies that if, for example, ry << rq, we
have |€!] >> |\ and [€}] >> |¢2|. Since the gradient of the phase is AV® + 27¢, these
relations combined with the fact that the derivatives of ® are controlled and all first partial
derivatives of p are uniformly bounded below in magnitude means that the phase cannot be

stationary with respect to the manifold M = {p(z) = 0}.

The other region in which rapid decay occurs is when r; and r9 are comparable, but the
portion of the gradient of the phase (AV®(y) + 27&) that is parallel to Vp(y) is not too
large, i.e., the portion of (AV®(y)+ 27&) that is orthogonal to Vp(y) is not too small. Here,
the condition that the gradient of the phase cannot be “too close to parallel” to Vp again

just means that the phase is non-stationary with respect to the manifold M.
We formalize this in the following proposition.

Proposition 5. Let Z; C R?? be defined by
2= {£ € R | minr; < cmaxr;} (3.21)
J J

Then for all ¢ > 0 small enough, depending only on admissible constants, and any fized

N < 2d+ 2, we have the following pointwise inequality for all (y,£) € By X Z;.
IZ(y, )] S (1A + &)~ D2 A4 (3.22)

Next, if ¢ > 0 is small enough and " > 0 is large enough, depending only on admissible

constants, then for any (y,€) € By x (R4 \ Z1) satisfying |£| > '|\| and

(AV@(y) +278) - Vp(y) | _ , o
V)P e (3:23)

we have the inequality

IZ(y. &) S (A + [eh~N2a-te=Dr2 (3.24)
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Finally, if E C R?? x R?® is the set of all (y,&) where either (3.22) or (3.24) holds, then

—1

/Rm RQdI(y’é)XE(y’g)fl(?Jl,fl)fQ(y2,§2)dyd§ <IN f 2|l ol 2 (3.25)

for all f; € L*(R? x RY).

Proof. To prove (3.22), suppose without loss of generality that r; < rg, so that » = r; and

max; r; = r2. If min; r; < cmax;rj, ie., 11 < crg, then picking ¢ < 1 means
ry < v = min{ A7V, (362) 712} < |A|71/2
so || # |)\|_1/2 and therefore r; = (3|§1|)_1/2. Furthermore, r; < crg implies
Bl < emin{|A[TV2, B1€7) TV} < oA TP = A < 3c%¢N

Next, pick k1 € {1,...,d} and ks € {d+1,...,2d} to be the minimal indices such that

16| = 11€M oo = 11(&1; -, €a)lloo and [Es| = [1€%]loc = [I(Sa1, -+, &2a)lloe- Then if ¢ <

. - \1/2 . . :
min{1, ( C \/g> }, we have by the triangle inequality that

|0k, (AP () + 27€ - )| = | Ak, () + 27y, |
> 2m(&, | — [A||Ok, ()]
> ZEY| — ColA|
> 2Ll — 3c*Cole|
> Zle

T —2
= 3vd' 1

for any x € By, where Cg is the constant in the initial size assumption (1.4) on ®, and the
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third line comes from the fact that

6] = N6 oo = L (@lIEMZ)Y> = (a4 -+ )V = LJleMle = Jole?)
Also by the triangle inequality,

|0k, (AP () + 27€ - )| = | Ak, @() + 27y, |
< (MO, ()| + 27|, |
< [A|Cq + 2m(€?|
< (Co + Z)ry?

(Cq; 4 27r) —2

Ultimately to estimate Z(y, &) we will again apply (3.3), but this time with a different vector

field, which is why we need the above inequalities. Define the vector field

ak p(a:) 8k p(:C)
Xpiky = 2 O, — . Oy (3.26)
O p@2 + Op@ " O p(@) + Opap(@)®

which we can do without any issues as by assumption 0;p is bounded below for every i. By

the above inequalities and another application of the triangle inequality,

ak2p( ) ak‘lp )

2my,.—2
\/ak?l + akz P( ) ‘ \/ak’l + ak’zp( ) (C " )
1 ) iy 1 2w, —2
V14 (81, p(@) [0, p(2))2 | 3Vd & ‘\/1 + (Okp(x) /Oy p())? HCo+
T _ 2 27 P2
- (3\/&@0;, <C¢+ 3 >> :
> rf2 (3.27)

if ¢ > 0 is chosen small enough (and at least as small as specified earlier) depending only on
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admissible constants.

We also look at the other terms that will appear when we apply the stationary phase and

size result; for the same reasons given in the proof of Proposition 4, we have

N—-k
|(r Xy ) E AP + 28 - )| N0/ < q
=2

Also, if n is a smooth function on Bj that has similar support and size inequalities as the
function ay ¢ from Proposition 4, namely, that 7 is supported in a box I which is a product

of 2d intervals, each of length at most 7, and for |a| < N, satisfies
0% ()] < Car™ !
then by the same arguments as in Proposition 4, we have

—d/2 —d/2
X ) o (ayem)| S ey

With these estimates in hand, applying (3.3) gives us

‘/ ei()\@(x)Jr?ﬂf'x)ay’g(x)n(x)dd(x)
M

2d—1 N
S TK\N D X k) ayenl|ze [HTXklkz(/Vb +27¢ - 1) — K|[}"
w0 N—k
+ 3 Xy 1) (A + 27 - )| ]
(=2
< p2d=1 /2, ~d)2 al
ST Y (X 00 o a) — KN 1]

k=0

Note the difference between the quantity on the first line and |Z(y, £)|; we have an additional
factor of n(x) in the integral. This explains why we get a factor of 2?1 /| K|V in front of

the sum on the second line, as opposed to the factor we got when applying (3.3) in the proof
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of Proposition 4, which was r{rd /(| K| 1j,); our amplitude here is a, ¢n, which is supported

inI,¢N I, as opposed to ay¢, which is supported in I ¢.

Next, let K = 7 Xy, 1, (A®+21&-2)], for any 2 € I, ¢NI. Then |K| = |rXp,p, AO+27€-2)|, 2
r- r1_2 = r~! by (3.27), and by the Mean Value Theorem and the same arguments as in

Proposition 4, we have
17 Xy A®(2) + 2 - 2) = K| oo aynpy S A+ E]) S 1

Note that it is important to multiply by 7 in the integral to restrict the domain of integration
to a product of 2d intervals of length r (restricted from the previous domain of I, ¢, which is
a product of d intervals of length r; = r and d intervals of length ry = max; r;), as otherwise
this mean value argument would give us an upper bound of r - max; r;(|A| + [£|) here, as it

does in Proposition 4.

Combining everything that we have so far, we get the estimate

‘/ ei()‘q>(x)+2“5'x)ay75(a:)n(af)da(x) ST,QdflT,er—d/er_d/Q
M

To finish this piece, we just construct a partition of unity on I, ¢ adapted to boxes of side
length r, where the cutoff functions n are smooth and satisfy |0%n(z)| < Cypr~ 1! uniformly.
This partition of unity can be constructed with the number of elements being at most a

constant multiple of r~24r¢rd (the volume of I,¢ divided by the volume of each I), so

summing over the partition and using the inequality above gives |Z(y,&)| < rV _1ril/ 27’3/ 2

This then implies (3.22) because r; < |\|71/2 for each j and =2 & |\| +|¢], as noted earlier.

Next, we prove (3.24). For this piece, the assumption ¢ € R??\ Z; implies 11 ~ o, and thus

7 ~ r, and this along with (3.20) gives

(AV® + 27¢) - Vp
[Vpl?

2d 1/2
7 (in(mmwg.xny)?) ~ 71 |[AV® + 21 — Vp
=1
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From here, we apply our other defining assumptions for this region: [£| > ¢”|A| and (3.23)

and use the triangle inequality to get

(AV® + 21€) - Vp
Vpl?

V|

C//

rIAV® 4 27€ — Vp ‘2 r [27r\§| - €] = [Vplc'r

But then because r=2 ~ |¢| + |A| and |¢] > ¢”|A|, we have r—2 a0 [¢], so as long as ¢” is
sufficiently large and ¢’ is sufficiently small (both depending only on admissible constants),

we have that

2d 1/2 vl
1+f (Z‘Xz()\@+2ﬂ—€$)’y‘2> ZT’ |:27T’§‘ — ’f‘ — ‘Vp‘clr_z

. o’
=1

Z rlél

~ |¢]H?

2 (AL +1eD'?

And so (3.24) follows from the above and (3.6), because rjfolril/Qr;l/Q ~rd-l < |)\|*%.

Finally, we prove (3.25). Pick N = 2d 4+ 2. (Note that this choice of N determines the
number of derivatives that we need control on for the initial assumptions (1.3), (1.4), (1.5),

and (1.6).) Then for (y,) € E, either (3.22) or (3.24) holds, and either of the two implies

Z(y,6)| < (A + [¢])~@HD2 N~
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because |A| is bounded below by assumption. Then, by Cauchy-Schwarz:

/B R2dZ(y7 S)XE'(ya g)fl (yla él)fZ(y% 52)dyd£

12
<A|—(/ (N + €] <2d+1>dyd5) il 1l
12
(/R (M + Ie)- 2d+1>d5) il 1Lz
12
( (M + 12])- 2d+1w2ddz) 1z 1 L2
3 12
< (w Ll 2d+1>d) il 1 L2

ST Al o2

where in the fourth line we are making the change of variables £ = |A|z. This completes the

proof of Proposition 5. O
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CHAPTER 4

MAIN CONTRIBUTION

In this chapter, we prove the general result, Theorem 1, and show how the same argument
can be leveraged to prove two specific results, Theorem 2 and Theorem 3, for which the

determinant condition does not hold, but does not hold only on a small set.
4.1. A General Bilinear Result

By the work in the previous chapter, we know that the operator in Theorem 1 exhibits

maximum decay on certain regions, and we are left to analyze the remaining region. If we

define
—Vp(y) - AV(y) + 27¢)
T0(N\, Y, &) = 4.1
0.8) O ()
and also define =5 := R4 \ Z1, then the region we are left to consider is
E:={(y,£) C B1 x 2| [¢] < "A| or |7p| > ¢'r7?} (4.2)

where we note that another condition on the region implied by the fact that £ € 25 is that
r1 = ry. Before analyzing this region, we first transform the problem slightly, introducing
another variable 7, so that later an appropriate change of variables will have its Jacobian
determinant given by a multiple of the determinant (1.7) in the hypothesis of Theorem 1.
The following proposition comes from [18|, and as the proof is short we prove it again here,

for clarity.

/11

Proposition 6. For any positive integer N < 2d+2, any sufficiently small ¢ > 0 depending

only on admissible constants, and any (y,§) € B X 2, we have

dr
1Z(y,6)| < Xﬂ(y)irrd/

4.3
|7 —0|<cr—1 (1 + T‘)\V@(y) + 27T§ + Tvp(:y)’)N ( )

Proof. This estimate is a transformation of the bound in Proposition 4. First, note that the
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factor of X,(y)<, on the right hand side follows from the observation in Proposition 4 that

if |Z(y,€)| # 0 we necessarily have |p(y)| < max; 7;, because £ € Zp implies max;r; S r.

Next, note that by definition of 7y in (4.1), the effect of the vector fields X; shown in (3.20),

and the fact that £ € 5 implies max; r; ~ r, we have

r

, 0y 1/2
1+ (Z | X (AP + 27E - x)|y|2> ~1+7AVO(y) + 21 + 10Vp(y)|

man T‘j i1

And if, as in the bounds of the integral in (4.3), we have |1 — 79| < r, then by the triangle

inequality,

14+ 7 AV®(y) 4+ 27 + 7Vp(y)| = 1 + r|AVE(y) + 27 + 10Vp(y) + (7 — 70)V(y)|
<1+7[(1 = 70)Vo)| + rAVe(y) + 27 + 70V p(y)|
S14r-r7 [ Vp(y)| 4+ r[AVE(y) + 21 + 7V p(y)|

S 1+ 7AVE(y) + 278 + 10Vp(y)|
A completely symmetric proof shows the reverse inequality, so together we have
1+ 7[AV®(y) + 278 + 1oVp(y)| & 1 + r[AVO(y) + 27§ + 7V p(y)]

Finally, if we start with Proposition 4 and apply the above estimates, along with the fact

that ry = ro &~ 1, we get

—-N

1/2
r? - _1.d/2 d)2
!I(y,f)! 5 X|p(y)|Smax; rj 1+ Max. 7 Z ’XZ()‘(I) + 2m¢ - x)‘yP Tjolrl/ TQ/
7" i=1

R Xjp)l<r ™ (L+ P]AV@(y) + 27€ + 7Vp(y) )Y

“Npwisr [ 0+ rA8) 258 4 Vo) e
T—T0|SC

which is exactly the desired estimate. O
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At the beginning of this section, we saw that our work was reduced to estimating

é T(y,€) fuly', €) foly?, €2) dyde

Now, if we apply the triangle inequality to the above integral and apply Proposition 6 with

N = 2d+ 1, we can further reduce to estimating

X< LW EN 212, €2)]
/F ( dydédr (4.4)

1+ r|]AV®(y) + 27€ + 7Vp(y)|)24+1

where
F={(y.£,7) € By x Ea x R|[§] < "|A| or |ro| > /r™?, and |7 — 7o < "r'}

(We can pick any N < 2d+ 2 in applying Proposition 6, but as we will see later, N = 2d + 1
is the best choice in this case.) Before proceeding, we first expand the set F' slightly so that
its defining conditions are slightly easier to work with. First, note that for any £ such that

(y,&,7) € F, we have £ € Ey and therefore
it Ay et = max{r?ry*} = max{|A|, 316", 3€%} ~ max{|AL, €]} ~ [A] + [¢]

where we are using the equivalence of 7 norms on R? to get that |¢'| ~ max{|&1], ..., [¢4},
and similarly for [¢2|, and then the equivalence of ¢’ norms on R?? to get that
max{|&1], ..., [&d|} = [£|. Next, we claim that for any (y,&,7) € F, we have |\ + [{| =

IA| + |7|. To see this, note that if |7o| > ¢'r~2, then

A+ 7| < A+ |70| + |7 — 7o
S+ [+t
S+ €]+ r72

~ AL+ [¢]
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because by definition of 7y in (4.1), the triangle inequality, the Cauchy-Schwarz inequality,

and the bounds (1.4) and (1.6) on ® and p, respectively, we have |19| S |A| + [£]. Also,

Al + 7] = [A] + |70] = |7 — 70
> A+ 2 =Mt
>N+ dr 2 ="
2N+

~ Al + [¢]

U

provided ¢” is taken to be small enough that ¢’ > 2¢” (which is fine to do, per Proposition 6).

Note also that we are using the fact that =1 > |\|'/2 > 1 and therefore =1 < r=2.

On the other hand, if |79| < ¢'r~2 then by definition of F we must have [£| < ¢”|)\|, and
therefore

A+ 171 = (AT Z AL+ (€]

and also

(Al + 7| < [Al + [70] + |7 = 70
S |)\‘ —i—C/T*Q—i—C”/T*l
SN+

~ Al +[¢]

So in either case we have || + |7| = |A| + [¢|. By abuse of notation, we redefine the set F'

to be slightly larger, based on the above observations.
Fi={(y.&7) € Bux B2 x R|r? mry” = A + €] = [\ + |7} (4.5)

It remains now to consider (4.4) with this new set F', and show that it is bounded above
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by ’)\|_%‘|f1‘|L2(RdXRd | f2l| 12 Rded). By interpolation, it suffices to bound (4.4) above by
both |A|~ = |]f1\|Loo|]f2HL1 and |A|” a HleLlegHLoo We will just show the first bound,
as the other case is completely symmetric. To that end, we first use Holder’s inequality to

get

d 1 1 2 ¢2
/( X py)<r | 1Y E)| f2(y7, €7)] dydédr

r(1+7AV®(y) + 27€ + 7V p(y)|) 24+
/ X E (Y, & T) X py) <rdE dy dr
(1 + 7] AV®(y) + 2m€ + 7V p(y)|) 24+

/ TXF (Y5 & T) X p(y)| <o € dy dr
(14 ro|] AV®(y) + 27 + 7V p(y)])2d+1

S fllzeell follzs esssup
y?

~ || fullLe< | f2]| 1 ess sup
y2,62

where in the last line, we are just using the fact that ro ~ r to make calculations simpler,
as 7o is a constant with respect to the variables of integration &', y', 7. Next, we integrate

out the &' variables. Write

_ 0 0 _ 0 0
Vl = (ﬂ,,@) and Vg == (Wﬂ""’&&d)
then
ra| AV (y) +2mE+7Vp(y)| & 12| AV1®(y) +2mE" + 7V 1 p(y) |+ 72| AV2@(y) +2mE% + 7V 2p(y)|

as |a| + |b| & Va2 + b2. If we use this and then make the change of variables z = 277! +

ro(AV1®(y) + 7V1p(y)) (so the first quantity on the right hand side above is |z|), we get

/ dg! N/ d
(1+ 2| AV(y) +27€ + 7Vp(y) )N ) (1+72[AVa®(y) + 27E2 + TV2p(y)| + [2])24H!

—d
)

<
~ (L + ra| AWVaB(y) + 27€2 + 7Vap(y) )4

To get the second line, we are just using polar coordinates and doing the calculation

/ / / t1dSdt N/°° t41dt </°° a1
Rd (A+\z| 2d+1 B0y (A+1) (A + $)2d+1 ™ o (A+t)2+1 = Jo (A4 t)d+2 = Ad+1
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with A =1+ 7| AV1®(y) + 27! + 7Vip(y)| > 0. Combining this with the work above, we

have now shown

/( TdX|p(y)|§r|f1(y17gl)HfQ(yQa52)| dydéd’]’
F

1+ 7[]AV®(y) + 2w + 7Vp(y)|)24+1

/ XEW T)X o) <r2 0y dT
(1 + 72| AV2®(y) + 2mE2 + 7V 2p(y)] )94 +!

S fillzee ] f2]| L1 ess sup
y2,£2

where now after integrating out &', we are left with the set F = {(y,7) |52 =~ |\ + |7]}.

Next, we make the change of variables

(u,8) = oy, 7) = (AV2@(y) + 27E> + 7V2p(y), p(y))

which has Jacobian determinant given by

| det(Dy)(y",7)|

_ 8§I7yd+1 ()‘(I)(y) + T,O(:l/)) e 85d7yd+1 ()‘(I)(y) + T:O(y)) ayd+1p(y) ]
= |det |
0 yoa AR(Y) +7p(y)) - 05, (AR(Y) +7p(Y)  Byup(y)
i Ay, p(y) a Byap(y) U

— (AP + )T

O3y s @19(y) +waply)) - 05 (@i1D(y) +w2p(y)) Dy, p(y)
- |det
021 g (@1@(y) +wap(y)) - Oy (01®(y) +w2p(y))  Dyoup(y)
i Ay, p(y) Ayap(y) 0
d—1
> (AP +[r*) 2
~ c(|A + [ (4.6)

In the second equality, w1 = A/(|A|?+|7|?) and wa = 7/(|7]2+|A|?), so w?+w3 = 1 and we are

in the situation of (1.7) (up to reordering the columns, which doesn’t change the magnitude
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of the determinant), which gives us the inequality on the line below. We can factor out
(JA]? + |7]?)@1/2 from the determinant in the second equality because this determinant is
a sum of terms which are all a product of one (non-zero) entry in the last row, one (non-zero)
entry in the last column, and (d — 1) entries of the form 8§iyj (A®(y)+7p(y)). Factoring out
(|A]? 4 |7]?)@=1D/2 from the determinant means that these terms being summed will instead
be a product of one (non-zero) entry in the last row, one (non-zero) entry in the last column,

and (d — 1) entries of the form af,iyj (w1®(y) + wap(y)) with w? + w3 = 1.

Thus by hypothesis (1.7), this determinant is nonzero on the support of the integrand. It
remains to ensure that ¢ is injective on the support of the integrand, and then we can apply
our desired change of variables. There is a helpful lemma in [18] which guarantees that we

can do this by subdividing the support of the integrand; we state the relevant portion below:

Lemma 4 ([18, Lemma 3]). Suppose p(u,v) and ®(u,v) are C? functions on U x V C

RYxR?, where U and V' are both d-fold products of open intervals, and let w := (w1, ws) € S*.

Suppose
0 Our p T Ougp
Oup Ofuy (W@ +wap) o 05, (WP +w2p)
det . . ' >c
| Ougp 05, (WP Fwap) - 95, (1P +w2p) |

at some point p 1= (up, vp,wp) € U X V X S1. Then there exist metric balls Uy, Vi, and Wy,

centered at uy,, vp, and wy, respectively, such that for all v € Vo and all X € R, the map
Uyn(u, 7) = AV, ®(u,v) + 7Vp(u, ), p(u,v)) € RY x R

1s injective on the open set

(A7)

A2 472 GWO}

Z/[,\::{(U,T)GU()XR: 5

The radii of the balls Uy, Vo, and Wy can be taken to depend only on c, d and the C3-norms
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of pand ® on U x V.

Per this lemma, we can cover the (compact) set [—b; x b1]? x S! with a finite collection of
sets of the form Uy x Wy, and as the radii of these balls can be taken to depend only on
admissible constants, the size of this collection can be taken to depend only on admissible
constants as well'. This means that the (same-sized) collection of corresponding sets of the
form Uy must cover (—by,b1)? x R, as for any 7 € R, (A, 7)/vAZ + 72 must fall somewhere
on S' and therefore into a set of the form Wy. Consider the collection formed by intersecting
each of these subsets of the form Uy with the set F' that we are integrating over; call this
{Fk}lgng- The above reasoning says that ¢ is injective on each F}, and N depends only on
admissible constants. As each F}, is a subset of F, the lower bound (4.6) on the determinant
trivially still holds on Fj. This is exactly what we need to be able to apply the change of

variables, and when we do this on each Fj,, we get

X5, WU DX () 1oy dT
ess sup 5 |
Y2 £2 (1 —i—Tg‘)\VQCI)(y) + 27€ +TV2p(y)’)

1
~ esssup / X5, (U TXIp(y)lsrs et Doyl )l 1y
Y2 €2 (1 4+ 72| AV2®(y) + 21E2 4 7Vap(y)|)4H | det Dp(yt, )|
1
< esssup / X5, W T Xptw) 572 et Doyl )]y
e (1 + 72| AV2®(y) + 27E2 + 7Vap(y)] )41 c(|A| + |7])d-!
1
X5 (Y T)X o) <ro |det Dp(yt, 7)| , 4
< esssu / k = . * D dytdr
S e ] T+ npVad(y) +2me2 + rVop(y))TT T g2 Y
duds
< 2d—2 X|5|5T2
Semawrt'™ [ G
du
< 2d—1
SR yreal /(1+r2|uy)d+1
< esssup Tg_l
y2,£2
SN

!We stated this lemma as it appears in [18], but in our case, we have something stronger than what is
assumed in the hypothesis: the determinant in our case is bounded below by c everywhere, not just at a
particular point. The implication for our situation is that the radii of the balls Up, Vo, Wy do not depend on
c. In fact, when one looks at the details of the proof of the lemma, there is actually no need to subdivide
our domain of integration to guarantee injectivity of ¢. However, we still use the lemma here to streamline
the proof and to not reproduce work from [18].
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where the third line follows from applying (4.6), and the fourth line follows from the fact

that F' O Fj,. This finishes the proof of Theorem 1, as if we continue from earlier,

d 1 ¢1 2 ¢2
/ X p) < 1y )| fa(y®, €7) dydedr
(1+r]AV®(y) + 27& + 7V p(y)])24H!
X, (W )Xoty <oy T
< ~ -
Lfullzee [ f2ll 21 essfuPZ/ (1+ 12| AV2®(y) + 272 + 7V2p(y)| )4+

ST Ml foll

As we indicated earlier, the bound |)\|_%||f1\|L1||f2||Loo for (4.4) follows by a completely
symmetric proof, as the partial derivatives commute on ® and p, so we get exactly the same
Jacobian determinant. Note also that the choice of N = 2d + 1 does not directly influence
the power on A in the final bound; it is just the minimal exponent needed to ensure that
f]Rd Mj% is bounded, which is the last integral in the calculations estimating the integral

on each set Fk.

As was the case in [18], the |A| decay in Theorem 1 is actually optimal for any operator of
the form (1.1) that satisfies just a few smoothness and boundedness conditions on a, ®, and
p — fewer assumptions than are required by Theorem 1. We show this below, even though
the argument in [18] suffices for the bilinear operator here as well. The key idea in proving
this is that if we apply the operator to certain L?(R?) functions that are supported on a
box with side length proportional to ])\|*1/ 2 and that oscillate at a rate based on A and
the derivatives of the phase ®, the complex exponential in the operator will not be able to

oscillate enough to cause cancellation.

To make calculations simpler, suppose without loss of generality that 0 € M and that a(z) is
real and positive on a small neighborhood of 0. Also suppose that |A| > 1. We note a few key
inequalities: first, if Oygp(z) # 0 for all € By, the Implicit Function Theorem guarantees a
function ¥ on a neighborhood U of 0 in R??~1 such that M is the graph of 29y = ¥(Z) on U

(where we take T = (x1,...,294-1)). Moreover, as long as p is differentiable with bounded
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derivative on By and Osgp(z) > ¢o > 0 for some ¢y on By, then the Mean Value Theorem
implies
U@ — 2O = (V) (7= 0)] < 1 mp o

where ¢; is some constant depending only on ¢y and the upper bound of |[Vp| on Bj.
Next, note that if ® is at least C? with a uniform bound on all second derivatives on
By, then Taylor’s Theorem implies that |®(z) — ®(0) — Z?il 2;0;®(0)| is O(|z|?) as z — 0.
This means that we can find some ¢y > 0 such that if |z;] < ca|A[7'/? for j # 2d and
|z0d] < crea|A|7Y2, we have [A®(z) — A®(0) — Z?il Az;0;®(0)| < 7/4 and consequently
Re[ei(’\q)(m)fm(o)fziil)‘zjajq)(o))] > 1/4/2. Finally, we also pick cz small enough so that
|z;| < eo for j # 2d and |z24] < cicp implies a(z) > 4a(0). Note that both ¢; and ¢y are

independent of A and depend only on constants relating to a, ®, p, and d.

With all of this in mind, pick
. d 9. 774' Q'd x:0;
fl(xl) _ elejzl )\3333]<I>(O)XE1 (331) f2(1:2) —e Z]:d+1)‘ JBJ(I)(O)XEz(:E2)
for

By = (—ca|A[712, o A[1/2)1

By = (—ca\7V2, oA TVA) T % (—erea| N TV, crea| AT H?)
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Then we have

IL(f1, fo)] = [e 2O L (f1, fo)

> | Rele O 1, (f1, fo)]]
/ X (1) X8 (%) () do ()
M

/ X (V)X (1) do ()
M

= /M XE; (fﬁl)XEz(l‘dH, oy g1, U(T)) (1 + W‘I’(f)|2)l/2df

Vv

Vv

Y

[ e @ e s, Y@
M

o~ (|>\|71/2)2d71

_d-1

~ A2 Al 2]l fal 2
because ||fj||2 ~ |\|7%*. (The fourth line follows because |z;| < ca|A|[~'/? < ¢y for j # 2d
and |zog| < c1e2|A| 712 < e1c9, s0 a(z) > 1 on the support of the integral by choice of ¢3.)
We reiterate that the constants implied in the inequality |[Ix(f1, f2)| = \)\\_d%ﬂleLz [| f2l| 12

depend only on admissible constants, per the initial definition of the notation 2, and in

particular do not depend on .

Thus the decay in Theorem 1 is best possible for any operator of the form (1.1) that, by the

above reasoning, satisfies:
e ¢ is continuous on B
e ® is C? with uniformly bounded second derivatives on B;

e pis C! and there is some index i for which 9;p(z) > ¢y > 0 for all x € By, and |Vp|

is bounded on Bj.
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4.2. Two Specific Bilinear Results

4.2.1. Operator 1: Introduction and Maximum Decay

A natural question that arises when looking at Theorem 1 is: what happens when the
determinant condition fails to hold? In this section, we prove Theorem 2, which is concerned
with a specific operator for which the determinant condition fails to hold only on a “small”

set: the plane 2o = 0. As a reminder, here we are looking at the operator

Lo, fa) = / A Gabertaans) p, (1) £y (22)a(x)do (2)

p(z)=0

for

1
p(z) = —593%905 + 2324 + 21+ T2 + T3+ 24+ T5 + Te

and f1, fo measurable functions on R3.

If we calculate the determinant in (1.7), we get

aﬂ?lp 8:%1,334 (wlq) + pr) 8:%1,:1:5 (wlq) + WQP) 8:%1@6 (wl(p + pr)

a$2p agg,:lm (qu) + CL)Q[)) 8%2,1‘5 (("'}1(D + (A)Qp) 822,1‘6 (wl(I) + (JJQP)

det
Ousp 07,0, (1P +w2p) 03, o (WP +w2p) 02, 4y (1@ + w2p)
L 0 Orap s p O p i

1 0 0 0
1-— ToXs ToW1 —ToW2 0

= det
1424 w9 w1 0
0 l+zg 1—323 1

= (W] +w3)

which is zero only when zo = 0, as by assumption w? + w3 = 1. Notably, the magnitude of
this determinant is bounded below by € whenever |z9| > €. As we said earlier, the question

is: how does this affect the decay of the operator? As it turns out, it is no longer possible
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to have the optimal decay of |\|~! = |)\|_% that occurs for an operator in dimension d = 3
for which this determinant is nonzero. In this thesis, we are only able to prove decay of

IA|=1/21og | A|, but we can show that the maximum possible decay for this operator is |X|~3/4.

Before we show this, we note that the operator may not actually achieve this maximum

possible decay of ])\|_3/ 4

. As we will see below, this exponent just comes from testing the
operator on a specific group of indicator functions indexed by A; when we evaluate the
operator at these functions we can get a lower bound that is a multiple of |X\|73/4. This
means that it is impossible to prove any decay faster than |)\|_3/ 4 for this operator, but

doesn’t necessarily mean that the operator will achieve decay of |\|73/4.

Consider the following L? functions

fi(z1, 22, 3) = X| <oy (T1)X) <o r 172 (T2) X < (73)

f2(24, 25, 76) = X|-|<cs (T4)X|-|<es ||~ (T5)X] | <c6 (T6)

where the constants ¢; will be chosen later but will only depend on ®, a, p and a lower bound

for [A|. Then |[|f1]|z2 ~ |A|7V* and || fo||f2 = |\ ~Y/2.

By choice of fi and fo we have |®(z)| < (c3cs + c3c5)|A| ™! on the support of the integrand
and so by choosing ¢, ¢4, 3, ¢5 sufficiently small, we may assume |[A®(z)| < 7/4 and thus
Re[e?*®(®)] > 1/4/2 on the support of the integrand. Also, given a lower bound for |)|, and if
we assume without loss of generality that a(z) is real and positive on a small neighborhood
of 0, by choosing all the ¢; sufficiently small we can guarantee a(z) ~ 1 on the support
of the integrand. Finally, as we can write the hypersurface {p(x) = 0} as the graph of
xe = VY(x1, 29,23, 24, 25) =: V(T), by choosing ¢y, ¢, c3, ¢4, ¢5 sufficiently small depending
on ¢g and other admissible constants, we may assume that |V (Z)| < c¢¢ on the support of

the integrand.
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Combining these estimates allows us to write

IL(f1, f2) = | RelL\(f1, f2)]]

Z/Mfl(fﬂla962,xs)f2($4,$5,x6)a(x)da(a:)
Z/MX|'|<CI(951)XI~I<C2AI1/2($2)X|-I<c3($3)X|-|<c4($4)X|-|<cs|A1(965)X|-|<c6(966)d0(a:)
> /R5 X|-<er (B1)X ) <eapr| 172 (Z2) X <es (B3)X || <ca (B4) X <50 -1 (5) X < (¥ (T) )T

= /Rs X|<er (T1)X | <eapr) 172 (Z2)X) | <es (B3) X[ | < (B4) X <5 -1 (25) AT

r~ |>\|73/2

~ (A fill e ol 2

and thus [Ix(f1, f2)| = X734 f1ll2||f2]| 2. Note also that if we instead use the triangle

inequality in the first step, we would get

Lo fo) < /M |11, 22, 23) fola, 25, 6)al(z) [do (2)

If we then make similar arguments (using this time that |a(x)] <1 and |¥(Z)| < 1), we get

\L(f1, £2)l S A7 f1ll 22| f2| 2, and thus in fact

I )l = X4 e fll 2

which shows that decay better (or worse) than \/\\*3/ 4 is not possible for this specific choice

of functions fi, fo.
4.2.2. Operator 1: Dyadic Decomposition

We will show the desired bound in Theorem 2 by using a dyadic decomposition applied to
the main contribution piece (4.4) for this specific operator. Because our specific operator

satisfies all other hypotheses of Theorem 1 besides the determinant condition (1.7), we can
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apply all of the results in Section 3.3, and so we immediately get

(o, f2) \—‘/ Ty, &) Fuly", ) ol € dyds'

< / Ty, ) f1 (v, € ol €2)dyde| + ‘ / T(0, ) f1(y" ) foly?. €3)dyde
(R6XRE)\E E

3 1 ¢1 2 2
. X p)<r | 105 D f2(y?, €7)]
SA!\UMthu2+z;u+ruv¢@y+%@+fvmwp7

dydédr

where E, F are the sets defined in (4.2) and (4.5), respectively?, and more specifically, the
above follows from applying the decomposition and then using Proposition 5 and Propo-
sition 6. As hinted at earlier, the issue in estimating the main contribution piece of our
specific operator arises when yo = 0, as this is where the Jacobian determinant vanishes for
the change of variables we wish to apply. To get around this, we use a dyadic decomposition
in |y2|. Below, we state and then prove the estimates we need for the different pieces in the

dyadic decomposition.

Lemma 5. Let € > 0, let p, ® be given as in (1.9), and let F' be defined by (4.5). Then we

have the following estimates

T3X ()| <r Xluol >l f1 (7 ED|| fa(y?, €2)]
/F lply)lsr Xva|2 dydedr S e YN ful ||| fol o1 (4.7)

(14 r|AV®(y) + 27 + 7Vp(y)])7

X p() < X o =l 1Y ED (12, €2))] 1y 1

/F (1 +7AV®(y) + 21E + 7V p(y)|)7 dydédr < € A7 fillp |1 f2l] e (4.8)
X o)< X sl <l F1 (Y EDN (92, €2))]

/F (1 + 7| AV®(y) + 27 + 7V p(y)])7 dyd&dr < el| fill Lo || f2ll 1 (4.9)
3 X () [<r Xya < FL@ Y ED f2 (52, €2))]

/F (1 + 7| AV®(y) + 27 + 7V p(y)])7 dyd&dr S| fallp ]| f2ll Lee (4.10)

Proof. The proofs of (4.7) and (4.8) are very similar to each other, and are also very similar

to the proof for the general operator in Section 4.1, so we will just prove (4.8) here. First,

2For technical reasons in the proofs for these specific operators, we will assume that the set F originally
defined in (4.5) has the additional condition |7 — 70| < ¢/r~'. There is no issue in doing so, as the set F' is
merely an enlargement of a set that we were integrating our (non-negative) function over, and this original
set contained the condition |7 — 70| < ¢”’r~'. Thus, the only thing we are doing differently in the proofs for
these specific operators is using a slightly tighter upper bound in the step where we introduce the set F'.
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we proceed as in the proof in Section 4.1:

3 1 ¢1 2 ¢2
/7‘ Xl Xl 1L D05 o
r (L+7AVE(y) + 21€ + 7V p(y)])7
r2XP (Y, € T)Xlal2eXlo(y) |5
1+ 7[AV®(y) + 2& +7Vp(y)])

/ r3XF (Y, & T)X ()| <

(14 r|[AV®(y) + 21€ + 7V p(y)])
XE (W2 T)X|p(y) 1 Ay dT

(14 r1|AV1®(y) + 2m&L + 7V1ip(y)])*

< Ifallpell ol s esss?p/<

—d&*dy’dr
yhE

~ (L illzr | follpe esssup Xy, -d€*dy’dr

y'.€

< 1l Fall oo €55 5up Xy (e /
yl,gt

We want to make a similar change of variables as before, and we can write out the function

explicitly because in this example, ® and p are simple:

(u,8) = (y?,7)
= (AV1®(y) + 27" +7V1p(y), p(y))
= (2r&1 + 7,
AYoys + 2w + T — TY2Ys,
Ays + 2m€s + T + T4,

— 3Y5Ys + y3ya + Y1 +y2 + Y3 + ya + Us + o)
And we can still proceed with the change of variables, because the Jacobian determinant is

| det(Dy(y?,7)]

0 0 0 1
AY2 —7y2 0 1—1yoys
= |det
T A 0 14wy
l+ys 1—3y3 1 0
= |2 (N + 7))
> e(IAP +17%)
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where in the last line we are using the fact that we are only taking the supremum over

{(y', €Y | |y2| > €}. Furthermore
det(Dpl?, )] 2 AR +17) 2 € + [71)? = erp

because |A?2 + |7]% + 2|\ < A2 + |72 + 2max{|A|, |7|}2 < A2 + |72, By the same
argument as in the proof in Section 4.1, we can sub-divide F into subsets {F k b1<k<n Where

N depends only on admissible constants, such that on each Fk, ©(y?,7) is injective. Then

/ X, (U2 )X p(y) 1 dy?d
(

VNP [T AV B(y) + 27l + 7V p(y)])A

yhg
~ esssup x / XFk( ’)X\p S |D¢(y2’7)|dy2d7
= >
e ez [ AV B (y) + 20l + 7V1p(y)])F [De(y2, 7))
2
X5, (V% T X oS IDs&(y2 Wiy
< esssup / = —dy~dr
gt ez | Ve () + o+ Vi)t et
-~ X‘S‘<r1d’u,d8
< esss Lt /N
A R (AT
< esssu 6_17”5/du
AR AT
< esssupe 'r?
y'g!
ST

and thus

/ X ply )|<rX|y2|>e!f1(y §)Hf2(y 52)\
F

—11y|—1

because we have the same estimate for each Fy. This proves (4.8). Next, we prove (4.9).
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We proceed as before, but instead of the change of variables, we do a simple size estimate.

/T3X|p<y)|§r><|y2|<e\fl(ylv51)”f2(y2’52)|dyd5d7
r (1+r]\VO(y) + 27 + 7Vp(y)])7

p/ X (W T)Xjyal<eX () <r2 By AT
> J

< o ess su
S Wl 2l 5P | 05 aVat(y) + 20 + 1V2p(w))?

< 1Al Aol a1 550 [ X0 PNt rad'dr
y4€

S falleee | f2l o eSSQSIleTQ_I/Xﬁ(ylay%yi’)))ﬂygSEXp(y)grgdylddey:i
y?.€

S fllee || fo]l e esssupr2_1 €Ty
y2,2

S ellfillzellf2ll o

Here, the jump from the first line to the second line combines all of the same initial reasoning
in the analogous part of the proof of Theorem 1. The fourth line follows from integrating out
7, because T € F — lT—70| Sl r;l. The fifth line follows from making the change of
variables (z1, 22, 23) = (p(v), Y2, y3), which has Jacobian determinant 1, and then integrating

with respect to the z variables, keeping in mind that (y1,y2,3) € F = |11, [y2|, lys| < b1.

The proof of the last equation (4.10) is completely analogous to the proof of (4.9), except
that in this case, we are integrating over the y> = (y4,ys,ys) variables, so doing the size

estimates in the final steps no longer picks up a factor of e. O

Now we proceed with the proof of Theorem 2. As noted earlier, we already have

X o)< F1 @ EN f2 (52, €2)]
(1 4+ 7 AV(y) + 27 + 7Vp(y)|)

L(F 2 S AU gl foll e + /F _dydédr  (411)
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For the dyadic decomposition, we write

/ X () 1< LD 2 (12, €2)) dydédr

r 1+ 7 AVO(y) 4+ 27 + 7Vp(y)|)”

1¢1 2
B Z/ X ()< L HED 2 (12, €2))] dydédr

14+ 7| AV®(y) + 27 + 7Vp(y)|)”

where

={(y,&,7) € F'|2) < |yo| < 2711}

={(y,6,7) € Bi x Ea x R|r? mry® & |A| + [¢| & [A| + | 7], and 27 < [yo| < 2711}

(4.12)
Now, we apply the four results from Lemma 5, and we get
X o)< 1y EN fa(y?, €2))] :
il ’ : <277\t o 4.1
[ e s ddedr S 2 Al lly (413)
P Xipw<r 1 ED f2(42, €2)] :
= : : < 279\ oo 4.14
e e dudear S 2N Al lle (10
X o)< 1 ED fa (12, €2))] ,
= < 97 - .
/ 05 rAve(y) + 2nE + v piy))7 vaedr S 2l A=l fll (4.15)
P Xipw<r 1 ED f2(42, €2)]
= < oo 4.1
| e s dudedr < |l el (4.16)

(4.13) follows from (4.7) and the fact that yo € F; = |yo| > 27. (4.14) follows from (4.8)
and the fact that yo € F; = |ya| > 27. (4.15) follows from (4.9) and the fact that yo €
F; = |yo| < 277, and gives us the upper bound 27| fi|zee || f2l |1 < 27|| f1llLoe || foll -
(4.16) follows from (4.10) and the fact that y2 € F; = |y2| < 277!, Combining these, we

have

dydgdr < min{277 N7 27} || ful| oo fol

/ X )< | FL S ED 2 (12, €2)]
(1 4+ r|]AV®(y) + 27 + 7Vp(y)|)7

/ X )< | L ED 2 (12, €2)]
(1 4+ r|]AV®(y) 4+ 27 + 7Vp(y)|)7

dyd&dr < min{277 (A7 1| fllp || fol e
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And then interpolating gives us

/ (7’3X|p<y>|s7«|f1(y1,£1)|fz(y27£2)!7dyd§d7
F;

L+ 7|AV®(y) + 27 + 7Vp(y)|)

< min{2 9272, 292 min{2 72N TY2 1 full e ol 2

There are three possible ways of doing the multiplication above. We can have
min{279/2|\|7Y/2,29/2y min{279/2|\[7V/2 1} < (2792 A7) - (272N TY2) = 27 A

when j is large, i.e., for the upper tail of the sum j > J; (we will pick J; later). We can

have

min{277/2|\| 712 27/2y min{279/2|\|7V/2 1} < (22/%) - (1) = 272

when j is small, i.e., for the lower tail of the sum j < Jy (we will pick Jo later). Lastly, we

can have
min{279/2\| 712, 29/2} min {272\ T2 1} < (29/2) - (2792 N12) = A2

for summing finitely many terms, e.g., j = Ja to j = J; if J; > Ja. In theory, we could also

use the inequality
min{279/2|\[71/2,29/2} min{279/2| N7 V2 1} < (272N 7V2) L (1) = 272 A2

but this is never an optimal choice: if j > 0 then 279/2|\|71/2 < 1, (because also |A| > 1 by
assumption), and so 279/2|\|71/2 > (279/2|\|71/2 < 1)2 = 277|A|~'. On the other hand, if

§ <0, then 277/2 > 1 and thus 277/2|\|~1/2 > |\|71/2,
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To complete the proof, we use these three estimates and sum over j:

/ T3X|p(y)|<r|f1(y1§1)||f2(y2 &) dydédr

14 r|AV®(y) + 27 + 7Vp(y)|)”

B X o<l 1 EN f2(y2, €2)]
Z/ 1+:|)\V<I> (y) +2m€ + 7Vp(y)|)7

dyd&dr

J1
S22 Al fallre + D NP AN el f2llze + > 27N T Al 2l fall 2

j<J2 j=J2 i>J1
. Jl .
= fillallfallez | D222+ D> A2+ D 279
j<J2 Jj=J2 i>J1

S Mallgallfallze (27272 4+ (B = TN 72 277 )

The middle term in the last line can never be smaller than |A\|~'/2 (unless we pick J; = Jo,
but one can check that doing so would lead to an overall bound of |)\|_1/ 3), so we pick Ji, Jo
so that

2R/ = N2 = 2 = NT! = Ty = —log, |A|

and

27NN = N2 = 27 = N2 = = —Llog, )|

which gives us

/(T3X|p<y>|sr|f1(y1,£l)llfz(y2752)| dydédr

r(L+ 7| AV®(y) + 278 + 7Vp(y)])”
S allzellfalle (27272 4+ (B = T2+ 277 )

S I illzellfallze (1IN 72 + (=4 loga [N +logy XA 7/2 4 X 71/2)

S ATV log (A1 fillp2 1l 2

and this combined with (4.11) completes the proof of Theorem 2.
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4.2.3. Operator 2: A Simpler Argument

In this final section, we prove Theorem 3. As a reminder, here we are dealing with the
operator

f)\(fla f2) — /M ei)\(mzx4+zzmgz5+%zsmg)fl(xl)f2<x2)a(x)do,(x) (4-17>

where M = {z € B; | p(x) = 0} for

2 2 2
p(z) = %CC2335 + %x2x5 — X3X4 — %x3$5 4+ 21+ 22+ 23+ T4 + T5 + X4

and in this case, the determinant in (1.7) is

Oz1p 03, 0, (1P +w2p) 03 o (1P +w2p) 02, 4y (1@ + w2p)

aCEQp 8:%2,:)34 (qu) + w2p) 8{%2,%5 (wl@ + (A)Qp) 8{%2,{25 (wl(b + O.)zp)

det
Ougp 03y 0,1 P +wap) 03, 4 (W@ +wop) 05, 4o (W1® + w2p)
0 Oy P Orsp Oz P ]
[ 1 0 0 0 ]
= et 1+ zows + %x% w1 wixs +wa(ze +x5) 0
1—24 — 2325 —Wwo wi(xg +x5) —waxs 0
i 0 1— x5 l—i—%x%—l—m%—%x% 1_

= wi(wi(x2 + x5) — wax3) — (—wa) (w13 + wa(x2 + x5))

= (22 + 25)(wf + w3)

Note that we get the third line by first expanding the determinant along the first row, then
expanding the resulting determinant along the last column, which gives us that our original

determinant is equal to the determinant of the center 2 x 2 block.

The proof of Theorem 3 is essentially a simpler version of the proof of Theorem 2, as in
this case we benefit from the symmetry in the determinant in (1.7): for the operator in

Theorem 2, the determinant in (1.7) is z2(w? + w3), but for the operator in Theorem 3,
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the determinant is (z2 + #5)(w? + w3). As it turns out, we no longer need to do a dyadic
decomposition, and just need to do a standard optimization argument to choose where to

split the integral around the determinant’s zero.

Before we proceed with the proof of Theorem 3, we note that the maximum possible decay

‘—3/4

for this operator is also |A , the same as for the previous operator. Again, this operator

may not necessarily achieve A-decay of |)\\_3/ 4. all that this argument shows is that it is

~3/4

impossible to prove that this operator has decay faster than || , so the actual decay of

the operator must be |A|~3/% or worse.

Proving that the maximum possible decay is |/\\*3/ 4 follows from testing the operator on

the functions

J1(@1, w2, 73) = X|.|<er (F1)X] < r 172 (B2) X] <5 (%3)

fa(wa, x5, 26) = X|-|<ca|A|~1/2 ($4)X\.|<C5|)\\*1/2 ($5)X|-|<c6 (w6)

for all of the constants ¢; chosen to be appropriately small. The argument showing that
Lu(f1, f2) 2 I3 full 2| f2) | 2 is completely analogous to the argument in Section 4.2.1,

so we omit it here.

To start the proof of Theorem 3, we note, as for the previous operator, that because our spe-
cific operator satisfies all other hypotheses of Theorem 1 besides the determinant condition

(1.7), we can apply all of the results in Section 3.3, and so we immediately get

I(fr, fo)] =

/ f(y,@fl(yl,§1>f2<y2,£2>dydf'
R6 xRR6

<

N/ TNy €Y faly? ) dyde
(RS xRO)\ E

+ ‘/ L(y, ) 1 (y", €) folo?, €2) dydg
E

X< f1 @ EN f2(y2, €2)]
(1+ 7| AV®(y) + 27+ 7Vp(y)|)

<IN Al falle + /F _dydédr
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where E, F are the sets defined in (4.2) and (4.5), respectively®. Next, we prove a lemma

that gives estimates for the integral above on the regions near yo 4+ y5 = 0 and away from

Y2 +ys = 0.

Lemma 6. Let € > 0, let p,® be given as in (1.11), and let F' be defined by (4.5). Then we

have the following estimates

dydédr < e YN Allel ol (418)

/T3X|p(y)|§7‘X|y2+y5|>6’fl(y17gl)‘|f2(y27§2)‘
Fo (LH7rAVO(y) + 27 + 7Vp(y)[)7

X )l <r Xya-tus <el F1HY ENI f2 (2, €2))]
/F (1 + r[AV®(y) + 27€ + 7V p(y)])7 dyd&dr < €l fil| 2|l fol |2 (4.19)

Proof. By completely analogous arguments to the ones in the proof of (4.7) and the proof
of (4.8), we have

/T3X|P(y)|§TX|y2+y5|26|f1(91751)‘|f2(y2752)

r (L+7AVe(y) + 278 + 7V p(y)|)”

/T3X|p(y)|gr><|y2+y5|ze|f1(yl,51)\|f2(y2,€2)
r L+ AVE(y) + 27 + 7Vp(y)|)7

dydédr S e AT fulnee ] fol |

dydédr S e AT ful ]| fal | pee

and interpolation gives us (4.18). To prove (4.19), we start out the same way as in the proof

of (4.9): in the first step, we apply Holder’s inequality, using that r ~ r; ~ r9, and integrate

3As explained earlier, here we are assuming that the set F' originally defined in (4.5) has the additional

condition |7 — 7| < ¢'r7 1.
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out the &' variables. We then use a simple size estimate.

/T3Xp(y)§rxyz+ysSE‘fl(yl’glﬂf2(y2’§2)|dyd§d7-
F

(14 r|]AV®(y) + 27€ + 7Vp(y)|)7

p / XY T) Xjya-tys < X|p(y) [ <ra Y AT
2

< o
S Wl ssstp | G 0030 2t vt

< Hfl|’L°°Hf2”L1 eSSQS;Ql /Xﬁ(ylvT)X|y2+y5SEXp(y)Sﬂ"zdyldT
y7

S fallzeel] f2ll o eSSQSIQlPTz_l /Xﬁ(yby2,ys)X|y2+y5|§eX|p(y)§r2dy1dy2dy3
y2,€

S flleee || fo]l e esssupr2_1 €Ty
y2,2

S ellfillzellf2ll oo

To get from the fourth line to the fifth line, we're using the change of variables (z1, 22, 23) =
(p(y),y2 + y5,y3), which has Jacobian determinant 1, and we're also using the fact that
F C Bs.

But now, unlike in the previous example, the L' — L™ estimate also has a factor of €

appearing:

/ TSX‘P(y)\§TX\y2+y5\§€|f1 (yl’ 51) | ‘f2(y2’ 52) | dyd&dr
F

(14 7| AV®(y) + 27€ + 7Vp(y)])7

/ X (Y% T) Xy s | <e X[ p(y) [<r DY AT
(14 r [ AV1®(y) + 27E + 7V 1ip(y)|)*

Sl [l f2]| e ess sup
yl,gt

< [l || fall e esslsgllp/XF(yQW)leer%<6Xﬂ(y)§nd3/2d7
y 9

S Al f2llne essisgprfl /Xﬁ(yzhy5,y6)X|y2+y5|geX|p(y)gndyz;dys)dyﬁ
yh€

S Al follLe esssupry ™ ey
yhg!

S ellfllllfallzee

And so again, interpolation gives us our desired result (4.19) O
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With Lemma 6 proved, there is not much left to do to prove Theorem 3. To find the optimal
€ to use to split up the main contribution, we just set the two bounds in Lemma 6 equal:
e YA|7! = ¢, which implies that we should choose € = |\|~/2. If we apply Lemma 6 with

this choice of €, this finishes the proof of Theorem 3.

We note two things when comparing the result for this operator to the result for the op-
erator in Theorem 2. First, if we tried to use this argument on the previous operator
I, and we immediately interpolated the results of Lemma 5, we would get the bounds
e YN Y fll 2l f2l 2 and €3]] f12|| f2]| 2. Moving forward with these estimates would
mean that the optimal choice of € would be such that e 1|\|7! = ¢'/2, ie., e = |A\|72/3, and

we would get an overall bound for the operator of |A|=Y/3|| f1||2|| f2|| L2-

Second, we note that if we tried to use the previous dyadic argument on this operator, it
wouldn’t improve our result. To see why this is, note the L>® — L' and L' — L™ estimates
we get in the proof of Lemma 6. If we take these estimates and proceed as in the proof for
the previous operator in Section 4.2.2, dividing the set F into sets F}; := {(y,&,7) € F |27 <

ly2 + y5| < 2771}, we would get

/ (7"3X|p(y>|sr\f1(y1,él)l\fz(y2,§2)!7dyd§d7
F;

1+ 7|AV®(y) + 27€ + 7Vp(y)|)

S min{2792 |\ 7Y2, 292 min {2792 N V2 292Y | ]| 2| fol 2
There are three possible estimates we can pull out from this. First, we can do
min{277/2|\|71/2,29/2} min{2 /2| \| V2 29/2) < 9732 \|71/2 072 N2 = 97| )|
which is the best estimate to use when j is large, i.e. j > J; for some J;. Next, we can do
min{279/2|\[71/2,29/2} min{279/2|\|7V/2 29/2) < 99/ . 91/ — 9
which is the best estimate to use when j is small, i.e., j < Jo for some J5. Finally, the only
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other option is
min{279/2|\|71/2,29/2} min{279/2|\| 712, 29/2} < 2792 |\|71/2 032 = |\|71/?

which can be used only for a finite number of terms in the sum. However, if this last option
is used, it means that the best possible decay we can get through the dyadic approach is
|A|~1/2. If this last estimate is not used, then we would only have two sums, and we would
be using the first estimate above for the sum ;> and the second estimate above for the
sum ng 7> one can check that proceeding with that setup will also give an exponent of
|)\\_1/ 2. In either case, the dyadic approach cannot improve on the result that we have

already proved using the simpler method.
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