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Summary. The main purpose of formalization is to prove that the set of
prime numbers is diophantine, i.e., is representable by a polynomial formula. We
formalize this problem, using the Mizar system [1], [2], in two independent ways,
proving the existence of a polynomial without formulating it explicitly as well as
with its indication.

First, we reuse nearly all the techniques invented to prove the MRDP-
theorem [I1I]. Applying a trick with Mizar schemes that go beyond first-order
logic we give a short sophisticated proof for the existence of such a polynomial
but without formulating it explicitly. Then we formulate the polynomial propo-
sed in [6] that has 26 variables in the Mizar language as follows
(w-z+h+7i—q)2+((g-k+g+k)-(h+j)+h—2)2+(2 - k>-(2-k+2)-(n 4+ 1)>+1—f2)2+
(p+q+z+2-n—e)®+(® (e+2)-(a+ 1) +1-0")* +(2® - (a® —'1)-y* - 1)* +
(16-(a® 1) 7% -y* - y* +1—u?)?* + (((a+u* - (u* —a))* = 1) (n+4-d-y)* +
1—(z+c-uw)?)?+
m?> =@ 1) 2-1)2+k+i-(a—1)-D>*+(n+l+v—y)?*+
p+l-(a—n—-1)+b-2-a-(n+1)—n+1)%-1)—m)?+
(g+y-(a=p=1+s-2-a-(p+1)=(p+1)?=1)—2)* +(z+p-l-(a—p) +
t-2-a-p—p*—1)—p-m)?
and we prove that that for any positive integer k so that k + 1 is prime it is
necessary and sufficient that there exist other natural variables a-z for which the
polynomial equals zero. 26 variables is not the best known result in relation to
the set of prime numbers, since any diophantine equation over N can be reduced
to one in 13 unknowns [8] or even less [5], [13]. The best currently known result
for all prime numbers, where the polynomial is explicitly constructed is 10 [7]
or even 7 in the case of Fermat as well as Mersenne prime number [4]. We are
currently focusing our formalization efforts in this direction.
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1. THE PRIME NUMBER SET AS A DIOPHANTINE SET

From now on n denotes a natural number, i, j, i1, i2, i3, i4, %5, tg denote
elements of n, and p, g, r denote n-element finite 0-sequences of N.
Now we state the propositions:

(1) {p:p(i) > 1} is a Diophantine subset of the n-xtuples of N.
PROOF: Define Qlfinite 0-sequence of N] = 1-$1(¢) > 0-$1(¢) + 1. Define
R[finite 0-sequence of N| = $;(i) > 1. {¢: Ql¢|} = {r: R[r]}. O

(2) {p:p@) = (p(j)="1)!+1} is a Diophantine subset of the n-xtuples of N.
PROOF: For every n, i1, and iz, {p : p(i1) = p(i2)—'1} is a Diophantine sub-
set of the n-xtuples of N. For every n, i1, and ia, {p: p(i1) = (p(iz)—'1)!} is
a Diophantine subset of the n-xtuples of N by [10} (32)]. Define P[natural
number, natural number, natural object, natural number, natural number,
natural number] = $; = 1- 33 + 1. Define F(natural number, natural
number, natural number) = ($5 —' 1)!. For every n, i1, i, i3, i4, and is,
{p: Plp(ir), p(iz), F(p(is), p(is), p(is)), p(is), p(ia), p(i5)]} is a Diophantine
subset of the n-xtuples of N. Define Q[finite O-sequence of N|] = §$;(i1) =
1-(($1(i2) =" 1)!) + 1. Define R[finite 0-sequence of N] = $;(i1) = ($1(i2) -
+1.{q:Qlg|} ={r:R[r]}. O

(3) {p: (p(i) ="' 1)!'+1 mod p(i) = 0 and p(i) > 1} is a Diophantine subset
of the n-xtuples of N.
PROOF: Define P[natural number, natural number, natural object, natural
number, natural number, natural number] = 1- 83 = 0+ $4 (mod1 - $4).
Define F(natural number, natural number, natural number) = ($; —'1)! +
1. For every n, i1, dg, i3, and iq, {p : F(p(i1),p(iz),p(i3)) = p(is)} is
a Diophantine subset of the n-xtuples of N. For every n, i1, i3, i3, i4, and i5,
{p: Plp(i1), p(iz), F (p(i3), p(is), p(i5)), p(i3), p(ia), p(is)] } is a Diophantine
subset of the n-xtuples of N. Define Q1 [finite 0-sequence of N] = 1-(($;(i)—’
D'+1)=0-%1(z) (mod1-8$;(2)).

Define Qslfinite 0-sequence of N| = $;(i) > 1. Define Qjs[finite
0-sequence of N| = Q;[$1] and Q2[$1]. {¢: Q2[g]} is a Diophantine subset of
the n-xtuples of N. {q : Q1[q] and Qs[g|} is a Diophantine subset of the n-
xtuples of N. Define R |[finite 0-sequence of N] = ($1(¢)—'1)!+1 mod $; (i) =
0 and $1(2) > 1 by [12] (11)]. Qi12[q] iff R[q]. {¢: Qi2[q]} = {r : R[r]}. O

(4) Let us consider a natural number n, and an element i of n. Then {p, whe-
re p is an n-element finite 0-sequence of N : p(i) is prime} is a Diophantine
subset of the n-xtuples of N.

PROOF: Define Q[finite 0-sequence of N] = $;(7) is prime. Define R[finite
0-sequence of N] = ($1(i) = 1)! + 1 mod $;1(¢) = 0 and $1(¢) > 1. {q
 Qlal} = {r: R} O
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2. SPECIAL CASE OF PELL’S EQUATION - SELECTED PROPERTIES

In the sequel ¢, j, n, n1, no, m, k, I, u, e, p, t denote natural numbers, a, b
denote non trivial natural numbers, x, y denote integers, and r, ¢ denote real
numbers.

Now we state the propositions:

(5) If 2 < e and there exists i such that e2-e- (e +2) - (n+1)% +1 = 2,
then e — 1+ ¢“ 2 < n.
PROOF: Set a = e+ 1. Set n; = n + 1. Reconsider e; = ¢ — 2 as a natural
number. Consider j such that i = x,(j) and e-n1 = ¥4(j). (a—2)-e+e®2T <
(2-a—1)2" by [14, (103)]. O

(6) If 2 < e and 0 < t, then there exists n and there exists ¢ such that
tin+lande?-e-(e+2)-(n+1)%2+1=4%

(7) 1fn >k, then (1) > CHin"
PROOF: Set n; = n + 1. Define P[natural number| = if $; < n, then
(&) > M If P[i], then P[i + 1]. P[i]. O

nk

(8) Ifn >k, then (}) < %r.

PROOF: Define P[natural number| = if $1 < n, then (g) < & ﬁ If Pli],
then P[i + 1]. Pli]. O

(9) Ifi<jand2-j<n+1, then (7) < (}).
PROOF: Define P[natural number] = if 7 < $; and 2-$; < n + 1, then

(7) < (g.)- If P[K], then P[k + 1]. P[k]. O

(10) If k < n, then n! < k! (n"~'%).
PRrOOF: Define P[natural number] = (k + $1)! < k! - (k + $1)%. If PJd],
then P[i + 1]. P[i]. O

(11) Suppose 0 < k and 2 - k¥ < n and n¥ < p. Then

(i) (p+1)" mod p**! >0, and

(i) K < GO <KL+ 1.

PROOF: Set k1 = k+ 1. Set ny = n + 1. Reconsider K = k — 1, ng
n — k as a natural number. Set P = ((5)1%", ..., (1)1"p"). Y (Plk1)

S P (modpt). S(Plk1) # 0. S(Pky) < ph. (1) < %r. S(PTk)
n(pK) k. (1) > Rl k> kk<nand2-k-k <mnp. 1-(2-kF) > 2.k2- (k).
O

(12) (i) xg(n+2)=2-a-x4(n+1) — x4(n), and
(i) Ya(n+2)=2-a-Yo(n+1) —Vu(n).

Nl
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(13) x4(n) =p" +Yau(n)- (a—p) (mod2-a-p—p? —1).
PROOF: Set P = 2-a-p— p? — 1. Define T [natural number] = x,($;) —
Ya($1) - (@ — p) = p* (mod P). Define P[natural number] = 7[$;] and
T[$1 + 1]. P[0]. If P[k], then P[k + 1]. P[k]. O

(14) If0 < p" < a, then p" +¥,(n) - (a — p) < x4(n).

(15) If a < b, then x4(n) < x3(n) and Y4(n) < ¥p(n).
PROOF: Define P[natural number| = x,($1) < x5($1) and ¥,($1) < ¥5($1).
If P[k], then P[k + 1]. P[k]. O

(16) If a =b (modk), then x,(n) = x4(n) (mod k).

(17) %a(|2- 2 +y[) = —xa(ly[) (mod x,(|[)).
PROOF: Set i = z. Set j = y. Set A =a2 ~"1. A-sgn(i) - Va(|i|) - (sgn(i) -
Yallil) - %a([5])) = (A - (Va(li]) - Ya(lil))) - xa(]])- O

(18) x,(J4 -z +y|) = x4(|ly|) (modx,(|x|)). The theorem is a consequence of
(17).

(19) If k < n, then x,(k) < x4(n).
PROOF: Define P[natural number] = if $; > 0, then x,(k) < xq(k + $1).
For every natural number i such that P[i] holds P[i + 1]. P[n1]. O

(20) If x,(k) = x4(n), then k = n. The theorem is a consequence of (19).

(21) Ifi<j<2-mnandzx.(i) =%4(j) (modx,(n)), then i =0 and j = 2 and
a=2and n=1ori=j. The theorem is a consequence of (19), (17), and
(20).

(22) fO<i<nand 0<j<4-nandx,(i) =x4(j) (modxy(n)), then j =i
or j +1i=4-n. The theorem is a consequence of (18) and (21).

(23) xa(|4-2-n+y|) = xa(lyl) (modxa(fz])).
PROOF: Define P[natural number] = x,(|4-2-$14+y|) = x4(|y|) (mod x4(|x]))-
If P[k], then Pk + 1]. P[k]. O

(24) Suppose 0 < i < n and x,(i) = x4(j) (mod x4 (n)). Then

(i) 7 =1 (mod4-n), or
(ii) j = —i (mod4 - n).

The theorem is a consequence of (23) and (22).

(25) ya(2 ’ n) =2 ya(n) ) Xa(n)'
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3. SPECIAL CASE OF PELL’'S EQUATION - DIOPHANTINE POLYNOMIAL WITH
8 VARIABLES

Now we state the propositions:

(26) Let us consider a non trivial natural number a, and natural numbers v,
n, b, ¢, d, r, s, t, u, v, x. Suppose 1 < n and (z, y) is a Pell’s solution
of a2 —' 1 and (u, v) is a Pell’s solution of a® —' 1 and (s, t) is a Pell’s
solution of b2 —'1 and v =4-7-y? and b= a+u?-(u® —a) and s = r+c-u
andt=n+4-d-y and n < y. Then

(i) b is not trivial, and

(ii) u? > a, and

(it)) y = Ya(n).
PROOF: Consider 7 being a natural number such that x = x,(i) and y =
¥4 (7). Consider n; being a natural number such that v = x,(n1) and v =
Ya(n1). v # 0 by [3, (1)]. Reconsider B = b as a non trivial natural number.
Consider j being a natural number such that s = xp(j) and t = Yp(j).
x5(J) = %4(j) (modx4(ny)). j =i (mod4-ny) or j = —i (mod4 - nq).
Consider d; being a natural number such that ¥,(i) - d; = ny. n =i by [9,
(13)]. O

(27) Let us consider a non trivial natural number a, and natural numbers y,

n. Suppose 1 < n. Suppose y = ¥,(n). Then there exist natural numbers
b,c,d,r, s, t, u, v, x such that

(i) (=, y) is a Pell’s solution of a® —' 1, and

(viii) n < y.
The theorem is a consequence of (25), (16), and (15).

(28) Let us consider natural numbers y, n. Suppose 1 < n. Then y = ¥,(n)
if and only if there exist natural numbers ¢, d, r, u, = such that (z, y)
is a Pell’s solution of a2 —/ 1 and u? = 16 - (a® — 1) - 72 -y2 - 32 + 1 and
(r+cu)?=((a+u? (u2—a)?2—-1)-(n+4-d-y)2+1andn <y.
PROOF: If y = ¥,(n), then there exist natural numbers ¢, d, r, u, x such
that (z, y) is a Pell’s solution of a2 —'1 and u? = 16-(a? —1)-r2-y2-y%2 +1
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(29)

(30)
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and (z+c-u)?2=((a+u?-(u®—a))?—-1)-(n+4-d-y)?+1landn <y
Consider k such that z = x,(k) and y = ¥, (k). r # 0. O

Let us consider positive natural numbers f, k. Then f = k! if and only
if there exist natural numbers j, h, w and there exist positive natural
numbers n, p, ¢, z such that g=w-2z+h+ 7 and z = f (h+j)+ h and
2.k (2-k+2)-(n+1)>+1isasquare and p= (n+1)* and ¢ = (p + 1)"
and z = pFtl.
PROOF: Set ko = 2- k. If f = k!, then there exist natural numbers j, h, w
and there exist positive natural numbers n, p, q, z such that ¢ = w-z+h+j
and z = f-(h4+j)+hand 2- k% (ko +2) - (n+1)® + 1 is a square and
p=(Mm+Dand ¢ = (p+1)" and z = p"t1 kF < n. h+j # 2
k! <

Let us consider a positive natural number k. Then k + 1 is prime if

and only if there exist natural numbers a, b, ¢, d, e, f, g, h, i, 7, I, m,
n, o, p, q 7,8, t, u, w, v, x, Yy, z such that ¢ = w-2+ h + 7 and
z=(g-k+g+k)-(h+j)+hand2- k- (2- k+2) - (n+1)>*+1= s2
ande=p+qg+z+2-nande®-(e+2) (a+1)>+1 = 0% and (z, y)
is a Pell’s solution of a2 -/ 1 and u? = 16 - (a® — 1) - 72 -y2 - 2 + 1 and
(x+c-uw?=(a+tu? (wW?2—-a)2—-1)-(n+4-d-y)?+1 and (m, )
is a Pell’s solution of a® 1 and l = k+i-(a—1)andn+1+v =y
andm=p+l-(a—n—-1)+b-(2-a-(n+1)—(n+1)2—-1) and
r=q+y-(a-p-1)+s-(2-a-(p+1)—(p+1)?—1) andp-m =
z4+p-l-(a—p)+t-(2-a-p—p%—1).

PRrROOF: If k41 is prime, then there exist natural numbers a, b, ¢, d, e, f,
g, h,i, 73,1, m,n,o,p,q 7,8t u, w,v,x,y, zsuch that g=w-z+h+3
and z = (g-k+g+k)-(h+j)+hand 2- k> (2-k+2)-(n+1)*+1 = f2
ande=p+q+z+2-nande®-(e4+2)-(a+1)*+1 = 0% and (z, y)
is a Pell’s solution of a2 -/ 1 and u? = 16 - (a® — 1) - 72 -y2 - 2 + 1 and
(x+c-uw?=(a+u? (w?2—-a)?2—-1)-(n+4-d-y)?+1 and (m,[)
is a Pell’s solution of a2 /1 and |l = k+i-(a—1)and n+1+v =y
andm=p+l-(a—n—-1)+b-(2-a-(n+1)—(n+1)2-1) and
r=q+y-(a-p-1)+s-2-a-(p+1)-@+1)?-1) andp-m =
z+p-l-(a—p)+t-(2~a-p—p2—1).2-k—1+2-k2'k7/2gn.e—l—i—ee*/zga.
e—1+e2<a y="74n).

Consider ng being a natural number such that x = x,(ng2) and y =
Ya(n2). Consider k; being a natural number such that m = x,(k1) and
I=Yak1). (n+1)F <a. (n+ 1)+ Ta(k) - (a—(n+1)) = x4 (k) (mod2-
ar(n+1)—(n+12—1). (p+ 1" < a. (p+ 1)+ (a(n)) - (a— (p-+1)) =
%Xa(n) (m0d2-a-(p+1)—(p+1)2—1) PP < a. pF 4 (Ya(k)) - (a—p) =
x4(k) (mod2-a-p—p?—1). g-k+g+k==%k.0O
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4. PRIME REPRESENTING POLYNOMIAL WITH 26 VARIABLES

Now we state the proposition:

(31) PRIME REPRESENTING POLYNOMIAL:

1]

(10]

(11]

Let us consider a positive natural number k. Then k + 1 is prime if and
only if there exist natural numbers a, b, ¢, d, e, f, g, h, i, j, [, m, n, o, p,
q, 7, s, t, u, w, v, x, y, z such that:
O=(w-z+h+7—q%+(g-k+g+k)-(h+7)+h—2)2+(2 k-
2-k+2) - (n+1)2+1-f)2+
(p+q+2+2-n—e)2+(e®-(e+2)-(a + 1)*+1—02)2+ (22— (a2 —'1)-y2 —1)2+
(16-(a®2=1)-72-y?2 2 +1—-u®)? + (((a+u? (v —a))?—1) - (n+4-
d-y)?2+1—(r+c-u?)?+
2

(m2—(@®-"1)-2-1)2+(k+i-(a—1)—-D2+n+l+v—y)2+
p+l-(a—n—1)+b-2-a-(n+1)—n+1)2-1)—m)% +
(@+y-(a=p=D+s-(2-a-(p+1)—@+1)*-1)—2)* +(z+p-1-(a—
p)+t-(2-a-p—p?—1)—p-m)2 The theorem is a consequence of (30).
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