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Abstract

The concept of closure operator is key in several branches of mathematics. In this paper, closure operators are extended to
relational structures, more specifically to fuzzy relations in the framework of complete fuzzy lattices. The core of the work is the
search for a suitable definition of (strong) fuzzy closure relation, that is, a fuzzy relation whose relation with fuzzy closure systems
is one-to-one. The study of the properties of fuzzy closure systems and fuzzy relations helps narrow down this exploration until an
appropriate definition is settled.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Fuzzy mathematics were introduced by Lotfi A. Zadeh in 1965 [28]. In that paper fuzzy sets and fuzzy relations
appeared for the first time in the literature. Since then, the research on fuzzy structures has grown extensively. From
the original papers using maximum and minimum on the unit interval, research is now focused on structures over a
partially ordered structure, normally a residuated lattice, and the minimum has been replaced by the more general
family of operations called t-norms, usually denoted by ®, see e.g., [19]. The work with minimum and maximum,
currently infimum and supremum due to the lack of a linearly ordered structure, is still present in the so-called Godel
logic and structures that receive the name of Heyting algebras [ 16]. However, the framework in this paper is a complete
fuzzy lattice over a general residuated lattice.

The concept of complete fuzzy lattice considered in this paper was originally introduced by Bé€lohldvek in [3] with
the name of completely lattice IL-ordered set. One of the most important examples of a complete fuzzy lattice is the
L-powerset with the so-called subsethood degree relation. Closure operators and systems on [L-powerset lattices were
introduced by Bélohldvek in [1].

The other key concept to be used in this paper is that of closure operator. Originally introduced by E. H. Moore
in [24], these structures seem to be ubiquitous in mathematics, together with their counterpart closure systems. In
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particular, fuzzy closure operators [1,5] appear in several areas of fuzzy logic such as fuzzy mathematical morphology
[14,23], fuzzy relational equations [12], approximate reasoning [4,11] and fuzzy logic in narrow sense [16]. But also
its applications such as fuzzy logic programming [21] or formal concept analysis of data with fuzzy attributes [26].

Even though the definition of fuzzy closure operator seems to be the same for most authors, i.e., a crisp mapping
with some fuzzy extension of inflationarity, isotonicity and idempotency, the situation is quite different for fuzzy
closure systems. There are several distinct definitions of this concept in the literature, e.g., [1,6,15,22,25].

In [25], closure systems were extended to the fuzzy framework in two levels, first as crisp sets, called closure
systems, which are crisp sets closed under fuzzy infima; and then as fuzzy sets, called fuzzy closure systems, which
are the extensional hulls of closure systems, that is, the smallest extensional set that contains them. These definitions
were proved to behave properly with the notion of closure operator due to the existence of a bijective correspondence
among them. Along with the main results mentioned above, some characterization theorems were proved as well
that relate the research done in complete fuzzy lattices with papers that manage these concepts in weaker structures,
such as posets and preposets. Finally, when these structures are considered in the L-powerset lattice, the definition
of closure system is equivalent to that of LL-closure system and fuzzy closure systems are equivalent to IL-closure
LL-systems, which are the most cited definitions that played the role of closure systems in the fuzzy framework, both
introduced by Bélohldvek in [1].

As stated above, in [25] a definition of (fuzzy) closure system was presented. The analysis there was straightfor-
ward. First, we worked with a crisp object endowed with fuzzy properties and then directly with a fuzzy object. This
very discussion can be extended to the other side of the problem since closure operators are crisp mappings with certain
fuzzy properties. The main goal of this paper is to extend closure operators to fuzzy structures with fuzzy properties.
Fuzzy closure relations have been defined previously in the literature but there is no one-to-one relation between them
and fuzzy closure systems. The paper starts with a section of preliminaries where the basic concepts needed in order to
follow the paper are presented and referenced. This paper is self-contained, even though the readership is assumed to
know the basic concepts of fuzzy sets, fuzzy relations and residuated lattices. If they are not, the sources where the re-
sults used are introduced are properly cited and easy to find. Next, the core of the paper is presented as follows. Fuzzy
closure relations are defined in the literature as inflationary, isotone and idempotent relations. However, this definition
is not in a one-to-one relation with the definition of fuzzy closure system. Hence, a stronger definition of fuzzy closure
relation is needed. The search for a suitable definition is the main goal of next section. The idea of fuzzy closure rela-
tion induced by a fuzzy closure system helps narrow down the search by adding requirements for the desired strong
fuzzy closure relation definition. One of the key properties needed for this bijection to hold is again extensionality,
which already appeared in [25]. Finally, a suitable definition is set using extensionality and some sort of minimality
condition. This definition turns out to be equivalent with several diverse properties, one of the most noticeable being
an explicit expression for every strong fuzzy closure relation. Another interesting characterization is the one related to
perfect fuzzy functions, introduced by Demirci [13]. Perfect fuzzy functions are fuzzy relations which satisfy certain
properties that relate them with functions, e.g., the partial property (u(a, b) ® u(a,c) < (b = c)) reflects that every
element has a unique image up to fuzzy equivalence. The main theorem in this section proves the one-to-one relation
between strong fuzzy closure relations and fuzzy closure systems. Last, we present our conclusions and some ideas of
future work.

2. Preliminaries

In this section, a brief presentation of the concepts needed to follow the results is written. This paper is a natural
continuation of the work in [25]. Specifically, we recall the notions of complete residuated lattices [2,16], fuzzy poset
and fuzzy complete lattice, and some basics results that will be needed throughout the paper [3,20].

Throughout this paper, let L = (L, A, Vv, ®, —, 0, 1) be a complete residuated lattice, which is an algebra where

e (L,A,V,0,1) is a complete lattice with 0 and 1 being the least and the greatest elements of L, respectively,
e (L,®,1)is acommutative monoid (i.e., ® is commutative, associative, and 1 is neutral with respect to ®), and
e ® and — satisfy the so-called adjointness property: for all a,b,c € L, we have thata @ b <ciffa <b — c.

This structure is utilized in mathematical fuzzy logics and their applications as structures of truth degrees with ®
and — used as truth functions of fuzzy conjunction and fuzzy implication, respectively [16]. The unit interval with the
Lukasiewicz, Godel and Goguen pairs of t-norms and implications are examples of residuated complete lattices.
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Among the properties of complete residuated lattices, we summarize only those that will be used:

a<bimpliesa®c<b®c, foralla,b,ce L 1
a <bimpliesc —a <c— b, foralla,b,ce L 2)
a <bimpliesb - c<a —c, foralla,b,ce L 3)
a—>b=1iffa <b, foralla,be L 4
a—-b<a®c—>b®c, foralla,b,ce L %)
a<(a—b)—b, foralla,be L (6)
a®\/b=\/(@®bh), forallae Land BC L (7)

beB beB
(\/b)—>a=/\(b—>a), foralla e L and B C L )

beB beB

An LL-set is a mapping X : U — L from the universe set U to the membership values set L, where X (1) means the
degree in which u belongs to X. The set of L-sets on the universe U is denoted by LY. A crisp set is considered to be
a particular case of L-set by using its characteristic mapping X : U — {0, 1} with X (u) =1 iff u € X.

Operations with L-sets are defined element-wise. For instance, A ® B € LY is defined as (A @ B)(u) = A(u) ®
B(u) for all u € U. The so-called subsethood degree relation is defined as S: LY x LY — L where

S(A.B) =\ <A(x) N B(x)).
xeU

Obviously, S(A, B) =1 if and only if A(x) < B(x) for all x € U. In this case, A is said to be a fuzzy subset of B and
is denoted by A € B.

Binary LL-relations (binary fuzzy relations) on a set U can be thought of as IL-sets on the universe U x U. That is,
a binary L-relation on U is a mapping p € LY*Y assigning to each x, y € U a truth degree p(x, y) € L (a degree to
which x and y are related by p).

For p being a binary L-relation in U, we say that

p is reflexive if p(x,x) =1 forall x € U.

p is symmetric if p(x,y) =p(y,x) forall x,y e U.

p is antisymmetric if p(x,y) ® p(y,x) =1 impliesx =y forall x,y e U.
p is transitive if p(x, y) ® p(v,2) < p(x,z) forall x,y,z e U.

Definition 1. Given a non-empty set A and a binary LL-relation p on A, the pair A = (A, p) is said to be a

e fuzzy preposet if p is a fuzzy preorder, i.e. if p is reflexive and transitive;
e fuzzy poset if p is a fuzzy order, i.e. if p is reflexive, antisymmetric and transitive.

A typical example of fuzzy poset is (LY, S).

As in the crisp case, any order L-relation implicitly defines an equivalence L-relation that is called symmetric
kernel relation. In the fuzzy case, this equivalence L-relation usually replaces the notion of equality in the fuzzy
poset.

Definition 2. Given a fuzzy preposet A = (A, p), the symmetric kernel relation is defined as ~: A x A — L where
(a~b)=p(a,b)® p(b,a)foralla,b € A.

Proposition 3. Given a fuzzy preposet A = (A, p), the symmetric kernel relation = is a fuzzy equivalence relation,
that is, it is a reflexive, symmetric and transitive fuzzy relation.

A usual way to define fuzzy algebras is to consider as an underlying structure a pair which consists of a set and
a tolerance or equivalence relation on it. Thus, an alternative definition of fuzzy poset was originally introduced by

3
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Hohle and Blachard in the eighties [17] and later rediscovered independently by Bélohldvek and Bodenhofer [3,7]. It
is given by a tuple (A, =, p) where = is a fuzzy equivalence relation on A and p is a fuzzy order that is compatible
with &, In [27], it is shown that both definitions of fuzzy poset are equivalent.

To present the notion of fuzzy lattice we need to generalize those of upper (lower) bound and supremum (infimum).

Definition 4. Given a fuzzy preposet A = (A, p) and a fuzzy set X € L4, we define the down-cone of X and the
up-cone of X, respectively, as the fuzzy sets X,, X” e LA where, for all a € A,

X,(a) = /\ (X (x) = pla, x)) and

x€A

XP(a) = /\ (X(x) — p(x,a)).

xeA

Thus, X”(a) and X, (a) can be seen as the degree to which a is an upper bound and lower bound of X, respectively.
Notice that for singletons, X = {x}, we will omit the brackets for simplicity of the notation, thus x”(a) = p(x, a)
and x,(a) = p(a, x).

Definition 5. Let A = (A, p) be a fuzzy preposet and X € LA. An element a € A is said to be infimum (resp. supre-
mum) of X if the following conditions hold:

1. Xp(a) =1 (resp. X*(a) =1).
2. Xp(x) <p(x,a) (resp. XP(x) < p(a,x)),forall x € A.

The following propositions, which are straightforward, provide useful characterizations of infimum, supremum,
minimum and maximum.

Proposition 6. Let A = (A, p) be a fuzzy preposet and X € LA. An element a € A is infimum (resp. supremum) of X
if and only if, for all x € A,

p(x,a) =X,(x) (resp. p(a,x) = X" (x)).

Proposition 7. Let A = (A, p) be a fuzzy preposet and X € L*. An element m € A is a minimum (resp. maximum) of
X if and only if m is an infimum (resp. a supremum) of X and X (m) = 1.

Notice that the supremum (resp. infimum) needs not be unique in an arbitrary preposet, but if A is a poset and due
to antisymmetry, it is not difficult to see that, if a supremum (resp. infimum) of X exists, it is unique. In such case, we
will denote it by | | X (resp. [ ]X).

Definition 8 (/3]). We say that a fuzzy poset (A, p) is a complete fuzzy lattice if every fuzzy subset X € L4 has
supremum and infimum.

The pair (LY, S) is an example of complete fuzzy lattice, which is called the L-powerset lattice of U. This fact
follows easily from [2, Theorem 5.63].

Notice that, if (A, p) is a complete fuzzy lattice, then (A, <), with a < b iff p(a,b) =1, is a complete lattice.
Therefore, there exist elements that are minimum and maximum, which we denote by L and T respectively.

Given a fuzzy relation u between A and B, i.e., a crisp mapping u: A X B — L, and a € A, the afterset a** is the
fuzzy set a*: B — L given by a*(b) = u(a, b). A fuzzy relation u is said to be fotal if the aftersets a** are normal
fuzzy sets, for all a € A. The composition of two fuzzy relations ;1: A x B — L and p2: B x C — L is defined as
(n1opm2)(x, y) =V, cp(u1(x,2) ® ua(z, y)).

The so-called full fuzzy powering p« is a fuzzy relation between two powersets that has been used in previous
works [8,9]. Its direct extension to fuzzy powersets is as follows: for all X, Y € LA,

p(X. V) =\ (X(¥)®Y () = plx. ).
x,yeA
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A fuzzy set X € L4 is said to be a clique if p (X, X) = 1.
Other key concepts used in this paper are closure structures. Thus, the main definitions of the structures are needed
to fully comprehend the results presented.

Definition 9. Given a fuzzy preposet A = (A, p), a mapping c: A — A is said to be a closure operator on A if the
following conditions hold:

1. p(a,b) <p(c(a),c)),foralla,be A
2. p(a,c(a))=1,forallaec A
3. p(c(e(a)),c(a)) =1, foralla € A.

Conditions 1 and 2 are well-known and are called isotonicity and inflationarity, respectively. Observe that condition
3 could be replaced by (c(c(a)) ~ c(a)) = 1, and, thus, if A is a fuzzy poset, a closure operator is idempotent in a
classical sense, i.e., c(c(a)) = c(a) foralla € A.

On the other hand, there is not a unique extension of the notion of closure system to a fuzzy setting. The definition
we will use in this paper is the following one, introduced in [25].

Definition 10. Let (A, p) be a complete fuzzy lattice. We say that an L-set ® € L4 is a fuzzy closure system if it is
the minimal extensional set such that [ |(a® ® ®) € Core(®) foralla € A.

Fuzzy closure systems and fuzzy closure operators are related concepts. In fact, similarly to the classical case, there
is a one-to-one relation among them.

Theorem 11 ([25]). Let A = (A, p) be a complete fuzzy lattice. The following assertions hold:

1. If ® is a fuzzy closure system, the mapping co: A — A defined as co(a) =[ |(a? ® D) is a closure operator.
2. If c is a closure operator, the fuzzy set O defined as . (a) = p(c(a), a) is a fuzzy closure system.

3. If ® is a fuzzy closure system, then ® = P,.

4. If c: A— A is a closure operator, then cg, = C.

The following result is a characterization of fuzzy closure systems which is useful in the proofs.

Proposition 12. Let (A, p) be a complete fuzzy lattice. A fuzzy set ® € L4 is a fuzzy closure system if and only if ® is
extensional and min(a” ® ®) exists for all a € A.

3. Fuzzy closure relations

The use of fuzzy relations as closure structures is not groundbreaking, these structures have been used in the
literature before. In [9], for instance, they were defined in the general setting of partial ordered set as follows.

Definition 13. Let A = (A, p) be a fuzzy preposet. A total fuzzy relation x: A X A — L is a fuzzy closure relation if
the following properties hold:

e « is inflationary, i.e. px(a,a®) =1 for all a € A.
e K is isotone, ie. p(ai,az) < px(af,as) forall ar, as € A.
e k is idempotent, i.e. po(a**,a*) =1 forall a € A.

Notice that, in this definition, since « is inflationary and idempotent, we have that py(a*, a“*“) =1 for all a € A.
Therefore, the condition of k being idempotent can be replaced for a“(x) ® a“°“(y) < (x &~ y) for all a,x,y € A,
where the relation ~ is defined from p as follows: (x & y) = p(x,y) @ p(y, x) forall x, y € A.
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Proposition 14. Let A = (A, p) be a complete fuzzy lattice. Let k: A x A — L be a fuzzy closure relation. Then,
Core(k) is a closure operator and a* is a normal clique for all a € A.

Proof. First, since « is isotone, we have that for all a, b € A the inequality p(a, b) < px(a”, b*) holds. Using the
reflexivity of p we get
1=p(a,a) < px(a“,a").

Thus, a“ is a clique for all @ € A. Also, since « is total, for all a € A there exists a* € A such that k (a, a™) = 1. Hence,
a® is a normal clique.
Let now x, y € Core(a”). Since a” is a clique we get,

1= (") ®a“(y) = px,y) = px,y)
1= (a"(y) ®a*(x) > p(x, ) =p(y,x)

Thus, by antisymmetry, (x & y) = p(x, y) ® p(y, x) = 1, then x = y. Therefore, since « is total and a is a clique,
for every a € A there exists a unique element a* € A such that « (a, a*) = 1. Therefore Core(x) is a mapping. Let us
denote it as ¢, i.e., c: A — A is defined by c(a) = a*, and prove that it is a closure operator. Since « is inflationary
we have px(a,a*) =1 forall a € A. Thus,

1= pola,a)= \ a“ () = pla.x) = a“@") — pla.a*) = p(a, c(a)).
X€eA

Similarly it is proved that c is isotone,

p(a,b) < pu@,b) = J\ a*(x)®@b*(y)— p(x,y)
X,yEA

<a“(@") @b (b*) — p(a*,b*) = p(a*,b*) = p(c(a), c()),

where the inequality holds by taking x = a™ and y = b*.

Finally, c is idempotent. Since « is idempotent pn (a“°“, a*) =1, we get

1= po(@™*,a)=J\ (\/a“(z)@z”(x))®aK(pr<x,y)

x,yeA \zeA
/\ @@ @ x) ®a () = plx, )

X,y,Z2€A
<ad“(a™) ® (@*)* (™) ® a“(a*) — p(a™*,a")
=p(a™, a*) = p(c(c(a)), c(a)),

where the second equality uses (8) and the inequality holds by taking z = y = a™ and x = a™*. Therefore, since c is
an inflationary, isotone and idempotent mapping, it is a closure operator. O

Remark 1. Notice that in the proof, the fuzzy relation p is required to be just reflexive and antisymmetric. Moreover,
for Core(x) to be a mapping, the fuzzy relation « needs to be only total and isotone.

Following the spirit of the work done in [25], the main goal of this paper is to find two mappings which relate fuzzy
closure systems and fuzzy closure relations and are the inverse of one another. In the cited paper, one of the mappings
related any closure operator c to a fuzzy set defined as ®.(a) = p(c(a), a). In the terminology of fuzzy relations, for
any closure relation «, the assigned fuzzy set should represent in which degree the closure of an element is below the
element itself. A plausible option, similar to the one showed above, would be the fuzzy set @, (a) = p(a*, a). The
reciprocal mapping was c¢(a) =[ |(a” ® ®), again, in the terminology of relations, we need to define k¢ (a, b) as the
degree to which the element b is the closure of a. Following this idea, the following relation comes up, k¢ (a, b) =
([_](a/’ QD) ~ b).

The following is a technical result that will be used in the rest of the paper. This result was originally proved in [10]
on fuzzy T-digraphs. Since complete fuzzy lattices are T-digraphs the result applies to the framework of this paper.

6
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Proposition 15. Ler A = (A, p) be a complete fuzzy lattice. Let X € L? be normal cliques and yo € A. For all
xo € Core(X) it holds

P (X, y0) = p(x0, yo)-

Proof. Let X € LA be normal cliques and xg € Core(X), yp € A. Then,

poc(X, y0) = [\ X(x¥) = p(x, y0)

X€eA

< X (x0) — p(x0, y0)

= p(x0, ¥0)»

by taking x = xp.
Conversely,
p(x0, y0) = 1 = p(x0. yo)
@)
< p(x, x0) = p(x,x0) ® p(x0, y0)

(i)
< X(x) ® X(x0) = p(x, y0)
=X(x)— p(x,y0)

where the inequality (i) holds by (5) and the inequality (i7) holds by (2), (3), transitivity of p and X being a clique.

Thus, pec(x0, ¥0) < Area X (¥) = p(x, y0) = p(X; y0)-
Therefore, po (X, y0) = p(x0, y0). O

Next, some properties of fuzzy closure relations are proved. The theorem below shows how close fuzzy closure
relations are to being in a one-to-one relation with fuzzy closure systems.

Lemma 16. Let A = (A, p) be a complete fuzzy lattice. Let c: A — A be a closure operator. Then, the fuzzy relation
kc(a,b) = (c(a) = b) is a fuzzy closure relation.

Proof. The proof is a comprobation of inflationarity, isotonicity and idempotency. Leta € A,

poc(a,a) = J\ ke(a,x) > pla, x)

x€eA

=\ (c@=x)— pa.x)
x€A

>\ p(c@),x) = pa,x)
X€A

=pla,c@) =1,

where the second to last equality is by adjointness and transitivity and the last one due to inflationarity of c.
Therefore, k. is inflationary. Next, leta, b € A,

pocl@ e, b = [\ () @b () = p(x, )
X, yeA

= /\ (c@~x)®cb)~y) - p,y)
xX,yeA

= /\ (x~c@)® (cb)~y) - p(x,y)
X, yeA

@)
> N\ (p(c@,c®) > plx,y) = p(x,y)
xX,yeA
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@i)
> N\ p(c),c®)

Xx,yEA
=p(c(a), c(b)) = p(a,b),
where (i) is a consequence of
(x~c(a) ®p(cla),cd) ®(cb)y=y) <p(x,y)
being true by transitivity, and applying adjointness
(x X c(a) ® (c(b) ® y) < p(cla), c(b)) = p(x, y),

(i7) is the direct use of property (6) and the last inequality is due to ¢ being isotone. Hence, . is isotone.
And finally idempotency is proved.

poclaee,a*)y = N\ (kcorc)(a,x) @«kela,y) = p(x,y) =
Xx,yEA

A ((\/Kc(a,w ®Kc(z,x>) ® ke (a, y)) — p(x,y)

X, yEA z€A

AV kel@2) ® ez, x) @ kela, y)) = p(x,y)

X,yEA (ZEA

/\

\/(x ~c(2)) ® (z=c(a) ® (c(a) = y)) = p(x,y)

x,yeA \zeA
> A \/(xm(z))@<c<z>wc<c(a)>)®<c<a>%y))»p(m)
x,yeA \zeA
(i)
ERAN (\/p(x,y>>—>p(x,y)= N\ ol )= px, =1,
X, yeA \zeA x,yEA

where (ii7) holds by the idempotency of ¢ and applying transitivity,

(x & c(2)) ® (c(z) ® c(c(a) ® (c(a) = y)
=(x ~c(2)) ® (c(z) ® c(c(a))) ® p(c(c(a)), c(a)) ® (cla) = y)
<px,y).

Therefore, kc(a, b) = ([(a” ® c) ~ b) = (c(a) ~ b) is a fuzzy closure relation. O
Theorem 17. Let A = (A, p) be a complete fuzzy lattice. The following statements hold:

1. If k is a fuzzy closure relation, the fuzzy set @, defined as @, (a) = ps(a”, a) is a fuzzy closure system.

2. If ® is a fuzzy closure system, the relation kp: A X A — L defined as k¢ (a,b) = (|_|(ap ® CID) ~ b) is a fuzzy
closure relation.

3. If ® is a fuzzy closure system, then & = P,

Proof. By Proposition 14, Core(kx) is a closure operator, thus, throughout the proof, it will be managed with the
standard mapping notation and will be denoted by c.

For the first item, the main goal is to prove &, = ®. Since, c(a) = Core(a”), using Proposition 15, we get
d.(a) = p(c(a),a) = px(a@“,a) = O, (a), for all a € A. By Theorem 11, ®.. is a fuzzy closure system. Hence, @,
is a fuzzy closure system.

For the second item, by Theorem 11, cg(a) =[](a” ® ®) is a closure operator, then using Lemma 16, k¢ is a
fuzzy closure relation.
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For the third item, let ® € L# be a fuzzy closure system. Then,

Dy (@) = p(@*®, a) = /\ ko (a,x) > p(x,a)
x€eA

= /\ p(ca(@),x) ® p(x, ca(@) — p(x,a)

xeA

> /\ p(x, co(@) — p(x,a)

x€A
= ,O(Cc])(a), Cl) = (I)Cq;.(a) = (D(Cl),

where the last equality holds due to Theorem 11.
Conversely,

Dy (@) = poc(@*®,a) = /\ (co(@) = x) > p(x,a)
xXeA
< (co(a) X co(@)) = p(co(a), a)
= p(co(a),a) = e, (a) = D(a),

where the inequality holds by choosing x = c¢(a). O
Even though Definition 13 seems to be the natural relational extension of a closure operator and is interesting on its

own, notice that in the previous result kp, = « was not proved because it does not necessarily hold, as the following
example shows:

Example 1. Consider the Godel unit interval as the underlying algebra of truth values and the complete fuzzy lattice
(A, p) where A = {a, b} and

pl a b
al 1 1
b |08 1

Consider the following two fuzzy relations «; and k.

K1 | a b K2 | a b
a 1 03 a 1 0.1
b |04 1 b |01 1

These relations are indeed fuzzy closure relations, the proof is tedious but simple, we omit it since it is not the point
of the example.

The fuzzy sets induced by these relations are the following. By Proposition 14, a“! and a*? are normal cliques for
all a € A, calculations are simplified by Proposition 15,

Dy, (a) = px (@', a) = p(a,a) =1,
Oy, (b) = poc(b*!, b) = p(b, b) = 1,
Oy, (a) = px(a@*?,a) = p(a,a) =1,
@, (b) = pc(b*?,b) = p(b, b) = 1.

Thus, &, = ®,, = A. Furthermore, for each x, y € A,
Ko, (X,Y) =Ko, (x,y) =ka(x,y) = (|—|(xp ®A)~ y)

= (l_l(x”) ~ y) =@=xy)=p,y)Qp(y,x).

Hence, we have
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KA | a b
a 1 08
b 108 1

Notice how Koy, #+ k1 and Koy, # k7. Therefore, the definition of fuzzy closure relation used in the literature is not
strong enough to get a bijection with fuzzy closure systems.

4. Strong fuzzy closure relations

Since Definition 13 cannot ensure the one-to-one correspondence we are looking for, some other definitions shall
be considered. In order to find a suitable definition for these relations, first the two mappings in play ® + k¢ (a, b) =
(M(@” ® ®) ~b) and k — P, (a) = p(a®, a) must be studied.

We focus now on extensionality, which is related to previous work done on closure systems [25]. A fuzzy relation
k: A x A — L is said to be extensional if it is extensional when considered as a fuzzy subset of A x A with the
similarity relation defined pointwise as

(a1, b1) ®axa (a2, b2) = (a1 = az) ® (b1 =~ by).
It is easy to see that, due to the reflexivity of &, extensionality in A x A is equivalent to satisfying left and right
extensionality:

ka1, b) ® (a1 ~ az) <«(a,b), forall a1, a2, b € A.

K(a,b1)®(b1 "%’bz)flc(a,bz), foralla,bl,bzeA.

The use of this binary fuzzy equivalence is a common approach which can be seen, for example, in [13, Remark 3.3].
The next example shows that there exist fuzzy closure relations which are not extensional.

Example 2. Consider the complete fuzzy lattice from Example | and consider the fuzzy closure relation ;. This
fuzzy relation is not extensional.

k1(a,a)® (a~a)® (a~b)=0.8 f 0.3 =«1(a,b).
Nevertheless, next proposition shows that the fuzzy relation ¢ is extensional for any ® € L4.

Proposition 18. Let A = (A, p) be a complete fuzzy lattice. Let ® € LA be a fuzzy closure system, then k¢ is exten-
sional.

Proof. Let e LA bea fuzzy closure system, then, c¢ is a closure operator and,

ko(a,b) @ (a~x) @ (b~y)
=(co(@~h)®@@~x)R(b~Yy)

isot.cop

= (co)~co@)®((cal@) *b) @ (b~ y)

trans.
< (co@)=y)=«ko(x,y). O

These properties hint that the fuzzy closure relations which are in one-to-one relation with fuzzy closure systems
must be extensional. In the general case, extensional fuzzy closure relations do not behave as expected.

Example 3. Let (A, p) be the complete fuzzy lattice, the set {0, 0.5, 1} with Lukasiewicz logic as the underlying
algebra of truth values, where the universe is A = {l,a,b,c,d,e, T} and p is the fuzzy order defined by the
following table,
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p| L a b c d e T
L1 1 1 1 1 1 1
al05 1 05 1 1 1 1
b 105 05 1 1 1 1 1
c|05 05 05 1 1 1 1
d] 0 05 0 05 1 05 1
el 0O 0 05 05 05 1 1
TI0 0 0 05 05 05 1
Let u: A x A — L be the fuzzy relation defined by the following table,

wl L a b c d e T
1105 05 1 05 0 05 O
al 0 0 05 05 05 1 05
b|105 05 1 05 0 05 O
c| 0 O 05 05 05 1 05
d; 0 0 0 05 05 05 1
el 0 0 05 05 05 1 05
TIO0 0 0 05 05 05 1

The relation p is an extensional fuzzy closure relation in A and the induced fuzzy closure system is ®, =
{+/0.5,4/0,b/1,¢/05,4d/05, ¢/1, T/1}; the proof is long and tedious but simple, hence it is omitted. However, ko, # 14, as
shown below,

ko, (L) = (@ e ~a) = (@0 ~a)=bra)=0£unl,a.

Thus, extensional fuzzy closure relations are not in a one-to-one relation with fuzzy closure systems.
However, these properties together with a minimality condition do achieve the expected results.

Definition 19. Let A = (A, p) be a complete fuzzy lattice. A fuzzy closure relation x: A x A — L is said to be
strong if it is minimal among the extensional fuzzy closure relations, i.e. « is extensional and, for all extensional fuzzy
closure relation xk1: A X A — L, one has that 1 < « implies k] =«.

Not all fuzzy closure relations are strong fuzzy closure relations. As was proved in Example 2, k is not extensional,
so it is not a strong fuzzy closure relation, even though it is a fuzzy closure relation.

The following proposition gives several characterizations of the concept of strong fuzzy closure relation. The sec-
ond one is particularly useful for the proofs of the subsequent results in this paper since it gives an explicit expression
for strong fuzzy closure relations.

Proposition 20. Let A = (A, p) be a complete fuzzy lattice. Let k: A X A — L. The following assertions are equiva-
lent:

K is a strong fuzzy closure relation.

There exists a closure operator ¢c: A — A such that k(a,b) = (c(a) = b) forall a,b € A.

Kk is the extensional hull of a closure operator c: A — A.

K is a minimal extensional fuzzy relation such that Core(k) is a closure operator.

Core(x) is a closure operator, and k is the smallest extensional fuzzy closure relation whose core is Core(k).

Nk

Proof. First, let us prove 1 implies 2. Assume the fuzzy relation x: A x A — L is a strong fuzzy closure relation.
Then, by Proposition 14, the crisp relation Core(x) is a closure operator which from this point on will be managed as
a mapping denoted by c.

Consider the fuzzy relation w(a, b) = (c(a) ~ b). By Lemma 16, u is a fuzzy closure relation. In addition, w is
extensional,
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wa,b)y@a~x)@b~y)=(cla)=b)R@@=x)RQ(b~y)
=xra)Q(cl@~b)@bB~xy)

9)
=(cx)=c(@)®(cla)®b)® (b~y) (
= (cx)~y)=nunx,y).
Then, by Core(x) = c and by extensionality we get
mla, b) = (c(a) #b) =«(a, c(a)) ® (a~a) ® (c(a) ¥ b) < «(a,b) (10)

Hence, u is an extensional fuzzy closure relation and @ < . Then, by minimality of «, we get u =«.

Second, let us prove 2 implies 3. Assume there is a closure operator ¢ such that x (a, b) = (c(a) & b). Let ¢ be the
extensional hull of c. The extensional hull of a set was explicitly described in [18]. Considering c as a fuzzy subset
of A x A, its extensional hull satisfies the following formula

éa,b)=\/ cx,N@x~a)@(y~b=\/(x~a)® (c(x) ~b)
X,yEA xX€A

To prove this item it suffices to prove

(cl@)~b)=\/(x~a)® (c(x) ~b) (1)

xeA

On the one hand, by choosing x = a we get

&(a,b) = \/(x ~a)® (c(x)=b)=(a~a)® (c(a) ®b)=(c(a) ~b)=«(a,b)

xeA

On the other hand, by isotonicity of ¢ and transitivity of &%, we have for all x € A
(x~a)® (c(x)®b) < (c(x) =~ c(a) ® (c(x) ®b) < (c(a) ~®b)

Thus, &(a, b) = \/xeA (x ~a)® (c(x) = b) <k(a,b). Hence, k = ¢ is the extensional hull of the closure operator c.
Third, let us prove 3 implies 4. Assume « is the extensional hull of the closure operator ¢ and (a, b) € Core(k)
then, by (11),

l1=«(a,b)= \/(x ~a)® (c(x)~b)=(c(a)=Db).

xX€eA

Thus, c(a) = b which yields to Core(k) = c. Now, let u be an extensional fuzzy relation such that Core(uw) is a closure
operator and u < k. Let us show that Core(u) = Core(k). On the one hand, the inclusion u < « implies Core(u) <
Core(k). Since Core(x) is a mapping, then for each a € A there exists a unique a¢* € A such that «(a,a*) = 1.
Similarly, for each a € A there exists one unique a® € A such that u(a,a®) = 1. Since © <« we have 1 = u(a,a®) <
k(a,a®). Thus, a®* =a* forall a € A, and Core(ut) = Core(x) = c.

Since u is extensional and ¢ < u, by the definition of extensional hull we have ¥ < .

Fourth, let us prove 4 implies 5. Assume « is a minimal extensional fuzzy relation such that Core(x) is a closure
operator. Let x| be an extensional fuzzy relation such that ¢ = Core(x) = Core(x1) and prove k < k1. Consider the
fuzzy relation u defined as u(a, b) = (c(a) = b). By extensionality of «, and using the same reasoning of (10), we
have that ¢ < « and, since u is extensional by (9) and « is minimal, & = k. Thus, by Lemma 16, « is a fuzzy closure
relation. In addition, by extensionality of k| and using the same reasoning of (10) again, we get x = u < k7.

Finally, let us prove 5 implies 1. Assume ¢ = Core(k) is a closure operator, and « is the smallest extensional fuzzy
closure relation whose core is c.

Letk;: Ax A — L,beanextensional fuzzy closure relation such that k; < k and prove k1 = k. Since Core(k1) < ¢
and, by Lemma 16, Core(x) is a mapping, then Core(x1) = c. Therefore, by hypothesis, k] = k. O

In the previous result, given a closure operator c, we have considered the fuzzy relation defined as u(a, b) =
(c(a) = b). This construction resembles the perfect fuzzy functions introduced by Demirci [13]; particularly, the
vague description of crisp functions. In our framework, a fuzzy relation u: A x A — L is said to be a perfect fuzzy
function if it is total, extensional and satisfies the following property:

12
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p(a,by) ® pla, b2) < (by = by), foralla, by, by € A 12)

We now study the relationship between fuzzy closure relations and perfect fuzzy functions.

Condition (12) implies that every a” is a clique. The converse holds in Heyting algebras (where ® = A):
since u(a, b1) ® u(a, by) < p(b1,b2) and u(a, by) ® pla, bz) < p(b, by), then, u(a, b1) ® u(a, by) < p(b1, b)) A
p (b2, b1) = (b1 = by). The following example shows that this does not hold in general.

Example 4. Let p, u: A x A — L be two fuzzy relations defined by

p| a b wl a b
al 1 05 al|l 1 0.5
b 105 1 b |05 1

Consider the fuzzy poset (A, p) with A = {a, b} with the three-valued Lukasiewicz logic. Then, even though a* and
b* are cliques (only proved for a** due to symmetry)
1=p(a,a) ,ifx=y=a
0.5=p(a,b) ,ifx=a,y=>b
a,x)@ua,y)= . <px,
pla, x) ® ula,y) 05=p(b.a) .ifx=by=a p(x,y)
0<1l=p0b,b) ,ifx=y=0>b

But does not satisfy (12) since
pua,a)® pu(a,b)y=1®0.5=05<£0=p(a,b)® p(b,a) = (a =b)
Next result proves the relationship between strong fuzzy closure relations and perfect fuzzy functions.

Proposition 21. Let A = (A, p) be a complete fuzzy lattice. The following statements are equivalent:

1. k is a strong fuzzy closure relation.
2. k satisfies condition (12) and is a extensional fuzzy closure relation.
3. K is a perfect fuzzy function whose core is a closure operator.

Proof. First, we prove 1. implies 2. Assume « is a strong fuzzy closure relation. By hypothesis « is an extensional
fuzzy closure relation, so it suffices to prove that it satisfies condition (12). By item 2 of Proposition 20, there exists a
closure operator ¢ such that « (a, b) = (c(a) = b). Thus,

a“(x) ® a*(y) = (c(a) ® x) ® (c(a) ® y) < (x ).

Now, for 2. implies 3. Assume that x is an extensional fuzzy closure relation such that condition (12) holds.
Then, k satisfies being total, extensionality and condition (12). Hence, « is a perfect fuzzy function. In addition,
by Proposition 14, Core(k) is a closure operator.

3 implies 1 is proved as follows. Assume « is a perfect fuzzy function and let ¢ = Core(k), then

k(a,b) =«(a,c(a)) ®k(a,b) <(c(a)~b) and
(c(a@) = b) =(c(a) *b) ®k(a,c(a)) <k(a,b),

where the first line uses the condition (12) and the second one uses extensionality.
Hence, k (a, b) = (c(a) & b) and, by Proposition 20, « is a strong fuzzy closure relation. 0O

In Example 3, it was shown that extensional fuzzy closure relations are not necessarily strong fuzzy closure re-
lations. However, if the underlying structure of truth values is a Heyting algebra, strong fuzzy closure relations are
exactly the extensional fuzzy closure relations.

Corollary 22. Let (A, p) be a complete fuzzy lattice over a Heyting algebra L. Then, every extensional fuzzy closure
relation is a strong fuzzy closure relation.
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Proof. Let « be an extensional fuzzy closure relation. In a Heyting algebra, every extensional fuzzy closure relation is
a perfect fuzzy function: extensionality is given by hypothesis, perfection follows from being a total relation and con-
dition (12) follows from the aftersets being cliques. Also, by Proposition 14, Core(x) is a closure operator. Therefore,
applying Proposition 21, we get that « is a strong fuzzy closure relation. O

The main theorem in this paper shows that strong fuzzy closure relations and fuzzy closure systems are indeed in
one-to-one correspondence, that is, for any fuzzy closure system there is a unique strong fuzzy closure relation and
vice versa.

Theorem 23. Let A = (A, p) be a complete fuzzy lattice. The following statements hold:

1. If k is a strong fuzzy closure relation, the fuzzy set @, defined as O, (a) = p«(a”, a) is a fuzzy closure system.

2. If © is a fuzzy closure system, the relation ko: A X A — L defined as k¢ (a,b) = (|—|(a'° ® CI>) ~ b) is a strong
fuzzy closure relation.

3. Ifk: A x A— L is a strong fuzzy closure relation, then ko, =K.

4. If @ is a fuzzy closure system, then ® = ®,,.

Proof. Most of the proof was already done in Theorem 17, so we focus on items 2 and 3.
For the second item, assume & is a fuzzy closure system. Then, by Theorem 11, the mapping ce(a) =[ |(a” @ @)
is a closure operator and by Proposition 20, we obtain x¢(a, b) = (ce(a) & b)) is a strong fuzzy closure relation.
For the third item, assume k: A X A — L is a strong fuzzy closure relation. By item 1, &, = & holds. Then,

ko, (@.0) = ([|@" @ Do) ~b) = (co.(@) % b) = (c(a) ~ b) = (. ).

In second to last equality, cg, = c is used, this holds due to Theorem 11. The last equality is due to Proposition 20. O
5. Conclusions and future work

This paper presents an extension of the concept of closure operator as a fuzzy relation. Following the idea of closure
operators, i.e., inflationarity, isotonicity and idempotency, we have introduced a definition of fuzzy closure relation
which is interesting on its own. Most of the results concerning a one-to-one relation with fuzzy closure systems can
be proved using this definition.

However, the existing definitions were not in bijective correspondence with fuzzy closure systems. The one-to-one
relation among these structures is one of the key properties of closure. Thus, we have looked for a stronger definition
of fuzzy closure relation, one that could assure the existence of a bijection with fuzzy closure systems. In that, the two
candidate mappings have been studied, specifically the focus has been on the properties of their images. One of the
main properties found has been the extensionality of relations. However, extensionality was not strong enough and
some minimality conditions needed to be added to the definition. Finally, the definition was found and this structure
has been proved to be in bijective correspondence with fuzzy closure systems. These fuzzy relations have been called
strong fuzzy closure relations. We also proved that the extension of closure operators to a relational framework in
order to maintain the one-to-one relation has a deep connection with perfect fuzzy functions. In some sense, we
have justified that closure operators cannot be extended any further in the relational framework while maintaining the
one-to-one relation with fuzzy closure systems.

From the applications point of view, the one-to-one relation can be dropped. In fact, in Theorem 17, it can be
seen that fuzzy closure relations satisfy interesting properties even though the one-to-one relation does not hold. In
the short-term, we could look for other extensions of closure operator which are interesting from the application
point of view, but dropping the one-to-one relation restriction. Besides, it would be worth to study the relation of
ko(a,b) = ([ |(@” ® @) ~ b) with ue(a, b) = m(a” ® ®)(b), where m is the fuzzy set of minima. The relationship
between these two relations is key to extend this work to weaker structures since the infimum is only assured to exist
in complete fuzzy lattices, but the set m can be worked with in posets and preposets as well.

14



M. Ojeda-Herndndez, I.P. Cabrera, P. Cordero et al. Fuzzy Sets and Systems eee (esee) soe—see

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgement

This research is partially supported by the State Agency of Research (AEI), the Spanish Ministry of Sci-
ence, Innovation and Universities (MCIU), the European Social Fund (FEDER), the Junta de Andalucia (JA),
and the Universidad de Malaga (UMA) through the FPU19/01467 (MCIU) internship and the research projects
with reference PGC2018-095869-B-100, TIN2017-89023-P (MCIU/AEI/FEDER, UE) and UMA2018-FEDERJA-
001 JA/UMA/FEDER, UE).

References

[1] R. Bélohlavek, Fuzzy closure operators, J. Math. Anal. Appl. 262 (2001) 473-489.

[2] R. Bélohlavek, Fuzzy Relational Systems, Springer, 2002.

[3] R. Bélohldvek, Concept lattices and order in fuzzy logic, Ann. Pure Appl. Log. 128 (1) (2004) 277-298.

[4] R. Bélohlavek, Pavelka-style fuzzy logic in retrospect and prospect, Fuzzy Sets Syst. 281 (2015) 61-72.

[5] R. Bélohldvek, B. De Baets, J. Outrata, V. Vychodil, Computing the lattice of all fixpoints of a fuzzy closure operator, IEEE Trans. Fuzzy
Syst. 18 (3) (2010) 546-557.

[6] L. Biacino, G. Gerla, Closure systems and L-subalgebras, Inf. Sci. 33 (3) (1984) 181-195.

[7] U. Bodenhofer, A Similarity-Based Generalization of Fuzzy Orderings, Johannes-Kepler-Universitit Linz, 01 1999.

[8] L.P. Cabrera, P. Cordero, E. Mufioz-Velasco, M. Ojeda-Aciego, B. De Baets, Relational Galois connections between transitive fuzzy digraphs,
Math. Methods Appl. Sci. 43 (9) (2020) 5673-5680.

[9] L.P. Cabrera, P. Cordero, E. Mufioz-Velasco, M. Ojeda-Aciego, B. De Baets, Relational Galois connections between transitive digraphs:
characterization and construction, Inf. Sci. 519 (2020) 439-450.

[10] L.P. Cabrera, P. Cordero, E. Muiioz-Velasco, M. Ojeda-Aciego, B. De Baets, Fuzzy relational Galois connections between fuzzy transitive
digraphs, Fuzzy Sets Syst. (2022), submitted for publication.

[11] P. Cordero, M. Enciso, A. Mora, V. Vychodil, Parameterized simplification logic I: reasoning with implications and classes of closure opera-
tors, Int. J. Gen. Syst. 49 (7) (2020) 724-746.

[12] B. De Baets, Analytical Solution Methods for Fuzzy Relational Equations, Springer US, Boston, MA, 2000, pp. 291-340.

[13] M. Demirci, Fuzzy functions and their applications, J. Math. Anal. Appl. 252 (1) (2000) 495-517.

[14] J. Elorza, R. Fuentes-Gonzdlez, J. Bragard, P. Burillo, On the relation between fuzzy closing morphological operators, fuzzy consequence
operators induced by fuzzy preorders and fuzzy closure and co-closure systems, Fuzzy Sets Syst. 218 (2013) 73-89.

[15] J. Fang, Y. Yue, L-fuzzy closure systems, Fuzzy Sets Syst. 161 (9) (2010) 1242-1252, Foundations of Lattice-Valued Mathematics with
Applications to Algebra and Topology.

[16] P. Hajek, Metamathematics of Fuzzy Logic, Trends in Logic, Springer Netherlands, 2013.

[17] U. Hohle, N. Blanchard, Partial ordering in L-underdeterminate sets, Inf. Sci. 35 (2) (1985) 133-144.

[18] F. Klawonn, J. Castro, Similarity in fuzzy reasoning, Mathw. Soft Comput. 2 (3) (03 1996) 2.

[19] E.P. Klement, R. Mesiar, E. Pap, Triangular Norms, vol. 8, Springer Science & Business Media, 2013.

[20] J. Konecny, M. Krupka, Complete relations on fuzzy complete lattices, Fuzzy Sets Syst. 320 (2017) 64-80.

[21] T. Kuhr, V. Vychodil, Fuzzy logic programming reduced to reasoning with attribute implications, Fuzzy Sets Syst. 262 (2015) 1-20.

[22] Y.-H. Liu, L.-X. Lu, L-closure operators, L-closure systems and L-closure L-systems on complete L-ordered sets, in: 2010 Seventh Interna-
tional Conference on Fuzzy Systems and Knowledge Discovery, vol. 1, 2010, pp. 216-218.

[23] N. Madrid, J. Medina, M. Ojeda-Aciego, I. Perfilieva, Toward the use of fuzzy relations in the definition of mathematical morphology opera-
tors, J. Fuzzy Set Valued Anal. 2016 (1) (2016) 87-98.

[24] E.H. Moore, Introduction to a Form of General Analysis, vol. 2, Yale University Press, 1910.

[25] M. Ojeda-Herndndez, I.P. Cabrera, P. Cordero, E. Mufoz-Velasco, Closure systems as a fuzzy extension of meet-subsemilattices, in: Joint
Proceedings of the 19th World Congress of the International Fuzzy Systems Association (IFSA), the 12th Conference of the European Society
for Fuzzy Logic and Technology (EUSFLAT), and the 11th International Summer School on Aggregation Operators (AGOP), Atlantis Press,
2021, pp. 40-47.

[26] J. Poelmans, S.O. Kuznetsov, D.I. Ignatov, G. Dedene, Formal concept analysis in knowledge processing: a survey on models and techniques,
Expert Syst. Appl. 40 (16) (2013) 6601-6623.

[27] W. Yao, L.X. Lu, Fuzzy Galois connections on fuzzy posets, Math. Log. Q. 55 (2009) 105-112.

[28] L. Zadeh, Fuzzy sets, Inf. Control 8 (1965) 338-353.

15


http://refhub.elsevier.com/S0165-0114(22)00208-1/bibC22C22AE0CD7B672C7BE724DDF88FF7Es1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib6C3863CB44A6452651E5242B02520460s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib692FF1FC21B377F212AB430095DB5ABFs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib6B161C771B97166802580352830B13BDs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib4A030A85912D0686DF348128C426D045s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib4A030A85912D0686DF348128C426D045s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib7FF05F5A9C01B242C10F9542A54CAEBBs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib86D60DAAEE96498FE8010C31CF38BF7Fs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib51E7AE49CD0600ECB16841964581EA19s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib51E7AE49CD0600ECB16841964581EA19s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib1278505E2FB8F83FCD719A774D96217Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib1278505E2FB8F83FCD719A774D96217Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib025AD219ECE1125A8F5A0E74E32676CBs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib025AD219ECE1125A8F5A0E74E32676CBs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib80F60C3C5E5F4AA56A969694B2F5F415s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib80F60C3C5E5F4AA56A969694B2F5F415s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib660ABB0FE605845B404AE6768E514892s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibD392AF5B8888AFD2254EE97040291D93s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibF75891368EF6CDAA25F35B4E91A3688Cs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibF75891368EF6CDAA25F35B4E91A3688Cs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib5E65592D5897172DC3C9B276340BADB2s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib5E65592D5897172DC3C9B276340BADB2s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib89A78C7F819E9DCF2CD57C6E50DA7EE5s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibD9504FF9ECD9D0461AC56F1AE5B1684Cs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib6476714B3F85B97AE82BF59291CD4E9Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib8B500C812CCBFE5EABDAF00F12FA41A5s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibB21068AD1B863496473871CDBB307730s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibAA7C4076D7EA8BAD2EFD4F751006E3CBs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib9B70D85F003FA30A5CAE684A692C6E97s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib9B70D85F003FA30A5CAE684A692C6E97s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib2A4F36C0AE6B5A1B29C458CC92F817F7s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib2A4F36C0AE6B5A1B29C458CC92F817F7s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibF01900C234B4C739CB37C8693EBFA41As1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibBA18025D8AC821A3C49FE9B3815E6D1Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibBA18025D8AC821A3C49FE9B3815E6D1Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibBA18025D8AC821A3C49FE9B3815E6D1Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bibBA18025D8AC821A3C49FE9B3815E6D1Ds1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib3CF79840F8C76A0807936364036171E4s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib3CF79840F8C76A0807936364036171E4s1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib38881F89BCEF0E363B820F2096E52CCEs1
http://refhub.elsevier.com/S0165-0114(22)00208-1/bib2396C3CB761F3617C7D3A49416F0D9C3s1

	Fuzzy closure relations
	1 Introduction
	2 Preliminaries
	3 Fuzzy closure relations
	4 Strong fuzzy closure relations
	5 Conclusions and future work
	Declaration of competing interest
	Acknowledgement
	References


