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Abstract

In this work we introduce a theory of stochastic integration with respect to general
cylindrical semimartingales defined on a locally convex space ®. Our construction of
the stochastic integral is based on the theory of tensor products of topological vector
spaces and the property of good integrators of real-valued semimartingales. This theory
is further developed in the case where ® is a complete, barrelled, nuclear space, where
we obtain a complete description of the class of integrands as ®-valued locally bounded
and weakly predictable processes. Several other properties of the stochastic integral are
proven, including a Riemann representation, a stochastic integration by parts formula
and a stochastic Fubini theorem. Our theory is then applied to provide sufficient
and necessary conditions for existence and uniqueness of solutions to linear stochastic
evolution equations driven by semimartingale noise taking values in the strong dual ®’
of ®. In the last part of this article we apply our theory to define stochastic integrals
with respect to a sequence of real-valued semimartingales.
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1 Introduction

Cylindrical semimartingales play an important role as the driving noise for stochastic
partial differential equations. For many decades the most widely used model of cylin-
drical semimartingale in stochastic analysis was the cylindrical Brownian motion (see
e.g. [b, 6, 23, 53]). However, in recent years there has been an increasing interest in the
usage of other classes of cylindrical semimartingales as such driving noise; we can cite,
for example, the cylindrical Lévy processes [22, 26, 28, 38, 43|, cylindrical martingale-
valued measures [13] and cylindrical continuous local martingales [33, 34, 54]. To the
extent of our knowledge, none of these works considers stochastic integration with
respect to general cylindrical semimartingales in a general locally convex space.



In this work, our main objective is to introduce a theory of stochastic integration
for cylindrical semimartingales in the topological dual ®' to a locally convex space .
Recall that a cylindrical semimartingale X in ®’ is a linear operator such that for each
¢ € , X(¢) is a real-valued semimartingale. In practice, in order to develop a theory
of integration one usually ask for some appropriate continuity properties on X as an
operator from @ into the space of real-valued semimartingales (see Assumption 3.1).

One can easily define the stochastic integral for elementary weakly predictable in-
tegrands, however, when one wants to consider more general integrands, one faces the
difficulties inherent to the absence of estimates due to the generality of ® and X. More-
over, even for the case when @ is a Banach space it is pointed out in ([22], Remark 2.2)
that general cylindrical semimartingales do not enjoy a semimartingale decomposition
in terms of a cylindrical local martingale and another cylindrical process, then making
the classical approach to define the stochastic integral in finite dimensions non-viable in
our infinite dimensional setting. Consequently, our work requires a different approach
which the reader will see, is based on the theory of tensor products on topological
vector spaces, and the property of good integrators for real-valued semimartingales.
All the necessary properties of locally convex spaces and tensor products, as well as
properties of cylindrical processes will be given in Section 2.

The construction of the stochastic integral is the main object of our study in Section
3. In the next paragraphs we will try to give a description of the approach used in this
construction.

Consider a probability space (€2, %, P) equipped with a filtration and denote by bP
the Banach space of all the real-valued bounded predictable processes equipped with
the norm of uniform convergence on [0,00) x §2. Let SV denotes the space of real-
valued semimartingales equipped with Emery’s topology. Given ¢ € ® and h € bP,
one can define a bilinear form J on ® x bP with values in S° by the prescription
J(p,h) = h- X(p), where h - X(¢) refers to the stochastic integral of h with respect
to the real-valued semimartingale X (¢). If ® ®, bP denotes the completed topological
linear tensor product of ® and bP, by using the good integrator property of real-
valued semimartingales and the continuity property of our cylindrical semimartingales
one can show that the bilinear form J is jointly continuous, and hence, defines via
its linearization a continuous linear operator I : ® ®, bP — SY satisfying I (p®@h) =
J(¢p,h) = h- X(¢) (see Theorem 3.3). We consider the operator I as a first step in
our construction of the stochastic integral. Indeed, one can show that the operator
I behaves nicely in terms of linearity on the integrators and by taking continuous
parts and under stopping times. The above construction and properties of this general
integral are carried out in Section 3.1.

The operator I introduced above has the problem that the integrands are elements
of the topological vector space ® &, bP, which is not, in general, locally convex and
hence one might not be able to find a “nice” description for its elements. To overcome
this obstacle we utilize a convexification of topologies argument to show that the map-
ping I defines a unique continuous linear mapping from ® & bP into (S9);., such that
for each (¢, h) € ® x bP we have I[(¢@h) = h- X () (see Theorem 3.9). Here, ® @, bP
denotes the completed locally convex tensor product of ® and bP, and (S);., denotes
the space S° equipped with the convexification of Emery’s topology. We then define
our stochastic integral as the image of H € ® ®, bP under the mapping I. The above
extension of the stochastic integral to locally convex integrands and the study of some
further properties of the stochastic integral is carried out in Section 3.2.



In Section 4 we apply our general theory of stochastic integration to the construction
of stochastic integrals for weakly predictable and weakly bounded stochastic processes
taking values in a reflexive nuclear space ® and with respect to cylindrical semimartin-
gales in ®’. Before we describe our theory of integration in the context of nuclear
spaces, we will explain our motivations.

The theory of stochastic integration with respect to semimartingales taking values
in the dual of a nuclear space was initiated in a series of papers by A. S. Ustiinel (see
[49, 50, 51]). There, under the assumption that ® is a complete, bornological, reflex-
ive nuclear space whose strong dual @ is complete and nuclear, Ustiinel introduced
the concept of projective system of semimartingales in ®’, and developed a theory of
stochastic integration using his concept of projective system and the theory of stochas-
tic integration with respect to semimartingales taking values in a separable Hilbert
space. The approach of Ustiinel was proven to be very useful in applications, but the
concept of projective system of semimartingales is strongly tied to the assumption that
®’ is complete and nuclear, therefore making it impossible to be extended to general
nuclear spaces, since it is often the case that @' is neither nuclear nor complete (e.g.
if S is any uncountable set, R® is nuclear but (R®)’ is not nuclear; see Remark 51.1 in
48)).

Motivated by the above, in [14] the present author initiated a systematic study of
semimartingales in duals of general nuclear spaces by considering them as ®’-valued
processes whose induced cylindrical process is a cylindrical semimartingale in ®’. In
[14] we obtained several criteria to determine when a given cylindrical semimartingale
in @ defines a ®'-valued cadlag semimartingale (this is known as the technique of
reqularization), and we proved in [14] that semimartingales in ® do enjoy a canonical
semimartingale representation as the sum of a predictable process which is weakly of
bounded variation, a continuous process which is weakly a continuous local martingale,
and a cadlag process which is weakly a purely discontinuous local martingale. However,
such a decomposition cannot be used to define a stochastic integral with respect to
semimartingales in the dual of a nuclear space. The reasons behind this fact is that
there does not exist a theory of stochastic integration for a ®’-valued cadlag process
which is weakly a local martingale nor for a ®'-valued cadlag process which is weakly
of bounded variation. Therefore, a different approach has to be used and this is where
our general theory of stochastic integration with respect to cylindrical semimartingales
in duals of locally convex spaces fits precisely to fulfil our needs.

In Section 4.1 we review some properties of cylindrical semimartingales and semi-
martingales in duals of nuclear spaces. Then in Section 4.2 we show that when ® is
a complete barrelled nuclear space, the collection bP(®) of all ®-valued weakly pre-
dictable and weakly adapted processes is isomorphic to ® @, bP, and therefore we
will show that the stochastic integral mapping I, defines a linear continuous operator
from bP(®) (with some topology of uniform convergence) into (S°);,. This shows the
existence of the stochastic integral for every ®-valued weakly predictable and weakly
adapted process. We would like to stress that the above does not imply in general
that I is continuous from bP(®) into S°. However, if for a cylindrical semimartingale
X such a continuity for the mapping [ is satisfied, we will refer to such an X as a
“good integrator” and further properties of the stochastic integral in this particular
setting will be explored. It is worth to mention that our concept of good integrator
differs from that introduced in [29] for cylindrical semimartingales (there referred as
H#-semimartingales) on a separable Banach space IH.



In Section 5 we carry on a further study of the stochastic integral in nuclear spaces
by extending the integral mapping to locally bounded integrands and studying its
continuity properties for left-continuous integrands. The study of locally bounded
integrands and the extension of the stochastic integral to these integrands is carried
out in Section 5.1. We will see that, in particular, our extended integral allows us to
define the stochastic integral for a larger class of nuclear spaces than those considered
by Ustiinel. In Section 5.2 we explore the continuity properties of the integral mapping
defined by a ®’-valued cadlag semimartingale that is a “good integrator”, and we show
that a Riemann representation and a integration by parts formula hold for these types
of integrators (see Theorems 5.14 and 5.17).

In Section 6 we pursue further extensions of our theory of stochastic integration
and applications to linear stochastic evolution equations driven by semimartingale noise
taking values in the strong dual ®' of ®. First, in Section 6.1 we formulate and prove a
stochastic Fubini theorem for semimartingales which are “good integrators” (Theorem
6.1). We are not aware of any other work in the literature that proved a stochastic
Fubini theorem for semimartingales in the dual of a nuclear space. Later, in Section
6.2 we to formulate sufficient and necessary conditions for the existence and uniqueness
of weak solutions to the following class of stochastic evolution equations

dY; = A'Y; + dXy,t >0,

where X is ®'-valued semimartingale which is a good integrator, and A is the generator
of a strongly continuous Cp-semigroup (S(t) : ¢t > 0) C L(®P, ®) (Theorems 6.5 and 6.9).
Our stochastic Fubini theorem will play a central role in our arguments. Sufficient
conditions for the existence of a unique solution with continuous paths are also given
(Theorem 6.11).

Later, in Section 7 we apply our theory of stochastic integration in nuclear spaces
to carry out an alternative construction for the stochastic integral with respect to a
sequence of real-valued semimartingales introduced in [8]. Some new properties of the
stochastic integral are obtained as part of our construction.

Finally, in Section 8 we include a literature review of other theories of stochastic
integration in locally convex spaces and comparisons with the theory developed in this
article.

2 Preliminaries

2.1 Locally Convex Spaces

In this section we introduce our notation and review some of the key concepts on
locally convex spaces and operators that we will need throughout this paper. For more
information see [21, 40, 48]. All vector spaces in this paper are real.

Let ® be a locally convex space. We denote by @ the topological dual of ® and
by (f, ¢) the canonical pairing of elements f € ®', ¢ € ®. Unless otherwise specified,
@’ will always be consider equipped with its strong topology, i.e. the topology on @’
generated by the family of semi-norms (np), where for each B C ® bounded we have
ne(f) = sup{|{f, ¢)| : ¢ € B} for all f € ®'. Recall that @ is called semi-reflexive if
the canonical (algebraic) embedding of ® into ®” is onto, and is called reflezive if the
canonical embedding is indeed an isomorphism (of topological vector spaces).



A locally convex space is called ultrabornological if it is the inductive limit of a
family of Banach spaces. A barreled space is a locally convex space such that every
convex, balanced, absorbing and closed subset is a neighborhood of zero. For equivalent
definitions see [21, 36].

A continuous seminorm (respectively norm) p on ® is called Hilbertian if p(¢)? =
Q(p, ¢), for all ¢ € &, where @ is a symmetric, non-negative bilinear form (respectively
inner product) on ® x ®. For any given continuous seminorm p on ® let ®, be the
Banach space that corresponds to the completion of the normed space (®/ker(p),p),
where p(¢ + ker(p)) = p(¢) for each ¢ € &. We denote by @), the Banach space dual
to @, and by p’ the corresponding dual norm. Observe that if p is Hilbertian then @,
and (I>;) are Hilbert spaces. If ¢ is another continuous seminorm on ® for which p < ¢,
we have that ker(q) C ker(p) and the inclusion map from ®/ker(q) into ®/ker(p) has
a unique continuous and linear extension that we denote by i, 4 : ®; — ®,.

Let 6 be a weaker pseudometrizable topology on ®. We denote by ®y the space
(®,0) and by 59 its completion. If 8 is generated by an increasing sequence of separable
continuous Hilbertian semi-norms (p, : n € N) on ®, we will say that ® a (weaker)
countably Hilbertian topology on ®. In this latter case ®y is separable and complete
(but not necessarily Hausdorff) and its dual space satisfies (®y) = (®5) = Unen @5,
(see [12], Proposition 2.4).

For a topological vector space ¥ we denote by (V). its convexification, i.e. the
space ¥ equipped with the strongest locally convex topology on ¥ that is weaker than
the given topology in W. A local basis of neighborhoods of zero in (¥);., can be defined
taking the convex envelopes of the members of a local basis of neighborhoods of zero
in U.

We denote by L(®,¥) the linear space of all the linear and continuous operators
between any two locally convex spaces (or more generally topological vector spaces) ®
and W. For information of the topologies on the space L£(®, V) the reader is referred
to e.g. Chapter 32 in [48]. If R € L(®, ¥) we denote by R’ its dual operator and recall
that R’ € L(V', D).

2.2 Tensor Products of Topological Vector Spaces

In this section we quickly review the definition of the projective topology on the tensor
product of two topological vector spaces.

Let ¥ and ® be two vector spaces. We denote by ¥ ®® the algebraic tensor product
defined as the set of elements of the form > " ;| 1; ® ¢;, for some n € N and ¢; € U,
¢; € ® fori =1,...,n. The canonical product mapping ® : ¥ x & — ¥ ® & is bilinear.
Recall the ‘universal property’ of tensor products (see e.g. Theorem 39.1 in [48]): to
every bilinear mapping B of ¥ x ® into a vector space T, there corresponds a unique
linear map B : ¥ @ & — Y, called its linearization, such that B = B o ®.

Assume that ¥ and & are locally convex spaces. The projective topology on ¥ ® ®
can be constructed via seminorms in the following way. Let p (respectively ¢) be a
seminorm on ¥ (respectively ®). For any § € ¥ @ &, define

(p® q)(0) = inf ZP(%)Q(%),

where the infimum is taken over all finite set of pairs (15, ¢;) such that 6 = Vi ®;.
Then, one can show (see [48], Proposition 43.1, p.435) that p ® ¢ defines a seminorm



on ¥ ® ¢ (a norm if both p and ¢ are norms). If (p,) (respectively (gz)) are a basis
of continuous seminorms on ¥ (respectively @), then (p, ® gg) is a basis of seminorms
generating a locally convex topology on ¥ ® ® called the projective topology. The space
U ® ¢ equipped with this topology will be denoted by ¥ ®, ® and its completion will
be denoted by ¥ &, ®. Observe that if ¥ and ® are normed spaces then ¥ &, @ is a
Banach space.

The projective topology m is the strongest locally convex topology on ¥ ® ® for
which the mapping ® : ¥ x & — ¥ ® & is continuous. Moreover it is the unique
vector topology on ¥ ® ® having the property that for every locally convex space T, a
bilinear mapping B of ¥ x ® into Y is continuous if and only if its linearization B is
continuous of ¥ ®@® into T (see [48], Proposition 43.4, p.438). For further properties of
the projective topology of two locally convex spaces the reader is referred to [21, 27, 48].

Suppose that ¥ and ® are topological vector spaces. We will also require the
definition of the (not-locally convex) projective tensor topology on ¥ ® & defined in
[46, 47]. Let U be a system of neighborhoods of zero in ¥ and V be a system of
neighborhoods of zero in ®. For any sequence (U; : i € N) C U, and any sequence

(Vi:i e N) CV, define
Lwywy = U D Uiov

n>11=1

where U; @ V; = {¢y @ ¢ : ¢ € U;, ¢ € V;}. One can show (see [46]) that the collection
of sets of the form I'(y;,) (1;) defines a vector topology v on ¥ ® @, called the projective
topology. This topology can be defined equivalently in terms of a generating family
of pseudo-seminorms (see [47]). The space ¥ ® & equipped with this topology will
be denoted by ¥ ®, ® and we denote by ¥ &, ® its completion. The space ¥ ®,
® is Hausdorff (respectively complete) if both ¥ and ® are Hausdorff (respectively
complete) (see Théoreme 2.4 in [47]). However, it is worth to mention that unlike the
case of the projective topology for locally convex spaces, the topology introduced above
in general fails to be associative (see [16]).

The projective topology v is the strongest vector topology on ¥ ® ® for which the
mapping ® : ¥ x & - ¥ ® ® is continuous. Moreover it is the unique vector topology
on ¥ ® ® having the property that for every topological vector space Y, a bilinear
mapping B of ¥ x ® into Y is continuous if and only if its linearization B is continuous
of U ® ® into T (see [46], Theorem 2).

2.3 Cylindrical and Stochastic Processes

Throughout this work we assume that (2, %, P) is a complete probability space equipped
with a filtration (F; : ¢ > 0) that satisfies the usual conditions, i.e. it is right continuous
and JFy contains all subsets of sets of F of P-measure zero. We denote by LY (2, .7, P)
the space of equivalence classes of real-valued random variables defined on (Q2,.7,P).
We always consider the space L° (Q,.%,P) equipped with the topology of convergence
in probability and in this case it is a complete, metrizable, topological vector space.

Let ® be a locally convex space. A cylindrical random variable in ®' is a linear
map X : ® — LY (Q,.7#,P) (see [12]). If X is a cylindrical random variable in &', we
say that X is n-integrable (n € N) if E (| X (¢)|") < oo, V¢ € ®, and has mean-zero if
E(X(¢)) =0, V¢ € ®. The Fourier transform of X is the map from & into C given
by ¢ — E(eX (@),



Let X be a ®'-valued random variable, i.e. X : Q — @' is a % /B(®’)-measurable
map (recall that @ is equipped with its strong topology). For each ¢ € ® we denote
by (X, ¢) the real-valued random variable defined by (X, ¢) (w) = (X(w), ¢), for
all w € Q. The linear mapping ¢ — (X, ¢) is called the cylindrical random variable
induced/defined by X. We will say that a ®'-valued random variable X is n-integrable
if the cylindrical random variable induced by X is n-integrable.

Let J =Ry :=1[0,00) or J =[0,T] for T > 0. We say that X = (X; :t € J)isa
cylindrical process in @ if X is a cylindrical random variable for each t € J. Clearly,
any ®’-valued stochastic processes X = (X; : t € J) induces/defines a cylindrical
process under the prescription: (X, ¢) = ((X;, ¢) : t € J), for each ¢ € ®.

If X is a cylindrical random variable in ®', a ®'-valued random variable Y is called
a version of X if for every ¢ € ®, X (¢) = (Y, ¢) P-a.e. A ®'-valued process Y = (Y :
t € J) is said to be a ®'-valued version of the cylindrical process X = (X; : ¢t € J) on
@' if for each t € J, Y} is a ®'-valued version of X;.

For a ®'-valued process X = (X; : t € J) terms like continuous, cadlag, caglad,
adapted, predictable, etc. have the usual (obvious) meaning.

A ®’-valued random variable X is called regular if there exists a weaker countably
Hilbertian topology 8 on ® such that P(w : X(w) € (®)') = 1. Furthermore, a ®'-
valued process Y = (Y; : t € J) is said to be regular if Y; is a regular random variable
for each ¢t € J. In that case the law of each Y; is a Radon measure in ®' (see Theorem
2.10 in [12]).

Recall that a real-valued adapted cadlag process (z; : t > 0) is a semimartingale if
it admit a representation of the form

xp=x0+my +a;, VtE>0,

where (m; : t > 0) is a cadlag local martingale and (a: : ¢ > 0) is a cadlag adapted
process of finite variation, and my = ag = 0. In the following paragraphs we will review
only some of the most important results on the theory of semimartingales that we will
need through this article. The reader is referred to [10, 20, 39] for further details.

We denote by SY the linear space (of equivalence classes) of real-valued semimartin-
gales. We denote by M;,. and ¥ the subspaces of real-valued local martingales and of
finite variation process.

We will always assume S° is equipped with Emery’s topology which is defined as
follows: recall that the topology of convergence in probability uniformly on compact
intervals of time is defined by the F-seminorm:

o
2 |2l ey = 227”151 (1 A sup \zt]) .

n—1 0<t<n

Emery’s topology on SY is the topology defined by the F-seminorm:

z = ||2]]go == sup{||h - 2|0, : P € E1}s

ucp

where &7 is the collection of all the real-valued predictable processes of the form

n—1
h= Zail(ti,t,—+1}xﬂ> for 0 < t1 < t2 < ...t, < 00, a; is an Fy,-measurable random
i=1
variable, |a;| <1,i=1,...,n—1, and
t n—1
(h : Z)t = / hsdzs = Zai (ZtiH/\t - Zti/\t) .
0 -
i=1

7



The space S° equipped with Emery’s topology is a complete, metrizable, topological
vector space (however it is not in general locally convex). See [30] for an equivalent
topology on S° defined by Memin.

In this work we will make reference to several spaces of particular classes of semi-
martingales which we detail as follows. By S¢ we denote the subspace of S° of all the
continuous semimartingales and by Mj = the space of continuous local martingales,
both are equipped with the topology of uniform convergence in probability on com-
pact intervals of time. Likewise A;,. denotes the space of all predictable processes
of finite variation, with locally integrable variation, equipped with the F-seminorm:
lall 4,,, = E (LA fy7 |das]). The spaces S¢, M§, and Ao are all closed subspaces of

¢ and Aj,. coincides with their given topology

loc

SY and the subspace topology on S¢,
(see [30], Théoréme IV.5 and IV.7).

For every real-valued semimartingale x = (z; : ¢ > 0) and each p € [1,00], we
denote by ||x||H§ the following quantity:

ol —inf{H[m,mJéé2+ [ e
0

rr=m-+ta,p,
LP(Q,.7 P)

where the infimum is taken over all the decompositions = m + a as a sum of a local
martingale m and a process of finite variation a. Recall that ([m,m]; : ¢ > 0) denotes
the quadratic variation process associated to the local martingale m, i.e. [m,m], =
(me,meY, +>" gcgei(Ams)?, where m€ is the (unique) continuous local martingale part
of m and ({(m® m), : t > 0) its angle bracket process (see Section I in [20]). The set
of all semimartingales x for which ||x|\Hg < oo is a Banach space under the norm
HHH;; and is denoted by HY (see Section 16.2 in [4]). Furthermore, if x = m + a is
a decomposition of x such that HazHHg < o0 it is known that in such a case a is of
integrable variation (see VIL.98(c) in [10]).

For p > 1, denote by M&; the space of real-valued martingales for which [|m|| y» =
Hsuptzo my| ‘LP(Q Fp) < 0 It is well-known that M& equipped with the norm ||-[] v
is a Banach spac7e. 7Likewise, we denote by A the space of all predictable processes of
finite variation, with integrable variation. It is well-know that A is a Banach space
when equipped with the norm |[a|| , = Efot |das| < oo.

If U is a Hilbert space, the above definitions of semimartingale, and (of spaces) of
particular classes of semimartingales can be defined in a completely analogue way for
W-valued processes. The corresponding spaces of semimartingales will be denoted by
SO(W), HE (W), ME(T), A, etc. The reader is referred to [31] for the basic theory of
Hilbert space valued semimartingales.

Let @ denotes a locally convex space. A cylindrical semimartingale in ®' is a
cylindrical process X = (X : t > 0) in @' such that V¢ € ®, X(¢) is a real-valued
semimartingale. In general, if & denotes any space of a particular class of semimartin-
gales (as described above), then by a G-cylindrical semimartingale in &' we mean a
cylindrical process X = (X; : ¢t > 0) in @’ such that V¢ € @, X (¢) € &.

3 Stochastic Integration in Locally Convex Spaces

Let ® denotes a locally convex space and let (X; : ¢t > 0) be a cylindrical semimartingale
in ®’. Our objective in this section is to define the stochastic integral process fg HdX,



t > 0, as a real-valued semimartingale, where H belongs to a sufficiently large class of
integrands.

As described in Section 1, to have a working theory of stochastic integration mini-
mum continuity conditions on X are required. These conditions are the following:

Assumption 3.1. From now on and unless otherwise specified, we will assume that
to every cylindrical semimartingale X = (X; : t > 0) in @ there exists a weaker
pseudometrizable linear topology 0 on ® such that X extends to a continuous linear
mapping X from (/I\)g into S°.

Remark 3.2. If ¢ is a Fréchet space and X is a cylindrical semimartingale in @’ for
which each X; : @ — L (Q,.#,P) is continuous, from an application of the closed graph
theorem it is easy to verify that X satisfies Assumption 3.1 if we take 6 as the original
topology. We will see in Section 4.1 that if ® is a nuclear space then Assumption 3.1
is equivalent to several conditions which are easier to check.

3.1 Construction of the Stochastic Integral

For our construction of the stochastic integral we will assume the reader is familiar
with the theory of stochastic integration with respect to real-valued semimartingales.
However, for further developments the following key properties will be needed.

Denote by bP the linear space of all the bounded predictable processes h : Ry x €2 —
R. It is a Banach space when equipped with the uniform norm [|h[|, = sup, ., [h(r, w)|.
If h € bP and z € SY, then h is stochastically integrable with respect to z, and its
stochastic integral, that we denote by h-z = ((h-2); : t > 0), is an element of S¥ (see
[39], Theorem IV.15). The mapping (z,h) = h-z from S° x bP into S is bilinear (see
[39], Theorem IV.16-7) and separately continuous (see Theorems 12.4.10-13 in [4]).

Our construction of the stochastic integral will be given in Theorem 3.3 below. We
won’t follow the ‘standard’ procedure of defining the integral first for a class of sim-
ple integrands and then to extend it to general integrands by a continuity argument.
In fact, as described in Section 1 our idea is to use the continuity properties of the
stochastic integral with respect to real-valued semimartingales and the powerful ma-
chinery of tensor products on topological vector spaces. Our arguments will produce
a continuous linear operator I from the projective tensor product space ® &, bP (our
space of integrands) into the space of real-valued semimartingales S°.

Theorem 3.3. There exists a unique continuous linear map I : ® ®, bP — SO such
that for each (¢,h) € ® x bP we have I(¢p @ h) = h - X(¢).

Proof. First, define the map J : ® x bP — S° by
J(p,h) =h-X(p), Voed, hebP.

The properties of the stochastic integral with respect to real-valued semimartingales
show that .J is bilinear and that h — J¥(¢,h) is continuous from bP into S° for any
given ¢ € P.

Let 6 and X% as in Assumption 3.1. From our assumption X extends to a continuous
linear mapping X? from (I)g into S°, but since the canonical inclusion from ® into @9
is continuous, we therefore have that X is continuous from ® into S°. The properties
of the stochastic integral with respect to real-valued semimartingales show that ¢ —



J(¢,h) is continuous from @ into S for any given h € bP. Hence, J is separately
continuous.

Now, by the properties of X? and since S° is complete, it is clear that J has a
bilinear and separately continuous extension J? : ®g x bP — SO, defined by J?(¢, h) =
h - X%¢) for all (¢,h) € (/I\)g x bP. Moreover, since 59, bP and S are all complete
pseudometrizable topological vector spaces, the mapping J? is indeed continuous (see
[44], Corollary 8); here the space <I>9 x bP being equipped with the product topology.

Let JY : <I>9 ® bP — SO be the linearization of the bilinear form J? : @9 x bP — SY,
that is, we have J?(¢ @ h) = J?(¢, h) for each (¢, h) € ®p x bP. The continuity of Jo
implies that J? is continuous from <I>9 ®, bP into_ S0,

Now, as the canonical inclusion from ® into <I>9 is continuous, it follows that the
canonical inclusion j from ® ®, bP into dy ®,, bP is also continuous (see [46], PI“OpOSl—
tion 2). Therefore the map J:® ®, bP — 89 defined by the composition J = J%o 7, 1s
linear and continuous. But then there exists a continuous linear map I : @ R, bP — S
such that J = I o, where ¢ denotes the canonical inclusion from ® ®, bP into its
completion ® &, bP. Observe that from its construction, for all ¢ € ® and h € bP we
have

I(¢@h)=J(@@h) =10 j(@@h) = T¢,h) = J($,h) = h- X(¢).

The above property determines I uniquely due to the isomorphism of the continuous
bilinear mappings of ® x bP into S° onto the space L(® ®, bP, S°). O

Definition 3.4. We will call the map I : ®®, bP — S defined in Theorem 3.3 the
stochastic integral map determined by X, and for each H € ® ®,, bP, we call I (H) the
stochastic integral of H with respect to X. We will utilize the notation [ H dX for
I(H), and for each ¢ > 0 we denote (fHdX)t by f(fHdX. We will call ®®, bP the
space of integrands and each H € & ® bP will be referred as an elementary integrand.

Remark 3.5. At this point it is useful to stress why we have chosen the space bP to
define our class of integrands ® ®, bP. There are three main reasons for this choice.
The first is because the stochastic integral with respect to real-valued semimartingales
possesses nice continuity properties for integrands in the space bP. The importance of
the above has been made clear in the proof of Theorem 3.3. Second, the elements in the
class bP are integrable with respect to every real-valued semimartingale, in particular,
if h € bP then h- X (¢) € S° for each ¢ € ®. The above fact is of extreme importance
since in our construction of the stochastic integral mapping I we must be able to
integrate with respect to every possible realization X (¢) of X. Third, the space bP is
Banach and hence we will be able to consider also the locally convex tensor product of
® and bP.

We now explore other properties of our stochastic integral. If H € ® ® bP and if X
is a cylindrical local martingale (respectively a cylindrical finite variation process), then
it is clear that [ H dX is a local martingale (respectively a finite variation process).
However, it is not clear that [ H dX is a local martingale (respectively a finite variation
process) if H € ®®, bP. The main reason for the occurrence of this phenomenon is
the fact that the spaces Mj,. and ¥ are not closed subspaces of S° (see [11]).

A different situation occurs with the spaces S¢, Ao which are all closed
subspaces of SY. In this case we have the following:

c
loc?
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Proposition 3.6. Assume H € & ®, bP.

(1) If X is a S°-cylindrical semimartingale in @', then [ HdX € S°.

(2) If X is a MS, -cylindrical local martingale in ®', then [ HdX € M, .
(3) If X is a Ajoe-cylindrical semimartingale in @, then [ H dX € Ao,

Proof. To prove (1), assume X is a S¢-cylindrical semimartingale in ®'. Then for each
(¢, h) € ®xbP we have [ ¢@hdX = h-X(¢) belongs to S¢. By linearity of the integral
mapping, the above property extends to every H € ®®bP. But then since S€ is a closed
subspace in S, the integral mapping H | H dX is continuous from ® ®,, bP into S°,
® @ bP is dense in ® ®, bP, and because the induced topology from S° coincides with
the topology in S¢, then [ H dX belongs to S¢ for each H € ® ®, bP. The proof of
(2) (respectively of (3)) follows from similar arguments using that [ ¢ ® hdX belongs
to M7, . (respectively to Aj,.) whenever (¢,h) € ® x bP, and that M . (respectively
Ajoc) is a closed subspace of S°. O

We know from Theorem 3.3 that by construction the stochastic integral mapping is
linear and continuous on the integrands. The following result shows that the stochastic
integral is linear with respect to the integrators.

Proposition 3.7. Suppose that X and Y are two cylindrical semimartingales in ®'.
Then, for each H € ® ®, bP, the processes [ HAX +Y) and [ HdX + [ HAY are
indistinguishable.

Proof. First, it is clear that the cylindrical semimartingale X +Y = (X; +Y; : ¢t > 0)
also satisfies the conditions in Assumption 3.1. Therefore, the mappings H — [ HdX,
Hw— [ HAY,and H — [ Hd(X +Y) from ® ®, bP into SO satisfy the conclusions of
Theorem 3.3. In particular, for each H = ¢ ® h € & ® bP we have

/Hd(X+Y)_h-(X+Y)(¢)_h-X(¢)+h-Y(¢)_/HdX+/HdY.

Then, by uniqueness of the stochastic integral mapping we have that for each H €
P ®, bP,

/Hd(X+Y):/HdX+/HdY,

with equality in S°, hence under indistinguishability. O

Other properties of the stochastic integral are provided in the following theorem. In
particular, we study what happens when we take the continuous part and the stopped
process of our weak stochastic integral. In order to formulate our result, we will need
first to extend the concepts of continuous part and stopped process to cylindrical
semimartingales.

Given the cylindrical semimartingale X, observe that for each ¢ € ® the real-
valued semimartingale X (¢) has a uniquely determined continuous local martingale
part X (¢)¢ (see VIIL.45 in [10]). We define a cylindrical continuous local martingale
X¢ by the prescription X¢(¢) := X (¢)¢ for each ¢ € ®. The fact that the continuous
local martingale part is unique easily shows that the map X¢ is linear. Similarly, if
T is an stopping time, we define a cylindrical semimartingale X7 by X7 (¢) := X (¢)”
for each ¢ € ®. The map X7 is clearly linear. Therefore, X¢ and X7 are cylindrical
semimartingales in ®’. Since the operations z — 2¢ and z — 27 are continuous from
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S% into SO (see [11]), then the cylindrical semimartingales X¢ and X" both satisfy
Assumption 3.1 and hence the stochastic integral is defined with respect to each of
them. Moreover, we have:

Theorem 3.8. Let H € ®®, bP. Then,

(1) </HdX> :/HdXC.
(2) </HdX> = /HdXT, for every stopping time 7.

Proof. For every ¢ € ® and h € bP, well-known properties of the stochastic integral
with respect to real-valued semimartingales (see e.g. Theorem 12.3.22 in [4]) show that
(a) (h-X(6))° = h- X(6)"

(b) (h-X(¢))" =h-(X(4)7), for every stopping time 7.

To prove (1), denote by A the mapping A(H) = (fHdX)C for each H € ®®, bP.
Then by Theorem 3.3 we have A € L(® ®, bP, SO).

On the other hand, since X ¢ is a cylindrical semimartingale satisfying the conditions
in Assumption 3.1, it follows from Theorem 3.3 that the mapping B defined by B(H) =
[ HdX¢ satisfies B € L(® ®, bP, S°). By the property (a) given above and the action
of the stochastic integral on elementary integrands (Theorem 3.3), we have

A(p@h) = (h-X())°=h-X(¢)" = B(¢ & h),

for every ¢ € ® and h € bP. By linearity, we have that A(H) = B(H) for every
H € & ® bP. This property can be extended to every H € ® ®, bP by continuity of
the mappings A and B. This shows (7). The proof of (2) can be carried out using
similar arguments and the property (b) listed above. 0

3.2 Locally Convex Integrands

We learnt from Section 3.1 that the topological vector tensor product ® ®, bP was
exactly what we needed for our general construction of the stochastic integral. However,
in general there is not a nice description of the elements in ® ®, bP. Indeed, even if we
assume that ® is metrizable, unlike the case of the tensor products of locally convex
spaces (see [40], Theorem I11.6.4, p.94-5), the elements of the space ® ®,, bP in general
can not be expressed in terms of an absolutely convergent series. Indeed, the space
® ®, bP might not even be metrizable (for a counterexample see [18]). In particular
we do not know of a characterization for the elements in ® ®,, bP as random processes
taking values in ®.

In the next result we will try to amend this situation by redefining our stochastic
integral for integrands in the locally convex projective tensor product ® @, bP. How-
ever, the reader should be aware that because the space SY is not locally convex, we
cannot replicate the arguments used in the proof of Theorem 3.3 to show the existence
of a linear mapping from ® @, bP into SY. Nevertheless, we will see in the next result
that by using the convexified topology of SY the stochastic integral of Theorem 3.3 can
be used to define such a linear mapping.

Theorem 3.9. The stochastic integral mapping I of Theorem 3.3 defines a unique
continuous linear mapping from ® @, bP into (S°)iee such that for each (¢, h) € & x bP
we have I(¢p @ h) = h- X(p). Moreover this mapping preserves the properties of the

12



stochastic integral for integrands in ® @, bP given in Proposition 3.7 and Theorem 3.8
by replacing continuity into S° by continuity into (S°)jes.

Proof. First, observe that because the canonical inclusion S° — (So)lcm is linear and
continuous, it follows from Theorem 3.3 that the stochastic integral mapping I induces
a continuous linear operator from ® ®, bP into (SY);... Then, since (® @, bP)jep ~
® @, bP (see Lemma 6.3 in [17]) and (S°);., is locally convex, it follows that (see [42],
Proposition 6)

L(P @, bP, (S)1ex) = LU(P @, DP)1eas (SV)1ex) = L(® @5 P, (5)100).

Hence, the map I extends to a continuous linear mapping from ® @, bP into (S 1ee-
This map preserves the property that for each (¢, h) € ®xbP we have I(¢®h) = h-X(¢)
and hence the arguments used in the proofs of Proposition 3.7 and Theorem 3.8 remain
valid for integrands in ® &, bP by replacing continuity into S° by continuity into
(So)lcm~ O]

The result in Theorem 3.9 deserves some further clarifications. First, since the
topology in S is not locally convex, the spaces S° and (5°);., are not homeomorphic.
Therefore, the integral mapping I : ® @, bP — (S°);., defined in Theorem 3.9 does
not necessarily implies the existence of a continuous linear operator from ® &, bP
into S°. Indeed, we do not know if such a continuity is satisfied for every cylindrical
semimartingale X. Even though, the conclusion of Theorem 3.9 is still useful since it
shows that to every H € ® ®, bP we can associate a real-valued semimartingale I(H)
which satisfies most of the basic properties one might expect for a stochastic integral.

Our next objective in this section is to study some classes of cylindrical semi-
martingales for which a construction of the stochastic integral can be carried out in
order to obtain a continuous and linear operator from ® @, bP into S°. These classes
of semimartingales share in common that their range is in a subspace of a space of
semimartingales with a Banach space structure.

Let p € [1,00]. Let X = (X; : t > 0) be a Hi-cylindrical semimartingale. A direct
calculation (e.g. as in Chapter IV in [39]) shows that for every h € bP and ¢ € P,
h-X(¢) € HY and we have

5 X (@)l < 1Al 1X(@)lags - (3.1)

As the next result shows, for this class of cylindrical semimartingales, we can make a
construction of the stochastic integral map with range in ’Hg.

Proposition 3.10. If X isa ’Hg—cylindrical semimartingale, then there exists a unique
continuous linear map I : ® @, bP — HY such that for each (¢,h) € ® x bP we have
I(p®h) = h-X(¢p). Moreover this mapping preserves the properties of the stochastic
integral for integrands in ® @, bP given in Proposition 3.7 and Theorem 3.8.

Proof. First, if 6 and X 9 are as in Assumption 3.1, the continuity of the map X :
®p — SO, the fact that the Ho-topology is finer than that SY-topology, and by fol-
lowing standard arguments one can show that X is sequentially closed; therefore
continuous from ®, into H' by the closed graph theorem (see [36], Theorem 14.3.4,
p.465). Moreover, by (3.1) it is clear that the bilinear form J : ® x bP — H% defined by
J(p,h) = h-X(¢), V¢ € ®, h € bP, is separately continuous. Then, it has an extension
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J? 0 By x bP — H%, defined by J%(¢,h) = h- X?(¢) for all (¢,h) € @y x bP, that
is bilinear and separately continuous, hence continuous. Then, using the properties of
the locally convex projective topology we can follow line-by-line the proof of Theorem
3.3 by replacing S° with Hg to get the existence of the mapping I such that for each
(¢, h) € & xbP we have [(¢®@h) = h- X (¢). Hence the arguments used in the proofs of
Proposition 3.7 and Theorem 3.8 (with SY replaced by HY%) remain valid and so their
conclusions as well. O

We can use the result of Proposition 3.10 to prove a series representation for the
stochastic integral for integrands in H € ® @, bP. Suppose that ® is a metrizable
locally convex space. Since bP is Banach, each element H € ® ®, bP can be represented
as the sum of an absolute convergent series (see [40], Theorem II1.6.4, p.94-5),

H = i Xi(di @ hi), (3.2)

i=1
where Y |\i| < 00, ¢; — 0 in ®, and h; — 0 in bP.

Corollary 3.11. Let ® be a metrizable locally convez space and let H € ® ®, bP with
the representation (3.2). If X is a HY-cylindrical semimartingale then I(H) satisfies
the following representation with convergence in ’Hg:

I(H) = Xi(hi- X(¢1)). (3:3)
=1

Proof. Let X be a Hg—cylindrical semimartingale. The linearity and continuity of the
stochastic integral mapping I : ® @, bP — ' and its action on elementary integrands
(Proposition 3.10) implies that

I(H) = Z/\i/@ ©hidX =Y Ni(hi - X(¢1),
i=1 i=1

where the convergence occurs in the space Hg. O

We can extend the result in Proposition 3.10 to other classes of cylindrical semi-
martingales.

Proposition 3.12. If X is a M2 -cylindrical martingale (respectively a A-cylindrical
semimartingale), then there exists a unique continuous linear map I from ® Ry bP into
M2, (respectively into A) such that for each (¢, h) € ®xbP we have I[(ph) = h-X ().
Moreover this mapping preserves the properties of the integral given in Proposition 3.7,
Theorem 3.8 and Corollary 3.11 with convergence in M2, (respectively in A) for the
series (3.3).

Proof. Let X = (X; : t > 0) be a M? -cylindrical martingale. Observe that the
arguments used in the proof of Proposition 3.10 remain valid if we replace Hg with
M?, as long as we can prove that the bilinear form J : ® x bP — M?2 defined by
J(p,h) =h-X(¢), Vo € P, h € bP, is separately continuous.
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In effect, for every ¢ € ® and h € bP that h- X (¢) € M2, and by the It6 isometry
(see e.g. [10], Théoreme VIIL5, p.331) and Burkholder’s inequality (e.g. see [39],
Theorem IV.74, p.226) there exists ¢1,co > 0 such that,

1A~ X ()3, < clE/O el dIX (6), X ()] < 2 [h[; [ X (&)IFhz, »

from which we obtain the desired conclusion. Hence, this proves that Proposition 3.12
holds for the case of a M?2_-cylindrical martingale.

Likewise, suppose that X = (X; : ¢ > 0) is a A-cylindrical semimartingale. For
every h € bP and ¢ € ®, we have h- X(¢) € A and a direct calculation shows that

- X (@)l].4 ZE/OOO |d(h - X (9))s| < ([l IX(D)]]4 -

The above inequality shows that the bilinear form J : & x bP — A, J(¢,h) = h- X (¢),
Vo € @, h € bP, is separately continuous. Then as explained before by following the
arguments used in the proof of Proposition 3.10 we can show that the conclusion of
Proposition 3.12 holds for the case of a A-cylindrical semimartingale. OJ

Remark 3.13. If X is either a Hg—cylindrical semimartingale, a M?_-cylindrical mar-
tingale, or a A-cylindrical semimartingale, Propositions 3.10 and 3.12 show that for
these classes of cylindrical semimartingales the corresponding integral mapping I de-
fines a continuous linear operator from ® ®,bP into S°. Moreover, this operator
extends to a linear continuous operator from ® ®, bP into (59)1ez. Since the action
of this operator on the elementary integrands is the same to that of the operator of
Theorem 3.9, then both integral mappings coincide for such an X.

We finalize this section by showing that under the additional assumption that &
is metrizable it is possible to characterize our integrands in ® ®, bP as families of
®-valued weakly predictable bounded processes.

Proposition 3.14. Let ® be a metrizable locally convexr space and suppose H &
O, bP has the representation (3.2). Then H : Ry x Q — & defined for each
(t,CU) S R+ x by

H(t,w) = Nihi(t,w) ¢, (3.4)
=1

is a ®-valued bounded (i.e. its image is a bounded subset in ®) weakly predictable
process (i.e. Vf € ®, the map (t,w) — <f, ﬁ(t,w)> is predictable).

Proof. Let (p, : n € N) be sequence of seminorms generating the topology on ®. For
each n € N, since ¢; — 0 in @, and h; — 0 in bP, it follows that the sets {¢; : i € N}
and {h; : i € N} are bounded in ® and bP respectively. Therefore, there exists M > 0
such that sup(, ) |hi(t,w)| < M for all i € N, and for each n € N there exists N, > 0
such that p,(¢;) < N, for all i € N. Then, for each n € N we have

> suppu (Nt w)i) = D il sup [hilt,w)| pa (¢1) < MN, D ] < oc.

i—1 (tw) i=1 (tw) i=1
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oo
Hence, for each (t,w) € Ry x Q, the series Z)\ihi(t,w) ¢; converges in ®. So, the
i=1
map H is well-defined and is clearly weakly predictable. Moreover, the image of H
is bounded in & since each seminorm p, is bounded under the image of H (see [48],
Proposition 14.5, p.139). O

In Section 4.2 and under the assumption that ® is a complete barrelled nuclear
space (not necessarily metrizable), we will study characterizations for integrands in
d R, bP as P-valued weakly predictable bounded processes.

4 Stochastic Integration in Nuclear Spaces

In this section we will apply the theory of stochastic integration developed in the last
section to the context of stochastic integration in nuclear spaces. We will see that in
this setting the class of locally convex integrands can be fully characterized in terms
of families of weakly bounded processes.

4.1 Nuclear Spaces and Cylindrical Semimartingales

In this section we quickly review some concepts on nuclear spaces and (cylindrical)
semimartingales defined in their dual spaces.

Recall that a (Hausdorff) locally convex space ® is called nuclear if its topology
is generated by a family II of Hilbertian semi-norms such that for each p € II there
exists ¢ € II, satisfying p < ¢ and such that i, , : &, — ®, is Hilbert-Schmidt. Other
equivalent definitions of nuclear spaces can be found in [21, 37, 48].

For our application of the theory of stochastic integration we will usually require
that our nuclear space ® be also complete and barrelled. In such case the spaces ®
and @’ are reflexive (see Theorem IV.5.6 in [40], p.145).

The following are all examples of complete, ultrabornological (hence barrelled) nu-
clear spaces: the spaces of functions &k := C®(K) (K: compact subset of R?) and
& 1= C®(R?), the rapidly decreasing functions .(R?), and the space of test functions
P(U) == CX(U) (U: open subset of RY), as well are the spaces of distributions &%,
&' (R, and 2'(U). Other examples are the space of harmonic functions H(U)
(U: open subset of R?), the space of polynomials P, in n-variables and the space of
real-valued sequences RY (with direct product topology). For references see [37, 40, 48].

Semimartingales and cylindrical semimartingales in the dual of nuclear space ®
where studied in [14]. In the next paragraphs we recall some of the key properties of
such semimartingales that we will need for our study of the stochastic integral. We
start with the following result which shows that Assumption 3.1 is very natural within
the context of nuclear spaces.

Proposition 4.1. Suppose that ® is nuclear and let X = (X3 : t > 0) be a cylindrical

semimartingale in ®'. The following statements are equivalent:

(1) There exists a weaker countably Hilbertian topology 6 on ® such that X extends to
a continuous map from ®g into S°.

(2) The mapping X : & — S°, ¢ — X(¢), is continuous.

(3) For each T > 0, the family of linear maps (X; : t € [0,T)) from ® into L° (0, 7, P)

is equicontinuous (at the origin).
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(4) For each T > 0, the Fourier transforms of the family (X, : t € [0,T]) are equicon-
tinuous (at the origin) in ®.
If we additionally assume that ® is ultrabornological the above statements are also

equivalent to
(5) For eacht >0, X;: ® — L°(Q,.%,P) is continuous (at the origin).

Proof. We have (1) = (2) since the canonical inclusion from ® into @ is continuous.
For (2) & (3) < (5) and (2) = (1) see Propositions 3.14 and 3.15 in [14]. For (3) < (4)
see Proposition IV.3.4 in [52]. O

If ® is a nuclear space, a ®'-valued process X = (X; : t > 0) is called a semimartin-
gale if the induced cylindrical process is a cylindrical semimartingale. In a completely
analogue way we define the concepts of ®'-valued special semimartingale, martingale,
local martingale and process of finite variation, etc. Observe that in the above defi-
nition we have not assumed that a ®'-valued semimartingale is cadlag. However, the
next result shows that under some conditions a cadlag version exists.

Theorem 4.2 ([14], Theorem 3.7). Let X = (X; :t > 0) be a cylindrical semimartin-
gale in @' satisfying any of the equivalent conditions in Proposition 4.1. Then, there
exists a weaker countably Hilbertian topology 0 on ® and a (Py)'-valued cadlag semi-
martingale Y = (Y : t > 0), such that for every ¢ € ®, (Y, ¢) = ((Yy, ¢) : t > 0)
is a version of X(¢) = (X¢(¢) : t > 0). Moreover, Y is a ® -valued, regular, cadlag
semimartingale that is a version of X and it is unique up to indistinguishable versions.
Furthermore, if for each ¢ € ® the real-valued semimartingale X (¢) is continuous,
then'Y is a continuous process in (®g) and in @'

Example 4.3. Let Z = (Z; : t > 0) be a R%-valued semimartingale and let &, denotes
the Dirac measure at € R, As an application of Theorem 4.2 it is shown in Example
3.10 in [14] (see also Example II1.1 in [49]) that the cylindrical processes in 2’'(R%)
defined for each t > 0 by

Xi(¢) = 0z,(0) = 6(Z1), Vo€ D(RY),

defines a 2'(R%)-valued cadlag semimartingale (Y; : ¢ > 0) with Radon distributions
such that V¢ € 2(RY), P-a.e. (V;, ¢) = X;(¢) = ¢(Z;) for all t > 0.

The above definition can be used also to produce examples of Hg-cylindrical semi-
martingales. In effect, if Z is a H%—semimar‘cingale it is a direct consequence of It6’s
formula that X;(¢) = ¢(Z;) is a H} semimartingale for each ¢ € Z(R?), hence X is a
HL-cylindrical semimartingale in 2'(R%).

Remark 4.4. In [49], Ustiinel introduced another definition for a semimartingale in
the dual of a nuclear space by means of the concept of projective system of stochastic
process. In [49] it is assumed that ® is a complete, bornological nuclear space and ®’ is
nuclear and complete. Ustiinel’s definition follows in the following way: let (g; : i € I)
be a family of Hilbertian seminorms generating the nuclear topology on ®" and for each
i € I let kg, denotes the canonical inclusion of @’ into the separable Hilbert space (®'),,,
and for ¢; < gj let kg, 4; denotes the canonical inclusion of (&), into (®'),. A projective
system of semimartingales is a family X = (X' : i € I') where each X" is a (®'),,-valued
semimartingale, and such that if ¢; < g; then kg, ¢, X7 and X? are indistinguishable. A
®'-valued processes Y is called a semimartingale if k,, Y = X' for each i € I. It is clear
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that any semimartingale defined in the projective limit sense is also a semimartingale in
our cylindrical sense. Conversely if ®' is a Fréchet nuclear space then every ®'-valued
semimartingale in the cylindrical sense is a semimartingale defined in the projective
limit sense (see [50], Theorem II.1 and Corollary II.3). Observe that the definition of
®’-valued semimartingales as projective systems of semimartingales only makes sense
if the strong dual ®’ is complete and nuclear. The above because if ® does not satisfy
these assumptions it might not be possible to express @' as a projective limit of Hilbert
spaces.

4.2 The Stochastic Integral in the Nuclear Space Setting

We start this section by introducing the following class of processes:

Definition 4.5. Let ® be locally convex. We denote by bP(®P) the space of all -valued
processes H = (H; : t > 0) which are:

(1) weakly predictable, that is Vf € ®' the mapping (t,w) — (f, H¢y(w)) is predictable,
(2) weakly bounded, that is Vf € ® we have sup, ) [(f , Ht(w))| < oo.

In other words, we have (f, H) := {{f, H(w)) : t > 0,w € Q} € bP for every f € 9'.

The main objective of this section is to construct the stochastic integral for inte-
grands that belongs to bP(®) under the assumption that ® is a complete, barrelled,
nuclear space and that X is a cylindrical semimartingale satisfying Assumption 3.1.
To do this, we will show that the spaces ® &, bP and bP(®) are homeomorphic when
bP(®) is equipped with the topology of uniform convergence on bounded subsets in ®'.
This result will be used together with Theorem 3.9 to define the integral for processes
in bP(®). To carry out this program, it will be of great importance the following result
which is a consequence of the nice properties of tensor products and nuclear spaces.

Proposition 4.6. If ® is a complete, barrelled, nuclear space, ® @ bP ~ Ly(P',bP)
(here b denotes the topology of uniform convergence on bounded subsets in ®').

Proof. Since ® is complete nuclear and bP is a Banach space, it follows from Propo-
sition 50.4 in [48], p.522, that ® @, bP ~ L.(P',bP) (here e denotes the topology of
equicontinuous convergence). Then, as ® is barrelled the equicontinuous and bounded
subsets in @’ coincide (see [40], Theorem IV.5.2, p.141) and hence we have L. (', bP) ~
Ly,(®',bP), which shows the result. a

In view of Proposition 4.6 our objective is to show that there exists an isomorphism
between the spaces bP(®) and Ly(P’,bP). In the next result we will show that such
isomorphism exists in the more general context of reflexive locally convex spaces.

Proposition 4.7. Suppose that the locally convex space ® is reflexive. Then, the map
from bP(®) into Ly(P',bP) defined by

He [f = (f, H)]. (4.1)
s an isomorphism.

Proof. First we show that the map defined by (4.1) is well-defined. Let H € bP(®).
The map f — (f, H) is clearly linear. We will show that it is also continuous. In
effect, because ® is reflexive then @’ is barrelled (see [40], Theorem IV.5.6, p.145),
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hence from the closed graph theorem (see [36], Theorem 14.3.4, p.465) we only need
to show that the map f — (f, H) is closed.

Suppose the net f\ converges to f in ® and that (f\, H) converges to Y in bP.
Since ® is reflexive, for a subset of ® the property of being weakly bounded implies
strong boundedness (see [40], Theorem IV.5.2, p.141), therefore the image of H is
contained in a bounded subset of ®, say B. Then we have that qp(g) = supyep [(g, ¢)|
Vg € @, is a continuous seminorm on @', and hence ¢p(fy — f) — 0. Therefore

sap [(Fxs He(w)) = (f s Hi(w))| < gB(fx— f) =0,

and hence (f\, H) converges to (f, H) in bP. By uniqueness of limits we have ¥ =
(f, H). This proves that f — (f, H) € L(®',bP) and therefore the map given in (4.1)
is well-defined.

Now, the map defined by (4.1) is clearly linear and has kernel {0}, hence it is
injective. To prove that it is also surjective, let G € L(®’,bP). Then, for all f € &’ we
have G(f) € bP. Given (t,w) € Ry x Q, let H¢(w) be defined by

(f, Hi(w)) = G(fle(w), V[fed. (4.2)

Because @ is reflexive, the prescription given above defines H;(w) as an element of
®. Hence, H : Ry x Q — & is well-defined. Moreover, (4.2) shows that H is weakly
predictable. Furthermore, because G(f) € bP it follows from (4.2) that H is weakly
bounded. Hence, H defined in (4.2) is an element of bP(®). Therefore the map defined
by (4.1) is surjective and consequently it is an isomorphism. O

If @ is reflexive, in view of Proposition 4.7 we can (and we will) equip the space
bP(®) with the topology of uniform convergence on bounded subsets in ®" induced
via the isomorphism (4.1). That is, we equip bP(P) with the topology generated by
the family of seminorms qp(H) = sup ||(f, H)||,, where B ranges over the bounded

feB

Hu’

subsets in @’.

Moreover, since ® is reflexive, a fundamental system of bounded, convex, balanced
subsets in ® is the family of all the polar sets Bp(l)o where p ranges over the con-
tinuous seminorms on ® (see Theorem IV.5.2 in [40], p.141). Hence, the topology
of uniform convergence on bounded subsets in @ introduced on bP(®) in the above
paragraph can be equivalently described as the topology generated by the family of
seminorms p(H) = sup p(H¢(w)), where p ranges over a generating family of seminorms

(tw)
for the topology on ®. Hence, the topology in bP(®) is the topology of convergence
in ® uniformly on Ry x Q. Unless otherwise specified we will always consider bP(®)
equipped with this topology. Observe that bP(®) is Fréchet if ® is a Fréchet nuclear
space.

Combining the results in Propositions 4.6 and 4.7 we obtain the following charac-
terization for the space of weak integrands for some classes of nuclear spaces.

Theorem 4.8. Assume that ® is a complete, barrelled, nuclear space. Then,

D @y bP ~ Ly(P',bP) ~ bP(P).
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Corollary 4.9. Assume that ® is a complete, barrelled, nuclear space. The collection
of all the ®-valued elementary processes:

n

Hy(w) =Y hp(r,w)pp, Yt>0,weQ, (4.3)
k=1

where n € N, h, € bP and ¢, € ® for k=1,...,n, is dense in bP(P).

Proof. The homeomorphism of Proposition 4.6 maps the element » ;' ; ¢ ® hy in
® ® bP into the continuous linear operator (f — Y y_; (f, ¢x) hx) from @’ into bP.
But by Proposition 4.7 the later is mapped into (4.3) which is clearly an element
in bP(®). Since the elements in ® ® bP are dense in ® @, bP, the homeomorphism
in Theorem 4.8 shows that the elementary processes of the form (4.3) are dense in

bP (D). O
We are ready to define the stochastic integral for integrands in bP(®).

Theorem 4.10. Let ® be a complete, barrelled, nuclear space and let X be a cylindrical
semimartingale satisfying any of the equivalent conditions in Proposition 4.1. There
exists a unique continuous and linear mapping H — [ H dX from bP(®) into (5°)ies
such that for each H € bP(®) of the form (4.3) we have

/ HdX =Y hy X(¢x)- (4.4)
k=1

Moreover for every H € bP(®) we have:

(1) </HdX) /HdXC

(2) (/HdX) = /H]l[O,T] dX = /HdXT, for every stopping time T.

(8) If Y is another cylindrical semimartingale in ® satisfying any of the equivalent
conditions in Proposition 4.1, then the processes [ HA(X +Y) and [ HdX +
[ HAY are indistinguishable.

Proof. For each H € bP(®) we define the stochastic integral [ H dX of H with respect
to X as the stochastic integral of Theorem 3.9 for the unique image of H in ® &, bP
under the homeomorphism of Theorem 4.8. It then follows from Theorem 3.9 that the
mapping H +— [ HdX is linear and continuous from bP(®) into (S°);.; and that it
acts on H € bP of the form (4.3) as given in (4.4). Properties (1), (2) and (3) are also a
consequence of the respective properties of the integral mapping of Theorem 3.9. In the

particular case of property (2), observe that H1y ;) € bP(®) and hence / Hljy - dX

is defined. Since for each h € bP, ¢ € @, (h- X(¢))" = (hljg) - X(¢) = h- (X(9)7),
then it is a consequence of (4.4) that equality in (2) holds for H of the form (4.3).
The result extends to every H € bP(®) by the density of the elementary processes in
bP(®) (Corollary 4.9) and the continuity of the mapping H — [ HdX from bP(P)
into (S9)jee. a

In the second part of this section we will explore some additional properties of the
stochastic integral defined in Theorem 4.10. In order to prove these properties we will
request our cylindrical semimartingales to satisfy the following:
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Definition 4.11. Let ® be a complete, barrelled, nuclear space. We will say that a
cylindrical semimartingale X = (X; : t > 0) in ®’ is a good integrator if X satisfies any
of the equivalent conditions in Proposition 4.1 and if the stochastic integral mapping
H +— [ HdX of Theorem 4.10 defines a continuous linear mapping from bP(®) into
SY.

The definition of good integrators introduced above is a generalization of the defini-
tion for real-valued semimartingales. In efect, every z € S¥ defines a cylindrical semi-
martingale o — .z which is by definition continuous from R into SY. By construction,
if ® = R our stochastic integral coincides with that for real-valued semimartingales and
hence the Bichteler—Dellacherie theorem implies that the stochastic integral mapping
H — [ HdX of Theorem 4.10 is a continuous linear mapping from bP(R) = bP into
SY.

We do not know if every cylindrical semimartingale X in @ (satisfying any of
the equivalent conditions in Proposition 4.1) is a good integrator. However, the next
result shows that a positive answer is obtained for some important classes of cylindrical
semimartingales.

Proposition 4.12. Let ® be a complete, barrelled, nuclear space,and let X be a cylin-
drical semimartingale in ®' satisfying any of the equivalent conditions in Proposition
4.1. For the stochastic integral mapping H — [ H dX of Theorem 4.10 it follows that:
(1) If X is a Hi-cylindrical semimartingale, H — [ H dX is continuous from bP(®)

into He.

(2) If X is a M2 -cylindrical martingale, H — [ HdX is continuous from bP(®)
into M2.

(3) If X is a A-cylindrical semimartingale, H — [ HdX is continuous from bP(®)
into A.

In particular, if X is either a Hy-cylindrical semimartingale, a M2, -cylindrical mar-
tingale, or a A-cylindrical semimartingale, then X is a good integrator.

Proof. To prove (1), assume that X is a H%-cylindrical semimartingale. We know by
Remark 3.13 that the stochastic integral mapping defined in Theorem 3.9 coincides with
the stochastic integral mapping defined in Proposition 3.10. But we know from this last
result that the stochastic integral mapping is continuous from ® &, bP into ’Hg and by
our definition of the integral in Theorem 4.10 we obtain the desired conclusion. The
proof of (2) and (3) follows from the arguments used above but applying Proposition
3.12 instead of Proposition 3.10. O

Example 4.13. Let B = (B; : t > 0) denotes a real-valued Brownian motion. For
every t > 0 define

X,(¢) = /0 o(s)dB,, Vo € S(R).

Then, using the properties of the Ité stochastic integral one can show that X = (X :
t > 0) is a S'(R)-valued process which defines a M?_-cylindrical martingale satisfying
Assumption 3.1 (for details see Example 3.20 in [14]). Therefore X is a good integrator
by Proposition 4.12.

Since S(R) is metrizable, the stochastic integral with respect to X can be repre-
sented as a series of stochastic integrals. In effect, let H € bP(S(R)). If the unique
image of H in S(R) ®, bP as given in Theorem 4.8 satisfies the decomposition (3.2)
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for some > |\i| < 00, ¢; — 0 in S(R), h; — 0 in P, then as a S(R)-valued process H
satisfies the representation

H(t,w) = Z Aihi(t,w)pi,
=1

with convergence in bP(S(R)). Hence, by Proposition 4.12, (4.4), and the associativity
of the stochastic integral for real-valued semimartingales we have

/t HdX = i)\z(hz . X(gbl)) = i)\l /t hi(S)qbi(S)st, Vit Z 0.
0 i=1 i=1 0

As the next result shows, we can use Proposition 4.12 to construct new examples
of good integrators. We will need the Banach space M2, @ A (introduced by Memin
in [30]) of special semimartingales with canonical decomposition z = m + a where
m € M2, and a € A, equipped with the norm 2l p2wa = [Imll a2, + llall 4-

Corollary 4.14. Let ® be a complete, barrelled, nuclear space,and let X be a M? @ A-
cylindrical semimartingale in ® satisfying any of the equivalent conditions in Propo-
sition 4.1. Then, there exists a M?> -cylindrical martingale M and a A-cylindrical
semimartingale A, M and A satisfying any of the equivalent conditions in Proposition
4.1, such that X = M + A and

/HdX:/HdM+/HdAeMZO@A, VH € bP(®).

Moreover, the stochastic integral mapping H — [ H dX of Theorem 4.10 is continuous
from bP(®) into M2 @© A. In particular, X is a good integrator.

Proof. For each ¢ € ® we have X(¢) € M2 @& A and hence we have the canonical
decomposition X (¢) = mg + ag. Define M : & — M2 and A : & — A respectively
by M(¢) = mg and A(¢) = Ay for each ¢ € ®. The uniqueness of the canonical
decomposition shows that M and A are linear, hence M is a M2 _-cylindrical martingale
and A is a A-cylindrical semimartingale. Moreover, X = M + A.

Observe that by our assumption X is linear and continuous from ® into S, and
since the image of X is in M2 @ A, by an application of the closed graph theorem it
follows that X is linear and continuous from ® into M2, @ A. Now, since M2, @& A
is a direct sum of the Banach spaces M2 and A, the projection x = m + a + m
(respectively © = m+a + a) is linear continuous from M2 ® A into M2 (respectively
into A). Thus, since X is continuous from ® into M2 @& A, then M (respectively A) is
continuous from ® into M2, (respectively A). Since the canonical inclusion from M2,
(respectively A) into S° is linear and continuous, we conclude that M (respectively
A) is linear continuous from ® into S°, hence satisfies the equivalent conditions in
Proposition 4.1.

Hence, by linearity of the stochastic integral and Proposition 4.12, for each H €
bP(P) we have

/HdX:/HdM+/HdAeM§O@A,

and the stochastic integral mapping H +— [ HdX is continuous from bP(®) into
M2 @ A. O
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An application to the result in Corollary 4.14 will be given in Section 7.2 in our study
of the stochastic integral with respect to a sequence of real-valued semimartingales.

We return to the study of the properties of the stochastic integral and in particular
we will start by studying its jumps. For a ®'-valued cadlag adapted process (Z; : t > 0),
recall (AZ); := Zy — Z;_ is the jump al time ¢ of Z.

Proposition 4.15. Let ® be a complete, barrelled, nuclear space. Suppose that X =
(Xt :t >0) is a good integrator in ® and let X = (X : t > 0) denotes the ¥ -valued,
reqular, cadlag version of X as in Theorem 4.2. For every H € bP(®) we have

A(/OtHdX> :<A)Z't, H(t)>, Vit > 0. (4.5)

Proof. We prove the result first for elementary processes. To to this, observe that for
every ¢ € ® and h € bP, it is a well-known property of the stochastic integral (see e.g.
Theorem 12.3.22 in [4]) that we have A (h- X(¢)) = h AX(¢). Then for an elementary
process H € bP(®) of the form (4.3) it follows from (4.4) that

A(/HdX) = A X(@) = Y he AX ()
k=1 k=1

_ Zn:hk <A5€,¢k>=<A5§‘,H>.

We now prove the general case. Given H € bP(®), it follows from Corollary 4.9
that there exists a net (H® : i € I) of elementary processes such that H' — H in
bP(®). Since the convergence in bP(®P) is uniform, we then have that for each r > 0
and w € Q we have H!(w) — H,(w) in ®. Let Qg be a subset of Q with P(€)y) = 1 and
such that for each w € Qy, AX(w) € @ for each ¢ > 0. Then, for any given ¢ > 0 we
have _ _

<AXt(w), Hg‘(w)> = <AXt(w), Ht(w)>, Yw e Q.

On the other hand, as X is a good integrator we have [ HidX — [ HdX in S0,
Since the mapping that takes a cadlag process into its jump process is continuous under
the topology of uniform convergence in probability on compact intervals of time (see
Lemma 12.4.2 in [4], p.277-8) and the latter topology is weaker than the semimartin-
gale topology, then we have A ([ H'dX) — A ([ HdX) in the topology of uniform
convergence in probability on compact intervals of time. In particular, for every ¢t > 0

we have A ( fot H'dX ) — A ( fot HdX ) with convergence in probability. Since (4.5)

holds for every H’, by uniqueness of limits we conclude (4.5). O

We continue our study with the following associativity property for the stochastic
integral that relates our theory of stochastic integration with the stochastic integral in
finite dimensions.

Proposition 4.16. Let ® be a complete, barrelled, nuclear space. Suppose that X =
(Xt :t>0) is a good integrator in ®'. For every g € bP and H € bP(®), we have

/ gdZ(H) = / gH dX, (4.6)
where Z(H) = [ HdX and (gH)i(w) = gi(w)Hy(w) for allt >0, w € Q.
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Proof. First we show that both sides of (4.6) are well-defined. Since Z(H) € S°, then
for every g € bP we have that [ gdZ(H) € S0, Similarly, for every g € bP and
H € bP(®) we have that gH € bP(®), thus [ gH dX € S°.

Now we show the equality in (4.6). First, as X is a good integrator the mapping
H ~ Z(H) is continuous from bP(®) into S°. Since the stochastic integral for real-
valued semimartingales is continuous in the integrator, the mapping H — [ gdZ(H)
is continuous from bP(®) into S°.

On the other hand, the mapping H — gH is continuous from bP(®) into bP(P).
Hence, as X is a good integrator the mapping H — [ gH dX is continuous from bP(®)
into S°. Thus, to show (4.6) and in view of Corollary 4.9 we only need to check that
the equality in (4.6) is valid for elementary integrands.

In effect, if H has the form (4.3), then by our the definition of the stochastic integral
we have

Z(H) = - X(n).
k=1

Then, by linearity and associativity of the stochastic integral for real-valued semi-
martingales we have

n

[ 92 =3 g+ (- X(0) = 3 ah) - X(ow) = [ g ax.
k=1

k=1
O

Corollary 4.17. Let ® be a complete, barrelled, nuclear space. Suppose that X =
(X; : t > 0) is a good integrator in ®'. If £ is a Fo-measurable real-valued bounded
random variable, then for every H € bP(®) we have

/ngX:g/HdX.

Proof. 1t is a well-known fact that if z € S° and h € bP, then [ hdz =€ [ hdz (see
e.g. Lemma 4.14 in [24], p.95). Hence, the above fact and Proposition 4.16 imply that:
/ngX:/de(H) :g/dZ(H) :§/HdX.

O

Remark 4.18. A simple direct consequence of Corollary 4.17 is that the integral is
the same for members in bP(P) of the same class of indistinguishability. Moreover, for
a sequence H" to converge to H in bP(P) the convergence only needs to occurs almost
surely in ® uniformly on R4 x €.

5 Extension of the Stochastic Integral in a Nuclear Space

5.1 Stochastic Integral For Locally Bounded Integrands

In the previous section we have introduced the stochastic integral for integrands that
belongs to the space bP(®). In this section we extend the stochastic integral mapping
to the a more general family of integrands which are locally bounded in the sense
defined below:
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Definition 5.1. Let ® be locally convex. We will say that H : Ry x Q — & is locally
bounded if there exists a sequence (7, : n € N) of stopping times increasing to oo P-a.e.
such that for each n € N, the mapping (t,w) — H/"(w) := Hiar, (w) takes its values in
a bounded subset of ® for P-almost all w € €.

Let ® be locally convex and H = (H; : t > 0) be a ®-valued cadlag process. The
process obtained by considering its left limits H_ = (H;— : t > 0) is a caglad process.
If H is weakly adapted, i.e. if (f, H) is adapted for each f € &', the same is satisfied
for H_. Therefore, for each f € ® we have that (f, H_) is a caglad adapted process
and hence (f, H_) is locally bounded. However if ® is only locally convex the weak
locally boundedness of H_ is not in general enough to show that H_ is locally bounded.
Nevertheless, a sufficient condition for cadlag processes in the dual of a nuclear space
is given below.

Proposition 5.2. Let ® be a nuclear space. Let X = (X; : t > 0) be a ®'-valued,
reqular, cadlag, weakly adapted process such that VT > 0, the family (X; : t € [0,T)]) of
linear mappings from ® into L° (Q,.Z ,P) is equicontinuous. Then, the process X _ =
(Xi— : t > 0) is predictable and locally bounded in @’

Proof. Our assumptions on X together with the Regularization Theorem (see Theorem
3.2 in [12]) show that there exists a weaker countably Hilbertian topology ¢ on ® and

a (&m)’—valued cadlag process X = ()?t :t > 0), such that for every ¢ € ®, <)Z', ¢> is
a version of (X, ¢). Since X is also a @/ -valued, regular, cadlag process, then X and
X are indistinguishable (see Proposition 2.12 in [12]). Observe that for each ¢ € ®
the real-valued process <)~( _, @) is left-continuous and adapted, hence is predictable.
But as X_ is a ()’ -valued process, and the Borel and cylindrical o-algebras in (Dy)’
coincide, the fact that X_ is weakly predictable implies it is (strongly) predictable. By
indistinguishability we have that X_ is predictable.

We now prove the existence of the localizing sequence of stopping times. Following

Section 7 in [13], if we choose an increasing sequence of continuous Hilbertian semi-
norms (p, : n € N) on ® that generates the topology ¥, then

(®9)' = | By, (),
neN

where By (n) = {f € ® : p},(f) < n}. The collection {B, (n) : n € N} is an increasing
sequence of bounded, closed, convex, balanced subsets of ®'. Furthermore, since X is
a (Py)'-valued cadlag process we have

Xi(w) € | By, (n), ¥ (t,w) € Ry x Q. (5.1)
neN
For each n € N define 7, by
Tn(w) := inf{t > 0: X;(w) ¢ By (n) or X, (w) ¢ By (n)ort>n}, VweQ. (52)

Each 7, is a stopping time and from (5.1) it follows that 7, — oo P-a.e. as n — oc.
Moreover, by the definition of 7, we have X/"(w) € B, (n) for all (t,w) € Ry x Q.

Since X and X are indistinguishable, we therefore have that X™ has a bounded image
in . Thus X_ = (X;— : t > 0) is predictable and locally bounded in &’ O
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For our theory of stochastic integration the most useful version of Proposition 5.2
is the following:

Proposition 5.3. Suppose that ® is reflexive and that ®' is nuclear. Let X = (X, :
t > 0) be a ®-valued, regular, cadlag weakly adapted process such that VT > 0, the
family (X; : t € [0,T)) of linear mappings from ® into L° (Q, F,P) is equicontinuous.
Then, the process X_ = (Xy— : t > 0) is predictable and locally bounded in ®.

Proof. The result is a direct consequence of Proposition 5.2 using that by reflexivity
® is the strong dual of @'. O

Corollary 5.4. Let ® be a reflexive Souslin space whose dual ®' is ultrabornological
and nuclear. If X = (X; : t > 0) is a P-valued cadlag weakly adapted process, then
X_ = (X;— :t > 0) is predictable and locally bounded.

Proof. First, since ® is Souslin, the probability distribution of each X; is a Radon
measure on ¢ (see [3], Theorem 7.4.3, p.85) and hence by Theorem 2.10 in [12] the
mapping X; : ® — L°(Q,.%,P) is continuous and the process X is regular. As @' is
an ultrabornological nuclear space, then it follows from Proposition 3.10 in [12] that
VT > 0 the family (X; : t € [0,7]) of linear mappings from @ into L° (2, .#,P) is
equicontinuous. Then Proposition 5.3 shows that X_ = (X;_ : ¢ > 0) is a predictable
and locally bounded process with values in . O

Example 5.5. The spaces &k, &, L (RY), 2(U), &, &, ' (RY), and 2'(U) are
all reflexive Souslin spaces (see [41], p.115) which are ultrabornological and nuclear
(references in Section 4.1). Therefore, if X = (X; : ¢t > 0) is a cadlag weakly adapted
process taking values in any of these spaces, then by Corollary 5.4 the process of its
left-limits X_ = (X;_ : t > 0) is predictable and locally bounded.

We now formally introduce our main class of integrands.

Definition 5.6. Let ® be locally convex. We denote by Pj,.(®) the space (of all
equivalence classes) of mappings H : Ry x Q@ — & that are weakly predictable and
locally bounded.

If ® is a complete barrelled nuclear space, it should be clear that bP(®) C Py (P)
since for each H € bP(®) the image of H is contained in a bounded subset of ® (see
the proof of Proposition 4.7).

Example 5.7. Let Z = (Z; : t > 0) be a real-valued semimartingale. Given ¢ € Z(R),
define X = (X; :t > 0) by X¢(w) = ¢(- + Zi(w)). Observe that for every t > 0, w € €2,
it is a consequence of the It6 formula that X;(w) € Z(R).

Moreover, the continuity of the translation mapping ¢ — ¢(- + y) in Z(R) for
every y € R shows that X is a Z(R)-valued cadlag adapted process. Furthermore, it is
shown in ([50], Theorem III1.2) that for every f € 2'(R) the real-valued process (f, X)
is a semimartingale. Therefore, X is a Z(R)-valued cadlag semimartingale. Then, the
conclusion of Example 5.5 shows that X_ = (X;— : t > 0) € Poe(Z(R)). In particular,
if Z has continuous trajectories then X has continuous trajectories in Z(R) and in this
case X = (X;:t > 0) € Proc(Z2(R)).

The stochastic integral for integrands in Pj,.(®) is defined in the next theorem.
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Theorem 5.8. Let ® be a complete, barrelled, nuclear space and let X be a cylindrical
semimartingale satisfying any of the equivalent conditions in Proposition 4.1. Then

for every H € P (P) there exists a real-valued semimartingale | H dX such that:

(1) (/HdX) /HdXC

= 0,7 = T7 ' . .
(2) (/HdX) /H]l[ 1 dX /HdX for every stopping time T
(3) The mapping (H, X) — [ HdX is bilinear.

Proof. Let H € Pjoe(®). Then, there exists a sequence (7, : n € N) of stopping times,
increasing to infinity P-a.e., such that for each n € N we have H1g ;) € bP(®). Hence

by Theorem 4.10 each / H1y, dX is a well-defined real-valued semimartingale.

Then for each ¢ > 0 we can define

t t
/HdX:/ Hlp,, dX,
0 0

for any n € N such that 7, > ¢. A standard localization argument (e.g. see Chapter
4 in [6]) using property (2) in Theorem 4.10 shows that this definition for [ H dX is
consistent and that it is independent (up to indistinguishable versions) of the localizing
sequence for H. Since the property of being a real-valued semimartingale is stable by
localization, we have that [ H dX is a real-valued semimartingale. Likewise, the fact
that properties (1), (2) and (8) are satisfied follows from Theorem 4.10 by choosing
an appropriate localizing sequence. O

Example 5.9. Let ® be a complete, barrelled, nuclear space whose strong dual is
nuclear and let Y = (Y; : £ > 0) be a ®-valued, regular, cadlag semimartingale. By its
definition it is clear that Y is weakly adapted. If Y satisfies (as a cylindrical process)
any of the equivalent conditions in Proposition 4.1, then it follows from Proposition
5.3 that Y_ = (Vi : t > 0) € Poe.

If X is a cylindrical semimartingale in ®’ satisfying any of the equivalent conditions

in Proposition 4.1, then by Theorem 5.8 the stochastic integral | Y_ dX exists and it

is a real-valued semimartingale.

Remark 5.10. In [49] and under the assumption that ® is a complete, bornological,
reflexive nuclear space whose strong dual @ is complete and nuclear, Ustiinel intro-
duced the concept of projective system of semimartingales in ®’ (see Remark 4.4) and
defined stochastic integrals for ®-valued weakly predictable process which are locally
bounded. The construction of the stochastic integral in [49] is very different from ours
and relies on the theory of stochastic integration in separable Hilbert spaces and in
the concept of projective system of semimartingales in ®'. As mentioned in Remark
4.4, the concept of projective system only makes sense if ® is complete and nuclear.
Observe however that for our construction of the stochastic integral we have the less
demanding assumption on ® to be a complete, barrelled, nuclear space and that we
have assumed nothing on the dual space ®'.

In the next result we list some properties of the stochastic integral for integrands in
Pioc(P) with respect to a good integrator. These results follow directly from Theorem
5.8, and Propositions 4.15 and 4.16.
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Proposition 5.11. Let ® be a complete, barrelled, nuclear space. Suppose that X is

a good integrator in ® and let H € Pioe(P).

(1) Let X = (X¢ : t > 0) denotes the ® -valued, reqular, cadlag version of X as in
Theorem 4.2. Then,

A (/OtHdX> = <A5€t, H(t)>, Vit > 0.

(2) For every g € Pio.(R),
/gdZ(H) = / gH dX,

where Z(H) = [ HdX and (gH)i(w) = gi(w)Hy(w) for allt >0, w € Q.

5.2 Riemann Representation and Integration by Parts

In this section we study further continuity properties of the stochastic integral with
respect to good integrators and for integrands which have caglad paths. In particular,
we will show that the stochastic integral satisfies a Riemman representation and a
integration by parts formula.

Let ® be a complete locally convex space. Denote by IL(®) the linear space of all
the ®-valued caglad weakly adapted processes. We will introduce on IL(®) the topology
of convergence in probability uniformly on compact intervals of time (abbreviated as
ucp) by means of a family of F-seminorms (see Section 2.7 in [21] for more details on
topologies defined by F-seminorms).

Let II denotes a system of seminorms generating the topology on ®. For each p € 11,
we define a F-seminorm on IL(®) by the prescription

. (H) = iQ_nE <1 A sup p(Ht)> , VH = (H;:t>0)eL(D).

e ot 0<t<n

The collection of all the F-seminorms (di, : p € II) generates a linear topology on
IL(®) wherein a fundamental system of neighborhoods of zero is the family of all the
sets of the form

{HG]L(@) :]P’( sup p(Hy) >77> <€}, e,n, T >0,pell
0<t<T

Now, observe that ®, being complete, coincides with the projective limit proj,cy(®yp, ip)
and that each IL(®),) is a complete metrizable topological vector space (this because
each ®, is a separable Banach space; see e.g. Section II.1.3 in [52]). Then, by compar-
ing the fundamental system of neighborhoods of zero in I.(®) and the corresponding
fundamental system of neighborhoods of zero in each L(®,) one can conclude (see
Proposition 2.6.1 in [21], p.38) that (IL(®),ucp) coincides with the projective limit
projper (Ii(®p),ip), where i, induces the inclusion H + i,H from L(®) into T.(®,),
and if p < g, ip4 induces the inclusion H — i, ,H from L(®,) into L(®,). We obtain
two important conclusions from the fact that (IL(®), ucp) is the above projective sys-
tem. First, that it is complete (see Corollary 3.2.7 in [21], p.59) and second that it is
metrizable whenever ® is so (see Proposition 2.8.3 in [21], p.41).
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Denote by bIL(®) the subspace of I.(®) consisting of those processes whose image
is contained in a bounded subset in ®. Every H € bL(®) is weakly predictable and
hence bIL(®) C bP(P). Then, if ¢ is a complete, barrelled, nuclear space the stochastic
integral is defined for every H € bLL(®). More generally, if H € L(®) N Poe(P) it
follows from Theorem 5.8 that the stochastic integral of such an H exists. Example 5.9
provides us with examples of processes which are in L(®) N Py (P) but not in bL(P).

The next result shows that when X is a good integrator the stochastic integral map-
ping H — [ H dX defines a sequentially continuous operator from (IL(®)NPjoc(®), ucp)
into (S°, ucp).

Theorem 5.12. Let ® be a complete, barrelled, nuclear space. Suppose that X = (X; :
t > 0) is a good integrator in ®'. Let H, H" € L(®) N Pioe(P), n > 1, and suppose

that H “Y H. Then,/H”dX‘ﬂ”/H"dX.

Proof. By linearity of the stochastic integral it suffices to prove that H" “¥ 0. Our
proof is a modification of the arguments used in the proof of Theorem II.11 in [39] for
the finite dimensional case.

First, as X is a good integrator the stochastic integral mapping H — [ HdX
is linear and continuous from bP(®) into S°, hence into S° equipped with the ucp
topology. Then, given €,d,T > 0, there exists a continuous seminorm p on ® such that

sup p(H(w)) < 1 implies
t
P| sup / HdX‘Z(S <
o<t<T | Jo

t,w
For each n > 1, let 7,(w) = inf{t > 0 : p(H{'(w)) > 1}, which is a stopping time.

Define H" = H"119 7117, >0y- Then H" € bIL(®) and sup p(H;'(w)) < 1. Since 7, > T'
(tw)

t
/H”dX
0
t t
/H”dX'z& = P| sup /H”dX‘Zé,TkZT
0 o<t<T |Jo

t
-HP’(sup / H”dX'25,7k<T>
0<t<T |Jo

t ~
]P’(sup / H”dX‘25>+IP’(Tk<T)
o<t<T |Jo

< 6—HP’( sup p(H}') > 1) .
2 0<t<T

DN

implies

sup
0<t<T

)

t
/ H" dX‘ = sup
0 0<t<T

then we have

P| sup
0<t<T

IN

Finally, since H" “¥ 0, there exists N > 0 (depending on €,d,T and p) such that for
all n > N we have

P < sup p(H') > 1) < E,
0<t<T 2
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hence for n > N we have

t
P(sup / deX'Z5><e.
o<t<T |Jo

Thus, / H™dXx “2o. O

Our next objective is to prove that our stochastic integral satisfies a Riemann
representation. In order to formulate and prove our result we will need the following
terminology from Section II.2 in [39] which we adapt to our context.

Definition 5.13.
(1) A random partition o is a finite sequence of finite stopping times:

O=7m <7 < <7y < 00.

(2) Given a ®-valued process H and a random partition o, we define the process H
sampled at o to be

m
H = Holg + Z Hy Vi) (5.3)
k=1

(3) A sequence of random partitions (o),
ow T < S ST,

is said to tend to the identity if
(a) limsup 7} = oo a.s., and
n
(b) ||lon|| = supyg ‘T]?_H — T,?| — 0 a.s.
We are ready for our main result of this section.
Theorem 5.14 (Riemann representation). Suppose that ® is a complete, barrelled
nuclear space whose strong dual ®' is also nuclear. Let X be ®'-valued semimartingale

which is a good integrator. Let H € T.(®) N Pioe(P). Let (04,) be a sequence of random
partitions tending to the identity. Then,

t Mn
/ HdX = (Xo, Ho) + Z <XT]?+1/\t — Xrnat, Hr,?> 5 (5.4)
0 k=1
and .
/ HodX “—%’/ H_dX. (5.5)
0

In order to prove Theorem 5.14 we will need to go over several steps. First, we will
show that (5.4) is satisfied. We will prove indeed something more general, said that
our stochastic integral acts on simple predictable integrands in a similar way as the
stochastic integral for semimartingales in the scalar case. This is carried out below in
Lemma 5.15. It is important to stress that this result is not evident since unlike the
the theory of integration in finite dimensions, we have not defined our integral first for
simple predictable integrands and hence there is no clear indication that it should be
of this form.
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Denote by C(®) the collection of all the ®-valued processes of the form:

N

Hy(w) = Ao(w)Liop(r) + D Ap(@) Ly 7y (1), (5.6)
k=1

where 0 = 79 <71 <71 < --- < 7n41 are bounded stopping times and Ay, is a ®-valued
weakly bounded F7, -measurable random variable, 0 < k < N, N > 1. The elements
in C(®) are called simple predictable bounded integrands.

It is clear that C(®) C bIL and hence the stochastic integral exists to every H € C(®).
Moreover, we have the following:

Lemma 5.15. Suppose that ® is a complete, barrelled nuclear space whose strong dual
@' is also nuclear. Let X be ®'-valued semimartingale which is a good integrator. If
H € C(®) is of the form (5.6), then for every t > 0,

N
/ HdX = X[), A[) + Z Te+1 A\t Tk/\ta Ak> . (57)
k=1

Proof. We carry out the proof in two steps.
Step 1 Suppose that for each kK = 0,1,..., N, the random variable Ay is of the

my
simple form A; = Z hjk®jr where each hjy is a real-valued F7, -measurable random
§=0
variable and each ¢;; € ®. In such a case, by the action of the stochastic integral on
the elementary integrands (4.4) we have

t t mO t Mk
/0 HdX = / ]01{0}¢j0dx+2/ Zh]k]l (st B AX
N myg
= Z ((hjolioy) - X(850)), + D> ((hiklizm)) - X(05),
j=0 k=1 j=0
N mp
= Z hio (Xo, 6500+ > O hjk (Xrpunt — Xroars Gik)
k= 1] 0
= <X0 ) Z hj,0¢j,0> + Z <XTk+1At - XTk/\t ) Z hj,k:¢],l€>
j=0 k=1 Jj=0
N
= (Xo, o) + Z (Xrpoint — Xrpnt s Ag) .
k=1

Hence (5.7) holds in this case.

Step 2 Assume that each Ay, is a ®-valued weakly bounded F7, -measurable random
variable.

Let 0 < k < N. Then as in the proof of Proposition 4.7 our assumptions on Ay
imply that the image of the random variable Ay is contained in a bounded subset of
®. By taking the union of these finite family of bounded subsets, we can assume that
the image of all the A; is contained in the same bounded subset of ®. Furthermore,
since ® is complete, barrelled and nuclear, there exists a compact, convex, balanced
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subset K of ® such that the image of each random variable Ay is contained in K (see
Corollary 50.2.1 in [48], p.520).

Denote by ®[K] the vector space on ® spanned by K. It is a Banach space when
equipped with the gauge norm gx (¢) = inf{A > 0: ¢ € AK} (see Corollary 36.1 in [48],
p.371). Since @' is nuclear and @ is reflexive, there exists another such set B, K C B,
with the property that the canonical injection ®[K] — ®[B] is nuclear. Observe that
we therefore have that the image of the set K in the space ®[B] is compact and that
®[B] is separable.

The information provided in the above paragraphs shows that each Ay can be
regarded as a ®[B]-valued F;, -measurable random variable with a relatively compact

image. It then follows that each A; can be uniformly approximated by a sequence
Mn k

of simple random variables A, j, = Z I j k®n ;i as those in Step 1 (see Proposition
§=0
1.1.9 in [52], p.12). Then, each

N
Hy(r,w) = An,O(W)IL{O}(T) + Z A”ﬁk(w)]l(TWkﬂ](r)’
k=1

is an element in C(®) and the sequence (H,, : n € N) converges to H in bP(P). To prove
this assertion, let p be any continuous seminorm on ®. Since the canonical inclusion
from ®[B] into ® is linear and continuous, there exists some C' > 0 (depending on p)
such that p(¢) < Cqr(¢) for every ¢ € ®[B]. Then, by the uniform convergence of
the sequence A, to Ay, for 0 <k < N we have

sup p (H(r,w) — Hy(r,w))

(r,w)

N
< Sup p (Ao(w) — Apno(w)) Loy + Y Sup p (Ap(w) = An k(W) Ly ) (1)
r,w =1 (rw
N
< Csup g (Ap(w) = Ano(w)) + C Y sup e (Ag(w) — Ay p(w))
w k=0 v

— 0, as n — oo.

Now, because X is a good integrator we have that / H,dX — / HdX in S°. Hence,

t ¢
for each t > 0 we have / H,dX — H dX in probability.

0 0
On the other hand, for each ¢ > 0, by the uniform convergence of the sequence 4,,
to A for 0 < k < N, and because the canonical inclusion from ®[B] into @ is linear
and continuous, we have pointwise

N
XO ; n 0 + Z Te+1 At — Tk/\t ) A > XO ; AO + Z Trt1 At XTkAt ’ Ak> )
k=1

and since by Step 1 we have that for each ¢t > 0

Ko Ao} + 5™ (X — Xoont A = /H 0x,
k=1

we conclude by uniqueness of limits in probability that (5.7) is satisfied. O
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Our next objective is to show that the convergence in (5.5) holds. To shows this
we will need the following approximation result:

Lemma 5.16. Suppose that ® is a complete, barrelled nuclear space whose strong
dual ®" is also nuclear. Let H € L(®) N Pioe(P). Then, there exists a sequence
(H™ : n € N) C C(®) such that H* “Y H.

Proof. Since H € IL(®) N Ppoe(P), there exists a sequence (7, : n € N) of stopping
times increasing to oo P-a.e. such that for each n € N, H™ € bIL(®). This means we
can assume H € bL(®P).

Now, since H € bIL(®), the image of H is contained in a bounded subset in ®. As
in the proof of Lemma 5.15, because ® is complete, barrelled and nuclear, and because
@’ is nuclear and reflexive, there exists a compact, convex, balanced subset B of ®
such that ®[B] is a separable Banach space with norm ¢p and H can be considered as
a caglad adapted process with values in ®[B], i.e. H € L(®[B]). Let Z be defined by
Zt = limy_yt o>t Hy. We therefore have that Z is a cadlag adapted process with values
in ®[B]. As in the proof of Theorem II.10 in [39], given € > 0, if we define 7§ = 0 and
Tny1 = inf{t : t > 7 and q(Z; — Z;<) > €}, then one can show (this as in Theorem
I1.10 in [39]) that (75) is a sequence of stopping times increasing to co P-a.e. and that

n
H™ = HO]I{O} + kz ZTEJ]‘(TIE/\TL7T§+1/\TL]7
=1

can be made arbitrarily close to H in ucp in the norm ¢p by making e small enough
and n large enough. Finally, since the topology in (®[B], ¢p) is finer than that in @,
convergence in ucp in the norm ¢p implies convergence in ucp in ®; this as in the proof
of Lemma 5.15. 0

Proof of Theorem 5.14. We begin by proving the equality in (5.4). Let (u; : j € N) a
sequence of stopping times increasing to oo P-a.e. such that for each j € N the process
H"i is bounded in 9.

For any fixed n € N, denote by o, A u; the random partition

o ANuj Ty Ay ST Auy < - ST

Min, /\Uj.

It is clear from (5.3) that for every n € N we have H7»"“ € C(®) and hence by Lemma
5.15 it follows that

t i
/ Han/\uj dX = <XO , H0> —+ Z <X7.]';z+1/\uj/\t — Xfr]?/\uj/\t ) HTl?/\uj> .
0 k=1

Since u; increases to oo P-a.e then H oniu; YL Fron and hence it follows from Theorem
5.12 that /H""A“j dx ¥ / H°"dX. Likewise, because u; increases to oo P-a.e,

then we have pointwise P-a.e for each ¢ > 0,

Mn Mn
E <X7',?+1/\u3-/\t - XT,?/\uj/\t7 HTI?/\’I.LJ'> - § <XT,?+1/\t - XT:’/\t ) HT,?> .
k=1 k=1

Then by uniqueness of limits we obtain the equality in (5.4).
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We now show that the convergence in (5.5) holds. To do this we will adapt to our
context the proof of Theorem II.21 in [39).
First, by Lemma 5.16 there exists a sequence (H* : k € N) C C(®) such that

HY " H. We have
/(H—H””)dX = /(H—H’“)dXJr/(Hk—(H’“)"”)dX

+/((H’“)”" — H°")dX. (5.8)

By Theorem 5.12, since H* “¥ H the first term in the right-hand side of (5.8) converges
to 0 in ucp. In a similar way, we have that (H*)on L Hon uniformly on n and therefore
by Theorem 5.12 the third term in the right-hand side of (5.8) converges to 0 in ucp.

For the middle term in the right-hand side of (5.8), since for each k € N, H* € C(®),

the one can write the stochastic integral / (H*)°n — H°")dX in closed form (as in
Lemma 5.15). Then, the right-continuity of X implies that for any fixed (k,w) the
stochastic integral /((Hk)U” — H°")dX tends to 0 as n — oo. Hence, to show that

(5.8) tends to 0 as n — oo one chooses k so large that the first and third terms in the
right-hand side of (5.8) are small, and then for a fixed value of k one chooses n so large
that middle term in the right-hand side of (5.8) is small. O

Thanks to the Riemann representation formula, we can now prove that a integration
by parts formula holds by following similar arguments to those in the finite dimensional
setting. We must stress the fact that the two semimartingales are required to be good
integrators and hence the formula might not hold for every semimartingale.

Theorem 5.17 (Integration by Parts Formula). Suppose that ® and ®' are complete,
barrelled nuclear spaces. Let Y be respectively a ®-valued cadlag semimartingale and
X be a ®-valued cadlag semimartingale, both Y and X being good integrators. Then
there exists a real-valued adapted cadlag process [X,Y], such that

t t
<Xt,Yt>:<X0,Y0>+/ Y_dX+/ X_dY +[X,Y], ¥t>0.  (5.9)
0 0

Furthermore, if (0,,) is a sequence of random partitions tending to the identity, then

Mn
[X, Y]t = <X0 ) Y0> + nli)ngoz <X7']?+1/\t - XT]?/\t ) Y'rg_,'_l/\t - YT,?/\t> ) (510)
k=1

where the convergence is in ucp.

t
Proof. Observe first that from Propositions 4.1 and 5.3 that the integrals / Y_dX
0
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t
and / X_dY are well-defined. Now, note that for every n € N we have
0

(X, ) = (Xo,Yo)+ Z <Xrg+1/\t — Xrnnt, Yr,?/\t>

k=1
+Z < Tk/\t’ Tk+1/\t_YT£/\t>
+ Z < Trp1/\t Tk g N Y;';@_l/\t - YT,?/\t> . (5.11)

Observe that by Theorem 5.14, the first and second terms in (5.11) converges in ucp
t t

to / Y_dX and / X_dY. Then, if we define the process [X, Y] by
0 0

t t
[X,Y]t:=<Xt,n>—<Xo,Yb>—/ Y_dX—/ X_dy,
0 0

we immediately get (5.9) and that [X,Y] is a real-valued adapted cadlag process.
Moreover, from (5.11) and the arguments given above we conclude (5.10). O

Definition 5.18. We call the real-valued processes [X, Y] defined in Theorem 5.17 as
the quadratic covariation of X and Y.

Some of the properties of the quadratic covariation are given in the following result.

Corollary 5.19. Suppose that ®, ®, X and Y are as in Theorem 5.17. Then
(1) A[X,Y]o = (X0, Yo) and A[X, Y], = (AX,, AY}) fort > 0.

(2) If X orY is a continuous process, then [X,Y] is a continuous process.

(3) If T is a stopping time, [ X7, Y] =[X,Y7] = [X",Y"]| = [X,Y]".

Proof. For (1), it is clear from (5.10) that A[X, Y]y = (Xo, Yo). If ¢ > 0 we have from
Proposition 5.11 that

<AXt ) AYt) == A <Xt ) }/t> <Xt— 9 Yt }/t > <Xt - Xt— ) }/t—>

= AX,, V) - </ X_ dY> </OtYdX):A[X,Y]t.

Property (2) follows immediately from (1) and property (3) follows from (5.10). O

Example 5.20. In this example we discuss some situations for which the quadratic
covariation can be computed using the quadratic covariation for Hilbert space-valued
processes.

Suppose that ® and @ are complete, barrelled nuclear spaces. Assume that Y is a
®-valued good integrator which is also a semimartingale in the projective limit sense,
i.e. for every Hilbertian seminorm ¢ on ® we have that Y9 := 14Y is a semimartingale
with values in ®, (this definition coincides with that in Remark 4.4 but for processes
with values in @ instead of ®'). Let us recall that when ® is a nuclear Fréchet space
any ®-valued semimartingale (in our cylindrical definition) is a semimartingale in the
projective limit sense (see [50], Corollary II.3).
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Assume that X is a ®'-valued Hg—semimartingale satisfying any of the equivalent
conditions in Proposition 4.1. Observe that X is a good integrator by Proposition
4.12. Moreover, by Theorem 3.22 in [14] there exists a continuous Hilbertian seminorm
p on ® and a ®j-valued cadlag H!-semimartingale XP such that X = i;,f(p. Then

for each t > 0 we have P-a.e. (X;(w), Yi(w)) = <z';))~(p, ith(w)> = <Xp, f/p> , where
<)~(p, }77’> corresponds to the duality in the pair (®,, ;). Then by (5.10), we have

Mn
[X7 Y]t = <X0 ) Yb> + nh—>nolo Z <XT,?+1/\25 - XT]?/\t ) YT]?Jrl/\t - YT,?/\t>
k=1
~ ~ mn ~ ~ ~ ~
= <ng Yop> + HILH;OZ <X£g+1/\t - ng/\w Y7%L+l/\t B Y%/\t>

= [XP, Y7,

where [Xp,f’p] is the quadratic covariation of X? and Y? as Hilbert space valued
processes with respect to the duality in the pair (®,,®;) (see Result 26.9 in [31],
p.185). Observe that from this result we can conclude that [X, Y] has finite variation
and by (5.9) that ((X¢, Y%) : t > 0) has a cadlag semimartingale version.

Among other properties of [X,Y] which can be “transferred” from corresponding
properties of [X?,Y?], observe that if X has continuous paths and Y is a projective
limit of processes of finite variation (i.c. each Y9 is of finite variation in ®,) then
[XP,Y?] =0, thus [X,Y] = 0.

We can obtain the same conclusions of the above paragraphs if we assume that X
is a ®’-valued good integrator which is also a semimartingale in the projective limit
sense (if @' is nuclear Fréchet any ®’-valued semimartingale in our cylindrical sense
is a semimartingale in the projective limit sense; see [50], Corollary II.3) and Y is a
®-valued Hg-semimartingale satisfying any of the equivalent conditions in Proposition
4.1.

Remark 5.21. In this section we have extended the results of Ustiinel (Theorem IV.1
in [49]) on the integration by parts formula and the existence of quadratic covariation
for processes taking values in nuclear spaces. Indeed, in Theorem 5.17, Corollary 5.19
and Example 5.20 we consider less demanding assumptions on ® and @’ that those
considered by Ustiinel in [49]. In particular, we do not require neither that ® or @ be
bornological nor separable.

6 The Stochastic Fubini Theorem and Applications to Stochastic
Evolution Equations

6.1 The Stochastic Fubini Theorem
The main objective of this section is to prove the following result:

Theorem 6.1 (Stochastic Fubini Theorem). Let (E, &, 0) be a finite measure space.
Assume that ® is a complete, barrelled nuclear space whose strong dual ®' is nuclear.
Let X be a ®'-valued semimartingale which is a good integrator. Let H : [0,00) X X
E — ® such that Vf € @', the mapping (e, t,w) — (f, H(e,t,w)) is £ ® P-measurable
and sup ., .y [(f, H(e,t,w))| < oo. Then,
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(1) For every (t,w) € [0,00) x Q, the mapping e — H (e, t,w) is Bochner integrable in
®, and the mapping (t,w) — [ H (e, t,w)o(de) belongs to bP (D).

(2) There ezists a € ® B(R;) ® F-measurable function K : E x [0,00) x @ — R such
that for each e € E, K(e,-,-) is a cadlag version of [ H(e,-,-)dX.

(3) [z K(e,t,-)o(de) exists and has a cadlag version. Moreover, up to indistinguisha-

bilit
Yy /EK(e,t,-)Q(de) = /Ot (/E H{e,s, ')Q(d€)> dX.. 6.1)

Before we can prove Theorem 6.1 we will need the following preliminary results.
Below (E, &, 0), ® and &' will be as in Theorem 6.1.

Denote by bPp the linear space of all the bounded mappings h : E x [0,00) x Q2 — R
which are £ ® P-measurable. This space is Banach when equipped with the uniform
norm [[hl], = Sup(e..) [h(e, )]

Let bPg(®) be the linear space of all mappings H : E X [0,00) x  — & such
that for every f € @', the mapping (e, t,w) — (f, H(e,t,w)) is £ ® P-measurable and
SUD (¢t [(f s H (e, t,w))| < oo. As in Proposition 4.7 our assumptions on ® imply that
the mapping (4.1) is an isomorphism from bPg(®) into Ly(P',bPE).

In analogy with our development in Section 4.2, we can equip bPg(®P) with the
topology of convergence in ® uniformly on £ x Ry x €2, i.e. the topology generated by

the family of seminorms p(H) = sup p(H(e,t,w)), where p ranges over a generating
(et,w)
family of seminorms for the topology on ®. The next result shows that our hypothesis

that @ is nuclear extend the conclusion of Corollary 4.9.

Lemma 6.2. For every H € bPg(®) there exists a sequence of elementary processes:

Hy(e,t,w) = th(e,t,w)gbk, Vi>0,weQeckE, (6.2)
k=1

where (hy, : k € N) CbPg and (¢y : k € N) C ®; such that (H, : n € N) converges to
H in bPg(®).

Proof. Let A the image of H under the isomorphism (4.1) from bPg(®) onto Ly(P', bPg).
Since @’ is nuclear, A is a nuclear operator and has representation (Theorems I11.7.1
and I11.7.2 in [40], p.99-101)

A(f)zz)‘m<fa¢m>h )

m=1

where (¢, : m € N) C K for K a compact, convex, balanced subset of ® (that K
can be chosen to be compact is a consequence that ® is a reflexive nuclear space;
see Corollary 50.2.1 in [48], p.520), ||hm||, < 1, and > y|Am| < oo. Since the
convergence of the series is in Ly(®’,bPg), by the isomorphism (4.1) we have that
the sequence Hy, = Y o A ([, ém) him of elementary processes converges to H in
bPr(®). O

Proof of Theorem 6.1. For convenience we divide the proof in three parts.
Proof of (1) From our assumption sup, . [(f, H(t,w,e))| < oo Vf € @', and
by the arguments used in the proof of Proposition 4.7, there exists a compact, convex,
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balanced subset D of ® such that the image of H is contained in D. As in the proof of
Lemma, 5.15 and using that ®’ is nuclear, there exists another such set B, D C B, with
the property that the vector space ®[B] spanned by B is a separable Banach space
when equipped with the gauge norm gp(¢) = inf{\ > 0: ¢ € AB} (see Corollary 36.1
in [48], p.371).

Given the above, we can consider H as a bounded mapping from [0,00) X ©Q x e
into ®[B] which is weakly P ® £-measurable. Since ®[B] is a separable Banach space,
by Pettis measurability theorem H is P ® £/B(®[B])-measurable, and hence for each
(t,w) € [0,00) x Q the Bochner integral [, H(t,w,e)o(de) exists as an element in ®[B].
Therefore the mapping e — H (¢, w, e) is Bochner integrable in ® (see [2, 45]). Moreover,
by Fubini’s theorem for every f € ® the mapping (t,w) <f, Jp H(t,w, e)g(de)> =
S5 (f, H(t,w,e)) o(de) is P-measurable. Likewise, from our hypothesis on H we have

sup
(tw)

<fxéH@w&MM@N§9@)wpKﬁHUM&M<a1

(t,w,e)

Hence the mapping (t,w) — [ H(t,w,e)o(de) belongs to bP(P).

Proof of (2) Let (H, : n € N) be a sequence of elementary processes converging
to H in bPg(®) as in Lemma 6.2. For every e € E we have Hy(e,-,-) € bP(®) and by
(6.2),

n
[ Haler9x =3 (hifer1) - X(60).
i=1
By the finite dimensional stochastic Fubini Theorem (e.g see Theorem IV.64 in [39])
for each i € N there exists a £EQB(R4 ) ® F-measurable function k; : E'x[0,00) xQ — R
such that for each e € E, k;(e,-,-) is a cadlag version of h;(e,-,-) - X(¢;). This way,
the process K, : E x [0,00) x Q@ = R

Ky(e t,w) = Z ki(e,t,w),
=1

is B(R4) ® F ® E-measurable and for each e € E, Kj,(e,-,-) is a cadlag version of
[ Hy,(e,-,-)dX. Now, since H,, converges to H in bPg(®), for any given e € E we
have by the good integrator property of X that [ H,(e,-,-)dX — [H(e,-,-)dX in
SY (hence in ucp). Hence for each e € E the sequence K,(e,-,-) converges in ucp.
Then, by Theorem IV.62 in [39] there exists a &€ ® B(Ry) ® F-measurable function
K : E x[0,00) x Q — R such that for each e € E, K(e,-,-) is cadlag and K(e, -, ) =
lim,, 00 K (e, -, -) with convergence in ucp.

As a consequence of the arguments given in the above paragraphs and by uniqueness
of limits we have that K(e,-,-) is a cadlag version of [ H(e, -, )dX.

Proof of (3) We start by showing that (6.1) holds for each K,. To do this,
observe that for every n € N, by the finite dimensional stochastic Fubini theorem
(e.g see Theorem IV.64 in [39], p.210), basic properties of the Bochner integral, and
the action of the stochastic integral on simple processes (see (4.4)), we have up to
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indistinghishability,

/E ofesti)olde) = 3 [E (hile, ) - X(61)), o(de)

- Z(( / hi(e,-,~)g(d€)> -X(@-))t

i=1

_ /Ot ( /E Hn(e,s,~)g(de)) dX. (6.3)

Our plan is to show that (6.3) implies (6.1) by taking limits with respect to an ap-
propriate subsequence. But before we an do this, we must show the existence of the
process [ K(e,t,-)o(de).

Fix T > 0. Recall from Step 2 that for each e € F and k € N we have as n — 00,

1
IP’( sup |K(e,t,-) — Ky(e,t, )| > k> — 0.

0<t<T

Following the idea used in the proofs of Lemma 12.4.17 and Theorem 12.4.18 in [4], we
define the sequence

1 1
ng(e) =inf < m > ng_q1(e) : P| sup |K(e,t,-)— Kp(e,t,")] > | <—,Vn>my.
0<t<T k k
Then ng(-) is a £-measurable function, and
1
P <Sup sup ‘K(@tv ) - Knk(e)(eat7 )| > ) < -
e€E 0<¢<T k k

Therefore, K, )(e,t,-) — K(e,t,-) in probability uniformly on £ x [0, T]. Moreover,
for any € > 0 it follows that as k — oo,

P (/ sup ‘K(e,t, ) = Koo (es 1, )‘ o(de) > e)
E

0<t<T
€
< P|sup sup |[K(e,t,-)— K, e,t,-)|>——=] —0. (64
(eEEOStST\ (e:1,) = Koyoent.”) Q(E)> (6.4)

By the finite dimensional stochastic Fubini theorem (e.g see Theorem IV.64 in [39])
each [ ki(e,t,-)o(de) has a cadlag version, the same is true for [, Ky, (e)(e;t,-)o(de).
Then by (6.4) we have that the process [ K(e,t,-)o(de) exists as the limit in ucp of
the sequence [ K, (¢)(e,t,-)o(de) as k — oo, and therefore [, K(e,t,-)o(de) has a
cadlag version.

Our next objective will be to show that the sequence fot (fE Hy, ()(es, -)g(de)) dX
converges to f(f ([ H(e,s,-)o(de)) dX, in ucp.

In effect, for any given continuous seminorm p on ® by the basic properties of the
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Bochner integral and since H,, — H in bPg(P) we have as k — oo,

sup p (/ He,t,-)o(de) — / g (e) ( (de)>
(t,w)

< (SUP) /EP (H(evt) ) - an(e)(e’ta )) Q(d@)
t,w

< Q(E) (Sup)p (H(ea t) ) - an(e) (8, t, )) — 0.
e,t,w

Hence [, Hy, (o) (e,t,-)o(de) — [, H(e,t,-)o(de) in bP(®) as k — oo. By the good
mtegrator property of X we have that fg ([ Hape) (€, 5,-)o(de)) dX, converges to

fo (JoH )o(de)) dX, in S, thus in ucp.
Fmally, by (6 3) we have (with limits in ucp),
[ et = Jim [ Koy fet ol
E k—o0

= i [ ([ (e 0t ax,
_ /Ot ([EH@,S,-)Q(de)) 0x,.

6.2 Stochastic Evolution Equations in the Dual of a Nuclear Space

Al through this section we assume that ® is a complete, barrelled nuclear space whose
strong dual ® is nuclear.

Our main objective in this section is to show existence and uniqueness of solutions
to the following class of stochastic evolution equations

dY, = A'Y; + dX,,t > 0, (6.5)

with initial condition Yy = n P-a.e., where 71 is a Fp-measurable ®'-valued regular
random variable, X is ®’-valued semimartingale which is a good integrator, and A is
the generator of a strongly continuous Cp-semigroup (S(¢) : ¢t > 0) C L(P, P) (see [25]
for information on Cy-semigroups in locally convex spaces).

Definition 6.3. A ®'-valued regular adapted process Y = (Y; : t > 0) is called a weak
solution to (6.5) if for any given ¢ > 0 and ¢ € Dom(A) we have fot (Y, Ap)|dr < 0o
P-a.e. and

m,¢>:<n,¢>+/0t<m,A¢>dr+<Xt,¢>. (6.6)

The natural candidate for a weak solution to (6.5) is the so called mild solution:

t
=S(t)n +/ St —r)dX,, t>0. (6.7)
0

Here observe that since @ is reflexive, the family of dual operators (S(t)’ : ¢t > 0) C
L(P', ®') is a strongly continuous Cp-semigroup whose generator is A (see the Corollary
to Theorem 1 in [25]).

We must prove first that the stochastic convolution, i.e. the stochastic integral
fo (t — r)’ dX, is well-defined. This task is carried out in the following result.
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Proposition 6.4. There exists a ® -valued regqular adapted process fot St —r)dX,,
t > 0, satisfying for each t > 0 and ¢ € ® that P-a.e.

</0t S(t —r) dX, ¢> - /Ot S(t — 1) dX,. (6.8)

Moreover, the ® -valued process (Z; : t > 0) defined in (6.7) is reqular and adapted.

Proof. Let t > 0 and ¢ € ®. Let H? be defined as H?(r,w) = Lo (r) S(t — 7)0.
The continuity of the mapping [0,t] 3 r > S(t — 7)¢ easily shows that H? € bP(P),
therefore the stochastic integral fot S(t —r)pdX, exists.

Likewise, by continuity of the mapping [0,¢] > r — S(t — r)¢ and since ® is
barrelled, by an application of the closed graph theorem it can be shown that the
mapping (7, ¢) — S(t — r)¢ is continuous from [0, ¢] x ® into ®. From this it follows
that the mapping ¢ + H? is continuous from ® into bP(®). By the good integrator
property of X the mapping ¢ — fg H?(r)dX, = fg S(t—r)¢pdX, is continuous from ®
into L (€2,.#,P). Then, the regularization theorem (see [19]) shows that there exists
a ®’-valued regular random variable fot S(t —r) dX, satisfying (6.8). Moreover, (6.8)
shows that fg S(t —r) dX, is weakly adapted, hence adapted because it is regular.

Finally, since 7 is a Fg-measurable ®'-valued regular random variable, the strong
continuity of the semigroup (S(¢) : ¢ > 0) shows that (S(¢)'n : t > 0) is regular and
adapted and hence so is (Z; : t > 0). O

Theorem 6.5. The stochastic evolution equation (6.5) has a weak solution given by
(6.7).

A key step in the proof of Theorem 6.5 is carried out in the following result which
is a consequence of the stochastic Fubini theorem (Theorem 6.1)

Lemma 6.6. For everyt >0 and ¢ € Dom(A), we have P-a.e.

¢ t
/ ds < oo, and /
0 0
Moreover, the following identities holds P-a.e.
t s t
/ </ S(s — r)Ag dXT> ds — / S(t— )¢ dX, — (Xi, &)
0 0 0

_ /Ot (/OSS(t—s)AgbdXT)ds. (6.10)

Proof. Fix t > 0 and ¢ € Dom(A). Consider the following families of ®-valued map-
pings:

/S S(s—r)ApdX,
0

/S S(t—s)ApdX,
0

ds < co.  (6.9)

Hi(s,r) =15 (r) S(s — ) Ag.

Ha(s,r) =14 () S(t — 5)Ad.
for s € [0,t], » € [0,¢]. As a direct consequence of the strong continuity of the Cp-
semigroup (S(¢) : t > 0) we can verify that Hy; and Hj satisfy the conditions of

the stochastic Fubini theorem (Theorem 6.1). Hence we have (6.9) and the iterated
integrals in (6.10) exists.
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Now observe that for any given r € [0, ¢], from standard properties of Cy-semigroups
(see [25]) we have

t t
/0 Loy () S(s — 1) Adds = S(t — r)g— ¢ = /O Lo,y () S(t — 3)Ad ds.

Then, from the above identity and the stochastic Fubini theorem applied to H; and
Hs we have

/;(/:S(S—T)Ad)er)ds = /:(/OSS(t—S)Agber)dS
- /Ot(/Ot]l[o,s](r)s(t—S)Aqbds)dXT

- /0 S(t— )¢ dX, — (Xi, 6).
]

Proof of Theorem 6.5. Let Z = (Z; : t > 0) be as defined in (6.7). We know from
Proposition 6.4 that Z is a ®'-valued regular and adapted process.

Let t > 0 and ¢ € ®. By the strong continuity of the Cy-semigroup (S(t) : t > 0)
it follows that fg [(S(r)'n, A¢)| dr < oco. Therefore, it follows from (6.7) and (6.9) that

P-ace. [ |(Z,, Ap)|dr < co.
We must show (Z; : t > 0) satisfies (6.6). In effect, for any s € [0, ¢] from (6.7) and
(6.8) we have P-a.e.

(Z,, Ad) = (n, S(s)Ad) + /O " S(s — r)ApdX,.

Integrating both sides on [0, ¢] with respect to the Lebesgue measure, then from stan-
dard properties of Cyp-semigroups (see [25]), from (6.10), and then from (6.7) and (6.8),
we have P-a.e.

/Ot<Zs,A¢)ds = /Ot<"77S(S)A¢)d8+/0t</osS(s—r)AgbdXT)ds

t
= (1 SWo—a)+ [ St=nodx, - (X, 0
= <Zt>¢>_<na¢>_<Xtv¢>
Hence, the mild solution Z = (Z; : t > 0) is a weak solution to (6.5). O

We can prove a converse of Theorem 6.5 if we assume that our weak solution has
some regularity property on its paths. This property is described below.

Definition 6.7. We say that a ®'-valued adapted process Y = (Y; : ¢ > 0) has almost
surely locally Bochner integrable trajectories if for each ¢ > 0 there exists ; C ) with
P(€;) = 1 and such that for each w € €, there exists a continuous seminorm p = p(t, w)
on ® such that Ys(w) € ®, a.e. on [0,] and f(f P (Ys(w)) ds < o0.

Example 6.8. For a ®-valued adapted process Y = (Y; : ¢ > 0) the property of
having almost surely locally Bochner integrable trajectories is implied by any of the
following conditions:
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(1) ForeachT > 0, Y is (weakly) jointly measurable on [0, T]x € and E fOT (Y:, @) dt <
oo for each ¢ € ®. In effect, under these assumptions it is shown in Lemma 6.11
in [13] that for each T' > 0 there exists a continuous Hilbertian seminorm p on ®
for which EfOT P (Y)dt < oc.

(2) Y has cadlag paths. In that case, for P-a.e. w € Q, by Remark 3.6 in [15] for each
T > 0 there exists a continuous Hilbertian seminorm p on ® such that ¢ — Y;(w)
is cadlag from [0, 7] into ®;,. In particular we have

T
/ PY@)dt < T sup p(Viw)) < .
0 0<t<T

We are ready for our main result on uniqueness of solutions.

Theorem 6.9. Let Y = (Y; : t > 0) be a weak solution to (6.5) which has almost
surely locally Bochner integrable trajectories. Then for each t > 0, Y; is given P-a.e.

by
t
Y, = S(t)'n + / S(t - rYdX,. (6.11)
0
Proof. We modify the arguments used in the proof of Theorem 6.9 in [13].
Let t > 0 and ¢ € Dom(A). Let w € ; and p = p(t,w) as in Definition 6.7. By the
strong continuity of the Cp-semigroup (S(r) : » > 0) and since S(t — s)A¢ € Dom(A)

for s € [0,t], the set {AS(t — s)A¢ : 0 < s < t} is bounded in ®, hence is bounded
under the seminorm p. Therefore

/Ot </Ot ‘11[0,3](7“) (Y (w), AS(t — s)Ag)| dr) ds

<t sw_ p(AS(=3)40) [ () ds <o

0<r<s<t

Then from Fubini’s theorem and standard properties of the dual semigroup (S(r)" :
r > 0), we have for w € O

/0 t ( /0 T (Vo(w), AS(t — 5)Ag) dr> ds — /0 t < /0 T a(w), AS(s)A6) ds> dr
_ /O t< Ot_TS(s)’A/E(w)ds, A¢> dr
= [{s-r%) - %), 46) dr
_ /Ot (Y, (S(t —r)Ad — Ad)) dr  (6.12)

Given any s € [0, t], from the definition of weak solution (with ¢ replaced by S(t—s)A¢),
we have P-a.e.

/8 S(t—$)AgdX, —= (X, S(t—s)Ae)
0

= (Yo—n, S(t—5)Ag) - /0 Yy, AS(t— 5)Ad) dr.
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Integrating both sides on [0,t] with respect to the Lebesgue measure and then using
(6.12), it follows that P-a.e.

/Ot (/0 S(t—s)Agber> ds

/ <Ys,5(t—s)A¢>ds—/ (0. S(t— 5)Ag) ds
0 0

_/Ot </0 (Y, , AS(t — 5)Ad) dr>ds
= [ A0 ds = (. 500 {0 o).

Reordering, and then from (6.10) we get that
¢
(. 6)+ [ (v, Ao)ds
0
t s
—(steyn. o)+ | ( | st~ s>A¢er) ds
t
= (SttYn. o)+ [ Stt=nodx, - (%, o).

Summing the term (X, ¢) at both sides, then using (6.8) and the fact that Y is a
weak solution we conclude that P-a.e

Vi, 0y = (S, w>+</0ts<tr>’dxr, ).

The above equality is valid for each ¢y € Dom(A), and since Dom(A) is dense in ¢ we
conclude that Y; is of the form (6.11). O

Corollary 6.10. If the stochastic convolution process (fg St —r)dX, :t>0) has
almost surely locally Bochner integrable trajectories (respectively cadlag/continuous
paths) then the mild solution (6.7) is the unique weak solution to (6.5) having almost
surely locally Bochner integrable trajectories (respectively cadlag/continuous paths).

Proof. Observe that since (S(¢)'n : t > 0) has almost surely locally Bochner integrable
trajectories (as it has continuous paths by the strong continuity of the dual semigroup),
then if the stochastic convolution process ( fg S(t—r) dX, :t>0) has almost surely
locally Bochner integrable trajectories (respectively cadlag/continuous paths) then the
mild solution (6.7) possesses this property too. The result is then a consequence of
Theorems 6.5 and 6.9. 0

In the last part of this section we will show existence and uniqueness of a solution
with continuous paths under the assumption that A € L£L(®,®) is the generator of a
(Cp, 1)-semigroup and X is a Hg—semimartingale with continuous paths.

Recall that a Cp-semigroup (S(t) : ¢ > 0) is called a (Cp, 1)-semigroup if for each
continuous seminorm p on @ there exists some ¥, > 0 and a continuous seminorm
q on @ such that p(S(t)¢) < e’lq(¢p), for all t > 0 and ¢ € ®. (Cp, 1)-semigroups
where introduced by Babalola in [1] and include the class of quasiequicontinuous Cop-
semigroups (case ¥, = o with ¢ a positive constant independent of p) and equicontin-
uous Cp-semigroups (case 9, = 0 for each p).
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Theorem 6.11. Suppose that ® is a complete bornological nuclear space whose strong
dual @' is complete and nuclear. Assume A € L(®,®) is the generator of a (Cp,1)-
semigroup and X is a ®'-valued H}g-semimartmgale with continuous paths satisfying
any of the equivalent conditions in Proposition 4.1. Then, the stochastic evolution
equation (6.5) has a unique weak solution Z = (Z; : t > 0) with continuous paths
satisfying for each t > 0 and ¢ € ® that P-a.e.

(Zy, ) = (n—Xo, S(t)p) + (Xt @) + /Ot (Xy, S(t—s)A¢) ds. (6.13)

Proof. Our first objective is to show that the mild solution (6.7) satisfies (6.13). In
view of (6.8) it suffices to show that for each t > 0 and ¢ € ® we have P-a.e.

t t
/0 S(t— 16 dX, = (X;. 6) — (Xo, S(H)6) + /0 (X,, S(t—s)Ad)ds.  (6.14)

To do this, let £ > 0 and ¢ € ®, and define Y5 = 1jg4(s)S(t — 5)¢. We will check that
(6.14) holds by applying the stochastic integration by parts formula to the processes
X and Y, but before we will verify that [X,Y] = 0. This last result will follows from
the arguments used in Example 5.20 if we can show that Y defines a projective limit
of processes of bounded variation.

In effect, for any given continuous Hilbertian seminorm ¢ on ®, since (S(s) : s > 0)
is a (Cp, 1)-semigroup there exist a continuous seminorm p on ®, ¢ < p, and a Cp-
semigroup (Sp(t) : ¢ > 0) on the Banach space ®, such that Sy(s)ipp = ipS(s)e,
Vo € @, 5 > 0 (see Theorems 2.3 and 2.6 in [1]). Hence, s — Yy = L 4(8)iqpSp(t—s5)¢
is a ®4-valued function with bounded variation on [0,t] (recall s — Sp,(s)¢ is norm
continuously differentiable on [0,00)). Since the above is true for every continuous
Hilbertian seminorm on ®, then Y defines a projective limit of processes of finite
variation. Since X is a ®'-valued ’Hg—semimartingale with continuous paths, from the
arguments used in Example 5.20 we have [X,Y] = 0.

By an application of the stochastic integration by parts formula (Theorem 5.17),
and then from standard properties of Cpy-semigroups (see [25]), we have P-a.e.

| st=sipax, = (xi.0) = (X0, 500 - [ Xod(st—s)0)

0

t
= (X, 6) — (X0, S(H)) + /0 (X, S(t — 5)Ad) ds

Observe that by (6.14) the stochastic convolution U; = fg S(t —r) dX, satisfies that
for each ¢ € ® the process ((U;, ¢) : t > 0) has a continuous version. Moreover,
from the arguments used in the proof of Proposition 6.4 we conclude that for each
t > 0 the mapping ¢ — (U, ¢) is continuous from @ into L°(€2,.%#,P). Since ® is
ultrabornological (it is complete and bornological, see Theorem 13.2.12 in [36], p.449),
the regularization theorem for ultrabornological nuclear spaces (Corollary 3.11 in [12])
shows that (U : t > 0) has a ®’-valued version with continuous paths satisfying (6.14).
Hence the mild solution (Z; : t > 0) satisfies (6.13) and by Corollary 6.10 we have that
(Zy : t > 0) is the unique weak solution to (6.5) with continuous paths. O

Example 6.12. Let ® = .7 (R9), for d > 1 (see Section 4.1). Let X be a .7 (R%)’-valued
Hg-semimartingale with continuous paths satisfying any of the equivalent conditions
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in Proposition 4.1. Consider the (lineal) stochastic heat equation on . (R%)":
dY, = AY, +dX,, t>0, (6.15)

with initial condition Yy = ), for a . (R%)-valued Fy-measurable random variable,
and here A is the Laplace operator on . (R?)’.

It is well-known that A € £(.7(R%),.(R?)) is the infinitesimal generator of the
heat semigroup (S(t) : t > 0) which is the equicontinuous Cy-semigroup on .7 (R%)
defined as: S(0) = I and for each t > 0,

1 el
(S(t)p)(z) == (dnt)i2 /]Rde le=vIP /4 5 ()dy, Vo € S(RY), z € RY
If we let p(x) = (47rt1)d/26_”x”2/4t’ then p; € .Z(RY) and S(t)¢p = s * ¢ for each

¢ € S (RY).
Then Theorem 6.11 shows that (6.15) has a unique weak solution (Z; : t > 0) with
continuous paths satisfying for any ¢ > 0 and ¢ € .7 (R%):

<Zt,¢>=<n—xojm*¢>+<xs,¢>+/0 (Xs, Aljir_s * 8)) ds.

This example extends to the context of H}g—semimartingales with continuous paths the
results obtained by Ustiinel in [51] on the existence and uniqueness of solutions for the
stochastic heat equation in .#(R?)’ driven by a Wiener process.

7 Applications to Stochastic Integration for a Sequence of Real-Valued
Semimartingales

7.1 Literature Review

In [8], De Donno and Pratelli introduced a theory of stochastic integration with respect
to a sequence of real-valued semimartingales. The main idea behind the construction is
to think on a sequence of semimartingales Z = (Z7 : j € N) as a process taking values in
the space of real sequence RY (equipped with the product topology). The corresponding
class of stochastic integrands is chosen to take values in the set of unbounded functionals
on RY. This theory of stochastic integration has found applications to mathematical
finance, in particular in modelling large markets (see e.g. [7, 35]). In the following
paragraphs we describe the main ideas in the construction of the stochastic integral
introduced in [8].

Denote by U the collection of all the not-necessarily continuous linear functionals
on RN, ie. k € U is a linear functional whose domain Dom(k) is a subspace of RN
(which can be the trivial set {0}). A simple integrand (a elementary process in our
terminology) is a finite sum of the form >_;'_, hyey, where hy, € bP for k =1,...,n and
(ej : j € N) is the canonical basis in RY. For such a simple integrand the stochastic
integral is defined as H - Z = > "}_, (hy - Z%).

A process H with values in U is called predictable if there exists a sequence (H" :
n € N) of simple processes such that for each ¢ > 0, w € Q, H(t,w)(f) = lim,, H(¢,w)(f)
for all f € Dom(H (t,w)).

A U-valued predictable process is said to be integrable with respect to the sequence
of semimartingales Z = (Z7 : j € N) if there is a sequence (H" : n € N) of simple
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integrands, such that H™ converges to H a.s. and the sequence of semimartingales
H™ - Z converges to a semimartingale Y in SY. In this case H is called a generalized
integrand and its stochastic integral is defined as H - Z =Y.

It is proved in Proposition 1 in [8] that when the stochastic integral exists, it does
not depend on the approximating sequence. This is proven using a result by Memin
[30] which allows, by mean of an application of a change in probability measure, to
replace the integral with respect to a sequence of semimartingales with the sum of an
integral with respect to a sequence of square integrable martingales and an integral
with respect to a sequence of predictable processes with integrable variation. These
types of stochastic integrals are developed in [8].

Observe that the definition of generalized integrand implicitly assumes continuity
of the stochastic integral mapping H — H - Z. Indeed, it is proven in Theorem 3 in [8]
that the set of that the set of stochastic integrals with respect to Z is closed in S°.

The above definition of stochastic integral for generalized integrands has its draw-
backs. In particular, the stochastic integral lacks some of the standard properties of
the stochastic integral in finite dimensions. For instance, the integral is not linear with
respect to the integrator process (see Remark 9 and the examples in Section 6 in [8]).

Motivated by the above, in the next section we apply our recently developed theory
of stochastic integration in nuclear spaces to carry out an alternative construction for
the stochastic integral with respect to a sequence of real-valued semimartingales. We
will consider however locally bounded integrands as in Section 5 instead of the class of
generalized integrands of [8]. This way our integral will have at disposal all the tools
developed in this article which we hope can be useful for future applications of this
theory.

7.2  Construction of the Stochastic Integral

To define the stochastic integral we first need to settle this problem in our context.
Let ® = ®jenR; where R; := R for every j € N. The locally convex direct sum ® is a
complete, barrelled, nuclear space (see [21], Propositions 6.6.7 and 11.3.1, and Corollary
21.2.3). Furthermore, we have ® ~ RN := [T;enR;j with the product topology (see
[40], Corollary IV.4.3.1) is also a complete, barrelled, nuclear space (see [40], Theorems
I1.5.3. and IIL.7.4).

Let (ej : j € N) be the canonical basis in RY. Observe that each ¢ € ® is of the

form
¢=) ajej, (7.1)
JEN
where a; € R for all j € N and the set {j € R : a; # 0} is finite.
Let (Z7 : j € N) be a sequence in SY. For ¢ € ® of the form (7.1), define

X(¢) = a;77. (7.2)
JjeN
Observe that in particular we have X (e;) = Z7. It is clear that X (¢) € S° for each

¢ € ® and that the mapping X : ® — S° ¢+ X(¢), is linear. This way we have that
X is a cylindrical semimartingale in ®’. Moreover, we have:

Theorem 7.1. Let (Z7 : j € N) be a sequence in S°. Let X be the cylindrical semi-
martingale defined in (7.2). Then the mapping X : ® — SV is continuous. Further-
more, X has a version that is a ® -valued regular, cadlag semimartingale.
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Proof. We first prove the continuity of X. For each j € N denote by I : R; — @;enR;,
u +— ue;, the canonical inclusion. From properties of the direct sum topology (see e.g.
Sections 4.1 and 4.3 in [21]) we know that the mapping X : ® — SY is continuous if
and only if for each j € N the mapping X o I; is continuous from R; into SY. But
observe that for each j € N we have that X o I;(u) = uZ’ and since for each Z € S°
the mapping u — uZ is continuous from R into S°, then we conclude that X : & — S°
is continuous. The final assertion follows from Proposition 4.1 and Theorem 4.2. [J

Because @ is a complete, barrelled, nuclear space, we can now define the stochastic
integral with respect to a sequence of semimartingales via Theorem 5.8.

Definition 7.2. Let (Z7 : j € N) be a sequence in S° and let X be the cylindrical
semimartingale defined by such sequence in (7.2). For each H € Pj,.(P), we define the
stochastic integral of H with respect to the sequence (Z7 : j € N) as the stochastic
integral [ H dX of H with respect to X as defined in Theorem 5.8.

The stochastic integral with respect to a sequence of semimartingales satisfies all
the properties listed in the above sections. However, as we will describe below some
new properties emerge, in particular in connection with the property of good integrator.

In effect, the reader might observe that from our construction of the stochastic
integral we only require for (Z7 : j € N) to be a sequence in S°. Indeed, by Theorem
7.1 the cylindrical semimartingale X defined in (7.2) is continuous from ® into S°.
However, as mentioned in Section 4.2 the above continuity property is not in general
enough to conclude that X is a good integrator, unless X is one of the particular classes
of cylindrical semimartingales which we know are good integrators.

As a new phenomena of the above construction we will show below that under a
change of probability measure the cylindrical semimartingale defined by a sequence of
real-valued semimartingales is a good integrator. We will require the following notation:
S%(P) and M2 ® A(P) denote the spaces S° and M2 & A defined with respect to the
probability measure P.

Proposition 7.3. Let (Z7 : j € N) be a sequence in S and let X be the cylindrical

semimartingale defined by such sequence in (7.2). There exists a probability measure

Q, equivalent to P, with dQ/dP € L*°(P), such that

(1) Z7 =m! +a) € M2 ® A(Q) for each j €N, and X is a M?, & A(Q)-cylindrical
semimartingale such that the mapping X : ® — S°(Q) is continuous.

(2) For every H € bP(®),

/HdX:/HdM+/HdAeM§O@A(Q),

where M is the M2 (Q)-cylindrical martingale defined as in (7.2) by the sequence
(m? :j € N) C M2(Q) and A is the A(Q)-cylindrical semimartingale defined as
in (7.2) by the sequence (a7 : j € N) C A(Q).

(3) The stochastic integral mapping H — [ HdX s continuous from bP(®) into
M2, @ A(Q). In particular, X is a good integrator under the measure @Q.

Proof. Given the sequence (Z7 : j € N) in S°, by a result of Dellacherie (Théoréme 5
in [9]; see also Lemme 1.3 in [30]) there exists a probability measure @), equivalent to PP,
with dQ/dP € L>®(P), such that for each j € N we have Z/ = m/ +a/ € M% @ A(Q).
Then X defined by (7.2) is a M2, ® A(Q)-cylindrical semimartingale.
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Now recall from Theorem 7.1 that X is continuous from ® into S°(PP). Since P and
Q are equivalent, the spaces S°(P) and S°(Q) are homeomorphic (see [10], Remarques
VIL.100.(c), p.318). Hence X is continuous from ® into S(QQ). This proves (1).

The statements (2) and (3) are a direct consequence of (1) and Corollary 4.14. [

Remark 7.4. The result in Proposition 7.3 has an interesting application. Since both
® and @' are complete barrelled nuclear spaces, under a change in probability mea-
sure, for any sequence of real-valued semimartingales the corresponding cylindrical
semimartingale is a good integrator, hence the stochastic integral with respect to any
such sequence of semimartingales has at disposal all the machinery developed in Sec-
tions 5 and 6. In particular the Riemann representation, the stochastic integration by
parts formula and the stochastic Fubini theorem.

We finalize this section by pointing out the relation of the stochastic integral de-
fined by De Donno and Pratelli in [8] with the stochastic integral introduced in this
section. To do this, we examine the behaviour of our stochastic integral on the bounded
integrands.

First, from (7.1) we can see that the elementary processes in bP(®) are those
processes of the form

Hy(w) = th(r,w)ek, Vt>0,w e, (7.3)
k=1

where hi € bP for k =1,...,n. From Theorem 4.10 we have

/HdX:zn:hk-X(ek):zn:/hdek. (7.4)
k=1 k=1

This way our stochastic integral coincide with that in [8] for the elementary processes.

Now, given any H € bP observe that by Lemma 6.2 there exists a sequence of
elementary processes (H, : n € N) such that H, — H in bP(®). If the cylindrical
semimartingale X determined by the sequence (Z7 : j € N) is a good integrator, then
we have [ H,dX converges to [ HdX in SY. Therefore, if X is a good integrator
every H € bP(®) is a generalized integrand (as defined in Section 7.1) for the sequence
(Z7:j €eN).

If the cylindrical semimartingale X determined by the sequence (Z7 : j € N) is not
a good integrator the connection between the two definitions of stochastic integrals is
not so clear. However, we know from Proposition 7.3 that an equivalent probability
measure Q exists such that X is a good integrator under the measure QQ.

8 Final Remarks and Comparison With Other Theories of Stochastic
Integration in Locally Convex Spaces

In Section 3.2 we introduced the stochastic integral mapping for integrands in the space
® @, bP under the assumption that ® is a locally convex space and that X : & — S°
is a cylindrical semimartingale with a standard continuity property (Assumption 3.1).
Our construction relies on the good integrator property of real-valued semimartingales
and properties of the tensor product of topological vector spaces.
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Under additional assumptions on either ® and X, we have been able to prove further
extensions of our theory of integration. Indeed if either ® is metrizable or a complete
barrelled nuclear space, we have shown that the integrands ® ®, bP can be identified
with ®-valued weakly predictable (locally) bounded processes (Proposition 3.14 and
Theorem 4.8). Furthermore, we have shown that for some specific classes of cylindrical
semimartingales the stochastic integral mapping is continuous (see Remark 3.13). In
particular if @ is a complete, barrelled nuclear space and X is a good integrator, we have
shown in Sections 5 to 6 that the stochastic integral satisfies many of the properties
of the stochastic integral in finite dimensions, including a Riemann representation
formula, stochastic integration by parts formula, and the stochastic Fubini theorem.

Other authors have introduced theories of stochastic integration either assuming
further properties on the locally convex space or under the assumption that the cylin-
drical semimartingale is of some specific class. Depending on the above assumptions,
it is possible to define the stochastic integral for a class of integrands larger than the
weakly predictable (locally) bounded processes. In the following paragraphs we briefly
describe some of these other theories of stochastic integration and their corresponding
class of integrands.

In the papers [33, 34], Mikulevicius and Rozovskii introduced a theory of stochastic
integration with respect to a locally square integrable cylindrical martingale defined on
a quasi-complete locally convex space ®. The covariance structure of such a cylindrical
martingale is determined by a predicable family (Qs : s > 0) of symmetric non-negative
linear forms from @’ into ® and a predictable increasing process ;. Using the Schwartz
theory of reproducing kernels, a family of Hilbert spaces Hs C & is associated with
the covariance function Qs. The class of integrands in [33, 34] are the ®-valued weakly
predictable processes h satisfying h(s,w) € Hg and fg \h(s)ﬁ{s d\s < 0o P-a.e. Vt > 0.

In [13] the author of this paper introduced a theory of stochastic integration with
respect to a cylindrical martingale-valued measure defined on a locally convex space ®.
Roughly speaking, a cylindrical martingale-valued measure is a family M = (M (¢, A) :
t > 0,A € R) such that (M(t, A) : t > 0) is a cylindrical martingale in @’ for each A €
R and M(t,-) is finitely additive on R for each t > 0, where R is a ring of subsets of a
topological space U. These cylindrical martingale-valued measures are assumed to have
(weak) square moments determined by a family of continuous Hilbertian semi-norms
{¢gr 7 € Ry,u € U} on ® and two o-finite measures p and A defined on (U, B(U))
and (R4, B(R4)) respectively. The class of integrands in [13] are families of predictable
processes h satisfying h(r,w,u) € &4, and Vt > 0, fg Gru(h(ryu))? p(du)A(dr) < oo
P-a.e.

A theory of stochastic integration for weakly predictable locally bounded integrands
with respect to semimartingales (in the projective sense) taking values in the dual of
a reflexive nuclear space was introduced by Ustiinel in the papers [49, 50, 51]. As
mentioned previously in this article, the theory of stochastic integration developed in
Sections 4 to 6 generalize the results obtained by Ustiinel (Remarks 4.4, 5.10 and 5.21).

In [29], Kurtz and Protter introduced the concept of standard H#-semimartingale,
which corresponds to a cylindrical semimartingale Y defined on a separable Banach
space H such that for each t > 0 the set H; = {sup,<,|Z_ - Y (s)| : Z € S1} is stochas-
tically continuous, where in the above S; denotes the collection of all the H-valued
cadlag processes of the form Z(t) = Y ;" & (t)hy, where for k = 1,...,m, & is an
adapted real-valued cadlag process, hy € H, sup,;||Z(s)|| < 1, and Z_ - Y (t) =

oy fg &k(s—)dY (hy)(s). Stochastic integrals are therefore defined for H-valued pre-

qr,u

50



dictable processes with locally compact image by a continuity argument.

The concept of standard H#-semimartingale extends the concept of good integrator
from finite dimensions to a cylindrical semimartingale defined on a separable Banach
space H. Our concept of good integrator of Definition 4.11 also extends the concept of
good integrator from finite dimension but to a cylindrical semimartingale in the dual @’
of a complete barrelled nuclear space ®. Observe that no intersection of these infinite
dimensional versions of the concept of good integration occurs since it is known that
only the finite dimensional spaces can be Banach and nuclear at the same time.

In the context of Banach spaces, there are several theories of (vector-valued) stochas-
tic integration with respect to specific classes of cylindrical semimartingales. For exam-
ple, in Hilbert spaces we have stochastic integration with respect to cylindrical square
integrable martingales and cylindrical Lévy processes [6, 32, 22], in separable Banach
spaces we have stochastic integration with respect to cylindrical Brownian motion [23],
in Banach spaces of martingale type p € [1,2] with respect to cylindrical Lévy pro-
cesses of order p [26], and in UMD Banach spaces we have stochastic integration with
respect to cylindrical Brownian motion [53] and with respect to continuous cylindrical
local martingales [54].

We are not aware of any theory of stochastic integration in Banach spaces with
respect to general cylindrical semimartingales. The stochastic integral mapping of Sec-
tion 3.2 can serve for this purpose but the class of integrands ® &, bP (which we know
by Proposition 3.14 that can be identified with ®-valued weakly predictable bounded
processes) might be relatively small and requires a further extension or alternative
characterization. In particular, observe that if ® has the approximation property (e.g.
if ® has a Schauder basis) then ® ®, bP can be identified with the space of nuclear
operators N (®',bP) (see [27]). We hope we can explore these ideas in the Banach
space setting in a latter publication.
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