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Abstract

We solve a logistic differential equation for generalized proportional Caputo frac-
tional derivative. The solution is found as a fractional power series. The coefficients
of that power series are related to the Euler polynomials and Euler numbers as well
as to the sequence of Euler’s fractional numbers recently introduced. Some numerical
approximations are presented to show the good approximations obtained by truncat-
ing the fractional power series. This generalizes previous cases including the Caputo
fractional logistic differential equation and Euler’s numbers.
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1 Introduction

The logistic ordinary differential equation u’(z) = u(¢) - [1 — u(¢)] appears in many
contexts and have different applications in physics [3, 8, 9, 11], medicine [17], econ-
omy [16], and even to study the evolution of the COVID-19 epidemic [13, 14].

The solution, for a given initial condition u(0) = uy, is

uo
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For ug = 1/2, we have the classical logistic function

Ity = ——7.
®) 1+e!

Different versions and generalizations of the logistic equation have been considered
and, in particular, the fractional versions of the logistic differential equation [2-5, 12,
15].

For example, a fractional version has been studied:

D% (1) = x(t) - [1 — x(1)] (1.1)

with @ € (0, 1) and D* the Caputo fractional derivative [7]. Although an analytical
expression for the solutions is not known, it has been solved using different techniques
such Euler’s numbers [4, 6], implicit solutions [10] or fractional power series [3].

We study a new generalization of the fractional differential equation (1.1) that
includes as a particular case the Caputo fractional logistic differential equation.

Moreover, we use fractional generalized proportional derivative having a singular
kernel.

We introduce a novel class of Euler’s numbers, the generalized proportional frac-
tional Euler numbers. We recall that Euler’s polynomials and Euler’s numbers are
related to the Riemann’s zeta function and to the logistic function [3]. The relevance
is apparent due to the importance of solving the famous Riemann Hypotheses.

This paper is organized as follows. In the next section we introduce the generalized
proportional fractional calculus with its basic concepts and properties. Then, it is
solved a simple linear fractional differential equations to motivate our technique in
order to solve a generalized fractional logistic differential equation. Finally in the last
section, we present the generalized proportional fractional Euler’s numbers. Euler’s
numbers appear in connection to the most important function in mathematics: the zeta
function.

2 Generalized proportional calculus
Let T > 0, « > 0 be the order of the fractional integral and p € (0, 1] be the

proportion. Fora functionu € L' (0, T') we define the generalized proportional integral
of the function u as

1 ropa
1% Pu(t =—/ eT(tfs)t—s“_lusds,te 0,7].
() o T@ Jo ( ) (s) [0, T]

The corresponding Caputo generalized proportional fractional derivative for a function
ue Ll(O, T) such that u € ACJ[0, T] is defined as [1]

CDPu () = [(I'7%P o DVPYu](1)

1 L
= 1—/ ep/’ (t S)(t—s)fa D]’pu(s)ds
pm-I'(l—a) Jo
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where
DYPu(r) = (1 — p)ulr) + pu (7).

We note that for p = 1 we obtain the classical Caputo fractional derivative [7]:

1 t
Cpely(s) = m/o (t—5)"%u'(s)ds := CD%u(r).
We recall that [1]

(%P (ED¥Pu)) (1) = u(t) — u(0) - e

Also, for > 0, consider the function

—1
Ept)=e7 ' 1P,
then

I"(B)

LI Y I e
_— . e P -t = 1).
04 T+ ) é';‘p,ﬂ-i-ot( )

(I*PE, p) (1) =

We now study some differential equations under this generalized fractional calculus.
Indeed, consider the nonlinear differential equation of the type

CDUPu(t) = f(t.u(t)) @1
with the initial condition
u(0) = ug.

Here f : [0, T] x R — R is a nonlinear function satisfying appropriate conditions.

3 Linear generalized proportional differential equations
Let o € L'(0, T) so that the corresponding generalized proportional integral of o
exists.

We begin with the simple case

CD%Py(t) = o (1), u(0) = u.

By applying the generalized proportional fractional integral, we have

o1, 1 /' 2=L(s_g) a1
u(t) —ug-e » + = er (t—s)""o(s)ds, t €[0,T].
p*I(@) Jo
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Therefore,

1
p*I ()

-1 Ly
u(t) = ug - e 7! + / epT([_S)(t — )% o (s)ds, t €10, T].
0

Now, for A € R, let us study the following linear differential equation
CDPy(t) = au(t), u(0) = up. (3.1

The solution is known [1]

u(t) = uoe%ltsa (A <5) ) ,
P

where &, is the classical Mittag-Leffler function defined for any z € C as

o0 Zn
£al@) = HZ:;) Fan+ 1)

We now re-obtain this solution as a fractional power series. Moreover, this will serve
as a clear introduction to our methodology. Indeed, take r = 2=1 3nd let us assume
that the solution is given formally as the following fractional power series

u(t) =e"y " a,(t*)".
n=0

Thus, formally,

- = T(an+1)
19Pu(t) = Zanla’p(e”t“") _ Za" ot oD
p*lam+1)+1)
n=0 n=0
and
& 00
I'(an+1)
e a, (1" = uge'" + A a erlta(n+1).
X—: (S X_: "l (a(n+ 1)+ 1)
n=0 n=0
Equivalently,

o0

o0
rt tC(l’lz rt )\.
e ,;)an( ) =wupe” + S Tan D)

n=1
Identifying the coefficients, we get agp = ug and the recurrence formula

Ian—1)4+1)
ap =My |————, N >
p*I(an + 1)
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Fig. 1 Solutions of the linear generalized proportional fractional differential equations (3.1) with A = 1
for the initial condition x9 = 1/2 and « = 1/2. For p = 1/2 in blue. For p = 1 the Caputo fractional
differential equation (3.2) in the middle (orange) and the classical logistic function below (green)

This implies that

A\
a,; = a —_— _—
n =\ %2 )] Tan+1)
so that

—1

ad 2\ ton I t
—ue S ) — — e T Ly,
e ;(,)) Fantn — 100" &G0

See Fig. 1. For p = 1, that is r = 0 we have the classical fractional Caputo equation
D% = ru, u(0) = up 3.2)
whose solution is indeed given by

u(t) = ug Ey(At%).
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4 Logistic generalized proportional differential equations

We now consider a logistic-type equation corresponding to the nonlinear equation
(2.1) with

Ft,ut) = ru(t) — pe"u (1),

where A, 4 € Randr = ijl , that is, the logistic fractional generalized proportional
differential equation

CDYPU(r) = Ault) — pe " u* (1), u(0) = u. 4.1
For i = 0 we have the previous linear equation (3.1).
In the case p = 1, thatis, r = 0, we obtain the following Caputo fractional logistic
differential equation

ED%u(t) = ru(t) — pu’(t)

that has been solved recently [3].
As for the linear situation, we assume that

ut) =" Zan(t“)". 4.2)

n=0

Then, using the Cauchy product we get

o0 n
e U (t) = e an(t“)” , by = Zan_k - ag.
k=0

n=0
Therefore,
o0 o
I'(a(n—1)4+1)
rt oNn __ rt rt . on
e Zan(t )" = ugpe +)\Zan_l—p“[‘(an+l) et
n=0 n=1
o0
3 DD
= p*I(an + 1)

Identifying the coefficients corresponding to the powers of % , we get
ap = uo
and for n > 1, the recurrence relation

F(a(n—1)+1)_ b I'a(n—1)+1)

a, = \a,— _
" e M an + 1) e M an + 1)
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or
Fam—1)+1)
SO A ) = ——————— (Aay—1 — Ubp—1). 4.3
an(a, p ) T (an + 1) (Aap—1 mby_1) 4.3)
Taking the initial condition #(0) = 1/2 so that ap = 1/2. Thus, for example,
oo PG o5)
NCE
- e (5-4)  woe(3-4)
1% O‘F(a + 1) ( T(a+D) - T@tD
a) =
I'Qa+1)
and
—a we(5-4)  mwe(5-4)
I'Ga+1) _ ot 1)( T+l) ~— ~ T+
TRat+1) BT TQa+1)
—a we(i=4)  wee(3-4)
p2e (5 - %)2 p (e + 1)< Tt~ T@+D
B T Qo+ 1)

For example, fora = 1/2, p = 1/4 and A = u = 1 we have the following values
of a,(1/2,1/4) forn =0, 1, ..., 15 (See Fig. 2)

1 1 8 512 4096 8388608 2751463424

-, —,0,— , 0, ,0, — ,0, ,0, — ,
2 T 3327 77 4575/2 757727 77 303757972 19136257 11/2

43825846288384 168366428854943744

" 5746615875 13/27 77 4108830350625 15/2 7

The solution of the classical ordinary differential equation
u =u(l —u)

with the initial condition

u0) =1/2
is the logistic function
1 o
u(t) = o :nX_(:)a,,t"
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Fig.2 Coefficients for the generalized proportional fractional logistic equation fora = 1/2 and p = 1/4.

Inthiscase,p =1, o« =1, A = u = 1 and the recurrence relation is

—1

1

an = ; ap—1 — Zan—l—kak
k=0

The solution of new the logistic equation (4.1) is given by (4.2) and can be approx-
imated by (See Fig. 3)

m
pn(@) =€) a, )", m= 1.
n=0

5 Generalized proportional Euler numbers

We recall the Euler polynomials defined as

2eX! S M
= E E,(x)—, |t| <m.

|

+1 n=0 n:

el
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Fig.3 Approximate solution p;, (1), m = 10, of the logistic generalized proportional fractional differential
equations (4.1) for the initial condition x9 = 1/2 and « = 1/2. For p = 1/2 in blue. For p = 1 the
corresponding approximate solution pjo(¢) of the Caputo fractional logistic differential equation (3.2)
(orange) and the classical logistic function below (green)

Taking x = 1 we derive

L ilE(l)tn 1+1t 1t3+ ! 1+ > ant”
— _ - = —_f — _ e = a s
1+ et 27" T2 4 48 480 "
n=0 n=0
where
1 n—1
a, = ;[an_1 — ;anq—kak], n>l

This logistic function is the solution of the logistic problem
W =ull—u), u0) = 1
= , =3

It is well-known that the coefficients a, are related to the Euler numbers E, by

E,
2-n!’

a, =
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For a given ap € R and in view of (4.3), we define the generalized proportional
fractional Euler numbers by the recurrence relation

_ Tl —-1+1) B
an(a, p, A, 1) = —,OD‘F(OHZ T (Aap—1 — pbp—1). (5.1

For A = ©u = 1 we denote a,(«, p) = a,(a, p, 1, 1). If in addition p = 1 then
ap(a) = ay(a, 1).

Obviously,
ap(1,1,1,1) = Tl
Also,
E
ap(a,1,1,1) = 2.”’”,
where

E} = TI'(an + ay(a)

are the Euler fractional numbers introduced in [12] and studied in [3].
We therefore have generalized the Euler numbers E,, and the Euler fractional num-
bers E;) to the generalized proportional Euler’s fractional numbers

E%PHI = [(an 4 1) - ap(a, p, A, 11).

6 Conclusions

We have introduced a new generalization of the fractional logistic differential equation.
To find an explicit solution as a fractional power series, one is lead to the corresponding
general fractional Euler’s numbers.

Some figures are plotted to illustrate the results in order to compare the solutions of
the classical logistic equation, of the Caputo fractional logistic differential equations
and the new generalized proportional fractional logistic differential equation.
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