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Abstract

In this paper, we investigate the solution of multi-term time-space fractional par-
tial delay differential-algebraic equations (MTS-FPDDAESs) with Dirichlet boundary
conditions defined on a finite domain. We use Laplace transform method to give the
solutions of multi-term time fractional delay differential-algebraic equations (MTS-
FDDAES). Then, the technique of spectral representation of the fractional Laplacian
operator is used to convert the MTS-FPDDAEs into the MTS-FDDAEs. By applying
our obtained solutions to the resulting MTS-FDDAESs, the desired analytical solutions
of the MTS-FPDDAESs are obtained. Finally, we give the solutions of some special
cases.
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1 Introduction

In the last few years, the interest of the scientific community towards fractional calculus
experienced an exceptional boost, so that its applications can now be found in a great
variety of science fields, for example, anomalous diffusion [1], solute transport [2],
random and disordered media [3, 4], electrical circuits [5], and so on. The reason of the
success of the fractional calculus in modeling natural phenomena is that the fractional
calculus operators are nonlocal operators, that makes them suitable to describe the
long memory or nonlocal effects characterizing most of the physical phenomena.

Fractional partial differential equations are an important class of differential equa-
tions. They can model the dynamics of complex systems. At the same time, the
necessity of a powerful technique for solving these new types of equations came up,
becoming one of the main research objects in both the fields of theoretical and applied
sciences, In the available literature, there exist various methods for solving fractional
partial differential equations, such as analytical methods and numerical algorithms,
[6-10].

Analytical solutions of fractional partial equations are of fundamental importance
in describing and understanding the physical phenomena, since all the parameters are
expressed in a mathematically closed form and therefore the influence of individual
parameters on natural phenomena can be easily examined. Also, the analytical solu-
tions make it easy to study asymptotic behaviors of the solutions, which are usually
difficult to obtain through numerical calculations. Besides, the analytical solutions may
serve as tools in assessing the computational performance and accuracy of numerical
solutions.

The analytical solutions of fractional partial equations have been reported in lit-
erature, see e.g. [11-23]. Integral transforms, such as the Laplace transform and the
Mellin transform, have been widely applied to develop the analytical solutions to frac-
tional differential equations (for example, see [11, 12]). But, one of the disadvantages
of the integral transform method is that the inverse transform is mostly performed
based on the complex functions, thus limiting the types of the analytical solutions
of the equations. Accordingly, some researchers developed a spectral representation
technique to obtain the desired solutions [20-22].

Fractional partial delay differential-algebraic equations often arise in many impor-
tant physical problems, [24-27]. To the authors’ knowledge, the analytical solutions
of the fractional partial delay differential-algebraic equations have not been reported
in literature yet. In [28], Zaczkiewicz applied Laplace transform for investigate of
linear stationary fractional differential-algebraic equations with delays and to obtain
analytical representation of solutions in the form of series in power of solutions to the
equations. In this paper, we consider the following MTS-FPDDAE:s defined on a finite
domain of the form

P(D¥)u(x, 1) = —kp, (=) Tu(x, 1) — kp, (=) To(x, 1) + f(x. 1),

q q 1.1
V0x, 1) = —kgy (=A) Tu(x, 1) — kgy (—A) Fv(x, 1 — ) + g(x, 1), @b
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410 X.Ding et al.

with the nonhomogeneous Dirichlet boundary conditions

; (1.2)

u,1) =uog(t), ull,t)=ur(), 0< T
h <T, (1.3)

<
U(O’ t)=v0(t)7 U(Lat)va(t)v - t
where (x,¢) € [0, L] x [0, T] (L and T are constants), the operator P(D;)u(x, t) is
defined as

p
P(D}u(x,t) = (Df‘ + ZaiD;x’)u(x, H0,0<a, < - <o <a<2,a 20,

i=1

and assume that 0 < o — oy < 1, D7 (o stands for o or «;) is the Caputo frac-
tional derivative of order o with respect to ¢, and the Laplacian operator is defined
as (—A) = —%22 The space fractional derivative (—A)% (k = p1, p2,91, q2, and
1 < p1,q2 £2,0 < g1, p2p < 1)is afractional Laplacian operator defined through
the eigenfunction expansion on a finite domain. The detailed definitions of the Caputo

fractional derivative and the fractional Laplacian operator are given in the next section
(or see [20, 29]).

The rest of this paper is organized as follows. In Section 2, we give some basic
definitions and useful properties, which will be used in the paper. In Section 3,
we use the Laplace transform to discuss the analytical solutions of fractional delay
differential-algebraic equations. In Section 4, we discuss the analytical solutions of
MTS-FPDDAESs with fractional diffusion terms. In Section 5, we give the analytical
solutions of MTS-FPDDAEs with fractional wave terms. In Section 6, we provide the
details of the solutions of some special cases.

2 Preliminaries

In this section, we give some basic definitions about fractional calculus and important
properties on Laplace transform, which will be used throughout this paper. For details,
one can refer to [29].

Definition 1 Let f € C([0, T]) and @ > 0. The Riemann-Liouville fractional integral
of order « with respect to ¢ is defined as

1 t
Tf (1) = mfo (t—0)* ' f(rydr, t>0,

where I'(-) is the Gamma function.

Definition2 Let f € C"([0,T]) and m — 1 < a < m, where m € N*. The Caputo
fractional derivative of order « with respect to ¢ is defined as

1 t
DY f(t) = mfo (t —o)" e L dr, 1> 0.
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The Laplace transform of the Caputo derivative of f is given by

m—1
L{DY f)(1); s} =5*F(s) —Z s Q) m—1 <a <m,m e N, (2.1)
k=0

where F (s) denotes the Laplace transform of the function f (¢).
There exists the following relationship between the Riemann-Liouville fractional
integral and the Caputo fractional derivative.

Property 1 ([29]) Letm — 1 < a < m, where m € NT. Then the relations hold:

m—1

(DETZ )0 = F©), TDENO = F0 =Y D0, 120

k=0

Definition 3 ([20]) Suppose that the Laplacian (—A) has a complete set of orthonor-
mal eigenfunctions ¢, corresponding to eigenvalues ,u,% on a bounded region D, i.e.,
(=), = M%(pn on D; B(g,) = 0 on 0D, where B(g,) is one of the standard three
homogeneous boundary conditions. Let

00
= {fzzcn%% cn = A{f, en) Z|Cn| lnl® < OO}
n=1

then for any f € F, (—=A)7 is defined by

(_A)%f = Z Cn/‘«(y):gon-

n=1

Lemma 1 ( [20]) Suppose that the one-dimensional Laplacian (—A) defined with
Dirichlet boundary conditions at x = 0 and x = L has a complete set of orthonormal
eigenfunctions ¢, corresponding to eigenvalues y,% on a bounded region [0, L]. If
(=), = M,Zlgo,, on [0, L], and ¢,(0) = ¢,(L) = O, then, the eigenvalues are

given by ,u% = ZLZ , and the corresponding eigenfunctions are ¢, (x) = sin(nwx /L),
n=1,2,...

Definition 4 ( [29]) The three-parameter Mittag-Leffler function is defined by

o]

(p)ik
Z Tk + )k B,y,p >0, zeR,

where (p)o = 1, (0 = 552 = p(o+ 1)+ (p+k = 1), k=1,2,....

This is known also as the Prabhakar function. In particular, when p = 1, it coincides
with the two-parameter Mittag-Leffler function, i.e., E é)y(z) = Ep ,(2); when p =
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412 X.Ding et al.

y = 1, it coincides with the one-parameter Mittag-Leffler function, i.e., E}S’l(z) =
Eg(2).
The Laplace transform of the three-parameter Mittag-Leffler function is

sar—B

wFar Y

o0
L{ZPTVEY j(+az®); s) =/0 e P NED y(+az*)dz =

provided that |as~%| < 1.
An important function occurring in electrical systems is the delayed unit step func-
tion

1, t>a,
uqg(r) = (2.3)
0, t<a,

and its Laplace transform is given by

e—as

L{ug(t); s} = T Re(s) > 0. 2.4)

If F(s) is the Laplace transform of the function f(¢),i.e., F(s) = L{f(¢); s}, then

L{e" f(1); s} = F(s —a), (2.5)
and
Llug()) f(t —a); s} = e “F(s), a>0, (2.6)
and also we have
L™ ™ F(s):ity =u,(t) f(t —a), a=>0. 2.7

Another important function is the unit impulsive function

0, r#0,
8(t) = (2.8)
oo, t=0,
and one knows that
L{5@);s} =1, ie., £_1{1; t} =8(1). 2.9)

With respect to the convolution of the unit impulsive function, there exist several
basic properties, which will be used in the latter discussion.

Property 2 Let § be the unit impulsive function, f be any continuous function defined
on D, and * denote the convolution operation. Then, the following statements hold:
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(1) §x86 =6;
(i)dxf=fx8=1,
(i) f *8(t —to) = f(t — tp), where 1o € D.

Finally, we introduce some notations, which will be used in the remain sections.
We use C;' to denote the combinational number formula, * stands for the convolution

operation, and r; := |:%i| where [%] denotes the largest integer less than or equal to

h*

3 Solution representation

In this section, we investigate the solution representations of fractional differential-
algebraic equations with delays.
Consider a simple fractional differential-algebraic equation with delay of the form:

3.1)

Dix1(t) = hMx1(t) + Aox2(t) +u(t), 0 <a <2,
x2(t) = A3x1(t) + Agxp(t — h) +e(t), h >0, t € [0, T],

where A1, A2, A3, A4 € R, and u, e are two known continuous functions defined on
[0, T].

First, we consider the solution of equation (3.1) in the case 0 < o < 1. When we
discuss its solution, equation (3.1) satisfies the initial conditions

xl(o) = X0, xz(t) = @(t), re [_hv O]a (32)

and we assume that the initial conditions are consistent, i.e., ¢(0) = A3x1(0) +
ra@(—h) + €(0).

For giving the solution of equation (3.1) with the initial conditions (3.2), we take
the Laplace transforms on the both sides of equation (3.1) to obtain

X165) Aas®Le=hs x1(0) 5% 1x1(0)
s) = —
: (s = A)(hge™ — 1)+ horz  (s¥ — A1) (hae™ — 1) + 1223
Aohge s fi)h e STp(t)dT N rae U (s)
(s = A (hge™ — 1) + Aok (s¢ — A (hge™ — 1) + ha23
Us)
(5% — A1) (Age™ — 1) + Aoh3
ME(s)

- , 33
(5% — A1) (Age™h5 — 1) + AoA3 3-3)

where X1(S), U(s) and E(s) denote the Laplace transforms of x1(¢), u(¢) and e(z),

respectively.
Next, we consider the Laplace inverse transform of X (s).
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414 X.Ding et al.

Let sﬁ“‘_szl;_)‘ijiz < 1. Then, we have
Stx—le—hs
(5% = A1) (hge™ — 1) + Aoh3
sozflefhs 1
- 5o — A — A2A3 . 1 — (5% — A1 — AA3) " L(Ags® — AjAg)e— s
B go—1p=hs i (has® — )Ll)u‘)nefnhs
S¥ — A1 — A2A3 (5% — A1 — A2A3)"

n=0
ia+a—le—(n+l)hs

o n s
==Y ) Ch(—a)"M— _
— — +1
== (5% = A1 — A243)

o -1 ia+a—le—lhs

_ i I—i=141-1__S
__chlfl(_)tl) Ay (S“—)\l—)»z)q)l'

=1 i=0

For brevity, we introduce the following two notations:
_ PAZ _ L y—1pp a
A= A1+ A2A3, g, =t Eﬂ’y()\z ), Byv,p>0,X1, zeR. 3.4

Then, by (2.2) and (2.7), we have

! Sotflefhs
,Ci s
{(S“ — A (hge™ — 1) + da23 }
oo [—1
== > —a) T e = )TV EL L = T ()
=1 i=0
re 1—1
== > ¢ (AT e =) TTVEL L = )
=1 i=0
It -1
' [—ie1,1—1 LA(t—lh)
= Z Z Cr (A ™ Ay e ey (3.5)
=1 i=0

Using the similar arguments to (3.5), we can obtain

| sa—]
_ L
{ (5% = A1) (hge™ — 1) + Aoh3 }

Tt n
i —i 1;M(t—nh
==Y > Ch=r)" T e T, (3.6)
n=0i=0
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and

| e—hv
_ y
{ (s¢ — A1) (hae™ — 1) + Aak3 }
re -1

1 i —1 La(t—Llh
==Y )l (=AY ‘easof(’,_i)), (3.7)

=1 i=0

and

1
L1 ot
{(S"‘ — A1) (hge™h — 1) 4+ Aoh3 }

_ n+1;A(t—nh)
—ZZC’( A" A e it - (3.8)
n=0i=0

On the other hand, we define a new staircase function p(¢) on [—h, co) such that

=}

3

1) = 0, 1> 3.9
pt) = " (3.9

N

t <0,

and extend the function ¢(¢) to [—h, 00) such that ¢ () = ¢(0) for t > 0. Based on
this extension, it has the following relationship

0 [ee)
e_hsf e Te(t)dr = / e o(=h +t)p(—=h + t)dt
0

—h
= L{o(—h + 1) p(—h +1); 5}. (3.10)

Therefore, from (3.3), (3.4), (3.5), (3.6), (3.7), (3.8) and (3.10) and the definition (3.9)
of the function p(¢), we can obtain that: For 0 < ¢ < h, the representation of the
solution x; is given by

t—h t
x1(t) = Eq (M%) x0 + ohs / ey Mg (r)dT + f el M=) (u(r) + )\ze(r))dr
h 0

Forh <t < T, we have

It n
i — LA h
0= (2 S cimr e

n=0i=0
re -1
I—i—141 l?»(t Lh)
_ZZCZ 1(=A1) - T 1)+1>x0
I=1 i=0

LAt —(n+1)h—
+ZZC1( A" ’)»2)»"“/ egz(nflf(;v) r)§0(r)dt
n=0i=0 -
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416 X.Ding et al.

ry -1

t
LA(t—lh—
DD IS RICTY) o 1)\1/ afjg,_i) Du(t)dt

I=1i=0

o ) NCTEBCUL / T (w(e) + Aze(0) )de

n=0i=0

On the other hand, we solve the second equation of (3.1) by step-wise method to
deduce that

rt It
0 =Y AaMxi(t —nh) + 25 o —rh — )+ ae(). (.11
n=0 n=0

Based on the above analysis, we can establish the following theorem.

Theorem 1 Let 0 < a < 1, xg € R, and ¢ be a continuous function on [—h, 0]. Then
the solutions of equation (3.1) with the initial conditions (3.2) are given by

t
Eq(Mt%)x0 + A2A4/ eéiz(’_h_r)(p(r)dr

t
+/ eéiﬁ“‘”(u(r) +A2e(r))dr, 0<t<h:
0

n+1;A(t—nh)
(L y i etz

n=0 i=0
ry -1
I—i—141 l?»(t Lh)
_ZZCZ 1(=41) - Age a,o(l—i— 1)+1>
x1(t) = =1 i=0
LA(t—(n+1Dh—
+ Y Chcaaaig? [  goar
n=0i=0 -

re [—1

t
Lid(t=lh—
=YY [

I=1i=0

+ZZC’( —AD" ’)»4/ it ir ”<u(r)+,\2e(r))dr
n=0i=0
h<t<T,

and

xz(t)_ZM(Mxl(t—nh)+e(t))+>f’“ (t—rch—h), t €10, T], (3.12)
n=0

where A and egjgz are defined in (3.4).
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In the following, we consider the solutions of equation (3.1) in the case 1 < o < 2.
We discuss its solution that satisfies the initial conditions

x1(0) =xo, x1(0) =xy, x2(0) = (1), t€[—h,0], (3.13)

and assume that ¢ satisfies ¢ (0) = A3x1(0) + Ag¢(—h) + €(0).
In this case, using the similar arguments as in Theorem 1, we can establish the
following theorem.

Theorem2 Let 1 < o < 2, xo, x(/) € R, and ¢ be a continuous function on [—h, 0].
Then the solutions of equation (3.1) with the initial conditions (3.13) are given by

t
Eq(M*)x0 + Eq2(AM*)x) + Aora / ey Mg (r)dt
—h

!
+/ eé;ﬁ(z—r) (“(T) + Aze(r))dr, 0<t<h;
0

n+1; A(t nh)
(S X ctnr—taeiiin

n=0i=0
re -1
I=i=1y1 Jir(t~lh)
_ZZCI 1(=A1) o Age a,a(l—i— 1)+1) X0
=1 i=0
i n—iyn n+1; A(r nh)
(X chnr e
=1 =00
It
I—i—141 l)»(l lh) /
=D G =) T e 1)+2>xo
=1 i=0

+1 n+LA(t—m+1)h—1)
+ZZC1( A" T / ent iy p(t)dt
n=0i=0 -
re 1—1

t
Ih(t—lh—
_ZZCI (AT lk4f oz):x((tl—i) Vu(rydr

=1 i=0

+ZZC’( h)' A / T (u(2) 4 de(r) )
n=0i=0
h<t<T,

and

x2(t)=  M(axi(t—nh) + e(®)) + M ot —rh—h), 1 €[0,T], (3.14)
n=0

where ) and egjgz are defined in (3.4).
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At this stage, we consider the solution of MTS-FPDDAE of the form:

{P(D;“)xl(t) = hx1 () + Aoxa () + u (1), (3.15)

x2(2) = A3x1(t) + Agxa2(t — h) +e(t), te€[0,T],

where the operator P (D;) is defined as

p

P(D)x(t) = <Df’ +Za,~Df"'>x(I), 0<ap< <oy <a<2, a5 >0,
i=1

ai=>03G=2,...,p),

and0 < o — a1 < 1, A1, A2, A3, Aq4 € R, and u, e are two known continuous functions
defined on [0, T'].

First, we consider the solutions of equation (3.15) in the case 0 < ) < --- <
o1 < o < 1. When we discuss its solution, the equation satisfies the initial conditions

x1(0) = x0, x2(t) = (), t €[—h,0] (3.16)

and we assume that ¢ satisfies ¢(0) = A3x1(0) + tap(—h) + €(0).
To provide the solution of (3.15) with the initial conditions (3.16), we need some
useful lemmas.

Lemma2 ([22]) Let 0 < ap < - <) <o, 0 < a—a; < 1,a >0,

P

> aisti4a
i=2
s¥4ays¥l

ai 200 =2,...,p), Abedefined in (3.4), and < 1. Then we have

@(r):ﬁl{ > ! ;t}
S+ ais% 4+ A

i=1

> m m!
= Z(—l) Z m

m=0 ki+ko+-+kp=m
e p
s i oc—ozl,(m+l)a—2j:2 kjaj

wherek; > 0,i =1,2,..., p.
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Lemma3 ([22]) LetO<ap <---<aj<a<la >0,a, 200 =2,...,p), A
ias”i+)\

w < 1. Then, we have

be defined in (3.4), and

p
Soz—l 4 Z aisa,——l
120 =£‘1{ p’ZI ;t}
S% 4 Y ais% 4+ A
i=1

> m m!
=Y (-1 > PR

m=0 ki+ko+--+kp=m

ky ki jmo— Z'—z joj m+1 a—aj
Xl_[)\ a;t Eoz ay,moa— Z_zkaJrl( at )

m! L
+ mX:;)(—l)m D o s [

kitka 4+ +kp=m =2

m+1)a—o, o 1 -
% Za pmtDa—an Z] = kjej pm+ » (—at*=*,
a—otl,(m+1)06—04n—2]-:2kj°’./+1

wherek; > 0,i =1,2,...,p

Lemma4 ([22]) Letl < apy41 <--- <oy <a<2,a1>0,a200=2,...,p),
i a;sYi+\
i=po+1

X be defined in (3.4), and < 1. Then we have

s%+ays¥1

p
s(x—Z + Z aisai—Z

r0) :L‘l{ i:po+1 ;t}
S¢+ Y ais% 4+ A
i=1

(0.¢] m'
mX::O( ) Z kilka! - - -kp!

ki+ko+--+kpy=m

k1 k mot _2k aj+1 mm+1 oa—o]
X HA ! Eot —ay,mo— Z_zkjot,JrZ( at )

oo P
m! )
_1\m o k1 ki
+Z( D Z kl!kz!-"kp!,l_[/\ 4
m=0 ki+ko+--+kp=m i=2

P
Da—a,—%F kijoi+1 _
% Z ant(m+ Ja—on=3 ;o kjoj+1 pm+1 » (—at*™),
ozfal,(m+l)ot7anfzj=2k_,~otj+2
n=po+1 ’
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420 X.Ding et al.

wherek; >0,i =1,2,...,p.

Remark 1 The series involved in Lemma 2 converges uniformly on [0, 7']. That is to
say, the function @ (¢) is well-defined. In fact, from the relationship 0 < o — a1 < 1
and

(m+1)a—Zk aj = (m+ 1)« —ap),
j=2

one knows that the three-parameter Mittag-Leffler functions involved in Lemma 2 are
monotone decaying functions of 7 and so they are largest at + = 0. (For details, one
can refer to [30]) That is to say, we have

00 P
m! ki (mtDa—YP_ kjo;—1
—_1m o Ak ki pmtDe=2 5 5 kja,
e Y [T
m=0 i=2

ki+ko+-tkp=m

1 a—o
x E™T apt“"
a—otl,(m—i-l)oz—z] ,kja ( ! )

%i > miw vl_[mkl [ e Rt
m=0 m! ki+-tkp=
0 | -
L

fm+Da—1 P m
(|A|+Zait_“i> . (3.17)
i=2

<—
I'(x —al)

F(oe —ap)

Obviously, the series of the right hand of inequality (3.17) is convergent uniformly
on [0, T']. Hence, the series involved in Lemma 2 is convergent uniformly on [0, T'].
Using the similar arguments, we can prove that the series involved in Lemmas 3
and 4 converge uniformly on [0, T]. Therefore, the function ¥ (¢) and 7 (¢) are also
well-defined.

Now we can give the analytical representation of the solution.
Theorem3 Let0 < ap < -+ <ay <o < 1, x9 € R, and ¢ be a continuous function
on [—h, 0]. Then the solutions of equation (3.15) with the initial conditions (3.16) are
given by

x1 (1)

- 2& icjgmm"(wn AW — h)) * D —h) %% Pt —h)x0

n=0 i=0

i

+ Y MM T CHA) D (1) % Dt — h) k- Dt — h) x(p(t — h)p(t — )
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+ DM D Ch02) (D) = 2a® (= 1))+ D =) x5 DU — h) sult)
n=0 i=0 ;

+ Y MM Y CLOAM) D)k P(t — h) - x D(t — h) velt), (3.18)
n=0 i=0

i

and

X ()= MGsxi(t—nh) +e(0) + 24 o —rh—h), 1 €[0.T], (3.19)
n=0

where ) is defined in (3.4), p(t) is defined in (3.9), ® and ¥ are defined in Lemmas 2
and 3.

Proof Using the similar proof to Theorem 1, we take the Laplace transforms on the
both sides of equation (3.15) to obtain

P
)»4<s°"1 +> a,-s"‘if])efhsxl(O)
i—1
Xi1(s) = - l
(SO‘ + Z ajs%i — )»1)()»46_}” — 1) 4+ X3
i=1

(s“‘_l + éais“i_l>x1 0)

1

P
(S‘x + Z a;s% — )»1)()\48_]” — 1) 4+ AA3

i=1

Jodrae™ S jfh e To(t)dt

P
(SO‘ + > ajsv — k1>(k4€_hs — 1) 4+ AA3

i=1

rae MU (s)

P
(s"‘ + ) ais® — )»1>()»4e*hs — 1)+ 23
i=1

U(s)

P
<s°‘ +3 a5 — A1>(A4e*hs 1)+ a3

i=1

ME(s)

- .
(SO‘ + Z a;s% — )\.1)(}\.46_]” — 1) 4+ X3
i=1
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Next, we consider the Laplace inverse transform of X (s). Let

)4
)»4(5“ + ) aisti — )»1)
i=1

< 1.

P
s¢ + Z ais% — A — AA3

i=1

Then, we can deduce that

P
<Soc—l + Z aisa,-—l>e—hs

i=1

P
(s“ + ) ais® — A1>(A4e—hs — 1)+ 2
i=1

R i—1),—h
(s"" + > aps%i~ )ei § .
i=1

P P
SY 4+ Y ais% — A — AaA3 M(S‘“FZ ais% fM)e‘hS
=1 1 _ pt:l
94D aishi—h1—AoA3
i=1

(safl 4 Xp: aAsU‘ifl)e*hS kn<sa 4 f: a:s% — \ )n —nhs
i oo Mg i 1) €

- i=l 3 i=l . (3.20)

P p n
s¢ 4+ Z a;s% — A1 — ApAz n=0 (s“ + Z a;s% — Ap — )\2)»3)
i=1 i=1

On the one hand, by Lemma 3 and (2.7), one knows that

‘|

where ¥ is defined in Lemma 3. On the other hand, since

P
<sa—1 + Z al,soti—1>e—hs
i=1

. ;t} — W@ —h), (3.21)
44 Y ais% — A — A2A3

i=l

J2
(s"‘ + Y ais% — M)
i=1

L—l{(

=£—1{1+

o)
P
U3 ays — Ay — xzxg)

i=1

AA3

]
)4
(Sa + Y ais% — ) — )»2)\3)

i=1

=0(t) + A A3P (1), (3.22)
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where § is the unit impulsive function, and @ is defined in Lemma 2, it follows that

p n
o A (Sa + > aisvi — k1> e nhs

cg

P n
n=0 (s"‘ 3 as — g — )\m)
i=1

- ixg (8(t—nh) + kgkg(b(f—nh)) - (8(t—nh) + A2k3q)(t—nh)) o (1)
n=0

n

= Xt:xg (5(; — nh) + AA3B(t — nh)) P (8(t — nh) + A3 (t — nh)) .
n=0

n

(3.23)

Based on the above analysis and Property 2, we can obtain

p
(Sot—l + Z al,soz,v—l)e—hs

I |

P )
s% 4> ais% — )»1)()»46_}” — 1)+ A3

i=1

P
(Sa—l 4 Z aisai—l)e—hs

:—,C_l{ 7 i=l ;t}
SY 4D ais% — A — AA3

i=1

P ) n h
Ag(s“ + > ais% — kl) e s
i=1

P n
(SO‘ + > ais% — A — Xz)@)
i=1

00
* L] { Z
n=0

o)
r n

== MDY CLOA) W —h) x Dt —h) % x Pt —h).  (324)

n=0 i=0 i

Similarly, we can obtain that

p
(s"f_1 +> al-s""'_l)
i=1

|

P

%4+ > ajs%i — )»1)()»46_}” — 1)+ A3
i=1

E‘l{(

=— Z,\g Zc;’,(,\zxg)"gv(t) x @t —h)x-- %D —h), (3.25)
n=0 i=0

i
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—hs
SR —
(S“ + Z ajs% — X])(k4e_hs — 1)+ A3
i=1

== MDD CiA) d(t —h) - x D(t — h), (3.26)
n=0 i=0

i+1

1
(SD‘ + Y ajs% — )»1)()»46_}” — 1)+ ArA3
i=1

and

S Z,\g ZC,’;(MM)"@@) kD —h)x---xD(—h). (3.27)

n=0 i=0 i

From (3.24), (3.25), (3.26) and (3.27), the Laplace inverse transform xi(¢) of X(s)
can be obtained. Furthermore, using the stepwise method, we can give the expression
of x5 (). The proof is completed. O

In the following, we consider the solutions of equation (3.15) in the case 0 < ), <
c<ap, <1 <apyqr < -+ < a < 2. We discuss its solution satisfying the initial
conditions

x1(0) =xo, x1(0) =x5, x2(0) = @(r), t €[—h,0], (3.28)

and we assume that ¢ satisfies ¢(0) = A3x1(0) + Aq@(—h) + €(0).
Using similar arguments to Theorem 3, we can establish the following theorem.

Theorem4 Let 0 < ap < -+ < opy < 1 < oppp1 < --- < a < 2, x0, x5 € R,
0 < a—oa <1, and ¢ be a continuous function on [—h, 0]. Then the solutions of
equation (3.15) with the initial conditions (3.28) are given by

x1(1)

=5 Zc,iuyxg"(u«n AW — h)) « Bt —h) %% Dt —h)xo
n=0 i=0

+Y Zc;(xzxg)'(r(t) Y — h)) £ Dt —h) k- % D(t — ) x)
n=0 i=0

i

+ szxg“ Zc,g(,\z)\g)"@(t) $ @t —h) - Dt —h)*(pt — h)p(t — h))
n=0 i=0

i
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It n

+Y chl(xzxg)"(qs(t) (1t — h)) « Dt —h) %% Dt — h)5ult)
n=0 i=0

i

FY MM Y CLORA) D (1) % D(t — )k -k Dt — ) He(?),

n=0 i=0 i

and

T It
xp(t) = aaMjxi(t —nh) + 24 ot — rch —h) + ) Me(r), 1 €0, 7],
n=0 n=0

where A is defined in (3.4), p(t) is defined in (3.9), @, ¥ and T are defined in Lemmas
2, 3 and 4, respectively.

Proof We firstly take the Laplace transforms on the both sides of equation (3.15) to
obtain

p
)»4<Sa_l +Y ais""'_l)e_hsxl(O)
i=1

X1(s) =

P
(s"‘ + ) ais® — A1>(k4e—hs — 1)+ 23
i=1

(sﬂ‘*l + i aisa"’l)xl(o)

i=1

)
(Sa + Z ajs% — )\.])()\.4€_hs — 1) 4+ X3
i=1

(224 % as2) 0

i=so+1

)
(SO‘ + Z ajs% — )»1)()»46_}” — 1) 4+ X3
i=1

P
A (s“_z + > ais"‘f_2>e_“hx§ 0)
+ i=so+1

P
(SO‘ + Z ajs%i — )»1)()»46_}” — 1) 4+ X3

i=1

Aaaehs f?h e To(t)dt

P
(S"‘ + > ais% — )»1)()»46th — 1)+ A3
i=1

rae MU (s
n 4 (s)

p
(soz + ) ajsv — )\.1)()\.48_hs — 1) 4+ A3

i=1
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U(s)

P
(Sa + Z ajs% — )\‘1)()\.467]1‘? — 1) 4+ X3

i=1

ME(s)

- .
(So‘ + Z ajs%i — )»1)()»48_}” — 1) 4+ X3

i=1

Using the similar arguments to (3.24), we have

p
<Sa72+ » aisa,-72>e7hs

i= 1
£—1{ > i=po+ ’ t}
(S“ + Y ajs% — )»1)()\46_}” — 1)+ A3
i=1

It n
= _sz Zc;;(xzx3)"r(t —h)x Dt —h)x---x Dt —h),
n=0 i=0

i

and

p
(so‘_z—l- > ais""'_z)

= 1
£—l{ > i=po+ : t}
(S‘x + ) ajsv — A1>(A4e—hs — 1) 4+ AA3
i=1

- _ZAch;(xzxg)iT(z)*qb(t —h)x-- %D —h).

n=0 i=0 i

And we combine (3.25), (3.26) and (3.27) to obtain the expression of x1 (¢). The proof
is completed. O

4 Analytical solutions for the MTS-FPDDAES with fractional diffusion
terms

In this section, we consider the analytical solutions of the MTS-FPDDAE in the case
O0< oy < -+ <o; <o < landay > 0. In this case, equation (1.1) is a generalized
time and space fractional partial delay differential-algebraic equation with fractional
diffusion terms. We discuss its solution that satisfies the nonhomogeneous Dirichlet
boundary condition (1.2) and the initial conditions

ux,0) =vx), vx,t)=d¢x,1), 0<x<L, —h<r<O. “4.1)

In order to solve the equation with the nonhomogeneous Dirichlet boundary con-
ditions, we first transform the nonhomogeneous Dirichlet boundary conditions into
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homogeneous Dirichlet boundary conditions. Let
u(x, 1) = Wilx, 1) +&(x, 1), vlx, 1) = Walx, 1)+ ¢(x, 1), (4.2)
where Wi (x, t), W»(x, t) are two new unknown functions, and

E(x, 1) = M}c Fuo(t), C(x,1) = Mx + o (D).

Substituting (4.2) into (1.1), we get the fractional partial delay differential-algebraic
equation

P(DPYWi(x, 1) = —kp, (=) T Wi (x, 1) — kpy (—A) T Walx, 1) + fi(x, 1),

4 5! 4.3)
Walx, 1) = —kg; (=2) 2 Wi(x, 1) — kg, (L) T Walx, t — h) + ga(x, 1),
with the homogeneous Dirichlet boundary conditions
Wi(0,1) = Wa(L,1) =0, 0<7r<T,
WZ(O, t) = Wz(La t) = 0, —h g t < Ta
and the initial conditions
0)—uo(0
Wit 0=y — L0, 0<x <, (44)
vr (1) —vo (1)
Walx,)=¢(x.1) = ——F——x =), 0S¥ < L, -~ <1 <0, (43)

where

Fi(x 1) = —P(DOE@. 1) — kp (—A) TECE 1) — kpy (=AY T £(x, 1) + f(x, 1),
g1 1) = —L(x, 1) — kg (=AY TEQ. 1) — kg (=) T £(x, t — h) + g(x. 1).
According to Lemma 1, the eigenvalues ,u% (n = 1,2,...) of the operator (—A)

with the homogeneous boundary conditions is u% = n?7?/L?, and the corresponding
eigenfunctions are ¢, (x) = sin(nwx/L),n = 1,2, .... Then we set

Wi(x,t) = Z w1 (2) sin(nrx /L), Walx, t) = Z wna (1) sin(nrx /L), (4.6)

n=1 n=1

NG, =) fu@sin(arx/L), gi(x, 1) = Y gu (@) sin(mx/L).  (4.7)

n=1 n=l1

Substituting (4.6) and (4.7) into (4.3) leads to

{ P(D;*)wnl(t) = —kp.,uffl Wy (t) — kpzlﬁlzuwnZ(t) + fu1 (@), (4.8)

w2 (t) = _kqll"«zl Wy (t) — kq2ﬂz2wn2(t —h) + gni(t),
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with the initial conditions
2 L
wy1(0) = Z/ Wi(x, 0) sin(nmwx/L)dx,
0
2 L
wy(t) = Z/ Wy (x, t)sin(nwx/L)dx, 4.9)
0

where —h < ¢t < 0. By Theorem 3, the solutions of equation (4.8) with the initial
conditions (4.9) are

wy1 (1)

—ZA ch(xm) (llf(t)—mtlf(t—h))*q)(t—h)* % Dt — h)wy (0)
=0

i

+ Y MM T Ch(A) D) Dt —h) % -k D(E—h) x(wpa(t—h) p(t—h))

n=0 i=0 i
It n ) )
+3 1 Clans) ((b(t) A — h)) « Bt —h) k-5 Bt — h) % fo1 (£)
n=0 i=0 i
Tt n
+ Y MM Y CLOQA) D(1) 5 D(t — )k -k D — ) Hgu (1), (4.10)
=l i=0 i
and
It
wna(t) = Y My awar (t = nh) + g1 (1)) + A7 Hwia(t = reh = h),  (4.11)
n=0
where
= _kplllvn s _kpzﬂn » A3 _kqllun s
M= —kg i A = A1+ Aohs, (4.12)

and @, ¥ are defined in Lemmas 2 and 3, respectively.

Therefore, we obtain the solutions of equation (1.1) with the boundary condition
(1.2) and the initial conditions (3.11) are

up (1) — uo(t)

ulx,t) = Z wp1 () sin(nwx /L) + 2

n=1

x +uo(?),

v (t) — vo(0)

v(x, 1) = Z wpo(t) sin(nwx /L) + 7

n=1

x + (1),
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where w1 (1), wy2(t), A;(i = 1,2,3,4) and X are given in (4.10), (4.11) and (4.12),
respectively.

5 Analytical solutions of the MTS-FPDDAES with fractional wave
terms

In this section, we consider the analytical solutions of the MTS-FPDDAE in the case
0<ay <---<apy <1 <apyy1 < <a<2anday > 0. In this case, equation
(1.1) is a generalized time and space fractional partial delay differential-algebraic
equation with fractional wave terms. We discuss its solution that satisfies boundary
condition (1.2) and the initial conditions

ulx,0) =), u;(x,0) = x(x),v(x, 1) =d(x,1),0<x < L. 5.1

In order to solve the equation with the nonhomogeneous Dirichlet boundary conditions,
we firstly transform the nonhomogeneous Dirichlet boundary conditions into Dirichlet
homogeneous boundary conditions. Let

ulx,t) = Wilx, 1) +§(x, 1), vix, 1) = Walx, 1) + ¢(x, 1), (5.2)
where Wi (x, t), Wa(x, t) are two new unknown functions, and

E(x, 1) = Mx Fuo(t), C(x,0) = Mx ().

Substituting (5.2) into (1.1), we get the following fractional differential equation

P(DWi(x. 1) =—kp, (—8) T Wi (x, ) —kp, (—2) F Walx, D)+ f1(x. 1),

Wae, ) = —kgy (-2 F W1 (6, D —kp ) F o, =l 421y,
with the homogeneous Dirichlet boundary conditions
Wi1(0,t) = Wa(L,t) =0, Wr(0,7) =Wa(L,t)=0,0<r<T,
and the initial conditions
Wi, 0 =y~ EOZD ) <<, (5.4)
%(tx,t) = x(x) — Mx —up(0), 0<x<L, (5.5)

v () —vo()

Wa(x,1)=¢(x,1) I

x—v9(®),0<x<L,—h<t<0, (5.6)
where
A1) = —P(DNE@. 1) — kp, (=A) TEC, 1) — kpy (—A) T L(x, 1) + Fx. 1),
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g1 1) = —L(x. 1) — kg (=AY TEQ. 1) — kg (=) T £(x, t — h) + g(x. 1).

According to Lemma 1, the eigenvalues ,u% (n = 1,2,...) of the operator (—A)
with the homogeneous boundary conditions is M% = n?72/L?, and the corresponding

eigenfunctions are ¢, (x) = sin(nwx/L),n = 1,2, .... Then we set
o
Wie.1) =) war () sin(nmx/L),
n=1

Wa(x,1) =) wya(t) sin(nmx /L),

n=1

A6 =) f@sin(arx/L),

n=1

gi(x.1) =) gm () sin(nmx/L).

n=1

Substituting (5.7) and (5.8) into (5.3) leads to

P(D;*)wnl(t) = —kp.,uffl Wy (t) — kpzlﬁlzuwnZ(t) + fu1 (@),
w2 (t) = _kqll"«zl Wy (t) — kq2ﬂz2wn2(t —h) + gni (1),

with the initial conditions
2 L
wp1(0) = Zf Wi(x,0)sin(nwx/L)dx,
0
2 (Lawi(x,1) ,
w,/11(0) = z‘/(; T‘t:O sin(nwx/L)dx,

2 L
w2 (1) = z/ Wao(x, t)sin(nex/L)dx, —h <t <0.
0

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

By Theorem 4, the solutions of (5.9) with the initial conditions (5.10), (5.11) and

(5.12) are

w1 (1)

It

n=| i=0 .
i

re n

=S Zc;;(xm)”(wm AW — h)) « Bt —h) % %Dt — h)wy (0)
0

+ DM Y Chrara) (T = 2Tt = 1)) 5 DG = h) 55 D = h) w] 0)

n=0 i=0 .
i

+ Y MY Cha) () % D(t—h) -k D —h) w(waa(t—h) p(t—))

n=0 i=0 .
i
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rt n

+ DM Ch2r) (D1 = @t = 1)) 5 D= h) 55 D= h) f (1)
n=0 i=0 .

+ Y MY ChOA) @ (1) kBt — h) 5ok Dt — h) g (1), (5.13)
n=0 i=0

i

and
rt
w2 (1) = Y MG (3wt (t — nh) + g1 (1) + A T waa(t — reh — ), (5.14)
n=0

where A; (i = 1,2, 3, 4) are defined as (4.12), and @, ¥ and 7" are defined in Lemmas
2, 3 and 4, respectively.

Therefore, we obtain the solutions of Eq. (1.1) with the boundary condition (1.2)
and the initial condition (3.11) are

u(x, 1) =3 wyi (1) sin(nx/L) + Mx T up (o),
n=1
v(x, 1) = Z wpo () sin(nwx /L) + Mx + vo(1),

n=1

where w;,1(#) and w,(¢) are given in (5.13) and (5.14), respectively.

6 Special cases

In this section, we provide details of solutions for some special cases.

Case1: 0 < o < lLand a; = --- = a, = 0. In this case, the problem can be
described as

Deu(x, 1) = —kp, (—A) Tu(x, 1) — kpy (—A) Fv(x, 1) + f(x, 1),

ar @ 6.1)
v(x, 1) = —kg (=) 2u(t,x) — kg, (=D)2v(x,t —h) + g(x, 1),
with the nonhomogeneous Dirichlet boundary conditions
u@©,1) =uo®), u(ll,t)=ur@), 0<r<T, (6.2)
v(0,1) =vo(), v(L,t)=vp(@), —h<t<T, (6.3)

and the initial conditions
ux,0) =y x), vx,0)=¢x,1), 0<x <L, —-h<t<0. (6.4)
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Following the method in Section 4, let
u(x,t) = Wilx, 1) +&(x, 1), v(x, 1) = Walx,1) +¢(x,1), (6.5)
where Wi (x, t), Wa(x, t) are two new unknown functions, and

E(x, 1) = Mx Fug(t), t(x,0) = Mx ().

Substituting (6.5) into (6.1), we get the equation

DEW (x, 1) = —kp, (=A) T Wi (x, 1) — kpy (—A) T Walx, 1) + fi(x, 1),

a1 a 6.6)
Wax, 1) = —kg (=2)2 Wi(x, 1) — kg (—2) T Walx, 1 — h) + g2(x, 1),
with the homogeneous Dirichlet boundary conditions
Wi0,7) =Wa(L,1) =0, 0<t<T,
and the initial conditions
0) — uo(0
Wi, 0) = ¥ (x) - M’C ~u(0).0 < x < L, ©6.7)
t) — t
Wa(x, ) = ¢ (x, 1) — Mx ). 0<x <L —h<i<0, (68)

where
Fix 1) = —DYE(, 1) — kp (—0) TEQ. 1) — kpy (—A) T 2(x, 1) + F(x. 1),
g1 ) = —L(x. 1) — kg (=AY TEQ. 1) — kgy (=) T £(x, t — ) + g(x. 1).

According to Lemma 1, the eigenvalues u,% (n = 1,2, ...) of the operator (—A)
with the homogeneous boundary conditions is M% = n?mw?/L?, and the corresponding
eigenfunctions are ¢, (x) = sin(nwx/L),n = 1,2, .... Then we set

Wix, 1) =) wyi (1) sin(nx /L),

n=1

Wa(x. 1) = wy(t) sin(nmx /L), 6.9)
n=1

fie, ) =) fu@sin(rx /L),
n=1

gi(x.1) =) gm () sin(nmx/L). (6.10)

n=1
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Substituting (6.9) and (6.10) into (6.6) leads to

{ Dgwnl(t) = _kplﬂrlzjl Wy (1) — kpzﬂgzwnZ(t) + fu1(0),

with the initial conditions

6.11
wp2(t) = _kqlﬂzlwnl(t) - quﬂzzwnZ(t —h)+ g (), ( )
2 L
wy,1(0) = Z/ Wi (x, 0)sin(nmx/L)dx, (6.12)
0
2 L
wyo (1) = Z/ Wa(x, t)sin(nmx/L)dx, —h <t <0, (6.13)
0

Then, according to Theorem 1, the solutions of (6.11) with the initial conditions (6.12)
and (6.13) are

wy1 (1) =

and

t
Eo (M*)wp1 (0) + Aaha / eat T Do (r)dt

t
+ / S (Fun@) + hagu(0)dr 0 < 1 < b
0

n—iyn n+1;x(t—nh)

(ZZCZ( A" M a1
n=0i=0
e 1—1

i —ie LA(t—lh
D 3D DI RSN Iy PRI
I=1i=0 (6.14)

La(t— Hh—
3 chem it [ s
n=0i=0 B
re -1

t
Lx(t—lh—
=Y > =) lxl/ 2D fur(nd

I=1i=0

o TN f RO (@) + dagn (0)de

n=0i=0
h<t<T,

Tt

waa(t) = Y W Cawat(t — ) + g1 (0) + A T waat — rh — by, (6.15)

n=0

where A; (i = 1,2, 3, 4) are defined as (4.12), and egfgz is defined as (3.4).
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Therefore, the solutions of equation (6.1) with the boundary conditions (6.2) and
(6.3) and the initial conditions (6.4) are

u(x, 1) = 3wy (1) sin(nx/L) + Mx T uo(0),
n=1
v(x, 1) =Y wu(t)sin(nrx/L) + Mx + o (1),

n=1

where w,1(t) and w,>(¢) are defined in (6.14) and (6.15), respectively.
Case2:1 < a < 2and a; = --- = ap = 0. In this case, the problem can be
described as

Du(x, 1) = —kp, (=) Tu(x, 1) — kp, (=) To(x, 1) + f(x, 1),
v(x, 1) = —kgy (=) Tu(x, 1) — kgy (=) Fv(x, t — h) + g(x, 1),

(6.16)

with the nonhomogeneous Dirichlet boundary conditions
u©,1) =uo(®), u(l,n)=ur@), 0<t<T, (6.17)
v(0,1) =vo(), v(L,t)=vr(t), —h<t<T, (6.18)

and the initial conditions
u(x,0) =vx), v, t)=¢x,1), 0<x<L, —h<tr<0. (6.19)
Following the method in Section 5, let
u(x,t) = Wix,t) +&(x, 1), v(x,r)=Walx,1)+¢(x,1), (6.20)
where Wi (x, t), Wa(x, t) are two new unknown functions, and

_ ur () —uo(t)x Fuo(t), £ t) = v (1) — Uo(l)x

§(x,1) i3 2

+ vo(?).
Substituting (6.20) into (6.16), we get the following equation

DYW, (x, 1) = —kp.(—qA)%' Wi (x, r)—kpz(—qA)”% Wa(x, 1) + fi(x. 1),
Wa(x, 1) = —kgy (—A) T Wi(x, 1) —kgy (—A) T Walx, t—h) + g2(x, 1),
6.21)

with the homogeneous Dirichlet boundary conditions

Wi(0,1) = Wa(L,t) =0, W2(0,1) =Wa(L,1) =0, 0<r<T,
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and the initial conditions

ur(0) —uo(0)
e ——

Wi(x,0) =y (x) — 2 —uo(0), 0<x<L, (6.22)
AW (x, 1) uy (0) — ugy(0) /
B—t =X - e g (0), 0<x <L (623)

o0 =)

Wox,t)=¢(x,1) 2

x—vo(t), 0<x <L, —h <t <0,
(6.24)

where

rL »n
filx,t) = =DE(x, 1) — kp, (=1) ? §(x, 1) —kp,(=D) 7 CCe, )+ fx, 1),
q q
gi(x, 1) = —=¢(x, 1) — kq.(—A)Tlé(x, ) — qu(—A)TZC(x,t —h) +g(x, ).
According to Lemma 1, the eigenvalues ,u,% (n = 1,2,...) of the operator (—A)

with the homogeneous boundary conditions is M% = n?mw?/L?, and the corresponding
eigenfunctions are ¢, (x) = sin(nwx/L),n = 1,2, .... Then we set

Wi, 1) =Y war (1) sin(arx /L), Wax, ) = Y wpa(t) sin(nrx /L),  (6.25)

n=1 n=1

A0 =) @ sin(arx /L), gi(x, 1) = Y gui(t) sin(amx/L).  (6.26)

Substituting (6.25) and (6.26) into (6.21) leads to

{ D;anl (t):—kp“u,ffl Wy (t) — kpzﬂilizwnZ(t)'anl (1), 627)
wo (£) = —kgy it w1 (1) — kgy i win (t = B)+ g1 (1), '
with the initial conditions
2 L
wy1(0) = Z/ Wi (x, 0)sin(nmrx/L)dx, (6.28)
0
w0 =2 [FOD) i (6.29)
=— _— sin(nm .
nl Lo — 81l MR
2 L
wn(t) = Z/ Wo(x, t)sin(nmx/L)dx, —h <t <0. (6.30)
0

Then, according to Theorem 2, the solutions of (6.27) with the initial conditions (6.28),
(6.29) and (6.30) are
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Ea Gty 1 (0)+ g 2 () (0)+32g / eI =T) o ()T
“h

t
+ / e (fun (0 + dagu (@ )dr, 0 <1 <
0

n+1; A(t nh)

(LY crerr i
n=0i=0
ry -1

j I—i—141 L;x(t—lh)
=Y A AR Jum©
=1 i=0
n+l A(t nh)
(S e

w1 (1) = n 10 11—0 (6.31)
It

I=i=1y1 JLir(~lh)
_ZZCI 1(=21) - Age a,a(l—i— 1)+2) ;1(0)

I=1i=0

LA(t— Dh—
P3G A / MDD (1)d
n=0i=0 -
re -1

t
LAt —lh—
=Y [ e

=1 i=0

£33 Chean i / IR (fur () + Aag (0) )t

n=0i=0
h<t<T,

and

waa (1) = Y MjGaxi(t —nh) +e) + M o —rh—h),  (632)
n=0

where A; (i = 1, 2, 3, 4) are defined as (4.12), and ep ﬂz is defined as (3.4).
Therefore, the solutions of equation (6.16) with the boundary conditions (6.17) and
(6.18) and the initial conditions (6.19) are

up (1) — uo(t)

u(x.1) =Y wu (1) sin(urx/L) + 7

n=1

X +ug(1),

v (1) —vo (1)

v, ) = ) wan(0) sin(urx/L) + ———

n=1

x 4+ vo(t),

where w;,1(#) and w,;(¢) are given by (6.31) and (6.32), respectively.

@ Springer



Analytical solutions for fractional partial delay differential... 437

Acknowledgements This work was supported by the Natural Science Foundation of China (NSFC) under
grants 11871400. The work of J.J. Nieto has been partially supported by the Agencia Estatal de Investiga-
cion (AEI) of Spain under Grant PID2020-113275GB-100 and co-financed by European Community fund
FEDER and by Xunta de Galicia, grant ED431C 2019/02.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Benson, D.A., Wheatcraft, S.W., Meerschaert, M.M.: Application of a fractional advection-dispersion
equation. Water Resour. Res. 36(6), 1403—1412 (2004). https://doi.org/10.1029/2000WR900031
2. Cesbron, L., Mellet, A., Trivisa, K.: Anomalous transport of particles in plasma physics. Appl. Math.
Lett. 25(12), 23442348 (2012). https://doi.org/10.1016/j.am1.2012.06.029
3. Metzler, R., Klafter, J.: The random walk’s guide to anomalous diffusion: a fractional dynamics
approach. Phys. Rep. 339(1), 1-77 (2000)
4. Nardo, E.D., Polito, F., Scalas, E.: A fractional generalization of the Dirichlet distribution and related
distributions. Fract. Calc. Appl. Anal. 24(1), 112-136 (2021). https://doi.org/10.1515/fca-2021-0006
5. Alsaedi, A., Nieto, J.J., Venktesh, V.: Fractional electrical circuits. Adv. in Mechanical Engineering
7(12), 1-7 (2015). https://doi.org/10.1177/1687814015618127
6. 1Ili¢, M., Liu, F,, Turner, I., Anh, V.: Numerical approximation of a fractional-in-space diffusion equation
(II)-with nonhomogeneous boundary condtions. Fract. Calc. Appl. Anal. 9(4), 333-349 (2006)
7. Stojanovic, M.: Numerical method for solving diffusion-wave phenomena. J. Comput. Appl. Math.
235(10), 3121-3137 (201 1). https://doi.org/10.1016/j.cam.2010.12.010
8. Sousa, E.: Finite difference approximations for a fractional advection diffusion problem. J. Comput.
Phys. 228(11), 4038-4054 (2009). https://doi.org/10.1016/j.jcp.2009.02.011
9. Zhang, P, Gu, Y.T,, Liu, F, Turner, 1., Yarlagadda, P.K.D.V.: Time-dependent fractional advection-
diffusion equations by an implicit MLS meshless method. Int. J. Numer. Meth. Engng. 88(13), 1346—
1362 (2011). https://doi.org/10.1002/nme.3223
10. Hadjian, A., Nieto, J.J.: Existence of solutions of Dirichlet problems for one dimensional fractional
equations. AIMS Mathematics 7(4), 6034-6049 (2022)
11. Agrawal, O.P.: Solution for a fractional diffusion-wave equation defined a bounded domain. Nonlinear
Dynam. 29(1-4), 145-155 (2002). https://doi.org/10.1023/A:1016539022492
12. Butera, S., Paola, M.. Di.: Mellin transform approach for the solution of coupled systems of fractional
differential equations. Commun. Nonlinear Sci. Numer. Simulat. 20(1), 32-38 (2015). https://doi.org/
10.1016/j.cnsns.2014.04.024
13. Ming,C.Y.,Liu, EW,, Zheng, L.C., Turner, I., Anh, V.: Analytical solutions of multi-term time fractional
differential equations and application to unsteady flows of generalized viscoelastic fluid. Comput. Math.
Appl. 72(9), 2084-2097 (2016). https://doi.org/10.1016/j.camwa.2016.08.012
14. Mirzazadeh, M.: Analytical study of solitons to nonlinear time fractional parabolic equations. Nonlinear
Dyn. 85(4), 2569-2576 (2016). https://doi.org/10.1007/s11071-016-2845-7
15. Momani, S.: Analytic and approximate solutions of the space- and time-fractional telegraph equations.
Appl. Math. Comput. 170(2), 1126—1134 (2005). https://doi.org/10.1016/j.amc.2005.01.009

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1029/2000WR900031
https://doi.org/10.1016/j.aml.2012.06.029
https://doi.org/10.1515/fca-2021-0006
https://doi.org/10.1177/1687814015618127
https://doi.org/10.1016/j.cam.2010.12.010
https://doi.org/10.1016/j.jcp.2009.02.011
https://doi.org/10.1002/nme.3223
https://doi.org/10.1023/A:1016539022492
https://doi.org/10.1016/j.cnsns.2014.04.024
https://doi.org/10.1016/j.cnsns.2014.04.024
https://doi.org/10.1016/j.camwa.2016.08.012
https://doi.org/10.1007/s11071-016-2845-7
https://doi.org/10.1016/j.amc.2005.01.009

438

X.Ding et al.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Povstenko, Y.Z.: Analytical solution of the advection-diffusion equation for a ground-level finite area
source. Atmos. Environ. 42(40), 9063-9069 (2008). https://doi.org/10.1016/j.atmosenv.2008.09.019
Chen, J.S., Liu, C.W.: Generalized analytical solution for advection-dispersion equation in finite spatial
domain with arbitrary time-dependent inlet boundary condition. Hydrol. Earth Syst. Sci. 15(8), 2471—
2479 (2011). https://doi.org/10.5194/hess-15-2471-2011

Zhang, FF,, Jiang, X.Y.: Analytical solutions for a time-fractional axisymmetric diffusion-wave equa-
tion with a source term. Nonlinear Anal. RWA 12(3), 1841-1849 (2011). https://doi.org/10.1016/].
nonrwa.2010.11.015

Garra, R.: Analytic solution of a class of fractional differential equations with variable coefficients by
operatorial methods. Commun. Nonlinear. Sci. Numer. Simulat. 17(4), 1549-1554 (2012). https://doi.
org/10.1016/j.cnsns.2011.08.041

Jiang, H., Liu, F,, Turner, I., Burrage, K.: Analytical solutions for the multi-term time-space Caputo-
Riesz fractional advection-diffusion equations on a finite domain. J. Math. Anal. Appl. 389(2), 1117—
1127 (2012). https://doi.org/10.1016/j.jmaa.2011.12.055

Ding, X.L., Jiang, Y.L.: Analytical solutions for the multi-term time-space fractional advection-
diffusion equations with mixed boundary conditions. Nonlinear Anal. RWA 14(2), 1026-1033 (2013).
https://doi.org/10.1016/j.nonrwa.2012.08.014

Ding, X.L., Nieto, J.J.: Analytical solutions for the multi-term time-space fractional reaction-diffusion
equations on an infinite domain. Fract. Calc. Appl. Anal. 18(3), 697-716 (2015). https://doi.org/10.
1515/fca-2015-0043

Ding, X.L., Nieto, J.J.: Analytical solutions for multi-term time-space fractional partial differential
equations with nonlocal damping terms. Fract. Calc. Appl. Anal. 21(2), 312-335 (2018). https://doi.
org/10.1515/fca-2018-0019

Zhao, J.J., Fan, Y., Xu, Y.: An analysis of delay-dependent stability of symmetric boundary value
methods for the linear neutral delay integro-differential equations with four parameters. Appl. Math.
Model. 39(9), 2453-2469 (2015). https://doi.org/10.1016/j.apm.2014.10.047

Phat, V.N., Muoi, N.H., Bulatov, M. V.: Robust finite-time stability of linear differential-algebraic delay
equations. Linear Algebra Appl. 487, 146-157 (2015). https://doi.org/10.1016/j.1aa.2015.08.036
Augeraud-Véron, H., d’Albis, E., Hupkes, H.J.: Discontinuous initial value problems for functional
differential-algebraic equations of mixed type. J. Diff. Equat. 253, 1959-2024 (2012). https://doi.org/
10.1016/j.jde.2012.06.012

Du, N.H., Linh, V.H., Mehrmann, V., Thuan, D.D.: Stability and robust stability of linear time-invariant
delay differential-algebraic equations. SIAM J. Matrix Anal. Appl. 34, 1631-1654 (2013). https://doi.
org/10.1137/130926110

Zaczkiewicz, Z.: Representation of solutions for fractional differential-algebraic systems with delays.
Bull. of The Polish Academy of Sci. Technical Sci. 58, 607-612 (2010)

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential Equa-
tions. North-Holland Mathematics Studies, 204. Elsevier Science B. V., Amsterdam, 2006

Gorska, K., Horzela, A., Lattanzi, A., Pogany, T.K.: On complete monotonicity of three parameter
Mittag-Leffler function. Appl. Anal. Discrete Math. 15(1), 118-128 (2021). https://doi.org/10.2298/
AADM190226025G

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1016/j.atmosenv.2008.09.019
https://doi.org/10.5194/hess-15-2471-2011
https://doi.org/10.1016/j.nonrwa.2010.11.015
https://doi.org/10.1016/j.nonrwa.2010.11.015
https://doi.org/10.1016/j.cnsns.2011.08.041
https://doi.org/10.1016/j.cnsns.2011.08.041
https://doi.org/10.1016/j.jmaa.2011.12.055
https://doi.org/10.1016/j.nonrwa.2012.08.014
https://doi.org/10.1515/fca-2015-0043
https://doi.org/10.1515/fca-2015-0043
https://doi.org/10.1515/fca-2018-0019
https://doi.org/10.1515/fca-2018-0019
https://doi.org/10.1016/j.apm.2014.10.047
https://doi.org/10.1016/j.laa.2015.08.036
https://doi.org/10.1016/j.jde.2012.06.012
https://doi.org/10.1016/j.jde.2012.06.012
https://doi.org/10.1137/130926110
https://doi.org/10.1137/130926110
https://doi.org/10.2298/AADM190226025G
https://doi.org/10.2298/AADM190226025G

	Analytical solutions for fractional partial delay differential-algebraic equations with Dirichlet boundary conditions defined on a finite domain
	Abstract
	1 Introduction
	2 Preliminaries
	3 Solution representation
	4 Analytical solutions for the MTS-FPDDAES with fractional diffusion terms
	5 Analytical solutions of the MTS-FPDDAES with fractional wave terms
	6 Special cases
	Acknowledgements
	References




