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1 | INTRODUCTION

In this paper, we deal with the existence, localization, and multiplicity of positive radial solutions to the Dirichlet problem
involving ¢-Laplacian operators:

—div(y (JVv]) Vv) = f(|x],v) in B, v=0 on 953, (1.1)

where B is the unit open ball in R” (n > 3) centered at the origin, the function f : [0,1] Xx Ry — R, is continuous, and
v : (—-a,a) - Ris C, such that ¢ (s) := sy (s) is an increasing homeomorphism between two intervals (—a, a) and
(-=b,b)(0 < a,b < 4+x).

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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2 Wl LEY PRECUP AND RODRIGUEZ-LOPEZ
The following particular cases are of much interest due to their corresponding models arising from physics:
@ ¢:R >R, ¢(s)=|s|P%s, where p > 1 (here a = b = +0), when the left side Lv in (1.1) is

Lv = —div (|Vv|p_2Vv) (p — Laplace operator),

involved in a nonlinear Darcy law for flows through porous media;!
(b) (singular homeomorphism) ¢ : (—a,a) » R, ¢ (s) = —=— (here 0 < a < +o0 and b = +o0), when

v/ a2—s2

Ly = —div <L> (Minkowski mean curvature operator),

Va2 —|Vv?

involved in the relativistic mechanics;?3

(c) (bounded homeomorphism) ¢ : R — (=b,b), ¢ (s) = +o00 and 0 < b < +00), when

\/% (here a =

Lv = —bdiv <L> (Euclidian mean curvature operator),

V14 |V

associated to capillarity problems.*>

Looking for radial solutions of (1.1), that is, functions of the form v(x) = u(r) with r = |x|, the Dirichlet problem (1.1)
reduces to the mixed boundary value problem

(") =P . W) = u(d) =0, (1-2)

Radial and nonradial solutions for the Dirichlet problem involving ¢ -Laplace operators have been intensively inves-
tigated in the literature, both by means of topological and variational methods. We refer the interested reader to the
papers®~1* and the references therein.

Our approach here is based on fixed point index theory, namely, on compression-expansion-type homotopy arguments.
The most known are those from Krasnosel'skil's compression—-expansion theorem in a conical annulus defined by using
the max-norm of the space. Applications to one-dimensional ¢-Laplace equations are given in the papers.!>!® In the
radial case considered in the present paper, the absence of a Harnack-type inequality in terms of the max-norm makes
Krasnosel'skil's theorem inoperative and forces us to use instead some other homotopy conditions and properties of the
fixed point index.

The first paper in radial solutions that uses the compression-expansion technique, but in a variational form and only
for p-Laplacian equations, is Precup et al.!” As explained there, the difficulty in applying the compression-expansion
method consists in the necessity that, for the considered differential operator, a Harnack-type inequality be available. In
the present paper, such a key inequality is established for problem (1.2) with a general homeomorphism ¢ satisfying some
additional conditions. With its help, a precise localization of positive solutions is possible, allowing in a natural way to
obtain multiple solutions. The results apply in particular for the p-Laplacian and the Minkowski mean curvature operator.

Our basic assumptions are as follows:

(Hy) ¢ : (—a,a) = (=b,b) (0 < a,b < +0) is an odd increasing homeomorphism such that
AP (x) > ¢ (ix) forall A €[0,1], x € [0,a) (¢ is convex on [0, a)). (1.3)
Hs) f : [0,1] x Ry — [0,b) is continuous, with f(:,s) nonincreasing in [0,1] for every s € Ry and f(r,-)
nondecreasing in R, for every r € [0, 1].

Note that the homeomorphisms related to the p-Laplacian for p > 2 and the Minkowski mean curvature operator both
satisfy condition (Hg). Contrarily, the bounded homeomorphisms with a = +o0, for example, the one involved by the
Euclidian mean curvature operator, are not convex on [0, +o0) and thus they do not satisfy our assumption (Hy).
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2 | A HARNACK-TYPE INEQUALITY

In the space of functions u € C* [0, 1] satisfying u’ (0) = u (1) = 0, we consider the following norms:

1 1/p
llull, = </ (! |u’(r)|)pdr> for 1 <p < oo;
0

lullo = sup r*~*|u' (r)| for p = +oo.
rel0,1]

Let ¢ satisfy (Hy) and denote

ho (r) = "¢ (W (1),
Tw) =) () = —("ew 1)) .

First, we prove a Harnack-type inequality for problem (1.2), given in terms of the norm ||-||,,, with 1 < p < +oo.

Theorem 2.1. Let u € C'[0,1] be such that u' (r) € (—a,a) forall r € [0,1], hy € C'[0,1] andJ (u) > 0 on [0,1].
Thenu' <0on|0,1].
If in addition r'="J (u) is nonincreasing on (0, 1], then

w(r) = Q- rful,, relo1],
foreveryl < p < +c0.

Proof. By assumption,
hy =J (u) > 0.

Hence, hy is nondecreasing in [0, 1] . Since kg (0) = 0, one has hy > 0 and so u’ < 0 on [0, 1]. Thus,

ho (r) = "¢ (Ju' (r)]) - (2.1)

Next,
(o) =7 (e (U ])) <o (¢ (| ])) =& ], relo,1]. (2.2)
Also,
¢ (ho (1) = [u' ()]

Since both ¢! and hy are nondecreasing, using (2.2), we have
1 1
u(r =/ | ()] ds Z/ ¢ (ho () ds = (1 =1) ¢~ (ho (7).
Therefore,

ur)2A-re¢'(hy(r), relo,1].
Next, we prove the inequality

® () = ho (r) — "y (1) = 0 on [0,1]. (2.3)
One has
@ (r)=J W) (r) = nr'" " ho (1) = " (X' (u) (r) — nho (1)) .
By assumption, W (r) := r'=J (u)(r) — nhy (1) is nonincreasing. As in the proof of Precup et al.,!”> Theorem 2.1 gince
@ (0) = (1) = 0, we deduce (2.3).
Then

¢ (ho(r) = ¢~ (r*ho (V) = ¢~ (Fe (Ju' V])) = " |u' )],
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where the last inequality is based on (1.3). Hence,
urmy>A-nr|u @), relo,1].

Finally, by (2.1) and using again (1.3), one has ¢! (ho (r)) > r*! |t/ (r)|. Hence, we have

1 1
ull? <= / (r | (0])Pdr < / ¢~ (ho (N)Pdr
0 0
<@ Hho (V)P = [ (DI, 1 <p<o0).
Therefore,
w2 1-nr'full, 1<p<ow), 2.4
forall r € [0,1]. ]

A similar result has been established in Precup et al'” for the particular case of the p-Laplacian with p > n, for which
#(s) = |s|P">s and a = b = +o0. More exactly, it has been proved that

u(r) > (i%’;)” A =rriifully, (€01, 2.5)

1

where [|ull,, = < /01 ! (r)P dr) ", In this case, since by using Holder's inequality one has

1 1 n—-1 n-1
Iu(r)ls/ |u’(s)|ds=/ se |u(s)|s » ds

1 el 1 el
n-1 ) p- )
< ||u||1,p</ Splds> = <p_n> [l p,
o _

a Harnack-type inequality in terms of the max-norm |u|, = maX,e[o,1) |4 (r)| can be immediately derived from (2.5),

namely,
p—n o
u(r) > p_l A -rret|ul, forre[0,1].

It is an open problem to obtain an analog result for more general homeomorphisms ¢ satisfying (H,). At this moment
we are only able to establish such an inequality in terms of a max-seminorm on C [0, 1]. For example, taking p = +o0
in (2.4), we have the following Harnack-type inequality related to a seminorm on C [0, 1].

Corollary 2.2. Under the assumptions of Theorem 2.1, if for a fixed subinterval [n, vIwith 0 < n < v < 1, one can define
in C[0, 1] the seminorm [u],, = maxX,gp. [U(r)|, then

u@) > 1A -v) "2 (n—-2)[uly for r €n,v]. (2.6)

Proof. Clearly,
1 1
lu ()| S/ |u’ (s)| ds :/ S (9)] s Vs

' e rr
<|lu s~ Hds < Ul o,
I Iloo/r n—2” lloo
which implies
nZ—n
[Uleo < llullo-

This combined with (2.4) yields (2.6). O



PRECUP AND RODRIGUEZ-LOPEZ Wl LEY 5

In the sequel, inequality (2.6) is a key ingredient for the localization and multiplicity of positive radial solutions. We
will use the main ideas in Precup'’ in order to localize the solutions in terms of a norm and a seminorm.

3 | POSITIVE RADIAL SOLUTIONS

Recall that by a (nonnegative) solution of (1.2), we mean a function u € C! ([0,1],R,) with u’ (0) = u (1) =0, |u'(r)| < a
for all r € [0,1], such that r*~1¢u’) € C'[0,1] and (1.2) is satisfied. We will say that a nonnegative solution is positive
if it is distinct from the identically zero function. Let X be the Banach space of continuous functions X = C[0, 1] and
K, its positive cone Ky = {u € X : u > 0on [0, 1]} . It is not difficult to see that a nonnegative function u is a solution of
problem (1.2) if and only if u is a fixed point of the operator T : K, — K given by

1 T
T ) () = / ¢! <rl—" / st f(s,u(s))ds> dr. (3.1

0

As proved in earlier studies,®? the operator T is completely continuous.
Let us now consider a subcone of K related to the Harnack inequality (2.6), namely,

K= {u € Ky : uisnonincreasingon [0,1] and rr%in] u(r) > c[u]m} , 3.2)
re(n,v
wherec := (1 —v)#*" 2 (n-2).
Lemma 3.1. The operator T maps the cone K into itself.
Proof. Indeed, take u € K and let us show that v := Tu belongs to K. Since f is nonnegative, v > 0, and moreover,
J() > 0and so V' < 0 (see Theorem 2.1), that is, v is nonincreasing on [0, 1]. Furthermore, by the monotonicity

properties of f imposed in (H) and the fact that u is nonincreasing in [0, 1], the composed function r = f(r, u(r)) is
nonincreasing in [0, 1]. Hence,

r' W) = f(rou)
is nonincreasing in [0, 1]. Then Corollary 2.2 ensures that

v(r) > 1 —v)p?" 2 (n - 2) vl forr € [, v].

Therefore, v € K, as claimed. O

Now, for any number « > 0, consider the set
Uy, :={uek: |ul,<a}.

The operator T being completely continuous, the set T <5a> is bounded, so there is a number @ > a such that T (ﬁ‘,) C
Us. Define the operator T : Uy — Ujz by
Tw="T <min{i,1} u> .
Ul

T ) # Au for ue K with |u|, =a and 1 >1, 3.3)
then the fixed point index i <T, Ua,ﬁg) =1.

Lemma 3.2. If

Proof. Clearly, Uy is a convex closed set and T is a compact map. Consider the homotopy H : [0,1]x Uz — Uy given
by
H(zr,u) = t T(w).
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By (3.3), this homotopy is admissible and so
i (T, Ua,ﬁ5> iy <H(1, N Ua,55> =i (H(o, 9 U,,,,ﬁ;) =1,

where the last equality is due to the normalization property of the fixed point index, since 0 € U,. O

Next, for a number g > 0, consider the set
Vy 1= {ueU; e <ﬁ}.
It is clear that V is open in Us.
Lemma 3.3. Assume that there exists a function h € K such that |h|, = «, [h] > Pand
A=) T )+ Ah # u foru e K with |u|, <@, [u], =p and A€ [0,1]. (3.4)
Then i <T Vﬂ,ﬁa> —0.
Proof. Observethat oV, = {u €K : [ul, = B, |ul, < @}. Thus, (3.4) implies that
A=A)T W)+ Ah #u for ueavy.

By the homotopy property of the fixed point index, one has
i (T, Vﬁ,ﬁa) =i (h, V3. Tz).

Finally, i (h, Vﬁ,ﬁa> =0, since h € 65 \ 1_/ﬁ. O

Remark 3.1. If the operator T maps U, into itself, then @ = a and condition (3.4) reduces to
A-AT @)+ Ah#uforu € K with |u|, <a,[u]l, =pfand 4€[0,1].

By using the previous fixed point index computations, we deduce the following existence result.

Lemma 3.4. Under the assumptions of Lemmas 3.2 and 3.3, the operator T has a fixed point u in U, \ I_/ﬂ, that is,
problem (1.2) has a solution such that
f < [uls and |u|y, < a.

Proof. One has

As a result,
l(T U, \17,,,5;) i (T, v \Ua,ﬁa> =1

In addition i <T, Vs \ﬁa, 65) = 0 since otherwise there would existv € V; \ﬁa with T (v) = v, that is,

T <Lv> =,
Ve

or equivalently, T (w) = Aw, where w = ﬁv and 1 = M= Since [w|, = @ and A > 1, we arrived to a contradiction

© (4

with (3.3). Therefore i (T, U, \ I_/,,, ﬁa> = 1, which implies our conclusion. 0
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Now we give sufficient conditions in order to guarantee the assumptions of the previous lemmas hold.
We will use the following notation. If b < +o0, denote

1
= 1; and B :=/ ¢ L(br)dr.
Jo ¢ (br)dr "

If b = +0, denote
1

1
Ai=————andB :=/ ¢~ (0)dr.
Jo ¢ 1 (@)dr "

Theorem 3.5. Assume that n > 3 and conditions (Hy) and (H ) are fulfilled. If there exist a, f > 0 with f < ABa, such
that

¢ (f(0,0) <a, (3.5)

A= (v=mn""" f (v.ch) > B, (3.6)

then problem (1.2) has at least one solution u € K such that § < [u],, and |u|,, < a.

Proof. We shall apply Lemma 3.4. First, we show that (3.3) holds. Indeed, for u € K with |u|, < a, by the
monotonicity assumptions on f, we have that

f(s,u(s)) < f(0,a),

and thus, from (3.5),

1 T
|T)(r)| < / ot <rl—" / st f(s,u(s))ds> dr
0 0

1 T
< / ¢! < / f(5.u(s) ds) dr < ¢7(f(0,@) < a.
0 0

Hence, |T(w)|,, < « for allu € K with |u|,, < «, which implies (3.3). In addition, on the basis of Remark 3.1, we
can take @ = a.
Next, we prove that (3.4) holds for the following choice of h: if b < +o0,

1 T 1
h@r) = Aa/ ¢! <Tl_”/ bnsn_lds> dr = Aa/ ¢t (br)dr,
r 0 r

and, otherwise, for b = +o0,

1 T 1
h(r) = Aa/ ¢! <11_"/ nsn_lds> dr = Aa/ ¢~ (7)dr.
r 0 r

Note that |h|,, = h(0) = @ and [h] = h(n) = ABa > f. Assume that (3.4) does not hold. Then there exist u € K with
U] < a,[ul, = pfand 4 € [0,1] such that

A-ADTw+ Ah=u.
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In particular, since [u],, = max,e(,,, u(r) = f, one has
B = u(m) =QQ - DHTw)(n) + Ah(n)
1 T
=1-2 / ¢! <Tl—" / S (s, u(s)) ds> dr + Alh]
n 0
1 v
>1-4) / ¢! <11—" / S (s, u(s)) ds) dr + Ap.
v n

Since u € K with [u],, = f, we have u(r) > cp for all r € [5, v]. Thus, by (Hy),

1 %
p>(1- ,1)/ ¢! (H-”/ s"—lf(v,cﬁ)ds> dr + Ap
v n
>(1=HA=g™ (V="' f (v,ch)) + 4P,

that is,
A= >2A=DA =P~ ((v=mn"" f (v.cp),

which contradicts (3.6) for any 4 € [0, 1). Note that, in case 4 = 1, one has the contradiction

B> u(n) =hn) = [h] > p.

Finally, the conclusion follows from Lemma 3.4. O

Remark 3.2 (Asymptotic conditions). Existence of both positive numbers a and g satisfying inequalities (3.5) and (3.6)
is guaranteed if the following asymptotic conditions at zero and infinity hold:

hmsup =D 10
x—0* X c(l—v) x-4 X

Obviously, if ¢ is a classical homeomorphism (a = b = +o0), conditions (3.5) and (3.6) can be rewritten as

fO.0<p@,  feh> — n_lqs( b )
(v—mn 1-v

Hence, if we assume in addition that ¢ satisfies:

lim sup $(zx)

< 400 forall = >0, 3.7
x—0+  PX) 3.7)

then the existence of both positive numbers « and g is guaranteed under suitable asymptotic conditions about f at zero
and at infinity.

Note that assumption (3.7) holds in the case of the p-Laplacian operator and so it is commonly employed in the literature,
see for instance.®12

Theorem 3.6. Assume that n > 3, conditions (Hy) and (Hy) are fulfilled, and ¢ is a classical homeomorphim. If (3.7)
and

. fv,x) ..
lim su = 400, lim inf
e e G0

hold, then problem (1.2) has at least one positive solution.

<1 (3.8)

Proof. By (3.7), with r = 1/(c(1 — v)), there exists L > 0 so that

L > lim sup—(’b(x/(c(1 mi2))
x—0+ ¢(X)

)
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and thus, there exists p > 0 such that

L¢@)z¢<ca_v)

> for all x € (0, p).

Now, by (3.8), there exists r > 0 (we may suppose r < p) such that

1
S, r) > WLQ')(V),

which implies that

1 r
ﬂ””>(v—mm4¢<d1—w>'

Finally, taking § = r/c, condition (3.6) is obtained.
On the other hand, condition

f(0,x)

lim inf <1
x—to pX)
clearly implies the existence of a positive number « satisfying (3.5) and such that f < ABa.
Therefore, Theorem 3.5 ensures the existence of at least one positive solution for problem (1.2). O
Corollary 3.7. Assume thatn > 3, p > 2, and (Hy) holds. If
lim sup f(v,ic) = +o0 and lim inff(o’ic) <1, (3.9)
x—0t - X—+00 -
then problem
—div (|Vv[P72Vv) = f(|x|,v) in B, v=0 on 9B, (3.10)

has at least one positive radial solution.

Proof. It suffices to show that problem (1.2) has at least one positive solution with ¢(x) = |x|P~2x, p > 2. Since ¢ is a
classical homeomorphism which satisfies (Hy) and (3.7), the conclusion follows from Theorem 3.6. O

We show the applicability of our theory with an example involving radial solutions of p-Laplacian equations.

Example 3.8. Consider the function f given by

&%) = f() =x1 + /X,

with 0 < g < p—1and p > 2, which clearly satisfies condition (H).
It is immediate to check that

Cf0 L XX x4 /x
lim — =1 lim

m =0.
x—0t xP—1 x—0+ xpP-1 X—+00 xP~1 X—>400  xP~1

Therefore, problem (3.10) associated to this function f has at least one positive radial solution, as a consequence of
Corollary 3.7.

Finally, we highlight that due to the asymptotic behavior of f at zero and at infinity, this problem falls outside the
scope of the results in earlier studies.'>!”

On the other hand, it is worth to mention that in the case of a singular homeomorphism ¢ (i.e., with a < +c0, b = +0),
condition (3.5) is trivially satisfied for « large enough. Hence, in that case, we only need to ensure the existence of the
number g in order to obtain positive solutions for problem (1.2).

Let us assume in the rest of this section that ¢ is singular. We present an existence result inspired by those in Bereanu
etal®
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Theorem 3.9. Assume that n > 3, conditions (Hy) and (H) are fulfilled, and ¢ is a singular homeomorphim. If (3.7)
and

lim sup f.0

= 3.11
P g0 T (31D

hold, then problem (1.2) has at least one positive solution.

Proof. Arguing as in the proof of Theorem 3.6, conditions (3.7) and (3.11) imply the existence of a positive number
satisfying (3.6). Therefore, Theorem 3.5 ensures the existence of at least one positive solution for problem (1.2). O

As a consequence, we derive a simple existence result concerning positive radial solutions for Dirichlet problems
involving the Minkowski mean curvature operator.

Corollary 3.10. Assume that n > 3 and condition (Hy) holds. If

lim supM = +o0, (3.12)
x—0* X
then problem
. Vv .
—div <—> = f(|x|,v)in B, v=0o0n dB, (3.13)
1—|Vv)?

has at least one positive radial solution.

Proof. 1f suffices to show that problem

_ r”—lu—, = r”_lf(r, U.), u,(o) = u(l) = 0’
V1- u/2>

has at least one positive solution. The conclusion follows from Theorem 3.9 with ¢(x) = x/v/1 —x2, -1 < x < 1. Note
that

lim $(zx) =t forall t > 0,
x=0* P(x)
and that for this homeomorphism ¢, condition (3.12) implies (3.11). O

Example 3.11. Consider problem (3.13) with a function f of the form
f(s,x) =gs)x?, s €[0,1], x >0,

where 0 < g < 1and gisanonincreasing positive and continuous function. Clearly, f satisfies (H ) and the asymptotic
condition (3.12), so Corollary 3.10 ensures the existence of a positive radial solution.

Example 3.12. If0 < g <1 < p, A > 0 and gis a nonincreasing nonnegative continuous function, then problem (3.13)
with
f(s,x) = AxT + g(s)x?, s € [0,1], x > 0,

has at least one positive radial solution. Clearly, f satisfies (H,) and the asymptotic condition (3.12), so the claim is
again a consequence of Corollary 3.10.
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4 | MULTIPLICITY RESULTS

Obviously, the localization of positive solutions provided by Theorem 3.5 makes possible to obtain multiplicity results
for problem (1.2) if there exist several (perhaps infinitely many) well-ordered pairs of numbers (a, f) satisfying (3.5)
and (3.6). Nevertheless, a suitable computation of the fixed point index related to the operator T allows us to establish a
three-solution-type result under less stringent assumptions.

First, we present the three-solution-type fixed point theorem concerning the operator T defined in (3.1).

Lemma 4.1. Under the assumptions of Lemma 3.4, if in addition there exists a positive number ay with ay < ff and
T(u) # Au for u € K with |u|, = ap and A > 1, 4.1)
then T has at least three fixed points uy, u,, and us such that

ﬂ < [ul]oo’ |u'1|co <a; |u2|oo < ap; ap < |u3|oo <a, [u3]oo < ﬁ

Proof. By Lemma 3.4, T has a fixed point u; such that
ﬁ < [ul]oo’ |u1|oo <a.

Moreover, assumption (4.1) ensures that i (T Ug,» ﬁ;) = 1 and thus the operator T has a fixed point u, in Uy, that s,

|uz]s < @o.Since ap < f,one has U% C V;,and so the properties of the fixed point index together with its computation
in Lemma 3.3 imply

i <T v \E%,ﬁa> =i (T, Vﬂ,ﬁa> —i (T, Uao,ﬁa> —0—1=-1.
Therefore, the existence property of the fixed point index ensures that the operator T has a third fixed point us; located
in Vﬂ \ U"o‘ O
As a consequence, we obtain a three-solution-type result for problem (1.2).

Theorem 4.2. Assume that n > 3 and conditions (Hy) and (Hy) are fulfilled. If there exist ap, a1, f > Owith ag < f <
ABay, such that

¢~ (f O,m) <@, i=0,1,
A=~ (v =mn" ' f (v,ch) > B,

then problem (1.2) has at least three solutions uy, u,, and us such that

f <[l U1l <15 [Uz]l < @0 @0 < Uzl < a1, [Us]le < .

Remark 4.1. Theorem 4.2 ensures the existence of at least two positive solutions, namely, u; and u; with the
localizations above. Furthermore, if f(-,0) # 0, then u, is also a positive solution.

A multiplicity result can be also obtained under a suitable behavior of the nonlinearity at zero and infinity.

Corollary 4.3. Assume thatn > 3 and conditions (Hy) and (H ) are fulfilled. In addition, suppose that there exists § > 0
satisfying condition (3.6) and

lim inf

X—+00

o0 ¢SO _
X X

lim inf 4.2)
x—0*

Then problem (1.2) has at least two positive solutions v, and v, such that [v], > f and [V;]s < B
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Proof. By the asymptotic behavior of f at zero and at infinity given by (4.2), there exist 0 < @y < f# (sufficiently small)
and @; > B/(AB) (sufficiently large) such that

¢ H(fFO0,a) <a, i=0,1.

Therefore, the conclusion follows from Theorem 4.2. O

Next, we emphasize the multiplicity result in the remarkable particular cases of Dirichlet problems involving the
p-Laplacian and Minkowski mean curvature operators.

Corollary 4.4. Assumethatn > 3, p > 2, and condition (H ) holds. In addition, suppose that there exists f > 0 satisfying
condition (3.6) and

lim 1nff( ) <1, lim 1nff( X)
xp-1

x—0* X—>+00

Then problem (3.10) has at least two positive radlal solutions.

<1

Corollary 4.5. Assume thatn >

> 3 and condition (Hy) holds. In addition, suppose that there exists f > 0 satisfying
condition (3.6) and

lim inf < 1.
x—0t

Then problem (3.13) has at least two positive radial solutions.

f(0,%)
x

Proof. The conclusion follows from Corollary 4.3 with ¢(x) = x/V/1 —x?, =1 < x < 1. Since ¢ is singular, condition

lim inf
X—+00

-1
¢SO _

x
is trivially satisfied. O

We illustrate the applicability of the previous multiplicity results with the following example.

Example 4.6. Consider problem (3.13) with a function f of the form
fls,x)=f(x) = Ax, s€[0,1], x 2 0,

where g > 1and 4 > 0.

We shall study the existence of two positive solutions for problem (1.2) with f as above and ¢ being the singular
homeomorphism given by ¢(x) = x/V1—-x2, -1 <x < 1.

Clearly, f satisfies (H) and it is immediate to check that

i 1O
m —

x—0t X

=0.

Finally, taking # = 1/4 and v = 3/4, it is a simple matter to see that f = 1/16 satisfies condition (3.6) for any A large
enough (e.g., with 4 > 4@n+Da+n=1/2 /(n — 2)44/15).
Therefore, Corollary 4.5 guarantees that problem

—div(L> =Avin B, v=0on 05,

V1-|V)?

has at least two positive radial solutions for any g > 1 provided that A > 0 is sufficiently large.

Finally, the existence of infinitely many positive solutions for (1.2) is obtained if the nonlinearity f has an oscillating
behavior at zero or at infinity.

Corollary 4.7. Assume that n > 3 and conditions (Hy) and (H) are fulfilled.
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(@) If
-1 _ n—1 -1
fmsupd QWIS 1 6700 “3)
x—0* X c(l-v) x-0* X
then (1.2) has a sequence of positive solutions uy such that |ux|,, — 0 ask — .
® If
—1 _ n—-1 -1
imsup? WP @) 1) @)
X—+00 X c(l—v) x4+ X

then (1.2) has a sequence of positive solutions uy such that |ux|,, — +o0 ask — oo.

Proof. Letusprove claim (a) (case (b) is analogous). By (4.3), there exist two decreasing sequences {«; };cry and {f; } iy
tending to zero such that a;1; < f; < ABa; and

¢~ (f 0,a) <ai, A=)~ (v ="' f(v,ef) > Bi.

Therefore, Theorem 3.5 can be applied to each pair (f;, @;) and so the conclusion is immediately obtained. O

Remark 4.2. Note that case (b) in Corollary 4.7 is not possible if ¢ is a singular homeomorphism. Indeed, in that case,
¢! is bounded and thus
P (Ut DL/ A 2% 2)
im =
X—+00 X

which makes impossible that (4.4) holds.

07

To finish, we provide an example concerning the existence of infinitely many positive radial solutions for a Dirichlet
problem involving the relativistic operator.

Example 4.8. Consider the problem (3.13) associated to the function
. 1
fs,x)=fx)=x [/l + psin (yln;)] ,for x>0, f(0)=0,

where 4, p,y > 0. Observe that f is continuous, and moreover, it is nondecreasing if A > p(y + 1).
Furthermore, since ¢~!(x) = x/V/1 + x? and f(0) = 0, one has

-1 _ n—-1 _ n—1
lim supd) (= mn™ /) =lim supw =(v—-m"tA+p)

x—0* X x—0* X

and
-1
lim infw = lim inf& =A-
x—0t X x—0*t X
Then the asymptotic condition (4.3) holds if
V-t A +p) > 1 and A1 —p < 1.
c(l-v)

Therefore, Corollary 4.7 ensures that the corresponding problem (3.13) associated to this nonlinearity f has a
sequence of positive radial solutions uy such that |u|,, — 0 as k — oo provided that

A2p(y+1), V=" (A+p) > and A—p < 1.

c(1-v)
In particular, taking # = 1/3 and v = 2/3, the previous inequalities reduce to

33n
2and/l—p<1.

A>p(y+1), A+p>
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