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Introduction

In recent years we have all become convinced of the importance of being able to understand
the evolution of a contagious disease that is spreading among the population. We also find
it interesting, in a world increasingly committed to the environment, to study how the pop-
ulations of different species that coexist in an habitat can evolve in the future. We want to
know how the economy works and how different actors or decisions may affect it and cause
changes that affect society; how different languages evolve and coexist in a territory; how the
chemical reactions, which are necessary to give rise to all those materials or medicines that
we need in our daily lives, are regulated and developed. We are also curious about things that
are much further away from us: astronomical phenomena, star movements or black holes.
All these subjects have something in common, and that is that we can approach, understand
and analyze them through differential equations. Then, it seems to be clear that the study of
differential equations is of great interest.

In this work, our aim is to accomplish the qualitative study of some ordinary differential
systems. Besides its fundamental role on applied mathematics, because they are an important
tool for modeling problems from other sciences, their study is also interesting on pure math-
ematics. Particularly, we will study polynomial differential systems, with special emphasis
on the Lotka-Volterra and Kolmogorov systems.

The Lotka-Volterra systems have been used for modeling many natural phenomena, such
as the time evolution of conflicting species in biology [84,97, 141], chemical reactions [63],
physical problems as the coupling of waves in laser physics [80] or the evolution of neu-
tral species, electrons and ions in plasma physiscs [81], hydrodynamics [19], just as other
problems from social science and economics [54, 124].

These systems, which are polynomial differential equations of degree two, were initially
proposed, independently, by Alfred J. Lotka in 1925 and Vito Volterra in 1926, both in the
context of competing species.

The first contributions of Alfred J. Lotka were in 1910 in the field of autocatalytic chem-
ical reactions, studying models similar to the logistic equation. In 1920, Lotka extended the
model to organic systems, using a plant species and a herbivorous animal species. The ap-
plication to the study of the dynamics of a predator-prey system was proposed in 1925, in a
work which today we would consider to be included in the field called Biomathematics [92].

On his behalf, Volterra considered the same model simultaneously, in his case, to ex-
plain some observations made by her son-in-law, the marine biologist Umberto D’ Ancona.
D’ Ancona studied the fish catches in the Adriatic Sea and had noticed that the percentage of
predatory fish caught had increased during the years of World War I. This fact seemed confus-
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ing, because the fishing effort had been reduced during that years, so Volterra was interested
in studying this situation.

In order to explain this behavior, Volterra stated a system of ordinary differential equa-
tions. He considered x(t) and y(t) the densities of prey and predators, respectively, and
reasoned about the growth rates in the next way: the growth rate of prey, &/, must be a
decreasing function on y, positive in absence of predators; furthermore, the growth rate of
predators, g/y, must be an increasing function on x, negative in absence of prey. Assum-
ing the functions are linear, and taking positive constants a, b, ¢ and d, the model stated by
Volterra was

& = z(a — by),
y =y(—c+dzx).

For this first model, the phase portrait on the positive quadrant, the unique region which
is interesting in the case of populations, consists on periodic orbits surrounding a singular
point (%,4) = (¢/d, a/b). The means of population densities along the orbits coincide whit
the values at the singular point. The decrease of the parameter a, which represents the growth
rate of prey in absence of predators, and the increase of c, the decrease rate of predators in
absence of prey, without changing the parameters b and d, has an effect on the means of the
densities of both populations, which corresponds with the observation of D’ Ancona.

Volterra employed elegant reasonings, included in [132], nevertheless, his equations were
simple and unrealistic. For instance, the system implies that a prey population, in absence of
predators, would grow exponentially towards infinity.

Later, Lotka-Volterra systems were generalized and considered on arbitrary dimension, it
is:

n
T; =x; aio—‘rg aij%j | , 1=1,....n.
j=1

Consequently, the applications of these systems started to multiply. On economic theory,
Lotka-Volterra systems are applied to many problems and, although their first appearance
in this field is usually attributed to Richard Goodwin in 1967 [60], as can be found in [37],
previous applications have been found. The Italian economist Giuseppe Palomba used these
equations on 1939 (see [56]). More recent applications on this field can be found on [55]
and [136].

In the field of hydrodynamics (see [19]), already in the decade of 1970, became evident
that low order systems of ordinary differential equations, particularly Lotka-Volterra systems,
were suitable for the simulation, at least qualitative, of many phenomena related with tran-
sition to turbulence in fluid flows. This turned out surprising because of the infinite number
of degrees of freedom of a fluid and the fact that the basic equations of motion are partial
differential equations.

From a more theoretical point of view, Brening and Goriely proved in [15, 16] that many
other differential systems coming from different sciences can be transformed into Lotka-
Volterra systems on dimension three. For example, these systems are equivalent to the repli-
cator differential equations used in game theory, economics and evolution, as can be seen
in [67].

vi
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On the other side, in [76], Kolmogorov extended Lotka-Volterra systems to others of
arbitrary degree, i.e.,

L.UZ' = LEiPi(.’El, ...,.’ﬂn),i = ]., ey Ny

where P; are polynomials of degree at most m. These systems have also interesting applica-
tions in science, as in the study of black holes in cosmology. In [1] the qualitative analysis
of a Kolmogorov system on dimension three is performed, which appears in a natural way
while studying black holes with a Higgs field, see [14] for specific details.

While many other applications were appearing, for both the Kolmogorov and Lotka-
Volterra systems, the applications in the original field in which the original Lotka-Volterra
system appeared, population dynamics, continued developing. In [43] we have reviewed
some recently studied predator-prey systems, focusing on some of the features that have been
of special interest for the researchers.

For the mathematicians which have been interested in the study of these systems through-
out history, one of the fundamental objectives was the study of integrability, which is only
possible for a very restricted set of parameters.

In [21] some integrable cases of the Lotka-Volterra systems were obtained, using a gen-
eralized Carleman method, which can be consulted in [27], and the results were extended to
dimension n. In [29] the study of integrability of Lotka-Volterra systems on dimension two
was continued.

Certainly, the qualitative analysis of these systems has a special interest due to the diffi-
culty of studying their integrability. Qualitative theory of differential equations, which was
initiated by Poincare in [109], studies the behavior of differential equations by other means
which are not finding their solutions, and allows us, using tools from analysis and topology,
to solve them in a qualitative way, obtaining information about their properties.

For Lotka-Volterra systems on dimension two, D. Schlomiuk and N. Vulpe have carried
out a complete study of the global qualitative dynamics, classifying all possible phase por-
traits on the Poincaré disk, as it appears in [117]. For that purpose, they have used theory of
invariants. This theory has been developed for polynomial systems of arbitrary degree and
dimension but so far, only for the planar polynomial systems of degree two all the necessary
invariants are known. Those invariants have been obtained for first time in [8].

Regarding Lotka-Volterra systems on dimension three, there exist some partial results for
special cases in which the systems are simpler. For instance, it have been studied the May-
Leonard systems, a particular case in which only two parameters appear, that was proposed
in [98], representing the competition between three species. The fact that these systems have
only two parameters, instead of the twelve that present the general Lotka-Volterra systems
on dimension three, simplifies the study of the global dynamics, which has been carried out
in [12].

Despite the intricacy of their study, Lotka-Volterra equations on dimension three are really
interesting and have many applications, as mentioned above. However, there are not general
results about global dynamics on dimension three.

In this work, we accomplish the study of the global dynamics of Lotka-Volterra systems

vii
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on dimension three, i.e.,

& = z(ag + a1z + asy + asz),
g =y(bo + bix + bay + bsz),
2 =z(co 4+ 1z + coy + c32),

which have a rational first integral of degree two of the form 2*14*22*3. In Chapter 1, in

addition to the introduction of all the necessary preliminaries to make the work self-contained,
we use the Darboux theory of integrability to obtain a characterization of these systems. As a
result, we reduce the initial problem to a problem on dimension two, the study of the global
dynamics of the next two Kolmogorov families:

& = z(ao + arx + az2” + a3z), = y(bo + bryz + bay + bs2),

3= z(co + 1z + c22% + c32), Z2 = z(co + c1yz + coy + ¢32).

These families depend on eight parameters, which is a big number in order to classify
all their distinct topological phase portraits. Then we require that these Kolmogorov systems
have a Darboux invariant of the form e**z*1 2*2 for the first one and e**y** 2*2 for the second,
and applying the Darboux theory of integrability, we reduce the study of the two previous
families to the study of the two following:

T=x (ao — plar + coz? + 032)) ) ¥ =1y (by 4+ bryz + bay + b3z),
2=z (co + oz 4+ 632’) , 2=2z(co— p(bryz + boy + b32)),

which now depend on six parameters. For these Kolmogorov systems we give the topological
classification of all their phase portraits in the Poincaré disk. The Poincaré disk is the closed
unit disc where the plane R? is identified with its interior and its boundary, the circle S, is
identified with the infinity of R?. Note that in the plane R? we can go to infinity in as many
directions as points has the circle S!.

In Chapter 2 we study the first family in the case it has only isolated singular points,
and in Chapter 3 we study the global phase portraits with infinitely many singular points at
infinity. The same is done with the second family in Chapters 4 and 5.

We also deal with the study of limit cycles in the Kolmogorov systems. Limit cycles,
i.e., isolated periodic orbits in the set of all periodic orbits of a differential system, play an
important role in the qualitative theory of differential equations. The behavior of many real-
world oscillatory systems have been modelized by limit cycles, see for instance the famous
limit cycle of van der Pol [110]. The study of the limit cycles was initiated by Poincaré
[108] and a great interest in their study was motivated by the famous 16th Hilbert problem
[65, 72, 82], which concerns the determination of the upper bound for the number of limit
cycles in polynomial vector fields of dimension two and degree n, and the investigation of
their relative positions.

We want to study the limit cycles of the Kolmogorov systems of degree three in R? which
bifurcate in the zero-Hopf bifurcations of the singular points (a, b, ¢) which are not on the
invariant planes x = 0, y = 0 and z = 0 of the Kolmogorov systems

t=xP(r,y,2), §=yQ,yz2), %=zR(xy,2),

viii



Aims and objectives

with P, @@ and R polynomials of degree two. This study is carried out in Chapter 6.

To conclude we focus our attention on the applications. In Chapter 7, first of all, we
briefly present a review work which gives us a better understanding of how predator-prey
models have advanced in recent years and which are the topics and characteristics that have
particularly attracted the attention of researchers. Next, we study a predator-prey system
in the plane, for which we obtain its global phase portraits in the positive quadrant of the
Poincaré disk. Finally, we present a model in dimension three, with two prey and one preda-
tor, whose restriction to only two of the variables coincides with the previous model. For this
three-dimensional model we study different aspects of its qualitative dynamics, including the
existence of limit cycles.

We see, therefore, that population models have come a long way and are becoming more
and more realistic. Even so, and after having analyzed the literature, there are still many open
problems that are of interest to improve the existing models and that we would like to address
in the future.

Aims and objectives

The main goal of the PhD thesis is to accomplish the qualitative study of some ordinary
differential systems, particularly, the Lotka-Volterra and Kolmogorov systems. We work on
the following specific goals:

O1 Contribution to the qualitative study of the Lotka-Volterra systems on dimension three.

There are not general results about global dynamics of Lotka-Volterra systems on di-
mension three, despite their interest and the multiple applications that they have. To
make some progress in this field, we want to study the global dynamics of Lotka-
Volterra systems on dimension three, i.e.,

& = z(apg + a1z + asy + asz),
Y = y(bo + bix + bay + bsz),
z2=z(co + 1 + coy + c32),

which have a rational first integral of degree two of the form z*1y*2 23, To this end,
we must address the following objectives:

O1.A Application of the Darboux theory of integrability to obtain a characterization
of these systems.
Through the work carried out to achieve this objective, we reduce the initial
problem to a problem on dimension two, the study of the global dynamics of
two Kolmogorov families. This objective is addressed in Chapter 1.

O1.B Reduction of the number of parameters through the requirement of suitable con-
ditions.
We must determine and impose conditions that allow us to reduce the number of
parameters, in order to face a manageable problem. This leads us to obtain two
Kolmogorov families in the plane. This objective is also addressed in Chapter 1.

ix
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02

03

O1.C Study and topological classification of the global phase portraits of the obtained
families.
We study the two families of Kolmogorov systems obtained, distinguishing the
cases in which the singular points are isolated and the ones with a continuum of
singular points at infinity. These objectives are addressed for the first family in
chapters 2 and 3, respectively, and for the second family in chapters 4 and 5.

Study of the limit cycles in the Kolmogorov systems.

Limit cycles are the isolated periodic orbits in the set of all periodic orbits of a differ-
ential system, and they play an important role in the qualitative theory of differential
equations. Specifically, we want to study the limit cycles of the Kolmogorov systems
of degree three in R® which bifurcate in the zero-Hopf bifurcations of the singular
points (a, b, ¢) which are not on the invariant planes © = 0, y = 0 and z = 0 of the
Kolmogorov systems

i:xP(x,y,z), y:yQ($7y,Z)7 'é:ZR(xava)a
with P, @ and R polynomials of degree two. This study is carried out in Chapter 6.

Analysis of the applications of polynomial systems to problems from other sciences,
and study of some concrete models.

O3.A Review of the predator-prey models studied in recent years.
Since Lotka-Volterra systems, in which this work focuses, were proposed in the
context of population dynamics, especially predator-prey dynamics, our aim is
to review the current development of this kind of systems.

O3.B Study of some predator-prey systems in dimensions two and three.
We want to study some predator-prey models from a qualitative point of view,

by analyzing, for example, the existence of limit cycles and the topological clas-
sification of their global phase portraits.

Methodology

This thesis follows the classic methodology in basic research in mathematics. In general,
the research begins by carrying out a comprehensive study of the topics to be addressed
and reviewing some classical and recent bibliographical references. Here we describe the
methods used in the development of the objectives O1-O3.

01

Contribution to the qualitative study of the Lotka-Volterra systems on dimension three.

O1.A Apply the Darboux theory of integrability to obtain a characterization of these
systems.

O1.B Reduction of the number of parameters through the requirement of suitable con-
ditions.

To achieve these two objectives, our methodology is based on applying the re-
sults of Darboux theory of integrability, which can be found in [50, Chapter 8].




Methodology

O1.C Study and topological classification of the global phase portraits of the obtained

families.

For the classification of the finite and infinite singular points in the Poincaré disk,
we use the local chart formulation of the Poincaré disk, which can be found,
for example, in [50, Chapter 5]. For the study of the local phase portraits of
these singular points, we use the results for hyperbolic, semi-hyperbolic and
nilpotent singular points, which can be found in [50, Chapter 5]. For the singular
points whose linear part is identically zero we use the blow up technique (see
[4,5,49,125,130]).

For the study of the possible global phase portraits in the Poincaré disk, accord-
ing to the Theorem of Markus-Neumann-Peixoto, we determine all the possible
« and w-limits of the separatrices of the considered Kolmogorov systems.

Then, from all the possible global phase portraits in the Poincaré disk obtained,
we classify those that are realizable and from among them, we study which
are the topological equivalence classes by using, among other tools, invariants,
symmetries or rotations.

02 Study of the limit cycles in the Kolmogorov systems.

In Chapter 6 we deal with this objective and, in order to accomplish it, we use the
averaging theory of first order (see [17,18,86,131]) to study the limit cycles bifurcating
from the zero-Hopf bifurcations of the Kolmogorov systems of degree three in R>.

O3 Analysis of the applications of polynomial systems to problems from other sciences,
and study of some concrete models.

O3.A Review of the predator-prey models studied in recent years.

03.B

To develop this objective, we carried out a review of the recent work in the field
of population dynamics, specifically in predator-prey systems, selecting some
characteristics that seemed relevant for the researchers in the last years. We
compare different models, analyzing their differences and similarities as well as
the different behaviors they show.

Study of some predator-prey systems in dimensions two and three.

To achieve this objective, the techniques and methodologies used in the devel-
opment of the previous objectives are combined to study some specific predator-
prey models.

The use of computers is an essential tool in different parts of the thesis. We use the
algebraic manipulator Mathematica 12.0.0.0 (for Mac OS X x86) to perform symbolic cal-
culations and represent graphics of solutions and phase portraits obtained numerically. All
the global and local phase portraits obtained as a result of the objective O1.C included in
this thesis are done with the software Inkscape. The software P4 [7] is used as a support in
Chapters 2 to 5, especially to study the feasibility of global phase portraits.
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Resumo

Os contidos desta tese, titulada Dindmica cualitativa de sistemas Lotka-Volterra e Kolmogorov
no plano e no espazo, son o resultado do traballo realizado por Erika Diz Pita durante os es-
tudos correspondentes ao Programa de Doutoramento en Matemadticas da Universidade de
Santiago de Compostela. Este traballo foi realizado en colaboracién cos seus directores de
tese Jaume Llibre Salé (Universitat Autonoma de Barcelona) e M. Victoria Otero Espinar
(Universidade de Santiago de Compostela), asi como coa profesora Claudia Valls Angles
(Universidade de Lisboa), responsable da estancia de investigacién preceptiva para optar &
mencién internacional, e co profesor Renato Colucci (Universita Politecnica delle Marche).

Esta tese céntrase no estudo da dindmica cualitativa de sistemas de ecuaciéns diferenciais
en dimensién dous e tres, especialmente de sistemas Lotka-Volterra e Kolmogorov. Estes sis-
temas permiten modelizar moitos procesos e fendmenos da natureza, asi como problemas que
xorden noutras ciencias ou cuestions de caracter social. Por iso, o coflecemento da dindmica
destes sistemas resulta de interese non s6 dende un punto de vista teérico, senén tamén polas
stas mdltiples aplicacions.

Fixéronse importantes avances no estudo destes sistemas, por exemplo, a dindmica dos
sistemas Lotka-Volterra en dimensién dous foi totalmente estudada en [117]. Con todo, para
os sistemas Lotka-Volterra en dimension tres estudaronse s6 algunhas familias moi concretas,
como € o caso dos sistemas de May-Leonard [98], que dependen s6 de dous pardmetros.

Nesta tese preténdese avanzar no estudo dos sistemas Lotka-Volterra en dimension tres,
considerando unha familia mais xeral e cun maior nimero de pardmetros. A caracterizacién
desta familia realizase no Capitulo 1, xunto coa introducién dos resultados preliminares nece-
sarios para o desenvolvemento dos capitulos posteriores. Nos Capitulos 2—5 estiidase com-
pletamente a dindmica global dos sistemas Kolmogorov planos obtidos como resultado desa
caracterizacion.

No Capitulo 6 abérdase o estudo dos ciclos limite, un dos elementos madis importantes
dentro da teoria cualitativa. Concretamente, caracterizamos os sistemas Kolmogorov de grao
tres en dimension tres que posten ciclos limite que aparecen a través dunha bifurcacién zero-
Hopf. Empregamos para iso a técnica dos promedios de orden un.

Por 1ltimo, no Capitulo 7, centrimonos nalgunhas aplicaciéns no ambito da dindmica
de poboaciéns. Comezamos facendo unha revisiéon na que se comparan distintos modelos
poboacionais, analizando como estes son cada vez mais realistas e van incorporando distintas
caracteristicas relativas ao comportamento das poboacidns estudadas. Por tltimo estudamos
dous modelos poboacionais, un en dimensién dous e outro en dimensién tres, con ddas presas
e un depredador, aplicando algunhas das técnicas introducidas con anterioridade.




Resumo

A continuacion resumimos con mais detalle os contidos de cada un dos capitulos.

Capitulo 1: Preliminares

Neste primeiro capitulo, e co fin de que o traballo sexa autocontido, introducimos os concep-
tos e resultados que son necesarios para o desenvolvemento dos capitulos seguintes.

Comezamos incluindo algunhas nociéns elementais sobre campos vectoriais e puntos
singulares nas Seccidns 1.1 e 1.2. Nesta dltima seccién presentamos tamén os resultados
que permiten caracterizar localmente as singularidades non dexeneradas, semihiperbdlicas e
nilpotentes dos sistemas polinomiais planos. Para estudar as singularidades cuxa parte lineal
¢ identicamente nula recorremos 4 técnica dos blow up’s, que introducimos tamén na Seccién
1.2. En lifias xerais, esta técnica consiste en explotar ditas singularidades, converténdoas
nunha recta mediante un cambio de variable, de forma que o estudo das novas singularidades
que aparecen sobre esa recta permita determinar como é o comportamento das 6rbitas nunha
vecifianza do punto orixinal.

A continuacién, na Seccién 1.3, presentamos a compactificacién de Poincaré, que nos
permite estudar o comportamento das érbitas no infinito, a partir dunha proxeccién do campo
en R2 sobre a esfera unidade S2, 4 que chamamos esfera de Poincaré. Grazas a esta técnica
podemos estudar os retratos de fases no disco de Poincaré, un espazo limitado obtido ao
proxectar a esfera sobre o plano z = 0, en lugar de en todo o plano R2. Identificamos o
interior do disco de Poincaré con R? e a sia fronteira co infinito de R2, podendo asi estudar
a dindmica dos sistemas nun vecifianza do infinito.

Nos retratos de fases que obtemos no disco de Poincaré, distinguimos as stdas rexions
candnicas, as stas separatrices, e a configuracion das separatrices, conceptos que se intro-
ducen na Seccién 1.4. Nesta mesma seccion enunciamos o Teorema de Markus-Neumann-
Peixoto, o fundamento tedrico que nos permite facer a clasificacién topoldxica dos retratos
de fases no disco de Poincaré en funcién das stas configuraciéns de separatrices.

Na Seccién 1.5 presentamos un resultado que permite estudar as subvariedades formadas
por singularidades, en concreto as subvariedades normalmente hiperbélicas. Utilizamos este
resultado para o estudo dos casos nos que todos os puntos do infinito, que se corresponden
cos puntos da circunferencia S', son singularidades.

Na Seccion 1.6 introducimos o concepto de indice dunha singularidade, e enunciamos o
Teorema de Poincaré-Hopf, que garante que a suma dos indices de todas as singularidades
dun campo sobre a esfera S? é igual a dous. Este resultado, aplicado aos campos sobre a
esfera de Poincaré, permitenos determinar o comportamento das drbitas nalgunhas rexiéns
do plano, onde non podemos concluir por outros métodos.

Un primeiro punto clave no noso traballo € a aplicacién da teorfa de Darboux para a
caracterizacioén dos sistemas diferenciais. Na Seccién 1.7 introducimos algtins conceptos e
resultados relacionados coa integrabilidade e as superficies invariantes e, ademais, aplicd-
molos para obter unha caracterizacién do noso problema. Recordamos que nos propofiemos
estudar os sistemas Lotka-Volterra en dimension tres, € dicir, os sistemas

& = x(ag + a1x + agy + asz),
7 = y(bo + bix + bay + b32),
Z=z(co 4+ 1z + coy + c32),
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que tefien unha integral primeira racional de grado dous da forma 2*1y*22%3. Aplicando
o teorema de integrabilidade de Darboux para sistemas polinomiais, logramos reducir o es-
tudo destes sistemas en dimension tres ao estudo das seguintes dias familias de sistemas

Kolmogorov no plano:

i = x(ag + a1z + az2® + asz), ¥ =1y(bo + b1yz + bay + b32),

2(co + c1 + c22% + ¢32), 2= z(co + c1yz + coy + c32).

z

Estas familias dependen de oito pardmetros, o cal sup6n ainda un niimero moi elevado
para levar a cabo a clasificacion de todos os seus distintos retratos de fases globais. Esiximos
que estes sistemas Kolmogorov tefian un invariante de Darboux da forma e**z*1 2*2 no caso
da primeira familia, e da forma e*!y*1 2*2 no caso da segunda. Aplicando de novo o teorema
de integrabilidade de Darboux reducimos o estudo das ddas familias previas ao estudo das

ddas seguintes, que tamén son de tipo Kolmogorov:

T=x (ao — plerr + cp2® + 032)) , g =1y (bo+bryz + bay + b3z),
=2z (co+ a1z + ez’ +c32), 2=z (co — p(bryz + by + b32)) .

O estudo da dindmica global destas familias, que agora dependen de seis pardmetros, lévase
a cabo nos Capitulos 2-5.

Por dltimo, na Seccién 1.8, incluimos os resultados empregados para o estudo de ciclos
limite, tanto os relativos 4 técnica dos promedios, como ds bifurcaciéns de Hopf.

Capitulo 2: Clasificacion da primeira familia Kolmogorov con singulari-
dades illadas

Neste capitulo estudamos a dindmica global da primeira das familias Kolmogorov obtidas
previamente, € dicir,

T=zx (a,o — u(clx + 622’2 + 032’)) , 1)

z=2z (co +oer 4 e + 032) .
O resultado principal relativo a esta familia € o seguinte:

Teorema 1. Os sistemas Kolmogorov (1) baixo as condiciéns H} teiien T8 retratos de fases
topoloxicamente distintos no disco de Poincaré, dados na Figura 2.0.1.

Ao longo do capitulo lévase a cabo a proba deste resultado, realizando a clasificacién
topolodxica global de todos os retratos de fases no disco de Poincaré.

Comenzamos estudando algunhas das propiedades dos sistemas na Seccién 2.1, o que
nos permite impofier certas condicidns sobre os pardmetros. En particular, consideraremos
co # 0 para que os sistemas non se reduzan a sistemas Lotka-Volterra en dimensién dous, os
cales xa estdn estudados. Ademais, como esiximos que e~ taot+cor) p o1 gexa un invariante
de Darboux, debemos considerar a condicién ag + cop # 0. Estudando as simetrias dos
sistemas podemos garantir que € suficiente estudar esta familia Kolmogorov cos pardmetros
verificando

Hl :{62750,0,0 Zoacl 2070320700+COH7§0}7

XV



Resumo

pois en calquera outro caso obterianse retratos simétricos respecto a algin dos xa obtidos.
Polo mesmo motivo, cando ay = 0, podemos limitar o noso estudo ao caso con ¢y > 0.
Podemos garantir tamén que nos casos nos que c¢; = 0 ou c3 = 0, os retratos globais obtidos
deben ser simétricos con respecto ao eixo z ou x, respectivamente. Estudamos tamén a exis-
tencia de rectas invariantes e de puntos de contacto sobre as rectas z = cte. Isto axudaranos
a determinar, mais adiante, cales dos retratos de fases globais son realizables.

Na Seccién 2.2 calculamos as singularidades finitas, estudamos todos os posibles retratos
de fases locais en torno a cada unha delas e facemos unha clasificacién recollida nas Téboas
2.2.2 a2 2.2.7. Probamos tamén que non existen ciclos limite. Eliminamos os casos nos que
existe un continuo de puntos singulares, nos cales os nosos sistemas poden reducirse a outros
madis sinxelos xa estudados, e traballamos entén con pardmetros que satisfan as condiciéns:

H} = {cy #0,a0 > 0,c1 > 0,¢3 > 0,00 + cop # 0, a + ¢; i # 0} .

Na Seccién 2.3 estudamos as singularidades infinitas, traballando coa compactificacién
de Poincaré dos sistemas.

En primeiro lugar estudamos a compactificacion na carta local U; da esfera, onde obtemos
que, ou ben a unica singularidade infinita é a orixe da carta, ou ben todos os puntos do
infinito son singularidades. Este caso particular no que todo o infinito estd formado por puntos
singulares, e que se corresponde coa condiciéon p = —1, estidase de forma independente no
Capitulo 3. Considerando polo tanto as condicions

H) = {Cz #0,a9 > 0,¢1 >0,c3 > 0,a0 + cop # 0, af + cip? 750,/17&—1},

estudamos todos os posibles retratos de fases locais da orixe da carta U;, empregando a
técnica dos blow up’s. En concreto, realizamos dous blow up’s verticais e distinguimos casos
dicriticos e non dicriticos. Como resultado de estudar as singularidades existentes sobre
o divisor excepcional tras o segundo blow up, aparecen algliins casos nos que os retratos de
fases non estdn ben definidos, polo que € preciso realizar tamén un blow up horizontal. Como
resultado deste proceso obtemos un total de 47 retratos de fases locais distintos para a orixe
da carta Uy, incluidos na Figura 2.3.1. Cabe mencionar que nalgins casos queda ainda unha
indeterminacién en certos sectores ao rematar o proceso. Eses sectores poden ser elipticos ou
hiperbélicos, e ainda que esta indeterminacién poderia solucionarse a nivel local aplicando
outros métodos, no noso caso optamos por resolvelo a nivel global baseandonos na teoria do
indice.

O estudo da compactificacién na carta Us resulta mdis sinxelo. A orixe desta carta € un
punto singular hiperbélico, que pode ser un nodo ou un punto de sela.

A continuacién facemos o paso do estudo local desenvolvido ata o0 momento ao estudo
global. Para iso recompilamos toda a informacién local obtida, partindo da clasificacién nas
Téboas 2.2.2 a2.2.7. Nalguins dos casos recollidos nestas tdboas as condiciéns determinan un
unico retrato local nos puntos do infinito, pero en moitos outros temos que distinguir distintas
posibilidades.

Empregamos a teoria do indice e o Teorema de Poincaré-Hopf para completar o estudo
das singularidades infinitas realizado por medio de blow up’s, probando se as rexiéns non
determinadas corresponden a sectores elipticos ou hiperbélicos.

Cando as separatrices se poden conectar dunha dnica forma, obtemos un tnico retrato
global a partir da informacidn local, mais en 14 casos aparecen tres posibles retratos globais.
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Empregando os resultados relativos 4 existencia de curvas invariantes e puntos de contacto,
probamos que en cada un deses 14 casos s un dos retratos globais € realizable.

Por tltimo, na Seccién 2.5, realizamos a clasificacion topoléxica dos 102 retratos globais
obtidos. En primeiro lugar determinamos 19 clases de equivalencia en funcién de dous in-
variantes: o numero de rexions candnicas e o nimero de separatrices. Dentro de cada unha
das clases, seleccionamos os invariantes apropiados para distinguir aqueles retratos topoloxi-
camente distintos, e buscamos os homeomorfismos entre aqueles topoloxicamente iguais me-
diante o uso, entre outros, de Xiros ou simetrias.

Concluimos asi a proba do resultado principal, obtendo a clasificacién topoléxica global
de todos os retratos de fases no disco de Poincaré dos sistemas (1) que non tefien un continuo
de singularidades no infinito.

Capitulo 3: Clasificaciéon da primeira familia Kolmogorov con singulari-
dades non illadas

Neste capitulo estudamos a primeira das familias de sistemas Kolmogorov cando todos os
puntos do infinito son singularidades. Este caso correspéndese co valor do pardmetro y = —1,
polo que estudamos os sistemas

i =z (ag+ 1z + c22® + ¢32) @

z=2z (co + iz + 0222 + 032) .

A partir dos resultados obtidos no capitulo previo obtemos algunhas propiedades dos

sistemas, e determinamos unha serie de condicidons que podemos impofier aos parametros
sen perda de xeneralidade, en concreto:

Hl = {62 7£ O,GO > Ovcl > 0763 > O7CL0 7& 607a8 +C% 7& 0} .
O noso resultado principal sobre a dindmica global dos sistemas (2) € o seguinte:

Teorema 2. Os sistemas Kolmogorov (2) baixo as condicions H?* tefien 22 retratos de fases
topoloxicamente distintos no disco de Poincaré, dados na Figura 3.0.1.

A existencia de singularidades finitas asi como a clasificacién dos seus retratos de fases
locais, realizase a partir dos resultados do Capitulo 2.

Na Seccién 3.2, empregando a compactificacion de Poincaré, estudamos a dindmica no
infinito. Neste caso, como xa se mencionou, todos os puntos do infinito son singularidades.
En primeiro lugar estudamos a orixe da carta Uy, na cal a matriz Xacobiana ten un autovalor
nulo e outro non nulo. Isto permitenos aplicar o Teorema 1.5.1 e concluir que, ou ben hai
exactamente unha drbita que sae dese punto singular, ou ben unha tnica 6rbita que chega a
él.

Considerando a expresion da compactificacién na carta U; estudamos todos os demais
puntos do infinito. Nos puntos distintos da orixe estamos en condiciéns de aplicar o Teorema
1.5.1 e distinguir casos nos que a cada un deses puntos chega exactamente unha 6rbita e
outros nos que de cada punto sae exactamente unha 6rbita.

Por outra parte, para a orixe da carta U; obtemos 12 retratos de fases locais distintos,
incluindo casos nos que a singularidade é semihiperbdlica e outros nos que € linealmente
cero. Nestes tltimos recorremos ao emprego de blow up’s para realizar a desingularizacidn.
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Combinando a informacién local, determinamos os retratos de fases globais a partir da
andlise das posibles conexidns das separatrices. En seis casos, as separatrices poden conec-
tarse de tres modos distintos. En cada un deses casos, probamos que solo un dos tres retratos
globais € realizable, obtendo finalmente un total de 29 retratos no disco de Poincaré.

Por ultimo realizamos a clasificacion topoldxica. Inicialmente consideramos o nimero
de singularidades finitas e a suma dos indices en todas as singularidades finitas como invari-
antes, e con eles determinamos 14 clases. Analizando as coincidencias topoldxicas dentro
de cada unha desas clases, obtemos finalmente 22 retratos globais topoloxicamente distintos,
probando asi o resultado principal deste capitulo.

Capitulo 4: Clasificaciéon da segunda familia Kolmogorov con singulari-
dades illadas

Neste capitulo abordamos o estudo da segunda das familias Kolmogorov, € dicir

g =1y (bo + bryz + bay + b32)),

. 3)
2=z (co — p(bryz + bay + b32)) .

Para estes sistemas obtemos o seguinte resultado sobre a sia dindmica global:

Teorema 3. Os sistemas Kolmogorov (3) baixo as condiciéns H3 teiien 52 retratos de fases
topoloxicamente distintos no disco de Poincaré, dados na Figura 4.0.1.

A estrutura da demostracién é similar 4 descrita no Capitulo 2. Comenzamos estudando
propiedades dos sistemas, especialmente simetrias, que nos permiten traballar no seguinte
espacio de pardmetros:

H2:{b1 7’50700+boﬂ7507b020ab22076320}-

Despois estudamos a existencia de singularidades finitas e os seus retratos de fases locais,
obtendo a clasificacién dada nas Téboas 4.2.2 a 4.2.5. Traballamos baixo as condicidns

H%:{bl %O7bou+60%07b0207b2 207b3207ﬂ2b§+cg7&07b§+b37&0}a

eliminando asi os casos nos que existe un continuo de puntos singulares finitos, e que poden
reducirse a outros sistemas cuxa dindmica global xa foi estudada.

De novo, baixo a condicién p = —1 existe un continuo de singularidades no infinito, e
estudamos ese caso de forma independente no seguinte capitulo, traballando agora baixo as
condicions

H22:{bl 7&07boﬂ+607é07b0 ZovbQ ZovbB 207M2b§+cg#07b§+b37&0?ﬂ7€71}

Unha das diferencias respecto ao estudo da primeira familia, levado a cabo no Capitulo 2,
¢ que neste caso é necesario realizar dous procesos de desingularizaciéon mediante blow up’s,
un para a orixe da carta U; e outro para a orixe da carta U,. Obtéfiense 27 retratos locais no
primeiro caso e 26 no segundo, como se amosa nas Figuras 4.3.1. e 4.4.1. Neste caso tamén
se require combinar blow up’s verticais e horizontais.
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A partir da informacidn local obtida, estudamos os retratos de fases globais no disco de
Poincaré. Nalgtins casos, a informacién local € completa e determina univocamente un retrato
de fases a través dunha dnica conexién posible das separatrices. Noutros casos, aplicamos
teorfa do indice para determinar se certos sectores dos retratos de fases locais son elipticos ou
hiperbélicos, obtendo de novo un tinico retrato global ao conectar as separatrices. Noutros 11
casos podemos conectar as separatrices de tres formas diferentes, dando lugar a tres retratos
de fases globais. A diferencia do que ocorria coa primeira familia Kolmogorov, probamos
en cada un dos 11 casos que os tres retratos globais son realizables. Para iso, en cada caso
demostramos que para certos valores dos pardmetros a conexion das separatrices ten lugar
sobre unha recta invariante, e perturbando os pardmetros obtemos as outras ddas configu-
raciéns. Comprébase tamén numericamente co programa P4, e se inclien valores para os que
cada un dos retratos se realiza.

Para concluir a demostracién realizamos a clasificacion topoldxica dos 106 retratos globais
obtidos, comezando por determinar clases de equivalencia en funcién do niimero de rexiéns
canénicas e separatrices. Finalmente probamos que existen un total de 52 retratos globais
topoloxicamente distintos no disco de Poincaré.

Capitulo 5: Clasificaciéon da segunda familia Kolmogorov con singulari-
dades non illadas

Neste capitulo terminamos a clasificacion dos retratos globlais das familias Kolmogorov
abordando o caso no que na segunda familia todos os puntos do infinito son singularidades.
Neste caso, no que o pardmetro y = —1, estudamos os sistemas

=y (bo + bryz + boy + b32) ,

4
Z =2z (co+ bryz + bay + bzz), @

baixo as condicions
ﬁQ: {bl 7&0700_1)07507()0 207b2 207b3 207b§+03¢07b§+b3#0}7

que podemos asumir basedndonos nos resultados obtidos no capitulo anterior. O resultado
principal € o seguinte:

Teorema 4. Os sistemas Kolmogorov (4) baixo as condicions H? teien 13 retratos de fases
topoloxicamente distintos no disco de Poincaré, dados na Figura 5.0.1.

Seguindo unha estrutura similar 4 dos capitulos anteriores, estudamos as singularidades
finitas e os seus retratos de fases locais. Despois estudamos os puntos de equilibrio infini-
tos empregando a compactificaciéon de Poincaré. Obtemos resultados sobre a dindmica en
vecifianzas das singularidades infinitas empregando o Teorema 1.5.1 para subvariedades nor-
malmente hiperbélicas, o Teorema 1.2.3 para singularidades semihiperbdlicas e o Teorema
1.2.5 para singularidades nilpotentes.

A partir da informacién local obtemos os posibles retratos globais, realizando poste-
riormente unha clasificacion topoldxica da que concluimos que existen 13 retratos globais
topoloxicamente distintos no disco de Poincaré.
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Capitulo 6: Bifurcacién Zero-Hopf nos sistemas Kolmogorov en R?

Os ciclos limite tefien un importante papel na teoria cualitativa dos sistemas diferenciais, pois
aparecen no estudo de moitos fendmenos e procesos do mundo real.

Neste capitulo centrdmonos no estudo dos ciclos limite nos sistemas Kolmogorov. En
concreto, estudamos os ciclos limite dos sistemas Kolmogorov de grao tres en R? que apare-
cen a través dunha bifurcacién zero-Hopf en calquera punto singular (a, b, ¢) que non estd
sobre os planos invariantes x = 0, y = 0, z = 0. Estes sistemas tefien a forma xeral

t=xP(r,y,2), §=yQ,y2), %=zR(xy,z2),

onde P, ) e R son polinomios de grao dous.

Facendo un reescalado do sistema, asumimos sen perda de xeneralidade que a singu-
laridade estudada é o punto (1,1,1). Caracterizamos cando esta singularidade é de tipo
zero-Hopf na Proposicién 6.0.1, obtendo cinco casos distintos. O primeiro deles xa tifia sido
estudado en [85], polo que abordamos o estudo de todos os demais casos.

En cada unha das secciéns seguimos unha organizacion similar, enunciando e probando
un teorema que caracteriza a existencia de dous ciclos limite que bifurcan do punto (1,1, 1)
en cada caso: os Teoremas 6.1.1, 6.2.1 ¢ 6.3.1. O Teorema 6.2.1 foi elaborado de forma que
permite unificar dous dos casos sen mdis que redefinir algunhas constantes.

Para a demostracion dos resultados, perturbamos os pardmetros que definen o equilibrio
zero-Hopf, e realizamos transformacidns sobre os sistemas para chegar 4 forma normalizada.
En lifias xerais, calculamos os sistemas con parte lineal en forma canénica de Jordan, facemos
un cambio a coordenadas cilindricas, reescalamos co parimetro de perturbacion e eliximos 6
como nova variable independente.

Unha vez que os sistemas estdn na sia forma normalizada, aplicamos a teoria dos prome-
dios. Para iso calculamos a funcién promedio de primeira orde, fi = (f11, f12) e calculamos
e estudamos as soluciéns da ecuacion (f11, f12) = (0,0). O Teorema 1.8.3 permitenos con-
cluir a existencia de ciclos limite.

Unha vez garantida a existencia dos ciclos limite, estudamos a sia estabilidade analizando
os autovalores da matriz Xacobiana nas solucidns obtidas para a anterior ecuacion.

Dentro de cada seccién incluimos tamén unha subseccion na cal se proporcionan exem-
plos concretos, a través dos valores dos pardmetros, que proban que todos os conxuntos de
condiciéns incluidas nos resultados son non vacios, e que, polo tanto, todos os casos que
contemplan as afirmaciéns dos teoremas son realizables.

Capitulo 7: Aplicacions

No tltimo capitulo, aplicando as técnicas e resultados tratados nos capitulos anteriores, con-
sideramos algins problemas especificos no campo da biomatemadtica. Dado que os sistemas
Lotka-Volterra e Kolmogorov tefien a sda orixe no campo da dindmica de poboacions, e xa
que as sdas aplicacions neste 4mbito seguen sendo de interese na actualidade e contindan
desenvolvéndose, centramos a nosa atencion nesta area.

En primeiro lugar, na Seccién 7.1 presentamos un traballo de revisiéon que nos propor-
ciona unha mellor comprensién de como os modelos depredador-presa avanzaron nos ulti-
mos anos e cales son os temas e caracteristicas que atraeron especialmente a atenciéon dos
investigadores.
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Resumo

Despois, na Seccién 7.2 estudamos un modelo depredador-presa no plano dado por un
sistema Kolmogorov obtido a partir do sistema de Rosenzweig e MacArthur. Para este sis-
tema estudamos a sta dindmica no cuadrante positivo do disco de Poincaré, analizando os
posibles retratos de fases globais. Estudamos as singularidades finitas e infinitas e incluimos
un estudo da bifurcacién de Hopf.

Finalmente, na Seccién 7.3 estudamos un modelo en dimension tres, con duias especies
de presas e unha especie depredadora. A restricion deste sistema a ddas variables coincide
co modelo no plano estudado anteriormente. Para este modelo tridimensional, estudamos
distintos aspectos da stia dindmica cualitativa, incluindo a existencia de singularidades e a
sua estabilidade, a existencia de ciclos limite e a bifurcacién de Hopf ou as propiedades de
persistencia do sistema.
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Resumen

Los contenidos de esta tesis, titulada Dindmica cualitativa de sistemas Lotka-Volterra y Kol-
mogorov en el plano y en el espacio, son el resultado del trabajo realizado por Erika Diz
Pita durante los estudios correspondientes al Programa de Doctorado en Matematicas de la
Universidad de Santiago de Compostela. Este trabajo ha sido realizado en colaboracién con
sus directores de tesis Jaume Llibre Salé (Universitat Autonoma de Barcelona) y M. Victoria
Otero Espinar (Universidade de Santiago de Compostela), asi como con la profesora Claudia
Valls Angles (Universidade de Lisboa), responsable de la estancia de investigacion preceptiva
para optar a la mencién internacional, y con el profesor Renato Colucci (Universita Politec-
nica delle Marche).

Esta tesis se centra en el estudio de la dindmica cualitativa de sistemas de ecuaciones
diferenciales en dimension dos y tres, especialmente de sistemas Lotka-Volterra y Kolmogorov.
Estos sistemas permiten modelizar muchos procesos y fenémenos de la naturaleza, asi como
problemas que surgen en otras ciencias o cuestiones de cardcter social. Por ello, el conocimiento
de la dindmica de estos sistemas resulta de interés no solo desde un punto de vista tedrico, si
no también por sus mdltiples aplicaciones.

Se han hecho importantes avances en el estudio de estos sistemas, por ejemplo, la dindmica
de los sistemas Lotka-Volterra en dimensién dos ha sido totalmente estudiada en [117]. Sin
embargo, para los sistemas Lotka-Volterra en dimensién tres se han estudiado solo algunas
familias muy concretas, como es el caso de los sistemas de May-Leonard [98], definidos con
tan solo dos pardmetros.

En esta tesis se pretende avanzar en el estudio de los sistemas Lotka-Volterra en dimen-
sion tres, considerando una familia mds general y con un mayor nimero de pardmetros. La
caracterizacion de esta familia se realiza en el Capitulo 1, junto con la introduccién de los
resultados preliminares necesarios para el desarrollo de los capitulos posteriores. En los Capi-
tulos 2-5 se estudia completamente la dindmica global de los sistemas Kolmogorov planos
obtenidos como resultado de esa caracterizacion.

En el Capitulo 6 se aborda el estudio de los ciclos limite, uno de los elementos mas
importantes dentro de la teorfa cualitativa. Concretamente, caracterizamos los sistemas Kol-
mogorov de grado tres en dimension tres que poseen ciclos limite que aparecen a través de
una bifurcacién zero-Hopf. Empleamos para ello la técnica de los promedios de orden uno.

Por ultimo, en el Capitulo 7, nos centramos en algunas aplicaciones en el dmbito de la
dindmica de poblaciones. Comenzamos haciendo una revision en la que se comparan distintos
modelos poblacionales, analizando como estos son cada vez m4s realistas y van incorporando
distintas caracteristicas reales relativas al comportamiento de las poblaciones estudiadas. Por
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Resumen

ultimo estudiamos dos modelos poblacionales, uno en dimensiéon dos y otro en dimensién
tres, con dos presas y un depredador, aplicando algunas de las técnicas introducidas con
anterioridad.

A continuacién resumimos con mas detalle los contenidos de cada uno de los capitulos.

Capitulo 1: Preliminares

En este primer capitulo, y con el fin de que el trabajo sea autocontenido, introducimos los
conceptos y resultados que son necesarios para el desarrollo de los capitulos siguientes.

Comenzamos incluyendo algunas nociones elementales sobre campos vectoriales y pun-
tos singulares en las Secciones 1.1 y 1.2. En esta dltima seccién presentamos también los re-
sultados que permiten caracterizar localmente las singularidades no degeneradas, semihiper-
bélicas y nilpotentes de los sistemas polinomiales planos. Para estudiar las singularidades
cuya parte lineal es idénticamente nula recurrimos a la técnica de blowup’s, que introduci-
mos también en la Seccién 1.2. A grandes rasgos, esta técnica consiste en explotar dichas
singularidades, convirtiéndolas en una recta mediante un cambio de variable, de forma que
el estudio de las nuevas singularidades que aparecen sobre esa recta nos permita determinar
como es el comportamiento de las érbitas en un entorno del punto original.

A continuacién, en la Seccién 1.3, presentamos la compactificacién de Poincaré, que nos
permite estudiar el comportamiento de las drbitas en el infinito, a partir de una proyeccion
del campo en R? sobre la esfera unidad S2, a la que llamaremos esfera de Poincaré. Gracias
a esta técnica podemos estudiar los retratos de fases en el disco de Poincaré, un espacio
acotado obtenido al proyectar la esfera sobre el plano z = 0, en lugar de en todo el plano R2,
Identificaremos el interior del disco de Poincaré con R? y su frontera con el infinito de R?,
pudiendo asi estudiar la dindmica de los sistemas en un entorno del infinito.

En los retratos de fases que obtenemos en el disco de Poincaré, distiguiremos sus re-
giones canénicas, sus separatrices, y la configuracién de las separatrices, conceptos que se
introducen en la Seccién 1.4. En esta misma seccién enunciamos el Teorema de Markus-
Neumann-Peixoto, el fundamento tedrico que nos permite hacer la clasificacion topoldgica
de los retratos de fases en el disco de Poincaré en funcién de sus configuraciones de separa-
trices.

En la Seccién 1.5 presentamos un resultado que permite estudiar las subvariedades for-
madas por singularidades, en concreto las subvariedades normalmente hiperbdlicas. Uti-
lizamos este resultado para el estudio de los casos en los que todos los puntos del infinito,
que se corresponden con los puntos de la circunferencia S', son singularidades.

En la Seccioén 1.6 introducimos el concepto de indice de una singularidad, y enunciamos
el Teorema de Poincaré-Hopf, que garantiza que la suma de los indices de todas las singula-
ridades de un campo sobre la esfera S? es igual a dos. Este resultado, aplicado a los campos
sobre la esfera de Poincaré, nos permite determinar el comportamiento de las drbitas en al-
gunas regiones del plano, donde otros métodos no son concluyentes.

Un primer punto clave en nuestro trabajo es la aplicacion de la teoria de Darboux para la
caracterizacion de los sistemas diferenciales. En la Seccién 1.7 introducimos algunos con-
ceptos y resultados relacionados con la integrabilidad y las superficies invariantes y, ademas,
los aplicamos para obtener una caracterizacion de nuestro problema. Recordamos que nos
proponemos estudiar los sistemas Lotka-Volterra en dimension tres, es decir, los sistemas
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x(ag + a1 + agy + asz),
y(bo + brx + boy + b3z),
= z(co + 12 + coy + c32),

i
Y
%

que tienen una integral primera racional de grado dos de la forma z*1y*2 23, Aplicando el
teorema de integrabilidad de Darboux para sistemas polinomiales, logramos reducir el estudio
de estos sistemas en dimension tres al estudio de las siguientes dos familias de sistemas
Kolmogorov en el plano:

. 2
z=x(ag + a1z + azz” + azz),

y(bo + biyz + bay + bs2),
2(co + c1 + c22% + ¢32), 2= z(co + c1yz + coy + c32).

z

Estas familias dependen de ocho pardmetros, lo cual supone todavia un niimero muy ele-
vado para llevar a cabo la clasificacion de todos sus distintos retratos de fases globales. Exigi-
mos que estos sistemas Kolmogorov tengan un invariante de Darboux de la forma estz 1 222
en el caso de la primera familia, y de la forma e**y*1 2?2 en el caso de la segunda. Aplicando
de nuevo el teorema de integrabilidad de Darboux reducimos el estudio de las dos familias

previas al estudio de las dos siguientes, que también son de tipo Kolmogorov:

T=x (ao — plerw + caz® + 032)) ; ¥ =1y (bg + bryz + boy + bs32),
z=z (co Yozt + 032) , 2=z (co — p(bryz + bay + b3z)).

El estudio de la dindmica global de estas familias, que ahora dependen de seis pardmetros, se
lleva a cabo en los Capitulos 2-5.

Por dltimo, en la Seccién 1.8, incluimos los resultados empleados para el estudio de ciclos
limite, tanto los relativos a la técnica de los promedios, como a la bifurcacién de Hopf.

Capitulo 2: Clasificacion de la primera familia Kolmogorov con singu-
laridades aisladas

En este capitulo estudiamos la dindmica global de la primera de las familias Kolmogorov
obtenidas previamente, es decir,

T=x (ao — u(clx + 0222 + 032)) , 1)

i=2z(co+ 1z + 22" +c32) .
Nuestro resultado principal es el siguiente:

Teorema 1. Los sistemas Kolmogorov (1) bajo las condiciones H} tienen T8 retratos de fases
topoldgicamente distintos en el disco de Poincaré, dados en la Figura 2.0.1.

A lo largo del capitulo se lleva a cabo la prueba de este resultado, realizando la clasifi-
cacién topoldgica global de todos los retratos de fases en el disco de Poincaré.

Comenzamos estudiando algunas de las propiedades de los sistemas en la Seccién 2.1, lo
que nos permite imponer ciertas condiciones sobre los pardmetros. En particular, considerare-
mos ¢y # 0 para que los sistemas no se reduzcan a sistemas Lotka-Volterra en dimensién dos,
los cuales ya estdn estudiados. Ademds, como exigimos que e~ *(%0¢0/) 2 sea un invariante
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de Darboux, debemos considerar la condicién ag + cou # 0. Estudiando las simetrias de
los sistemas podemos garantizar que es suficiente estudiar esta familia Kolmogorov con los
pardmetros verificando

H' = {cy #0,a9 > 0,¢1 > 0,¢3 > 0,a0 + cop # 0},

pues en cualquier otro caso se obtendrian retratos simétricos respecto a alguno de los ya
obtenidos. Por el mismo motivo, cuando ag = 0 podremos limitar nuestro estudio al caso
con ¢y > 0. Podemos garantizar también que en los casos en los que ¢; = 0 0 cg = 0, los
retratos globales obtenidos deben ser simétricos con respecto al eje z o x, respectivamente.
Estudiamos también la existencia de rectas invariantes y de puntos de contacto sobre las rectas
z = cte. Esto nos ayudard a determinar, mas adelante, cuales de los retratos de fases globales
son realizables.

En la Seccién 2.2 calculamos las singularidades finitas, estudiamos todos los posibles
retratos de fases locales en torno a cada una de ellas y damos una clasificacién en las Tablas
2.2.2 a2.2.7. Probamos también que no existen ciclos limite. Eliminamos los casos en los
que existe un continuo de equilibrios, en los cuales nuestros sistemas pueden reducirse a otros
mads sencillos ya estudiados, y trabajamos asi con pardmetros que satisfacen las condiciones:

Hi = {2 #0,a0 > 0,¢1 > 0,¢3 > 0,a0 + cop # 0,af + cipu® # 0} .

En la Seccidn 2.3 estudiamos las singularidades infinitas, trabajando con la compactifi-
cacion de Poincaré de los sistemas.

En primer lugar estudiamos la compactificacién en la carta local U; de la esfera, donde
obtenemos que, o bien la tnica singularidad infinita es el origen de la carta, o bien todos
los puntos del infinito son singularidades. Este caso particular en el que todo el infinito estd
formado por puntos singulares, y que se corresponde con la condicién y = —1, se estudia de
forma independiente en el Capitulo 3. Considerando por tanto las condiciones

Hy = {cy #0,a0 > 0,¢1 > 0,5 > 0,a0 + cop # 0,0 + 3 # 0, # —1},

estudiamos todos los posibles retratos de fases locales del origen de la carta U;, empleando
la técnica de blow up’s. En concreto, realizamos dos blow up’s verticales y distinguimos
casos dicriticos y no dicriticos. Como resultado de estudiar las singularidades existentes
sobre el divisor excepcional tras el segundo blow up, aparecen algunos casos en los que los
retratos de fases no estdn bien definidos, por lo que es necesario realizar también un blow
up horizontal. Como resultado de este proceso obtenemos un total de 47 retratos de fases
locales distintos para el origen de la carta U;, incluidos en la Figura 2.3.1. Cabe mencionar
que en algunos casos queda todavia una indeterminacién en ciertos sectores al terminar el
proceso. Esos sectores podrian ser elipticos o hiperbdlicos, y aunque esta indeterminacién
podria solventarse a nivel local aplicando otros métodos, en nuestro caso hemos optado por
resolverlo a nivel global basdndonos en la teoria del indice.

El estudio de la compactificacion en la carta U, resulta mas sencillo. El origen de esta
carta es un punto singular hiperbdlico, que puede ser un nodo o un punto de silla.

A continuacion hacemos el paso del estudio local desarrollado hasta el momento al estu-
dio global. Para ello recopilamos toda la informacion local obtenida, partiendo de la clasi-
ficacion en las Tablas 2.2.2 a 2.2.7. En algunos de los casos recogidos en estas tablas las
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condiciones determinan un tnico retrato local en los puntos del infinito, pero en muchos
otros debemos distinguir distintas posibilidades.

Empleamos la teoria del indice y el Teorema de Poincaré-Hopf para completar el estudio
de las singularidades infinitas realizado por medio de blow up’s, probando si las regiones no
determinadas se corresponden con sectores elipticos o hiperbdlicos.

Cuando las separatrices se pueden conectar de una tnica forma, obtenemos un tnico
retrato global a partir de la informacién local, pero en 14 casos aparecen tres posibles retratos
globales. Empleando los resultados relativos a la existencia de curvas invariantes y puntos
de contacto, probamos que en cada uno de esos 14 casos solo uno de los retratos globales es
realizable.

Por dltimo, en la Seccién 2.5, realizamos la clasificacién topoldgica de los 102 retratos
globales obtenidos. En primer lugar determinamos 19 clases de equivalencia en funcién de
dos invariantes: el nimero de regiones canénicas y el nimero de separatrices. Dentro de cada
una de las clases, seleccionamos los invariantes apropiados para distinguir aquellos retratos
topoldégicamente distintos, y buscamos los homeomorfismos entre aquellos topoldgicamente
iguales mediante el uso, entre otros, de giros o simetrias.

Concluimos asfi la prueba de nuestro resultado principal, obteniendo la clasificacion topold-
gica global de todos los retratos de fases en el disco de Poincaré de los sistemas (1) que no
tienen un continuo de singularidades en el infinito.

Capitulo 3: Clasificacion de la primera familia Kolmogorov con singu-
laridades no aisladas

En este capitulo estudiamos la primera de las familias de sistemas Kolmogorov cuando todos
los puntos del infinito son singularidades. Este caso se corresponde con el valor del pardmetro
© = —1, por lo que estudiamos los sistemas

T=x (ao +cx+ 0222 + 032) , )

2=z (co + e+ e2? +03z).

A partir de los resultados obtenidos en el capitulo previo obtenemos algunas propiedades
de los sistemas, y determinamos una serie de condiciones que podemos imponer a los parime-
tros sin pérdida de generalidad, en concreto:

FII = {CQ 7& O,Clo > chl > 0703 > O,CLO 7é CQ,CL% +C% 7é 0} .
Nuestro resultado principal sobre la dindmica global de los sistemas (2) es el siguiente:

Teorema 2. Los sistemas Kolmogorov (2) bajo las condiciones H? tienen 22 retratos de fases
topoldgicamente distintos en el disco de Poincaré, dados en la Figura 3.0.1.

La existencia de singularidades finitas asi como la clasificacién de sus retratos de fases
locales, se realiza a partir de los resultados del Capitulo 2.

En la Seccién 3.2, empleando la compactificacién de Poincaré, estudiamos la dindmica
en el infinito. En este caso, como ya se ha mencionado, todos los puntos del infinito son
singularidades. En primer lugar estudiamos el origen de la carta Us, en el cual la matriz
Jacobiana tiene un autovalor nulo y otro no nulo. Esto nos permite aplicar el Teorema 1.5.1
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y concluir que, o bien hay exactamente una 6rbita que sale de ese punto singular, o bien una
Unica Orbita que llega a éI.

Considerando la expresién de la compactificacién en la carta U; estudiamos todos los
demds puntos del infinito. En los puntos distintos del origen estamos en condiciones de
aplicar el Teorema 1.5.1 y distinguir casos en los que a cada uno de esos puntos llega exacta-
mente una 6rbita y otros en los que de cada punto sale exactamente una Orbita.

Por otra parte, para el origen de la carta U; obtenemos 12 retratos de fases locales dis-
tintos, incluyendo casos en los que la singularidad es semihiperbélica y otros en los que es
linealmente cero. En estos tltimos recurrimos al empleo de blow up’s para realizar la desin-
gularizacion.

Combinando la informacién local, determinamos los retratos de fases globales a partir del
andlisis de las posibles conexiones de las separatrices. En seis casos, las separatrices pueden
conectarse de tres modos distintos. En cada uno de esos casos, probamos que solo uno de los
tres retratos globales es realizable, obteniendo finalmente un total de 29 retratos en el disco
de Poincaré.

Por dltimo realizamos la clasificacién topoldgica. Inicialmente consideramos el nimero
de singularidades finitas y la suma de los indices en todas las singularidades finitas como
invariantes, y con ellos determinamos 14 clases. Analizando las coincidencias topologicas
dentro de cada una de esas clases, obtenemos finalmente 22 retratos globales topolégicamente
distintos, probando asi nuestro resultado principal de este capitulo.

Capitulo 4: Clasificacion de la segunda familia Kolmogorov con singu-
laridades aisladas

En este capitulo abordamos el estudio de la segunda de las familias Kolmogorov, es decir

9 =1y (bo + b1yz + bay + b32)),

. 3)
z=z(co — p(b1yz + by + bsz)) . (

Para estos sistemas obtenemos el siguiente resultado sobre su dindmica global:

Teorema 3. Los sistemas Kolmogorov (3) bajo las condiciones H3 tienen 52 retratos de fases
topoldgicamente distintos en el disco de Poincaré, dados en la Figura 4.0.1.

La estructura de la demostracién es similar a la descrita en el Capitulo 2. Comenzamos
estudiando propiedades de los sistemas, especialmente simetrias, que nos permiten trabajar
en el siguiente espacio de pardmetros:

H2:{b1 #O,Co—i—bou#o,bozo,bgZO,ngO}.

Después estudiamos la existencia de singularidades finitas y sus retratos de fases locales,
obteniendo la clasificacién dada en las Tablas 4.2.2 a 4.2.5. Trabajamos bajo las condiciones

H12:{b1 #07b0M+CO§£07b0207b2 207b3207,u2b§+c(2)7é07b§+b(%7é0}a

eliminando asf los casos en los que existe un continuo de puntos singulares finitos, y que
pueden reducirse a otros sistemas cuya dindmica global ya ha sido estudiada.
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De nuevo, bajo la condicién p = —1 existe un continuo de singularidades en el infinito,
y estudiamos ese caso de forma independiente en el siguiente capitulo, trabajando ahora bajo
las condiciones

H3 = {by # 0,bou + co # 0,bg > 0,by > 0,bs > 0, p”b3 + ¢ # 0, b3 + b # 0, # —1} .

Una de las diferencias respecto al estudio de la primera familia, llevado a cabo en el Capi-
tulo 2, es que en este caso es necesario realizar dos procesos de desingularizacién mediante
blow up’s, un para el origen de la carta U; y otro para el origen de la carta Us. Se obtienen
27 retratos locales en el primer caso y 26 en el segundo, como se muestra en las Figuras 4.3.1
y 4.4.1. En este caso también se requiere combinar blow up’s verticales y horizontales.

A partir de la informacion local obtenida, estudiamos los retratos de fases globales en el
disco de Poincaré. En algunos casos, la informacién local es completa y determina univo-
camente un retrato de fases a través de una tinica conexién posible de las separatrices. En
otros casos, aplicamos teoria del indice para determinar si ciertos sectores de los retratos
de fases locales son elipticos o hiperbdlicos, obteniendo de nuevo un Unico retrato global al
conectar las separatrices. En otros 11 casos podemos conectar las separatrices de tres formas
diferentes, dando lugar a tres retratos de fases globales. A diferencia de lo que ocurria con
la primera familia Kolmogorov, probamos en cada uno de los 11 casos que los tres retratos
globales son realizables. Para ello, en cada caso demostramos que para ciertos valores de los
pardmetros la conexién de separatrices tiene lugar sobre una recta invariante, y perturbando
los parametros obtenemos las otras dos configuraciones. Se comprueba también numérica-
mente con el programa P4, y se incluyen valores para los que cada uno de los retratos se
realiza.

Para concluir la demostracién realizamos la clasificacién topolégica de los 106 retratos
globales obtenidos, comenzando por determinar clases de equivalencia en funcién del nimero
de regiones candnicas y separatrices. Finalmente probamos que existen un total de 52 retratos
globales topoldgicamente distintos en el disco de Poincaré.

Capitulo 5: Clasificacion de la segunda familia Kolmogorov con singu-
laridades no aisladas

En este capitulo terminamos la clasificacién de los retratos globlales de las familias Kol-
mogorov abordando el caso en el que en la segunda familia todos los puntos del infinito son
singularidades. En este caso, en el que el pardmetro 1 = —1, estudiamos los sistemas

¥ =1y (bo + b1yz + bay + b32),

4
Z2=2z(co+bryz +boy + b3z2), @)

bajo las condiciones

]~{2: {bl 750700_1)07507()0 ZoabQ Zoab3 Zo’b§+cg¢0;b§+b%7’é0}7

que podemos asumir basdndonos en los resultados obtenidos en el capitulo anterior. Nuestro
resultado principal es el siguiente:

Teorema 4. Los sistemas Kolmogorov (4) bajo las condiciones H? tienen 13 retratos de fases
topologicamente distintos en el disco de Poicaré, dados en la Figura 5.0.1.
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Siguiendo una estructura similar a los capitulos anteriores, estudiamos las singularidades
finitas y sus retratos de fases locales. Después estudiamos los puntos de equilibrio infini-
tos empleando la compactificacién de Poincaré. Obtenemos resultados sobre la dindmica en
entornos de las singularidades infinitas empleando el Teorema 1.5.1 para subvariedades nor-
malmente hiperbélicas formadas por singularidades, el Teoremas 1.2.3 para singularidades
semihiperbdlicas y el Teorema 1.2.5 para singularidades nilpotentes.

A partir de la informacién local obtenemos los posibles retratos globales, realizando pos-
teriormente una clasificacién topolégica de la que concluimos que existen 13 retratos globales
topoldgicamente distintos en el disco de Poincaré.

Capitulo 6: Bifurcacién Zero-Hopf en los sistemas Kolmogorov en R?

Los ciclos limite tienen un importante papel en la teoria cualitativa de los sistemas dife-
renciales, pues aparecen en el estudio de muchos fenémenos y procesos del mundo real.

En este capitulo nos centramos en el estudio de los ciclos limite en los sistemas Kol-
mogorov. En concreto, estudiamos los ciclos limite de los sistemas Kolmogorov de grado
tres en R? que aparecen a través de una bifurcacién zero-Hopf en cualquier punto singular
(a, b, c) que no estd sobre los planos invariantes © = 0, y = 0, z = 0. Estos sistemas tienen
la forma general

t=xP(r,y,2), 9=yQ,yz2), %=zR(x,y,z2),

donde P, @ y R son polinomios de grado dos.

Haciendo un reescalado del sistema, asumimos sin pérdida de generalidad que la singu-
laridad estudiada es el punto (1,1,1). Caracterizamos cuando esta singularidad es de tipo
zero-Hopf en la Proposicién 6.0.1, obteniendo cinco casos distintos. El primero de ellos ya
habia sido estudiado en [85], por lo que abordamos el estudio de todos los demads casos.

En cada una de las secciones seguimos una organizacion similar, enunciando y probando
un teorema que caracteriza la existencia de dos ciclos limite que bifurcan del punto (1,1, 1)
en cada caso, los Teoremas 6.1.1, 6.2.1 y 6.3.1. El Teorema 6.2.1 ha sido elaborado de forma
que permite unificar dos de los casos sin mds que redefinir algunas constantes.

Para la demostracién de los resultados, perturbamos los pardmetros que definen el equi-
librio zero-Hopf, y realizamos transformaciones sobre los sistemas para llegar a la forma
normalizada. A grandes rasgos, calculamos los sistemas con parte lineal en forma de Jordan,
hacemos un cambio a coordenadas cilindricas, reescalamos con el pardmetro de perturbacién
y elegimos # como nueva variable independiente.

Una vez que los sistemas estan en su forma normalizada, aplicamos la teoria de los prome-
dios. Para ello calculamos la funcién promedio de primer orden, fi = (f11, f12) y calculamos
y estudiamos las soluciones de la ecuacién (fi1, f12) = (0,0). El teorema 1.8.3 nos permite
concluir la existencia de ciclos limite.

Una vez garantizada la existencia de los ciclos limite, estudiamos su estabilidad ana-
lizando los autovalores de la matriz Jacobiana en las soluciones obtenidas para la anterior
ecuacion.

Dentro de cada seccién incluimos también una subseccién en la cual se proporcionan
ejemplos concretos, a través de los valores de los pardmetros, que prueban que todos los
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conjuntos de condiciones incluidas en los resultados son no vacios, y que por tanto, todos los
casos que contemplan las afirmaciones de los teoremas son realizables.

Capitulo 7: Aplicaciones

En el dltimo capitulo, aplicando las técnicas y resultados tratados en los capitulos anteriores,
consideramos algunos problemas especificos en el campo de la biomatemédtica. Dado que
los sistemas Lotka-Volterra y Kolmogorov tienen su origen en el campo de la dindmica de
poblaciones, y ya que sus aplicaciones en este &mbito siguen siendo de interés en la actualidad
y continuan desarrollandose, centramos nuestra atencion en esta area.

En primer lugar, en la Seccién 7.1 presentamos un trabajo de revisidn que nos proporciona
una mejor comprension de como los modelos depredador-presa han avanzado en los tltimos
afios y cuales son los temas y caracteristicas que han atraidos especialmente la atencién de
los investigadores.

Después, en la Seccién 7.2 estudiamos un modelo depredador-presa en el plano dado por
un sistema Kolmogorov obtenido a partir del sistema de Rosenzweig y MacArthur. Para este
sistema estudiamos su dindmica en el cuadrante positivo del disco de Poincaré, analizando
los posibles retratos de fases globales. Estudiamos las singularidades finitas e infinitas e
incluimos un estudio de la bifurcacién de Hopf.

Finalmente, en la Seccién 7.3 estudiamos un modelo en dimensidn tres, con dos especies
de presas y una especie depredadora. La restriccion de este sistema a dos variables coincide
con el modelo en el plano estudiado anteriormente. Para este modelo tridimensional, estudia-
mos distintos aspectos de su dindmica cualitativa, incluyendo la existencia de singularidades
y su estabilidad, la existencia de ciclos limite y de bifurcacién de Hopf o las propiedades de
persistencia del sistema.
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Summary

The contents of this thesis, entitled Qualitative dynamics of planar and spatial Lotka-Volterra
and Kolmogorov systems, are the result of the work developed by Erika Diz Pita during the
PhD studies in Mathematics at the Universidade de Santiago de Compostela. This work
has been carried out in collaboration with her thesis advisors Jaume Llibre Salé (Universitat
Autonoma de Barcelona) and M. Victoria Otero Espinar (Universidade de Santiago de Com-
postela), as well as with Professor Claudia Valls Angles (Universidade de Lisboa), respon-
sible for the research stay required to qualify for international mention, and with Professor
Renato Colucci (Universita Politecnica delle Marche).

This thesis focuses on the study of the qualitative dynamics of differential systems in
dimension two and three, particularly of Lotka-Volterra and Kolmogorov systems. These
systems model many processes and phenomena of nature, as well as problems from other
sciences or social problems. Therefore, the study of the dynamics of these systems is of
interest not only from a theoretical point of view, but also for its multiple applications.

Important advances have been made in the study of these systems, for example, the dy-
namics of Lotka-Volterra systems in dimension two has been totally studied in [117]. How-
ever, for Lotka-Volterra systems in dimension three only some very specific families have
been studied, as is the case of the May-Leonard systems [98], defined with only two parame-
ters.

In this thesis we want to advance in the study of Lotka-Volterra systems in dimension
three, considering a more general family with a larger number of parameters. The charac-
terization of this family is carried out in Chapter 1, together with the introduction of the
preliminary results necessary for the development of the subsequent chapters. In Chapters
2 to 5 the global dynamics of the planar Kolmogorov systems obtained as a result of the
characterization is totally studied.

In Chapter 6 we deal with the study of limit cycles, one of the most important elements
within the qualitative theory. Specifically, we characterize Kolmogorov systems of degree
three in dimension three that have limit cycles appearing through a zero-Hopf bifurcation.
For this purpose we use the averaging theory of first order.

Finally, in Chapter 7, we focus on some applications in the field of population dynamics.
We begin with a review comparing different population models, analyzing how they are be-
coming more realistic and incorporating different characteristics related to the behavior of the
populations. Finally, we study two population models, one in dimension two and the other in
dimension three, with two prey and one predator, applying some of the techniques previously
introduced.
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Below we summarize with more detail the contents of each one of the chapters.

Chapter 1: Preliminaries

In the first chapter, and in order to make the work self-contained, we introduce the concepts
and results that are necessary for the development of the following chapters.

We begin by including some elementary notions about vector fields and singular points
in Sections 1.1 and 1.2. In the latter section we also present some results that allow us to
locally characterize nondegenerate, semi-hyperbolic and nilpotent singular points of planar
polynomial systems. To study singular points whose linear part is identically zero we resort
to the blowup’s technique, which we introduce also in Section 1.2. Roughly speaking, this
technique consists of exploding these singularities, transforming them into a straight line
by means of a variable change, so that the study of the new singularities that appear on this
straight line allows us to determine the behavior of the orbits in a neighborhood of the original
point.

Next, in Section 1.3, we present the Poincaré compactification, which allows us to study
the behavior of the orbits at infinity, starting from a projection of the field in R? on the unit
sphere S2, which we call Poincaré sphere. Thanks to this technique we can study the phase
portraits on the Poincaré disk, a bounded space obtained by projecting the sphere onto the
plane z = 0, instead of on the whole plane R?. We identify the interior of the Poincaré disk
with R? and its boundary with the infinity of R?, thus being able to study the dynamics of the
systems in a neighborhood of the infinity.

In the phase portraits that we obtain in the Poincaré disk, we distinguish their canonical
regions, their separatrices, and the configuration of the separatrices, concepts that are intro-
duced in Section 1.4. In this same section we state the Markus-Neumann-Peixoto Theorem,
the theoretical basis that allows us to do the topological classification of the global phase
portraits in the Poincaré disk by studying their separatrix configurations.

In Section 1.5 we present a result that allows us to study submanifolds formed by singular
points, in particular normally hyperbolic submanifolds. We use this result to study the cases
in which all points at infinity, which correspond to the points of S, are singular points.

In Section 1.6 we introduce the concept of index of a singularity, and state the Poincaré-
Hopf Theorem, which guarantees that the sum of the indices of all singularities of a field on
the sphere S? is equal to two. This result, applied to fields on the Poincaré sphere, allows
us to determine the behavior of orbits in some regions of the plane, where other methods are
inconclusive.

A first key point in our work is the application of Darboux theory of integrability to
the characterization of differential systems. In Section 1.7 we introduce some concepts and
results related to integrability and invariant surfaces and, in addition, we apply them to obtain
a characterization of our problem. We recall that we propose to study Lotka-Volterra systems
in dimension three, i.e., systems

& = z(apg + a1z + asy + asz),
g = y(bo + biw + by + b32),

2= z(co+ 12 + cay + ¢c32),

which have a rational first integral of degree two of the form x*1y*22%3. Applying Dar-

boux’s integrability theorem for polynomial systems, we reduce the study of these systems in
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dimension three to the study of the two following families of planar Kolmogorov systems:

&=z (ap+ a1z + ax2® + azz), 9 =1y (bo + b1yz + bay + b32),

z"zz(co+cla:+02z2+03z), Z2=2z(co+ cr1yz+ coy +c3z).

These families depend on eight parameters, which is still a very large number to carry out
the topological classification of all their different global phase portraits. We require that these
Kolmogorov systems have a Darboux invariant of the form e**xz*1 22 in the case of the first
family, and of the form e**y*1 22 in the case of the second one. Applying again Darboux’s
integrability theorem we reduce the study of the two previous families to the study of the next

two, which are also of Kolmogorov type:

T =2x (ao — /,L(Cll‘ + 0222 + 032)) s Y=y (bO + blyz + b2y + b3z) ,
z=z (co +eox+e®+ 032) , 2=z (co — p(bryz + bay + b3z)).

The study of the global dynamics of these families, which now depend on six parameters, is
carried out in Chapters 2 to 5.

Finally, in Section 1.8, we include the results used for the study of limit cycles, both those
related to the averaging theory and to the Hopf bifurcations.

Chapter 2: Classification of the first Kolmogorov family with isolated
singularities

In this chapter we study the global dynamics of the first Kolmogorov family obtained in the
previous chapter, that is,

T=zx (ao — u(clx + 622’2 + 632)) , 1)

z=2z (CO +er 4 e + 032) .
Our main result is the following:

Theorem 1. Kolmogorov systems (1) under conditions H} have 78 topologically distinct
phase portraits in the Poincaré disk, given in Figure 2.0.1.

Throughout the chapter we develop the proof of this result by performing the global
topological classification of all phase portraits in the Poincaré disk.

We begin by studying some of the properties of the systems in Section 2.1, which allows
us to impose certain conditions on the parameters. In particular, we will consider co # 0 so
that the systems do not reduce to Lotka-Volterra systems in dimension two, which are already
studied. Moreover, since we require that e~taotcor) y o1 be a Darboux invariant, we must
consider the condition ag + cop # 0. By studying the symmetries of the systems we can
guarantee that it is sufficient to study this Kolmogorov family with the parameters satisfying

H' = {cy #0,a0 > 0,c1 > 0,c3 > 0,a9 + cop # 0},

because in any other case we would obtain phase portraits symmetrical to some of those
already obtained. For the same reason, when ag = 0 we can limit our study to the case with
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co > 0. We can also guarantee that in the cases where ¢c; = 0 or c3 = 0, the global phase
portraits obtained must be symmetric with respect to the z or x axis, respectively. We also
study the existence of invariant lines and contact points on the straight lines z = cte. This
help us to determine, later, which of the global phase portraits are realizable.

In Section 2.2 we obtain the finite singularities, we study all possible local phase portraits
in each of them and give a classification in Tables 2.2.2 to 2.2.7. We also prove that there
are no limit cycles. We eliminate the cases where a continuum of singular points exists, in
which our systems can be reduced to simpler ones already studied, and thus we work with
parameters that satisfy the conditions:

Hi = {2 #0,a0 > 0,¢1 > 0,¢3 > 0,a0 + cop # 0,af + cipu® # 0} .

In Section 2.3 we study the infinite singular points, working with the Poincaré compacti-
fication of the systems.

We first study the compactification on local chart Uy of the sphere, where we obtain that
either the only infinite singularity is the origin of the chart, or all points at the infinity are
singularities. This particular case in which the entire infinity consists of singular points, and
which corresponds to the condition ¢ = —1, is studied independently in Chapter 3. Then,
considering conditions

H21 = {62¢07a0207cl 20703207GO+COH7£0#13+01#2?£Oaﬂ7é—1}a

we study all possible local phase portraits at the origin of U;, employing the blow up tech-
nique. Specifically, we perform two vertical blow up’s and distinguish dicritical and nondi-
critical cases. As a result of studying the singularities existing on the exceptional divisor after
the second blow up, we find some cases in which the phase portraits are not well defined, so
it is necessary to perform also a horizontal blow up. As a result of this process we obtain a
total of 47 distinct local phase portraits for the origin of Uy, included in Figure 2.3.1. It is
worth mentioning that in some cases there is still a indeterminacy in certain sectors at the end
of the process. These sectors could be elliptic or hyperbolic, and although this indeterminacy
could be solved locally by applying other methods, in our case we have chosen to solve it
when studying the global phase portraits by using index theory.

The study of the compactification in chart Us; is simpler. The origin of this chart is a
hyperbolic singular point, which can be a node or a saddle point.

Next we go from the local study developed so far to the global study. For this we combine
all the local information obtained, starting from the classification in Tables 2.2.2 to 2.2.7. In
some of the cases in these tables the conditions determine just one local phase portrait at the
infinity singular points, but in many others we must distinguish different possibilities.

We employ index theory and the Poincaré-Hopf Theorem to complete the study of infi-
nite singularities performed by the blow up technique, by proving whether the undetermined
regions correspond to elliptic or hyperbolic sectors.

When the separatrices can be connected in a unique way, we obtain one global phase por-
trait from the local information, but in 14 cases three possible global phase portraits appear.
Employing the results concerning the existence of invariant curves and contact points, we
prove that in each of those 14 cases only one of the global phase portraits is realizable.

Finally, in Section 2.5, we perform the topological classification of the 102 global phase
portraits obtained. We first determine 19 equivalence classes based on two invariants: the
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number of canonical regions and the number of separatrices. Within each of the classes,
we select appropriate invariants to distinguish those phase portraits that are topologically
distinct, and we search for homeomorphisms between those that are topologically equal by
using, among others, rotations or symmetries.

We thus conclude the proof of our main result, obtaining the global topological classifi-
cation of all phase portraits in the Poincaré disk of systems (1) that do not have a continuum
of singular points at infinity.

Chapter 3: Classification of the first Kolmogorov family with non-isolated
singularities

In this chapter we study the first family of Kolmogorov systems when all points at infinity are
singular points. This case corresponds with the value of the parameter u = —1, so we study
the systems

T=x (ao +cix+ czz2 + 032) , )

2=z (CO + e+ e02? +03z).

From the results obtained in the previous chapter we obtain some properties of the sys-
tems, and we determine some conditions that we can impose on the parameters without loss
of generality, namely:

gl = {62 7£ Oaao > 0,C1 > 0763 > 07(10 :/é 007ag +C? 7{ O} .
Our main result on the global dynamics of systems (2) is as follows:

Theorem 2. Kolmogorov systems (2) under conditions H?' have 22 topologically distinct
phase portraits in the Poincaré disk, given in Figure 3.0.1.

The existence of finite singular points and the classification of their local phase portraits
is carried out based on the results of Chapter 2.

In Section 3.2, by using the Poincaré compactification, we study the dynamics at infinity.
In this case, as already mentioned, all points at infinity are singularities. We first study the
origin of chart Us, in which the Jacobian matrix has a zero eigenvalue and a nonzero eigen-
value. This allows us to apply Theorem 1.5.1 and conclude that either there is exactly one
orbit leaving that singular point, or there is exactly one orbit that arrives at it.

Considering the expression of the compactification in chart U; we study all other points
at infinity. At the points which are not the origin we can apply Theorem 1.5.1 and distinguish
cases in which to each one of these points arrives exactly one orbit and others in which from
each point leaves exactly one orbit.

On the other hand, for the origin of chart U; we obtain 12 different local phase portraits,
distinguishing cases in which the singularity is semi-hyperbolic and others in which it is
linearly zero. In the latter we resort to the use of blow up’s to perform the desingularization.

Combining local information, we determine the global phase portraits from the analysis
of the possible connections of the separatrices. In six cases, the separatrices can be connected
in three different ways. In each of these cases, we prove that only one of the three global
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phase portraits is realizable, finally obtaining a total of 29 phase portraits in the Poincaré
disk.

Finally, we perform the topological classification. First we consider the number of finite
singularities and the sum of the indices on all the finite singularities as invariants, and with
them we determine 14 equivalence classes. By analyzing the topological coincidences within
each of these classes, we finally obtain 22 topologically distinct global portraits, thus proving
the main result of this chapter.

Chapter 4: Classification of the second Kolmogorov family with isolated
singularities

In this chapter we address the study of the second Kolmogorov family, i.e.,

g =19y (bo + bryz + bay + b32)),

. 3)
2=z (co — p(bryz + bay + b32)) .

For these systems we obtain the following result about their global dynamics:

Theorem 3. Kolmogorov systems (3) under conditions H3 have 52 topologically distinct
phase portraits in the Poincaré disk, given in Figure 4.0.1.

The structure of the proof is similar to that described in Chapter 2. We begin by studying
properties of the systems, especially symmetries, which allow us to work in the following
parameter space:

H? = {by # 0,¢0 + bop # 0,bg > 0,b3 > 0,b3 > 0} .

Then we study the existence of finite singular points and their local phase portraits, obtaining
the classification given in Tables 4.2.2 to 4.2.5. We work under conditions

H12: {bl #O,bo/ﬁ—‘rCo?éO,b()ZO’bQ 207b3ZO7M2b§+C(2)7éO7b§+b(%7é0}a

thus eliminating the cases in which there is a continuum of finite singular points, in which the
systems can be reduced to others whose global dynamics have already been studied.

Under condition = —1 there exists a continuum of infinite singular points, and we
study that case independently in the following chapter, considering here the conditions

H22:{b1 7&07170“—"_007&0’()0 ZoabQ Zoab?)Zoau2b§+cg#ovb§+bg#O’M#_l}

One of the differences with respect to the study of the first family, carried out in Chapter
2, is that in this case it is necessary to perform two desingularization processes using blow
up’s, one for the origin of chart U; and another for the origin of chart U,. We obtain 27 local
phase portraits in the first case and 26 in the second case, as shown in Figures 4.3.1 and 4.4.1.
In this case it is also necessary to combine vertical and horizontal blow up’s.

From the local information obtained, we study the global phase portraits in the Poincaré
disk. In some cases, the local information is complete and univocally determines a global
phase portrait through a unique possible connection of the separatrices. In other cases, we
apply index theory to determine whether certain sectors of the local phase portraits are elliptic

XXXVviii



Summary

or hyperbolic, and then we obtain again a unique global phase portrait by connecting the sep-
aratrices. In 11 other cases we can connect the separatrices in three different ways, obtaining
three global phase portraits. In contrast to the first Kolmogorov family, we prove in each of
the 11 cases that all the three global phase portraits are realizable. For this, in each case we
show that for certain values of the parameters the connection of separatrices takes place over
an invariant line, and by perturbing the parameters we obtain the two other configurations.
We also check it numerically with the program P4, and include values for which each of the
phase portraits is realized.

To conclude the proof we perform the topological classification of the 106 global portraits
obtained, starting by determining equivalence classes according to the number of canonical
regions and separatrices. Finally, we prove that there are a total of 52 topologically distinct
global phase portraits in the Poincaré disk.

Chapter 5: Classification of the second Kolmogorov family with non-
isolated singularities

In this chapter we finish the classification of the global phase portraits of the Kolmogorov
families by addressing the case in which in the second family all points at infinity are singu-
larities. In this case, in which the parameter © = —1, we study the systems

¥ =1y (bo + b1yz + boy + bs32),

4
Z2=2z(co+bryz + bay + b3z), @

under conditions
H? = {by #0,c0 — by # 0,bg > 0,by > 0,b3 > 0,b3 +c§ # 0,b3 + b # 0},

that we can assume based on the results obtained in the previous chapter. Our main result is
as follows:

Theorem 4. Kolmogorov systems (4) under conditions H? have 13 topologically distinct
phase portraits in the Poincaré disk, given in Figure 5.0.1.

Following a similar structure to the previous chapters, we study finite singularities and
their local phase portraits. Then we study infinite singular points using the Poincaré com-
pactification. We obtain results on the dynamics in neighborhoods of infinite singularities
by employing Theorem 1.5.1 for normally hyperbolic submanifolds consisting on singular
points, Theorem 1.2.3 for semi-hyperbolic singularities and Theorem 1.2.5 for nilpotent sin-
gularities.

From the local information we obtain the possible global phase portraits, subsequently
performing a topological classification from which we conclude that there are 13 topologi-
cally distinct global portraits in the Poincaré disk.

Chapter 6: Zero-Hopf bifurcation on Kolmogorov systems in R?

Limit cycles play an important role in the qualitative theory of differential equations, since
they appear in the study of many phenomena and processes of the real world.
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In this chapter we focus on the study of limit cycles in the Kolmogorov systems. Specifi-
cally, we study the limit cycles of the Kolmogorov systems of degree three in R? that appear
through a zero-Hopf bifurcation at any singular point (a, b, ¢) that is not on the invariant
planes x = 0, y = 0, z = 0. These systems have the general form

'f:xp(x7y5z)’ y:yQ<x7y’Z>7 Z:ZR(‘I'7:U72)7

where P, () and R are polynomials of degree two.

Doing a reescaling we assume without loss of generality that we study the singular point
(1,1,1). We characterize when this singularity is zero-Hopf in Proposition 6.0.1, obtaining
five different cases. The first of them has already been studied in [85], so we address the
study of the other cases.

In each one of the sections we follow a similar organization, stating and proving a theorem
characterizing the existence of two limit cycles emerging from the point (1,1, 1) in each case:
Theorems 6.1.1, 6.2.1 and 6.3.1. Theorem 6.2.1 has been done in such a way that unifies two
of the cases by simply redefining some constants.

For the proof of the results, we perturb the parameters defining the zero-Hopf equilibrium
and perform transformations on the systems to obtain the normalized form. Roughly speak-
ing, we compute the systems whose linear part is in Jordan canonical form, make a change
to cylindrical coordinates, rescale with the perturbation parameter, and choose 6 as the new
independent variable.

Once the systems are in its normalized form, we apply averaging theory. For this we
compute the first order average function, f1 = (f11, f12) and compute and study the solutions
of the equation (f11, f12) = (0,0). Theorem 1.8.3 allows us to conclude the existence of limit
cycles.

Once the existence of limit cycles is guaranteed, we study their stability by analyzing the
eigenvalues of the Jacobian matrix in the solutions obtained from the previous equation.

Within each section we also include a subsection in which concrete examples are pro-
vided, through the parameter values, that prove that all sets of conditions included in the
results are non-empty, and that therefore, all cases in the statements of the theorems are real-
izable.

Chapter 7: Applications

In the last chapter, applying the techniques and results discussed in the previous chapters, we
consider some specific problems in the field of biomathematics. Since the Lotka-Volterra and
Kolmogorov systems have their origin in the field of population dynamics, and since their
applications in this field are still of interest nowadays and continue to be developed, we focus
our attention on this area.

First, in Section 7.1, we present a review that provides us with a better understanding
of how predator-prey models have advanced in recent years and which are the topics and
features that have attracted particular attention from researchers.

Then, in Section 7.2, we study a planar predator-prey model given by a Kolmogorov
system obtained from the Rosenzweig and MacArthur system. For this system we study its
dynamics in the positive quadrant of the Poincaré disk, analyzing all the possible global phase
portraits. We study finite and infinite singularities and include a study of the Hopf bifurcation.
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Finally, in Section 7.3 we study a model in dimension three, with two prey species and
one predator species. The restriction of this system to two variables coincides with the planar
model previously studied. For this three-dimensional model, we study different aspects of its
qualitative dynamics, including the existence of singularities and their stability, the existence
of limit cycles, the Hopf bifurcation or the persistence properties of the system.
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Chapter 1
Preliminaries

In this first chapter we present some results that will be needed throughout the manuscript.
First we introduce some notions about vector fields and singular points, particularly focusing
on the results and methods that will allow us to determine the local phase portraits at the
singular points. Later, we introduce the Poincaré compactification and the main ideas of
topological equivalence, as this will be essential for the objective addressed in chapters 2 to
5. The results about index theory will be used also throughout those chapters. We also include
a brief section about normally hyperbolic submanifolds, as it is needed to study the particular
cases addressed in Chapters 3 and 5. Then we present some basic notions and results of the
Darboux theory of integrability, and further we apply them to the characterization of one of
our main problems, as a preliminary step for its complete study in later chapters. Finally,
we include the results about limit cycles, bifurcations and averaging theory that we need in
Chapters 6 and 7. All these results are included here as this work aspires to be self-contained.

1.1 Vector fields

Let D be an open subset of the euclidean plane R?. We define a vector field of class C" on
DasaC" map X : D — R? where X (z) represents the free part of a vector attached at the
point x € D. The r can be a positive integer, +oc or w, in which case C“ represents the class
of the analytic functions. A vector field defines a differential equation

i = X(x), (1.1.1)

where x € D, and & denotes the derivative of x with respect to t. We say that x is the
dependent variable and t the independent variable, although we usually also refer to ¢ as the
time.

The differential equation (1.1.1) is autronomous since X = X (z) does not depend on ¢,
and along this manuscript we will always work with this kind of equations.

The solutions of this differential equation are differentiable maps ¢ : I — D such that

dyp
1) = X (1)),
where [ is an interval on which the solution is defined and ¢ € 1.

Letp € D and ¢ : I — D be a solution of (1.1.1) such that ¢(0) = p. The solution ¢ is
called maximal if for every solution ¢ : J — D suchthat I C Jand ¢ = |fthen I = J
and, consequently ¢ = 1. In this case we denote the interval of definition as I, and call it
the maximal interval.
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A point p € D is a singular point, a singularity or an equilibrium point if X (p) = 0 and
it is a regular point if X (p) # 0. If z is a singular point of X, then (¢) = z, with ¢ € R, is
a solution of (1.1.1), that is, ¢(t) = X (¢(t)) = X (z) = 0. If L is a straight line and ¢ is a
point of L, we say that ¢ is a contact point of L with the vector field X if X (g) is parallel to
L.

If ¢ : I, — D is a maximal solution, it is either regular or constant (if it consist only
on a singular point). The image v, = v(p) = {¢(t) :t € I,} C D endowed with the
orientation induced by ¢, in case ¢ is regular, is called the trajectory or orbit associated to
the maximal solution ¢ or to the point p. We will denote v© = {¢(¢) : t € [, "R™} and
v~ ={et):tel,NR}

We say that an orbit ¢, (t) of X is periodic if there exists a real number ¢ > 0 such that
p(t + ¢) = pp(t) forevery t € R.

We introduce now the concepts of « and w- limit sets of an orbit. Let ¢, (¢) be the orbit
passing through the point p defined on its maximal interval I, = (a,, by). If b, = 0o, we can
define the set

w(p) = {q € D : there exist {t,} witht,, — oo and ¢(t,) — ¢ whenn — oo},
and in the same way, if a,, = —oo, we can define the set
a(p) = {q € D : there exist {t,,} witht,, - —ooand ¢(t,) — g whenn — oo} .

These sets w(p) and «(p) are called the w-limit set and the a-limit set of p, respectively.
We say that a periodic orbit 7, is a limit cycle if there exists another orbit 5 such that

a(y2) =1 orw(y2) = M.

1.2 Singular points

Now we focus on singular points, defining the different types and introducing the results for
studying them. Consider a planar C" vector field X = (P, Q) and a singular point p. We say
that the matrix

%(p) %(p)
DX(p) = 90 50
876(1?) afy(p)

is the linear part of the vector field X at the singular point p, and it will allow us to classify
the point p. According to the eigenvalues of this matrix the singular point p can be of one of
the following types:

e Hyperbolic if the two eigenvalues have real part different from zero.
e Semi-hyperbolic if exactly one eigenvalue is equal to zero.
e Nilpotent if both eigenvalues are equal to zero but DX (p) # 0.

e Lineraly zero if DX (p) = 0.
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Linearly a center if the eigenvalues of D X (p) are purely imaginary without being zero.
In that case, and if the vector field X is analytic, it can have either a center or a focus
at p. We say that it is a center if there is an open neighborhood consisting, besides
the singularity, of periodic orbits. It is a focus if there is an open neighborhood such
that the orbit through any of its points tends to the singular point spirally in positive or
negative time.

We will say that p is non-degenerate if it is either hyperbolic or linearly a center, i.e., if
zero is not an eigenvalue. We also call hyperbolic and semi-hyperbolic singularities elemen-
tary singular points.

In order to study the different cases systematically, we introduce some definitions and
results. Let us consider now that the vector field X is defined in a compact neighborhood V'
of p such that X (p) = 0 and X (¢) # 0 forall ¢ € V\ {p}.

®

(i)

(iii)

(iv)

We say that p is a center if there exists a neighborhood W C V of p such that OW is a
periodic orbit and all orbits in W\ {p} are periodic.

We say that p is an attracting focus or node if there exists a neighborhood W C V
of p such that at all points of OW the vector field points inward and for all ¢ €

V\{p}, w(q) = {p} and vy~ (q) N AV # 0.

We say that p is a repelling focus or node if there exists a neighborhood W C V'
of p such that at all points of W the vector field points outward and for all ¢ €

VA {p}, a(q) = {p} andy*(q) N OV # 0.

We say that p has a non-trivial finite sectorial decomposition if we are not in the previ-
ous cases and if there exist a finite number of orbits tending to p, namely cg, ..., cp—1,
each cutting OV transversely at one point p;, in the sense that 0V is a transverse sec-
tion near p;, and with the property that between c; and c¢;41 (with ¢,, = ¢), we have
one of the following situations with respect to the sector S;, defined as the compact
region bounded by the point p, ¢;, ¢;+1 and the piece of OV between p; and p;1:

(1) Attracting parabolic sector. At all points of [p;, p;+1] C OV the vector field
points inward, and for all ¢ € S;\ {p}, w(q) = {p} and v~ (g) N IV # (). See
Figure 1.2.1(a).

(2) Repelling parabolic sector. At all points of [p;, p;+1] C 9V the vector field
points outward, and for all ¢ € S;\ {p}, a(q) = {p} and v (q) N OV # (. See
Figure 1.2.1(b).

(3) Hyperbolic sector. There exists a point q; € (p;, pi+1) C OV with the property
that at all points of [p;, ¢;) the vector field points inward (respectively outward)
while at all points of (g;, p;+1] the vector field points outward (respectively in-
ward). At g, the vector field is tangent at V" and the tangency is external in the
sense that the orbit of ¢; stays outside V, and for all ¢ € S;\¢; Uc; 11 Ug; we
have v+ (q) N OV # @ and v~ (¢) N OV # 0. See Figure 1.2.1(c).

(4) Elliptic sector. There exists a point ¢; € (p;, p;+1) C OV with the property
that v(¢;) C V with w(g;) = alg;) = {p}. Atall points ¢ € [p;,q;) the

3
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vector field points inward, " (¢) C V and w(q) = p. We denote by Sp;,, 4, =
U g€lpirail v+ (g). At all points ¢ € (g;,pit+1] the vector field points outward,
7~ (g) € V and a(q) = {p}. We denote by Sig, »..,] = qu[qi,mﬂ] 77 (q). At
all points q of S\ (S[p;.4:) YU Sigs.pira) U {p}) we have v(q) C V with w(q) =
a(q) = {p}. The same may also be true for [p;, ¢;] and [¢;, p;+1] interchanged.
See Figure 1.2.1(d).

If X is defined in a neighborhood U of the singular point p we say that X has the finite
sectorial decomposition property at p if there exists some neighborhood V' C U of p such
that X |y satisfies one of the conditions (i), (ii), (iii) or (iv).

In the first three cases there is only one sector, so we speak about a trivial sectorial
decomposition. In the last case, we denote respectively by e, h and 7 the number of elliptic,
hyperbolic and parabolic sectors. Since we are not in the cases (i), (ii) or (iii), we need that
e, h or both are different from zero. We try to maintain r as small as possible, both by
joining two adjacent parabolic sectors and by adding a parabolic sector to an elliptic one if it
is adjacent to it. Hence the remaining parabolic sectors can only be the ones lying between
two hyperbolic sectors. We call this a minimal sectorial decomposition. Since X (p;) and
X (pi+1) cannot both be pointing inward (or outward) if S; is a hyperbolic or an elliptic
sector, it is clear that e + h is always even.

VvV

(a) Attracting sector.  (b) Repelling sector.  (c) Hyperbolic sector. (d) Elliptic sector.

Figure 1.2.1: Sectors near a singular point.

Once we have defined the different types of singular points we will introduce the results
to study them. These results provide the local phase portrait at the origin of systems which are
in a normal form, so if we want to apply them to a general polynomial differential system we
have to move the singular point we want to study to the origin and then put the system in the
required normal form. Then, before stating the results, we remind some basic but important
tools. First note that we can always move a singular point p = (z, o) to the origin of
coordinates. If p is a singular point of the differential system

T = P(x,y), y = Q(x7y)7

then the point (0, 0) is a singular point of the system

7= P(z,7), 1= Q(T,7),
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where © = T 4 x¢ and y = § + ¥, and the functions P(Z,7) and Q(Z, 7) start with terms of
order one in T and 3. Thus we get a system of the form

T =az+by+ F(z,y), §=cr+dy+Gz,y),

where the first partial derivatives of F" and G are zero at the origin.
Also we recall that by a linear change of coordinates the linear part DX (0,0) can be
placed in real Jordan canonical form. If the singularity is hyperbolic, the Jordan form is

MO PV a B
(5 ) (o) (5 0)

with A1 A3 # 0, @ # 0 and 8 > 0. In the semi-hyperbolic case and the linearly center case,

we obtain, respectively
A0 0 B
(o a)m(f0)

with A # 0 and 8 > 0. And finally, in the nilpotent case and the linearly zero case, we obtain,

respectively,
0 1 0 0
( 0 0 > and < 0 0 )

If we allow a time rescaling introducing a new time variable u = ¢ for some vy > 0, then
we can also suppose that in the hyperbolic case one of the eigenvalues A or A5 is equal to £1
and either & = £1 or § = 1, while in the semi-hyperbolic case A = £1 and in the linearly
center case [ = 1.

These considerations will be necessary to apply the following results to our polynomial
differential systems. Now let state the results that provide the local phase portraits in the cases
of non-degenerated, semi-hyperbolic and nilpotent singular points, except for linear centers,
in which case other tools must be used, as Lyapunov constants, but we will not deal with this
situation in our work.

Theorem 1.2.1 (Non-Degenerated Singular Points Theorem). Let (0,0) be an isolated sin-
gular point of the vector field X, given by

&= ar +by + A(x,y),

1.2.2

y=cx+dy+ Bz,y), (122
where A and B are analytic in a neighborhood of the origin with A(0,0) = B(0,0) =
DA(0,0) = DB(0,0) = 0. Let \; and Ay be the eigenvalues of the linear part DX (0, 0) of

the system at the origin. Then the following statements hold.

(i) If \1 and Ay are real and M\ A2 < 0, then (0,0) is a saddle (see Figure 1.2.2(a)). If we
denote by Fy and Es the eigenspaces of respectively A1 and Ao, then one can find two
invariant analytic curves, tangent respectively to E1 and Fs at the origin, on one of
which points are attracted towards the origin, and on one of which points are repelled
away from the origin. On these invariant curves X is C“-linearizable. There exists a
C*™° coordinate change transforming (1.2.2) into one of the following normal forms:

T =Mz, U= Ay,
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(ii)

(iii)

(iv)

in the case A2/ 1 € R\Q, and
i=x M+ f@"y), 5=y +gl="y),

in the case Ao /X1 = —k/l € Qwith k,l € N and where [ and g are C* functions. In
this case systems (1.2.2) are C°-conjugate to

T=x, Yy=—Y.

If M\ and )y are real with |\1| > |A2| and A1 Ao > 0, then (0,0) is a node (see Figure
1.2.2(b)). If A1 > 0 (respectively Ay < 0) then it is repelling or unstable (respectively
attracting or stable). There exists a C*° coordinate change transforming (1.2.2) into

T =Mz, Y= Ay,
in case Ao/ A1 ¢ N, and into
T =Mz, y=Ay+ox™,

for some § = 0 or 1, in case Ao = mA; withm € N and m > 1. In this case systems
(1.2.2) are C°-conjugate to

T = §$, y = 5y7
with 6 = +£1 and \16 > 0.

If\ =a+ifand Ay = a —if with a, 8 # 0, then (0,0) is a “strong” focus (see
Figure 1.2.2(c)). If o > 0 (respectively a < 0), it is repelling or unstable (respectively
attracting or stable). There exists a C*° coordinate change transforming (1.2.2) into

T=ax+ By, y=—PFx+ ay.
In this case systems (1.2.2) are C°- conjugate to
T =0x, y=7dy,
with 6 = +1 and ad > 0.

If \1 = if and Ay = —if8 with 8 # 0, then (0,0) is a linear center, topologically, a
“weak” focus or a center (see Figures 1.2.2(c) and (d)).

A N A |
e

(@) (b) () (d)

Figure 1.2.2: Phase portraits of non-degenerate singular points.
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Remark 1.2.2. The denomination strong focus in (iii) is used to describe singular points
whose linear part DX (0,0) is already a focus, while the denomination weak focus is used in
the case DX (0,0) is a center.

Theorem 1.2.3 (Semi-Hyperbolic Singular Points Theorem). Let (0,0) be an isolated singu-
lar point of the vector field X given by

&= Az, y),

¥ =My + B(z,y),
where A and B are analytic in a neighborhood of the origin with A(0,0) = B(0,0) =
DA(0,0) = DB(0,0) = Oand A > 0. Let y = f(x) be the solution of the equation
Ay + B(z,y) = 0 in a neighborhood of the point (0,0), and suppose that the function
g(x) = A(x, f(x)) has the expression g(x) = anx™ + o(z™), where m > 2 and a,, # 0.
Then there always exists an invariant analytic curve, called the strong unstable manifold,
tangent at the origin to the y-axis, on which X is analytically conjugate to

Y= Ay;
it represents repelling behavior since \ > 0. Moreover the following statements hold.

(i) If m is odd and a,, < 0O, then (0,0) is a topological saddle (see Figure 1.2.3(a)).
Tangent to the x-axis there is a unique invariant C* curve, called the center manifold,
on which X is C*°-conjugate to

&= —z"(1+ax™ 1), (1.2.3)

for some a € R. If this invariant curve is analytic, then on it X is C*-conjugate to

(1.2.3).
System X is C'°°-conjugate to

b= —2"(14+ax™ "), §=\y,
and is C°-conjugate to

(ii) If misoddand a,, > 0, then (0,0) is a unstable topological node (see Figure 1.2.3(D)).
Every point not belonging to the strong unstable manifold lies on an invariant C'*°
curve, called a center manifold, tangent to the x-axis at the origin, and on which X is
C>°-conjugate to

i =a™(1+ax™ 1), (1.2.4)

for some a € R. All these center manifolds are mutually infinitely tangent to each other,
and hence at most one of them can be analytic, in which case X is C¥- conjugate on
itto (1.2.4).

System X is C'*°-conjugate to

i=am(L4ax™ ), § =y,
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and is C°-conjugate to

(iii) If m is even, then (0,0) is a saddle-node, that is, a singular point whose neighborhood
is the union of one parabolic and two hyperbolic sectors (see Figure 1.2.3(c)). Modulo
changing x into —x, we suppose that a,,, > 0. Every point to the right of the strong un-
stable manifold (side x > 0) lies on an invariant C*° curve, called a center manifold,
tangent to the x-axis at the origin, and on which X is C'*°-conjugate to

i =a™(1+ax™ "), (1.2.5)

for some a € R. All these center manifolds coincide on the side x < 0 and are hence
infinitely tangent at the origin. At most one of these center manifolds can be analytic,
in which case X is C¥-conjugate on it to (1.2.5). System X is C'°°-conjugate to

&=a™(1+ax™ "), y= Ny,

and is C°-conjugate to

Y

A Y
A

Figure 1.2.3: Phase portraits of semi-hyperbolic singular points.

Remark 1.2.4. The case A < 0 can be reduced to A > 0 by changing X into —X. We also
recall that in case g(x) = A(z, f(x)), as defined in Theorem 1.2.3, is identically zero, then
there exists an analytic curve consisting of singularities.

Theorem 1.2.5 (Nilpotent Singular Points Theorem). Let (0,0) be an isolated singular point
of the vector field X given by

T =y+ Ax,y),
y = B(x,y),

where A and B are analytic in a neighborhood of the origin and also DA(0,0) = DB(0,0) =
0. Let y = f(x) be the solution of the equation y + A(x,y) = 0 in a neighborhood of the
point (0,0) and consider the functions

F(x) = B(z, f(x)) and G(x) = (0A/0x 4+ 0B/0y) (x, f(x)).

Then the following statements hold.

8
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(i) If F(z) = G(x) = 0, then the phase portrait of X is given by 1.2.4(a).

(ii) If F(x) = 0and G(x) = bx™ +o(z™) forn € Nwithn > 1 and b # 0, then the phase
portrait of X is given by Figure 1.2.4(b) or (c).

(iii) If G(x) = 0 and F(z) = az™ + o(z™) form € Nwithm > 1 and a # 0, then

(a) If mis odd and a > 0, then the origin of X is a saddle as in Figure 1.2.4(d) and
ifa < 0, then it is a center or a focus as in Figure 1.2.4(e-g).

(b) If m is even then the origin of X is a cusp as in Figure 1.2.4(h).

(iv) If F(z) = az™ 4 o(z™) and G(x) = ba" +o(z™) withm e NNm > 2,n e N, n > 1,
a # 0 and b # 0, then we have

(a) If m is even, and

(al) m < 2n + 1, then the origin of X is a cusp as in Figure 1.2.4(h).

(a2) m > 2n + 1, then the origin of X is a saddle-node as in Figure 1.2.4(i)
or (j).

(b) If m is odd and a > 0 then the origin of X is a saddle as in Figure 1.2.4(d).
(c) If mis odd, a < 0 and

(cl) Eitherm < 2n+ 1, or m = 2n + 1 and b*> + 4a(n + 1) < 0, then the
origin of X is a center or a focus as in Figure 1.2.4(e-g).

(c2) nis odd and either m > 2n+1, orm = 2n+ 1 and b* + 4a(n +1) > 0,
then the phase portrait of the origin of X consist of one hyperbolic and
one elliptic sector as in Figure 1.2.4(k).

(c3) nis even and either m > 2n+1, orm = 2n+ 1 and b* +4a(n+1) > 0,
then the origin of X is a node as in Figure 1.2.4(1) or (m). The node is
attracting if b < 0 and repelling if b > 0.

The previous results provide a total classification of non-degenerated, semi-hyperbolic
and nilpotent singular points, except, as we said before, for the linear centers. All these
results and their proofs can be found in Chapters 2 and 3 of [50]. Whereas, to study a singular
point for which the Jacobian matrix is identically zero, the only possibility is studying each
singular point case by case. The main technique to perform the desingularization of a linearly
zero singular point is the blow up technique.

The desingularization theorem for planar vector fields was first stated by Bendixson in
1901 without proof. Seidenberg gave the first rigorous proof of the theorem for the analytic
case (see [125]). The desingularization procedure was extended to C'*° vector fields of “Lo-
jasiewicz” type in [49]. Van den Essen found a transformed proof of the desingularization
theorem for analytic vector fields (see [130]).
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Figure 1.2.4: Phase portraits of nilpotent singular points.

Roughly speaking the idea behind the blow up technique is to explode, through a change
of variables that is not a diffeomorphism, the singularity to a line. Then, for studying the
original singular point, one studies the new singular points that appear on this line, and this
is simpler. If some of these new singular points are linearly zero, the process is repeated.
Dumortier proved that this iterative process of desingularization is finite (see [49]).

Consider a real planar polynomial differential system of the form

z = P(x,y) = Pp(z,y)+ ...,
yzQ(%y) :Qm(xvy)"_"-u

where P and @) are coprime polynomials, P, and (,, are homogeneous polynomials of
degree m € N and the dots mean higher order terms in « and y. Note that we are assuming

(1.2.6)

10
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that the origin is a singular point because m > 0. We define the characteristic polynomial of
(1.2.6) as

F(z,y) == 2Qm(z,y) — yPu(,y),

and we say that the origin is a nondicritical singular point if 7 # 0 and a dicritical singular
point if 7 = 0. In this last case P,,, = aW,,_1 and Q,,, = yW,,_1, where W,,,_1 Z Oisa
homogeneous polynomial of degree m — 1. If y — vz is a factor of W,,,_; and v = tan 6*,
0* € [0,2m), then 0* is a singular direction.

The homogeneous directional blow up in the vertical direction (resp. in the horizontal
direction) is the mapping (x,y) — (z,2) = (x,y/z) (resp. (z,y) = (z,y) = (x/y,9)),
where z is a new variable. This map transforms the origin of (1.2.6) into the line = = 0 (resp.
y = 0), which is called the exceptional divisor. The expression of system (1.2.6) after the
blow up in the vertical direction is

&= P(z,22), 5= @z, 22) _x’zp(m’m), (1.2.7)

that is always well-defined since we are assuming that the origin is a singular point. After
the blow up, we cancel an appearing common factor z~! (z™ if 7 = 0). Moreover, the
mapping swaps the second and third quadrants in the vertical directional blow up and the
third and fourth quadrants in the horizontal blow up, after which the system writes as

5o P(yZ,y) —yZQ(y%y)’ i = P(yz,g)

The two following results provide the relationship between the original singular point of
system (1.2.6) and the new singularities of system (1.2.7). For more details see [5].

Proposition 1.2.6. Let p; = (x(t),y(t)) be a trajectory tending to the origin of system
(1.2.6), in forward of backward time. Suppose that F % 0. Assume that py is tangent to one
of the two angle directions tan 6 = v, v # oco. Then the following statements hold.

1. The two angle directions 0 = arctanv (in [0, 27)) are characteristic directions.
2. The point (0,v) on the (x, z)-plane is an isolated singular point of system (1.2.7).

3. The trajectory @ corresponds to a solution of system (1.2.7) tending to the singular
point (0,v).

4. Conversely, any solution of system (1.2.7) tending to the singular point (0,v) on the
(z, z)-plane corresponds to a solution of system (1.2.6) tending to the origin in one of
the two angle directions tan 6 = v.

Proposition 1.2.7. Consider system (1.2.6) and suppose that F = 0. Then for every non-
singular direction 0 there exists exactly one semipath tending to the origin in the direction 0
in forward or backward time. If 0* is a singular direction, there may be either no semipaths
tending to the origin in the direction 0%, or a finite number, or infinitely many.

11
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Finally, to study the behavior of the solutions around the origin of system (1.2.6), it is
necessary to study the singular points of system (1.2.7) on the exceptional divisor. They
correspond to either characteristic directions in the nondicritical case, or singular directions
in the dicritical case. It may happen that some of these singular points are linearly zero, in
which case we have to repeat the process. As we said before, it is proved in [49] that this
chain of blow ups is finite.

1.3 Poincaré compactification

In order to study a planar vector field and to draw its phase portrait, working over the complete
real plane R? is not easy. If the functions defining the vector field are polynomials, we can use
the Poincaré compactification, which allows us to control the orbits which tend to or come
from infinity, and to draw the phase portrait in a finite region. For this reason we will work
on the Poincaré sphere, introduced by Poincaré [109].

In this section we introduce the Poincaré compactification and we shall use the coordi-
nates (1, 22 ) instead of (z, y). Consider two polynomials P and @ of arbitrary degree in the
variables ;1 and z2 and let d be the maximum of the degrees of P and (). The polynomial

vector field of degree d

0 0
X7P87m+Q87$2

defines the differential system

.%"1 = P(Jﬁhxg),

1.3.8
&9 = Q(z1,z2). ( )

We consider R? as the plane in R?® defined by (y1,v2,y3) = (71,72,1). We also
consider the sphere S* = {y € R3:yf + y3 + y3 = 1}, which we call Poincaré sphere.
This sphere is tangent to R? at the point (0,0,1). We may divide this sphere into H, =
{y € S* : y3 > 0} (the northern hemisphere), H_ = {y € S? : y3 < 0} (the southern hemi-
sphere) and St = {y €S? 1y3 = O} (the equator). We consider the projection of the vector
field X from R? to S? given by the central projections f* : R? — S? and f~ : R? — S2.
By definition, fT(z) is the intersection of the straight line passing through the point = and
the origin with the northern hemisphere of S2, and respectively for f~(x) with the southern
hemisphere:

f(a) = (Ax(;)’ Ax(i:)’ AE@) = (A_(lxl) A_f;)’ A_(i)) |

where A(z) = /2% + 23 + 1.
In this way we obtain induced vector fields in each hemisphere. The induced vector field
on H is

X(y) = Dft(x)X(x), where y = fT(x),

and the one in H_ is

X(y) = Df (@)X (x), where y = f~ (a).

12
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We remark that X is a vector field on S?\S! that is everywhere tangent to S?. Note that
the points at infinity of R? (two for each direction) are in bijective correspondence with the
points of the equator of S2.

Now we would like to extend the induced vector field X from S?\S* to S?. Unfortunately
it does not in general stay bounded as we get close to S!, obstructing the extension. It turns
out, however, that if we multiply the vector field by the factor p(z) = :cg_l then, as we will
check in a moment, the extension becomes possible. The extended vector field on S2 is called
the Poincaré compactification of the vector field X on R? and it is denoted by p(X).

To make calculations we use the six local charts of S? given by

Up={yeS |y >0}, Vi = {y €S? |y < 0},
for k = 1,2, 3, and the corresponding local maps
ér U, — R? and oy, : Vi, — R2,

which are defined as
Ym Yn
(bk Yy :’(/}k Yy) = (7)3
) ) Yk Yk
for m < n and m,n # k. We denote by z = (u,v) the value of ¢ (y) or % (y), for any
k, such that (u,v) will play different roles depending on the local chart we are considering.

Geometrically the coordinates (u, v) can be expressed as in Figure 1.3.1. The points of S! in
any chart have v = 0.

Us

Uy

Figure 1.3.1: The local charts (Ug, ¢y ) for k = 1,2, 3 of the Poincaré sphere.

In what follows we make a detailed calculation of the expression of p(X) in the local chart
U;. We have X (z) = (P(x1,22),Q(x1,22)) and X (y) = Df T (2) X (z) with y = fT(z),
then

Do1(y) X (y) = Dou(y) o DfF (2) X (x) = D(¢1 0 f7)(2) X (2).

13
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Let X |y, denote the system defined as D¢y (y) X (y). Then

oo 1960 =00 (505 3y aw) = () =00

and 1
T2
D(¢1Of )(x)i 1
-~ 0
Ty
We have
X2 1
-= =
— T3 T P(x1,72)
X |U1 = 1 ( Q($1,$2) )
- 0
Ty
i) 1 1
= (m% P(z1,22) + QZQ(%?%)?*E P(xh@))
1
= F (—(EQ P(l’l,xQ) + 21 Q(xlva)v_P(xl’xQ))
1
:’U2 (—up<l7u) +1Q<17u)7_P<17u>)
v v v v Vv v v
Also . 1 \d-1 pi-1 i
py) =y = (A(@) NG m(z);

1—d

where m(z) = (1 + u? + v?) = . Therefore we can multiply the field X |y, by p(y),
which is equivalent to change the time variable ¢ for a new variable s, so that dt = p(y)ds.
This does not make any changes on the phase portrait, except the velocity at which orbits
are traveled. Now we have a compactification of the field on the local charts that has a well
defined polynomial expression:

P I = mie) (<22 (L) 2o (1Y) -p (1Y),

We notice that while X |7, is not well defined when v = 0, p(X) |y, = pX |y, is well
defined along v = 0, since the multiplying factor v?*! cancels any factor of v which could
appear in the denominator, so the extension of pX to p(X) is defined on the whole of S'. In
order to simplify the extended vector field we also make a change in the time variable and
remove the factor m(z). Similar arguments can be applied to the rest of the local charts.

Summarizing, the Poincaré compactification of the vector field X is given by the follow-
ing expressions. In local chart (Uy, ¢;) the expression is

eeler(:2)a(t)]
v v v v

1 (1.3.9)
1.1 = —’Ud_'_1 P <, u) 5
v v

14
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in (Us, ¢2) we have

g (11 (1.3.10)
; (%3).
v’
and finally, in (Us, ¢3):
= Plu,v), (1.3.11)
o= Q(u, ).

Note that we do not need to go through the complete geometrical construction in order to get
these expressions. The expressions in (1.3.11) do not need any elaboration. To obtain (1.3.9)
we start with (1.3.8) and introduce coordinates (u, v) by the formulas (z1, z2) = (1/v,u/v).
This leads to a vector field X~ which we multiply by v%~1. To obtain (1.3.10) we start with
(1.3.8) and introduce coordinates (u,v) by the formulas (z1,z2) = (u/v,1/v). We again
multiply the obtained vector field X’ by v?~1.

In the charts (Vj,¢y), with k& = 1,2,3, the expression for p(X) is the same as for
(U, ¢1,) multiplied by (—1)9¢=1. Therefore, it is not necessary to study the system in these
charts independently, as it is enough to determine the behavior of the orbits based on the
behavior on charts (U, ¢;), withi = 1,2, 3.

The equator S! is invariant by the vector field p(X) and all the singular points of p(X)
which lie in this equator are called the infinite singular points of X. If y € S! is an infinite
singular point, then —y is also an infinite singular point and they have the same (respectively
opposite) stability if the degree of vector field is odd (respectively even).

The image of the northern hemisphere of S? onto the plane y3 = 0 under the orthogonal
projection 7 is called the Poincaré disk, and we denote it by D?. Since the orbits of p(X)
on S? are symmetric with respect to the origin of R, we only need to consider the flow of
p(X) in the closed northern hemisphere, and we can project the phase portrait of p(X) on
the northern hemisphere onto the Poincaré disk. We shall present the phase portraits of the
polynomial differential systems in the Poincaré disk, which is covered by charts U;,V;,Us
and V5 as in Figure 1.3.2.

U

Vs

Figure 1.3.2: The projection of the northern hemisphere on the Poincaré disk, with charts Uy,
Vl, U- 2 and ‘/2
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1.4 Topological equivalence and phase portraits

We introduce the notion of equivalence between two vector fields which allows us to compare
their phase portraits. Let X; and X5 be two vector fields defined on open subsets D; and
D, of R?, respectively. We say that X is topologically equivalent to X, when there exists
a homeomorphism h : D; — D, which sends orbits of X; to orbits of X5 preserving
(or reversing) the orientation. More precisely, let p € D; and 7; be the oriented orbit of
X passing through p; then h(~,}) is an oriented orbit of X passing through h(p). Such a
homeomorphism £ is called a topological equivalence between X7 and Xo.

A topological equivalence h defines an equivalence relation between vector fields defined
on open sets Dq and Do = h(D;) of R2. A topological equivalence h between X; and X,
maps singular points to singular points, and periodic orbits to periodic orbits.

Since we will be working on the Poincaré disk, we will say that two polynomial vector
fields X; and X, on R? are topologically equivalent if there exists a homeomorphism on
the Poincaré disk which preserves the infinity S' and sends the trajectories of the flow of
m(p(X1)) to the trajectories of the flow of m(p(X3)), preserving or reversing the orientation
of all the orbits.

Our objective is to give a topological classification of the phase portraits of some differen-
tial systems. Generally, by a phase portrait of the vector field X, we mean the set of oriented
orbits of X. It consists of singularities and regular orbits, oriented according to the maximal
solutions describing them, hence in the sense of increasing ¢. Usually the phase portrait is
represented by drawing a number of significant orbits, representing the orientation by arrows
(in case of regular orbits).

For linear vector fields it is possible to describe all conjugacy classes, but this is not for
nonlinear vector fields. However, there exists a general characterization of the topological
equivalence classes for vector fields on the plane. In order to present it, we introduce some
definitions. The vector field X needs only to be sufficiently regular to admit the existence of
a continuous flow (local Lipschitz continuity suffices). We consider a differential equation
i = X(z) where X is a locally Lipschitz function on R? and let ¢(s, x) be the flow defined
by the differential equation. Following the notation of the works of Markus and Neumann, we
denote by (R?, ¢) the flow defined by the differential equation. By the theorem of continuous
dependence on initial conditions, the flow (R?, ¢) is continuous. We say that a flow (R?, ¢)
is a parallel flow if it is topologically equivalent to one of the following flows:

(i) The flow defined on R? by the differential system
=1, y=0,
which we denote by strip flow.
(ii) The flow defined on R?\ {0} by the differential system given in polar coordinates
r'=0, 0 =1,

which we denote by annulus flow.
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1.4 Topological equivalence and phase portraits

(iii) The flow defined on R?\ {0} by the differential system given in polar coordinates
r'=r 0 =1,
which we denote by spiral flow.

Given a maximal open region on R? on which the flow is parallel, it is interesting to know
the orbit structure of its boundary, where we can find the following types of orbits:

(i) a singular point,

(ii) a periodic orbit for which there does not exist a neighborhood entirely consisting of
periodic orbits,

(iii) an orbit v(p), homeomorphic to R for which there does not exist a neighborhood N of
~(p) such that

(1) forall g € N a(q) = a(p) and w(q) = w(p),

(2) the boundary N of N, thatis 9N = N\N, is formed by a(p), w(p) and two
orbits ¥(q1) and v(gz) such that a(p) = a(q1) = a(g2) and w(p) = w(q1) =
w(gz).

We will call separatrix to a orbit satisfying (i), (ii) or (iii). The set of all separatrices of X is
closed and we denote it by X x. We call V' a canonical region if it is a maximal connected
component of ]RQ\Z x, in which case it necessarily is invariant under the flow.

Proposition 1.4.1. Every canonical region of (R?, ¢) is parallel, given by either a strip, an
annular or a spiral flow.

On the Poincaré disk we consider as separatrices of 7(p(X)) the finite singular points,
the limit cycles, the orbits on the boundary of a hyperbolic sector at a finite or an infinite
singular point, and also any orbit at the infinity S. The separatrix configuration of 7(p(X))
is the union of an orbit of each canonical region with the set X x, and it is denoted by Xy
We denote by S (respectively R) the number of separatrices (respectively canonical regions)
of a vector field 7(p(X)).

We say that two separatrix configurations Elxl and Z/XQ are topologically equivalent if
there is a homeomorphism h : D? — D? such that h(Xy,) = Y,. We say that two
separatrix configurations are topologically distinct if they are not topologically equivalent.

The following theorem of Markus [96], Neumann [103] and Peixoto [106] allows us to
investigate only the separatrix configuration of a polynomial differential system in order to
determine its global phase portrait.

Theorem 1.4.2. The phase portraits in the Poincaré disk of two compactified polynomial
vector fields w(p(X1)) and w(p(X2)) with finitely many separatrices are topologically equiv-
alent if and only if their separatrix configurations Y x, and ¥ x, are topologically equivalent.

17



Preliminaries

1.5 Normally hyperbolic submanifolds

Here we summarize a result that allows us to study systems which have a submanifold con-
sisting of singular points, for more details see [38, 66]. If we have a smooth flow ¢, on a
manifold M and C'is a submanifold of M consisting entirely of singular points, we say that
C' is normally hyperbolic if the tangent bundle to M over C' splits into three subbundles T'C,
E?¢ and E™ invariant under the flow and satisfying that dy; contracts E® exponentially, dyy
expands E* exponentially and 7'C' is the tangent bundle of C'. For these submanifolds the
following result holds:

Theorem 1.5.1. Let C' be a normally hyperbolic submanifold consisting of singular points
for a flow ;. Then there exist smooth stable and unstable manifolds tangent along C' to
E® @ TC and E* & TC respectively. Furthermore, both C' and the stable and unstable
manifolds are permanent under small perturbations of the flow.

1.6 Indices of singular points

Given an isolated singularity g of a vector field X, defined on an open subset of R? or S?, we
define the index of ¢ by means of the Poincaré Index Formula. We assume that ¢ has the finite
sectorial decomposition property. Let e, h and r denote the number of elliptic, hyperbolic and
parabolic sectors of g, respectively, and suppose that e + h + r > 0. Then the index of q is

iy =(e—h)/2+1.

The index is always integer, we only need to see that in the previous definition e — h is
always even since, as we said in Section 1.2, e + h is always even. Moreover, given any
integer n € Z, there exists a singular point which index is n.

In Section 1.2 we have defined the different type of sectors: parabolic, hyperbolic and
elliptic, and the finite sectorial decomposition property for an isolated singular point different
from a center or a focus. By definition, we say that a center and a focus have neither elliptic,
hyperbolic, nor parabolic sectors and their index is +1.

If X is a vector field on S?, it is called a tangent vector field to S? if for every p € S2,
X (p) belongs to the tangent plane 7,S* to S at the point p. We recall that the Poincaré
compactification of a vector field on R? introduced in Section 1.3 is a tangent vector field on
the sphere, so the next result will be useful in our work.

Theorem 1.6.1 (Poincaré-Hopf). For every tangent vector field on S? with a finite number of
singular points, the sum of their indices is 2.

1.7 Invariants and application of the Darboux theory of in-
tegrability

In order to characterize the Lotka-Volterra systems that we want to study, we use the Dar-
boux theory of integrability, which provides a link between the integrability of polynomial
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1.7 Invariants and application of the Darboux theory of integrability

vector fields and the number of invariant algebraic surfaces that they have. The basic results
on dimension two can be found in Chapter 8 of [50], and these results have been extended
to R™ and C™ in [88-90]. We apply this theory to general Lotka-Volterra systems on dimen-
sion three, and then to the Kolmogorov resulting systems in dimension two. We state the
definitions and results in dimension three, their restriction to R? being analogous.

We consider a real polynomial differential system in dimension three, that is, a system of
the form

i’ = P(xﬂy7 Z))
v =Qz,y,2), (1.7.12)
2 = R(x7 y? z)?

where P, () and R are polynomials in the variables x, y and z. The degree of the polynomial
system is m = max {deg P, deg ), deg R} and we assume that these polynomials are rel-
atively prime in the ring of complex polynomials in the variables z,y and z. The vectorial
field associated to system (1.7.12) can be represented by the differential operator
0 0 0
X_PM+Q%+R&'

Definition 1.7.1. The polynomial system (1.7.12) is integrable on an open subset U of R3
if there exists a nonconstant analytic function H : U — R, called a first integral of the
system on U, which is constant on all trajectories (x(t), y(¢), 2(t)) of system (1.7.12) con-
tained in U, that is, H(z(t), y(t), 2(t)) is constant for all values of ¢ for which the solution
(x(t),y(t), z(¢)) is defined and contained in U.

Definition 1.7.2. Let U C R3 be an open set. We say that an analytic function H (z,y, z,t) :
U x R — Ris an invariant of the polynomial vector field X on U if H(z,y, 2, t) is constant
for all values of ¢ for which the solution (z(t), y(t), z(t)) is defined and contained in U.

Obviously, if an invariant H is independent of ¢, then it is a first integral. The information
provided by an invariant is weaker than the one provided by a first integral. An invariant,
in general, gives information only about either the « or the w-limit set of the orbits of the
system.

If the first integral H is a rational function, then we say that H is a rational first integral.
For a rational first integral we always assume that the polynomials in the numerator and the
denominator are coprime. If the maximum between the degrees of the polynomials of the
numerator and the denominator of a rational first integral is d, then we say that the rational
first integral H has degree d.

Definition 1.7.3. Let f € R[x, y, 2], f notidentically zero. The algebraic surface f(x,y, z) =
0 is an invariant algebraic surface of the polynomial system (1.7.12) if for some polynomial
K € Rz, y, z] we have

f of | Lof

+Qy, + Ry

The polynomial K is called cofactor of the invariant algebraic surface f = 0. We note that,
since the polynomial system has degree m, any cofactor has degree at most m — 1.

Xf=Pg =Kf.
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On the points of the algebraic surface f = 0 the gradient (90f/0x,0f /0y, 0f/0z) of
f is orthogonal to the vector field X. Hence at every point of f = 0 the vector field X is
tangent to the curve f = 0, so this surface is formed by trajectories of the vector field X.
This justifies the name invariant algebraic surface, since it is invariant under the flow defined
by X.

Definition 1.7.4. An irreducible invariant algebraic surface f = 0 is an invariant algebraic
surface such that f is an irreducible polynomial in the ring R[z, y, z].

Clearly H is a first integral of system (1.7.12) on U if and only if XH = PH, + QH, +
RH,=0onU.

Definition 1.7.5. Let f,g € R[x,y, 2] such that f and g are relatively prime in the ring
R[x,y, 2], or that g = 1. Then the function exp(f/g) is a exponential factor of system
(1.7.12) if there exists a polynomial L € R[z,y, z] of degree at most m — 1 such that

Pf)exp(f/g) dexp(f/g) +R86XP(f/g)

5 9y o = Lexp(f/g).

+Q

The polynomial L is called the cofactor of the exponential factor exp(f/g).

Definition 1.7.6. A Darboux invariant for system (1.7.12) is an invariant H of the form
H(z,y,z,t) = fi .. P F L Flaett,

where f; = 0 are invariant algebraic surfaces of system (1.7.12) for ¢ = 1, ..., p, and F} are
exponential factors of system (1.7.12) for j = 1, ..., ¢, A;, #; € Rand s € R\ {0}.

Theorem 1.7.7 (Darboux Integrability Theorem for Polynomial Systems). Suppose that a
polynomial system (1.7.12) of degree m admits p irreducible invariant algebraic surfaces
fi = 0, with cofactors K; fori =1, ...,p. Then, the next statements hold:
(i) There exist \; € R not all zero such that > %_, \; K; = 0 if and only if the function
1’\1 .. f;") is a first integral of system (1.7.12).

(ii) There exist \; € R not all zero such that y__| \;K; = —s for some s € R\ {0} if and
only if the function fl)‘1 e f;‘” exp(st) is an invariant of system (1.7.12).

As previously stated, our objective is to study the global dynamics of Lotka-Volterra
systems on dimension three, it is,

& = z(apg + a1z + asy + asz),
g = y(bo + bz + by + b32), (1.7.13)
2= z(co+ 12 + cay + ¢c32),

which have a rational first integral of degree two of the form 2*1 y*2 223 The Darboux theory
of integrability allows us to obtain a characterization of these systems, which can be classified
into three families.
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We consider the irreducible invariant algebraic surfaces f1(z,y,2) = z, fo(z,y,2) =y
and f3(x,y, z) = z, with cofactors K, Ks and K3, respectively. As K; is the cofactor of f;

we have that
afz afz afz

Xfi= 52

+Q

= K, fi.
For f; = x we have

ox

0z L

Or Or
Xr=P— —+R
x o +Q ay +

and so we get the first cofactor K1 = ag + a1x + asy + asz. Similarly, for f> and f3 we

obtain cofactors Ko = by + byx + boy + b3z and K3 = ¢g + c1x + coy + c3z, respectively.

Applying Theorem 1.7.7, since we assume that z*1y*2 2?3 is a first integral of the system,

we get that there exist A; € R, with i € {1,2, 3}, not all zero, such that Z?:l NG =0, it
is,

A-(ag+arx+asy+asz)+Aa- (bo+bix+bay+bs3z)+As-(co+crx+coy+czz) =0.

Apart from the trivial solution {\; = 0, Ay = 0, A3 = 0}, there are three solutions of this
equation:

51:{00:0, 01:07 CQZO, 03:0, )\2:0, /\1:0}

Co)\g C1)\3 Cg)\g 63)\3
Sy =<Sby=——", b1 =—"F—,bg=—"", b3 =— s, A1 =0 d
2 {0 )\2,1 /\272 )\273 /\2 1 }7311
—bgA2 — coA3 —b1A2 — c1A3 —baAy — 23
S3=qap = " , a1 = ¥ , 2 = 7/\1 s
—bg)\g — CgAg
“BETN

which give rise to three families of Lotka-Volterra polynomial differential systems of degree
two in R?, with a first integral of the form 21 y*22*3. Now we will characterize each one of
these families.

At first we consider the family given by solution S;. As the parameters ¢;, i = 0, ..., 3,
are zero, we have that 2 = 0 and Lotka-Volterra systems (1.7.13) are reduced to:

t=uz(ap+ a1z + a2y + azz ),
=1y (bo+bix+by+b3z),
z2=0.

As 2 = 0, z is constant and these systems have H = z as a first integral. Note that if we
consider the first integral H = z*1y*22*3, and we apply the conditions given by S, it is
A1 = A2 = 0, we obtain H = z*3 with A3 = 2, for getting the degree two, but we will
consider the simplest first integral. In each invariant plane z = constant, we have a Lotka-
Volterra polynomial differential system in R?. The phase portrait of these systems has been
studied in [117], so we are not going to deal with this case.
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Let us consider now the second family, given by the solution S5. This solution provides
the values of parameters b; as a function of the parameters Ao, A3 and ¢;, with¢ = 0, .., 3, so
we can replace them in the expression of g, obtaining

- _CAs s CAs  C3As
(O N VI PV

If we denote A = —\3/)\a, then the original Lotka-Volterra systems become

& =z(ag + a1z + asy + azz),
g = Ay(co + 1z + coy + ¢32),
2= 2(co + c1 + coy + ¢32).

Given that \; = 0, the first integral H = 2213223 is reduced to H = 3223, but if this is
a first integral, also

1 A
ey -1,-52 -1 _ 7%

H:(y)‘zz>‘3) =y "z =y 'z :?.

is a first integral. If we want H to be rational of degree two, we must take A = 2. In each
level H = 1/h, with h # 0, we will have

1 2
fzz—:>y:hzz,
h oy

and then, for each h, the initial Lotka-Volterra systems on dimension three reduce to the
systems on dimension two

i=x(ag+ax+ayh2®+asz),
t=z(co+crx+eahz®4c32).

We must study the phase portrait of the systems of this family, but it is equivalent to study the
phase portraits of the family of Kolmogorov systems on dimension two

. 2
=z (ag+ a1z + a2z” + azz ),

z':z(co—i—clm—l—cQzQ—i—c;;z).

In the particular cases in which H is zero or infinity, the differential systems on dimension
three are reduced to Lotka-Volterra systems on dimension two, having in each case z = 0
and y = 0, respectively. We recall that these systems had already been studied in [117].

At last we consider the family given by solution S3, which provides the values of pa-
rameters a; in function of parameters \;, b; and ¢;, with ¢ = 0, ..., 3. Replacing them in the
expression of © we obtain:

P ( —boA2 — coAs3 n z (=b1A2 — c1A3) n Y (—bada — caA3) L 2 (—bzAy — c3A3) ) 7

)\1 )\1 )\1 >\1
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and if we denote N N
2 3
A=——and p=——
A]_ M Al )
and replace it again in the previous expression, we obtain that in this case the initial Lotka-
Volterra systems have the form:

&=z (boA + copp +x (D1 A+ crpp) +y (baX + copr) + 2 (b3A + cap) ),
Y=y (bo+brw + bay + b3z ),
Z=z(co+ 1+ coy+cs32).

Ao Z>\3

By hypothesis, we have the first integral H = z My . Thus, we also can consider as a

first integral

L
H = (ngly)‘QzA3) A1 :x_ly Az A=

We want H to be rational of degree two so we must take A = o = 1. In each level H = 1/h,

with h # 0, we will have

1
f:%:%r:hy@
h x

and then, for each h, the initial Lotka-Volterra systems on dimension three are reduced to the
differential systems on dimension two

¥ =1y (bo+bihyz + by + b3z ),
Z2=2z(co+c1hyz+ coy + c32).

As in the previous case, we must study the phase portrait of this family of differential sys-
tems, which is equivalent to study the phase portraits of the following Kolmogorov family on
dimension two:

Y=y (bo+biyz+ by +bsz),
2=z(co+cryz+ coy +c3z).

In conclusion, we have reduced the initial problem, the study of the global dynamics of
Lotka-Volterra systems on dimension three with a rational first integral of degree two, to
another problem on dimension two: study the global dynamics of the next two Kolmogorov
families:

i = x(ag + a1z + agz® + azz), ¥ =y(bo + b1yz + boy + b32),

- 5 (RAT (1.7.15)
Z2=2z(co + 12 + c22” + ¢32), Z2 = z(co + c1yz + coy + c32).

These systems depend on eight parameters and the classification of all their distinct topo-
logical phase portraits is huge. For this reason we study a subclass of them.

For systems (1.7.14) we study the subclass of them having a Darboux invariant of the
form e®*z*12*2. By Theorem 1.7.7(ii), the expression \; K, 4+ A\ K, + s must be zero,
where K and K, are the cofactors of the invariant planes x = 0 and z = 0, respectively.
Note that s and A2 + A3 can not be zero.
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We obtain the cofactors K, = ag + a1z + a22% + aszand K, = cg + 1z + ¢22% + ¢32
and then, solving the equation \; K, + A2 K, + s = 0, we get the two following non-trivial
solutions

- A A A
S1 = {5 = —agA1 — CpA2, a1 = *Ci\TZ, as = 701712, ag = 03;12} and

52:{5:—00)\2, c1=0,c0=0,c3=0, A\y =0}.

Therefore, we get two subfamilies from the initial one (1.7.14). According to the condi-
tions given by solution .57, the first subfamily is

r=x|ay— cl)\QI— CQ}QZQ — 03>\2z
DY A1 A1 ’

z=2z (co + 11 4 c02? +03z) .

If we denote \y/A; = pand Ay = A, these systems become

i =z (ap — plerz + c22® + c32)) ,

. 2
z:z(co—l—clx—l—cQz +C3z),

and the Darboux invariant is z* z e~ tMaotcon) - But if this is a Darboux invariant, also it
is zztet(@otcor)  Note that in order that we have a Darboux invariant ag + copt cannot be
Zero.

If we consider now the solution S5, we get the subfamily

. 2
x:x(a0+a1z+a2z +agz),
zZ=cpz,

which is equivalent to the previous one, taking ;# = 0 and interchanging the variables x and
z, so it is sufficient to study the first system, and we deal with that problem in Chapters 2 and
3.

st, A1 Z}\Q
B

For systems (1.7.15) we study the subclass having a Darboux invariant of the form e**y
and we proceed in the same way that we did with systems (1.7.14).

At first, the expression A\ Ky + A2 K, + s must be zero by Theorem 1.7.7(ii), with K
and K, the cofactors of the invariant planes y = 0 and z = 0, respectively. We recall that s
and A? + A\ can not be zero.

We obtain the cofactors K, = by + biyz + bay + b3z and K, = cg + c1yz + coy + c32
and solving the equation A1 K, + A2 K, + s = 0, we get the following non-trivial solution

{ b1 ba A1 b3 A1
o =- 9 = — =

= =— = —bgA1 — CcoA
)\2;0 )\2,03 )\278 01 002},

which leads to the systems

v =y (bo + bryz + boy + b32),

. _ blyZ/\l _ bgy)q _ b3Z)\1
z2=z|C )\2 )\2 )\2 .

24



1.8 Limit cycles: bifurcation and averaging theory

If we denote Ay = A and A\; = Ay, then the systems become

g =y (bo + bryz + by + b32),
2 =2z(co — p(bryz + boy + b32)),

and the Darboux invariant is yA“er’tA(CO+b0“). But if this is a Darboux invariant, also it is
ytze~tcotbor) Note that in order that we have a Darboux invariant ¢y + by cannot be zero.
We study these systems in Chapters 4 and 5.

1.8 Limit cycles: bifurcation and averaging theory

As defined in Section 1.1, a limit cycle is a periodic orbit «; such that there exists another
orbit o satisfying a(v2) = 71 or w(72) = 1. In this section we introduce some concepts
related to limit cycles and techniques for studying their existence.

Let us consider an autonomous system

i=f(z), ©€R", (1.8.16)

and let L be a periodic orbit of (1.8.16). Given a point zy € Ly we consider a cross-section
I' to the periodic orbit, i.e., a smooth hypersurface of dimension n — 1 intersecting L and
nowhere tangent to it. The simplest choice of I is a hyperplane orthogonal to L at the point
xg. Consider now orbits of (1.8.16) near Ly. The periodic orbit Ly is an orbit that starts at
the point g on I' and returns to I" at the same point . As the solutions depend smoothly on
their initial conditions, an orbit starting at a point z € I sufficiently close to x also returns to
I" at some point & € I" near zy. Moreover, nearby orbits also intersect I" transversally. Then
we have amap P : I’ — T that sends « into P(x) = . This map P is called the Poincaré
map associated with L. The point z is a fixed point of the Poincaré map as P(xg) = xo,
and the stability of this fixed point is equivalent to the stability of the periodic orbit Ly. More
details can be found, for example, in [78, 87, 107].

Definition 1.8.1. Given the autonomous differential equation (1.8.16) with periodic solution
©(t), transversal I" and Poincaré map P with fixed point a. The solution ¢(t) is stable if for
each € > 0 we can find J(¢) such that

leo — all <6, 20 €T = ||P"(xo) —all < &, n =1,2,3,...

Definition 1.8.2. Given the autonomous differential equation (1.8.16) with periodic solution
©(t), transversal I" and Poincaré map P with fixed point a. The solution p(t) is asymptoti-
cally stable if it is stable and if there exists § > 0 such that

[lko —a|| <6, 2o €T = lim P"(xg) = a.
n—oo

Now we present some results that we use to study the existence of limit cycles. Let us
consider a system that depends on some parameters

z = f(x’a)7
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where x € R™ and @ € R™ represent the variables and the parameters, respectively. As
the parameters vary, the phase portrait of the system also varies, and there are two possibili-
ties: the system can remain topologically equivalent to the original one, or it can change its
topology. The appearance of a topologically nonequivalent phase portrait under a variation
of parameters is called a bifurcation.

We say that a singular point of an autonomous system in R" is a Hopf singular point if
it is an isolated singular point with linear part having a pair of purely imaginary eigenvalues
+i3 with 3 € R*. We say that a singular point of an autonomous system in R? is zero- Hopf
if it is an isolated singular point with linear part having one zero eigenvalue and a pair of
purely imaginary eigenvalues +i3 with 3 € R*. These points are important because under
some assumptions a small-amplitude limit cycle bifurcates from them.

On chapter 6 we study limit cycles emerging from a zero-Hopf singular point in the
interior of the positive octant of the Kolmogorov systems of degree three in R3. On Chapter
7 we study the Hopf bifurcation on two systems in the context of population dynamics: a
planar Kolmogorov system obtained from the Rosenzweig-MacArthur system, and a three-
dimensional system which represents a two prey and one predator ecosystem.

We summarize the averaging theory of first order, which provides sufficient conditions
for the existence of periodic orbits for a periodic differential system depending on small
parameters. This result is applied in Chapter 7 to study when a limit cycle appears by Hopf
bifurcation on the Kolmogorov systems of degree three and dimension three. For additional
details and the proof of the result see [17,18,86] and [131, Theorems 11.5, 11.6].

Theorem 1.8.3. We consider the following differential system
2’ (t) = ey (t,x) + e R(t, z,€), (1.8.17)

where F1 : Rx D — R"and R : R x D x (—¢y,e5) — R™ are continuous functions,
T-periodic in the first variable and D is an open subset of R". We define f, : D — R™ as

fi(z) = /OT Fi(s,z)ds,

and assume that:
1. Fy and R are locally Lipschitz with respect to x;

2. fora € D with fi(a) = 0, there exists a neighborhood V' of a such that f1(z) # 0 for
all z € V\(a) and dp(f1,V,0) # 0, where dg(f1,V,0) is the Brouwer degree.

Then for || > 0 sufficiently small, there exists a T-periodic solution (-, ) of system (1.8.17)
such that o(-,e) — a as ¢ — 0. The kind of stability of the limit cycle is given by the
eigenvalues of the Jacobian matrix at the point a.

Note that a sufficient condition for showing that the Brouwer degree of a function f at a
point a is nonzero, is that the Jacobian of the function f at a, when it is defined, is nonzero
(see [91)).

With this result, in Chapter 6, we are able to prove the existence of limit cycles that appear
by a Hopf bifurcation. Then we also study the stability of the limit cycles by analyzing the
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1.8 Limit cycles: bifurcation and averaging theory

the eigenvalues at the critical point of the averaged function f7; see Theorem 11.6 in [131]
for more theoretical details.
But this is not the only way to study this bifurcation. Now we introduce the theoretical
basis that allow us to study it in Chapter 7. More details can be found in [78, Chapter 3].
Consider a system depending on one parameter of the form:

1 = azy — x9 — 1 (23 + 23), (1.8.18)
iy =21 4 awy — T2(2] + 23). -

The origin is a singular point for all the values of the parameter, and the Jacobian matrix at
this point is
a -1
(1)

with eigenvalues A\ o = o &= 4. We can write the system in polar form as

p = p<a - /)2)7

1.8.19
=1 ( )

Bifurcations of the phase portrait of this system when « passes through zero can be analyzed
since the equations in (1.8.19) are uncoupled. For any value of «, the first equation has the
singular point p = 0, which is stable if a < 0, remains stable at o = 0 but with a rate of
solution convergence to zero which is not exponential, and is unstable for « > 0. There is
another stable singular point p = \/a for > 0. The second equation represents a rotation
with constant speed. Then, combining the motions defined by both equations we obtain that
system (1.8.18) has a singular point at the origin which is a stable focus for & < 0 and an
unstable focus for & > 0. At o = 0 the singular point is topologically equivalent to the stable
focus. For o > 0 the singular point is surrounded by one stable limit cycle. All orbits except
the origin tend to the limit cycle as ¢ tends to infinity. This is a Hopf bifurcation.
In the same way we can analyze the system

1 = ax — xo + x1 (22 + 22),
. 1 2zt : j) (1.8.20)
Zo = 1 + axg + xo(x] + 23),

which undergoes a Hopf bifurcation at &« = 0. In this case there is an unstable limit cycle
surrounding the origin which disappears when « crosses zero from negative to positive values.
The singular point at the origin has the same stability that for system (1.8.18).

The bifurcation in system (1.8.18) is called supercritical because the limit cycle exists
for positive values of the parameter «, while the bifurcation in system (1.8.20) is called
subcritical since the limit cycle appears for negative values of a.

Later we will state two theorems that characterize when we can put a two-dimensional
system in the normal forms that we have analyzed, but first it is necessary to have a formula
to compute the so called first Lyapunov coefficient, ¢1.

Let us write the system in the form

1 1
i = Al)a + 3 B(w,2) + 5Cw,3,2) + O(all"),
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where A is the Jacobian matrix, and B and C' are symmetric multilinear vector functions. We
consider two complex eigenvectors p, g of the matrix A satisfying

Aq = iwg, ATp=—iwp, and (p,q) =1,

where (-, -) means the standard scalar product in C2. Then the first Lyapunov coefficient is

1 .
6(0) = TRe(lgzogu + woga1),
wo
where
920 = (p, B(¢,9))» 911 = (p,B(¢,7)) and go1 = (p,C(¢,¢,7))-
Theorem 1.8.4. Suppose that two-dimensional system
dx
dt
with smooth f, has for all sufficiently small |«| the equilibrium x = 0 with eigenvalues
Ar2(@) = pla) £ iw(a),
where 1(0) = 0, w(0) = wg > 0. Let the following conditions be satisfied:
(B.1) £1(0) # 0;

(B.2) 11/(0) # 0.

Then, there are invertible coordinate and parameter changes and a time reparametrization
transforming (1.8.21) into

F(u)=(F ) () e () o

By dropping the O(||y||*) terms it can be obtained the following result:

= f(z,a), z€R? acR, (1.8.21)

Theorem 1.8.5. A generic system in dimension two with one parameter
&= f(z,a)
having at o = 0 the singular point x = 0 with eigenvalues
A1,2(0) = tiwp, wo >0,

is locally topologically equivalent near the origin to one of the following normal forms:

(5) =015 ) (5 ) =oten ()

These two theorems together with the formula for computing the first Lyapunov coeffi-
cient and the analysis of the normal forms previously summarized, provide us the necessary
tools for studying the Hopf bifurcation in the planar systems presented in Chapter 7. We also
study the Hopf bifurcation numerically, in Section 7.3.4, for a system in dimension three.
The results included here can be generalized to dimension n, as can be seen in [78, Chapter
5], but we do not include the generalization here as we do not perform a general bifurcation
analysis for the three-dimensional system.
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Chapter 2

Classification of the first
Kolmogorov family with 1solated
singularities

In this chapter we study the global dynamics of the first family of Kolmogorov systems
obtained in Chapter 1, i.e.,

&=z (ag — plcrz + c22® + ¢32)) ,
. (a0 = plex 2 32)) 2.0.1)
z:z(co+clx+02z +C3z),

for which we give the topological classification of all their global phase portraits in the
Poincaré disk. We work under conditions

H21 = {027&05010 20761 207032070,04—00/,&750,@8—{-6%/1,2750,,[1/75—1},

as the case with 4 = —1, in which there are a continuum of singular points at the infinity,
is studied in Chapter 3, and we prove that in any other case the systems can be reduced to
simpler systems already studied. Our main result is the following:

Theorem 2.0.1. Kolmogorov systems (2.0.1) under conditions H3 have 78 topologically dis-
tinct phase portraits in the Poincaré disk, given in Figure 2.0.1.

The complete proof of Theorem 2.0.1, which includes the contents of the research article
[42]", is given in this chapter and organized as follows. In Section 2.1 we give some properties
of the systems that allow us to simplify the topological classification by reducing the number
of phase portraits appearing. In Section 2.2 we study the local phase portraits of the finite
singular points applying Theorems 1.2.1 and 1.2.3 and in Section 2.3 we study the singular
points at infinity, for which is necessary to apply the blow up technique. Finally, in Section
2.4 we study all the possible global phase portraits and we determine the different topological
equivalence classes, proving Theorem 2.0.1.

'Erika Diz-Pita (Departamento de Estatistica, Adnlise Matematica e Optimizacién, Universidade de Santiago
de Compostela), Jaume Llibre (Departament de Matematiques, Universitat Autdnoma de Barcelona) and Maria
Victoria Otero-Espinar (Departamento de Estatistica, Adnlise Matemdtica e Optimizacién, Universidade de Santiago
de Compostela), Phase portraits of a family of Kolmogorv systems depending on six parameters, Electronic Journal
of Differential Equations (ISSN: 1072-6691), 35 (2021). Published by Texas State University. The final authenticated
version is available online at: https://ejde.math.txstate.edu/Volumes/2021/35/diz.pdf.
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Figure 2.0.1 (1 out of 4): The topologically distinct phase portraits of systems (2.0.1) in the
Poincaré disk.
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Figure 2.0.1 (2 out of 4): The topologically distinct phase portraits of systems (2.0.1) in the
Poincaré disk.
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Figure 2.0.1 (3 out of 4): The topologically distinct phase portraits of systems (2.0.1) in the
Poincaré disk.
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Figure 2.0.1 (4 out of 4): The topologically distinct phase portraits of systems (2.0.1) in the
Poincaré disk.
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2.1 Properties of the systems

In this section we state some results that will be used on the classification in order to reduce
the number of phase portraits appearing. At first, note that if co = 0, then systems (2.0.1)
are Lotka-Volterra systems in dimension two. A global topological classification of these
systems has been completed in [117], so we limit our study to the case ¢ # 0. We recall
that, for obtaining systems (2.0.1), we have supposed that systems (1.7.14) have a Darboux
invariant e ~*(@0teor) g2 5o it is required that ag + cop # 0.

Proposition 2.1.1. Consider systems (2.0.1) and suppose that (Z(t),2(t)) is a solution of
these systems. If we change c1 by —cq, we get the systems

T=x (ao — p(=crz + 2 + 032’)) ) 2.12)
Z:z(co—61$+622’2+032’)7 h

for which (—Z(t), 2(t)) is a solution.
Proof. In order to prove that (—Z, Z) is a solution of (2.1.2), we must verify that

= —F (ao — p(Fe1Z 4 c2® + c;;z)) ,
zZ=2z (co + T+ 0222 + 032) ,
which can be obtained immediately from the fact that (Z, Z) is a solution of (2.0.1). O

Proposition 2.1.2. Consider systems (2.0.1) and suppose (Z, Z) is a solution of these systems.
If we change cs by —cs, we get the systems

i=x (ao — plaz + oz — 032)) ,

) ) (2.1.3)
z:z(co+clx—|—62z —037;),
for which (%, —z) is a solution.
Proof. In order to prove that (Z, —Z) is a solution of (2.1.3), we must verify that
i=7 (a0 — p(+e13 + c22” + c32))
—Z=—-z (co + T+ 0222 + 032) ,
which is deduced immediately from the fact that (Z, Z) is a solution of (2.0.1). O

Remark 2.1.3. By Propositions 2.1.1 and 2.1.2 we can limit our study to Kolmogorov systems
(2.0.1) with ¢ and c3 non negatives. In the cases with these parameters negatives, we will
obtain phase portraits symmetric to the ones obtained in the positive cases, with respect to
the z-axis when we change the sign of c¢1, and with respect to the x-axis when we change the
sign of cs.

Corollary 2.1.4. Consider systems (2.0.1) and suppose (Z(t), 2(t)) is a solution. If ¢; = 0,
then (—Z(t), 2(t)) is also a solution.
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2.1 Properties of the systems

Corollary 2.1.5. Consider systems (2.0.1) and suppose (Z(t), Z(t)) is a solution. If c5 = 0,
then (Z(t), —2(t)) is also a solution.

Remark 2.1.6. The previous corollaries simplify the study of the cases withc; = 0 orcs = 0,
because they prove that the phase portraits have to be symmetric with respect to the z-axis
and the x-axis respectively, and this fact is useful in the process of obtaining the global phase
portraits from the local results.

Theorem 2.1.7. Let (x(t), 2(t)) be a solution of systems (2.0.1). In the next cases we obtain
another systems with solution (—Z(—t), —Z(—t)).

1. If ag, co and co are not zero, and we change the sign of all of them.
2. If ag = 0 and we change the sign of co and co, which are not zero.
3. If co = 0 and we change the sign of ag and co, which are not zero.

Proof. In the first case, by changing the sign of ag, ¢y and co, we get the systems

. 2

T =x(—ag — pulcixr — coz” +c32)),
. (=a0 = pler N 32)) (2.1.4)
z:z(—co+clx—02z +03z).

We must prove that these equations hold for (—z, —Z, —t). At first, for (—Z, —Z) we get

518

—T=—I (—a,o — u(—cli‘ - 0252 - 035)) s
_i—_3 (—Co — 1T — 0222 — 032) s
itis
i=—7(ap — p(c1Z + 23 + ¢c37))
Z=—Z(co+ 1@+ coF +e37)

Then by changing the sense in which orbits are described, i.e., changing ¢ by —t, we obtain
that (—Z, —Z, —t) is a solution for systems (2.1.4). Similar arguments prove cases 2 and
3. O

Remark 2.1.8. In order to classify all the phase portraits of the Kolmogorov systems (2.0.1),
according to the previous results, it is sufficient to consider ag > 0, and when ag = 0 we can
also consider co > 0.

Remark 2.1.9. In short, according to the previous results and considerations, from now on
it will be sufficient to study the Kolmogorov systems (2.0.1) with their parameters satisfying

H' = {cy #0,a9 > 0,¢1 >0,c3 > 0,a9 + cop # 0}
Theorem 2.1.10. For systems (2.0.1) the next statements hold.

1. If c1 # 0O, then on any straight line z = cte # 0, there exists only one contact point.
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2. Suppose c; = 0. Then if ¢3 > 4coca, there exist two invariant straight lines z =
(V3 —4dcoca — ¢3)/(2¢2) and z = —(\/c3 — 4coea + ¢3)/(2¢2) and there are not
contact points on any other line z = cte # 0; if ¢3 = 4coca, there exists one invariant
straight line z = —c3/(2¢c2) and there are not contact points on any other line z =
cte # 0. If ¢3 < 4coca, there are not contact points in any line z = cte # 0.

Proof. First we suppose ¢; # 0 and consider a straight line z = zy # 0. Then the contact
points on this straight line are those on which Z = 0 and, as zy # 0, the only possible contact
point is the one that satisfies ¢y + c1x + 622’8 + c3z0 = 0, i.e., the point such that its first
coordinate is z = —(ca28 + c320 + o) /c1.

We consider now the case with ¢; = 0. Then looking for the points on the straight line
z = 2o # O satisfying Z = 0, we obtain that they must satisfy the condition cg +02z§ +c3zp =
0, and solving this equation we get that either there are no contact points, or a full straight
line of contact points, or two straight lines of contact points, depending on the solutions zy of
that equation. O

Proposition 2.1.11. For systems (2.0.1) the following statements hold.

(i) If ag + cop > 0 and p > O, then for orbits which are not on the axes their w-limit is
one of the singular points at infinity and their «-limit is one of the singular points on
the axes.

(ii) If ap + copp > 0 and p < 0, then for orbits which are not on the axes their w-limit
is over the x-axis and their a-limit is over the z-axis, and they can be either finite or
infinite singular points.

(iii) If ag + copr < 0 and p > 0O, then for orbits which are not on the axes their w-limit is
one of the singular points on the axes and their o-limit is one of the singular points at

infinity.

(iv) If ag + cop < 0 and p < 0, then for orbits which are not on the axes their w-limit
is over the z-axis and their o-limit is over the x-axis, and they can be either finite or
infinite singular points.

Proof. At first we recall that e~*(®0+co)g2# is a Darboux invariant of systems (2.0.1), so
that it is constant and non zero on the orbits (x(t), z(¢)) which are not on the axes.

If ag+cop > 0, then limy_, oo e ~*(@0+c0r) = (), 50 necessarily limy_, oo z(t)z(t)* = too.
If 1o > 0, then or limy_, o 2(t) = F00 or lim;_, o 2(t) = 00, so the w-limit of the orbits has
to be an infinite singular point. If g < 0, then or lim;_, . (t) = £o00 or lim;_, o, 2(t) = 0,
so the w-limit of the orbits has to be over the x-axis, but it can be a finite or infinite singular
point.

Also we have lim,_, _ ., e~ *(@0Fcor) = 40 50 necessarily limy_, _ oo z(t)z(t)* = 0. If
& > 0, then or lim;, o 2(t) = 0 or lim;—, _ 2(t) = 0, so the a-limit of the orbits has
to be over the axes. If u < 0, then or lim;, o 2(t) = 0 or lim;—, _ 2(t) = %00, so the
a-limit of the orbits has to be over the z-axis, but it can be a finite or infinite singular point.

An analogous reasoning is valid in the case ag + cop < 0.

O
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2.2 Finite singular points

2.2 Finite singular points

Lemma 2.2.1. Systems (2.0.1) have the following finite singular points:

e Py = (0,0), under any conditions.

—c3 + \/ — 4dcocs —c3 — /3 — 4cper
0 and P, = | 0,

’ 202

= ( 7—) if ¢ = 4coc.

o P = <“°,0) if c1p # 0.
C1p

) if 3 > 4cges.

Moreover, if ag = 0 and c1p = 0, all the points on the z-axis are singular points.

Proof. The condition x = 0 makes zero the first component of the vector field, and the same
does z = 0 with the second component, so the origin is always a singularity.

If we look for the singularities on z-axis, then cg 4 c222 + c3 must be zero. If cg > 4cpco,
this equation has two different solutions, 2 = (—cs & \/c% — 4cgca)/2c2, that lead to the
singularities P; and Ps. If c§ = 4cpcs, the equation has only one solution, z = —c3/2¢o, that
leads to the singularity Ps.

If we look for the other singularities on x-axis, then we must solve ag — pciz = 0. If
c1p # 0, we get the unique solution © = ag /ey, which leads to the singular point Py. If
ao # 0 and ¢ = 0, there is no solution so new singularities do not appear. At last, if
cip = 0 and ag = 0, then all the points on z = 0 are singularities.

Finally, if there exists some singular point not on the axes, it must satisfy that

ag — plerr + c2® 4 c32) = 0,
co+cix + 0222 +c32 =0.

From these equations we get that ag + copr = 0, which contradicts our hypothesis. We
conclude that there are not singular points outside the axes. O

Remark 2.2.2. As we have said, if cipu = 0 and ag = 0, all the points on z = 0 are singular
points. In this case systems (2.0.1) are of the form

&= —pxz(caz + c3),

g = 2(co + c22% + c32).

If we introduce the time variable s such that ds = zdt, then we get systems

dx (caz + c3)
— = —ux(cez + ¢
ds Hxr{c2 3)s
dz 9

— =g + C22” + C3%,
ds
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which are quadratic systems with an invariant straight line x = 0. These systems have been
studied in [6] so it is not necessary to consider this case.

According to this, from now on we will add the restriction that a3 + (c11)* # 0, so we
will consider the hypothesis

H} ={cy #0,a9 > 0,c1 > 0,¢3 > 0,a0 + copt # 0, a8 + c3p® # 0}

Furthermore, we will use the notation R, = \/c3 — 4coca, in order to simplify the expres-
sions appearing.

Theorem 2.2.3. Systems (2.0.1) have no limit cycles.

Proof. The straight lines z = 0 and z = 0 are invariant sets, and by Lemma 2.2.1, all the
singular points of systems (2.0.1) are over these axes. If there were any periodic orbit in the
plane it would be surrounding one of the singular points and therefore it would intersect an
invariant set, which is not possible. O

As aresult, assuming H{ there are 6 different cases according to the finite singular points
existing for systems (2.0.1), which are given in Table 2.2.1.

’ Case  Conditions Finite singular points
1 c2 > deoeg, 1 £ 0 Po, P1, Po, Py
2 c3 > 4depea, cipp=0,a0 >0 Py, P1, Po
3 c2 =4dcoca, 1t # 0 Py, Ps, Py
4 c§ =4coco, cip=0,a0 >0 Py, Ps3
5 3 < degea, i # 0 Py, Py
6 ¢ <4deopcz,cip=0,a0 >0 Pp

Table 2.2.1: The different cases for the finite singular points.
Once we have obtained the singular points, we will study their local phase portraits. The
results are summarized in the next lemmas.

Lemma 2.2.4. Assuming H{, the origin is always an isolated singular point for systems
(2.0.1), and we have the next classification for its phase portraits:

(1) If agcg # O, the singularity is hyperbolic and two cases are possible:

(1.a) If co < 0, then the origin is a saddle point.
(1.b) If cg > 0, then the origin is an unstable node.

(2) If ag # 0 and cy = O, the singularity is semi-hyperbolic, and we must consider the
following possibilities:

(2.a) If cs # 0O, then the origin is a saddle-node.
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2.2 Finite singular points

(2.b) If c3 = 0 and also

o ¢y < 0, then the origin is a topological saddle.
e ¢y > 0, then the origin is a topological unstable node.

(3) If ag = O, the origin is a semi-hyperbolic saddle-node.

Proof. The eigenvalues of the linear part are ag and cg. At first, if ag and ¢y are not zero, the
origin is hyperbolic. By Theorem 1.2.1, since a is non negative, we distinguish cases (1.a)
and (1.b) according to the sign of cg.

Suppose that cg = 0, in which case the singular point is semi-hyperbolic. Applying
Theorem 1.2.3, and according to the notation employed, we get f(z) = 0 and g(z) = c22° +
032’2.

If c3 # 0, also the quadratic term is non-zero, so we get a saddle-node. If ¢3 = 0, then
we must distinguish the cases saddle and node, depending on the sign of cs.

Finally, if ag = 0, the singular point is also semi-hyperbolic, and again by Theorem 1.2.3,
with f(z) = 0 and g(z) = —clpa?, we obtain that the origin is a saddle-node.

We recall that ag + cop is not zero by hypothesis, so ag and ¢y can not be zero at the same
time.

O

Lemma 2.2.5. Assuming H?, let ¢3 > 4cgco. Then, P is an isolated singularity of systems
(2.0.1), and the next statements hold:

(1) If co = 0O, then P; runs into the origin.
(2) If co # 0, then Py is hyperbolic. We distinguish the following phase portraits:
(2.a) If ca(ag + cop)(Re — ¢3) < 0, then Py is a saddle.

(2.b) If ap + copp < 0 and ca(R. — c3) < 0, then P is a stable node.
(2.c) If ap + cop > 0 and ca(R. — c3) > 0, then Py is an unstable node.

Proof. At first we move the singular point to the origin obtaining the systems

&= —copxz® — cipa® — Repaz + (ag + cop),

SRC — C3 2’2 T Cl(Rc — 03)1‘ 4 RC(RC — CS)Z.
2 202 202

z = 022‘3 + clxz +

The eigenvalues of the linear part of these systems are Ay = ag + copt and Ao = R.(R. —
¢3)/(2c2), so by hypothesis the first of them is non-zero.

Suppose that A, is zero. Then R, — c3 must be zero, it is, 4/ cg — 4¢geo = c3, but then,
3 — 4cgey = 2, 50 coca = 0, and, since ¢z # 0 by hypothesis, co = 0. Assuming this
condition we get that \/% = c3, SO c3 must be non-negative. Given the expression of P, it
is clear that in this case it coincides with the origin.

In any other case, the singular point P; is hyperbolic, and by Theorem 1.2.1 we obtain
the three possibilities (2.a)—(2.c).

O
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Lemma 2.2.6. Assuming Hy, let ¢ > 4cqco. Then Py is a hyperbolic isolated singularity of
systems (2.0.1), and the next statements hold:

(1) If ca(ag + cop) < 0, then Py is a saddle.
(2) If ap + copp < 0 and co < 0O, then Ps is a stable node.
(3) If ag + cope > 0 and co > 0, then Ps is an unstable node.

Proof. If we move the singular point to the origin we get the system

&= —copxz® — cypx® + Repaz + (ag + cop)z,
3R, + c3 22 Cl(RC + CS).%‘ n RC(RC + 03) .
2 202 202

z = —|—0223 +cixrz —

The eigenvalues of the linear part are Ay = ag + cop and A2 = R.(R. + ¢3)/(2¢2).
Proceeding in the same way as in Lemma 2.2.5, we obtain that Ay = 0 if and only if ¢cg = 0
and c3 < 0, which contradicts the hypothesis. Therefore the singular point P, is always
hyperbolic, and applying Theorem 1.2.1 we discern the cases (1)—(3). In order to simplify
the conditions that define these cases, we note that R, > 0 and R, 4 c3 > 0, and so the sign
of A, is the same as the sign of cs.

O

Lemma 2.2.7. Assuming H1, let ¢3 = 4coco. Then Py is an isolated singularity of systems
(2.0.1), and the next statements hold:

(1) If c3 = 0, then Ps runs into the origin.
(2) If c3 # 0, then P3 is a semi-hyperbolic saddle-node.
Proof. Moving the singular point to the origin we get the system

&= —copxz® — cypx? + (ag + cop)z,
c: c1c:
220223+01x2— B2 A8
2 262
The eigenvalues of the linear part are Ay = ag + cop and Ay = 0, so the singular point
is always semi-hyperbolic. We obtain the systems associated to the Jordan canonical form of
the linear part, which are

2 2
. cic3p 3 C1C3 o 2 2
U= — U UV — couuv® — crpu” + (ag + cop)u,
dca(ao + cop)? a0 + cop 2/ 14 (ao )
3e3 1 a3 (p+3 3
~ | cies(p+1) 5 1c3 (n+3) 2, _ cres(p+ )uv2 4 e

- u u
80% (ao + C(),U,)3 202(0,0 + CO,LI,)2 2(@0 + COIUJ)

3 dcteacs(p+ 1) (ap + cop) + c3c3 w4 4eic3 + 8(ag + cop)crca u
8c(ap + cop)? 8ca(ag + cop)
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2.2 Finite singular points

For these systems, we can apply Theorem 1.2.3. With f(v) = 0 and g(v) = cov® —

(c3/2)v?, we conclude that, if c3 # 0, then the singular point is a saddle-node. Note that if
c3 = 0, then the singular point coincides with the origin.
O

Lemma 2.2.8. Assuming Hi, let cypn # 0. Then Py is an isolated singularity of systems
(2.0.1), and the next statements hold:

(1) If ag = O, the singularity Py runs into the origin.
(2) Ifag # 0, the singularity Py is hyperbolic, and we distinguish the next phase portraits:

(2.a) If (ag + copr)pe > 0, Py is a saddle.
(2.b) If p(ao + cop) < 0, Py is an stable node.

Proof. Moving the singular point to the origin we get the systems

. 2 2 apC2 o apC3
T = —Copuxz” — i px” — c3prz — ——2° —aoxr — — 2,
C1 &1

. 3 2 ap
2 =1cC92° +c1x2 + c32” + ( +CO> z.
7]

We obtain the eigenvalues Ay = —ag and Ay = (ag + cop)/p. Note that if ag = 0, then
the singular point coincides with the origin. In any other case, the singular point is hyperbolic.
By Theorem 1.2.1 we discern the cases saddle and node.

O

Lemma 2.2.9. Assuming the conditions Hy, there are 50 different cases according to the
local phase portrait of finite singular points, which are given in Tables 2.2.2-2.2.7.

Proof. We have to analyze cases 1 to 6 in Table 2.2.1 and determine the local phase portraits
of the singular points existing in each one of them, according to their individual classification.

We start with the first one, in which the conditions, cg > 4cpeg and c1 0 # 0 hold. The
singular points are Py, P;, P> and P;. We shall consider three subcases: ag = 0, ¢y = 0 and
apCo 7é 0.

Consider case ¢y = 0 in which the origin is a saddle-node and P; collides with the origin.
Since ¢y = 0 and ay > 0, the singular point P is a saddle if co < 0, and an unstable node if
co > 0.

In these two cases P, can be either a saddle if ;4 > 0, or a stable node if ; < 0. This
leads to cases 1.1 to 1.4 in Table 2.2.2.

We continue with the case ag = 0 in which Fj is again a saddle-node, but in this case
it coincides with P;. Suppose that P; is an unstable node, then we have cop > 0 and
co(R. — ¢3) > 0. By Remark 2.1.8, we will only consider the case ¢y > 0. Then if co > 0,
also R. — c3 > 0, and taking into account the expression of R, and squaring both terms, we
get that c% —4cocy > cg, S0 cpce < 0, which leads to a contradiction. The same occurs if we
suppose co < 0. Therefore, P; cannot be an unstable node. If P; is a saddle, then P, can be
a saddle or an unstable node, but not a stable node, which is only possible if ¢y < 0, by an
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analogous reasoning to the previous one. If P; is a stable node, then cou < 0, so P, can be a
saddle or a stable node, but not an unstable node because it requires that copt > 0. This leads
to cases 1.5 to 1.8.

The last case is agcy # 0 in which the origin is a hyperbolic singular point. We start with
the case in which P, is a saddle, and then ¢y < 0. First we consider that P; is also a saddle,
and so co(ag + cop)(R. — c3) < 0. If P» is a saddle, then c2(ag + cop) < 0, and we get
R, —c3 > 0. From this we deduce like in previous cases that coce < 0, but we are supposing
cop < 0and so ce > 0and ag + cop < 0. From the last inequality ag < —cou, and so p has
to be positive. In short, p(ag + cop) < 0 and consequently P, can only be a stable node. If
P, and P, are saddles, but P is a stable node, reasoning in an analogous way we get that Py
is again a stable node. This leads to cases 1.9 and 1.10.

Note that if Py and P; are saddles, it is impossible for P, to be an unstable node. In that
case we would have that cg < 0, c5 > 0, ag + copr > 0 and R. — c3 < 0. From this last
inequality we get that coce > 0, which is a contradiction.

We consider now the cases where Py is saddle and P; an unstable node, in which the
conditions ¢o < 0, ag + cop > 0 and co (R, — ¢3) > 0 hold. It is obvious that P, cannot be a
stable node because it requires that ag 4+ cope < 0, so Ps is a saddle if co < 0 and an unstable
node if co > 0. In both cases P, can be either a saddle if ;x> 0, or a stable node if 1 < 0.
This leads to cases 1.11 to 1.14.

Note that the case with P, a saddle and P, a stable node is not possible, because we
would have ¢y < 0, ag + cop < 0 and co(R. — ¢3) < 0. If 2 > 0, then R, — ¢3 < 0 whence
we deduce coce > 0 and get a contradiction. The same argument is valid if c5 < 0.

Let us study now the cases where P, is an unstable node, i.e., the ones with ¢y > 0.
First we prove that it is impossible that P, is an unstable node. In that case we would have
ag + cop > 0 and co(R. — ¢3) > 0. If we suppose ca > 0, then R, — ¢3 > 0 and we
deduce coce < 0 which is a contradiction. The same reasoning is valid with c; < 0. We
consider now the case with P; saddle. If we suppose that P is a stable node, we arrive at a
contradiction, so only the cases P» saddle and unstable node are possible. In both of them,
P, can be either a saddle or a stable node. This leads to cases 1.15 to 1.18.

At last we have the case with P; a stable node, in which we have ay 4 cou < 0, condition
that makes not possible for P, to be an unstable node. Then we have the cases with P, a
saddle or a stable node. In both cases, by the condition 0 < ag < —cou, we get that p < 0,
so i(ag + cope) > 0 and therefore Pj is a saddle. This leads to cases 1.19 and 1.20.

Now we study case 2 of Table 2.2.1, in which c§ > 4cgeg, c1pp = 0 and ag # 0. We shall
consider three cases: ¢y < 0, ¢cg > 0 and ¢y = 0.

We start with case ¢y < 0 in which F, is a saddle. If P; is a saddle, then P, can be
a saddle or a stable node. If P, is an unstable node, then we have the conditions cs(ag +
cop)(R. —¢3) < 0,¢co > 0and ag + copr > 0, s0 R, — ¢z < 0, and we deduce cocg > 0
which is a contradiction.

P; cannot be a stable node, because in that case we would have the conditions ¢y < 0,
ag + cop < 0 and co(R. — c3) < 0 which lead to a contradiction in the following way: If
cg > 0, then R, — c3 < 0, and squaring we deduce cocy > 0, which is not possible because
cp < 0 and we are supposing co > 0. An analogous reasoning works in the case co < 0. If
P, is an unstable node, then P> can be either a saddle or an unstable node, but not a stable
node because it requires ag + cou to be negative, but we already know that this expression is
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2.2 Finite singular points

positive because it is a condition in order that P; be an unstable node. This leads to cases 2.1
to 2.4 of Table 2.2.3.

We continue with the subcase ¢y > 0, in which Fj is an unstable node. If P; is a saddle,
then P» can be a saddle or an unstable node. If P; is a stable node, then we have the conditions
co >0, ca(ag + cop)(Re — c3) <0, ag + copr < 0 and ¢ < 0. Thus we have R. — c¢3 < 0
and squaring we obtain coce > 0 which is a contradiction. This leads to cases 2.5 and 2.6.

If P, is a stable node, it can be proved similarly to previous cases that P, cannot be an
unstable node. This leads to cases 2.7 and 2.8.

P; cannot be an unstable node, because in that case we would have the conditions ¢ > 0,
ag + cop > 0 and co(R. — ¢3) > 0 which lead to a contradiction in the following way: If
cg > 0, then R, — c3 > 0, and squaring we deduce cyce < 0, which is not possible because
co > 0 and we are supposing co > 0. An analogous reasoning works in the case cy < 0.

Al last we have the subcase ¢y = 0. Necessarily ¢ # 0 so the origin is a saddle-node.
Also we have that P; coincides with the origin. For the singular point P, we have that itis a
saddle if co < 0 and an unstable node if ¢ > 0. This leads to cases 2.9 and 2.10.

We study case 3 of Table 2.2.1 in which ¢3 = 4cycz and 1 # 0. Then ¢p = 0 if and only
if c3 = 0. We consider ag > 0 and ¢y < 0, then the origin is a saddle and P; a saddle-node
(as c3 # 0). The singular point Py is either a saddle or a stable node, depending on the sign
of p(ag + cop). The same is valid in the case ag > 0 and ¢y < 0, except for the origin, which
is now an unstable node. We get the cases 3.1 to 3.4 of Table 2.2.4.

‘We continue with the case in which ag = 0 and so P, is a saddle-node, P, coincides with
P, and Ps is a saddle-node. This correspond with case 3.5.

At last we have the condition ¢y = 0, under which P;5 coincides with Fy. If ¢o < 0, then
it is a topological saddle and if co > 0, it is a topological unstable node. In any case P, can
be either a saddle or a stable node. This leads to cases 3.6 to 3.9.

Now we address the case 4 of Table 2.2.1 in which ¢3 = 4cgca, c1p = 0 and ag # 0. The
origin is a saddle if ¢y < 0 and an unstable node if ¢g > 0. If ¢g = 0, then c3 = 0 so we
must distinguish two semi-hyperbolic possibilities for the origin: if c2 < 0, it is a topological
saddle and if co > 0, it is a topological unstable node. The classification of Pj is totally
determined by the one of P, because it only depends on whether c3 is zero or not. We get
cases 4.1 to 4.4.

In case 5 of Table 2.2.1 the conditions ¢3 < 4cgcz and ¢1p # 0 hold. The singular points
are Py and P,. From condition c% < 4cgeg we get that ¢g # 0. If ag = 0, then the origin
is a saddle-node and P, coincides with the origin. If ay # 0, then both singular points are
hyperbolic, and it leads to cases 5.2 to 5.5.

At last, in case 6 of Table 2.2.1, we have the conditions c% < 4cpea, c1pp = 0and ag # 0.
The unique singular point is the origin and as ¢y cannot be zero, it is either a saddle or an
unstable node.

O
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Casel: c3 > 4coca, cipp # 0

Sub. Conditions Classification ‘
1.1 ap>0,c0=0,u>0,c2 <0 Py = Py saddle-node, P» saddle, P, saddle
1.2 ap >0,c0=0,u0>0,c2 >0 Py = P; saddle-node, P» unstable node,

P, saddle
1.3 ap > 0,c0=0,u<0,c2 <0 Py = P, saddle-node, P, saddle, P, stable
node
1.4 ap>0,c0=0,u<0,c2>0 Py = P; saddle-node, P» unstable node,
P stable node
1.5 ap =0,co >0, con <0, Py = Py saddle-node, P; saddle, P, saddle
R.—c3>0
1.6 ap=0,c0>0,R.—c3 <0,u>0, PFPo= Pssaddle-node, P; saddle,
c2 >0 P> unstable node
1.7 ap =0,c0 >0, u<0,R.—c3 <0, Po= Pssaddle-node, P; stable node,
co >0 P> saddle
1.8 ao=0,c0>0,u<0,c2 <0, Py = Py saddle-node, P; stable node,
R.—c3>0 P» stable node
1.9 a0 >0,c0<0,u>0,a0+4+cop <0, FPpsaddle, P; saddle, P saddle, Py stable node
c2>0,R.—c3>0
1.10 ao >0,c0 <0,c2 <0, >0, P, saddle, P; saddle, P> stable node,
ap+ cop < 0,Rc—c3 <0 Py stable node

1.11 a0 >0,c0 <0,c2 <0, >0, Py saddle, P; unstable node, P> saddle,

ao+cop > 0,R.—c3 <0 Py saddle

1.12 a9 >0,c0 <0,c2 <0, <0, Py saddle, P; unstable node, P> saddle,

ao +cop > 0,R.—c3 <0 P, stable node

1.13  ao >0,c0 <0, >0,a0+ cop >0, Ppsaddle, P, unstable node, P> unstable node,

c2>0,Rc—c3>0 Py saddle

.14 ap >0,c0 <0, <0,a0+ cop >0, Ppsaddle, P unstable node, P> unstable node,

co>0,R.—c3>0 Py stable node

1.15 ao > 0,co > 0, u(ao + cop) > 0, Py unstable node, P, saddle, P» saddle,

Co (ao + COM) <0,R:.—¢c3>0 Py saddle

1.16  ap > 0,co > 0, u(ap + cop) < 0, Py unstable node, P; saddle, P> saddle,

ca2(ao + cop) <0,R.—c3 >0 P, stable node

117 a9 >0,c0 >0, 4 >0, Re —c3 <0, Founstable node, P; saddle, P> unstable node,

ap + copp > 0,c2 >0 Py saddle

1.18 a9 >0,c0 >0, u <0, R. —c3 <0, Founstable node, P; saddle, P> unstable node,

ap + copp > 0,c2 >0 Py stable node

1.19 a9 >0,c0 >0, <0,a0+ cop <0, Ppunstable node, P; stable node, P> saddle,

Re—¢3<0,c2>0 P, saddle

120 a9 > 0,c0 >0, 4 <0,a0+ cop <0, Ppunstable node, P; stable node,

c2<0,R.—¢c3>0 P stable node, P, saddle

Table 2.2.2: Classification in case 1 of Table 2.2.1 according to the local phase portraits of
finite singular points.
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2.2 Finite singular points

Case2: c2 > 4cocz,cip=0,a0 >0

Sub. Conditions

Classification

2.1 co <0, Cz(a()+C(),u) <0,R.—c3>0

Py saddle, P; saddle, P, saddle

2.2 co < 0,R.—c3 <0,a0+ cop <0,

Py saddle, P; saddle, P> stable node

co <0

2.3 co < 0,a0+ cop > 0, Re —c3 <0, P, saddle, P; unstable node, P, saddle
co <0

2.4 co < 0,a0 4+ copp > 0,c2 >0, Py saddle, P; unstable node, P> unstable node
R.—c3>0

25 ¢ >0,c2(a0+cop) <0,Rc—c3 >0

Py unstable node, P, saddle, P» saddle

2.6 co>0,R.—c3 <0,a0+ cop >0,

Py unstable node, P; saddle, P> unstable node

ca >0

27  co > 0,a0+ cop <0, Re —c3 <0, Founstable node, P; stable node, P> saddle
co >0

2.8 co > 0,a0 4+ cop <0,c2 <0, Py unstable node, P; stable node,
Rc.—c3>0 P stable node

29 co=0,a0>0,c0 <0

Py = P; saddle-node, P» saddle

2.10 co=0,a0>0,c2 >0

Py = P; saddle-node, P unstable node

Table 2.2.3: Classification in case 2 of Table 2.2.1 according to the local phase portraits of

finite singular points.

Case3: c3 = 4coca, cipp # 0

Sub. Conditions Classification

3.1 a0 >0,c0 <0, p(ao+ copn) >0 Py saddle, P; saddle-node, Py saddle

3.2 ao > 0,co <0, u(ap + cop) <0 Py saddle, P; saddle-node, P, stable node
33 aop>0,c0 >0, p(ao + cop) >0 Py unstable node, Ps saddle-node, P4 saddle
34 ap>0,c0 >0, p(ao + cop) <0 P, unstable node, P5; saddle-node,

Py stable node

35 ap=0,c0>0

Py = Py saddle-node, Ps saddle-node

3.6 co=0,a0>0,c2<0,u>0

Py = P;s topological saddle, P4 saddle

3.7 co=0,a0>0,c20<0,u<0

Py = Ps topological saddle, Py stable node

3.8 co=0,a0>0,c2>0,u>0

Py = P;s topological unstable node, P, saddle

3.9 co=0,a0>0,c2>0,u<0

Py = Ps topological unstable node,
P, stable node

Table 2.2.4: Classification in case 3 of Table 2.2.1 according to the local phase portraits of

finite singular points.
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Case4: c3 = 4coca, cipp =0,a0 >0

Sub. Conditions Classification ‘
4.1 co <0 Py saddle, Ps saddle-node

42 ¢ >0 Pp unstable node, P3 saddle-node

4.3 co=0,c20<0 Py = P;s topological saddle

44 co=0,c2>0 Py = Ps topological unstable node

Table 2.2.5: Classification in case 4 of Table 2.2.1 according to the local phase portraits of
finite singular points.

Case5: c2 < 4coca,cip # 0

Sub.  Conditions Classification

5.1 ap =0 Py = P; saddle-node

52  ap>0,c0 <0, p(ao + cop) >0 P, saddle, Py saddle

53 ap>0,c0 <0, pulag+ cop) <0 P, saddle, Py stable node

5.4 ao > 0,co > 0, u(ao + cop) >0 Py unstable node, P4 saddle

55 ap>0,c0>0,pulao+ cop) <0 Po unstable node, Py stable node

Table 2.2.6: Classification in case 5 of Table 2.2.1 according to the local phase portraits of
finite singular points.

Case 6: c3 < 4coca, cipp = 0,a0 > 0

Sub. Conditions Classification
6.1 co <0 Py saddle
6.2 co>0 Py unstable node

Table 2.2.7: Classification in case 6 of Table 2.2.1 according to the local phase portraits of
finite singular points.

2.3 Infinite singular points

In order to study the behavior of the trajectories of systems (2.0.1) near infinity, we consider
its Poincaré compactification. For the moment we assume the same hypothesis Hi than in
previous sections. According to equations (1.3.9) and (1.3.10), we get the compactification in
the local charts U; and Us respectively. From Section 1.3, it is enough to study the singular
points over v = 0 in chart U; and the origin of chart U,.

In chart U; systems (2.0.1) write

0= co(p + Du? 4 cs(p 4+ 1)u?v + (co — ag)uv® + c1(u + 1)uv,

(2.3.5)
v = C2,LLU2U + 63/ﬂw2 - aov?’ + cuwQ.
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2.3 Infinite singular points

Taking v = 0 we get @ |,—o= c2(pt + 1)u? and ¥ |,—o= 0. Therefore, if 4 = —1, all the
points at infinity are singular points, and we will deal with this situation in Chapter 3. In
other case, if © # —1, the only singular point is the origin of Uy, which we denote by O;.
The linear part of systems (2.3.5) at the origin is identically zero, so we must use the blow up
technique to study it.

From now on we include the condition pz # —1 in our hypothesis, so we will work under
conditions

H21 = {027é03a0 20701 20,0320700"‘00/17'&0’@8"‘0%,“2#Oa/‘#_l}'

The study of the local phase portraits of the singular point O; by means of the blow up
technique leads to the following result which is proved in Subsections 2.3.1 and 2.3.2.

Lemma 2.3.1. Assuming hypothesis H3, the origin of chart Uy is an infinite singular point
of systems (2.0.1), and it has 47 distinct local phase portraits described in Figure 2.3.1.

v v

3 S e
e

Figure 2.3.1 (1 out of 3): Local phase portraits of the infinite singular point O;.
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Figure 2.3.1 (2 out of 3): Local phase portraits of the infinite singular point O .
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Figure 2.3.1 (3 out of 3): Local phase portraits of the infinite singular point O;.

For systems (2.3.5), if ¢; # 0, the characteristic polynomial is F = —cjuv? # 0,
so the origin is a nondicritical singular point. If ¢; = 0, the characteristic polynomial is
F = —c3u?v — couv — couv?, which cannot be identically zero because ¢z # 0, so we have
also a nondicritical singular point. We will study these two cases separately in Subsections
2.3.1 and 2.3.2.
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2.3.1 Case c; non-zero

Consider ¢; # 0. We introduce the new variable w; on systems (2.3.5) by means of the
variable change uw; = v, and get the systems

0= (co — ap)uPw} + c3(p + Dudwy + co(p + Du® + ¢y (u + 1w,

(2.3.6)
Wy = fcou2wif — c;;,uzuﬁ — 02u2w1 — cluw%.
Now we cancel the common factor u, getting the systems
0= (co — ap)u*wi + c3(p + Duwy + ca(p + Du? + ¢y (pu + 1)uw, 237)

W = —couw:f — C3uw% — couwi — clw%,

for which the only singular point on the exceptional divisor is the origin, and it is linearly

zero, so we have to repeat the process. Now the characteristic polynomial is F = —ca (0 +
2)u?w; — ¢ (p + 2)uw?, so the origin is a non dicritical singular point if u # —2 and it
is dicritical if 4 = —2. In both cases we introduce the new variable wy doing the change

uwg = wi, obtaining the systems

i = (co — ap)utwi + c3(p + Dudwy + co(p + Du? + ¢ (p + 1)uws,

) 3 3 9 o 9 (2.3.8)
we = (ag — 2¢o)u’wy — c3(p + 2)uws; — ¢ (p + 2)uw; — ca(p + 2)uws.
In the nondicritical case we have to eliminate the common factor u, obtaining
0= (co — ag)udwi + c3(p + DuPws + co(p + Du + c1(p + 1)uws,
; 2,3 2 9 (2.3.9)
Wy = (ag — 2cp)uwy — e + 2)uws — e (p + 2)ws — ca(p + 2)ws.
But in the dicritical case, when p = —2, we must cancel the common factor u? from systems
(2.3.8), hence we obtain the systems
= (co — ao)uzwg — Cc3UWy — Cy — CLW2, (2.3.10)

o = (ag — 2co)uws.

Nondicritical case

In this case it is necessary to study the singular points of systems (2.3.9) on the exceptional
divisor. The origin is always a singular point, and we denote it by Q. As u + 2 # 0, there is
another singular point, Q1 = (0, —cz/c1), and we shall determine their local phase portraits.
For the origin, the eigenvalues of the linear part are A\; = co(p + 1) and Ay = —co(p + 2),
so they are both non-zero and the singular point is hyperbolic. By Theorem 1.2.1 we get the
three following possibilities:

o If 4 € (—o0,—2) U (—1, +00), the origin is a saddle.
e Ifcy > 0and pu € (—2,—1), the origin a stable node.

o Ifc; < 0and p € (—2,—1), the origin is an unstable node.
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2.3 Infinite singular points

For the singular point ()1, after doing a translation to the origin, we obtain eigenvalues
A1 = 0and Ay = co(p + 2), so it is semi-hyperbolic. We place the systems in real Jordan
canonical form and apply Theorem 1.2.3, which gives us the next classification:

o If co(ap + cop) > 0, then @1 is a topological saddle.

o Ifca(pn+2) > 0and (u+ 2)(ag + cop) < 0, then @ is a topological unstable node.
o Ifco(pn+2) <0and (i + 2)(ap + cop) > 0, then @ is a topological stable node.
These conditions come together in the seven subcases (a) to (g) listed below:

@) If p € (—o0,—2) U (—1,+00) and ca(ag + cou) > 0, then Q) is a saddle and Q) is a
topological saddle.

In order to determine the phase portrait around the ws-axis for systems (2.3.9), we
must fix the sign of ¢, which determines the position of the singular point ¢); and also
the sign of i 4 1, which determines the sense of the flow along the z-axis. Thus, we
deal with the following subcases.

Subcase (a.1). Let y < —2 (so p + 1 < 0), and ¢ > 0. Then the singular point () is
on the negative part of the wo-axis and the expression @ |y,,—o= ¢2(p+ 1)u determines
the sense of the flow. The phase portrait is the one in Figure 2.3.3(a).

To return to systems (2.3.8) we multiply by u, thus the orbits in the second and third
quadrants change their orientation. Moreover, all the points on the ws-axis become
singular points. The resultant phase portrait is given in Figure 2.3.3(b).

When going back to the (u,w; )-plane, the second and third quadrants swap from the
(u, we)-plane, the exceptional divisor shrinks to a point and hence the orbits are slightly
modified. Attending to the expressions 1 |, —o= c2 (i + 1)u? and Wy |,—o= —ciw?,
we know the sense of the flow along the axes. Following Proposition 1.2.6, the sepa-
ratrix of the singular point ()1 in the (u, ws)-plane, becomes the separatrix with slope
—ca /ey at the (u, wy)-plane.

The phase portrait around the w; is not determined with this blow up, so it is necessary
to do a horizontal blow up in systems (2.3.7). We introduce the variable ws = u/w;
and obtain the systems

w3 = (20 — ao)wiwy + c3(p+ wiwi + c2(p + 2wiwi + ea(p + wiws,

wp = —cowgwil — 63w3wif — CQU}g’UJ% — clwf.
(2.3.11)
Eliminating a common factor w; we get
W3 = (2c — ag)wiwi + ca(p + 2)wyw3 + c2(p + 2)ws + 1 (1 + 2)ws, 23.12)

wy = —Cowg’w% — 03w3w% — CQW3W1 — ClWq.

The exceptional divisor is the line w; = 0, and the singular points over this line are the
origin and the point (—c;/cz2,0). Under the conditions of this subcase, the origin is a
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First Kolmogorov family (I)

stable node and the point (—c; /c2,0) is a semi-hyperbolic saddle, with the configura-
tion given in Figure 2.3.2(a). Now to return to systems (2.3.11) we multiply by w1 so
the orbits in the third and fourth quadrants change their orientation. Moreover, all the
points on the ws-axis become singular points. The resultant phase portrait is given in
Figure 2.3.2(b).

() (b)

Figure 2.3.2: Horizontal blow up in nondicritical case (1.1).

Going back to the (u, w1 )-plane, the third and fourth quadrants swap from the (w3, wy)-
plane, the exceptional divisor shrinks to a point and the orbits are modified. Attending
to the sense of the flow along the axes and following again Proposition 1.2.6, the sep-
aratrix of the singular point (—c;/c2,0) in the (w3, wy )-plane becomes the separatrix
with slope —cq /¢ at the (u, w1 )-plane, and now this Proposition determines totally the
behavior in all the regions of the plane. We obtain that the phase portrait for systems
(2.3.7) is the one given in Figure 2.3.3(c).

Lastly we multiply by « and undo the first vertical blow up to return to the (u, v)-plane.
We swap the second and the third quadrants and contract the exceptional divisor to the
origin. According to Proposition 1.2.6, the orbits tending to the origin in forward
or backward time, become orbits tending to the origin in forward or backward time
with slope zero, i.e., tangent to the u-axis. According to the expressions 4 |,—o=
c1pv? — agv® and U |y—o= c2(p + 1)u?, which determine the sense of the flow along
the axes, we get the local phase portrait Ly of Figure 2.3.1 at the origin of systems
(2.3.5).

w,

I NS
) [ e
== =

(a) (b) () (@

Figure 2.3.3: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Nondicritical
case (a.l).
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2.3 Infinite singular points

Subcase (a.2). If we maintain © < —2 but take co < 0, the reasoning is essentially
similar to the one we have given in the previous case, and we obtain the phase portrait
Ly of Figure 2.3.1.

Subcase (a.3). Let 4+ > —1 and ¢ > 0. This determines the position of singular point
(21 and the sense of the flow along the axes, so around the w,-axis we obtain the phase
portrait given in Figure 2.3.4(a).

We multiply by u obtaining the phase portrait given in Figure 2.3.4(b), as the orbits in
the second and third quadrants change their orientation and all the points in the wy-axis
become singular points.

In order to undo the variable change we analyze the sense of the flow along the axes
according to the expressions @ |, —o= c2(p + 1)u?, which determines that the flow
goes in the positive sense of the u-axis, and W |,—0= —c¢1 w% which determines that
the flow goes in the negative sense of the w;-axis. Moreover, we swap the second and
third quadrants, and press the exceptional divisor into the origin, modifying the orbits
in accordance with Proposition 1.2.6. We obtain the phase portrait given in Figure
2.3.4(c). Multiplying again by u we obtain the phase portrait 2.3.4(d).

JL .

Figure 2.3.4: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Nondicritical
case (a.3).

Now we have to undo the second variable change. We note that 7 |,—o= c2(u + 1)u?
so the flow gets away from the origin along the u-axis. Nevertheless, the sense of the
flow along the v-axis is not determined by ¥ |,—o= c1uv? — agv?, it depends on the
constant u. If g < 0, the flow goes in the negative sense of the v-axis and the phase
portrait is totally determined, obtaining the L, in Figure 2.3.1.

In the case with ;. = 0 the phase portrait is not determined around the v-axis in the
third and fourth quadrants, and in the case with ¢ > 0 it is not determined around
the v-axis in none of the quadrants. The information we get in both cases is given in
Figure 2.3.5, where the non determined regions are shaded in blue. To complete the
phase portraits we must do a horizontal blow up. We introduce the variable wy = u/v
on systems (2.3.5) obtaining the systems

Wy = CQwZ’UQ + 03wiv2 + cow4112 + ciwyv,

v = czpwiUB + 03pw4v3 — a0v3 + cl/wz.
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First Kolmogorov family (I)

If we eliminate a common factor v we get

. 3 2
W4 = C2WZV + C3WHV + CowaV + C1Wy,

) (2.3.13)

. 2,2 2
U = Copwive + C3pwavT — agv” + c1uv,

and the only singular point of these systems over the exceptional divisor v = 0 is the
origin. If 4 > 0, it is an unstable node and if ;. = 0, it is a semi-hyperbolic saddle-
node.

v v

o

7S

n>0 nw=20

Figure 2.3.5: Information obtained from vertical blow up in nondicritical case (a.3).

(b)

We follow the same steps in the two cases, illustrated in Figures 2.3.6 and 2.3.7. We
draw the phase portrait for systems (2.3.13) as can be seen in Subfigures (a); then
we multiply by v obtaining phase portraits in Subfigures (b) and lastly we undo the
variable change according to Proposition 1.2.6. The phase portraits in the (u, v)-plane
are not determined around the wu-axis in the third and fourth quadrants, i.e., in the
regions colored in blue in Subfigures (c), but nevertheless combining this information
with the obtained from the vertical blow ups, we can conclude that the phase portrait
when g > 0 is the L3z of Figure 2.3.1 and if 1z = 0, the phase portrait is the L.

v v v

(a) (b) ©
Figure 2.3.6: Horizontal blow up in the nondicritical case (a.3) with u > 0.
Subcase (a.4). Let i > —1 and co < 0. By a similar reasoning to the previous one, we
obtain the phase portraits Lg and L7 of Figure 2.3.1 for 4 > 0 and p < 0, respectively.

If u € (—o0,—2) U (—1,4+00), ca(pt+2) > 0and (it + 2)(ag + cop) < 0, then Qg is
a saddle and @), a topological unstable node. We must distinguish two cases according
to the sign of c,.
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2.3 Infinite singular points

(a) (b) (©

Figure 2.3.7: Horizontal blow up in the nondicritical case (a.3) with y = 0.

Subcase (b.1). We consider c; < 0, so ¢ < —2 and ag + cop > 0. The singular
point () is on the positive wy-axis and it is an unstable node, so the sense of the flow
along the axes is determined, and we obtain the phase portrait given in Figure 2.3.8(a).
Multiplying by u we obtain Figure 2.3.8(b).

R I/

(a) (b (c) (d)

Figure 2.3.8: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Nondicritical
case (b.1).

We see that for systems (2.3.7) the flow goes in the negative sense along the w;-axis
and in the positive sense along the w-axis, according to the expressions % |y, —0=
ca(p + 1u? and Wy |y—0= —c1w?. If we undo the variable change modifying the
orbits in accordance with Proposition 1.2.6, the only information we get is that there
are orbits that left the origin in the first quadrant and orbits that arrive to the origin in the
third quadrant, all with slope —c2/c1, but also there must exist hyperbolic or elliptic
sectors on these quadrants, and this is not well determined and neither is the phase
portrait in the second and fourth quadrants. In any case, we would like to point that
the determination of whether the sectors in the first and third quadrants are hyperbolic
or elliptic can be done by means of index theory applied in the global phase portraits.
More detailed explanations will be given in Section 2.4, but roughly speaking, we know
that the index of the vector field on the sphere must be 2, and this index is the sum of
the indices of all singularities, which depend on the sectors that they have, so if the
index is 2 considering two elliptic sectors in a particular singular point, it cannot be 2
if we change those sectors for hyperbolic ones. This argument can be used to conclude
in cases in which the only indeterminacy raised from the vertical blow up is of this

type.
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(0

(d)

Here we study the phase portrait with a horizontal blow up. We must introduce the
variable w3 = wu/w; in systems (2.3.7) as done in subcase (a.1), so we obtain the
same systems (2.3.11) and then (2.3.12) by eliminating a common factor w;. The
singular points over w; = 0 are the origin, which is a stable node, and the point
(—c1/¢2,0), which is a semi-hyperbolic unstable node. The phase portrait is given in
Figure 2.3.9(a). To return to systems (2.3.11) we multiply by w; and obtain 2.3.9(b).

(2) (b)
Figure 2.3.9: Horizontal blow up in nondicritical case (b.1).

We can go back from the (w3, w;)-plane to the (u, wq)-plane of systems (2.3.7) un-
doing the variable change according to Proposition 1.2.6. Now the phase portrait is
well defined in all the plane and we obtain that the separatrix of the singular point
(—c1/¢2,0) in the (ws, wy)-plane, becomes the separatrix with slope —c;1/co at the
(u, wq)-plane, and the behavior is well determined in all the regions of the plane. We
obtain that the phase portrait for systems (2.3.7) is the one given in Figure 2.3.8(c).

Multiplying by u we obtain the phase portrait in Figure 2.3.8(d) and undoing the first
vertical blow up we return to the (u, v)-plane, concluding that the phase portrait of O;
is Lg of Figure 2.3.1.

From now on, we will omit the reasonings about how to undo the variable changes for
obtaining the final phase portrait, because they are similar to the ones in the previous
cases. The results obtained are the following.

Subcase (b.2). Let c; > 0, s0 4 > —1 and ag+cou < 0. We obtain the phase portraits
Lg and Lq of Figure 2.3.1 for 4 > 0 and pz < 0, respectively. In Lg it is possible to
consider hyperbolic sectors instead of the elliptic ones, but applying index theory in
the global phase portraits obtained in our study, we note that only the phase portrait
with elliptic sectors is feasible.

If p € (—oo0, —2) U (—1,400), ca(pp 4+ 2) < 0, (u+ 2)(aop + cop) > 0, then Qo is a
saddle and @); a topological stable node. If co > 0, we obtain the phase portrait L1 of
Figure 2.3.1, and if co < 0, we obtain the phase portraits L2, L13 and L4 of Figure
2.3.1 for p > 0, p < 0 and o = 0, respectively. In L;; and L;2 it would be possible
that the elliptic sectors appearing were hyperbolic sectors, but again we have proved
in all the global phase portraits that only the elliptic option is feasible according to the
index theory.

If e > 0, u € (—2,-1) and ag + cop > 0, then @ is a stable node and @7 a
topological saddle. We obtain the phase portrait L5 of Figure 2.3.1.
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2.3 Infinite singular points

() ff co > 0, p € (—2,—1) and ag + copr < 0, then Q) is a stable node and @Q; a
topological unstable node. We obtain the phase portrait Lq; of Figure 2.3.1.

® Ifco <0, u € (—2,—1) and ag + cop < 0, then Qg is an unstable node and Q; a
topological saddle. We obtain the phase portrait L, of Figure 2.3.1.

(@ Ifcoa <0, € (—2,-1) and ag + copr > 0, then Qo is an unstable node and @)1 a
topological stable node. We obtain the phase portrait Lg of Figure 2.3.1.

Dicritical case

In the dicritical case, i.e., when . = —2, we must work with systems (2.3.10) and studying the
singular points on the exceptional divisor. In this case there is only one singular point, R =
(0, —ca/c1). After moving the singular point to the origin, we obtain that the eigenvalues of
the linear part are

CoC3 — 02\/c§ + 4eo(ag — 2¢p) and )\ cocs + 02\/0?,) + 4eo(ag — 2¢p)
2 =

A =
! 2, 21 ’

and the determinant is —(c3(ag — 2cg))/c?, so it is nonzero according to the hypothesis
co2 # 0, ag + cop # 0, and so the singular point is non-degenerated. We will study separately
the next subcases.

(a) If ¢3 < —4ca(ag — 2¢p) and cac3 < 0, then P is a stable focus. We shall distinguish
two subcases depending on the sign of the parameter co, because it determines if the
singular point is on the positive or negative u-axis. Let us consider co > 0. In Figure
2.3.10 the blowing-down process is represented. The phase portrait around the u-axis
is the one given in Figure 2.3.10(a), multiplying by u? we obtain (b), undoing the
second variable change we obtain (c), multiplying by u« we get (d) and finally, undoing
the first variable change we get the phase portrait L7 of Figure 2.3.1. Taking co < 0
and by the same method we obtain the phase portrait Lg of Figure 2.3.1.

w, w w, w,

<<
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©
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(a) (b) (c) (d)

L@ 111

Figure 2.3.10: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Dicritical case
(a) with co > 0.

(b) If ¢3 < —4ca(ag — 2¢p) and cacz > 0, then P is an unstable focus. The reasoning is
analogous to the one on the previous case and we obtain the same phase portraits: L,
of Figure 2.3.1 if c; > 0 and Lg if co < 0.
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(0

If ¢2 = —dca(ag — 2c0) and cacs < 0, or if ca(cz — /2 + 4ea(ag — 2¢9)) < 0,
¢ > —dea(ag — 2¢p) and ca(cz + /3 + 4ea(ag — 2¢0)) < 0, then P is a stable
node. Again, we study the case with co > 0. The blowing-down process is represented
in Figure 2.3.11, specifically, the phase portraits corresponding to systems (2.3.10),
(2.3.8), (2.3.7) and (2.3.6).

The final phase portrait obtained is again L7 of Figure 2.3.1. If we consider co < 0
we obtain the phase portrait Lg.

w. w, w, w
<«
v
<

)

frrt

<
<<

'
>

S

>

Systems (2.3.10) Systems (2.3.8) Systems (2.3.7) Systems (2.3.6)

Figure 2.3.11: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Dicritical case
(c) with ¢ > 0.

(d)

(e)

If ¢2 = —dca(ag — 2c0) and cacs > 0, or if ca(cz — /2 + 4ea(ag — 2¢9)) > 0,
2 > —dca(ag — 2¢p) and e2(c3 + /3 + 4dea(ag — 2¢p)) > 0, then P is an unstable
node. Analogously to the stable case, we obtain the phase portrait L7 of Figure 2.3.1
if co > 0, and Lg if co < 0.

If 2 > —4ea(ag—2co) and (c3—+/c3 + 4ez(ag — 2¢p))(ca++/c3 + dea(ag — 2¢9)) <
0, or if ¢ = 0 and c2(ag — 2¢p) > 0, then P is a saddle. The blowing-down consid-
ering co > 0 is represented in Figure 2.3.12. The final result is L7 of Figure 2.3.1. If
we take co < 0, we obtain the phase portrait Lqg.

w, w. w,

et

Systems (2.3.10) Systems (2.3.8) Systems (2.3.7) Systems (2.3.6)

Figure 2.3.12: Desingularization of the origin of systems (2.3.5) with ¢; ## 0. Dicritical case
(e) with ¢ > 0.

®

If 3 = 0 and c2(ag — 2¢p) < 0, then P is a linear center. In this case, the singular
point P could be a center or a focus. The case with a focus has already been studied
in subcases (a) and (b). Let us study now the center case, in particular the one with
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2.3 Infinite singular points

¢ > 0. The blowing-down process is represented in Figure 2.3.13. Finally, we get to
the same phase portrait as in the focus case, i.e., L1 of Figure 2.3.1. In the same way,
if we suppose ca < 0, we obtain the phase portrait Lg of Figure 2.3.1. Therefore, in
the case in which P is a linear center, regardless of whether it is a center or a focus,
qualitatively, the phase portrait obtained for O; is L17 if co > 0 and Lg if co < 0.

w, w, w, w

— >

Systems (2.3.10) Systems (2.3.8) Systems (2.3.7) Systems (2.3.6)

Figure 2.3.13: Desingularization of the origin of systems (2.3.5) with ¢; # 0. Dicritical case
(f) with ¢ > 0.

2.3.2 Case c; zero

We consider systems (2.3.5) and do the same variable change that we do in the case with
c1 # 0. We obtain obviously the systems (2.3.6) but taking ¢; = 0, i.e.,

. 3,2 3 3
= (cop — ag)u”wi + c3(p + 1w wy + ca(p + 1)u”,
wy, = —cou2wif — 03u2wf — cquwl.

In this case we can cancel a common factor u2, getting the systems

0= (co — ag)uw? + c3(p + Duwy + co(p + 1)u, (2.3.14)

W, = —c0w§ — (:3wf — cowy, o
for which we must study the singular points on the exceptional divisor, i.e., on the straight
line u = 0.

The origin Sy = (0, 0) is always a singular point. The other singular points on this line
are those for which w; is a solution of cow} + czw; + c2 = 050, if ¢g # 0 and ¢3 > 4cgea,
then

Sl = (0, —(RC + Cg)/(QCo)) and SQ = (O, (Rc — Cg)/(200))

are singular points. If ¢y # 0 and ¢ = 4cgca, then
S5 = (0, —c3/(2c0))
is a singular point, and finally, if ¢y and c3 are non-zero,
Sy = (0,—ca/c3)

is a singular point. In summary we shall study the five cases given in Table 2.3.1. For doing
this we study separately the local phase portrait of each singular point assuming in each case
the necessary hypothesis for its existence.
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’ Case Conditions Singular points
(A) co=0,c3=0. So.
(B) co=0,c3 #0. So, S4.

(C) Co 75 0, c§ < 4cpes. So.
(D) Co # 0, Cg = 400(32. So, 53.
(E) Co 7é 0, c§ > 4dcpes. So, S1, Sa.

Table 2.3.1: Cases according to singular points on the exceptional divisor of systems (2.3.14).

Lemma 2.3.2. The local phase portraits for the singular points of systems (2.3.14) are the
following:

1. The singular point Sy is hyperbolic and
o Ifu > —1,itisasaddle.
o [fco > 0and < —1, it is a stable node.
o Ifcy <0and p < —1, itis an unstable node.
2. The singular point S is hyperbolic and
o Ifco(ag + cop) < 0, it is a saddle.
o Ifco > 0and (ag + cop) > 0, it is a stable node.
e Ifco < 0and (ag + cop) < 0, it is an unstable node.

3. The singular point Sy is hyperbolic and
o Ifco(ag + cop)(Re — c3) < 0, it is a saddle.
o Ifco(Re — c3) > 0and (ap + cop) > 0, it is a stable node.
o Ifco(R. — c3) < 0and (ag + cop) < 0, it is an unstable node.

4. The singular point Ss is a semi-hyperbolic saddle-node.

5. The singular point Sy is a hyperbolic saddle if co > 0 and a hyperbolic stable node if
co < 0.

Proof.

1. For the linear part at the origin Sy, we get the eigenvalues \y = co(p + 1) and Ay =
—ca, S0 it is hyperbolic and applying Theorem 1.2.1 we get the three possible phase
portraits.

2. For the singular point S; we get the eigenvalues \; = (ag + cop)(2coca — 5 —
csR.)/(2¢2) and Ay = —R (R, + c3)/(2co). It is immediate from the hypothesis that
s is not zero and, if A\; was zero, then

20062—65—63]%6 =0= (20002—c§)2 = chg = 40803—4COCQC§—|—C§ = c§—4COCQC§

and so 4c3c3 = 0, which contradicts our hypothesis. We will prove that expressions
2coca — 3 —c3 R, and 2cgca — ¢3 +c3 R, can not be positive. Suppose that coca > 0, s0
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2.3 Infinite singular points

we have ¢3 —2cocy > ¢3—4cgea > 0and then 2cgca—c3 < 0. If 2¢coca—c2—c3 R, > 0,
then 2coca — ¢ > c3R. > 0 which is a contradiction, so 2cocy — ¢3 — c3 R must be
negative. If 2coca — ¢ + c3R. > 0, then 2cgca — ¢4 > —c3R. so, in addition to the
above we have |2COCQ - c§| < c3 R, and squaring we get

(2coca — 3)? < AR = 4Ackcs — dcpcach + 3 < 5 — dcgeacs = dcics < 0

reaching again to a contradiction. Let us consider now the case coca < 0. If 2¢coco —
c3 — c3R. > 0, then 2coca > 3 + c3R. > 0, which is a contradiction, so again we
have 2coca — ¢ — c3R. < 0, an by the same reasoning as in the previous case we
conclude again than 2coca — ¢ +c3 R, < 0. Thus, Sy is hyperbolic and applying again
Theorem 1.2.1 we get the three possibilities and their corresponding conditions.

3. The reasoning is analogous to the one in the previous case.

4. The singular point S5 is semi-hyperbolic, and by Theorem 1.2.3 it is always a saddle-
node.

5. The singular point Sy is hyperbolic and by Theorem 1.2.1 it can be a saddle if c; > 0
or a stable node if ¢, < 0.
O

According to Lemma 2.3.2, we obtain the next 26 subcases from the five given in Table
2.3.1.

Case (A). The only singular point is the origin, so we have the next three possibilities.

(A1) If cg = ¢3 = 0 and p > —1, then S is a saddle. In order to define totally the phase
portrait around the wy-axis for systems (2.3.14), we must set the sign of co, which
determines the sense of the flow along the axes.

Subcase (A.1.1). Considering co > 0, on the v-axis the points are attracted towards the
origin, and on the u-axis points are repelled away from the origin, so the phase portrait
is the given in Figure 2.3.14(a). Then we have to multiply by 2, and so all the points
on the w1 -axis become singular points, getting the phase portrait in Figure 2.3.14(b).
We undo the variable change and verify the sense of the flow along the axes, concluding
that the final phase portrait is the L9 given in Figure 2.3.1.
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Figure 2.3.14: Desingularization of the origin of systems (2.3.5) with ¢; = 0. Subcase
(A.1.1).
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Subcase (A.1.2). Considering co < 0, we obtain the phase portrait Log of Figure 2.3.1.

(A2) If cg = c3 =0, 0 < —1 and co > 0, then .Sy is a stable node. We obtain the phase
portrait Lo of Figure 2.3.1.

(A3) If cg =c3 =0, < —1and c3 < 0, then .Sy is an unstable node. We obtain the phase
portrait Los of Figure 2.3.1.

Case (B). Fixed the phase portrait of Sy, only two phase portraits are possible for the origin,
as the sign of ¢, is determined, and so we get the four following cases.

Ba) If cg = 0,¢c3 # 0, 0 > —1 and ¢c; > 0, then Sy and S are both saddle points
and S is on the negative wy-axis. According to the expression of systems (2.3.14),
itis, @ |w,—0= c2(pt + 1)u and Wy |,—0= —cowr — c3w? — cow?, we determine the
sense of the flow along the axes. We get the phase portrait given in Figure 2.3.15(a).
Multiplying by u? we obtain the phase portrait in Figure 2.3.15(b), in which all the
points on the w;-axis are singular points. Now we undo the blow up according to
the expression of systems (2.3.5) and Proposition 1.2.6. The separatrix of the saddle
S, which is not on the axes, become a separatrix on the second and fourth quadrants
passing through the origin. The hyperbolic sector on the first quadrant remains the
same, and the one on the second quadrant moves to the third quadrant. On second
and fourth quadrants we have got two different sectors, in one of them remains the
hyperbolic sector and in the other, colored in blue in Figure 2.3.15(c), the phase portrait
is not defined.
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Figure 2.3.15: Desingularization of the origin of systems (2.3.5) with ¢; = 0. Case (B.1).

We do a horizontal blow up introducing the variable ws = u/v in systems (2.3.5),
obtaining
Wy = CQU}E?;’UQ + Cg’LU?)’UQ + cowsvg,

V= 02uw§v‘3 + 03uw5v‘3 — aov?’,

and eliminating a common factor v? we get

. 3 2
W5 = C2W5 + C3Ws + CoWs,

V= CQ,uwgv + c3pwsv — apv.
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2.3 Infinite singular points

The only singular point on the exceptional divisor v = 0 is the origin which is a semi-
hyperbolic saddle-node as represented in Figure 2.3.16(a). If we multiply by v? the
phase portrait is the same but with a line of singular points on the ws-axis as shown
in Figure 2.3.16(b). Now undoing the blow up there are also some regions where the
phase portrait is not defined, but combining the information we get here, included in
Figure 2.3.16(c) with the obtained previously in the vertical blow up, given in Figure
2.3.15(c), we can conclude that the phase portrait for Oy is Lag of Figure 2.3.1.

Figure 2.3.16: Horizontal blow up in the case (B.1).

B.2) Ifcg =0,¢c3 # 0, u > —1 and ¢o < 0, then Sy is a saddle and Sy a stable node. We
obtain the phase portrait Loy of Figure 2.3.1.

B.3) Ifcg =0,c3 #0, u < —1and ¢ > 0, then Sy is a stable node and Sy is a saddle. We
obtain the phase portrait Los of Figure 2.3.1.

B4) Ifcg =0,c3 #0, u < —1 and co < 0, then Sy is an unstable node and S, is a stable
node. We obtain the phase portrait Log of Figure 2.3.1.

Case (C). The only singular point is the origin so we distinguish three cases, and obtain the
same local phase portrait that in case (A), but under different conditions.

(C.1) If ¢g # 0, ¢ < 4cgez and > —1, then Sy is a saddle. Attending to the sign of
c2, which determines the sense of the flow on the axes, we consider the following
subcases: If co > 0, we obtain the phase portrait L9 of Figure 2.3.1, and if c5 < 0,
we obtain the phase portrait Log of Figure 2.3.1.

(C.2) Ifcg # 0, 3 < 4coea, p < —1 and ¢ > 0, then Sy is a stable node. We obtain the
phase portrait Loy of Figure 2.3.1.

(C.3) If ¢y #0, c% < 4coeg, < —1 and ¢y < 0, then Sy is an unstable node. We obtain the
phase portrait Loy of Figure 2.3.1.

Case (D). Apart from the origin, there exists the singular point .S3, which is always a saddle
node, regardless of the conditions, so again we get only three subcases:
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First Kolmogorov family (I)

(D.1) If ¢ # 0, ¢3 = 4coez and > —1, then Sy is a saddle and S3 is a saddle-node.
We must distinguish four subcases according to the signs of c¢g and ag + cop, which
determine the position of the saddle-node S5 and its sectors. If ¢y > 0 and ag + cop >
0, we obtain the phase portrait Loy of Figure 2.3.1; if ¢y > 0 and ag + cop < 0, the
phase portrait Log of Figure 2.3.1; if ¢y < 0 and ag + cou > 0, the phase portrait Log
and if ¢g < 0 and ag + cou < 0, the phase portrait L.

(D.2) Ifco # 0, ¢3 = 4cgez, o < —1 and ¢z > 0, then S is a stable node and S is a saddle-
node. We distinguish two subcases setting the sign of ag + cou which determines the
position of the sectors of the saddle-node S3. If ag + cou > 0, we obtain the phase
portrait L3; of Figure 2.3.1, and if ag + copt < 0, we obtain the phase portrait L3 of
Figure 2.3.1.

(D.3) If cg # 0, ¢2 = 4cpca, o < —1 and ca < 0, then Sy is an unstable node and S3 is a
saddle-node. The only possibility is that ag 4+ copt > 0, so there are no subcases, and
we obtain the phase portrait L33 of Figure 2.3.1.

Case (E). There exist three singular points, with three possible phase portraits for each of
them, however, many of the combinations are not possible, and only 13 subcases will be
feasible.

First, due to the conditions which define the local phase portrait in each singular point,
it is obvious that if S; is a stable node, then S5 can not be an unstable node, and if S; is an
unstable node, S can not be a stable node, due to the sign of ag + copu.

If Sy and S5 were stable nodes and S; a saddle, the conditions ¢o > 0, R. — ¢3 < 0, and
co < 0 will hold. Squaring both terms in the condition R. < c3 we obtain ¢ — 4coca < c3,
and then coco > 0, which is a contradiction. The same reasoning is valid in the next two cases.
If Sy and S5 are unstable nodes and S; a saddle, then the conditions ¢y < 0, R, —c¢3 < 0 and
co > 0 hold, and if Sy is an unstable node, S a stable node and S5 a saddle, then the same
three conditions hold.

If Sy, S1 and S5 are stable nodes, the conditions ca > 0, R. — ¢3 > 0 and ¢g > 0 hold.
Now we take condition R. < c3 and squaring both terms we obtain cg — 4coey < cg, and
then cgcy > 0, which is now a contradiction.

If Sy is a stable node and S; an unstable node, the conditions u < —1, ¢g < 0 and
ap + cop < 0 hold. Then according to the signs of ¢y and y which are fixed, ag < —copu < 0
which contradicts the hypothesis Hi. The same reasoning is valid if S and S are unstable
nodes, because the same conditions hold. Now we will study the feasible cases.

(E.1) If cg # 0, ¢ > 4coea, 1> —1, colag + cop)(2coca — ¢ — c3R.) > 0 and co(ag +
copt)(Re — ¢3)(2coca — ¢ + c3R.) > 0, then Sp, S; and S are saddles. We must
distinguish two subcases depending on the position of singular points S and S5