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ABSTRACT

This work is devoted to the study of stochastic partial differential equations and its appli-
cations in Bayesian inference. Essentially it is composed by two essential parts: In the first
part, we study a stochastic non-linear partial differential equation from the theoretical
point of view, and in the second one we perform a Bayesian analysis based on a specific

stochastic linear partial differential equation.

The former problem to be addressed has its roots in fluid dynamics. More precisely, we
consider the equation which governs the time evolution of a third grade non-Newtonian
fluid, filling a two-dimensional non axisymmetric bounded domain, perturbed by a mul-
tiplicative white noise. We recall that the stochastic third grade fluid equation can be
considered as a generalization of the stochastic Navier-Stokes equations, so we are faced
with a strongly nonlinear stochastic partial differential equation and its analysis is not
an easy issue. Considering initial conditions in the Sobolev space H?, and a Navier slip
boundary condition, we show the existence and the uniqueness of the strong solution (in
the stochastic sense). To show the existence of the solution, we first construct a sequence
of solutions for the finite dimensional approximate problems, by using the finite dimen-
sional Galerkin approximation method. Next, we pass to the limit by using a conjugation
of compactness results and a uniqueness type argument. Let us mention that the study
of stochastic fluid dynamics equations, where the solutions correspond to stochastic pro-
cesses defined on some probability space, with sample paths on appropriate functional
spaces is crucial for the statistical description of turbulent flows. In contrast to the usual
deterministic individual solutions, in this framework each solution should correspond
to a collection of possible realizations, and a probability of certain occurrences should
be determined. As many fluids used in the industry are classified as third grade non-
Newtonian fluid, we hope that our result will have practical consequences in the analysis
of turbulence flows. As far as we know, this is the first time that the stochastic third grade

fluid equation is being studied in the literature.

The second problem to be studied consists on the application of the INLA method-
ology to perform Bayesian inference, considering a certain linear stochastic partial dif-

ferential equation, which has a solution with a Matérn covariance. We recall that the
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Matérn covariance has a central role in spatial statistics, since it successfully captures the
spatial behaviour of a wide number of phenomena. We consider a Gaussian vector field
modelling the velocity of the wind and perform a Bayesian analysis to approximate the
mean of the wind velocity field through the INLA methodology, combined with stochas-
tic partial differential equations (SPDE). We emphasize that the behaviour of the wind
velocity field is crucial in the weather forecast. We expect that this new statistical method
will improve the classical methods mainly based on the numerical analysis of complex

fluid dynamic equations.

Keywords: Bayesian inference, Gaussian Markov random field, Matérn covariance, Non-

newtonian fluid, Stochastic partial differential equation.



ReEsumMmo

O presente trabalho é dedicado ao estudo de equacoes diferenciais parciais estocasticas
e a sua aplicacdo na inferéncia Bayesiana. E composto essencialmente por duas partes.
Na primeira parte estudamos uma equacao diferencial parcial estocastica nao-linear do
ponto de vista tedrico, e na segunda parte aplicamos os principios da inferéncia Bayesiana

a estimacgao usando uma equacao diferencial parcial estocastica linear.

O primeiro problema a ser estudado tem as suas origens na dinamica dos fluidos.
Mais precisamente, consideramos a equacao que descreve a evolu¢ao de um fluido nao-
Newtoniano de terceiro grau, num dominio bi-dimensional limitado e nao axissimétrico,
perturbada por um ruido branco. A equagao estocastica de fluidos de terceiro grau pode
ser considerada como uma generalizacao da equagao de Navier-Stokes, estamos perante
uma equacao diferencial parcial estocastica fortemente nao linear, cuja analise é uma ta-
refa dificil. Considerando a condigio inicial no espaco de Sobolev H? , e uma condigao de
fronteira de deslizamento do tipo Navier, mostramos a existéncia e unicidade de solugao
forte (no sentido estocastico). Para mostrar a existéncia de solugao, construimos primeiro
uma sucessao de solugdes para o problema aproximado em dimensao finita, usando o
método de aproximagao de Galerkin. A seguir é feita a passagem ao limite, através de
resultados de compacidade, e um argumento de unicidade. Referimos também que o
estudo de equagoes estocasticas de fluidos, cujas solugdes correspondem a processos esto-
casticos definidos num determinado espaco de probabilidade, com trajetorias em espagos
funcionais apropriados, é crucial na descri¢ao de fluxos turbulentos. No contexto estocas-
tico, cada solugao da equagao corresponde a uma colecao de possiveis realizagdes, pelo
que a probabilidade de ocorréncia de certas realizagoes pode ser determinada. Uma vez
que muitos fluidos usados na industria sao classificados como fluidos nao-Newtonianos
de terceiro grau, esperamos que 0s nossos resultados venham a ter aplicacao na analise
da turbuléncia de fluidos. Tanto quanto pudemos constatar, esta é a primeira vez que a

equacao estocastica de fluidos de terceiro grau é estudada na literatura.

O segundo problema a ser estudado consiste na aplicacao da metodologia INLA, que é
especialmente adequada para fazer inferéncia Bayesiana, combinada com a utilizacao de

determinada equacao diferencial parcial estocastica, cuja solugao apresenta covariancia

xi



de Matérn. A covariancia de Matérn tem um papel central na estatistica espacial, uma vez
que descreve significativamente bem varios fendmenos de natureza espacial. Neste traba-
lho, consideramos que a velocidade do vento ¢ modelada por um campo vetorial aleatério
Gaussiano, e aproximamos a média do campo de velocidades aplicando os principios da
inferéncia Bayesiana, através da metodologia INLA combinada com SPDE. Salientamos
que a velocidade do vento é crucial na previsao do tempo, entao esperamos que esta
nova abordagem estatistica, venha a melhorar os métodos usuais de previsao, baseados

na analise numérica das equagoes de fluidos.

Palavras-chave: Campo aleatério Gaussiano de Markov, Covariancia de Matérn, Equa-

cao diferencial parcial estocastica, Fluido nao-Newtoniano, Inferéncia

Bayesiana.
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INTRODUCTION

The purpose of our work is twofold: to study SPDE and to do Bayesian inference in
models using SPDE as their components.

First we study the stochastic third grade fluid equation from a theoretical point of
view, proving the existence and uniqueness of strong solution (Chapter 3), then we expose
in detail the calculations that allow us to approximate a Matérn field by a Gaussian
Markov random field (GMRF): we show in detail that the solution of a certain SPDE has
Matérn covariance, widely used in geostatistic, then we apply the FEM to obtain a finite
representation of the solution with Markov properties (Chapter 4). Finally, we consider
the H. Hersbach et al. (2018) data set ([26]), and perform Bayesian inference to model
the mean of the wind velocity, via an INLA approach (Chapter 5).

We start our work with a fundamental result: the proof of existence and uniqueness of

solution for the third grade fluid equation, perturbed with a multiplicative white noise,

d(v(Y)) = (—Vp +vAY —(Y-V)v- ZvjVYj +(ag + az)div(Az)
j
+ Bdiv(JAPA)+ U)dt +o(t, Y)dU,, (1.0.1)

where v(y) = y—a;Ay, A= Vy+VyT, v > 0 is the viscosity coefficient, U represents a body

force, W; is a Wiener process, and a1, @;, p are constants such that

>0, a; >0, l|ay+ay<+/24vB,

therefore extending the deterministic results of [10] and [8], for the stochastic case. Equa-
tion (1.0.1) is supplemented with a Navier slip boundary condition, and the initial condi-
tion is taken in the Sobolev Space H?.

Third grade fluid equation describes a special type of fluid, characterized by a non-
linear relation between the shear stress and the shear strain rate. This means that these
fluids do not satisfy the Newton’s law of viscosity, so they belong to the class of non-
Newtonian fluids.

From a theoretical point of view, equation (1.0.1) is a strongly nonlinear partial differ-
ential equation, which models complex viscoelastic fluids, so it is expected that the noise
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CHAPTER 1. INTRODUCTION

perturbations should have relevant impact in the fluid dynamic. It is well known that
increasing the typical velocity will increase the Reynolds number: the fluid develops a
turbulent behaviour and small disturbances should have strong macroscopic effects on
the dynamic.

It should be pointed out that non-Newtonian fluids are present in biology, industry,
etc. (see [21], [19], [24], [25], [32]). Moreover, the second grade fluid model does not
capture certain specific properties, for instance, the shear thinning and shear thickening
effects, so it is important to study the third grade fluid model.

We should refer the pioneer work [3] on the stochastic Navier-Stokes equations, and
[4] where the authors deduce the stochastic Navier-Stokes equations from fundamental
principles, showing that the stochastic equations are real physical models. Regarding the
stochastic description of a Newtonian fluid, see [13], [15].

We recall that the strategy to show the existence of the solution for the deterministic
fluid equation in [10] and [8], is based on appropriated estimates that allow to use com-
pactness theorems in order to pass the non linear terms to the limit, in the weak sense.
For the stochastic case, it is not possible to use such a strategy, due to lack of regularity
with respect to time, and to the stochastic variable. Instead, we apply the methods devel-
oped in [6]. Those methods have been successfully applied to the stochastic second grade
fluid equation (see [12] and [33]). We use the finite dimensional Galerkin approximation
method to construct a sequence of solutions for the finite dimensional approximate prob-
lems, and then we pass to the limit by using a conjugation of compactness results and a
unicity argument.

After establishing the existence and uniqueness of strong solution for the stochastic
third grade model, we turn our attention to a certain linear SPDE, with a very specific
objective: to estimate the solution of this particular equation, whose properties are partic-
ularly useful for modelling spatial phenomena. For instance, consider a random variable
Y, describing a spatial phenomena, such as velocity of the wind, temperature, or pressure,
to which we attribute a density probability function 7(y|@), where 6 € © is an unknown
parameter or vector of unknown parameters. Since 6 is unknown, Bayesian Inference
states that we should consider it as a random variable, with a suitable a priori density
function 7t(0). This prior probability function incorporates all the previous knowledge
about the phenomena that is being studied.

The next step is to upgrade the a priori probabilities, using observed data, if y =
(v1,...,Vy,) is a vector of observations we obtain the posterior density probability function

1(0]y), via Bayes’ Theorem,

n(y|@)r(6) _  m(yl|@)n(6)
n(y) Jo m(yl6)7(6)d6

n(Bly) = , 0€0.

Observations update prior probabilities and the knowledge about theta.
The models that we are interested in this work involve a SPDE, whose solution

presents a Matérn covariance function. The Matérn covariance has a central role in
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spatial statistics, since it successfully captures the spatial behaviour of a wide number of
phenomena: forestry, disease mapping, mining engineering, etc. We assume that the spa-
tial phenomena to be studied is modelled by a Gaussian spatial process, {x(s),s € D C R},
also known as Gausian field (GF), whose mean p does not depend on the location s, so
x(s) is stationary, and the covariance function depends only on the Euclidean distance
between two locations, so x(s) is isotropic. The Matérn covariance function evolves from
this setting, and was developed by Bertil Matérn (1960). It is given by

o2

= 21T (v)

where K, is the modified Bessel function of second kind and order v. One special feature

Cov(x(s), x(s")) (klls = s"ll)" Ky (Klls = s°1I) (1.0.2)

of this covariance function, is the relation between the parameter v and the differentia-
bility of the underlying process (see [22]). This is an important feature because differen-
tiability affects the behaviour of predictions made under the model. The interpretation
of v as a smoothness parameter of the underlying spatial process is often used to justify
its choice. A GF with Matérn covariance function is also called Matérn field.

We consider the following SPDE,

(K2 =A)*2rx =W. (1.0.3)

where W is the Gaussian white noise, whose stationary solution is a Matérn field (see [38]
and [39]). Lindgren et al. in [29], applying the FEM to equation (1.0.3), obtain a finite
representation x of the solution x(s), with Markov properties, and they prove convergence
of the finite representation to the solution x(s). Their approach allows to approximate the
GF by a GMRF with sparse precision matrix, which brings great computational benefits.
We present and explore the results that allow us to obtain the relation between a GF with
Matérn covariance, and a finite representation by a GMRF. Before going through the
FEM, it is important to understand fully the notion of GMRF. Following [36], a GMREF is
defined in almost a computational point a view, as a random vector that verifies certain
properties with respect to a certain labelled graph. After that, we explain the FEM and
how can we calculate the precision matrix of the GMRF approximation x.

As far as we know the calculations which leads to the Matérn covariance formula
(1.0.2) for the stationary solution, or the Laplace method for Gaussian approximations,
are not fully detailed in the literature. We have part of the calculations in [5], or [36], or
[39] for instance, but all the theory that allows us to solve equation (1.0.3) is not gathered
in one single source, mainly due to the diversity of subjects involved, ranging from the
notion of generalized functions (also known as distributions), to the generalization of
the Fourier transform to generalized functions. Also, we need to carefully introduce the
white noise, and define the convolution between a generalized random function and an
element of L2(R). This work fills the need to have all detailed calculations and concepts
in one single source.

We use the INLA methodology to obtain the posterior distribution of the hyperparam-
eters. INLA was developed by Rue et al. in [37], where the authors perform approximate

3



CHAPTER 1. INTRODUCTION

Bayesian inference for a special class of hierarchical models, latent Gaussian models. The

marginal distributions of the posterior distributions 7(6y) and 7 (x]y), can be written as
(sly) = | o,y mely) do
x(eyly) = | m(oly)do.,

so the authors in [37] use approximated distributions 7t(x;|0,y) and 7t(6]y), based on the

following results,

e(ylx, 0)(x|0)7(0)
n(x|0,y)

_ m(ylx, 0)r(x|0)(6)

- 7tG(x]6,y)

7(Oly) o

=: 77(0ly),
x=x*(0)

where 775(x|0,y) is the Gaussian approximation given by the Laplace method, explained
in Section 5.3, and x*(0) is the mode of that distribution, for a given 6. Furthermore, they

apply once more the Laplace method to obtain a Gaussian approximation of 7(x;|0,y),

1(x,0,y)

(x,10,y) oc — DY)
GailB.y) o o n B,y)

X_;=X;(x;,0)

where 7tg(x_;|x;,0,y) is the Laplace Gaussian approximation to 7t(x_;|x;,6,y) and xj(x;, 0)
is its modal configuration. Then the integrals are calculated numerically, to obtain the
approximated posterior distributions 7t(x;|0,y) and 7¢(6ly).

Lastly, we apply the main results to the observations of a vector field describing the
velocity of the wind, which is crucial in the weather forecast. This application illustrates
the importance of our approach, because instead of dealing directly with the solutions
of fluid dynamic equations, we model the complexity of the phenomena by fitting a

statistical spatial model to the real dataset, using Bayesian Inference.



2

BACKGROUND

This chapter presents the basic mathematical and statistical concepts and results, needed
for the work that is developed in the following chapters. In Section 2.1, we present
the functional spaces to be used throughout the work. Namely, we recall the notion of
Sobolev spaces and state some of their properties. We introduce the Schwartz space S,
the Schwartz distribution space S*, and the definition of *-weak convergence in S*. Then
we recall the definition of generalized random function, and the definition of the white
noise as a generalized random function. In Section 2.2 we introduce the principles of
Bayesian inference, how Bayes” Theorem is used to calculate the posterior distributions
7(0|y), and hierarchical models. Finally, in Section 2.3, we present an overview of what is
Spatial Statistics and the main subjects it addresses, specifying the kind of problem that

we are interested in this work.

2.1 Functional Spaces

Consider a measurable space (2, d), where Q) is a set, and o is a 0 —algebra. We define
measurable function in the following way.

Definition 2.1.1. Given a measurable space (Q,d), and (R, B(R)) where P is the Borel o-
algebra, we say that a function f : () — R is measurable if

fiB):={weQ: f(w)eBled, forany BeB(R).

Consider now a measure space ((,d, u), where p is a measure defined in the o-algebra
d,

p:d —[0,+00].

We assume that the measure space is complete. The sets A € o such that u(A) = 0 are
called null sets. We say that a certain property holds almost everywhere (a.e.) if it holds
for every w € (), except for a null measure set.

5



CHAPTER 2. BACKGROUND

Definition 2.1.2. A measurable function f : () — R is said to be integrable if the integral of

its absolute value is finite,

Il = [ 1fldp <.
Q
In that case, we say that f € LY(Q).

We will use the notation L}(Q), for the set of all integrable functions. Let us now

define the L? spaces.
Definition 2.1.3. Consider 1 < p < +oo. We define
IP(Q) = [f Q>R | f ismeasurableand |f|P € LI(Q)}

and

1

p

170 =ty = | 177 )
Q
Definition 2.1.4. Considering p = +oo, we define
L®Q):={f:Q—>R | fismeasurableand IC |f(x)|<C a.e. onQ}

and

1fllze = Iflleo := inf{C : [f(0)[ <C  a.e. on Q).

LP spaces provided with the norms ||-||, are Banach spaces, for all 1 < p < co (see [1]).
We define in L(Q) the inner product

(fg) = fogdy (2.1.1)

for all f,g € L*(Q). L*(Q) provided with the inner product (-,-) defined in (2.1.1) is an
Hilbert space.

Now we present a motivation for the definition of the weak derivative. For that, con-
sider RY provided with the Lebesgue measure, and let © ¢ R% be an open set. Let Cy(0)
denote the space of infinitely differentiable functions ¢ : 6 — R, with compact support
in ©. We call test functions to a function ¢ € C°(0).

Given f € C!(6) and ¢ € C(0), from the integration by parts formula, and since ¢

has compact support, we have

jfax 83{¢d for i=1,...,d. (2.1.2)

Furthermore, if f € CK(0), and a = (ay,...,a,;) is a multiindex with |a| = a; + -+ ay = k,

applying formula (2.1.2) k times, we obtain

JfD“cde: (-1)'6!'[ D*fdx (2.1.3)
(0] 6

6



2.1. FUNCTIONAL SPACES

where

olal
D= o
1 d

Let L}OC(G) be the set of locally integrable functions f, that is,

J |fldx < +oo
K

for any compact set K c ©. Notice that the left side of equation (2.1.3) is well defined for

1
loc

any f € L; (0), so it motivates the following definition of weak derivative.

Definition 2.1.5. Consider f,g € L}OC(G), and a a multiindex. We say that g is the a'"-weak
derivative of f if

f fD%pdx = (-1)'“'J gpdx.
0 0
for all test function ¢ € C;°(0). In that case, we write g = D f.

Proposition 2.1.6. The weak a'"-partial derivative of f, if it exists, is uniquely defined, up to

a zero measure set.

For more information on weak derivatives, see [20].

Now we introduce Sobolev spaces. This spaces have an important role in the study
of partial differential equations, and were introduced by S.L. Sobolev in the 1930’s. In
this framework partial differential equations are interpreted as operators defined in some
function space, and the derivatives are interpreted in the weak sense. Generally speaking,
as the elements of a Sobolev space admit weak derivatives of several orders, that are L?
functions, those function spaces turn out to be specially suited to solve partial differential
equation problems, in the weak sense. It is important to mention that, when a weak
solution is regular enough, it coincides with the strong solution. Roughly speaking, a

strong solution has enough regularity for the derivatives to exist in the classical sense.

Definition 2.1.7. Consider 1 < p < +oco. Let k be a nonnegative integer, and let © CR® be an
open set. The Sobolev space W*P(0) is the set of all f € LP(0O) such that, for each multiindex c
with |a| < k, the weak derivative D® f exists and belongs to LP(0).

The norm |||l , on WEP(0) is defined in the following way.

Definition 2.1.8. Consider f € WEP(0), we define the norm as

1/p
) | IDfPax if 1<p<+oo
laj<k~©

) IDflle i p=+too

lal<k

Ifllwer = 1fllk,p == (2.1.4)

Theorem 2.1.9. Consider 1 < p < +oo, and let k be a nonnegative integer. Then W*P endowed

with the norm ||l , is a Banach space.
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For more information on Sobolev spaces, we refer [1], 7], [20].
If p =2, we write
H*6)= Wk?(6), for k=0,1,....

Notice that H(6) = L?(6). Moreover, we have that H¥(0) is an Hilbert space (see [1]).
Following [23], we present an embedding theorem for Sobolev spaces, needed in
Chapter 3.
Let (U,||‘ly) and (7,]||lr) be two normed spaces. We say that ¥ is continuously
embedded in U if

(i) ¥ is a vector subspace of U, and
(ii) The identity operator I : " — U, defined by Ix = x is continuous.
According to [1], since I is linear, (ii) is equivalent to the following,
llxllow < Clixlla

for all x € 7, and some constant C. We say that ¥ is compactly embedded in U if the
embedding operator is compact.
We say that a domain © C R? has locally Lipschitz boundary I' if, for every x € I, there

exists a neighbourhood V, such that I'NV, is the graph of a Lipschitz continuous function.

Theorem 2.1.10. Let 6 C R? be a bounded domain with locally Lipschitz boundary T. Let
peRwith1 <p<oo, and let m,n € N with n <m. Then the following embedding is compact

W™P(0) < W™(0)
for all q € R such that
1<q<dp/(d-(m-n)p), if d>(m-np
1<g<oo, if d=(m-n)p
Recall the Schwartz space S = C°(0), of all infinitely differentiable functions with
compact support, which is also known as the space of Schwartz test functions. Next we
introduce the concept of generalized function, also known as distribution, which is a linear
continuous functional defined on the Schwartz test functions space, S.

We say that a sequence of test functions (f,),en, converges to f in S, if there exists a

compact K C R? such that the support of f, is contained in K,
supp(f,):={xeR?:f, 0} cK, forallneN,

and all derivatives
I fy— S
converge uniformly, where 9¥ is the multi index derivative,

¢ oIkl

:m’ k:(kl,...,kd), and |k|:k1++kd
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This convergence is equivalent to the convergence of all derivatives with respect to the
norm in L%(RY) (see [34]),

19~ 313 = [ 104~ Pai 0.
R4
Moreover, the Hilbert space L?(R?) with the inner product

r.9= | fgtaiax

is the closure of S with respect to the L2-norm, L*(RP) = [S], (see [34]).
We say that a linear functional
T:S—>R

is continuous if

T(fa) = T(f)
for all (f,),en C S such that f, — f in S. We consider the Borel topology in R, %(R).

Definition 2.1.11. A generalized function is a linear continuous functional T : S — R, also
called distribution. We write the value of T evaluated at f € Sas T(f)=(T, f).

The space of all generalized functions defined on S is also known as the Schwartz
distribution space, or the dual space of S, and is denoted by S*. An example of a general

function in § is the Dirac delta function, which is defined by

(6,f)=f(0),
for every f € S. Formally, we can write the Dirac delta function as
+oo if x=0
o(x) = .
0 if x=0

Also, we can formally write

.= [ ortads.

R

For a given x(, we have the following

+oo if x=xg

O(x—xg) = {

0 if x=xg '

We also denote
Oy, (%) = 6(x = x0)

s0 Oy, is the distribution given by
(0x0 f) = £ (%0)

9
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and formally we can write

(6500 f) = fRéxo(x)ﬂx)dx - j 5(x —xo)f (x)dx .

R

The dual space §* can be endowed with a topology induced by S, called the *weak
topology. The convergence in &* with respect to the *-weak topology is defined in the

following way.

Definition 2.1.12. Given a sequence (T,,),eny C S*, we say that T, converges »-weakly to T € S*
if
(T f) = (T, f)
forall f €S. In that case, we write T, = T +-weakly.
Let us consider a normed vector space (U,||||ly). We call the dual space of U to the
set of all linear continuous functionals T : U — R, with respect to the topology induced

by ||||lt- The dual space is denoted by U*, and induces a topology in U, called the weak
topology, defined as follows.

Definition 2.1.13. We say that a sequence (u,),en C U converges weakly to u € U if
T(u,) — T(u) forall TeU".
In that case, we write u,, — u.

Next, we recall the concept of generalized random function. This concept is important,
because our partial differential equations are stochastic. Instead of a deterministic force,
we consider a white noise process, and following [34], the white noise is defined as a
generalized random function. We also need to recall the convolution of two functions in
L%(R%), and convolution of a generalized function with an element of L?(R%).

Since L2(RY) = [S], given f € L?(R%), there exists a sequence (f,),en € S such that f =
lim f,, with respect to the L>-norm. Consider T € §*. T is a linear continuous functional,

so (T, f,) converges in R. Therefore, the equality

(T, f):=1im(T, f,,)

defines the value of T for any f € L?(R“). Notice that this definition does not depend on
the sequence (f,),cn- Next, we present the definition of generalized random function.

Definition 2.1.14. Consider a probability space (), d, P), and a vector normed vector space

(U, |I'lle;)- A generalized random function & is is a random variable with values in U,
E:Q—->U,
then we have that (&, f): QQ — R is a random variable.

10
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Recall that, given f,g € L?(R%), the convolution f = g is defined in the following way,

:f f(s—s")g(s")ds" = f g(s—s)ds".
]Rd

Moreover, for a generalized random function &, and g € L?(R?), the convolution & * g is
defined as

(Exg f)=(&f*&) (2.1.5)
for all f € L*(R?), where g,(s) = g(—s). Following [34], we present the definition of white

noise which corresponds to a generalized random function.

Definition 2.1.15. The white noise is a generalized random function VW such that
EOW,f)=0 and E[W,f,)W,8)]=(5f*8)
for all f,g e L>(RY).

Notice the following,

B0V AV, 9)] = 0.F +) = Fr0)= | F)n(-)ds' = [ fglas’ = (..

Consequently,
E[W, /)] =1If113
for all f € L?(R%). Moreover, by (2.1.5),

where f,g € L>(R?).

2.2 Bayesian Statistics

2.2.1 Bayes’ Theorem

According to [31], it is believed that Bernoulli (1713) was one of the first authors to define
probability as degree of credibility. De Morgan (1847) states that probability identifies
with some degree of credibility, and degrees of probability can be measured. Ramsey
(1926) believes that if an individual believes the odds of some proposition are r : s, then
the degree of credibility of such proposition is r/(r +s). The idea of probability as degree
of credibility plays an important role in Bayesian inference.

Consider a probability space (Q),d, P) where () is a non empty set called the sample
space, d is o-algebra of measurable subsets of (), and P is a probability measure. Consider

11
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a partition {A; : i € J} of Q), where .¥ is a countable set of indexes. Consider an event
B e d, such that P(B) > 0. Bayesian Inference considers that the events A; are hypothesis or
states of nature to which we attribute a priori degrees of credibility, in other words, a priori
probabilities P(A;), for i € . These prior probabilities are result of previous knowledge
about the phenomena that is being studied. After knowing that event B occurred, the
probabilities of A;, for i € ¥, are updated. They are provided with new a posteriori
probabilities via Bayes” Theorem,

P(B|A;)P(A;) P(B|A;)P(A;)

P(A;B) = P(B) - Y icg P(BIA;)P(A;) .

Consider that we observe a random variable Y, with a density function 7t(y|0), where
O € © is an unknown parameter or vector of unknown parameters. Bayesian inference
states that all unknown quantities must be quantified in terms of probabilities, therefore,
0 is considered a random variable, with prior distribution 7t(6) that must be specified,
and incorporates the prior knowledge about the experience. The purpose is to obtain
the posterior distribution of the parameters, 71(6|y), via Bayes’s Theorem. For simplicity,
we will use the expression density function for continuous and discrete variables. From

conditional probability,
1(y,0) = n(y10)7(0) = n(Oly)m(y)

so Bayes” Theorem for density functions can be stated as

@l0)(0)  m(yl0)m(6)

n(y) [ n(ylo)n(©)do’ 0co.

r(Oly) = =

2.2.2 Hierarchical models

Hierarchical models are designed to combine different sources of information, at different
levels. For example, the observations are assumed to depend on some set of parameters,
which are treated as random variables themselves, depending on some other set of hyper-
parameters. In this work, we are interested in the following hierarchical model. Consider
the problem of modelling y = (v,...,v,), where each observation y; follows some distri-
bution 7t(y;|p;, 0,), depending on y;, and also a vector of parameters 8,. Moreover, the
parameter y; is considered to have a prior distribution 7t(y;|6,), that depends on a vec-
tor of hyperparameters 6, and finally, for simplicity, we call vector of all parameters to
0 = (61, 0,), which is considered to follow a prior distribution 7t(0). The prior distribu-
tions reflect the prior knowledge about the parameters of the phenomena that is being

modelled. The model described can be formulated as

vilpi, 0 ~ 1(yilp;, 0), i€{l,...,n}
pil ~ (il 0) (2.2.1)
0 ~m(0).

12
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In the context of Bayesian Inference, parameters are also random variables, so to stan-
dardize the notation, capital letters are left out. Let y; = E[y;], and assume that g(y;) = 1;
for some given link function g(-) and an additive predictor 1;. The additive predictor is
defined as

L K
ni:a+szﬁl+ka(w;‘), ie{l,...,n}. (2.2.2)
I=1 k=1

The scalar a stands for the intercept, coefficients g = (B,..., L) account for the linear

effects of covariates z = (z',...,2zl), and f = (f;(-),...,fx(-)), are unknown functions of

covariates w = (w',...,wK), that may represent, for instance, non-linear effects or spatial
random effects. The intercept a, the coefficients 8, and the random effects £, are called
latent variables of the model, since they are not directly observed. The vector of all latent
variables is

x = (o, B,£), (2.2.3)

that is,

X =(,B1, B2 s i, fr(wh), oo fr(wh), o (W), oo, o (w2),..., fic (WD), oo, fie(X)) . (2.2.4)

2.3 Spatial Statistics

Spatial Statistics is a subject of Statistics that developed mainly due to the need of study
data collected at different locations, presenting spatial dependency. The advance of com-
putational tools and technology, allowed researchers to obtain and process spatial and
spatio-temporal data, and to develop spatial models in a wide range of subjects: climatol-
ogy, social science, epidemiology, and others (see [5] and [16]).

Spatial Statistics is composed by three branches, namely Geostatistics, areal data, and
point processes (see [16]).

Geostatistics is characterized by the study of a certain phenomena, observed at a finite
number of locations, {y(s),...,v(s,,)}, with s; e D ¢ R?, for i = 1,...,m. It allows the loca-
tions s; to vary continuously through the domain D. An example could be precipitation
measurements at a finite number of locations, in limited domain D.

Areal data deals with observations in subregions of a partition of the domain D c RY,
{v(A1),...,v(A;,)}, where A; € D C R4, fori=1,...,m, with A; ﬂAj =g, foralli#j. We
could think of y(A;) as the observed number of patients with some disease in each region
A; € D. Usually we choose a point within A; to represent A;. These points will form a
lattice, that can be regular or irregular, that is why in some literature, areal data is also
called lattice data.

Finally, point processes deal with data that are given by random locations of occur-
rence of some phenomena. For instance, we could think of the locations of pine trees in a
certain forest. The questions that arise in that case could be: is there clustering of pine
trees? Or is it totally random? Or can we detect any regularity or pattern in their loca-

tions? Also, we may attribute to each configuration of locations {sq,---,s,,} an observation

13
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of a characteristic of the phenomena that we are observing, for instance, the diameter of
the pine tree in location s;, represented by a vector {z(sy),...,2(s;;)}. In that case, we call
the point process marked point process.

In this work we are interested in Geostatistics phenomena.

14



3

THIRD GRADE NON-NEWTONIAN FLUID

In this chapter we study the deterministic third grade fluid equation, perturbed by a

multiplicative white noise %,

d(v(y)) = (—Vp +vAy—(Y-V)v - Zvijj + (aq + az)div(Az)

]
+ Bdiv (JAPA)+ U) dt + o (t,y) dW} , (3.0.1)

where y is the velocity field of the fluid, U is a body force and
Ay)=Vy+Vy',  v@)=y-aAy. (3.0.2)
According to [19] and [21],

v >0, a1 =0, p=>0, lay + ap| <+/24vp (3.0.3)

in order to obtain compatibility between the motion of the fluid and thermodynamic
laws. We prove the existence and uniqueness of the solution for the stochastic third grade
fluid equation, extending the deterministic results obtained in [8] and [10]. We follow
the methods developed in [6], which have been successfully applied to the stochastic
second grade fluids in [12], and [33]. Considering an appropriate Galerkin basis, we
construct a sequence of approximate solutions, then we deduce uniform estimates in
order to get weak convergence of a subsequence. The weak limit is projected on the finite
n—dimensional space, and then we show that the difference between the projection of the
the weak limit, and the finite dimensional Galerkin approximations, converges strongly
to zero up to a certain stopping time. The results of this chapter have been published in
the article [14].

3.1 Functional setting and notations

We consider the stochastic third grade fluid equation (3.0.1) in a bounded, not axisym-
metric and simply connected domain 6 of R? with a sufficiently regular boundary T, and
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supplemented with a Navier slip boundary condition, which reads

d(v(Y)) = (=Vp+vAY = (Y- V)o - L v/VY/ + (a1 + ay)div(A?)
+Bdiv(|APA)+ U)dt +o(t,Y)dW,, in 6x(0,T),
divYy =0 in 6x(0,T),
Y-n=0, (n-D(Y))-t=0 onT x(0,T),
Y(0)=Y, in O,
(3.1.1)

where Y = (Y.Y;) is the velocity field of the fluid, VY is its Jacobian matrix, D(Y) =

w, A=A(Y)=2D(Y), v(Y)=Y —a;AY and the constants v, ay, a,,  verify (3.0.3).

The stochastic perturbation is defined by
m
o(t,Y)dHW, = Zak(t,Y)dW/tk,
k=1

where the diffusion coefficient
o(t,Y)=(cl(t,Y),...,a™(t,Y))

satisfies certain growth assumptions defined below, and W; = (°M/t1,...,°th) is a standard
R™-valued Wiener process defined on a complete probability space ((2,d, P) endowed
with a filtration {F},c[o ) such that W}, t € [0, T], is adapted to . We assume that %,
contains every P-null subset of Q.

Let us introduce the Helmholtz projector P: L?(6) — H, which is the linear bounded

operator characterized by the following L?—orthogonal decomposition
v=Pv+Vep, ¢ecH(0)

We consider the boundary conditions to define the following Hilbert spaces,
H:{yeL2(®)|divy:0 in6 and y-n=0 onF},
V={yeH!(0)|divy=0in 6and y-n=0 on T}, (3.1.2)
W:{ye VNH*0)|(n-D(y))-T=0 on F}.

On H we consider the L2—inner product (-,-) and the associated norm || - ||,, and we

define the following inner products

(u,z)y = (v(u),z)=(u,z)+2a;(Du,Dz), (3.1.3)
(u,2)y = (u,2)y+(Po(u),Po(z)), (3.1.4)

We denote by ||- ||y and || - || the norms induced by these inner product, respectively.

16
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Notice that V is a subspace of H'(6), so it is also endowed with the norm || - ||1,
nevertheless both norms || - ||g: and ||- ||y on the space V are equivalent. Similarly W C
H?(6) and the norms || -||yy and || - ||g> are equivalent on W.

Let us define the trilinear functional

b(p,z,v)=(¢-Vz,p), Yo,z,peV. (3.1.5)
Once ¢ is divergence free and (¢ - n) = 0 on I, applying integration by parts we obtain
b($r2,9) = ~b(h,,2). (3.1.6)

We need the following inequalities. The Korn inequality states the following,
llws < Ki(p) (Il +1A®N,),  YyeV, p=2, (3.1.7)
while the Poincaré inequality establishes the following,
Il < ClIVyll,, VYyeV. (3.1.8)

Moreover, for non axisymmetric bounded domains, we have the following version of

the Korn inequality (see [18])
Vol <K (0)lAW)I, Yy e V. (3.1.9)
The Sobolev embedding H'(0) < L*(0) and (3.1.8) give
I¥lla < K5lIVyll, VyeV.
Combining this inequality with (3.1.9), we get
[9lls < K5[IVyll2 < KK (O)IA@)ll2- (3.1.10)
Due to the embedding L*(6) < L?(6), we have
IWll> < Clylla- (3.1.11)
Then (3.1.10), (3.1.11) and (3.1.7) yield the following lemma:

Lemma 3.1.1. There exists a positive constant K, such that

Ipllwis < KJAG)a VyeV. (3.1.12)
Also recall the Young’s inequality
1, 1, 1 1
uz<—u"+-2z°, Vu,z>0, s,r>0 suchthat —+-—-=1. (3.1.13)
r s ros

Accordingly, for real numbers y,a,b,x such that 0 < y < a and b,x > 0, we have the
algebraic relation
Yo >0, bx? < C(y,a,b,d)+ ox", (3.1.14)

that will be used widely in this chapter.

Let us mention that through this chapter, C will represent a generic constant, whose
value can change from line to line. To explicitly write its dependence with respect of
some parameters a;,...,ak, we also write C(ay,...,ax) instead of C.
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3.2 Preliminary results

We consider the following auxiliary modified Stokes problem with Navier boundary con-
dition } 3 .

f-aAf =f-Vp, divf =0 in O,
- - (3.2.1)
f-n=0, (n-D(f))-t=0 onl.

We recall from [11] that assuming f € H"(0), m = 0,1, the problem (3.2.1) has a solution
(f,p) € H™?2(0) x H"*1(0) verifying

Il < Clifll2- (3.2.2)
According to the definition of the inner product (3.1.3), we have
(f-h)yy = (f,h), YheV. (3.2.3)

In the next two lemmas, we establish properties of the nonlinear terms that will be
useful in Section 3.3 to identify the weak limits of the nonlinear terms of the equation.

Let us introduce the operators

S):=B(ARIPAWD)), (3.2.4)
N) = a1 (v- VA®) +(Vy)TA) + A(v) V9 ) - az(A(p))*. (3.2.5)

Here we collect important inequalities from [8] related with the nonlinear terms.

Lemma 3.2.1. For any € >0 and y € W, we have

2
(@ +a3) [ diviad) -y < el AR g (3.2.6)
10 16¢
where A = A(p).
Proof. The integration by parts gives
(aj + a2)f div(A?)-y = (a; + az)j (n-A2)-y— (a; + az)j A?.Vy. (3.2.7)
0 r 0

Due to the boundary conditions y = (y - 7)r and (n-A)-7 =0 on I', we obtain

(n-A%)-yp=(@-1)n-A%)-t=(@-1)((n-A)-A)T
= -7)[(n-A)-n)((n-A)-1)+((n-A)-1)((T-A)-7)] = 0.

Using the symmetry of A, we derive
1
(o +a2)J div(Az)-y:—E(al +a2)JA2-A. (3.2.8)
6 6
Therefore, the Holder and the Young inequalities give (3.2.6).

Considering a small change in estimate (35) of [8], we collect the following estimates.
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Lemma 3.2.2 (see [8], relations (33)-(36)). For each y € W and any €, 6 > 0, the following

estimates are valid
. 1 a a
(div(1APA) Po()) < == IAl5 = S NAIVAIZ = - IVIAP)IE

+3elllAIV2YlII3 + SellAllf; + 3ellylify + CleNpIFulIpllF  (3-2.9)

(a1 + az)(div(A%), Po(p)) < ell|AlIVI113 + C(e)lvll3y, (3.2.10)

(- Vyo+ Y 0IVyl, Po()) < 4ell|AIV2II3 + Cle, )yl + CleMllallyly + BlIpl 1
j

(3.2.11)
where A = A(y) and v = v(p).
Lemma 3.2.3. Foranyy, v € W, we have
(@iv(s) =50 -3) =4 | 1412 - [ 0AP viaPIaG -y, (3212)
where A = A(y) and A= A(D).
Proof. Integrating by parts, we write
(@v(S(9)=5(3))9 =) = [ (n-(4PA-1APA)-(7-3)
- 0APA-PA) Ay = ha 3213)
Using the boundary conditions, we deduce that
=6 [ (9= 0lARG-A)- - 4R 4)- 7] =0 (3.2.14)
Standard algebraic computations yield
== [ 04P4-14PA)- A -y)
=L | vdrA-1aP4)- A=)
- [ var-1app -4 f (AP +AP)AD - ). (3.2.15)
|

Lemma 3.2.4. Forany y, v € W, the following estimate holds
(div(N(9) -N(®)),9-y) = (N(®) =N (), V(¥ -v))
A n C A
<3¢ [ 1A -p)P (4P +14P)+ € [ V9P

4(A+1)

¢ 6A+3||y y||H*3 ||y||M forany €>0, A1€]0,1[, (3.2.16)

+
1-

where A = A(y) and A= A(D).
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Proof. The divergence theorem gives

(div(N(9)=N()),9-p) = (N@) =N (@), V(§ =) - Jr [(N(®)-N(y))n]-(9-»). (3.2.17)

The relation (3.2.16) is proved in [10] for the case 6 = R?> (domain without boundary), in

[8] it is verified that the boundary term vanishes.

Lemma 3.2.5. Forany y, v, ¢ € W, we have
(div(S(®)=S@), d)| < Cllplylly = 9llv ipllw + Cllllw [|AP = 1AP |, lpllw,  (3.2.18)
where A = A(y) and A = A(9).

Proof. Using the Holder inequality, and the Sobolev injections H'!(6)) < LP(6) for
p < oo and H?(6) < L®(6), we derive

v (55~ 53, 9)] = | [ 14PA-14PA) -9
|p [ (P doar-1ap) v

< ClIAPI4IIA( = D)1V lls + ClANLIAP = 1A, IVl
< ClyllZally = 9llen lpllezz + Clidller2 [JA = 1AP|| Il (3.2.19)

|
Lemma 3.2.6. Forany y, 9, ¢ € W, the following inequality holds
[(div(N(9) =N (), ¢)] < Ce |Aly = 9INIAP +IAP| ¢l
+ClIg = pllv (yllw + 19llw) llpllw- (3.2.20)

where A = A(y) and A= A(D).

Proof. Here we apply the same reasoning that is done in [10] to show the property
(3.2.16).

(div(N(9) =N(»)),¢) =(N(@) - N(y), V) = %(N(ﬁ) - N(y), A(¢))
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‘IA(ZJ—}?)I\/IA|2+IAIZ

Next, we use the properties of the trilinear form, as well as the Holder inequality, and the
Sobolev injections H!(0) < L*(0) and H?(6) < L®(0) in order to deduce that

L < Clb(y, A, A(d)) - b(3, A, A($))|
<Clo(y, A-A A@)|+|by-9,4,A(9))
= C|b(v, A(¢), A= A)| +|by -9, A, A(¢))|
< Clyllooll Al lIA = Ally + 1y = llallAll 1A ()14
< Clly = 9llen (llezz + 19 1p22) bl (3.2.23)

For I3 we have the same estimate as for I;, namely

IL|<C

, IA(P)Il2- (3.2.22)

I3l <C

\|A<y—p>| AP + AP

, A(P)Il2- (3.2.24)

3.3 Existence of strong solution

This section establishes the main results of the article. More precisely the solution of the
equation is constructed through the finite dimensional Galerkin approximation method.
We first deduce key uniform estimates for the finite dimensional approximations in order
to get a weakly convergent sequence. Next, with the help of a suitable stopping time,
and using the structure of the equation, we improve the convergence results. Finally,
with these new convergence results, we will be able to identify the nonlinear terms of the

equation.
Let us to introduce the notion of the solution.

Definition 3.3.1. Let U € L?>(Q x (0, T), L?(0)) and Y € L?(Q), W). Then a stochastic process
Y € L2(Q,L*°(0, T; W)) is a strong solution of (3.1.1), if the following equation holds

(W(Y (1), $) = fo [~2v (DY), D(@)+ (Y -V)p,v(Y)) = ) _(v/(Y) VY, ¢)]ds
j
t
—J; (a1 + ) (A%)+ B(IAPA), V) ds

t t

+<v<Y<o>>,¢>+f (U(s),$) ds+j (0(5 Y (), ) d°W; (3.3.1)

0 0
fora.e. (w,t) € Q x[0,T] and for all ¢ € V, where the stochastic integral is defined by

t m t
[t vengran =) [ (s ving)an
0 —Jo
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Now we state the main result. Assume that the diffusion coefficient o = (01,...,0m) :
[0, T]x V — (L?(6))™ is Lipschitz in the second variable and verifies a growth condition,

i.e., there exist positive constants L, K and 0 < < 2 such that

oo, <LO+1pI..), Ve w @)V, (33.2)
||G(t,y) —O‘(t,Z)”j < K“y—z”f/, Vy,zeV, te[0,T], (3.3.3)

where .
lotewlly =) o' e
i=1

In addition, we define

m 1/2
|(U(t;}’);v)|:=(Z(ak(t,y),v)2] , VYvelL?0).

k=1
Moreover, we take p > 6 and suppose that the initial condition Y and the force U satisfy
the following,

T
Jy UiBds+IvolF)

Yy, € LP(QQ, W), and there exists A > 0 such that ]EeA( < oo. (3.3.4)

Theorem 3.3.2. Assume (3.3.2)-(3.3.4). Then there exists a unique solution Y to equation
(3.1.1) which belongs to
LP(Q,L*(0, T; W)).

In order to show the existence of the solution, we apply the Galerkin’s approximation
method for an appropriate basis. We recall that the injection operator I : W < V being
a compact operator guarantees the existence of a basis {¢;} C W of eigenfunctions to the
problem

(v,ei)w =Ai(v,e)y, YveW, iel, (3.3.5)

which is an orthonormal basis in V' and an orthogonal basis in W. In addition the se-
quence {A;} of the corresponding eigenvalues fulfils the properties: A; >0, Vi € N, and
A; = o0 as i — oo. Since the ellipticity of the equation (3.3.5) increases the regularity of

their solutions (see [9]), we may consider {e;} ¢ H*.

We consider the finite dimensional space W, = spanf{ey,...,e,}, and introduce the
Faedo-Galerkin approximation of the system (3.1.1). Namely, we look for a solution to

the following stochastic differential equation
d(v, ¢) = (vAYn ~ (Y- Vv, — X WAA (aq + ocz)div(A%)
+Bdiv(|AuPA) + U, @)t + (a(t,Y,), ) dW,,  VPeW,  (3.3.6)
Yn(o) = Yn,oy
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where

=1

-

Here Y, o denotes the projection of the initial condition Y; onto the space W,, v, =
Y,—a;AY,and A, =VY,+(VY,)T.
Due to the relation (3.3.5), the sequence {¢; = \/_ ej} is an orthonormal basis for W

and
n n

Yn,O = Z(Yo,ej‘)v e]- = Z(Yo,éj)w é]‘,
=1

j=1 j
The Parseval’s identity yields

1Y (Olly <|Yolly  and  [[Y,,(O)lly < [[Yollw -

The equation (3.3.6) can be written as a system of stochastic ordinary differential equa-

tions in R"” with locally Lipschitz nonlinearities. From classical results there exists a local-

in-time solution Y, that is an adapted stochastic process with values in C([0, T,,], W,,).
The existence of a global-in-time solution follows from the uniform estimates on

n=1,2,.., that will be deduced in the next lemma (a similar reasoning can be found in

(2], [11], [33]).

Lemma 3.3.3. Let us assume (3.3.2)-(3.3.4). Then the problem (3.3.6) admits a unique
solution Y, € LZ(Q,L‘X’(O, T; W)), which verifies the following estimates

t t
E sup ||Y,(s)3 + 8vEf ||DYn||§ds+§IEj 1A, I3 ds
s€[0,¢] 0 0

< C(1+E|Yolly +EIUII Vte[0,T],  (3.3.7)

(O,t;Lz(G)))’

EIYullfs 0, 6w406)) < C (1 +ENYolly, +EIUIE g 2 Vte[0,T], (3.3.8)

((5)))’
where C is a positive constant independent of n.
Proof. For each n € N, we define the following sequence of stopping times
=inf{t>0:||Y,(t)ly =M}AT, MEeN.

Let us set

F(Y,) = vAY, - Z VY] + + (a1 + ap)div(A2) + pdiv(|A,PA, )+ U, (3.3.9)

Using (3.1.3), and considering in (3.3.6) the test functions ¢ =¢;, i =1,...,n, we write
d (an ei)V = (f(Yn)r ei) dt + (O(t; Yn)! 61') th (3-3~10)
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Applying the It6 formula, we deduce
d(Yye)y = 2(Ye)y (f(Ya) &) dt+2(Yye)y (0(6 V), ¢) dW; +1(0 (8, Y,), ¢) dt.

Summing over i = 1,...,n, we derive

n

AVl = 2(f(Y,), V) dt +2(a(t, n)1Yn)doﬂ/t'*’Zl(G(t’Yn)rei)th- (3.3.11)

i=1

We have
(f (Y), Y) = =2 IDY,ll3 = (Y- Vo, + Z vyl y,
+ (a1 + @) div(A2), Y, )+ (/)’le(|A PAu), Yu)+ (U, Y,)
:II+IZ+I3+I4+IS' (3312)
By the symmetry of the trilinear functional (3.1.5), we obtain

(Y Vo, + Z INYLY,) = —b(Y,, v, Y,) - b(Y,, Y, v,)

= —b(Y,,v,,Y,)+ b(Yn,vn, Y,) =0. (3.3.13)

Taking into account the boundary conditions Y, = (Y, - 7)7, (n-A,)-7 =0 on I and the

symmetry of VY, the divergence theorem gives

I= Lﬂdiv(lAnlen) Y, =B fr AP (Y, T) (- Ay) - T— B L Aul* Ay - VY,

=LAl (3.3.14)
Taking € = ﬁ in (3.2.6), we obtain
Bz, (1 +a2)? 2
15 < IATIB + S A (3.3.15)
In addition, we have | )
Is| = (U, Y;,)| < E”Yn“% + EIIUllﬁ- (3.3.16)
Therefore, introducing (3.3.13)-(3.3.16) in (3.3.11), we derive
(a) + ay)?
AN + BlA i dr + av DY, a < 12—ﬁ2||An||§dt
+(IUIG+1YB)d +2(a (8, Y,), Y,) dTH; + Z| Je)lPdt.  (3.3.17)

We write

(Y, + g”An”idt +4v DY, |15 dt < C(B, ay, a)lIY, |I5 dt

+HIUNZdt+2(0(t,Y,,), Y,) dW; + Z| e;) 2 dt. (3.3.18)

24



3.3. EXISTENCE OF STRONG SOLUTION

Denoting by &, the solution of the generalized Stokes problem (3.2.1) for f = o (t,Y,),
we have

(6e)y =(o(t,Y,),e) fori=1,...,n,

then (3.3.2), (3.1.12) and Young’s inequality give

n
Y 1o (6, e) P =116l < Cllor (8, Y) 13 < CLOL+ 1,l}y1.0)
i=1

< CL+ CLKP A < C(Ly, K+ A, I (3.3.19)

For any t € [0, T], integrating the inequality (3.3.18) on (0,s), s € [0, 7}, A t] and using
(3.3.19), we derive

S S
IV + & [ NAudr+ 4y [ IDYIG dr < I, 0) + C(Ly. K. T)
0 0

S S S
+C(ﬁ,a1,a2)f ||Yn||%,dr+f ||U||§dr+2j (o(r,Y,),Y,) dW,.  (3.3.20)
0 0 0
On the other hand, the Burkholder-Davis-Gundy inequality, (3.3.2), (3.1.12) and the
Young inequality yield

E sup

se[0, Ty At]

Ty At 2
< CE(J |((7 (57 Yn)r Yn)|2 dS)
0

f(a(n Y,),Y,) dW,
0

Ty At 5 5 2 Ty At y 5 2
< CEU lo (s, Yn>||2||Yn||2ds) < CE(J L1+ ||Yn||wl,4)||Yn||vds)
0 0

<

|

Ty At
E sup ||Yn||%,+C2LT+Ef C2L(K.)? A, I} ds
0

se[0,Ty At]

<-E sup ||V |3 +C(Ly,B K,T)+

s€[0, Ty At]

/)) T&/\t .
EEJ A1 ds. (3.3.21)
0

s | =

Taking the supremum on s € [0, Ty; A t] and the expectation in (3.3.20) and incorporating
the estimate (3.3.21), we obtain

1 Ty At B Ty At
—E sup ||Yn(s)||‘2/+4vEJ IDY, |3 ds+—EJ A, |5 dr
2 se[0, 7y At] 0 8 0

t t
sC(L,y,/s,lg,T)+1E||YO||2V+EfO ||U||§ds+C([3,a1,a2)lEL sup ||V, (r)l% ds.

re[0,7),As]

(3.3.22)

Then the function

1 5 Ty At 5 /3 Ty At 4
f(t)= EE sup ||Yn(s)||v+4vEJ- IDY, |5 ds+gEJ- lA,llzds
se[0,TAt] 0 0

fulfils the Gronwall’s inequality

t t
£(5) < C+EIY I +Ef 1UIR ds+ CJ f(s)ds,
0 0
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which implies

5 Ty At 5 ﬁ Ty At s
B sup [V + svE| DY Bds+BE [ 1, las
0 0

s€[0,t, At]
< C(1+ENYolly +BIUIE 1209 )- (3.3.23)
Then there exists a constant C independent of M and # such that
E sup |V, (s)l[y <C, Vte[o,T) (3.3.24)

se[0, Ty At]

Let us fix n € N, writing

E sup ||Yn<s>||2V=E[ sup  Ligrery 1YY [+E[  sup  Ligrsry V()15
se[0,7)yAT] s€[0,t} AT] se[0,7)AT]
>E| sup 1jg<r) [Vuls )||‘2/]2M2P(T](’4<T), (3.3.25)
s€[0,7}y]

we deduce that P (71]\1/1 < T) < % This means that 7y, — T in probability, as M — co. Then

there exists a subsequence {T}\’,Ik} of {ty,} (that may depend on n) such that
T&k — T a.e. ask — oo.

Since T]’\q,fk < T, <T, we deduce that T, = T, so Y,, is a global-in-time solution of the
stochastic differential equation (3.3.6). In addition for fixed #, the monotonicity of the
sequence {TK/I} allows to apply the monotone convergence theorem in order to pass to the

limit, as M — oo, in the inequality (3.3.23) in order to obtain (3.3.7).

t t
B sup [V, + 8vE [ 1DV, Bds + GE | laids
s€[0,t] 0 0

< C(1L+E[IYll} + U (0,112 (3.3.26)

(G)))'
This inequality gives
J lAuifds < C(Bar,an)(1+ BNVl +ENUI o pn0y) VEE[OT] (33.27)
that together with Lemma 3.1.1 yields
BT s = E || aliesds <0 [ hanlds
< C(B, a1, ) (1+E[IYolf5, +ENU 20 1,12 @))), Vte[0,T]. (3.3.28)

The Holder’s inequality also gives

1
IE“Y11||L4(O,1‘;W1'4(®)) < C(ﬁr aq, aZ)(l +E”YO||%/ +E”U||1242(0,t;L2(®)))4 , Vte [01 T] (3329)

26



3.3. EXISTENCE OF STRONG SOLUTION

Lemma 3.3.4. Assume (3.3.2)-(3.3.4). Then we have

AB T 2 2
o Wl sads _ oo ([, ||U||2ds+||yonv)l vie[o,T] (3.3.30)
where C is a positive constant independent of n, and K, is defined by (3.1.12).
Proof. Let us consider the inequality (3.3.20) and write
t t t
V0 + 5 [ a4y [ IDY,IB ds <%, 0 + | 1uigas
0 0 0

t t
ULy K T+ Clfrar,an) [ NI ds+2 [ (ots ¥ Va9, (3.331)

Multiplying by 4 and knowing that W14(6) < H!(6), we deduce
A
2o+ 2L [Cantias - 2ay [ 0wz ds < 3 (10005 + [ 10i3as)

t
C(L:%ﬁ’KwT)'i'C(ﬂ:“lx%)f ||Yn||§vl,4ds+Af (0(5,Y,), ) 0,
0 0

The Korn inequality (3.1.12) gives

Ap Ap

8K 2 IYullfys < - — 1A %

therefore we have

/\ﬁ A 2 ' 2
[ e ds < 3 (1o [ h0iBas)+ etk
0

t t
Clpas,a) | WalByueds 1 | (s, %) dW, (3.3.32
0 0

Let us notice that with the help of (3.3.2), the Sobolev embedding W!#(6) < H and the

Young’s inequality, for any 6 > 0, we can verify that
t t t
[ Aot v v ds < [ 2ot BRI Bds < | 2L+ IR ds
0 0 0
t t
sj A2L||Yn||§vl,4ds+f VLY, I ds
0 0
L
SCOLATI+S | Wl ds

which implies

——f 1Yllfyrads = C(A,L,6,T) < fot A% (o (s, Yy), V)P ds.

Adding this relation to (3.3.32), we write

/\ A '
o [ o= [ Wlads <3 (im0 + [ oias)
0

t
C(Lx 7/; ﬁ; Kx-r T) + C(Igl alr aZ)J ”Yn”‘z/\/lél dS

+/\j( (s,Y,),Y,)dw, - JAZ o(s,Y,), Y,)? ds. (3.3.33)
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Once again, the Young inequality gives

t
C<ﬁ,a1,a2>f 1ol ds < C(B, e, 3) f IYl14 . ds
0

b 1, it follows that

Introducing this estimate in (3.3.33) and next taking 6 = ? <

Aﬂ

/\ t
f Il ds < 2 (||Yn<o>||zv +f ||U||§ds)+ C(p a1, anT)

+/\J_( (s, ) AW, — JAZ o(s,Y,), Y,)* ds. (3.3.34)

Now, we take the exponential, the expectation and the Holder inequality in order to
deduce that

1
Ee 16(K To(Ka)? fo 1Yl 1,4 s < C(B, a1, as, T)(Ee/\(”Y0||‘2/+f0t||U||§dS))2
1
(Eej(;(Z/\o(s,Yn),Y,,)d"Ws—%fOt(Z/\cr(s,yn)’yn)zds)j

Since the stochastic process inside the second expectation is a supermartingale its expec-

tation is less or equal to 1, hence we obtain (3.3.30).

Lemma 3.3.5. Assume (3.3.2)-(3.3.4). Then the unique solution Y, of the problem (3.3.6)

verifies the following uniform estimate

E sup [V,()llfy <C,  Vte[0,T], (3.3.35)
s€[0,¢]

where C is a positive constant independent of n.
Proof. For each n € N, let us consider the sequence of stopping times defined by
Ty =inf{t > 0:[|Y,(t)lw =M}, MeN.

We introduce the solutions f, and G, of (3.2.1) for f = f, := f(Y,) (as in (3.3.9)) and
f =0,:=0(t,Y,), respectively. Then

(fnf ei)V = (fw 61'), (O:n’ei)V = (Unl e;)- (3-3-36)

Therefore
d(Y,, ey fn, vAat+(6,,¢e;)y dW;.

Multiplying by A; and using (3.3.5), we obtain
d(Yye)w = (fu ei)w dt + (G, ei)w AW,
The It6 formula gives
d (Yo ei)iy = 2(Y ey (furei)w dt +2(Yo, €y (G i) w AWy + (G, ) wl? dt.
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3.3. EXISTENCE OF STRONG SOLUTION

Now, multiplying by /\i and summing over i = 1,...,n, we derive

ANY,I2 = 2(f V) dt +2(6,, Yy)w d°ﬂft+Z—| G, e wl?dt, (3.3.37)

which is equivalent to
ANYllfy = 2[(fu ) + (i Po(Y,))] dt + 16,5y dt + 2[(0,, Vo) + (00, Po(Y,))] d ). (3.3.38)

Let us recall from (3.3.12)-(3.3.16) that

(a1 +a,)?
2p
On the other hand, considering the Sobolev inequality

2(fu Yu) < —4v[IDY, |15 - ﬂllA I3+ AW+ 1Yall3 + U113, (3.3.39)

Ivlls < Cillyllgn Vy e HY,

and using the estimates (3.2.9)-(3.2.11) as in [8], page 373, for € = min{ 20(1C1)2, 405‘51)2, 9(5&5)}

we derive
2fuPov) <L a0 - “Ey 14,194,018 - L 94,212

+C(v, B,a1, 0)IYylliy + C(B, an I Yulloo I YallFy
C(B, aIIYullS Yl + 2001Vl + U1 (3.3.40)

The Sobolev inequalities

9lleo < Collyllwre,  Nlylly < Callyllwre, Yy e Wh,
(3.1.11) and the Young’s inequality allow to verify that
C(B, 1) (Il¥ulloo + 1Yl Y IYll3y < C(By 1, ONIYullfy + 261115y all Yullzy, Y5> 0.

Therefore, we have

2fy, Po(Y,)) < ~E 14,18~ 2P0 194,018 - 2P pvga, P13

+C(v,B,a1,0 )”Yn”W + 25||Yn||W1,4||Yn||‘€v + 201Vl + UL, (3.3.41)

Now, we choose 6 such that 2D :=40 < mlf(—i)él and introduce the function

1(t) = e 2P s

We apply the Itd formula to determine the differential of the product & (t)||Y,, ()|,
namely from the equation (3.3.38) we derive

d(EOYallly ) = E1(8) [2(f Ya) + 2(f, Po(Y,)] dt + & (D]IG, 13, dt
+¢Sl( )[Z(Unl )+ Z(Un’]P)v )] dcﬂft
= 2D &y () 1Yl 11 Ylly 0 (3.3.42)
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Using the It6 formula once again for the function 6(x) = x”, and integrating on [0,s],
s<tATy,te[0,T], wededuce

(51<s>||Yn||%v)p=||Yn<o>||€5+pfo(él<r>||Yn||%v)”‘ 1) [2(fu, Yu) + 2(f PO(Y,))] dr
o [ (Sl 6 0NGIR 4
v pJ; (S IV Y &1 200 Yy) + 20, Po(Y,)] W,
_2D1pf0 (&I ) &I 1Yl

<290 =1) | (IR 1002 (00 )+ 0, POV
(3.3.43)

Next, using (3.3.39) and (3.3.41) to estimate the right hand side, we obtain
(E Yl ) < 1Y 0 +pf(<51<r>||yn||%v)”‘1 al<r>[c<v,ﬁ,a1,é>||yn||%v ¥ z||U||§]dr
+pf(sl<r>||yn||%v)’” &) [DilYallfyallVallfy + DillYlly] dr
+pLs(csl<r>||¥n||%v)’7‘1 & (5, ds
e2p [ (SN E10) (00 )+ (0 BtV )]
—2D1pLs(al(r)||Yn||%v)” LYl 1Yl e dr

+2p<p—1>f0 (&Y ) (E () (0 Vo) + (0 BO(Y,)]P .
(3.3.44)

Since [|Y,[I22 72 < 1 +[|Y, ]I, we deduce
(&) IVl ) < 10 +pC<v,ﬁ,a1,5>f((zar)nmn@)’g dr
9Dy [ (P I
c2p [ (@ e
e [ (O €l Iy dr
+2p fo (&Y Y E1(1 (0 Y + (00 PO, )] A

+2p<p—1>f0 (Sl ) (€L (G Vo) + (0 POV .
(3.3.45)
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Taking into account that ||c7,,||%v < Cl|o]|?, using (3.3.2), the embedding W < W14(0) and

the Young’s inequality, we infer that

p | (O ol ar
+2p(p- 1>f0 (&MY ) (€2 () (00, Yi) + (0 BO(Y, ) dr
<Clp,T)+ c<p>f0 (E (NI ) dr.

On the other hand, the Young’s inequality (3.1.13) with r = p%l and 0 < &;(f) <1 give

S

2p [ (O SNV Ar < 2p-1) [ (S0 dre2 [ U ar

Introducing these estimates in (3.3.45), we deduce
p 5 S p S S 5
(ELNYL IR ) < Vol + cU (xR ar+ [ Wl [ HUIar+ 1)
0 0 0
S
-1
“2p [ (IR G0 @0 Y Pox) < V)dW]. (3346)
0

The Burkholder-Davis-Gundy inequality, (3.3.2) and the Young’s inequality yield

L (S NVl Y &) (0, Yo Po(Y,) + V) dH,)

E sup
se[0, 7y At]
1

Ty At B 2 2
SCE(L (Gl &) ||o<s,Yn>||§||Yn||%vds)

< C\/ZE(J;

<CV2LT + C\/ZIE(JO

1

Ty AL Ty AL 2
2 4p-2+
(&1 ()P ullyy 7)

(E )P IY 2 +J

0

n
At

(EIVIR)” ds)2

<C 2LT+%E( sup (él(S)HYn”IZ/V)p]

se[0,7yAt]
Ty At .
FCLpE [ (GGG ds (3.3.47)
0

for any 1 > 0. Here we take 1 = % Considering the supremum on s € [0,7y; A t] and
the expectation in (3.3.46), with the help of (3.3.47) we derive the following Gronwall’s

inequality

t
1 sup (51<s>||Yn<s>||%v)ps||Yo||€€+C(joE sup (& (MYl )" ds

2 se[0, 7y At] re[0,7)yAs]

Ty At WAt
+Ef ||Yn||‘;vl,4dr+1af NUll5F dr + 1).
0 0

31



CHAPTER 3. THIRD GRADE NON-NEWTONIAN FLUID

Therefore, we obtain

t t
E sup (El(s)IIYn(s)II%\,)pSC(1+EJ ||U||§pdr+IEJ ||Yn||‘;vl,4dr). (3.3.48)
0 0

s€[0, Ty At]

The estimates (3.3.8) and (3.3.4) yield

E sup (&O)IY6)IE) <C

se[0, 7y At]

with C independent of n and M. We verify that for n fixed, tj;, — T in probability, as
M — oo. Then, there exists a subsequence {T}\’/Ik} of {ty,} (that may depend on n) such that
Ty, — T fora.e. w €, ask — co. Using the monotone convergence theorem, we pass

to the limit in (3.3.48) as k — oo, deriving the estimate

E sup (&)1 (s)ll% ) < C.
s€[0,t]

The Holder inequality gives

E sup [|Y,(s)ll}y < E[( sup (&(s)) ||Yn<s>||’;v)<£1<t>>"z’]

s€[0,¢] s€[0,t]

< (E sup (£1<s>||Yn<s>||%v)”]z (E(a(r))‘*’)z

s€[0,t]
1
o e[ )

Using Lemma 3.3.4, we deduce (3.3.35).

3.3.1 Proof of Theorem 3.3.2.

In order to show the existence of the solution to the system (3.1.1) it is convenient to write

the equation (3.1.1), in the following form (see [10], page 3)
d(v(Y)) = (~Vp + vAY ~ (Y - V)Y +divN(Y) + divS(Y) + U)dt + o(t, Y)dW,,  (3.3.49)

with the operators S and N defined in (3.2.4)-(3.2.5). The corresponding finite dimen-

sional approximation reads
d(v(Yy,))=(-Vp,+vAY,—(Y,- V)Y, +divN(Y,) +divS(Y,)+ U)dt + o(t, Y,)dW;.(3.3.50)

The proof of Theorem 3.3.2 is splitted into five steps.

Step 1. Convergences related with the projection operator. Let P, : W — W, be the orthogonal
projection defined by

Pny = iéjéj with 5]' = (3}, éj)w, V}} eWw,
=1
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where {¢; = %ej}]?’il is the orthonormal basis of W. It is easy to check that
j

n
Py = chej with  ¢; = (y, ej)v, Yye W.
j=1
By Parseval’s identity we have that

IPollv <llplly, VyeV,
IEyllw <llllw and Pyv—v stronglyin W, VyeW.
Considering an arbitrary Z € L1(Q x (0, T), W), we have

1P, Zllw < I1Zllw and P,Z(w,t) = Z(w,t) strongly in W,

which are valid for P-a.e. w € Q) and a.e. t € (0,T). Hence Lebesgue’s dominated conver-

gence theorem and the inequality
IZlly <CllZ|lw  forany Ze W
imply

PZ — Z strongly in L1(Q x (0, T), W),
PZ — Z strongly in L1(Q x (0, T), V). (3.3.51)

Step 2. Passing to the limit in the weak sense. From Lemma 3.3.5, we have

E sup ||Y,(t)||}, < C. (3.3.52)
t€[0,T]

Then there exists a subsequence of Y,,, still denoted by Y,, such that
Y, = Y *-weakly in L1(Q,L*(0, T; W)). (3.3.53)
Moreover, we have
PY — Y strongly in LY1(QQ x (0, T), W). (3.3.54)
Let us notice
S@) PN <Cliyliyllpll  forany ye W  and ¢ €H,
which implies that S: W — H* and

IS@la: < Cliyllyy, — VyeWw.

Therefore

T
||s(Yn)lliz(Q,Lz(olT;H*)) = JEL IS (Y;,)II2}. ds < CJEt:[lépT]uyn(t)ugv <C. (3.3.55)
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We also have

(divS(y), Pl < Cliylliyliglly  forany ye W

and ¢V,

then

IdivS@)llv- < Cliylly, ~ VyeWw,

and
”diVS(Yn)”iz(Q,LZ(O,T;W*)) < ||diVS(YH)”%Z(Q’LZ(O’T;V*)) <C.

The operator N verifies

I(N@), )< Cllyliiylipll,  forany ye W

and ¢ € H,

In addition

l(divN (), §) < Clwliyliplly ~ forany y,pe W
which imply
IN (YollE2(cy, 120,751y < C
and
Idiv N (Y)lIZ2 120, 75wy < 18V N Vil Ez g 120,75 < €

Let us introduce the operator B, defined by
B(y):=—-(y- V).
We have
(B), ¢l < ClylFlllv,

then

”B(Yn)”IZJZ(Q,LZ(O’T;V*)) < Cl ”Y”“%“(Q,Lw(O,T;V)) <C.

(3.3.56)

(3.3.57)

(3.3.58)

(3.3.59)

(3.3.60)

The diffusion operator is bounded. Then there exist operators N*(¢), S*(¢), B*(t), 0*(t) and

a subsequence on (1), that we still denote by (1), such that as n — co we have

B(Y,) — B(t) weakly in L2(Q x (0,T), V"),
N(Y,) — N*1) weakly in L2(Q x (0,T),H"),
divN(Y,) — divN*(t) weakly in L2(Q x (0,T), V*),
S(Y,) — S*(t) weakly in L2(Q x (0,T),H"),
divS(Y,) — divS*(t) weakly in L?(Q x (0,T), V),
o(t,Y,) — (b weakly in L2(Q x (0, T), (L*(6))™).

(3.3.61)

Therefore, passing to the limit with respect to the weak topology, as n — oo, all terms in

the equation (3.3.6), we derive that the limit function Y satisfies the stochastic differential

equation

d(0(Y),0) = [(VAY + U, )+ (B'(1), )+ (divN*(£), §) + (div S*(1), $)] dt + (a* (1), ) d°W},

VoeVv.
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3.3. EXISTENCE OF STRONG SOLUTION

Step 3. Passing to the limit in the strong sense up to a stopping time. Let us introduce the
following convenient sequence (7)), M € N, of stopping times
Ty =inf{t > 0: ||Y(t)|lw = M} AT.
Proposition 3.3.6. Let Y,, be the solution of (3.3.50) and P,Y the orthogonal projection of the
weak limit Y on the space W,,. Then for M fixed we have

EATy

E(Ez(t A TM)”PHY(t A TM) — Yn(t A TM)”%/) + 4VEL

E t/\TM ) /3’ t/\TM 5
+ Efo <>f<|An| 1APyds+ P f f<|A|+|A| JA(Y, - Y)Pds

2
tAT)
+EJ &(s)IP,6 — P67y ds -0, as n— oo, (3.3.63)
0

&()ID(P,Y = Y,)l5ds

where
t
—D3t=2D [, IV llwds

&o(t)=e
and D3, Dy are specific constants to be defined later on.
Proof. Taking the difference between equations (3.3.6) and (3.3.62), we write

e;)+(B(Y,) - B'(t), ;)] dt
) —divN*(t), ;) +(div S(Y,,) — div §*(t), ¢;)] dt
(3.3.64)

d(Y,-P,Y,e;), = [(VA(Y,-Y),
+[(div N(Y,
+(o(t,Y,) —07(£), €;) AW,

which holds for anye; e W,, i =1,...,n
The It6’s formula gives

d(Y,—P,Y,e;)} =2(Y, - P,Y, ;) [(VA(Y, - Y),¢;) +(B(Y,)
+2(Y,—P,Y,e;)y [(divN(Y,) —divN7(t),e;) + (div S(Y,
e;) AWy +|(o(t,Y,) — o7(t), &) [ dt.

—B*(t),e;)] dt
)—divS*(t),e;)] dt
+2(Y,-P,Y,e;)y (a(t,Y,)—0"(t),

Summing on i =1,...,n, we obtain

d(IIY, - P,YII} ) + 4vID(Y, - P, Y)|3dt
=2v(A(P,Y -Y),Y,—P,Y)dt+2(B(Y,)
+2[(div (N(Y,) = N*(t)), Y, = P,Y) + (div (S(Y,

+) ot Y,) =" (1) e) Pdt+2(a(t, Yy) - 07(t), Y, = B, Y) dW,. (3.3.65)

— B*(t),Y, - P,Y)dt
)_ S*(t)), Yn _PnY>] dt

Now, we write each term in the right hand side of this equation in a convenient form

S*<t)) Yn - PnY>
S(Y)),Y, —P,Y)+(div(S(Y)—-S*(t)), Y, - P,Y)

(div(S(Y,
(
S(Y)),Y-P,Y)

)-
= (div(S(Y;,) - S(
= (div(S(Y,) = S(Y)), Y, = V) + (div(S(Y,) -
(Y) -5

+(div(S(Y) = S*(1)), Y, = P, Y) = gL(t) + g2(t) + g2 (¢). (3.3.66)
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Due to relation (3.2.12), we have
1= [ 0ap-1ap? -8 [ P eiapiam,-ve. e3e)
Using inequalities (3.3.66) and (3.3.67), equation (3.3.65) can be written as
d(IIY, - P,YII} ) + 4vID(Y, - P, Y)|3dt
o [ AP -1appare L | AP +1aPNAY, - )P

|
= 2v(A(P,Y - Y),Y, = P,Y) dt + 2(B(Y,) - B*(t), Y, — P, Y)dt
+ 2(div (N (Y,) = N*(1), Y, = B, Y)dt + 2(gn (1) + g2 (1)) dt

£ 1ot Y,) = 0" (8)e) P dt +2(a(t, Y,) = 0" (1), Y,y — P, Y) dW,. (3.3.68)

We also have

(div(N(Y,)-N*(t)), Y, - B,Y)
=(div(N(Y,) - N(Y)), Y, - Y) +(div(N(Y,) - N(Y)),Y - P,Y)
+(div(N(Y) = N*(t)), Y, — P,Y) = hl(t) + h2(t) + k2 (¢). (3.3.69)

Applying Lemma 3.2.6 with 3¢ = g, we have

ot ﬁfmy V)R (1AP +14,2) + CylIY, - VI3

4(A+1) 4(A+1)

C C
A(—?“IIY =Py Yl IIYIIIf{f +7 €A+3IIP Y= Y7 ||Y||A+3 (3.3.70)

+
1-
for any A €]0,1]. Let us set

4(A+1)

C
/\€A+3||P Y=Y 57 IIYIIM-

4 —
() = —

Proceeding analogously with the convective term, we deduce

<B(Yn) - B*(t), Yn _PnY>
=(B(Y,)-B(Y), Y, - Y)+(B(Y,) - B(Y),Y - P,Y)
+(B(Y)=B(t), Y, —P,Y)=bL(t)+ b2(t) + b3(¢). (3.3.71)

In addition
|b3(£)] < CallY Il Yy, = Y113 (3.3.72)

Denoting by 6,, ¢ and 6~ the solutions of the Stokes system (3.2.1) for f = o(t,Y,),
f=o(t,Y)and f = 0*(t), respectively, we have

(O'(t, Yn)—o*(t),el-) = (5n—0~*,€i)v, 1= 1,2,...,11.

36



3.3. EXISTENCE OF STRONG SOLUTION

Then

n
Y ot Vo) = o (t),e) P = 1P,6, — P65
i=1
The standard relation x? = (x —y)? —y? + 2xy allows to write
||Pn5n _Pn(}*”%/ = ”PnO:n _Pnoz”%/ - ”PnO~~ _Pn(}*”%/

+2(P,6, - P, P,G — P,¢")y.
From the properties of the solutions of the Stokes system (3.2.1) and (3.3.3), we have
PG = a1l < 16 = 611 < llo(t, Y,.) = o, Y)IE < K1Y, = Y[,
then

||Pno~'n _pnﬁ*ll%/ < K”Yn - Y”%/ - ||Pna~ _pnO:*”%/
+2(P,6,-P,6",P,6 —P,6")y
< 2K||Y, - P,Y||}, + C|[B,Y = Y||}, - |IP,6 - P, &I},
+2(P,6,-P,6",P,6 —P,6")y. (3.3.73)

Let us set D3 := 2(K + 2C;y) and Dy := 2C,. The positive constants K, C; and C; in (3.3.3),
(3.3.70) and (3.3.72) are independent of n.

We introduce the auxiliary function

(1) = o~D3t=2D4 1Y llyyds

Now, applying the It6 formula and using the equality (3.3.68), we get

d(&(0N1Y, - PYI ) + 4vE(DIID(Y, - B,Y)[3 dt

+Ees0lAL ~1aPI dr + Ly IVIAEHTARIACY, - V)lIB dr
= 2v&(t)(A(P,Y = Y), Y, — P,Y)dt
+2&,(t)(B(Y,) - B'(£), Y, — B, Y) dt
+ 26, (INIVN(Y,)) = divN*(£), Y, = P, Y ) dt + 285(8) (g0 () + ga (1)) dt
+6(1)) |(o(t,Y,) = 0" (1), e) P dt
i=1
+ 252(1‘)(0'(15; Yn) - O'*(t), Yn _PnY) dcﬂft

—D3&(1)IP,Y = Y, |15 dt — 2Dy & (1) Y |lw Y, — P Y |3 dt.
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Incorporate in this equation the relations (3.3.69), (3.3.70), (3.3.71), (3.3.72) and (3.3.73),

we deduce

d(E2(01%, R YI) + vEx(0ID(Y, ~ BY )R dr+ Eey(nlla 2 APt

+ g‘fZ(t)”\“Anlz +ARIA(Y, = V)lIl3dt + & (t)IP,6 - B,6"|[7 dt

2C a1 ey s
S 2v&()(A(RY = Y), Yy = Py Y)dt + &5(t) — e S (IB,Y = Yy [l (IYIlE7 dt

1-A
+ 285(1)[BA(E) + b (£) + B (8) + (1) + () + o (8) + g ()] dt

+EO[CA+IYIW)IPY = VI +2(P,6, — P,6", PG = Py )y | dit
+2&(t)(o(t,Y,)—0*(t),Y,—P,Y)dW,.

Integrating over the time interval (0, A 7y), t € [0,T], and taking the expectation, we

derive
t/\TM
E(Ez(t A TM)”PnY(t A TM) - Yn(t A TM)”\z/) + 4VEJ- éZ(S)HD(PnY - Yn)”% ds
0
B o 2 2012 B AT )
+ EEJ E2(5)I1ALI" = |A[]13 ds + ZEJ E(s)IVIAL2 +|ARA(Y, - Y)||l5ds
0 0
EATy
+Ef E2(5)IP,G — P3| ds (3.3.74)
0

EAT)
S2vEJ Er(s)(A(Y -P,Y),P,Y-Y,)ds
0
tATy
#2 [ Ea(9)BR00)+ B+ 40+ )+ g2 + g0 ds
0

t/\TM
+ EJ &()[C+M)IB,Y = Y[} +2(P,6, — B,6", B, — y6")y | ds
0

EATM 2C -1 4(A+1) 4
cB [ e IR Y - vl I s
. n
=In+Ta+Tn +]n- (3.3.75)
Here, we assume that
_7l 2 3
ru(t)=Juy + 1+ — 0. (3.3.76)

This result will be proved in a lemma at the end of this proposition.
Let us define

t
a,(t) =E (Ex(t A TP Y (£ A Tag) = Yot ATl ) +4vEf0 Lo )(5)E2(ID(P,Y = Y,)ll3 s
t
‘ QEL 0,0 (S)E2(5) A2 = |APIE
t
B8 | o IVIAP+ AP A(Y, - V)lIEds

t
+EJ 1[0,00,)(5)E2()1P,6 — P, 6715, ds. (3.3.77)
0
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(A+
Taking into account (3.3.74), (3.3.76) and the concavity of the function x — x%, Ae

[0,1], we derive

2C 4(A+31) A .
an(t) < ry(f) + EEL [0,5,1(5)€2(s )5 |P,Y - Y, allg Y115 ds

4(A+1)

2 _ t
<r(t)+ M7 C/\GMEJ‘ Ea(s ATp)IIB, Y (s A tag) = V(s ATl ds
- 0

2(A+1)

C i (! 204
Aeiéﬂzj (&2 ATIIP Y (s ATag) = Ya(s ATap)lly ) ™ ds
0

2
<1yt )+M)‘+31

2(A+1)
A+3

2C o !
T3 Ae% (I E52(5/\TM)||PnY(S/\TM)—Yn(S/\TM)”\z/dS)
0

2(A+1)

2C B t T3
<)+ M e | a,(s)ds) (3.3.78)
1-X 0
which yields
2041)
. : 4 2C aa (L 3
limsupa,(t) <limsupr,(t)+ M ™3 €143 limsupa,(s)ds . (3.3.79)
n—00 n—oo 1- /\ 0 n—00
Denoting

f(t):= J: limsup a,(s)ds,

n—-oo

and knowing that lim,,_,, 7,(t) =0, (3.3.79) can be written as

2C _ 4(A+1)
1_Ae%(f(t)) el (3.3.80)

f(H) < MTs

Here, we can proceed as in [10] in order to verify that f = 0. Since f(0) = 0 and

2C 4 A+l

(FenB) < S smmbetd,

we have
H
ZC A+l
) < MM—S A3t
i< (/\ +3 ¢ )
Considering Ty = —2 e we have /\C Mrseint<l 1 . Taking A —> 1, we get f(t)=0, Vt e

4CM3
[0, Ty]- By an extension argument, we obtain f(t) = O, Vte[0,T].

tATY
E(&(t ATalIP,Y (£ A Tyg) = Yt A TM>||2V)+4vEf0 E2(s)IID(P,Y = Y,)l5 ds
Lu | w0 [0ap-aprasBE [ 60 [ 048 1aPIA, - )Rds

ATy
+EJ\ 52(5)”Pno~'_PnO:”\2/d5—>O; as n— oo.
0
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Lemma 3.3.7. Let J(t), J2(t), J2(t) be the terms introduced in (3.3.74). Then for all t € [0, T],
Ji(t) =0, fori=1,2,3.

Proof. Using (3.3.52)-(3.3.53) and the properties of the projection P,, we have
t
A0 = 2VE | 2601102, (MY = B,Y)B,Y =Yy
0
< ClIPY = Yllz2iax(o,6),12)1Pn Y = YallL2(@x(0,,w)

< ClIP, Y = Yllzzcaxqo,myw) (1Y 2@, 1), w) + 1 Vall2 o, 1), 12))

< ClIPY = Yllz2ax(0,1),H?)
which goes to zero, as n — oo, by (3.3.54).
t/\TM
=28 | (6 B30+ DS 00+ B3le) 4 )+ 83000+ 1] s

From (3.3.59), (3.3.35) and (3.3.54), we deduce

tATy
‘2EJ Ea(s)ba(s)
0

ds = ‘ZEJtATM E5(s)(B(Y,) - B(Y), P,Y - Y>‘
0

< CE sup [IY,[ly, EIIP,Y - Y|,
t€[0,T]

OT;V)—>O, as 1 — oo.

Convergences (3.3.53) and (3.3.54) give that
PY-Y,—0 weakly in L2(Q x (0, T), W),
then for any operator R € L?(Q x (0, T), W*) we have
T
IEJ (R,P,Y-Y,)ds — 0, as n — oo.
0
The function 1y ¢,,1(s)&2(s) is bounded, then

||1[O,TM](S)€2(S)(B(Y) _B*)”%Z(QX(O,T),W*)
2 *[12
S C(”B(Y)”LZ(QX(O,T),W*) + ”B ”LZ(QX(O,T),W*)) S C;

by (3.3.52), (3.3.60) and (3.3.61). Therefore, as n — oo, we have

tATy t
2EL E2(s)b3(s) = ZEL (110.0,1(5)E2() (B(Y) = B(5)), P, Y — Y,y)ds — 0.

Using the same reasoning, we show that
t/\TM t/\TM
2Ef &x(s)ha(s) = 0, 2Ef Ex(s)h(s) >
0 0
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4
By the definition of the stopping time 7, we have 1o ¢, 1(s)&2(s)|Y[lj5° < MT5, 50

tATM s C T T 4(A+1) 4
2 [ aoib(o)] < 7o 28 | o R Y = VI IV
C . T 40+1)
< e M3 |2E | ||p,Y - Y|,
1-A .
2041)
< C(M,V)|IP,Y - Y| 772 -0

L2(Qx(0,T),V)

Similarly we verify that the remaining terms in J2(t) converges to 0, as well as J>(t)

converges to 0, as n — oo.

]
From (3.3.63), the following strong convergences hold
1im E(&(tm)lIP, Y (2w) = Ya(ma)lly ) = O, (3.3.81)
™
lim ]Ej & (5)ID(P,Y - Y,)l3ds =0, (3.3.82)
n—o00 0
™
lim E [ (oA - 4P Bds <o (3.3.83)
—00 O
™
tim B [ eaolIVIAP AP IACY, - V)IBds = (3.3.84)
i 0
™
lim IEJ & ()P, G — P65 ds = 0, (3.3.85)
n—o00 0

for each M € N. Since there exists a strictly positive constant y, such that p < 1{g ¢, 1(5)€2(s) <
1, it follows from the Korn inequality (3.1.9) and (3.3.54) that

T™m ™
lim EJ E(S)ID(P,Y = Y,,)I3ds =0 implies  lim EJ Y -Y,lI3ds=0. (3.3.86)
n—o00 0 n—0eo 0
In addition, we have
™
lim IEJ- I1A,I> = 1A]%|5ds = 0, (3.3.87)
n—00 0

™
lim EJ INIAL2 + AP IA(Y, - Y)||2ds = 0. (3.3.88)
n—o0 0

Considering (3.3.51), we also derive
™
EJ |G —67|13ds = 0. (3.3.89)
0

Step 4. Identification of B*(t) with B(Y), div N*(t) with divN(Y), div S*(t) with divS(Y)
and o*(t) with o(t,Y) on [0, Ty] for each M.
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Now, we are able to show that the limit function Y satisfies equation (3.3.1). Integrat-

ing equation (3.3.62) on the time interval (0, 7); A t), we derive

Ty AL
(0(Y(tag AD),B)~(0(Yo), ) = fo [(VAY + U, ) + (B (s), ) + (divN*(s), )
+(divS*(s),¢)] ds+ ITMM (0%(s), p)dW;  (3.3.90)
0
for any ¢ € V. From (3.3.89) it follows that
110,0,,1(t)G = 1[0,z (£)” a.e. inQx(0,T),
which implies
10,0, )(H)0 (£, Y) = 1[g,,,1(t)07(¢) a.e.inQx(0,T) (3.3.91)
by (3.2.1). Since B(Y,,)-B(Y)=(Y,,- V)(Y,, - Y) + (Y, - Y)- VY, we verify that

1B(Yy,) = B(Y)lly+ < CIYullv + 1Y) Yy = Yllv

Then for any ¢ € L*°(Q2 x(0,T), V), using (3.3.52), (3.3.53)

T
'EL 10,1, 1(S)(B(Yy) = B(Y), ) ds|
T
SCEI 110,20, (8) (Yully + Y)Y, = Yllv llplly ds
0

™
< C||(P||L°°(Qx(o,T),V)EJ Yully + 1Y () 1Yy, = Yy ds
0

||yn—Y||2Vds) —0, asn— oo.

™

< Cllpllie@x(o,),v) (EJ;

Taking into account (3.3.61); and that the space L®(Q x (0, T), V) is dense in L*(Q x
(0,T), V), we obtain

110,0,,)(8)B*(s) = 1[0,¢,,1(5)B(Y) a.e.inQx(0,T). (3.3.92)
From (3.2.20), we have

[(div(N(¥,) - N(¥)), )] < Ce [y, - V)VIAE+ 47| lglly

+ ClIYy, = Yllv (1Yullw + 1Y lw) 1@ llw- (3.3.93)
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Then for any ¢ € L*°(Q) x (0, T), W), using (3.3.86) and (3.3.88), we deduce

T
‘EL 10,6, ()Aiv(N (V) = N(Y), ) ds
T
< CE | g9 A, = V0VIAPTAP] il as
T
#CE [ 10, Y= Yl (1l 1V o s

™
Ay, - )VIa P+ 14P | ds
0

< C||¢||Lw(Qx(o,T),W)Ef
™
+ C“(ib”L‘”(Qx(O,T),W)Ef (IYullw + Y [ ) 1Yy, = Yy ds
0

™ 2
< C||¢||Lm<gx<o,T>,w>Ef Ay, - V)i P +1ap|| ds
0
™ 5 2
+ Cllpll=(x(0,1),w) (EJ 1Y, = Yl ds) —0, asn— oo
0
Therefore
110,7,,(8)div(N™(s)) = 1[0,¢,,1(s)div(N(Y)) a.e. in QO x(0,T). (3.3.94)
Using the same reasoning, we show
110,1,,)(8)div(S™(s)) = 1{g,¢,,1(s) div(S(Y)) a.e. in QO x(0,T). (3.3.95)

Namely, from (3.2.12), we have

(div(S(Y) =S (V) )] < CIYIEIY = Yallv lipllw + CllYllw [JAP = 1A, dllw, (3.3.96)

and (3.3.86) and (3.3.87) gives

T
|Ef 0,0, (S)Aiv(S(Y) = S (Y,), 6) ds
0

T
SCEJ Lo SHYIBY = Yol il ds
0
T
+CE [ UMYl [JAR = 14, Il ds
0
™
SC||<P||L°°(Q><(0,T),W)EJ Y12 1Y = Yy ds
0

™
- Clgllenomm® | Wl 47 14,
0

T

M
< C<M>||¢||Lw<m<o,T>,w>EJ 1Y, = Yly ds

0

™
+ C(M)”(P”Lm(QX(O,T),W)EJ |||A|2 - |An|2||2 -0,
0
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By introducing identities (3.3.91), (3.3.92), (3.3.94) and (3.3.95) in equation (3.3.90),
it follows that

(v(Y(tm A1), )= (v(Yy), P) = f

TMM[(VAY +U,¢)+(B(Y)
0

+div(N(Y)) +div(S(Y)), ¢)

ds+JTMAt(a(s,Y),¢)d°WS. (3.3.97)
0

Reasoning as in (3.3.25) we have 7y — T a.e. in (), as M — co. We can pass to the limit
in each term of equation (3.3.97) in L'(Q x (0, T)), as M — oo, by applying the Lebesgue
dominated convergence theorem and the Burkholder-Davis-Gundy inequality for the last

(stochastic) term, deriving an equivalent formulation of equation (3.3.1) a.e. in Q x (0, T)).

Step 5. Uniqueness. In order to prove uniqueness, we take two solutions Y; and Y,
and consider the difference Y = Y; —Y,. Using similar arguments as in the previous steps,
introducing the function

£5(t) = e 2D3-Ds JoI¥illwds

we show that
E(&5(0IY (12 )+ 4vE fo E(5)ID(Y)|2ds
ﬁ ' 2 2\2
2 | 6 [ 0amP-iamaipas

: QEL £305) [ (1P +1AIPIAY)Pds
=0 forae.te[0,T]
Therefore, for a.e. t € [0, T], we have
E(EOIY(0I) = 0.
Since &3 is a positive function, we deduce that for a.e. t € [0, T]

Yi(t)=Y,(t), P-as..
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4

(GAUSSIAN FIELDS AND APPROXIMATION BY

(GAUSSIAN MARKOV RANDOM FIELDS

In this chapter we consider the SPDE
(k> = A)rx =W,

where W is a Gaussian white noise. The solution can be deduced by applying the Fourier
methods. In addition, it can be verified that the solution is a Gaussian field with Matérn
covariance. In spatial statistics, Matérn covariance plays an important role, since it de-
scribes quite well the behaviour of several spatial phenomena, such as epidemics, rainfall,
social sciences, etc. To present a self-contained text we first solve SPDE and then we use
the FEM to obtain a finite representation X of the solution of the SPDE,

m
£(s)= ) xipils)
i=1
where x = (x1,-:+,X,,) is a Gaussian random vector of weights, and {@; : i =1,...m} is a set
of finite element basis functions. We will verify that x is a Gaussian Markov random field,
and explicitly calculate matrices C and G, needed to obtain the precision matrix Q of x.

These results will used in Chapter 5.

Definition 4.0.1. Consider D c R and s € D. We say that {x(s) : s € D c R%}, x(s) for short,
is a continuously indexed Gaussian field if all finite collections {x(s;) : i = 1,...,n} are jointly

Gaussian distributed.

It should be mentioned that a Gaussian field is perfectly defined by its mean and
covariance functions.

Next we present the Fourier Transform for f € L'(R%) N L*(R?). In order to apply
the Fourier transform techniques to solve our stochastic partial differential equation, we

extend the definition to generalized functions and to generalized random functions.

Definition 4.0.2. Consider f € L'(R?) N L?(R?). The Fourier transform of f is defined as

A

fA)=F{f(s)}(A) = Rdf(s)e—is/\ ds
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and the inverse Fourier Transform is defined as

=gl — 1 isA
fO =5 WO = 5 [ restan

Theorem 4.0.3 (Plancherel’s Theorem). Consider f € L'(R?)(L2(R?). Then f € L*(RY)
and

11l = )£l -

Proof. See [20]. O

Since L'(R%) N L% (R¥) is dense in L?(R%), it is possible to extend the definition of
Fourier transform to f € L>(R%). Moreover, the Fourier transform is an automorphism in
L?(R%) (see [20], [34], [35]).

Proposition 4.0.4 (Parseval Identity). Consider f,g € L>(R?). Then
fs)gls)ds=2m)~" | fA)gA)dA.
R? R?

For a proof, see [20].
We should observe that the Fourier transform can be extended to generalized func-
tions. Consider f,g € L>(R%), then

r0= | fedr= | fear- fgar=n | feds=Cn'df.g),

(2r)? Jge

where we use the Parseval Identity. So, following [17], we generalize the Fourier transform
for generalized functions T € S* in the following way

(T, f) := (20)Y(T, f), forall f € L2(RY).
In a similar way, we define the inverse Fourier transform as
(T, f) = (2m)" (T, f).

For instance, the Fourier transform of the Dirac delta function 9, is given by
(6.f):= r)'(6.f) = f0)= | fls)ds=(1f)

forall f e L*(R%). We conclude that 5(1) =1.
The Fourier transform for a generalized random function & follows the same definition

as for generalized functions,

A X v A

& =02oiEf)  and (& f)=2r) U f).
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4.1. SOLVING A STOCHASTIC PARTIAL DIFFERENTIAL EQUATION

4.1 Solving a stochastic partial differential equation

Consider the linear SPDE
(k2= AN rx =W (4.1.1)

whereseR?, a =v+d/2,k>0,7>0,v>0,and W is a Gaussian white noise. To solve
equation (4.1.1), we define the Fourier transform of a fractional Laplacian. In order to do

that, consider the following,

F{(k? = A)rxh(A) = Tk F(x}(A) - T((iA)% + - + (14,)*)Flx}(A)

(4.1.2)
= (k> + | A7) F{x}(A)

where we use Proposition 4.0.4. We use (4.1.2) to define the Fourier transform of the

fractional differential operator,
F{(k? = A2 rx}(A) = t(k? + | AP Fx} (L) . (4.1.3)
Applying (4.1.3) to the SPDE (4.1.1), we obtain

F((k? = A)*?rx} = F{W)
o (k2 + AP 220 = W

& x(s) :J_I{T(;W}(s). (4.1.4)

J

CRDEEE

If we define G = %! {W}, the solution of equation (4.1.1) can be written as a

convolution,

x(s) = (W= G)(s). (4.1.5)

Notice the following,

2
1 1
— | dA= —d)A<
fRd(akunAnZ)a/Z) J;@ 22+ AP S

for all @ > 1. We are interested in dimension d > 2, so in our setting a > 1. We conclude

that
1

2 d
e aper <D

therefore G € L2(R%) as well as G(s —+) := G o hy(-) for every s € R, where hy(s’) = (s—s) is a

translation. For each s € RY,

x(s) = (W,G(s-+))

and by the Definition 2.1.15 of the white noise, (W, G(s —.)) is a Gaussian variable for all

s € R, with zero mean and variance given by ||G(s — .)||§ = ||G||§.
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4.2 Covariance function of x(s)

A very important aspect of the solution x(s) is its covariance function. Consider f,g €
L?*(R%). From (4.1.5),

E[(x, f)(x, @)1 = E[(W =G, f) W= G, &) = E[W, f * G, )WV, g+ Gy )]

=E[W, f+G)W,8+G)] = (6,(f *G) *(g*G)y)

et 1

=(2n)d(5,w{a~<f*c> F(g,+G)}) = G (8, F(f+G)-F(g,*G))
1 A 1

(znd( & e ) ( v gf’)

_ 1 1 — (%~ 1 1
‘<2n>d(r2<k2+|m||2 U g°) ( { 22+ AIP)e }f g°)
Let
H(s):%_l{%}(s).
2R+ AP

We have the following,
Bl v g)] = (£ +0) = | HOf rgi(s)ds
:j H(s ( f(s gas—s)ds)ds—f H(s)f(s")g(s"—s)ds’ds
R2d

J H(s'=s)f )g(s)dsds':f H(s—s")f(s)g(s")dsds’
R2d R2d

therefore, Cov(x(s),x(s’)) = H(s — s’). Following [38] and [39] the covariance function of

the Gaussian field x(s) is given by

’ or— 1 ’
Cov(x(s), x(s")) = F I{W}(s—s )

1 iA(s—s")
- j dx
(2m0)4 Jpa T2 (k2 +[|Al12)
_ _lls=s"lI" Ky (Klls = s"1)
2v-1+d/2}v (v + d/2)12’

(4.2.1)

where K, is the modified Bessel function of the second kind and order v, and T is the
Gamma function.

We have the following,

1 ils
H(s) = al
)= Gy IR 2k 1 AP
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The function H(s) is positive definite. We call spectral density function of H(s) to the

function .

T = it i

This function is also called the wave number spectrum of the stationary solution x(s).

Rearranging (4.2.1) and following [29], we obtain the Matérn covariance
2

Cov(x(s),x(s")) = 21’+1m

(Klls = s"l1)" Ky (klls = 5"1l),

where
2 I'(v)

o° =
F(v + %)(4n)d/2k2”12

is the marginal variance of the underlying process x(s). We conclude that the solution
x(s) of the SPDE (4.1.1) is a GF with zero mean and Matérn covariance, also called Matérn
field.

Gaussian fields with Matérn covariance are very important in spatial statistics because
they describe a very large range of applications (see [5], [36]).

The parameter v is linked to the smoothness of the solution x(s), The higher the
value, the greater the smoothness (see [28]). The parameter k is a scaling parameter that

determines the spatial correlation range. The empirically derived formula

V8v

k ’
called pratical range, defines p as the distance at which the correlation is around 0.1. For
fixed v, the higher the k, the lower the distance p (see [28]).

4.3 Gaussian Markov random fields

In this subsection we follow [36], for the definition of Gaussian Markov random field
(GMREF). First, we need to define labelled graph.

Definition 4.3.1. A labelled graph is a tuple 6 = (V,€), where V = {1,...,m} is an index
label of m nodes {s; € R% : 1,..,m} C D, and € is a set of edges {i,j}, with i # j, such that
{i,j} € € if and only if nodes s; and s; are connected by an edge.

Definition 4.3.2. A random vector x = (X1,...,X,,) is called a Gaussian Markov random field
with respect to a labelled graph G, with mean (p) and precision matrix Q > 0, if and only if its
density has the form

n(x) = (21)"™2|Q|"/? exp(—%(x— wTQ(x— y)) (4.3.1)

and
Qi]':O e {i,jle€.

fori=j.
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Observe the following, given a Gaussian random vector x = (xy,...,x,,) with density
given by (4.3.1), we can define a labelled graph € = (%,€) such that ¥ = {1,...,m}, and
Q;j =0ifand only if {i, j} & 8. We conclude that any Gaussian random vector x is a GMRF
(with respect to some graph 6).

Figure 4.1: Top: pairwise Markov property. Middle: local Markov property. Bottom:
global Markov property. See [36].

Figure 4.1 illustrates pairwise, local, and global Markov properties. If the nodes i and
j are conditional independent given all the other nodes, we say that we have pairwise
Markov property. If node i and the set of white nodes, are conditional independent
given the neighbouring nodes N (i), in grey, we say that we have local Markov property.
Finally, if set A (stripes) and set B (black) are conditional independent given the common

neighbours, C (grey nodes), we say that we have global Markov property.

Theorem 4.3.3. Let x = (xy,...,X,,) be a Gaussian random vector with mean u and precision
matrix Q. Then, for i # j,

Xi L X; | X_jj < Q1] =0.

where x_;; stands for the vector obtained from x, removing entries i and j.
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We can find the proof of Theorem 4.3.3 in [36]. The proof relies on the following
Theorem 4.3.4, which is not proved in [36]. Because of the lack of that proof, we present

one here.

Theorem 4.3.4. Consider variables x, y and z, with 1(z) > 0. We have the following,

x1ylz © nxy.2)=f(x2)g2)
for some functions f and g.
Proof. (=) We have the following,

x1lylz o mn(xylz)=mn(xlz)n(ylz)

1(x,7,2)

52 = i) )
n(x,v,2) = n(x|z) 7(y|z) 7(2).

Consider f(x,z) = mt(x|z) and g(y,z) = m(y|z) (z). Therefore, 7(x,y,2) = f(x,2)§(y, 2).
(<) We have the following,

_ T((x,y,z) _ f(x,z)
ol = [ T2y IO (g2

and

[ n(xy2)  8(®2)
n(ylz)—j () dx = () ff(x,z)dx

so we obtain
e elyle) = 222 ([ s 2t 21wy = LR ) < ey,

Therefore, x and y are conditionally independent given z. O]

Theorem 4.3.3 states that the precision matrix Q of a Gaussian random vector x indi-
cates whether x; and x; are conditionally independent. Moreover, the zero entries of Q
determine ¢ and vice-versa.

To understand the Markov properties of a GMREF, let us define neighbouring nodes.
Given a labelled graph € = (7/,€), define the neighbouring nodes of i as

Ny ={leV :{i,]}eE).

Given a set of nodes A C ¥, we define

N(A) = \A.

UN(i)

i€A

Consider A,B,C C ¥ subsets of nodes. We say that C separates A and B if and only if A

and B are disjoint non-empty sets such that
NA)NB=ANN(B) =0 (4.3.2)
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and C is given by
C=N(A)NN(B).

This means the following, from (4.3.2) there is no edge between the nodes of A and the
nodes of B, and C is the set of common neighbours to both A and B.

Theorem 4.3.5. Let x a GMRF with respect to a labelled graph 6 = (V,€). Then the following
Markov properties are equivalent.
1. Pairwise Markov property: if i # j such that {i, j} € €, then x; 1 x;j | x_j;.

2. Local Markov property: for every i € € we have x; L X_i;i y(iy) | X (i)

3. Global Markov property: for every A, B,C CV such that C separates A and B, we have
X Lxp|xc

We can find in [36] the illustration of the Markov properties, presented in Figure 1.

4.4 Finite Element Method

The Finite Element Method is designed to solve numerically differential equations, and
obtain an approximation of the solution. Consider a domain D c R?. We are interested
in a finite representation % of the solution of SPDE (4.1.1), of the form

m
#s)= ) xii(s)
i=1
where x = (x1,---,X,,) is a Gaussian random vector of weights, and {¢@; : i =1,...m} is a set
of finite element basis functions, defined by a chosen triangulation of the domain D, that
is, a mesh. We present an example of a mesh in Figure 2a.

We call mesh to a labelled graph that divides the domain in (small) triangles. The
basic idea of mesh is a set of nodes {s; : i = 1,...,m} C D, connected by edges, such that
the domain D is divided in triangles.

Given a mesh € = (7,%) of the domain D c R?, the Finite Element Method (FEM)
defines a basis of finite element functions {¢@;(s),..., ¢,,(s)} in the following way: for each
mesh node #;, the base element ¢; is a piece-wise linear function with ¢;(n;) = 1, linearly
decreasing to zero in each triangle with a vertex in n;, as shown in Figure 2b.

In this work we consider the case where @ = 2. SPDE (4.1.1) will be solved in the weak
sense, that is

(k> =A)Tx,8) = (W,g), (4.4.1)

for all g € S. The left hand side can be written as

(k> =A)tx,g) = k%f

xgds—rj Axgds . (4.4.2)
D D
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Figure 4.2: Two base element function. See [28].

Theorem 4.4.1 (Green’s first identity).

f Axgd5+J Vngds:f g(Vx-n)ds
D D aD

For a proof, see [20]. Applying Green’s Theorem 4.4.1 to (4.4.2), we obtain

(wz—Ahwg):k%l[

xgds+TJ Vngds—Tf g(Vx-n)ds (4.4.3)
D D %)

Also, SPDE (4.1.1) will be solved on a limited domain 9, so a proper boundary condition

will be needed. Usually it is considered the Neumann condition, which states that

dx(s)
on

lop=Vx-n=0 (4.4.4)

where n is the normal vector on the boundary dD. Therefore, equation (4.4.1) can be

written in the following way,

szJ xgds+ TJ VxVgds=(W,g) (4.4.5)
D D

Now consider the finite representation

m

#s)= ) xigi(s) (4.4.6)

i=1

where x = (xq,--+,x,,) is a Gaussian random vector of weights, to be determined. Notice
that % is an element of the Hilbert space H generated by the basis functions {@,..., ¢},

for it is a linear combination of the basis-functions ¢;. Consider ¢;, and let
By Definition 2.1.15 of white noise, b i is a zero-mean Gaussian random variable such that
Cov(b;, bj) = E[OV, @)W, ¢))] = (¢i, ¢;) - (4.4.8)
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Applying SPDE (4.1.1) to %(s) in the weak sense, we obtain
(K> =A)t%,9;) =W, @),  forallj=1,..,n. (4.4.9)

From (4.4.5) and (4.4.9) we obtain

m m
ink%J- (pi(s)(pj(s)ds+inTJ Voi(s)\Vpj(s)ds=b;  forall j=1,...,m. (4.4.10)
i=1 b i=1 b

We define the matrix K as
K;j =k’ L Voi(s)Ve;(s)ds + L @i(s)pj(s)ds.

and also we define the following matrices C and G, as

Cij = f% @i(s)j(s)ds and Gjj = j@ Voi(s)Vj(s)ds,

so K = k?’C + G. Notice that C, G, and K are symmetric matrices. In this way, we can

rewrite (4.4.10) in matricial form,
1(k*C+G)x=b (4.4.11)

where x = (x;,...,x,,) is the random vector of weights in (4.4.6), and b = (by,..., b,,) is the
random vector with entries defined in (4.4.7). We can now calculate the precision matrix

for the Gaussian random vector x. From (4.4.8) and (4.4.11),
7(*C+G)x=b = Cov(t(k’C+G)x)=C
SO
7(k*C+ G)Cov(x)t(k’C+G) = C
et (k*C+G6) ol (k*c+G)t=c!
where Q = Cov~!(x) is the precision matrix of x. Therefore
Q=1(k*C+G)C 't(k*C+G)
= T?’KC™'K
= t?(k*C+2k’G + GC™!G).

In order to obtain computational gains, we substitute matrix C by the diagonal matrix C,
defined by

Cii= L(pi(s)ds = (gi(s),1).

For error estimates, see [29]). Then, the precision matrix will be given by
Q=1’KC 'K
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where
K=k*C+G.
Consider i # j. By construction of the basis element functions,
{i,j}le€= G;;=0. (4.4.12)
Moreover, C is a diagonal matrix, so, for i # j, we have Kij =G;j, and
{i,j}e%:f(ij =0.

The reason for (4.4.12) is the following: first observe that supp ¢; is a finite union of
triangle of the mesh, and supp ¢; Nsupp ¢; # & if and only if nodes s; and s; share an
edge of a triangle, which is equivalent to {i, j} € € (observe Figure 2a, for instance nodes

26 and 39). However, in the case where {i, j} € €, we have the following,
supp ;i Nsupp @; = U T
v

is also a union of triangles of the mesh (actually, two at most, because a mesh is a trian-
gulation of the domain, but for now we only need to realize that it is a finite number of
triangles). Then,

Gjj = Lb Vi(s)Vp;i(s)dsds = ;Ly Vi(s)Vepj(s)ds.

The basis elements are (non-constant) piecewise linear functions in each triangle T, C
supp ¢; Nsupp ¢;. Depending on the geometry of the mesh, we may have Vg;(s)V;(s) <0,
as well as Vo;(s)V;(s) > 0, so G;; might be zero for neighbouring nodes i and j, such that
i#].
Let k;j := Kij and ¢; := diag(C); > 0. Then
)

Qjj = (Kc_l K J
(4.4.13)
= (kil,...,k”,...,kim)-(c[lklj,...,C[lklj,...,c;lkmj).
Again, for i = [, if {i,1} ¢ €, then k;; = 0. Therefore,
NONGNGY =2 = kiky=0
for all I € {1,...m}. So,
NN =2 = Qy=0. (4.4.14)

According to 5], this is a formulation of a GMRF, where we (re)define the neighbouring
nodes as
N ={j eV : NN, N(j)} =2}

Notice that W (i) will contain all previously defined neighbours W (i), called first order
neighbours, but also nodes that are connected by an edge with at least one element of N (i),
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the second order neighbours. Consider the labelled graph € = ({1,...,m},€), where the set
of edges 6 is defined by the condition

i,jle€ o jeN(i)
foralli=j. So,if {i,j} ¢ €, then N(i)N{j,N(j)} = @. Therefore, condition (4.4.14) reads
{l,]}E% = X Llx |X_l']',

and we conclude that the pairwise Markov property is verified by x.

4.5 Matrices Cand G

In this section we explicitly calculate the matrices C and G, needed to obtain the precision
matrix Q od the GMRF x.

Consider a bounded domain D € R?, where we define a a triangulation of the domain
called mesh. To create a mesh, we use the R-INLA package available in R, specially devel-
oped to perform approximate Bayesian inference (INLA approach), proposed by Rue et
al. ([37]).

It should be mentioned that the calculations presented in this section were used to im-
plement an algorithm in R for the construction of the matrices C, G, and Q, independently
of R-INLA. The use of R-INLA was restricted to creation of the mesh, and as motivated
by the possibility to define several parameters like thickness of the mesh, the maximum
length of the sides of each triangle in the mesh, etc., and most important, to get a matrix
with the information of neighbouring points. Meshes may easily have thousands of nodes,
so it made sense to use the R-INLA instruction for the mesh.

We call node to each vertex in the mesh, and two nodes are said to be neighbours
if and only if they define a side of a triangle in the mesh. As said before, R-INLA can
construct several types of meshes through the instruction inla.mesh.2d, and we can get
the matrix of neighbouring nodes by V. <- meshname$graph$vv. If node i is neighbour
of node j, Vij =1, and it is zero otherwise. Given a matrix of neighbours V, we can set
a routine to define a three column matrix, where each row has the indexes of the three
vertices of each triangle of the mesh, with one column per vertex.

To set some notation, let’s say the mesh defines a finite set of triangles {T, : a € .},
where .¥ is a set of indexes. The FEM defines a piece-wise linear element base function ¢;,
for each mesh node p;, with @;(p;) = 1, linearly decreasing to zero in each triangle with a
vertex in p;, as shown in Figure 4.2. Define the support of ¢; as D; ={T, : S 0}. We
have that D; is the union of a small set of non overlapping triangles, D; = {T, : a € .J;},
where .§; C .F is a subset of indexes.

The next step is to create a data.frame in R, such that for each base element ¢;, we
have the information of all triangles T, € D;, the analytical expression of ¢; for each of
those T, as well as Vil » and the area of T,. All these quantities are needed to calculate
matrices C and G, in (5.4.7) and (5.4.8), respectively.
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Figure 4.3: Node 45 and neighbours.

For instance, consider Figure 4.3, where we have node p,s5, surrounded by its neigh-
bouring nodes, ps¢, P2s, P32, P39, P42, and py3. The domain Dy5 were @45 # 0 is the union
of six non overlapping triangles T,, with a € {1,..., 6}, defined by p45 and its neighbours.
Therefore, we need to calculate Cys 45, but also Gysj = Gj 45 for j € {26,28,32,39,42,43,45}.

Consider first of all, the problem of calculating C;;,

Cii = ﬂ Pi(x,y) dxdy = Zﬂ Pil;, (X, p) dxdy .
D; ae,ji Ta

We need to compute the analytical expression of each restriction ¢, which is a linear
polynomial such that ¢@;(p;) =1 and @;(px) = @i(p;) = 0, where py and p; are the remain
vertices of T,. Let p; = (a;, b;) be the R? coordinates of node p;. Then, the graphic of Pil;,
is a triangle in R3, with vertices given by (a;, b;, 1), (a, by, 0), and (a;, by, 0). Given a normal

vector to that graphic, for instance, n' = (nﬁc, n;, 1), we have the following,
ni(a; —x)+ (b =) +(1-2)=0
for any point (x,y,z) belonging to the graphic of ¢;, . Therefore,
(pim(x,y) = ni(ai—x)+n;(bi—y)+l . (4.5.1)

So, we need to calculate the a normal vector n‘. Since, without loss of generality, we are

assuming 1. = 1, we just need two equations to define n,
{ni (pk—pi)=0 o {”i(ak —a;)+ (b —bj)=1=0
n'-(pi—pi)=0 ni(a; —a;) +ny(bj—b;)-1=0
For simplicity, as we assume the third entry of the normal vector equals to 1, from now

onn':=(ni, n;). So, n' is the solution of the following linear system
AZ n =1
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where 1 is a vector of 1’s and

We conclude that
by — by

—a; + ay

(4.5.2)

ni 1
[n;l - det(Afl)
Notice that even though we swap p; and p;, the determinant in (4.5.2) will change sign,
also does the vector it multiplies, so we get the same n’, as we should. From (4.5.1) and

(4.5.2),

@iy (%,9) = det(lA; (0= b =)+ (- ag) =y + 1
SO 1
Vi, (99) = o )[bl—bk —aj+ap| = [-ni -] =)

where the superscript T denotes the transpose. Consider now the triangle T defined by

vertices (0,0), (1,0), and (0,1), and let f : T — T, be a linear transformation such that

f(0,0)=p;, f(1,0)=pi, f(O,1)=p;.

+ [le . (4.5.3)

Let B, be the 2 x 2 matrix in (4.5.3). We have that B, = (A})T. Observe that

We have the following

ap—a; aj—a;| |u
S I

|det(J5(u,v))| = |det(By)| = |det(J¢(u,v))|

where f : T — T, is any linear transformation such that

£(0,0) = f(poiiy) f(1,0) = f(poiy)  £(0,1) = f(poq)
where o : {i,k,I} — {i,k,I} is any permutation of {i,k,I}. This is important to observe
because it simplifies the calculations.

Applying change of variables in the integration, we have

HT $iloy) dxdy =ﬂ @i(f (1,v))ldet(By)| dudv

JI —u—v+1)|det(B,)| dudv (4.5.4)
|det
6
therefore,
_ _ |det(B,)l
Cii= Z JL Pi(x,y) dxdy = Z — (4.5.5)
TgeDj a TaeD,’
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Also, we have

JI\HV¢Ax40H2dxdy:i[I In'l12 dxdy
Ta TU(
==1Inn4FMeuBQNdudv
T

ini[Pidet(By)|
2
SO -
n'|||det(B
Gi= ) [ IWpitupi? dxay =y BB (45.6)
T,eD; 7 Ta T,eD;

Moreover, consider now two base element functions ¢; and @; such that D;; = D;ND; = @.

In this case, D;; is the union of one or two non overlapping triangles. Consider T, C D;,

defined by vertices p;, p;, and p;. Observe that

-1 .
V(Piha (x;?) = det(Ai ) [bl - b] —a; + a]] = —(n’)T
o
and ,
Vi, (x,9) = ] [bl —-b —a+ ai] = —(n/)".
det(Ay)
Therefore,
J] Vo;-Vojdxdy :J] n'-n/|det(B,)|dudv
T, T
:w -
Notice that, the therefore,
B . .
T,cD;;
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5

INTEGRATED NESTED LAPLACE
APPROXIMATION METHODOLOGY APPLIED

TO WIND VELOCITY DATA

The main goal of this chapter is to predict the wind velocity, using Bayesian inference. We
present all theoretical results and calculations, not explicitly presented in the literature,
that supports INLA methodology, central for doing approximate Bayesian inference, and
apply that methodology to estimate a spatial model for our wind data set ([26]).The results
are encouraging, and open new lines of investigation, such as applying statistical methods
to study the solution of stochastic partial differential equations.

We start by defining a specific class of hierarchical models, called latent Gaussian
models. An hierarchical model combines different levels of information, for instance the
observations are assumed to follow some distribution which depends on some set of latent
random variables y, following a distribution depending on a set of hyperparameters 6.
Hierarchical models are defined in Subsection 2.2.2. In this work, we are interested in
the special case of latent Gaussian models with one spatial effect, defined in Section 5.1,

which are formulated as follows,
Vilpi, 0 ~ m(vilp;, 0), i=1,...,n
L
glpi)=ni:=a+ szﬁz +x(s;)
I=1

x|@ ~ GF(0,Q7'(0))
06~ 7n(0)

were the observations y = (yy,...,9,) of some spatial fenomena at locations (sy,...,s,), are
assumed to follow a distribution 7(y;|y;, 0). The parameter y;, usually taken as E[y;], is
linked to a so called predictor 1;, defined above. Moreover, the vector of all latent variables
x=(a,B1,..., P, x(51),...,x(s,)), conditional to a set of parameters 6, is assumed to be a
Gaussian field with 0 mean and precision matrix Q(0). Here, we consider one spatial effect,

x(s). Moreover, 7(0) is the prior distribution of the hyperparameters.
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The main goal is to obtain the posterior distributions 7(8ly) and n(x|y, 8), first theo-
retically, then computationally for the examples in Sections 5.4 and 5.5, and to estimate

the mean and standard deviation of the spatial effect, x(s), and consequently, the mean

i = E[vi].

5.1 Latent Gaussian model with one spatial effect

Consider a domain D c R, and a vector y = (v1,...,7,) of observed data at locations s =
(51,...,8,), with s; € D, for all i = 1,...,n. Consider a model with the following predictor,

with one spatial random effect,

L
ni=a+ Zzll.ﬁl +x(s;),
I=1
where the spatial dependence of the observations is modelled by the Gaussian field x(s).

In this case, the vector of latent variables is

X =(a,Br,-, P x(s1), -, X(50))

where dim(x) = m. We assign a Gaussian prior distribution to the vector of all latent vari-
ables, x, therefore, this model is called a latent Gaussian model. The distribution 7t(x|6)
of the latent variables x, is assumed to be Gaussian with zero mean and precision matrix
Q(0). The observations y = (vy,...,v,) are assumed to be conditionally independent given
x and the parameters 6, and belonging to the same distribution family. The vector of all
parameters, 6, may not be Gaussian distributed. Hence, our model can be written in the

following way,
yi|ﬂi;9~77(yi|l4i'9); i:l,...,n

L
8W0=ﬂﬁ=a+§:#&+x@0
=1

(5.1.1)
x|6 ~ GF(0,Q7'(9))
0~ m(0).
The conditional distribution of the observations y is given by
n n
n(yl,0) = | |miln:,0) =] |mix;0), (5.1.2)
i=1 i=1
where x; = (a, B, x(s;)), and the conditional distribution of x is given by
7(x16) = (270 "*1Q(0) > exp {~3x"Q(O)x} (5.1.3)

where dim(x) = m. The number of parameters has to be small, say dim(8) = q < 6, for

computational efficiency (see [37]).
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Applying Bayes’ Theorem,

7(x,0,y)

(y)
_ 1t(ylx, 0)7(x, 0)

7e(y)
_ n(ylx, 0)n(x]0)7(0)

- n(y)
o 1(ylx, 8)1t(x|0)1(0)

n(x,Bly) =

and considering (5.1.2) and (5.1.3), we obtain

(x, 6ly) o< 7e(0)m(x16) | | (3ilx;,6)
i=1

T

o 7(0)1Q(0) 2 exp{-2xT QO] [ | n(nix:.0)

1

=

=1
n

o 1(0)|Q(6)]? exp {—%XTQ(O)X + Y log{m(vilx;, e)}} . (5.1.4)

1

Given the distribution 7(y|x, 0) and the priors 7t(x|0) and 7¢(0), we use Bayesian infer-
ence and Laplace approximations to obtain the posterior distributions 7 (x[y) and 7(8ly),
and their marginals 7t(x;ly) and 7(6,]y), where x; is the jth entry of x, for i € {1,...,m}, and

0; is the j'" entry of 0, for j € {1,...,q}.

We can write the posterior distributions in the following way,

r(xily) = fn(xile,ym(emde

(6yly) = [ m(oiy)de.,

5.2 The INLA methodology

In order to approximate 7(x;ly) and 7(6;ly) we will use approximations for the distribu-
tions 7t(x;|0,y) and 7(6ly), and the integrals in (5.1) will be approximated using numerical
integration. The INLA methodology calculates numerical approximations to the poste-
rior distributions 7t(6ly) and 7t(x|6,y), based on the Gaussian approximation given by the
Laplace method. The first step is to calculate an approximation for the distribution of the
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hyperparameters, 77(6]y). We have the following

0=
7t(x, Oly)7(y)
n(x|6,y)7(y)
_ 1(x,0,y)
n(x|6,y)7(y)

_ 1i(yk, 0)7(x|0)7(6)
n(x|6,y)7(y)
e(ylx, 0)1(x|0)7(6)
7(x|6,y)

. Tlylx 6)n(x|6)m(6)
7t (x]0,y) x=x*(6)

where 775(x|0,y) is the Gaussian approximation given by the Laplace method, explained

=: 77(0y). (5.2.1)

in Section 5.3, and x*(0) is the mode of that distribution, for a given 8. Observe that
the left hand-side of (5.2.1) is a kernel of a certain density function, and 7(6Oly) is by
definition that density function.

The second step is to approximate 7t(x;|0,y). In this case, a possible approach would be
to approximate it using the marginal distributions from 7t5(x|0,y), but the approximation
in such a way is not a good one (see [37]). A second strategy would be to consider x =
(x;,x_;), and use again the Laplace approximation to obtain

1(x,0,y)
6(%-ilxi, 0,Y) lx = x,0)

i

7(x]6,y) o (5.2.2)

where 7tg(x_;|x;, 8,y) is the Laplace Gaussian approximation to 7t(x_;|x;, 8,y) and x*(x;, 0)
is its modal configuration. According to [37], is computationally expensive to compute
the Laplace Gaussian approximation 7t5(x_;|x;, 8,y), as it must be calculated for each x;
and 0, so the authors explore two modifications to (5.2.2) to reduce computational costs.
A third option presented by the authors is a simplified Laplace approximation based on a
Taylor’s series expansion of 77(x;|0,y) in equation (5.2.2), and includes a mixing term, for

instance a cubic spline, to increase the fit. For further details, see [37].

5.3 Laplace method for Gaussian approximations

The Laplace method uses second order Taylor expansion to provide the Gaussian approx-
imation 77 ;(x|0,y) in equation (5.2.1). Consider the case with no fixed effects, where y; is
an observation with error of x(s;), i = 1,...,n. In this case, x = (x1,...,x,,) = (x(51),...,X(5,))-
Notice that 0

r(x10,y) = Zo ) el el
and from (5.1.4),

7(x, 6ly) o< 72(6)|Q(8)]/> exp {—%XTQ(G)X +) log(m(yilx;, e)}},
i=1
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therefore
1/2 1 r -
n(x10,y) < 7(0)|Q(6)| exp{—zx Q<9>X+Zlog{n<yi|xi,e)}}
i=1

oc exp {—%XTQ(Q)X + Zlog{n(}iilxi, 9)}}
i=1

:exp{—%xTQ(G)x+g(x)}, (5.3.1)

where g(x):= )", gi(x;), and g;(x;) = log{m(y;|x;, 0)} is a function that does not depend of

XH ]

92 log(m(yulx,,, 6))
x>

xj for j #i. We have the following,

Vg(x) = [ 910g{716()32|xl:9)}

and the Hessian matrix H of g(x) is diagonal,

~ dlog{r(y,lx,, 0)}
X1 axn

9% log(r(y;|x1,0))
Bxf

, cee ,

H(x) = diag

xﬂ ]

Let x* = x*(0) be the mode of 7t(x|0,y). The second order Taylor approximation for g(x)

X1

around the mode is
g2(x) ~ g(x*) + Vg(x*)(x —x*) + %(x —x)TH(x")(x - x"). (5.3.2)

Considering (5.3.1) and (5.3.2),

n(x]0,y) ~ exp{—zx
= explglx) exp {-3xT QIO+ V() (x=x") + 3(x—x")TH()(x-x)|
o exp {—%XTQ(Q)X V(X )X+ %(x —x)TH(x)(x —x*)}. (5.3.3)
In one hand, we have,
(x-x)TQ(x-x") =x"Q(x - x") - (x")TQ(x - x")
=xTQx-2(x")TQx+ (x")TQx* (5.3.4)

where Q = Q(0) for simplicity of notation. In the other hand, the mode is the maximum

of the density probability function (for a differentiable density function), which implies!

Vx (—%XTQX + Vg (x')x + %(x —x")TH(x")(x —X*)) . =0
o (x"Q+Vg(x') + (x—x")TH(x")) =0
& (x)TQ = Vg(xY) (5.3.5)

1Alternatively, we could have calculated the gradient of (5.3.3).
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From (5.3.4) and (5.3.5) we obtain
(x-x)TQ(x—x") =xT Qx - 2Vg(x")x + Vg(x")x", (5.3.6)
therefore, from (5.3.3) and (5.3.6), and taking D = —H, we conclude that
n(x16,y) exp{—%(x—x*)T(Q +D)(x—x*)}, (5.3.7)

which is the kernel of a multivariate Normal distribution with mode x* = x*(6) and co-
variance matrix (Q(6) + D)L

The iterative process to approximate the mode x*(8) and the covariance (Q(8)+D)~! is

the following: consider an initial guess for the mode, x(0) = (x(lo), .. .,x&o)), and approximate
each g;(x;) around xf-o) using the second order Taylor approximation for each g;(x;),
() (0), 98i 1 (0),2 9°i
six) ~gi e =X G - S8
1 i xl-_xi
1
:ai+bixi—§cixi2 (5.3.8)
where
0 0) dlog{m(y;|x;, 0)} 1, (0)., @*log{n(v;|x;, 0))
a; :g(xl(_ ))_XE ) g yl 1 __(xg ))2 g 3;1 1
Oxi g 2 =
, _ Doglnlplxi, O 0 Ploglr(zlxi )
' axi x,»:xgo) ! axlz x;—xEO)
. _ 9log{r(yilx;, 6))
l ox? 5=
Let

a%=) a4, b'=(by,...,b,), and C°=diag(cy,...,c,),
i=1
where diag(cy, ..., c,) denotes the diagonal matrix with diagonal entries given by (cy,...,c,).
From (5.3.1),

71(x|0,y) x exp {—%XTQ(G)X +g(x)}
~ exp {—%XTQ(Q)X +a%+ (%) x - %c,-xf}
« exp{—%xT(Q(G) +C%x+ (bO)Tx} . (5.3.9)

We obtain in equation (5.3.9) the kernel of a Gaussian density function with precision

matrix Q(6) + C%, and mode x!) given by the solution of
(Q(6) + C)xV = b0, (5.3.10)
(1) (1)

Next, we approximate each g(x;) around x; ', where x; ' is the it" entry of x(1), and
obtain a new kernel of a Gaussian distribution, with precision matrix Q(8)+C' and mode
given by the solution of

(Q(6)+C"x? =b!. (5.3.11)
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5.4 One-dimensional example

In Chapter 4 we have discussed that the solution of the SPDE
(kK2 =AN)*rx=W (5.4.1)

is a Gaussian field with Matérn covariance

2
Cov(x(s) 15) = 3oy (Kl =5 Ko (Kls =l (5.42)
where
v=a-d/2
e I'(v) . (5.4.3)
F(a)(47'c)d/2k2"’c2

We have that v is a smoothness parameter, k is a scale parameter, and 7 controls the
variance. Moreover, W is a Gaussian white noise process, and o2 is the marginal variance

of the process.

The default value for a in R-INLA is a = 2, and for this example, d = 1, so we have

yo3

. (5.4.4)
o= ——

4k3?

Suppose that we observe data y; = y(s;) at location s; = -2+ 0.05(i — 1) € [-2, 3], for
i e{l,...,n}, with n =101, that was generated by some underlying Gaussian field x(s) that
cannot be directly observed. Then,

Vi = x(s;) +e;,

with ¢; independent of e;, for all i # j, identically distributed, and with zero mean. As-
sume that x(s) is the solution of the SPDE (5.4.1), for some 7 and k. Furthermore, assume
that the solution x(s) is approximated using the FEM through a basis function represen-
tation, defined on the partition {-2,-1,-0.5,0,1,1.5,2, 3} of the domain. Each node of
the partition defines a piece-wise linear function, with value equal to one at the nodes,
linearly decreasing to zero until the neighbouring nodes, and zero elsewhere. Figure 5.1

is a representation of the basis functions, we can find a similar one in [28].

Then

x(5)~ ) xii(s)

8
=1
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Figure 5.1: Basis Functions

where {@y,..., pg} is the set of basis functions and {xy,...,xg} are Gaussian distributed

weights, with zero mean. The basis functions for our example are the following,

x+2 ,xe[-2,-1]
-x-1 ,xe[-2,-1]
Q1(x) = ] @a(x)=¢-2x-1 ,x€[-1,-0.5]
0 , otherwise. .
0 , otherwise.
2x+2 , x€e[-1,-0.5] 2x+1 , x€[-0.5,0]
@3(x)={ -2x , x€[-0.5,0] Qa(x)=3-x+1 ,x€][0,1] (5.4.5)
0 , otherwise. 0 , otherwise.
X , x€[0,1] 2x-2 ,x€[l,1.5]
@s5(x)={-2x+3 ,x€[1,1.5] Qe(x)=1-2x+4 ,x€[1.5,2]
0 , otherwise. 0 , otherwise.
2x-3 ,x€[l.52]
x-2 ,x€(23]
(P7(X): _x+3 Ixe [213] QS(X): .
. 0 , otherwise.
0 , otherwise.

Considering a = 2 and using Neumann boundary conditions, the vector of weights

X = (x1,...,x7) has precision matrix given by
Q =13(k*C+2k’G +GC!G) (5.4.6)

where C is the diagonal matrix given by

Cii = J‘(Pi(S)dS (547)

and G is the matrix given by

Gij = jV(pi(s)V(pj(s)ds (5.4.8)

with i,j € {1,...,8}. According to [36], the vector of weights x is a Gaussian Markov
random field. We provide a detailed explanation in Chapter 4, as well as the proof of
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equation (5.4.6). We can find in Section 4.5 an explanation on how to calculate the
matrices C and G for D ¢ R?. The case of D C R is similar and simpler.

We consider the following model,

yi|ﬂirae ~ N(yil,”i: Ue)
I,{i = xi (5.4.9)
x|tk ~ GF(0,Q7!).

where the predictor 7 is the GF,

i =X
and the link function g(-) is the identity. However, in our example, the mesh nodes and
the locations of the observations are different, so we need to define a predictor # for all

observations. In order to do so, we define a matrix A, called the projector matrix, such that

each entry ij is the value of the basis function ¢; at the location s;,

Az] = (P](Sz) :

For example, according to (5.4.5), the row of A with index i = 58 will have the values

¢j(ssg), where s5g = 0.85. So

rowgs = [1(0.85) ¢2(0.85) ¢3(0.85) 94(0.85) @5(0.85) ¢4(0.85) 7(0.85) 3(0.85)]
=[0 00 0.15 0.85 0 0 0]

In this case, the predictor is defined as
n =Ax,

therefore y = Ax, where y = (py,..., 4,). Let 7, = #,

e(yln, T, T, k ]_[n Vilni, Te, T, k) oc ]—[exP{—— - 171-)2} : (5.4.10)
On the other hand,
x|tk ~N(0,Q7}) (5.4.11)
SO |
7t(x|T, k) o |Q|% exp {—ExTQx} )
The default internal representation of the parameters by R-INLA is 8 = (6, 01,6,) where
0o =log(z,), 61 =log(tr) and 6, =1log(k) (5.4.12)
with independent prior distributions given by

6y ~ LogGamma(1,10_5) )
6, ~N(0,1), (5.4.13)
and 6, ~N(0,1).
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In this example, the observations are generated artificially to test the model, as y(s) =
cos(s). To approximate the cosine function, we need to obtain the posterior conditional
distribution 7t(x[y, 8). We have the following,

ne(x[y, 8) o 1t(ylx, 0)7(x|0)71(6)

0o
oc exp {—%XTQX - %(y - Ax)T(y —Ax)}

1 7 A T e T
=exp _EX QX_TY y+e’0y AX—T(AX) Ax
1
o exp {—EXT(Q +ePATA)x + e"OyTAx} . (5.4.14)

To obtain the mode x of 7t(x|y, 0), we maximize log(rn(x|y, 8)). Let

Q:=Q+ehATA . (5.4.15)

The mode x is the solution of

% (—%XTQX + egoyTAx) =0

& xTQ+ePyTA =07

= XTQ = eeOyTA

& Qx=e%ATy (5.4.16)
& xp=e¢%Q'ATy (5.4.17)

Consider (5.4.16) and observe the following,
1 T& _ 1 rs TAy L TE
—5(x=%0)" Qx —xp) = —=x" Qx+xy Qx — 5% Qxg
1 +x 1 -4
= —EXTQX + eeOATy - EXgQXO

and notice that the last term xOTQXO depends on y and 6, it does not depend on x. So,
from (5.4.14),

1(x]y, 0) o« exp {—%XTQX + eeoyTAx}
oc exp {—%XTQX + eGOyTAx - %ngxo}
= exp {—%(X -x0)"Q(x— Xo)}
which is the kernel of a Gaussian distribution with precision matrix

Quy,0 = Q+ehATA (5.4.18)

and mode given by

_ 001 T
Xg=e OQx|y,6A Y,
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therefore,
7 (xly, 8) ~ N (xo, Qxy,6) -
To obtain an estimate for 6, first notice that from the property of conditional distribu-
tions, we have

ne(ylx, 0)(x|0) = 7 (y,x|0) = 7e(x]y, )7 (y|O)

SO

n(yl6) = %}W (5.4.19)

therefore, considering (5.4.19) and conditional distributions property,

n(ylx, )r(x]6)
n(xly, 6)

The left side of (5.4.20) does not depend on x, so the right side also does not depend on x.

7(6ly) o< (y|0)7(0) = 7(6). (5.4.20)

This means that we can choose any value for x to get a proportional expression for 7(6ly).

In the case of non-Gaussian observations, the distribution 7t(x[y,0) is substituted
for a Gaussian approximation 77;(x|y, 0), obtained by the Laplace method, explained
previously. Then, the posterior distribution 7t(8ly) is approximated in the following way,
7 (ylxo, €)7(x0]6)

ooy, 0) 0

7(Bly) oc

where x( is the mode of n(x|y, 0).

In our example, the observations are considered to be Gaussian, so 7t(x|y, 0) is also
Gaussian, and instead of an approximation, we have the proportionality given by (5.4.20),
where we can choose any value for x. Considering (5.4.13) and (5.4.20), we obtain

O\ 1 660 T 1 1 T
70(Oy) o< (€7°)2 exp ——(y—Ax) (y — Ax) ¢1Q|2 exp{—zx Qx}-
“1Qxy,0l 2EXP{ (x—x0)" Quy,0(x - Xo)}

2
<107 5e6°exp{ 107° eo}exp{ Ql}exp{ 922}

Considering that the mode x, verifies (5.4.16), and choosing x = 0,

n6g

6
1(Oly) xe 2 exp{——y )’}|Q|2 |Qxyy,601” zeXP{_ngTY}

0 5,0 oF 03
‘e 0exp{ e O}exp 5 (XP{TS (5.4.21)

Applying the logarithm,

1 1 0o 62 92

log(rt(Bly)) oc nTGO + 510g|Q| - _10g|QX|y,9| + e—(Axo —y) Ty +68p-107%e% — 21 - ?2
9 2 62

2

_ L 1 _ 105,00 9193
—208|Q| Ongx|ye|+ (Axg-y)Ty+(= +16 10~ >

oclog|Q|—10g|Qx|y,9|+e 1(Axg —y)T y+(n+2)90—2><10 5¢00 9%—9%.
(5.4.22)
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The approximate maximum likelihood estimate for 6 is given by
0" ~ argmaxgy 7(0ly) . (5.4.23)

The expression in equation (5.4.22) was implemented in R, and optimized using the
instruction optim, independently of the INLA package. The purpose was to get a deep
knowledge of the procedure, so we can apply it to different situations, namely, to a
different SPDE, with a possibly different precision matrix.

The summary statistics of the posterior distributions of the parameters (7,,61,6;) can
be consulted in Table 5.1.

Table 5.1: Summary statistics for (z,,01,6,), one dimensional example.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode

T, 1472.15 213.71 1087.21 1461.01 1924.89 1442.58
0, -0.22 0.34 -0.90 -0.22 0.43 -0.19
0, -0.07 0.38 -0.80 -0.07 0.69 -0.09

We consider the estimates
0; =log(1472.15)=7.29, 6, =-0.22 and 6}=-0.07

in (5.4.17) and (5.4.18), and we conclude that the posterior distribution 7t(x|y, ) of the
GMRF x, is a Gaussian distribution with mode given by

xg = (—0.42,0.56,0.88,1.06,0.59,0.07,-0.46,-1.06)

and precision matrix Qyjy,¢ given by

10573.66  4891.97 2.22 0 0 0 0 0
4891.97 14789.92 2408.39 6.66 0 0 0 0
2.22 2408.39 9910.08 2408.39 2.22 0 0 0
0 6.66 2408.39 14789.37 4890.30 2.22 0 0
0 0 2.22 4890.30 14789.37 2408.39 6.66 0
0 0 0 2.22 2408.39 9910.08 2408.39 2.22
0 0 0 0 6.66 2408.39 14789.92 4891.97
0 0 0 0 0 2.22 4891.97 10573.66|

The fitted values for the observations are given by y = Ax(, where A is the projector
matrix. Figure 5.2 presents the plot of fitted values y (in dashed blue), against observed
values y (in black). The red circled dots are the mode values x(, located on the mesh
nodes, {-2,-1,-0.5,0,1,1.5,2,3}.
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Figure 5.2: Approximation of cos(s), using the FEM.

5.5 Two dimensional example

Let y = (v1,...,9,) be a vector of n observations at locations s; € D c R?. Consider the
following model, now with intercept g,

yIB, % 07 ~ N(p, 0l 1)
p=1p+Ax (5.5.1)
x~ GF(0,Q7")

where A is the projector matrix, x is a GMREF, and 1 is a vector of ones. In this case, the

predictor is

n=18+Ax.

Let 7, = % be the precision of the observations, and m be the number of nodes in the
mesh, meaning that dim(x) = m.

It is common to have several zero columns in the projector matrix A. Those columns
are related to triangles with no observations: column? is a zero column if and only
if there is no observation y; in supp(¢;). Those columns can be dropped, as well as the

corresponding x; entry of the GMRF x. This may improve the computational calculations.

First we implement formulas (4.5.5), (4.5.6), and (4.5.7), to calculate the matrices C
and G, needed to obtain the Matérn covariance matrix Q of the GMRF x, which is given
by formula (5.4.6).
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We have the following,

Y|77’Tel T, ]_[T( 3/1'771: Tes T,

T
“HGXP{—f(yi—Wi)z}
i=1
n T m 2
= ]_[eXP —76 [}’i —p- ZAijxj
i=1 j=1

where x; = x(s;). On the other hand,

x|T,k ~N(0,Q)
where Q = 7?(k*C + 2k*G + GC™'G), so
1t(x|T, k) oc |Q|1/2 exp {—%XTQX} .
Again, recall the default internal representation of the parameters by R-INLA,
6 = (60,01,6,) = (log(7), log(7), log(k))

with independent a priori distributions given by (5.4.13). Moreover, we attribute to the

intercept  an a priori uniform distribution, 7(p) oc 1. For simplicity of notation, let
6 - (90,61,92,/))).
We have the following,
(xly, 6) o« 7e(ylx, 6)7(xI6)e(6)
1 T 660 T
e exp{ -2xTQx = - (y = (16 + Ax) (y - (16 + Ax))
1 1 A T e T
= expy-5X QOx - -y y+e 'y (18 +Ax)— 7(1ﬂ +Ax)" (18 + Ax)
1 T e T
o expy-oX TQx+e% (1[3’+Ax)—e °(1PB) AX—T(AX) (Ax)

ocexp{—%x (Q+e60ATA)x+e oy - lfj’)TAx}

Let Q = Q+¢%ATA. In order to obtain the mode x( of 7t(x|y, 0), we maximize, for instance,
log(m(x]y, ),

aix (—%XTQX+ Bef1Ty + b (y - la)TAx) =0

o x"Q+eh(y-1p)TA=0"

ox'Q= ea"(y— 1a)TA (5.5.2)
oxy=eQ l(y-1pTA (5.5.3)

74



5.5. TWO DIMENSIONAL EXAMPLE

Notice the similarity between formulas (5.4.17) and (5.5.3). Considering (5.5.2), observe
the following,

—%(X—XO)TQ(X—XO) = XTQX + ngx—i—ngxo

=xTQx + eeo(y— I[S)TAx—i—ngxO

and notice that xg Qx does not depend on x. Therefore,

1 ~
n(xly,@)ocexp{—z(x—xo)TQ(x—xo)} (5.5.4)
which is (again) the kernel of a Gaussian distribution with precision matrix
Qyy,6 = Q+e?ATA (5.5.5)
and mode given by
xo = e"Qyy0(y—1p)7A, (5.5.6)
that is
T((X|y1 6) ~ JV(Xo, Qx|y,9) .
To obtain an estimate for 8, we need to maximize 7t(68ly). Applying (5.4.20),
n(ylx 6)
70(0ly) « 7t(y|0)1t(0) = ———7(O 5.5.7
(Oly) << e(yl6)(60) = X E(0) (55.7)

so we have
e

m(6ly) o« (%) expd " (y — Ax)T(y - Ax) } QI exp{-2xTQx}-
2 2

1
5!

10-5¢% 10759 912 9%
-1077e exp{— 077e }exp 5 exp Y

As said previously, the left hand side of (5.5.7) does not depend on x, so the right hand

: |Qx|y,9|_% EXP{ x—X0)  Qyuy,6(x - Xo)}'

side also does not depend on x. This means we can choose any suitable value for x.
Considering that the mode x, satisfies equation (5.5.2), and choosing x = 0, we obtain

6

0 1 20 %
n(6ly) o <e"°>zexp{—%(y—lﬁ>T<y—1/3)}|Q|z |Qx|y,e|zexp{%<y— 1ﬁ)TAXo}-

07 03
-e% exp {—1 O_Seeo}exp {—71} exp {—72}

Applying the logarithm,
0

no e’ 1 1
log(m(Bly)) e —= + —~(Axg + 18 ~y)" (y ~ 1a) + 5 log|Q| - - 10g Quy, ol +
0? 02
+0p—1072e00 - L _ 22
2 2
oc log|Q| —log |Qyy,el + eQO(Axo +1p —y)T(y -1p)+
+(n+2)0)-2x107e% 9292 (5.5.8)
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The approximate maximum likelihood estimate for 6 is
0" ~ argmaxgy 7(0ly) . (5.5.9)

In the next section, we consider model (5.5.1), and apply the results of this section to

a wind data set describing the velocity of the wind.

5.6 Application of the INLA methodology to the prediction of

the wind velocity.

This section contains generated, and also modified, Copernicus Climate Change Service
information data set (2021). The H. Hersbach et al. (2018) was downloaded from the
Copernicus Climate Change Service (C3S) Climate Data Store. The results contain modi-
fied Copernicus Climate Change Service information 2021. It should be mentioned that
the European Commission and the European Centre for Medium-Range Weather Fore-
casts is responsible for any use that may be made of the Copernicus information or data
it contains.

We consider the data set H. Hersbach et al. (2018) (see [26]), namely the wind direc-
tion components v, and vy, at the 15 of January, 2021, at UTC+0. We consider 500 observa-
tions chosen randomly from a total of 4015 from that data set, located at {s;: i = 1,...,500},
with longitude and latitude in the interval [-15°,5°] and [30°,45°], respectively.

DNN NN ANANSSANN

SRR
/ ]

S

Figure 5.3: Location of the observations (red dots), and mesh.

We use a mesh with 1572 nodes, created by inla.mesh.2d, and calculate the matrices
C and G defined by (4.5.5), (4.5.6) and (4.5.7). This matrices allow us to calculate the
precision matrix Q of the GMRF, x. The mesh nodes are different from the locations of the
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observations, so we need the projector matrix A, given by inla.spde.make.A, to calculate
(5.5.5) and (5.5.6), precision and mode of the posterior distribution of the GMRF, 7 (xly, 0).

We can see in Figure 5.3 the locations of the observations (red dots) and the mesh. We

consider model (5.5.1), and apply INLA for both wind components v, and v,, and wind

intesity v = v+ v}%. We can find in Tables 5.2, 5.3, and 5.4, the summary statistics of

the posterior distributions of the hyperparameters of the model. In this case, we have

estimates for the intercept g, the precision of observations 7,, the practical range p, and

the standard deviation o. For d = 2 and a = 2, we have

L e= V8
k 50 P (5.6.1)
02 = ; T = p
4rk?? 4V2no
Recall that
0" =(0,,01,0%87) (5.6.2)
where
0o =log(z,), 67 =1log(t), 6O, =1log(k).
Table 5.2: Summary statistics for the wind component v,.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode
T, 2.28 0.33 1.72 2.25 3.00 2.18
p 445 0.56 3.43 4.43 5.64 4.38
o 333 033 2.73 3.31 4.01 3.29
B 2.18 0.97 0.24 2.18 4.12 2.19

Table 5.3: Summary statistics for the wind component v,.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode
T, 293  0.46 2.13 2.90 3.94 2.83
o 6.69 0.96 5.02 6.62 8.79 6.46
o 3.67 042 2.92 3.64 4.57 3.58
p  -2.85 1.61 -6.08 -2.85 0.39 -2.85

Table 5.4: Summary statistics for the wind intensity v.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode
T, 243 0.33 1.83 241 3.14 2.37
o 4.41 0.55 3.47 4.35 5.63 4.23
o 330 0.31 2.75 3.28 3.98 3.22
B 5.99 0.94 4.12 5.99 7.86 5.99
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Considering the mean values of (5.6.2), then we calculate fitted values y which are

given by

y=Axy+1p
where x( is the mode of the distribution 7t(x|y, 8) (5.4.17), 1 is a vector of ones, and ﬁ is
the mean value estimate for f8.

The next step is to consider the problem of predicting the expected value of the out-
come, on a finer grid of the domain, given by the 4015 localizations from the data set H.
Hersbach et al. (2018). We first calculate the projector matrix A, from the initial mesh
to the new grid executing the instruction inla.mesh.projector. Then, the mean of the

Gaussian field and predicted values are given by
%,=Agxg and  §y=Agxo+1p,
respectively. Moreover,
Var(y,) = A, Var(x)Al =A, QL AT
g g g ¢ Lxly,0 ¢
so the standard deviation of both Gaussian field and predicted values, are calculated as

0%, = A, sqrt(diag(Q;l;e)) and 0y, = sqrt(diag(Ag Q;l;leAgT)).

(a) Wind intensity from data set. (b) Predicted wind intensity.

Figure 5.4: Wind intensity v: H. Hersbach et al. (2018) data set versus prediction on a
finer grid.

We can find in Figure 5.4 the predicted mean of the outcome y, (left) versus the “ob-
served values” from the data set (right), on the finer grid, for the wind intensity. The
model approximates well the values of the data set, although we can point out that pre-
dicted values present a smoother behaviour, resulting of the neighbouring dependence
introduced by the Matérn covariance. The model could be improved allowing for an-
other sources of disturbance. We could add fixed effects, for instance, considering pres-
sure and/or temperature as a covariate. The standard deviation values for the predicted
Gaussian field and predicted values are represented in Figure 5.5(a) and Figure 5.5(b),

respectively.
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) Standard deviation of the predicted Gaussian field(b) Standard deviation of the predicted wind intensity.

Figure 5.5: Standard deviation of the predicted Gaussian field and predicted wind inten-
sity.

We can find in Figures 5.6 and 5.7 the predicted wind velocity components, v, and v,
versus the H. Hersbach et al. (2018) data set. Again, we notice the smoother behaviour of

the predicted values.

&

i

(a) vy from data set. (b) Predicted vy.

Figure 5.6: v, component: H. Hersbach et al. (2018) data set versus prediction on a finer
grid.

i

(a) vy from data set. (b) Predicted vy.

Figure 5.7: v, component: H. Hersbach et al. (2018) data set versus prediction on a finer
grid.
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Regarding the wind velocity, we can find in Figure 5.8 a plot with predicted values
for the wind velocity, versus the corresponding quantities from theH. Hersbach et al.
(2018) data set. For instance, the region with (lon,lat) € [-10°,-1°] x [30°,37°], and
(lon,lat) € [-8°,4°] x [39°,43°], present some turbulence that was not captured. This may
be due to the geographic features of the land, or other meteorological characteristics, and

it is worthy to concentrate our observations on such regions.

I

.

i

(a) Wind velocity from data set. (b) Predicted values for the wind velocity.

Figure 5.8: Wind velocity: H. Hersbach et al. (2018) data set versus prediction on a finer
grid.

Figure 5.9: Location of the observations (red dots), and mesh.

Therefore we consider 400 observations chosen randomly from a total of 1020 from
the data set H. Hersbach et al. (2018), located at {s;: i = 1,...,400}, with longitude and
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latitude in the interval [-10°,1°] and [30°,37°], respectively. We use a mesh with 707
nodes (see Figure 5.9). The results are presented in Tables 5.5, 5.6, and 5.7.

Table 5.5: Summary statistics for the wind component v,, for the turbulence zone.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode

T, 5.21 0.70 3.96 5.17 6.70 5.10
p 3.83 0.65 2.83 3.73 5.37 3.50
o 4.18 0.59 3.25 4.09 5.54 3.89
B 1.71 1.73 -1.80 1.71 5.19 1.71

Table 5.6: Summary statistics for the wind component v,, for the turbulence zone.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode

7. 3.89 0.59 2.87 3.84 5.19 3.73
p 3.51 0.62 2.52 3.42 4.93 3.25
o 3.08 0.42 2.38 3.03 4.02 2.93
p -1.83 1.23 -4.33 -1.82 0.63 -1.81

Table 5.7: Summary statistics for the wind intensity v, for the turbulence zone.

mean stdev 2.5%quantile 50%quantile 97.5% quantile mode

T, 4.25 0.56 3.25 4.22 5.45 4.16
p 3.86 0.73 2.72 3.75 5.58 3.52
o 3.96 0.62 2.97 3.88 5.38 3.70
p 471 1.73 1.20 4.71 8.25 4.70

We can see in Figure 5.10 the predicted mean for the wind intensity versus the wind
intensity from the data set. We conclude that the predicted values capture much better

the turbulence of the “observed values”.

(a) Wind intensity from data set. (b) Predicted wind intensity.

Figure 5.10: Wind intensity v: H. Hersbach et al. (2018) data set versus prediction on a
finer grid.
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In Figure 5.11, we present the predicted wind velocity (left) versus the wind velocity
from the data set. Comparing Figures 5.8 and 5.11, we can see that, after concentrating
observations in zones with more turbulence, we improve our prediction: the predicted

values approximate better the “observed values”.

il ="l -

AT S \\Q?\M/M%ﬂ\,\\\\;,w/j
A \\\\\\\\g:\“\) - e \ N e
S \\ﬁf//// 5
D S A \ Ll f 77 e
” s Wt icccc o IR 3 ff///////g///////
N ///‘/5‘; a/f// 7 /:’:;; /\ \/f /4 i’//
AR e &
AR o
i S e

- <

/
e

S

—

N

==

T

; R S I TP

aa Ve i T S

« T S S S

S A4 e il s ddd i 2 AN
50

75 E 25

R A

S A A s s dd I

50 25

(a) Wind velocity from data set. (b) Predicted values for the wind velocity.

Figure 5.11: Wind velocity: H. Hersbach et al. (2018) data set versus prediction on a finer
grid, for the turbulence zone.

In fact, regarding the estimated practical range p for the second data set considered,
we can see in Table 5.8 that it decreases for both components v,, vy, and also for the
wind intensity v, as we should expect, since the zones with more turbulence are regions
with a higher heterogeneity of the data, and so we should expect the correlation between
neighbouring locations to decrease faster. Therefore, it is useful to concentrate the ob-
servations at regions where it is known to exist more turbulence, as the predicted values

better approximate the data.

Table 5.8: Pratical range p: estimates for the wind velocity components, and intensity.

Uy vy v

First data set 4.45 6.69 4.41
Second data set 3.83 3.51 3.86

This approach is of great importance, not only because is computationally less expen-
sive than to model complex phenomena numerically, but also because this new statistical
approach is supported by a very simple idea, that is, the complexity of the phenomena
can be well described by models estimated and updated by data. This is the principle of

Bayesian inference, and we can see that it proves to be a quite suitable approach.
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FinNaAL CONSIDERATIONS

In this work we study SPDE, and perform Bayesian inference considering a specific
stochastic linear partial differential equation. Then, we apply inference Bayesian, through
the INLA methodology, to estimate wind intensity and velocity using a wind data set, H.
Hersbach et al. (2018) ([26]).

First we prove the existence and uniqueness of the solution of the stochastic third
grade fluid equation,

d(v(Y))=(-Vp+vAY —(Y - V)v - vavyf +(ay +ay)div(4?)
j
+ Bdiv(|APA)+ U)dt + o (t,Y)dU,;,
with initial conditions in the Sobolev space H?, and a Navier slip boundary condition.
This result was published in [14].
Following [29], the study of spatial data led us to the study of the stochastic linear

partial differential equation
(k2= AN rx =W

where W is a Gaussian white noise. We present the mathematical concepts and results
that allow us to verify that the solution x(s) is a Matérn field.

Applying the FEM, we are able to construct a finite representation of x(s) of the form

£(s)= ) xipils)

m
i=1
where x = (x,---,x,,) is a Gaussian random vector of weights, and {¢; : i = 1,...m} is a
set of finite element basis functions. Furthermore, the vector x presents Markov prop-
erties, so it is a Gaussian Markov random field. In [29] the authors prove that the finite
representation %(s) approximates indeed the Gaussian field x(s).

Then we perform Bayesian inference to specific hierarchical models, and apply the
INLA methodology, to obtain an approximated posterior distribution of the parameters
of the model.

Finally, we consider that a certain phenomena has a spatial structure, for instance, the

wind velocity components, as well as the wind intensity. Under a Bayesian framework, we
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assume that the spatial structure x(s) is a GF, and collect observations of that phenomena,
y={vieDe R?:i =1,...,n). The collected data is assumed to be observations of the
spatial effect x(s) with an error. Then we use hierarchical Bayesian models for inference,
mainly following [37], to update our knowledge of the spatial structure, and get a poste-
rior distribution of the GMRF x. We emphasize that the complexity of the phenomena is
captured by the model fed, or informed, by the observations, summarized by the posterior
distributions of the model’s parameters.

The results obtained for the wind data set show that this statistical new approach
approximates well the wind velocity, specially if we concentrate the observation data on
localizations where it is known to exist more turbulence of the data. Nevertheless, there
is the possibility of improving the model, considering in the mixed effects model, along
with a spatial effect, for instance fixed effects, where other covariates are introduced in
the model, namely, pressure, temperature, etc. We should point out that the simplicity of
the model is not compromised with the introduction of fixed effects.

Furthermore, we plan to continue our work in this field, following the results in
[27], where the authors extend the results in [29] to random vector fields, constructing

multivariate Gaussian random fields (GRF) using systems of SPDE,

by (kfy = A" 2x + byy (ki - A)M122x = fy
bor (K3, = B) 25 + byy (k3 — A)2x = f,

where f; and f, are noise processes. GRF are approximated by GMRF with sparse pre-
cision matrices, which again allow great computational benefits, when compared to ex-
isting multivariate GRF models. This way, instead of applying the INLA methodology
to each wind component, we can model both components together. According to [27],
some assumptions should be made, in order to keep the model computationally feasible.
Nevertheless, it opens the way for a new approach regarding the modelling of complex

phenomena.
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