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For any integer n ≥ 2, let R0(n + 1) be the class of 0-semihypergroups
H of size n + 1 such that {y} ⊆ xy ⊆ {0, y} for all x, y ∈ H − {0}, all
subsemihypergroups K ⊆ H are 0-simple and, when |K | ≥ 3, the fun-
damental relation βK is not transitive. We determine a transversal of
isomorphism classes of semihypergroups in R0(n + 1) and we prove
that its cardinality is the (n + 1)-th term of sequence A000070 in [21],
namely,

∑n
k=0 p(k), where p(k) denotes the number of non-increasing

partitions of integer k.

Keywords: Zero-semihypergroups, simple semihypergroups, graphs, integer
sequences.

1 INTRODUCTION

According to [7, 9], a fully simple semihypergroup is a semihypergroup H
such that all subsemihypergroup K ⊆ H are simple and, when |K | ≥ 3, the
fundamental relation βK is not transitive.

The class F of all fully simple semihypergroups has been characterized
completely in [9] in terms of a small set of simple semihypergroups of size 3.
In [7], the authors determine a transversal of isomorphism classes of finite
semihypergroups in F. The structure of that transversal can be described
by means of certain digraphs, which are transitive and acyclic, and allow
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to derive an explicit formula to calculate the number of those isomorphism
classes [4, 7]. Analogous results concerning enumeration of isomorphism
classes of algebraic hyperstructures are found in [1, 6, 8].

Motivated by the abovementioned results, in the present paper we study
the semihypergroups H such that all subsemihypergroups K ⊆ H are 0-
simple and, when |K | ≥ 3, the fundamental relation βK is not transitive.
These semihypergroups are called fully 0-simple and we denote by F0 their
class.

The plan of this paper is the following. Hereafter, we introduce some basic
definitions and notations to be used throughout the paper. In Section 2, we
define fully 0-simple semihypergroups and provide some relevant properties
of semihypergroups in F0. Notably we prove that, if H ∈ F0 then

∏n
i=1 zi �=

{0} for every nonzero elements z1, z2, ..., zn in H .
Sections 3 and 4 are devoted to the introduction and a preliminary

analysis of the class R0 of R0-semihypergroups, that is, semihypergroups
H ∈ F0 such that {y} ⊆ xy ⊆ {0, y} for all x, y ∈ H − {0}, which are the
main subject of this paper. In particular, we find a characterization of R0-
semihypergroups in terms of specific properties of the cardinality of hyper-
products xy with x, y ∈ H − {0}. Moreover, we introduce a special equiv-
alence relation among the nonzero elements of H ∈ R0. These preliminary
results are exploited in Section 5 to associate a Boolean matrix to every finite
R0-semihypergroup.

The main results of this paper are contained in Section 6, where we show
a transversal of isomorphism classes of finite R0-semihypergroups and we
prove that the number of isomorphism classes of semihypergroups in R0 hav-
ing size n + 1 is the (n + 1)-th term of sequence A000070 in [21], namely,∑n

k=0 p(k).

1.1 Basic definitions and results
Throughout this paper we use just a few basic concepts and definitions which
belong to common terminology in hyperstructure theory.

A hypergroupoid is a set H endowed with a hyperproduct, that is, a func-
tion H × H �→ P∗(H ) where P∗(H ) denotes the family of all non-empty
subsets of H . If the hyperproduct is associative, that is, (xy)z = x(yz) for
all x, y, z ∈ H , then H is a semihypergroup. If H is a semihypergroup then
H is also a semihypergroup with respect to the hyperproduct ◦ defined as
x ◦ y = yx for all x, y ∈ H . The semihypergroup (H, ◦) is called transposed
of H and is denoted by H T . Clearly, the use of that term is motived by the
fact that, in the finite case, the multiplicative table of H T is obtained by trans-
posing the multiplicative table of H .

A non-empty subset K of a semihypergroup H is called a subsemihyper-
group of H if it is closed with respect to multiplication, that is, xy ⊆ K for
all x, y ∈ K .
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For any x ∈ H we refer to x̂ = ⋃
n≥1 xn as the cyclic subsemihypergroup

of H generated by the element x . It is the smallest subsemihypergroup con-
taining x .

If H is a semihypergroup, an element 0 ∈ H such that x0 = {0} (resp.,
0x = {0}) for all x ∈ H is called right zero scalar element or right absorbing
element (resp., left zero scalar element or left absorbing element) of H [18].
If 0 is both right and left zero scalar element, then it is called zero scalar. A
zero scalar element, if it exists, is unique.

A simple semihypergroup is a semihypergroup H such that Hx H = H ,
for all x ∈ H . A semihypergroup H with a zero scalar element 0 is a 0-
semihypergroup. A 0-semihypergroup is called 0-simple if Hx H = H for all
x ∈ H − {0}.

Given a semihypergroup H , the relation β∗ is the transitive closure of the
relation β = ∪n≥1βn , where β1 is the diagonal relation in H and, for every
integer n > 1, βn is defined recursively as follows:

xβn y ⇐⇒ ∃(z1, . . . , zn) ∈ Hn : {x, y} ⊆ ∏n
i=1 zi .

The relations β and β∗ are two of the best known fundamental relations
on H [2, 12, 22]. Their relevance in semihypergroup theory stems from the
following facts [19]: The quotient set H/β∗, equipped with the operation
β∗(x) ⊗ β∗(y) = β∗(z) for all x, y ∈ H and z ∈ xy, is a semigroup. More-
over, the relation β∗ is the smallest strongly regular equivalence on H such
that the quotient H/β∗ is a semigroup. The interested reader can find all rel-
evant definitions, many properties and applications of fundamental relations,
even in more abstract contexts, also in [3, 5, 10, 11, 13–15, 17, 20].

Finally, we borrow from [12] a theorem which classifies the 0-simple
semihypergroups of size 3 whose relation β is not transitive.

Theorem 1.1. Up to isomorphisms, there exist fourteen 0-simple semihyper-
groups of size 3 where the relation β is not transitive. Their hyperproduct
tables are the following:

H1:

0 1 2
0 0 0 0
1 0 0, 2 1
2 0 1 2

H2:

0 1 2
0 0 0 0
1 0 0, 2 0, 1
2 0 1 2

H3:

0 1 2
0 0 0 0
1 0 0, 2 1
2 0 0, 1 2

H4:

0 1 2
0 0 0 0
1 0 2 0, 1
2 0 0, 1 0, 2

H5:

0 1 2
0 0 0 0
1 0 0, 2 0, 1
2 0 0, 1 2

H6:

0 1 2
0 0 0 0
1 0 0, 2 0, 1
2 0 0, 1 0, 2
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H7:

0 1 2
0 0 0 0
1 0 1 0, 1
2 0 0, 2 2

H8:

0 1 2
0 0 0 0
1 0 1 0, 1
2 0 2 0, 2

H9:

0 1 2
0 0 0 0
1 0 1 0, 1
2 0 0, 2 0, 2

H10:

0 1 2
0 0 0 0
1 00, 10, 1
2 00, 20, 2

H11:

0 1 2
0 0 0 0
1 0 1 0, 2
2 0 0, 1 2

H12:

0 1 2
0 0 0 0
1 0 1 2
2 0 0, 1 0, 2

H13:

0 1 2
0 0 0 0
1 0 1 0, 2
2 0 0, 1 0, 2

H14:

0 1 2
0 0 0 0
1 0 0, 1 0, 2
2 0 0, 1 0, 2

We observe that H1, H4, H5, and H6 are commutative semihypergroups.
The semihypergroups H3, H11, H12, H13, H14 are respectively the transposed
semihypergroups of H2, H7, H8, H9, and H10. Moreover, H1, H2, H3, H4,
H5, and H6 coincide with their cyclic semihypergroups generated by the
element 1.

2 FULLY 0-SIMPLE SEMIHYPERGROUPS

In this section we introduce semihypergroups H that fulfil the following con-
ditions:

1. All subsemihypergroups of H (H itself included) are 0-simple; in par-
ticular, they have a zero scalar element.

2. The relation β in H and the relations βK in all subsemihypergroups K ⊂
H of size ≥ 3 are not transitive.

These semihypergroups are called fully 0-simple semihypergroups; their size
is ≥ 3 since the relation β is transitive if |H | ≤ 2. Actually, the semihyper-
groups in Theorem 1.1 are all the fully 0-simple semihypergroups of size 3,
up to isomorphisms.

For notational simplicity, we denote by F0 the class of fully 0-simple semi-
hypergroups and we use 0 to indicate the zero scalar element of any H ∈ F0.
Furthermore, we use the notation H+ to indicate the set of nonzero elements
in H , that is, H+ = H − {0}.

Hereafter, we prove some relevant properties of semihypergroups H ∈
F0. We start by establishing preliminary results on subsemihypergroups and
hyperproducts of elements in H .
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Proposition 2.1. If H is a 0-simple semihypergroup then H H = H.

Proof. Obviously 0 ∈ H H because {0} = 00. Moreover, since H is 0-
simple, for any fixed x ∈ H+ we have Hx H = H . Therefore, there exist
a, b ∈ H such that x ∈ axb. In consequence, there exists d ∈ ax such that
x ∈ db ∈ H H , whence H ⊆ H H ⊆ H . �

Proposition 2.2. If S is a subsemihypergroup of H ∈ F0 such that 0 /∈ S,
then |S| = 1.

Proof. Let S be a subsemihypergroup of H such that 0 /∈ S. By definition,
there exists in S a zero scalar element 0′ and, by Proposition 2.1, SS = S.

We have

(S ∪ {0})(S ∪ {0}) = SS ∪ S0 ∪ 0S ∪ 00 = S ∪ {0},

whence also S ∪ {0} is a 0-simple subsemihypergroup of H with 0 as zero
scalar element. Now, since 0′ ∈ S ∪ {0} and 0′ �= 0, we obtain:

S ∪ {0} = (S ∪ {0})0′(S ∪ {0}) = S0′S ∪ S0′0 ∪ 00′S ∪ 00′0 = {0′, 0}.

Thus S = {0′}. �

The following corollary is an immediate consequence of Proposition 2.2.

Corollary 2.3. If H ∈ F0 and S is a subsemihypergroup S of H such that
|S| ≥ 2, then the zero element of S is 0.

Another consequence of Proposition 2.2 is the following result:

Proposition 2.4. If H ∈ F0 then there exist x, y ∈ H+ such that 0 ∈ xy.

Proof. If 0 /∈ xy for every x, y ∈ H+, then H+H+ ⊆ H+, hence H+ is a sub-
semihypergroup of H. By Proposition 2.2, we have |H+| = 1 and so |H | = 2.

This fact leads to an absurdity because H ∈ F0 and consequently |H | ≥ 3. �

In the forthcoming Theorem 2.7 we prove that if H ∈ F0 then xy �= {0},
for any pair x, y of non-zero elements of H . We premise the following
lemma:

Lemma 2.5. If H ∈ F0 then we have xx �= {0}, for every x ∈ H+.
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Proof. If xx = {0} then the set S = {0, x} is a subsemihypergroup of H .
Moreover we have Sx S = {0} �= S . This fact is an absurdity since H ∈ F0

and S is not 0-simple. �

Remark 2.6. If H ∈ F0 then for every x ∈ H+ such that xx �= {x} the cyclic
semihypergroup x̂ = ⋃

n≥1 xn generated by x has size ≥ 2. Therefore it is a
0-simple subsemihypergroup of H , with 0 as zero scalar element.

Theorem 2.7. If H ∈ F0 then ab �= {0}, for every a, b ∈ H+.

Proof. By absurd, suppose that there exist a, b ∈ H+ such that ab = {0}.
From Lemma 2.5 we get a �= b. Then we have also ba = {0}. In fact, for any
c ∈ ba we have cc ⊆ (ba)(ba) = b(ab)a = b0a = {0}. Therefore cc = {0},
whence c = 0 by Lemma 2.5. So ab = ba = {0} and a �= b. Obviously, for
every positive integers n, m we have

anbm = bman = {0}. (1)

Now, considering the cyclic subsemihypergroups â = ⋃
n≥1 an and b̂ =⋃

n≥1 bn , we obtain

(̂a ∪ b̂)(̂a ∪ b̂) = ââ ∪ âb̂ ∪ b̂̂a ∪ b̂̂b = â ∪ {0} ∪ b̂,

and so we can distinguish the following two cases:

1. Case aa = {a} and bb = {b}.
We have â = {a}, b̂ = {b} and the set K = {0, a, b} is a subsemihyper-
group of H with the hyperproduct table

0 a b
0 0 0 0
a 0 a 0
b 0 0 b

The relation βK is transitive, thus contradicting the hypothesis that H is
a fully 0-simple semihypergroup.

2. Case bb �= {b} or, equivalently, aa �= {a}.
From Remark 2.6 we have that 0 ∈ b̂ and

(̂a ∪ b̂)(̂a ∪ b̂) = â ∪ b̂.
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Thus also â ∪ b̂ is a 0-simple semihypergroup since H ∈ F0. In conse-
quence, from (1) we have

â ∪ b̂ = (̂a ∪ b̂)b(̂a ∪ b̂) = âb̂a ∪ âb̂b ∪ b̂b̂a ∪ b̂b̂b = {0} ∪ b̂ = b̂.

Now, from a ∈ â ⊆ b̂ and a �= b, it ensues that there exists an integer
n > 1 such that a ∈ bn , whence aa ⊆ abn = {0} and aa = {0}, which
contradicts Lemma 2.5. �

Corollary 2.8. Let H ∈ F0. For every sequence z1, z2, ..., zn of elements in
H+ we have

∏n
i=1 zi �= {0}.

Proof. By Theorem 2.7, the thesis is true when n ∈ {1, 2}. We suppose by
induction it is true for n − 1 ≥ 2 and we prove it for n. If

∏n
i=1 zi = {0} then

azn = {0} for every a ∈ ∏n−1
i=1 zi . Since zn �= 0, by Theorem 2.7 we obtain

that a = 0 and so
∏n−1

i=1 zi = {0}, which is absurd. �

Corollary 2.9. Let H ∈ F0. The set H+ endowed by the hyperproduct

a � b = (ab) ∩ H+ (2)

is a simple semihypergroup.

Proof. Firstly, we observe that a � b �= ∅ for every a, b ∈ H+, so the opera-
tion � is well defined, because of Theorem 2.7. Furthermore, the operation is
trivially associative.

Finally, for any x, y ∈ H+ there exist a, b ∈ H+ such that x ∈ (ayb) ∩
H+ = a � y � b ⊆ H+ � y � H+, whence we have H+ ⊆ H+ � y � H+ and we
can conclude that (H+, �) is simple. �

The preceding result leads naturally to the following definition:

Definition 2.10. Let H ∈ F0. The semihypergroup (H+, �) defined by (2) is
the nonzero part of H.

We note in passing that the previous definition can be extended to semi-
hypergroups with a zero element, as long as the hyperproduct (2) is well
defined. The simple proof of the following fact, whose claim is included here
for further reference, is omitted for brevity:

Corollary 2.11. Let H ∈ F0 and let (H+, �) be its nonzero part. If A is a
subsemihypergroup of (H+, �) then A ∪ {0} is a subsemihypergroup of H.
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3 R0-SEMIHYPERGROUPS

In the previous section we proved that the semihypergroups H ∈ F0 have no
divisors of zero, in the sense that xy �= {0} for every x, y ∈ H+. A similar
property holds true also for all fully simple semihypergroups H ∈ F. In fact,
as shown in [7, 9], these semihypergroups own a (right or left) zero scalar
element 0 and for all x, y ∈ H − {0} it holds either {y} ⊆ xy ⊆ {0, y} or
{x} ⊆ xy ⊆ {0, x}, depending on whether 0 is right or left zero scalar.

Altough various similarities exist between fully simple semihypergroups
and fully 0-simple semihypergroups, the specific role of the 0 element leads
to very relevant differences between the two families. In fact, semihyper-
groups in F0 show up a much larger diversity. For example, let Rn denote the
right zero semigroup of order n, that is, the semigroup of n elements defined
by ab = b for all a, b ∈ Rn [16, p. 3]; furthermore, let Ln = RT

n be the left
zero semigroup of order n. It has been shown in [7] that the nonzero part of a
semihypergroup H ∈ F with n + 1 elements is either Rn or Ln , depending on
whether the zero element of H is right or left zero scalar. On the other hand,
in F0 there are (finite) semihypergroups H whose nonzero part is neither Rn

nor Ln . An example is the following:

0 a b c
0 0 0 0 0
a 0 c c 0, a, b
b 0 c c 0, a, b
c 0 0, a, b 0, a, b 0, c

As a first step toward a deeper understanding of F0, hereafter we start
considering those (finite) semihypergroups in F0 whose nonzero part is Rn . In
fact, the goal of this section is to prove that, with due modifications, various
results shown in [7, 9] carry over semihypergroups H ∈ F0 that satisfy the
following condition:

{y} ⊆ xy ⊆ {0, y}, for all x, y ∈ H+. (3)

These semihypergroups are called R0-semihypergroups. Analogously, we can
define a L0-semihypergroup as a semihypergroup H ∈ F0 such that {x} ⊆
xy ⊆ {0, x} for all x, y ∈ H+, that is, a semihypergroup whose nonzero part
is Ln . These definitions can be extended naturally to the infinite case. It
is rather apparent that an R0-semihypergroup is the transposed of an L0-
semihypergoup, so that any property of the former can be translated into a
property of the latter. For this reason, in what follows we concentrate on R0-
semihypergroups. However, observe that no L0-semihypergroup is isomor-
phic to an R0-semihypergoup, because of the structure of their nonzero part.
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Henceforth, we denote by R0 the class of R0-semihypergroups. Theorem
1.1 allows us to list all R0-semihypergroups of size 3:

Theorem 3.1. Up to isomorphisms, there exist four R0-semihypergroups of
size 3. Their hyperproduct tables are indicated as H11, H12, H13, and H14 in
Theorem 1.1.

In the forthcoming Theorem 3.3 we provide a characterization of all R0-
semihypergroups. A preliminary lemma introduces a construction of semihy-
pergroups whose nonzero part is a right zero semigroup.

Lemma 3.2. Let H be a hypergroupoid such that

a) ∃ 0 ∈ H such that x0 = 0x = {0}, for every x ∈ H.
Moreover, for all x, y, z ∈ H − {0}, we suppose

b) {y} ⊆ xy ⊆ {0, y};
c) |yz| = 1 =⇒ |xy| = |xz|.
Then H is a 0-semihypergroup.

Proof. Let x, y, z be elements of H . We must prove that (xy)z = x(yz). If
0 ∈ {x, y, z} the proof is trivial. Hence, we suppose that x, y, z ∈ H − {0}
and distinguish two cases, depending on whether yz = {z} or yz = {0, z}.
1. Case yz = {z}.

By hypothesis c), we have also |xy| = |xz|.
If |xy| = |xz| = 1, by b), we have xy = {y} and xz = {z}. Therefore
(xy)z = yz = {z} = xz = x(yz).
If |xy| = |xz| = 2, by b), we have xy = {0, y} and xz = {0, z}. Thus we
obtain x(yz) = xz = {0, z} = {0} ∪ yz = {0, y}z = (xy)z.

2. Case yz = {0, z}.
In this case, x(yz) = x{0, z} = {0} ∪ xz = {0, z} because z ∈ xz ⊆
{0, z}. Finally, if xy = {y} then (xy)z = yz = {0, z}, while, if xy =
{0, y} then (xy)z = {0, y}z = {0} ∪ yz = {0, z}.

Thus, in any case, we have (xy)z = x(yz) and H is a 0-semihypergroup. �

Theorem 3.3. Let H be a hypergroupoid such that |H | ≥ 3. Then H ∈ R0

if and only if H fulfills the following conditions:

a) ∃ 0 ∈ H such that x0 = 0x = {0}, for all x ∈ H;
b) for all x, y ∈ H − {0}, {y} ⊆ xy ⊆ {0, y};
c) for all x, y, z ∈ H − {0}, |yz| = 1 =⇒ |xy| = |xz|;
d) for every pair (x, y) of distinct elements in H − {0} it holds 0 ∈ {x, y} ·

{x, y}.
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Proof. Let H ∈ R0. By definition, we have H ∈ F0 and {y} ⊆ xy ⊆ {0, y},
for every x, y ∈ H+. Therefore the conditions a) and b) are verified.

Moreover, for every x, y ∈ H+ and x �= y, the set K = {0, x, y} is a sub-
semihypergroup of H of size 3, whence K ∈ F0. Then, by Proposition 2.4,
also the condition d) is satisfied.

Finally, let x, y, z ∈ H+ and |yz| = 1. If |xy| = 1, then yz = {z} and
xy = {y}. Therefore, xz = x(yz) = (xy)z = yz = {z} and |xy| = |xz|. On
the other hand, if |xy| = 2, then xy = {0, y}. Moreover, since {z} ⊆ yz ⊆
{0, z}, we obtain that xz = x(yz) = (xy)z = {0, y}z = 0z ∪ yz = {0, z} and
so, also in this case, |xy| = |xz|.

On the contrary, suppose that H is a hypergroupoid of size ≥ 3 verifying
conditions a), b), c), d).

By Lemma 3.2, H is a 0-semihypergroup. Moreover, if K ⊆ H is a sub-
semihypergroup of H of size ≥ 3, there exists a pair (x, y) of distinct ele-
ments in K , such that 0 /∈ {x, y}. By d), we have

0 ∈ {x, y} · {x, y} ⊆ K · K ⊆ K ,

and so K is a 0-semihypergroup. Moreover, for b), if x ∈ K − {0} and y ∈ K ,
we have y ∈ yy ⊆ y(xy) = yxy ⊆ K x K . Thus K = K x K , for every x ∈
K − {0}, that is K is 0-simple.

It remains to prove that the relation βK is not transitive. In fact, we show
that for every x, y ∈ K − {0}, we have (x, 0) ∈ βK , (0, y) ∈ βK and (x, y) /∈
βK . By b), we consider the following to cases:

1. yy = {0, y} or xx = {0, x};
2. yy = {y} and xx = {x}.

In the first case, if yy = {0, y} then we have yx = {0, x}, otherwise yx =
{x} and, by c), it follows the contradiction |yy| = |yx | = 1 (clearly, if xx =
{0, x} we obtain xy = {0, y}).

In the second case, by d), it is not restrictive to consider that xy =
{0, y}. Therefore, we deduce again that yx = {0, x}, otherwise yx = {x} and,
in consequence, {x} = xx = x(yx) = (xy)x = {0, y}x = 0x ∪ yx = {0, x},
that is an absurdity. Therefore, in both cases, we have that (x, 0) ∈ βK and
(0, y) ∈ βK .

Finally, we have (x, y) /∈ βK , because
∏n

i=1 zi = (
∏n−1

i=1 zi )zn ⊆ {0, zn},
for every integer n ≥ 2 and for every z1, z2, ..., zn ∈ K . So H is a fully 0-
simple semihypergroup such that {y} ⊆ xy ⊆ {0, y}, for every x, y ∈ H+.
This means that H ∈ R0. �
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4 PARTITIONING NONZERO ELEMENTS OF H ∈ R0

In this section we give some results which will be used in the following to
describe some properties of the Boolean matrices associated to finite semihy-
pergroups in R0. For this purpose, we introduce the following notations:

If H ∈ R0, for all x ∈ H+ let

C(z) = {y ∈ H+ : |yz| = 1}
R(z) = {y ∈ H+ : |zy| = 1}.

Observe that x ∈ C(y) ⇐⇒ y ∈ R(x).

Proposition 4.1. Let H ∈ R0 and z ∈ H+. Then:

1. y ∈ C(z) ⇒ |yy| = 1;
2. |C(z)| ≤ 1;
3. C(z) = ∅ ⇒ R(z) = ∅.

Proof.

1. It follows at once from item c) of Theorem 3.3, by putting x = y.
2. Suppose that the set C(z) contains two distinct elements x, y. Hence

|xz| = |yz| = 1. From the preceding item 1) and item c) of Theorem 3.3,
we obtain |xx | = |xy| = |yx | = |yy| = 1. This fact contradicts item d)
of Theorem 3.3. We deduce |C(z)| ≤ 1.

3. Arguing by contradiction, from item 1) we have y ∈ R(z) ⇒ z ∈
C(y) ⇒ |zz| = 1 ⇒ z ∈ C(z). �

Item 2) of Proposition 4.1 leads us to organize nonzero elements in H ∈
R0 into two types as follows:

Definition 4.2. Let H ∈ R0. An element z ∈ H+ is said to be C0 if |C(z)| =
0 and C1 if |C(z)| = 1.

Now, if H ∈ R0, we introduce in H+ the following relation:

x ∼ y ⇐⇒ C(x) = C(y) �= ∅ or x = y. (4)

The relation ∼ is an equivalence relation on H+. In fact, it is obviously
reflexive and symmetric. The following argument proves transitivity: Let
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x ∼ y and y ∼ z. If x = y or y = z then we have trivially x ∼ z. Other-
wise, C(x) = C(y) �= ∅ and C(y) = C(z) �= ∅. Therefore, C(x) = C(z) �=
∅, whence x ∼ z.

Equivalence classes of ∼ form a partition of H+, whose properties are
analyzed in the following proposition.

Proposition 4.3. Let H ∈ R0, and let x̃ denote the ∼-class of x ∈ H+. We
have:

1. If |xy| = 1 then C(x) = C(y) = {x}, whence x ∼ y.
2. If x is a C0 element then x̃ = {x}.
3. If x is C1 then x̃ = R(y) where {y} = C(x).

Proof.
1. If |xy| = 1 then x ∈ C(y) and, by item 2 of Proposition 4.1, we have

C(y) = {x}. From item 1 of Proposition 4.1 we also get |xx | = 1,
whence x ∈ C(x). Consequently, C(x) = C(y) �= ∅ and x ∼ y.

2. If x is C0 then C(x) = ∅, whence x ∼ y iff x = y.
3. If C(x) = {y} and z ∼ x then C(z) = {y}, whence z ∈ R(y). �

Since every non-empty subset of H+ is a subsemihypergroup of the
nonzero part of H , the following proposition is an immediate consequence
of Corollary 2.11:

Proposition 4.4. If H ∈ R0 and A ⊆ H+ then A ∪ {0} is a subsemihyper-
group of H. In particular, x̃ ∪ {0} is a subsemihypergroup of H, for every
x ∈ H+.

5 THE BOOLEAN MATRIX OF A FINITE
R0-SEMIHYPERGROUP

In this section we denote by R0(n + 1) the class of semihypergroups in R0

of size n + 1, with n ≥ 2. For ease of notation, hereafter we suppose that all
semihypergroups in R0(n + 1) have the same support [n] = {0, 1, 2, . . . , n}.

Definition 5.1. Let H = ([n], ◦) be a hypergroupoid fulfilling conditions a)
and b) of Theorem 3.3 and let MH be the n × n Boolean matrix MH whose
(i, j)-entry is defined in the following way, for every i, j ∈ {1, . . . , n}:

[MH ]i j =
{

1 if i ◦ j = { j}
0 if i ◦ j = {0, j}. (5)

We say that MH is the Boolean matrix associated to H.
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By means of Definition 5.1, to any H ∈ R0(n + 1) we can associate a
Boolean matrix which provides an alternative description of it. We can pro-
ceed also in the opposite way, and define a semihypergroup starting from a
Boolean matrix; under appropriate conditions, that semihypergroup belongs
to R0(n + 1). Indeed, let M be a given n × n Boolean matrix. On the set [n]
we define the hyperproduct ◦ as follows:

i ◦ j =

⎧⎪⎨⎪⎩
{0} if i = 0 or j = 0

{ j} if i, j ∈ {1, . . . , n} and [M]i j = 1

{0, j} if i, j ∈ {1, . . . , n} and [M]i j = 0.

(6)

By construction, H = ([n], ◦) is a hypergroupoid which fulfills hypotheses
a) and b) of Theorem 3.3. Hence, we can restate that theorem as follows:

Theorem 5.2. Let M be an n × n Boolean matrix. The hypergroupoid H =
([n], ◦) defined by equation (6) is a semihypergroup in R0(n + 1) if and only
if M fulfills the following conditions, for every i, j, k ∈ {1, ..., n}:

1. [M]k j = 1 =⇒ [M]ik = [M]i j ;
2. If i �= j then there exist u, v ∈ {i, j} such that [M]uv = 0.

Remark 5.3. Two semihypergroups H = ([n], ◦) and H ′ = ([n], *) in
R0(n + 1) are isomorphic if and only if there exists a permutation τ of [n]
such that τ (i ◦ j) = τ (i)*τ ( j). In that case,

[MH ]i j = [MH ′]τ (i),τ ( j).

Consequently, if P denotes the n × n permutation matrix associated with τ ,

[P]i j =
{

1 if τ (i) = j

0 if τ (i) �= j,

then we have PT MH P = MH ′ .

If H ∈ R0(n + 1) then [MH ]i j = 1 if and only if j ∈ R(i) or, equivalently,
i = C( j). Actually, as a consequence of Proposition 4.1, we can observe in
MH the following properties:

1. if the i-th row of MH has at least one entry equal to 1 then [MH ]i i = 1;
2. in each column of MH there is at most one entry equal to 1;
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3. if the i-th column of MH has all entries equal to 0 then all entries of i-th
row are equal to 0.

As shown in the forthcoming Proposition 5.4, these properties can be used
to bring MH into a block diagonal form which reveals the inner structure
of H and, ultimately, allows us to enumerate the isomorphism classes in
R0(n + 1). In view of that result, we need to describe the structure of the
Boolean matrices associated to semihypergroups introduced in Proposition
4.4. Hence, let H ∈ R0(n + 1) and x ∈ H+. We have:

� If x is C0 then x̃ ∪ {0} is a subsemihypergroup of H whose hyperproduct
table is

0 x
0 0 0
x 0 0, x

Its associated Boolean matrix is
(
0
)
.

� If x is C1 with x̃ = {x1, . . . , xk} = R(x1) then x̃ ∪ {0} is a subsemihyper-
group of H whose hyperproduct table is

0 x1

0 0 0
x1 0 x1

when k = 1, and

0 x1 x2 . . . xk

0 0 0 0 . . . 0
x1 0 x1 x2 . . . xk

x2 0 0, x1 0, x2 . . . 0, xk
...

...
...

...
...

xm 0 0, x1 0, x2 . . . 0, xk

when k > 1. The corresponding Boolean matrices are as follows:

D1 = (
1
)

and Dk =

⎛⎜⎜⎜⎝
1 1 · · · 1
0 0 · · · 0
...

...
...

...
0 0 · · · 0

⎞⎟⎟⎟⎠ if k ≥ 2. (7)
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Proposition 5.4. Let H = ([n], ◦) be a hypergroupoid fulfilling conditions
a) and b) of Theorem 3.3 and let MH be its associated Boolean matrix. Then,
H ∈ R0(n + 1) if and only if there exists a permutation matrix P such that
PT MH P has the block diagonal form⎛⎜⎜⎜⎜⎝

B1 0 · · · 0

0 B2
. . .

...
...

. . .
. . . 0

0 · · · 0 Bm

⎞⎟⎟⎟⎟⎠ , (8)

where each diagonal block is either the 1 × 1 zero matrix or one of the matri-
ces in (7).

Proof. Let H ∈ R0(n + 1) and let {x1, x2, . . . , xm} be a transversal of ∼-
classes. Up to an isomorphism, we can suppose that elements belonging
to the same ∼-class are consecutive and, if xi is C1 then x̃i = R(xi ). Let
B1, . . . , Bm be the Boolean matrices associated to x̃i ∪ {0} for i = 1, . . . , m.
Hence, MH has the form (8). Indeed, owing to item 1 of Proposition 4.3, if
i, j ∈ {1, . . . , n} belong to different ∼-classes then [MH ]i j = 0.

To complete the proof, it is sufficient to assume that MH has the form
(8) and check the conditions in Theorem 5.2. In fact, it is not restrictive to
consider the case where P is the identity matrix, owing to Remark 5.3.

1. Let j, k ∈ {1, . . . , n} be such that [MH ]k j = 1. Hence, if i = k then
[MH ]ik = [MH ]i j = 1 since by construction [MH ]kk = 1. Otherwise we
have [MH ]ik = [MH ]i j = 0 since every column of MH contains at most
one nonzero entry.

2. By construction MH is upper triangular. Hence, for any two distinct inte-
gers i, j ∈ {1, . . . , n} the 2 × 2 submatrix obtained by the i-th and the
j-th rows and columns of MH has at least one zero entry. �

5.1 The directed graph of H ∈ R0(n + 1)
The Boolean matrix MH associated to any 0-semihypergroup H fulfilling
conditions a) and b) of Theorem 3.3 can be regarded as the adjacency matrix
of a digraph GH whose vertex set is {1, . . . , n}. Figure 1 visualizes the con-
tent of Theorem 3.3 in terms of properties of GH ; the two pictures represent
conditions c) and d) of that Theorem, respectively.

Moreover, if H ∈ R0(n + 1) then, owing to Proposition 5.4, it is immedi-
ate to recognize that GH is decomposed into k0 + k1 connected components,
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FIGURE 1
Graph-theoretic interpretation of conditions c) and d) in Theorem 3.3. Left: The solid edge
implies that the two dashed edges are both present or both absent in GH . Right: The complete
digraph with two nodes cannot occur as a subgraph in GH .
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FIGURE 2
Graph-theoretic interpretation of Proposition 5.4. If H ∈ R0(n + 1) then each connected com-
ponent of GH can assume one of the forms above. a) The element i is C0. b) The element i is
C1 and R(i) = {i}. c) The element i is C1 and R(i) = {i, . . . , i + j}.

where k0 is the number of C0 elements of H and k1 is the number of ∼-
classes in H made of C1 elements. Indeed, as illustrated in Figure 2, every
C0 element corresponds to an isolated vertex in GH ; and every C1 element
belongs to a connected component whose size equals that of its ∼-class.

6 A TRANSVERSAL OF ISOMORPHISM CLASSES OF
SEMIHYPERGROUPS IN R0(N + 1)

Hereafter we exhibit a transversal of isomorphism classes in R0(n + 1) and
compute their number. For this purpose we recall that, if m is a positive inte-
ger then a partition of m or m-partition is a non-increasing sequence of pos-
itive integers p1, p2, . . . , pr whose sum is m. Each pi is called a part of the
partition. It is conventional to write (p1, p2, . . . , pr ) to indicate a partition of
n with r parts, and to denote by p(m) the number of partitions of m; more-
over, p(0) = 1.

Let H ∈ R0(n + 1) and let H0 and H1 be the subsets of C0 and C1 ele-
ments in H , respectively. Clearly, we have

H0 ∩ H1 = ∅ and H = {0} ∪ H0 ∪ H1.

By Proposition 4.4, the sets K0 = H0 ∪ {0} and K1 = H1 ∪ {0} are subsemi-
hypergroups of H . Note that K0 and K1 may not be fully 0-simple since the
minimum size of a fully 0-simple semihypergroup is 3. In particular, we have
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a) If H0 = {1, 2, . . . , n} then H1 = ∅ and the hyperproduct table of H =
K0 is the following:

0 1 2 . . . n
0 0 0 0 . . . 0
1 0 0, 1 0, 2 . . . 0, n
2 0 0, 1 0, 2 . . . 0, n
...

...
...

...
...

...
n 0 0, 1 0, 2 . . . 0, n

The associated Boolean matrix is the n × n zero matrix 0n,n .
b) If H0 = ∅ then H = K1. By Proposition 5.4, there exists a n-partition

(p1, p2, . . . , pr ) such that, up to a permutational similarity, the Boolean
matrix MH is the block diagonal matrix

D(p1, p2, . . . , pr ) =

⎛⎜⎜⎜⎜⎝
Dp1 0 · · · 0

0 Dp2

. . .
...

...
. . .

. . . 0
0 · · · 0 Dpr

⎞⎟⎟⎟⎟⎠
where each block Dpi has the form (7) for i = 1, . . . , r . Observe that
there is no loss in generality if we suppose p1 ≥ p2 ≥ · · · ≥ pr .

c) When both H0 �= ∅ and H1 �= ∅ then, up to a permutation which brings
all C1 elements after all C0 elements, the Boolean matrix of H ∈ R0(n +
1) can be represented in a compact way by means of a block matrix,

MH =
(

M0 0
0 M1

)
,

where M0 and M1 are the Boolean matrices associated to K0 and K1,
respectively.

We arrive at the following claim:

Theorem 6.1. A transversal of the isomorphism classes in R0(n + 1) is the
family of semihypergroups H = ([n], ◦) defined by equation (6) from the fol-
lowing Boolean matrices:

a) 0n,n;
b) D(p1, p2, . . . , pr ), for any n-partition (p1, p2, . . . , pr );
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c)

(
0k,k 0
0 D(p1, p2, . . . , pr )

)
for any integer 0 < k < n and for any

(n − k)-partition (p1, p2, . . . , pr ).

Corollary 6.2. The number of isomorphism classes of semihypergroups in
R0(n + 1) is

φn+1 =
n∑

k=0

p(k),

where p(k) denote the number of non-increasing partitions of k.

Proof. By counting separately the number of Boolean matrices in the three
cases listed in Theorem 6.1, the number of isomorphism classes of semihy-
pergroups in R0(n + 1) is given by

φn+1 = 1 + p(n) +
n−1∑
k=1

p(k) =
n∑

k=0

p(k),

and we obtain the claim. �

The sequence φn+1 is indexed as A000070 in the On-Line Encyclopedia
of Integer Sequences [21]. The first two elements of that sequence, namely,
φ1 = 1 and φ2 = 2, may be informally associated to the trivial 0-simple semi-
hypergroups of order 1 and 2,

0
0 0

0 1
0 0 0
0 0 1

0 1
0 0 0
0 0 0, 1

.

Clearly, the same sequence enumerates isomomorphism classes of L0-semi-
hypergroups, discussed synthetically at the beginning of Section 3. Indeed,
it is rather immediate to observe that these two classes are disjoint, and the
transposition operator acts as an isomorphism between them.

7 CONCLUDING REMARKS

In this paper we introduced the class of semihypergroups H ∈ R0 defined by
the following axioms:
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1. All subsemihypergroups of H (H itself included) are 0-simple; in par-
ticular, they have a zero scalar element.

2. The relation β in H and the relations βK in all subsemihypergroups K ⊂
H of size ≥ 3 are not transitive.

3. {y} ⊆ xy ⊆ {0, y} for all x, y ∈ H − {0}.
In particular, we produced a transversal of isomorphism classes, in the finite
case, and gave an explicit formula to enumerate them.

These semihypergroups have been obtained by a variant of fully simple
semihypergroups [7, 9], consisting in a slightly different form of the first
axiom. Actually, the class R0 arises as a special subclass of the class F0 of
all 0-semihypergroups which are 0-simple and have a non-transitive relation
β together with all subsemihypergroups K ⊆ H with |K | ≥ 3. As such, the
present work is motivated by the extensive literature on fundamental relations
in algebraic hyperstructures.

In order to outline possible directions for further research, we stress the
fact that semihypergroups in R0 can be regarded as extending a right zero
semigroup by means of the introduction of a zero scalar element. That exten-
sion yields rather unexpected consequences on the behaviour of fundamen-
tal relations in the extended semihypergroups, while allowing a complete
description of their isomorphism classes. Hence, it seems promising to con-
sider extending in analogous ways other algebraic structures, such as groups
and more general simple semigroups.

Moreover, it could be also of interest to examine properties of semihyper-
groups arising as nonzero parts of more general semihypergroups in F0.
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