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Abstract

In this paper we study the problem of the global existence (in time) of weak, entropic solutions
to a system of three hyperbolic conservation laws, in one space dimension, for large initial data. The
system models the dynamics of phase transitions in an isothermal fluid; in Lagrangian coordinates, the
phase interfaces are represented as stationary contact discontinuities. We focus on the persistence of
solutions consisting in three bulk phases separated by two interfaces. Under some stability conditions
on the phase configuration and by a suitable front tracking algorithm we show that, if the BV-norm
of the initial data is less than an explicit (large) threshold, then the Cauchy problem has global
solutions.
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1 Introduction

This paper concludes a long analysis, begun in [1, 2], concerning the global existence in time of weak
entropy solutions for a system of conservation laws modeling phase transitions in a fluid. More precisely,
the focus of the analysis is on the persistence of solutions with stationary interfaces.

The system under consideration consists of three equations, namely,

Vg — Uy =0,
Uy +p(vv>\)z =0, (11)
At =0,

where the state variables (v, u, A) € Q :=]0, +00[XR X [0, 1] denote the specific volume, the velocity and
the mass-density fraction of the vapor in the fluid, respectively. System (1.1) is the conservative part of a
more complex model first introduced in [11], one of whose novelties lies in the pressure p, which depends
not only on v but also on A\. More precisely, the pressure is prescribed by the law

a®(A)

plo.3) = S, (12)

where the C! function a is assumed to be strictly positive in [0, 1]. For example, we can take p = (1+\)k/v
for some positive constant k.
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A related example of pressure law occurs in the theory of (non-isothermal) ionized gases. In that case,
we have p = (1 + a)RT/mv, where R, m and T are the universal gas constant, the molecular mass and
the temperature, respectively, while « is the ionization degree; if &« = 0 the gas is not ionized. In that
model, however, « is usually assigned as a given function of both p and T by Saha’s law [12] while, in
the case under consideration, the mass-density fraction A is understood as an independent variable.

System (1.1) is strictly hyperbolic in €; the eigenvalues +a/v are genuinely nonlinear while 0 is
linearly degenerate. As a consequence, the field associated to this latter eigenvalue supports contact
discontinuities, which are understood in the model as phase interfaces.

The Cauchy problem for (1.1) includes the initial data

(Vo (), uo(z), Xo(2)) vo(x) > v >0, x €R. (1.3)

The global existence (in time) of solutions to the initial-value problem for any strictly hyperbolic system
of conservation laws whose eigenvalues do not change type is well-known and can be proved either with the
Glimm scheme or with a front tracking algorithm, see [8, 7]. The case of large initial data is a challenging
problem and can be tackled only for special systems; then, the issue is to find classes of initial data with
(large) total variation for which global solutions to the Cauchy problem exist. This topic was studied in
[18] and [19] in the case of the isothermal, respectively isentropic, p-system, see also [9, 10]; these results
were extended in the seminal papers [16, 17] to the case of nonisentropic gas dynamics. We also refer to
[14] for the extension of Nishida’s result to the initial-value problem in Special Relativity.

As far as (1.1)-(1.3) is concerned, a positive answer was first given in [3] and then in [5]. In particular,
in the former paper an explicit threshold of the BV-norm of the initial data was provided in order to
have the global existence of solutions. Moreover, both papers require a sort of balance of the BV-norm
of the initial data: the larger the variation of (v,,u,), the smaller the variation of A\, and vice-versa. It
would be interesting to prove whether or not, for general BV-data, the solution exists globally in time.
Motivated by the techniques introduced in [3], we considered in [1] the special case of initial data (1.3)

where
_ e ifx <0,
AO(I)_{ A ifz >0,

which models the dynamics of a two-phases fluid. In order to deal with this particular framework, an
original Riemann solver was proposed by which we proved the global existence of solutions for a wide
class of large initial data. Such results improved by far those of [3] when adapted to that setting. We
briefly mention that the problem of smooth perturbations of Riemann-type solutions has been studied by
many authors, see for instance [15].

The next step regarded the case of initial data with two phase interfaces, namely,

Ar ifex<a,
Xo(x) =< Ay ifa<z<b, (1.4)
A ifax > b,

where Ag, A\pp, A are constant in [0,1] and a < 6 are the location of the waves; denote ay = a(A(),
am = a(Am), ar = a(\;). Clearly, this case is much more complicated than the previous one, because of
the possible bouncing back and forward of the waves in the middle region [a, 6]. In [2] we answered in the
positive to the above issue by assuming the condition a,, < min{ay, a,}; if v is fixed, then the pressure in
the middle region is lower than the pressure in the outside regions. We also recovered the results of [1] by
passing to the limit when either a,, — a; or a,, — a,. To give a physical flavor to the problem, assume
for a moment that the function a(\) is increasing with A, as is the interesting case in modeling. Then
the condition above also means that the mass-density fraction of vapor inside [a, 6] is less than outside:
for brevity, we address to this case as the drop case. We refer to [3, 1, 2] for more details on the model
and references.



In this paper, we deal with the two remaining cases, namely,
either  a,, > min{as,a,} or av<apm, < a,

since the case a; > a,, > a, can be deduced by the latter. Reminding of the previous physical inter-
pretation, we shall loosely address to these cases as the bubble case and the increasing-pressure case,
respectively. As in [2], we introduce two special Riemann solvers. Both of them replace the standard
non-physical waves [7] by waves defined through integral curves; this allows us to attach these waves to
the phase waves. Then, following again the lines of [2], we introduce an “asymmetrical” Glimm functional
F', in the sense that its interaction potential @ takes into account only certain shock waves approaching
the phase waves while, on the contrary, all rarefaction waves approaching the phase waves are included.
We point out that the definition of F' differs in each of the three cases mentioned above.

A key feature of both [2] and the current paper is the possible occurrence of a stability condition,
depending on the case under consideration, to control interactions in the middle zone. More precisely,
such a condition is needed both in the drop and in the increasing-pressure cases and imposes bounds to
the strengths of the phase waves. However, in the bubble case we require no stability condition and, as
a consequence, any phase wave is admitted.

The plan of the paper is the following. The main result is stated in Section 2. In Section 3 we introduce
the Riemann solvers, the composite waves and, at last, we define the functional F'; we also recall some
background facts from [3, 1, 2]. Sections 4 and 5 focus on the bubble and on the monotone-pressure cases,
respectively; in particular, we prove there that the functional F' decreases at every interaction. The last
Section 6 deals with the two cases at the same time; by showing the convergence of the front tracking
algorithm we conclude the proof of the main result.

2 Main Results

In this section we state the main results of this paper, which concerns the existence of solutions to the
Cauchy problem (1.1)-(1.3),(1.4). Under the notation defined in the Introduction, we set
Ay, — Qy Qp — Qm
= 2 —_—, g 2 —_— 21
=2 (=2 (2.1)

The quantities  and ¢ range over | — 2, 2[; they are the strengths of the two contact discontinuities (see
(3.4) below) that support the phase interfaces of the model, located at = a and & = b, respectively. We
denote by £, M, R the three regions separated by n and ¢ in the (z,t)-plane, see Figure 1.

As already mentioned in the Introduction, we focus on the bubble case, which corresponds to consider
n > 0 and ¢ < 0, and on the increasing-pressure case, which corresponds to both n > 0 and ¢ > 0.

Figure 1: The two phase waves with strengths 7 and ¢ in the (z, t)-plane
and the regions £, M, R.

In order to state the existence theorem, we introduce some threshold functions. First, as in [1, 2], we



define the strictly decreasing function

K(r) = —2 10g(1+i(1+m>>, r e RY, (2.2)

1+7r

which plays a key role in the main results; we notice that lim,_,o+ K(r) = 400 and lim, . £(r) = 0.
Moreover, as in [2], we need another function related to the stability of the two phase waves configuration,
which differs from that in [2]. In the bubble case it is

4 2 2
(ol 61 o= = max I 36 1635 (2.3

for (|n|, |¢]) € Dy :=[0,2[x[0,2[. As for the increasing-pressure case, the definition of the function H. as
well as that of its domain D, is more complicated though explicit; we refer to (5.23) and (5.22) below,
respectively, and to Figure 2 for a picture of D.. We can immediately observe that in the bubble case
the pair (||, |¢]) can vary inside the whole square [0,2[x [0, 2], while in the increasing-pressure case they
can cover only a portion of it.
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Figure 2: The domain D, in the (|n|, |¢|)-plane.

We denote p,(z) = p (vo(z), Ao(x)). The following theorem states the global in time existence of
solutions in the bubble and in the increasing-pressure case. Notice that the statement is the same in both
cases.

Theorem 2.1. Assume (1.2) and consider initial data (1.3),(1.4). Let D = Dy and H = Hy in the
bubble case, D = D. and H = H. in the increasing-pressure case. Moreover, assume that for n,( as in

(2.1), the pair (|n|,|C]) belongs to D. If

1

TV (1 min{ag, am, a,}
A% ( Og(po)) + min{ag,amvar}

TV (uo) < K (H(Jn].[¢])) (2.4)

holds, then the Cauchy problem (1.1)-(1.3),(1.4) has a weak entropic solution (v,u, ) defined for t €
[0,400). If n = ( =0 the same conclusion holds with K (H(|n|,[¢])) replaced by +oo in (2.4).
Moreover, the solution is valued in a compact set and (v(t,-),u(t,-)) € L>=([0,00[; BV(R)).

The sub-level sets S, = {(|n],|¢|) € D : H(|n],|¢]) < h}, h >0, of the function H play an important
role in condition (2.4), see for instance Figure 3 in the bubble case. Indeed, condition (2.4) holds for

every (|nl,[¢]) € Sy if ,

min{ag, @, a,}

TV (log(p,)) + TV (u,) < K(h),

since K is decreasing. When h = 2, we have K(2) = 2log(2 + v/3)/3 and the case is particularly
significative; let us consider, for example, the bubble framework. As in the drop case [2], the domain Sy



includes the segments [0,2[ on each axis, but the 2-level set of H;, is no more the graph of the function
C(Inl) = 2(2 = [nl)/(2 + [nl), see Figure 3.

Inl

Figure 3: Sets of level ¢ of the function Hy: cases ¢ = 1,2, 3; the thin
line is the curve ¢ = {(|n]).

3 Preliminaries and Functionals

In this section we collect some preliminary results from [3, 1, 2], focusing on the front tracking algorithm
used to construct the approximate solutions. Moreover, we introduce some functionals needed to estimate
the total variation of such solutions.

First, we recall some basic notions. System (1.1) is strictly hyperbolic with two genuinely nonlinear
characteristic fields (of family 1 and 3) and a linearly degenerate one of family 2. For ¢ = 1,3, the i-th
right Lax curves through the point U= (0, 4, ;\) € are

v (v, 4+ 2a(Nh(e), X)), v>0, (3.1)
( )

where €; denotes the strength of an i-wave,

1 v 1 0
g1 = §10g (ﬁ) , g3 = ilog <v> s (32)

and h is the function defined by
€ ife>0
h(e) = - 3.3
© sinhe ife<0. 3:3)

Rarefaction waves have positive strength, while shock waves have negative strength. The wave curve for
the second characteristic field through U € ) is given by

A (v . uA) Xe[0,1],
a?(\)

and the strength of a 2-wave is

(3.4)



We solve the Riemann problems by means of some Pre-Riemann solvers, which are introduced in the
following proposition. We use the symbols ‘L’ and ‘I’ to denote Lax and Integral curves, respectively.
For i = 1,3 and 0; € {L, I}, we define the functions

hoifg, =L,
0, = ' (3.5)
doif6=1.

Proposition 3.1 (Pre-Riemann solvers). Fiz 0; € {L,I}, for i

= There exists a map Ry, :
O x Q= Rx] —2,2[xR such that for any two states U_ = (v_,u_, A_

1,3.
), Up = (vy,uq, Ay) € Q we have
Ro,p,(U-,Uy) = (e1,6,¢e3), (3.6)

where €1, 0,3 represent waves of family 1,2, 3, respectively, satisfying the following relations:

1 —u_ —a_
€3 — &1 = 3 log (?) , a_01(e1) + a+O3(e3) = s 0=2 a+—4a

_ 3.7
=, a6

We denoted ax = a(A+), p+ = p(vL, Ay).

We refer to [2, Proposition 3.1] for a proof of the previous result. In a few words, Proposition 3.1
states the existence of four Pre-Riemann solvers Ry, Ry, Ry and Ry, that prescribe how to solve a
Riemann problem with i-waves taken along (Lax or integral) i-curves, for ¢ = 1,3. In particular, Ry, is
the solver of [3, 1] that employs Lax curves.

We use a front tracking algorithm [7] to build up the approximate solutions to (1.1)-(1.3),(1.4). The
first step in the construction consists in taking a sequence (v, u),ecn of piecewise-constant functions
with a finite number of jumps, that approximate the initial data (1.4) in the sense of [2, Section 4]. We
choose two parameters ¢ = 0, > 0, p = p, > 0 and proceed as follows. At time ¢ = 0 we apply the
solver Ry; at each jump of the approximated initial data; we split rarefactions into a finite number of
rarefaction shocks, each of size < o, whose speed equals the characteristic speed at the right state (see [2,
Section 4] for more details). Then, an approximate solution (v”,u”, A)(-, %) is defined until the first time
two wave fronts interact and a new Riemann problem arises. In the case of interaction between two fronts
of families 1 or 3, we again use Ry, and adopt the following strategy to approximate outgoing rarefaction
waves: they are prolonged as a single discontinuity if they already existed before the interaction, otherwise
they are split into a fan of waves as before. On the other hand, when solving an interaction of a wave of
family 1 or 3 with a 2-wave §, we possibly make use of a method that attaches certain reflected waves to

d; the outcome is a wave of the same family of the incoming one and a stationary composite wave, which
is defined below.

Definition 3.2 (Composite wave [2]). Consider two states U_ = (v_,u_,A_) and Uy = (v, us,\y)
of Q, with \_ # A . The composite wave 5o = (03,9,03) connecting U_ to Uy is the stationary wave
defined by 6o = Ry (U_,Uy). We write |5| = |64| + |63

Notice that in Definition 3.2 the waves 6%, 53 are given zero speed and Jy reduces to a 2-wave as long as
58 = 63 = 0. Hence, instead of dealing with 2-waves, we are left with composite waves belonging to a
fictitious O-family.

When a wave front of family 1 or 3 with strength §; interacts with a composite wave do = (J¢, 9, 53) at
t > 0, we exploit two different procedures to solve the emerging Riemann problem of states U_,U,. We
indicate by I;(¢)(U) the integral curves of family ¢ = 1,3, parametrized by ¢ and of origin U € Q; then,
we define U_ = I,(68)(U_) and Uy = Is(—83)(Us). Here follows a description of the Riemann solvers;
for a proof of the following facts see [2, Proposition 3.7].

1. Accurate Riemann solver. If |§;| > p, then the solution is formed by waves e1,e0,e3, where
(61,(5, 83) == RLL(U,, U+) and Eo = (50.
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Figure 4: A composite wave &g in the (z,¢)-plane: in (a) it is drawn
as three parallel close lines, while the auxiliary picture (b) is used to
determine the states in the interactions.

2. Simplified Riemann solver. If |0;| < p, then we distinguish case i =1 and i = 3:

i) for i = 1, the solution is formed by waves e,e0 such that (e1,8,e3) = Ry (U—,U,) and
€0 = (5375758 +€3);

ii) for ¢ = 3, the solution is formed by waves eg,e3 such that (e1,d,e3) = RIL(ﬁf,l}Jr) and
g0 = (68 +¢€1,6,83).

We emphasize that ©; = h in all cases and the following relations are verified:

6 ifi=1, 0,(6 ifi =1,
€3 —¢e1 = ! o a-01(e1) + a4 O3(e3) = a+61(01) .

(3.8)
53 ifi = 3, a,®3(63) ifi = 3,

sgn d - sgnd; ifi=1,
sgne; = sgn oy, sgne; = & & (3.9)
—sgnd -sgnd; ifi=3.

We recall the interaction estimates [2, Lemma 5.2 and 5.4]. For i = 1,3, we denote by &; the strength
of the transmitted wave and by ¢;, j = 1,3, j # 4, the strength of the reflected one (even in case of
interaction with a composite wave treated by the Simplified solver).

Lemma 3.3 (Interaction estimates). For the interaction between two waves at time t > 0 we have the
following; leti,j =1,3, j # 1.

1. Assume that an i-wave §; interacts with a composite wave &g = (3§,0,08). If |6;| > p, we have
1
‘Ei — (51| = |Ej| S §|(525| and |Eo — (5()| = 07 (310)
while, if |6;| < p, it holds

%|5i5| if 0; <0 and either (i=1,5>0) or (i=3, 5 <0),

lei—dil = leo—do| = [e;| < (3.11)
§|5i5| otherwise,
where -
C, = Cylp) = 2P (3.12)
p
2. If two waves o; and B; of different families interact with each other, then,
leal = laal, el = 1851 (3.13)



3. Assume that two waves «; and [B; of the same family interact. If both «; and B; are shocks, then
the reflected wave €; is a rarefaction, while the transmitted wave €; is a shock and satisfies

le;| > max{|al|, |B:|} - (3.14)

If a; and B; have different signs, e.g. a; < 0 < fB;, then the reflected wave is a shock, both the
amounts of shocks and rarefactions of the i-th family decrease across the interaction and one has

coshz —1

lej] < e(a) - min{|agl, |Bi]} c(z) = coshz+1°

(3.15)

About the term in C, in (3.12), we notice that C,(p) > 1 for any p > 0 and C,(p) — 17 for p — 0.

Now, we introduce some functionals needed to prove the boundedness of the total variation of the
approximate solutions. Using indices £, m,r to refer to waves in £, M, R, respectively, we define

Lé,m,r _ Z |51‘ +£ | Z |6l‘ s

i=1,3,5;>0 i=1,3,5; <0
5, €L, MR 5, €L,M,R
where £ > 1 is a parameter to be determined. We denote
L=L'4+L"+L", L°=|no|+ |G

and

- - - - 1
L=L'4+L"+L" = Z 0] + Z 6] + Z |0s] = §TV (logp(t7~)) = Inol = 1ol -
&

In the following sections we also introduce the interaction potential
Q=Q"+Q"+qQ" (3.16)

and specify Q%™7, that differ in the bubble case and in the increasing-pressure case. The resulting
functional
F=L+L"+Q (3.17)

is equivalent to the total variation of the approximate solutions and has an asymmetrical character in a
double sense: firstly, it depends on the phases and, secondly, shocks and rarefactions play a different role.
As for the latter, not only shocks are weighted by ¢ (a procedure of [4] also exploited in [1, 2]), but the
contributions of certain shock waves from @) are dropped. This is due to the fact that in the interaction of
some shocks with a O-wave we have that AL is already nonpositive; more precisely, from (3.8) it follows
that such unnecessary waves are either 3-shocks interacting with a 2-wave § > 0 or 1-shocks interacting
with a 2-wave § < 0. On the contrary, rarefaction waves are always counted in @ if they approach a
phase wave. As shown in Figure 5, the total variation of the solutions increases going towards the more
liquid regions.

In the potentials @“™" we insert some positive weights Kf;g“ that keep track of the regions of
provenience (£, M, R) of the approaching waves and of the 0-wave approached (79 or {p), see Figure 6.

In the next sections we show that the functional F' decreases across any interaction, under suitable
conditions on the parameters &, Kf;:?’r and p, which differ in the bubble case and in the increasing-
pressure case. In the proof we fix m, > 0 and assume that, for ¢ = 1,3, the size é; of any i-shock
satisfies

10;] < m, . (3.18)

Such parameter is necessary in our proof to relate the total variation of the initial data u,, p, to the sizes
of the phase waves.
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Figure 5: How the total variation varies for interactions with the phase
waves in the bubble case (a) and in the increasing-pressure case (b).
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Figure 6: The parameters Kf;’,?’r.

4 The bubble case

In this section, we prove the decreasing of the functional F' in (3.17) in the bubble case, where the
phase-dependent interaction potentials are defined by

Q" = (Kalnl + KEICl) D 18]+ €KE D Iosc],

53>0 53<0
s3€L s3€L
Q= rp (X ul+e X lowl) + KX toacl+€ X fact)
§1>0 §1<0 53>0 55<0
s1EM 51EeM 53EM s3EM
Q" = (Kylnl + KZICT) D2 16a] + €K > |oun.
51>0 51<0
51ER S1ER

As previously mentioned, the interaction potential @ in (3.16) lacks certain shock waves: precisely, 3-
shocks interacting with 7y and 1-shocks interacting with (g, see Figure 7. In the next two propositions
we list the conditions on the parameters &, Kf;”c”’r and p needed for the decrease of F.

R,S R,S
™~
/]j//R,/S/ R
\ \

o C\

0

Figure 7: The waves considered in @) for the bubble case.



Proposition 4.1. Assume that at time t > 0 a wave 9;, i = 1,3, interacts with one of the composite
waves 1o or (o. Then, AF(t) <0 provided that

€1

m m T 4 m T m 4
£E>1, K K> 1, TgKC,Kn, K" <Ky, K" < K¢, (4.1)
m 1] m m [¢ m
L+ K - KPS0, 1+ KPR - K <0, (4.2)
2 m em
Co(p) < 5ﬁmln{KC K} (4.3)
€1 G &3 €1 (o €3
L M R L M R
70 G 0 70 03 o
(a) (b)

Figure 8: Interactions of 1- and 3-waves with (y solved by means of the
Accurate solver. The fronts carrying the composite waves are repre-
sented by a single line.

Proof. Since the two cases give symmetric conditions, we only analyze interactions involving (p; see
Figure 8. By (3.8) and (3.9) we have

53—51:—51, ‘€1|—|51|:—|E3‘, ifizl,
€3 — €1 = 03, les| — 03] = [ea], if1=3.

If the interacting wave is a rarefaction, then by (3.10) we have

1 )
AL+ AL — Eles| + lea| = |o1] = (€ = D)fes| < 5TI514| if [01] > p,

lea| + le1| — |61] =0 if |61 < p,
and AQ = Kj'|e1n| — K7 [61m| — K7|61¢]. Therefore, since |e1] < [d1] by the interaction estimates,

AF < <K’77n - KZ) [Ovn] + F_Tl - Kd |01¢] if |01] > p,

(k5 = Ky ) 1610l = KZ161¢] if [01] < p,

which is nonpositive by (4.1)s 4. Instead, if the interacting wave is a shock, then in both the accurate and
simplified cases we have AL+ AL® = |e3| 4 &|e1| — €[01] = —(§ — 1) es| and AQ = E(K[[e1| — K7 |61])|n].
As a consequence, AF < —(§ — 1)[e3| + {(K" — KJ)|01n|, which is < 0 by (4.1)1 4.

If the interacting wave is a rarefaction, then by the interaction estimates (3.10) AL + AL®? =
les| + [e1] — |65] = 2|e1| < [03¢] and

K'ein| — K*'os¢] if 03] = p,
AQ =
—K'03¢] if [65] < p.

10



Then,

- {ng'_xg@}wgq if |6] > p,

[1- K] los¢] if 03] < p,

which is nonpositive by (4.1)2, (4.2);. On the other hand, if the interacting wave is a shock, then

Eler] + Eles| — €10s] = 2€en] < €[ds(] if |65] = p,
AL+ ALY =
Co .
1]+ €les| = €105] = (€ + Dler] < (€ + 1) =7 |5C] if |d3] < p,
and
& (Kilenl = K210sCl) if 166l = p.
AQ =
—EK 03] if [05] < p.
Therefore,
I L
AF < c
e+ G -exr i il <
which is nonpositive by (4.2)1, (4.3);. O

Proposition 4.2. Consider the interaction at time t > 0 of two waves of the same family 1 or 3 and
assume (3.18). Then, AF(t) <0 provided that

1 €1 €1

1<¢< . Kr<=S Km< - 4.4
(o) T TS “4)

Kllnl+ KZI¢|<€—1, K|+ K¢l <¢-1. (4.5)

Proof. First, we consider the interactions taking place in M, see Figure 9. For brevity, we only deal
with the case of interactions between two 3-waves a3 and (3 giving rise to €1 and e3 (the 1-waves case is
analogous).

€1 €3

no 3 Bs Co

Figure 9: Interactions of 3-waves in M.

If both a3 and 83 are shocks, then e is a rarefaction by Lemma 3.3 and, as in [1, Proposition 5.8], we
have
AL+ [er](€ — 1) =0, (4.6)

for any & > 1. Moreover, we have

AQ = Ky'lern| — €K er¢| S Kplewnl,  AF < [—(€ = 1)+ K3l e

11



and F is non-increasing by (4.4)1,3. On the other hand, when the two interacting waves are of different
type, for example a3 < 0 < f3, as in [1, Proposition 5.8], by (4.4); one can deduce that

AL+£(6—1)|ey| <0. (4.7)

If e3 is a rarefaction, then AQ = {K['[e1n| + K[ (les| — &las] — [B3]) [¢]; on the other hand, if e3 is a
shock, AQ = K |ein| + K" (¢les| — &las| — [Bs]) [¢|. Therefore, by Lemma 3.3 in both cases it holds
AQ < ¢K e, AF €[~ 1)+ Kl lea]

and F' decreases by (4.4)1 3. The analysis of the interactions between 1-waves requires symmetrically the
condition K" < (£ —1)/|(].

Next, we analyze the case of interactions taking place in R, the case of interactions in £ being
analogous. By (4.4); it is easy to verify that ' decreases when two 1-waves interact.

€1 €3

o o a3 B3

Figure 10: Interactions of 3-waves in R.

Now, we consider the interactions between 3-waves (see Figure 10). When the interacting waves as, 33
are both shocks we have (4.6), while in the other two cases estimate (4.7) still holds under condition
(4.4);. If a3, B3 < 0 we have

AQ = Kplewn| + Kller¢l,  AF = [~(€ = 1) + Kplnl + K{ICl] leal
while if, for example, a3 < 0 < 83 we have
AQ=Kytlewnl,  AF <¢[-(€—1)+ Kl ]

Consequently, F' is non-increasing by (4.5);. The condition Kf;|17| + Kf|§| < £ — 1 is required for the
interactions occurring in the region L. O

Now, we can determine the order of choice of the parameters. To simplify the analysis, we can let
K" = K} and K" = K, f , since the final result does not change otherwise. Once 7, have been fixed,
we choose in turn: m,, &, K" and K", K[ and Kf;; finally, we choose p (i.e. C,). First, notice that the
conditions in (4.2) identify the set in the (K", K ?)—plane represented in Figure 11. Hence, by (4.2) we

deduce
m m ¢ <] m 7] m m 7] | m S|
Kp 21+ K221+ 2 (14 K ) and K2 214+ K0l > 14 0 (14 K22,
that imply
1 2 1 2
K> 12 K> L2 (4.8)
1—[ncl/4 1—n¢l/4

In particular, by replacing the inequality sign by equality in (4.8) we get the coordinates of the intersection
point V' between the two lines of Figure 11. Notice also that (4.8) implies (4.1).

12



K

Figure 11: Graphical representation of conditions (4.2) for |n| = 1/2
and |¢| = 3/2.

Since we have chosen K" = K and K" = Kf, conditions (4.5) imply (4.4)23. By (4.1)5 and (4.5)4,
we get K[| + (§ — 1)[¢]/2 < € — 1, which is equivalent to

ul
K <€-1; 4.9
" 113 “9)
similarly, by (4.1)s and (4.5)2 we get
[q
m_ Bl e, (4.10)
¢ 1-Inl/2

By (4.8), (4.9) and (4.10) it follows that £ must satisfy the inequality
L+icl/2 gl T4ml/2 ¢ }

L= 1¢[/2 1= n¢l/4" 1= Inl/2 1= |nC|/4

This condition must match with (4.4);; then, recalling (2.3) we must require

1
c(my)

le—i-max{

L+ Ho(|nl,1¢]) <€ <

: (4.11)

which is a condition that relates m, to |n|,|¢|. When one of the phase waves tends to zero, Hy(|n], |C|)
tends to the other one and we completely recover the results of [1].

Summarizing, we choose the parameters as follows and keep strict inequalities for later need; let
(I}, ¢I) € Dy be given.

e First, we fix m, such that
1

c(mo)

and take & in the interior of the interval given by (4.11).

L+ Hy(|nl, I€]) < (4.12)

e In the (K", K ?)—plane we choose a point in the affine cone defined by (4.2) and sufficiently close
to V'; moreover, we require

| <]
Km M e 1 anda Km—SL e, 413
T2 STl (419
e We choose K = K", Kff = K" and, then, by (4.13) we choose K[ and Kﬁ such that
§-1 §-1 i §-1 ¢ §-1 I<]
> <K <>— K"~ and > <K< - K 4.14
P AT P TR A TR
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e Finally, we choose p such that (4.3) holds.
Now, we can prove the global in time decreasing of the functional F'.

Proposition 4.3. Let m, > 0 satisfy (4.12). Moreover, assume that &, Kﬁ:g” and p satisfy (4.11)—(4.14)
and (4.3). Then, the following two statements hold.

i) Local Decreasing. For any interaction at time t > 0 between two waves satisfying (3.18), it holds

AF(t) 0.

i1) Global Decreasing. If

L(0) < mye(my) (4.15)

and the approzimate solution is defined in [0,T], then F(0) < m,, AF(t) <0 for every t € (0,7
and (3.18) is satisfied.

Proof. The first statement has been proved above. As for the second assertion, let us denote by Lf}%n’r
and Lf’sm’r the partial sums in L“™" due to i-rarefaction waves (iR) and i-shock waves (i), respectively.
By (4.4)2,3 we have

F™(0) = L™ (0) + Q™ (0) < L™ (0) (1 -+ max{K}'nl, KZ'[¢|}) < €2L™(0).
Moreover, from (4.5) it follows
FH(0) < L{R(0) + Lis(0) + L5(0) (1+ Kilnl + KLCI) + Lis(0) (1+ K{I¢|) < €2L4(0),
F7(0) < Ly(0) + Ly5(0) + Li(0) (14 Kl + KZ1Cl) + Lis(0) (1+ K lnl) < €2L7(0).
Then,
F(0) = FY(0) + F™(0) + F"(0) < €2L(0).

For a fixed t < T, suppose by induction that F(7) < m, and AF(7) < 0 for every 0 < 7 < ¢, interaction
time. Then, the inequality AF(¢) < 0 implies that

F(t) < F(0) < €2L(0).
Hence, by (4.15) the size of a shock ¢; (i = 1, 3) at time ¢ satisfies

L(0) <m,

16:] < %F(t) < €L(0) <

c(my)

and (3.18) is verified. O

5 The increasing-pressure case

In this section, we prove the decreasing of the functional F in (3.17) in the increasing-pressure case. As
before, we first introduce the following interaction potentials

Q" = (Kplnl +Klcl) 3~ 18al,

53>0
S3€L
Qmem( PIERDY |51> KUY 16l
51>0 51<0 §3>0
S1EM S1EM S3EM
@ = (il + 5206l) (X tal+¢ 3 1)
§1>0 §1<0
§1ER §1ER

14



The interaction potential @ in (3.16) lacks the 3-shocks interacting with 7y and with (o, see Figure 12.
The next proposition, which is analogous to Proposition 4.1, gives a first list of conditions that guarantee

the decrease of F'.
R
—
P /
Mo C\

0

R,S

Figure 12: The waves considered in @) for the increasing-pressure case.

Proposition 5.1. Assume that at time t > 0 a wave §;, © = 1,3, interacts with one of the composite
waves 1y or Co. Then, AF(t) <0 provided that

-1
ex1,  Kpx1,  Kp<tl (5.1)
[l
§—1 m r m ‘C| r
(55— Kol + (k2 =KD <0, (=KDl + (K (1+5) K5 ) Il <0, (5.2)
S HERES - KPS0, 14 KPS - K <0, (5.3)

C(O T m CO r CO m
(€r G -ent)ive (Kp(1+ Qi) - 53 )l <0, ernG-ery <0 Ga)
Proof. Both in the case of interaction with ny and (o, by (3.8), (3.9) we have

53—612—(51, ‘€1|—|51|:|€3|, ifi:1,

63*51:53, ‘€3|*|53|:7|€1‘, ifi=3.
However, in this case we have to treat separately the interactions with the phase waves, since the inter-
action potential @) is not symmetric with respect to 7y and (y.

Interactions with 7. ‘ Assume i = 1. If §; is a rarefaction, then AL + AL® = 2|e3| < |§17] and

K'es¢| — Kp'[own| i |61] = p,

— K" [01| if [01] < p.
Hence,
IR s
AF <
{1 - Kﬂ 017 if |01] < p.

Then, AF <0 by (5.3)2 and (5.1)2. On the other hand, if §; is a shock then

. 2es| < &loun| if |61 > p,
AL+ AL° = c, |
(€+Dles| < €+ Dlown| if (5] <p



and AQ = —§K;"[61m]. Hence,

¢[1—s] 1oum) if 01] > p,
AF < C
e+ 05 —exy| sl 1o <

which is nonpositive by (5.1)2 and (5.4)s.
Now, let i = 3. If d3 is a rarefaction, then

1 .
€~ Dler) < =L ioanl i£ 165 > )

AL+ AL’ = 2

and AQ = K" |e3(| — Kf|6sm| — Kf|53§\. Then, since |e3| < |d3] we have

[(5—1 _
AF < 2
(K& — K§)|05¢| — KL |03m] if |03] < p,

KoY nl + (K2 = KOICI [ 1831 if 18] = p,

and F decreases by (5.2);. If d3 is a shock, then in any case we get AF = —(£ — 1)|e1]| < 0 by (5.1);.

’Interactions with (p. ‘ Assume i = 1. If §; is a rarefaction, then AL + AL® = 2|e3| < |§:¢| and AQ =
Kein| — K5 101m| — KE[61¢| in both the Accurate and the Simplified case. Hence, by (5.2)2 we have

AF <

g m |C‘ s
On the other hand, if d; is a shock, then

28 |es| < €]6:1¢] if [01] > p,
AL+ ALY = c
€+ Dles] < 2+ DIC] i |61 < p,

and AQ = EK7 |e1n| — EK7[81n| — EKT[6:¢]. Thus,

I3 [(1 - KO)I¢| + <K,T (1 + g) - K;;) |77|] 81| if |61] > p,

AF <

(€ + 0 - exe)1a1+e (ay (1+ Fiel) - 5 n|] Bl i) < p

which is nonpositive by (5.2)2 and (5.4);.
Assume ¢ = 3. If J3 is a rarefaction, then

£-1
-1 <
Ap o ago_ dE DI

0 if |53| < j2

|63¢| if [d5] > p,

and
EKG ein| — K['65C| if |d5] > p,
AQ =
— K763 if [6] < p.
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Hence,

AF < T*'Knﬁ?—f(g |65¢| if [d3] > p,

—K[05¢] if 5] < p,

which is nonpositive by (5.3);. If, instead, d3 is a shock, then AL + AL? = —(¢ — 1)]e;| and

KJem| if [03] > p,

AQ =
0 if |(53‘ <p.
Then,
—(§ = Dle| + KJ'ewn| if 03] > p,
AF <
(&= 1le] if |d3] < p,
which is nonpositive by (5.1)1 3. O

As for an interaction between two waves of the same family, Proposition 4.2 still holds with the current
functional F. Therefore, the conditions required on the various parameters are (4.4), (4.5). We omit the
proof, since it can be carried out as above.

Here, we make some comments on the conditions (5.1)—(5.4) and (4.4), (4.5); finally, we establish the
order in which we can choose the parameters.
First, notice that (5.1)9 is implied by (5.3)2. Secondly, we can rewrite (5.2) as
§— <l

1
Sl K2 < Kl + Kl K (1S

. Jnl+ ¢l < Kylnl + KLl (55)

Putting together (5.5)2 with (4.5)2 and (5.5); with (4.5)1, we have

m C T T
(14 S i+ 16 < sl + Kz <€ 1, (5.
571 m
2ol + KIS < Ko lnl + KE¢l <€ -1, (5.7)

2
then (4.4)2 3 are implied by (5.2) and (4.5). Moreover, by (5.3) we have

Ky 214+ KDL KP 2 o=+ 6K, (5.8)

that give the following lower bounds on K" and K™

T+E-DEI/A s €=+l

K™ > , > . 5.9
T man K e )
Remark that (5.8) represents an affine cone in the (K", K")-plane under the condition
4
§< —- 5.10
c] 10

The vertex is the point whose coordinates are given by (5.9). Hence, K;" and K[ must be chosen in

the non-empty intervals identified by (5.6), (5.9)1 and (5.7), (5.9)2, respectively. This means that (5.7),
(5.9)2 give the condition

£-1 € —1)+¢lnl

0l + 4

2 2(1 — &[n¢l/4)

([ <€-1, (5.11)
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while (5.6), (5.9); give the condition

L€ -/, L
a0t

We introduce the notation || = z,|¢| = y and £ — 1 = z. Then, by (5.10) we rewrite (5.11) and (5.12)
as, respectively,

Jnl+1¢l < €~ 1. (5.12)

%(2—95)22—1— [y(x—i—l)—(2—x)(1—%)}z+xy§0, (5.13)
%zg—i-[%(4—3;)—1}24—(l—l—%)m—i—y(l—%) <0. (5.14)

We also denote a(z,y) = zy(2—x)/4, b(z,y) = y(z+1) - (2—z) (1 — zy/4), c(z,y) = 2y, d(z,y) = zy/4,
e(x,y) = zy(4 —y)/8 — 1 and f(z,y) = (1+y/2)z +y (1 — xy/4) so that (5.13) and (5.14) become,
respectively,

a(z, y)22 +b(z,y)z + c(z,y)

<o, (5.15)
d(z,y)2* + e(z,y)z + f(z,y) <0.

(5.16)
Notice that the coefficients a, ¢, d, f are positive, e is negative and b may change sign. In order that each

equations associated to (5.15) and (5.16) have distinct solutions, the discriminants b* — 4ac and e? — 4df
must be strictly positive. If b < 0, such solutions are positive. Thus, about (5.13) we require

y(m+1)—(2—w)(1—%)+xy\/m<0, (5.17)
while about (5.14) we impose
%(4721)71]27xy[(1+%)x+y(17%)} >0. (5.18)

By a numerical comparison, we see that the set defined by (5.17) is included in that defined by (5.18).
Under (5.17) and (5.18), we denote by

2—2)(1—ay/4) —yle+1) £ VIyz +1) — 2 —2)(1 —ay/4)]? — 2?22 — 2)

— 5.19
Zl,Q(xa y) ny(2 _ Z‘)/2 ( )
the two positive solutions of the equation associated to (5.15) and by
1—zy(d—y)/8 £ ][ry(4d —y)/8 — 12 — 2y[(1 + y/2)x + y(1 — xy/4
2aa(t,y) = y(4—)/8 % VIwy(1 —y)/8 — 1> — ay[(1 + y/2)x + y(1 — xy/4)] (5.20)
xy/2
the solutions of the equation associated to (5.16). Hence, by (5.10), (5.13) and (5.14) we get
. 4
1+ max {z(z,y), z3(z,y)} <& <1+min {zz(m,y),z4(x,y), o 1} . (5.21)
Therefore, we can define the domain D, represented in Figure 2 as
De = {(In],1¢]) = (z,) : (5.21) holds} (5.22)
and the function
He(|nl, 1€1) = max {z1(Inl, [€]), zs(Inl, [<D} - (5.23)
By (4.4); we find the condition that relates m, to ||, ||, i.e.
L+ He(Inl, I€]) < (5.24)

c(mo)
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As a final remark, we notice that (5.4); is equivalent to

1 c,
<£;ECb—K?>K%+<K?(1+iﬂd)—ﬂ$>m<0. (5.25)

Then, by taking p sufficiently small (since C,(p) — 1 if p — 07) and £ > 1, (5.25) is implied by (5.2)s.

For the choice of the parameters we proceed as follows.

o We fix |n|, || such that

1+ max {z1(|n], [¢]), zs(|n], [¢)) } <1+ min {z2(|n|7 <D za(lnl I<1), % - 1} : (5.26)

Then, we fix m, such that (5.24) hold and, in turn, we choose ¢ satisfying both (5.21) and

L+Hc(Inl, [¢]) <€ < (5.27)

1
c(my)’
so that (4.4); holds.

e We choose K", K" such that (5.3) holds; in particular, we take (K", K[") sufficiently close to the
vertex of the cone and satisfying (5.6)—(5.9), i.e. such that

L+ (E—-1)[C]/4 m o §—=1—]C| (£ —1)+&n) m_E=1—=(E=1)n|/2
e oyl LY Ve e K .
T/ SN STUA2m 20 —ema S §
(5.28)
Then, we choose K, = K{, K] = K[ such that
Il +[¢| ST T g+ ¢l Il +[¢| ST I+ ¢
(5.29)

Thus, (4.5) and (5.2) hold; hence, also (4.4)2 3 are verified.
e Finally, we choose p such that C,(p) verifies (5.4).

In the next proposition, we claim the global in time decreasing of the functional F'. The proof is
omitted since it is analogous to that of Proposition 4.3.

Proposition 5.2. Let m, > 0 satisfy (5.24). Moreover, assume that £, Kf;”zn’T and p satisfy (5.21)—(5.29)
and (5.4). Then, the following two statements hold.

e Local Decreasing. For any interaction at time t > 0 between two waves satisfying (3.18), it holds

AF(t) <0.

e Global Decreasing. If

L(0) < moc(m,) (5.30)

and the approximate solution is defined in [0,T], then F(0) < m,, AF(t) <0 for every t € (0,T]
and (3.18) is satisfied.
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6 End of the Proof of Theorem 2.1

In this last section, we conclude the proof of Theorem 2.1 and add some final comments. The proof fits
in the general framework detailed in [2]; hence, we only outline the most important changes.

First, as in [2, Section 6] the front tracking algorithm used to construct the approximate solutions is
well-defined and converges. Moreover, it is consistent in the sense that the total size of the non-physical
waves carried by the composite waves vanishes with v. In brief, to estimate this quantity we use the
notion of generation order, i.e. we attach an index k > 1 to each wave generated in the construction.
Then, according to each k, we introduce suitable functionals Ly, Q, F} simply by referring the functionals
L,Q, F to waves with order k. In particular, following the same steps as in [1, 2], in both cases we can
prove that

Fi(t) = Y F(t) < p* ' F(0), (6.1)
Jj>k

where p €]0,1] is either pp or p.. More precisely, in the bubble case we find

ub:max{”KF'C', LRl & € 1HKpl 1K
2K — 17 2K =1 7 14+ 2K) " 1+ 2K ¢ 3
L+ KLyl + KECL 1+ Kol + KEIC) c, c, _
3 ’ £ TEQK —Cy) T 2K —Co)}’

while in the increasing-pressure case we have
= [ L EEL S+ KRl L+ Kl 1+ Kl 16 1+ K (nl + )
fe QK;”—I’ 142K ’ £ ’ ¢ ) 3 )
§nl/2 I¢|/2
(Kj = 1/2)nl + (K¢ = K)Ic] ™ (Kg = 1/2)[c]+ (K5 = Ky (1+ [cl/2)]In]

Co|<‘/2 Co
E(KL = Co/2)IC| + E[K) — K (1 + Col¢l/2)]Inl” ERK —Co) [

In both cases, simple calculations show that p < 1 because of our choice of keeping strict inequalities in
the final parts of Sections 4 and 5. We exploit formula (6.1) to show that the total size of the composite
waves tends to zero, as follows. We have

[total size of composite waves] <

IN

[size of composite waves of order > k] + [size of composite waves of order < k]

N

pE=t R (0) + g Co(p)(In| + |¢|) [mumber of fronts of order < k|

IN

pEtomg + gCo(p)(|77| +|¢]) [number of fronts of order < k] . (6.2)

Then, (6.2) is less than 1/v if we choose k sufficiently large to have the first term less than 1/(2v) and
p = pv(m,) small enough to have the second term less than 1/(2v).

End of the proof of Theorem 2.1. As in the proof of [2, Theorem 2.1], in the bubble case (increasing-
pressure case) by (2.4) and (4.15) ((5.30), respectively) we prove that

1
2min{as, am, ar}

L(0) < %TV (log(po)) + TV (u,) - (6.3)

Now, by (4.12) ((5.24), respectively) and (6.3) we look for an m, satisfying both inequalities below:

M) < oo =1 = oy = wm). (64)
TV (log(po)) + ! TV (uo) < 2meoc(me) =: z(m,) . (6.5)

min{aé ; Am,, Gy }
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Recall from [2] that w(r) is strictly decreasing and z(r) is strictly increasing, for » € R*. Moreover, we
have K(r) = z (w™*(r)), see (2.2). Hence, by (2.4) one can choose m, such that (6.4), (6.5) hold in both
the cases. Therefore, we can conclude as in [7] and Theorem 2.1 is completely proved. O

As in [2], we want to compare the results obtained here in the bubble casewith that of [3]. More
precisely, we set = ||, y = |(| and we claim that

Hp(z,y) <z +y for0<z+y<1/2. (6.6)

Since Hp is a symmetric function of x and y, it suffices to verify that in the common domain it holds

_ @ty
(2—2)4—zy)

By simplifying expression (6.7), we find that it is equivalent to

<z+y. (6.7)

22y + xy? — 2oy + 2% + 42+ 8y) +8 >0,

which will be satisfied if 2y + y? + 22 + 4y < 4. Since x < 1/2 — y, this last inequality is verified if

1 1
<2—y>y+y2+2<2—y>+4y<4,

that is when y < 6/5. Therefore, (6.6) holds and, since K is decreasing, we have

K (Hs(|nl. 1)) > K (Inl +[¢])

in the common domain |n|+ |¢| < 1/2. Hence, Theorem 2.1 improves [3, Theorem 2.2] in the bubble case.
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