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ABSTRACT. The aim of the paper is to provide conditions ensuring the ex-
istence of non-trivial non-negative periodic solutions to a system of doubly
degenerate parabolic equations containing delayed nonlocal terms and satis-
fying Dirichlet boundary conditions. The employed approach is based on the
theory of the Leray-Schauder topological degree theory, thus a crucial purpose
of the paper is to obtain a priori bounds in a convenient functional space,
here L2(Qr), on the solutions of certain homotopies. This is achieved under
different assumptions on the sign of the kernels of the nonlocal terms. The
considered system is a possible model of the interactions between two biologi-
cal species sharing the same territory where such interactions are modeled by
the kernels of the nonlocal terms. To this regard the obtained results can be
viewed as coexistence results of the two biological populations under different
intra and inter specific interferences on their natural growth rates.

1. Introduction. In this paper we consider a system of doubly degenerate para-
bolic equations with delayed nonlocal terms and Dirichlet boundary conditions of
the form

P [u] = {a—/QKl(E,t)uz(if,t—T1)d€+/QKz(ﬁvt)UQ(&t—Tz)df] u inQr,

w(z,t) =v(x,t) =0, for (z,t) € 9Q x (0,T),
u(+,0) = u(-,T) and v(-,0) = v(-, T),

] = [b+ / K6, 0u2(€, 1 — m3)dé — / Ki(E (6t - T4)d§] v inQr
v
u

(1)
and we look for continuous weak solutions. Here £™P[u] := u; — div(|Vu™|P~2Vu™)
(¢™4]v] is similarly defined), 2 is an open bounded domain of RY with smooth
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boundary 99, Qr = Q x (0,7),T > 0, 7, € (0,4+00), m,n > 1, s™ = |s|""Ls,
p,q>2,and K;,a,b € L>®(Qr),i = 1,2,3,4, are extended to QxR by T-periodicity.
Let Afu] := div(|Vu™[P=2Vu™) and observe that
1. if m = 1 then Afu] = div(|Vu|P~2Vu),
2. if m > 1 and, if we set [ := (m — 1)(p — 1), the operator Afu] becomes
mP~1 div(Jul|Vu[P=2Vu), which is the operator considered by Ivanov in [10]
and in [11].

Following [10] and [11] we say that each of the equations of 1 is of

. . . 1
1. slow diffusion type if m > o1

1
p—1’

. . . 1
3. fast diffusion type if m < 1

2. normal diffusion type if m =

Since we assume p > 2 and m > 1, only the slow diffusion occurs here. As pointed
out in [22] for a single equation, with m = 1 and p > 2, the slow diffusion in the
biological models is more realistic, since the speed of propagation of perturbations in
the degenerate case is finite while in the non-degenerate case is infinite. Specifically,
[22] deals with a periodic optimal control problem governed by a parabolic Volterra-
Lotka type equation, where the Laplacian is replaced by the p-Laplacian with p > 2.
Furthermore, in the case when m = 1, several authors, see [1] and [18], studied the
existence of positive steady state solutions u(x), x € Q@ c R¥N, N > 3, for an
equation involving the p-Laplacian and governing the population density of one
biological species whose reproduction follows the logistic growth in presence of an
harvesting term (see [6] for a system of two evolution equations). Parabolic systems
with the p-Laplacian, p > 1, have been extensively studied in [4].

For problem 1 when n = m > 1 and p = ¢ = 2 the authors in [5] proved
the existence of non-negative periodic solutions (u,v), with w # 0 and v # 0,
representing the population densities of two interacting biological species sharing
the same territory @ C RY. This coexistence problem was studied under different
conditions on the sign of the functions K;, i = 1,2,3,4, which model the different
kinds of interaction between the species, in particular if the species are cooperative,
ie. Ky, K3 > 0, or competitive, i.e. Ko, K3 <0. In [5] the system is formed by two
equations of the porous media type and some relevant results of the related theory,
see [21], were employed. In the case of a single equation, with m > 1 and p = 2,
Huang, Wang and Ke in [9] provided conditions to ensure the existence of non-
trivial non-negative periodic solutions when the right hand side contains a coercive
nonlocal term of general type. The same problem has been solved in [26] when m = 1
and p > 2. Wang and Gao in [23] extended these existence results to the case of
a doubly degenerate equation, namely when m > 1 and p > 2. In turn, all these
results extend those of Allegretto and Nistri obtained in [2] for m = 1 and p = 2.
Many other papers deal with the problem of the existence of periodic solutions for
degenerate parabolic equations, we cite here among others, [15], [16], [24] and [25].
In all the above cited papers the approach is based on the same topological tools
employed to solve 1. Finally, we mention a very recent paper [14] which deals with
a biological aggregation model of some biological species such as insect swarms and
bacterial colonies. The model is represented by an evolution equation in R with
nonlinear diffusion, which takes into account both of the tendency of the species to
aggregate, when the gradient of the density of population increases, and of the anti-
crowding effect when the density increases. Due to this second effect the resulting
equation is of the porous medium type; while, following the existing literature on the
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subject, the aggregation effect is modeled by means of a nonlocal term depending
on the density through a suitable kernel. The paper shows that, for compactly
supported non-negative smooth initial data, the gradient of the density blows up in
finite time.

In this paper we deal with the general problem 1 which is a possible model of the
interactions of two biological species, with density u and v respectively, disliking
crowding, i.e. m,n > 1, see [7], [8] and [17], and whose diffusion involves as in
[1], [18] and [22] the p-Laplacian, in our case p,q > 2. As pointed out before, this
situation corresponds to the slow diffusion, see e.g. [10] and [11]. In 1 @ and b are the
natural growth rates of the populations. The nonlocal terms [, K;(&, t)u? (&, t—7;)d¢
and [, K;(&,t)v?(&,t—7;)d¢ evaluate a weighted fraction of individuals that actually
interact at time ¢t > 0. The functions K;, K4 are supposed to be non-negative and
they measure the competition for food among each species. While K5, K3 model
the influence of a population on the other one. The delayed densities u,v at time
t — 7;, that appear in the nonlocal terms, take into account the time needed to an
individual to become adult, and, thus to interact and to compete. Therefore, the
term on the right hand side of each equation in 1 denotes the actual increasing rate
of the population at (z,t) € Qr.

Due to the double degeneracy of the equations of the system 1 we follow the
standard technique of the parabolic regularization to obtain a family of regularized
non-degenerate systems. These systems will depend on two parameters €, > 0
(see 2 in the sequel), and by the Leray-Schauder topological degree theory we will
establish the existence of a family of non-negative, periodic solutions (tey, ven) With
non-trivial components. Our approach, based on the topological degree, requires
a priori bounds in some functional space, in our case L*(Qr), on all the possible
solutions of a suitable defined homotopy joining the original problem with a simpler
problem for which the topological degree is different from zero in an open set defined
by means of the a priori bounds and not containing zero. To this goal is devoted
the first part of Section 2, which ends with the main existence result of the paper:
Theorem 2.4. Precisely, by means of a condition involving the a priori bounds and
the first eigenvalue of the Laplacian with Dirichlet boundary conditions, we prove
that the solution (e, vey) of the regularized system converges as €, — 0 to a non-
negative periodic solution pair (u,v) of 1 such that u # 0 and v # 0. In other words,
Theorem 2.4 provides a general coexistence result for the two biological species
whose dynamics is modeled by 1. As pointed out before, the crucial assumption for
all the results of Section 2 are represented by the a priori bounds in L?(Qr) on the
solutions of the considered homotopies, Lemma 2.3 provides a condition ensuring
that such a priori bounds are indeed in L*(Qr). In Section 3, under different
assumptions on the sign of the functions K;, i = 1,2, 3,4, we present several results
establishing the sought-after a priori bounds for the coexistence result. Specifically,
assuming that K;(z,t) >k, > 0,4 = 1,4, for a.a. (x,t) € Qr: the so-called coercive
case, Theorem 3.1 provides a precise evaluation of the constants of the a priori
bounds in L*(Qr) for (uey, ven) whatever the sign of K;, i = 2,3, in Q7. In the non-
coercive case, namely in the case when we allow the functions K;, i = 1,4, to vanish
on a subset of Qr of positive measure, under the assumption that K; < 0 (weak
competitive case), or K; < —k; < 0 (strong competitive case), i = 2,3, Theorems 3.2
and 3.3 respectively guarantee the needed a priori bounds for Theorem 2.4. Finally,
in Theorem 3.4, under more restrictive assumptions on m,n,p and ¢, also in the
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non-coercive case we obtain a priori bounds for Theorem 2.4 independently on the
sign of the functions K;, i = 2, 3.

We point out that the results in this paper concern only the strict doubly degen-
erate case: m,n > 1 and p,q > 2, this is due to the arguments employed to show
that we obtain neither trivial nor semi-trivial periodic solutions. In fact, the con-
stants that bounds from below the norms of our solutions (i.e. ro of Proposition 2.2
and A, in 25) are not well defined in the limit cases, that is when any of the two
equations of 1 fails to be doubly degenerate (i.e. when either one of m,n is 1 or
one of p,q is 2). However, one can handle all the possible limit cases by examining
which kind of degeneracy (if any) appears in each equation of 1 and by employing
the corresponding estimation strategy as it is exploited in [2, 5, 9, 23, 26] or in the
present paper. Therefore in what follows, unless otherwise stated, we assume that
m,n > 1 and p,q > 2.

2. The regularized problem. Throughout the paper we assume that a,b, K; €
L>(Qr),i=1,2,3,4, in 1. We now recall the definition of a weak solution to 1.

Definition 2.1. A pair of functions (u,v) is said to be a weak solution of 1 if
u,v € C(Qr), u™ € LP(O T; Wol’p(Q)), o™ e L1(0,T; Wol’q(Q)) and (u,v) satisfies

// { 22y |Vu™[P2Vu" Vi — augp
T

+u<p/Q[K1 (&, U6t —T1) — Ko (&, t)v* (&, — Tg)ug} dxdt

0
:// {—vaf + | Vo™ |72V Vi — bug

—i—vcp/g[—K;;(ﬁ,t)uQ(é,t —73) + K4 (&, )0 (&t — 74)]d§} dzxdt,

and

for any ¢ € CHQr),p(x,T) = p(x,0) for any x € Q, and p(z,t) = 0 for any
(x,t) € 9Q x [0,T7.

Here and in the following we assume that the functions ¢ — (-, ¢) and t — v(-, )
are extended from [0, 7] to R by T-periodicity so that (u,v) is a solution for all ¢.
Moreover, since u™ = |u|[™ 1u,m > 1, its derivative is m|u[™ "1 and is positive for
u # 0, namely v is invertible on R. In what follows we omit the absolute value in
the derivative.

Due to the double degeneracy of the equation we consider, as in [23], the following
regularized (non-degenerate) problem:

Celu] = [a—/K1(€7t)u2(€,t—ﬁ)d§+/K2(§,t)v2(£,t—72)d£} u in Qr

L] = [b+/K35t 2(&t — 73)dE — /K4§t (§t—T4)d§} in Qp

u(-, t)]oa =v(-,t)|oq =0, fora.a. te (0,T),
u(-,0) = u(-,T) and v(-,0) = v(-,T),

(2)
where €7 [u] := u; — div{[|(omu™ " + €)Vu|* + n= * (omu™t + e)Vu} (€1 [v]

is similarly defined) with e, € (0,1/2) and o € [0,1]. A solution (u,v) of 1 will
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be then obtained as the limit, for €,n — 0, of the solutions (uey, ven) of 2, which
will be functions in LP(0,T; Wol’p(ﬂ)) N C(Qr) and L%(0,T; Wol’q(Q)) N C(Qr),
respectively, satisfying 2 in the usual weak sense.

To deal with the existence of weak T-periodic solutions (ue,ve,) of system 2,
with ey, vep, > 0 in Qr, we introduce, for any e¢,n € (0,1/2), the map G, :
[0,1] x L™ (Q7) x L>®(Qr) — L™ (Qr) x L>®(Qr) as follows:

(‘77 fs g) = (usna Uen) = Gen(aa fs g)
if and only if (uey, ven) solves the following uncoupled problem

E’ZL’I’]{)D' [u] = f7 in QT7
KZ""‘]Z’O' [U] = g7 il'l QT7 (3)
U(',t)‘ag = ’U(',IJ))‘QQ =0, for a.a. t € (OvT)7

u(+,0) =u(-,T) and v(-,0) = v(:,T).

The map G, is well defined since the elliptic part of the parabolic operators £{";F,

and £¢37 , with Dirichlet boundary condition are m-accretive in LY(Q) for any o €
[0,1] and €, > 0 sufficiently small. In fact, they satisfy the structure conditions of
[3] and so [3, Proposition 2.4] applies. Finally, [20, Proposition IV.4.1] ensures that

the solution (u,v) of 3 is unique. Consider now

fla, B) = (a— Ki(§,) a®(& —m)dE + QKz(fw)ﬁZ(ﬁ,-—Tz)%)a

Q
and

gl ) = (b+ [ Kol a2 = mde - [ me) e T4)d§> 8,

where o and 8 belong to L>°(Qr). Clearly, if the non-negative functions e, ve, €
L>*(Qr) are such that (U, Ven) = Gep (17 J(Uens Ven), 9(Uen, vﬂ,)), then (tey, vey) is
also a solution of 2 (with u¢, > 0 and v, > 0) in @Qr. Hence, the existence of a
non-negative solution of 2 is equivalent to the existence of a fixed point («, 8) of
the map (o, 8) — Gén(l,f(a,ﬂ),g(a,ﬁ)) with & > 0 and g > 0.

Let T, (0, B) := Gey (0, f(e, B), 9(ar, B)). Analogously to [5], by using classical
regularity results of [13], one can prove the next result for the regularized problem
3.

Lemma 2.2. Let (o, ) € L™®(Qr) x L™(Qr) and let e,n € (0,1/2). Then
(Uens Ven) = Ten(o, . B) is a compact continuous map from [0,1] x L>=(Qr) X
L>®(Qr) = L>=(Q1) x L>®(Qr). Moreover Uy, ve, € C(Qr).

Our aim is to prove the existence of T-periodic solutions ey, ve, € C (Qrp), Uens
Vep > 0in Qr, of the regularized problem 2 for all € > 0 and 7 > 0 small enough as
positive fixed points of the map (o, 8) — Te,(1, @0, B). As a first step we prove the
following result.

Proposition 2.1. Assume that a,b, K; € L®(Qr) for i = 1,2,3,4. If the non-
trivial pair (Uey, Vep) solves

(U,U) = Gen (07 pf(u+,v+) + (1 - J)vpg(u+a U+) + (1 - U))7 (4)
for some o € [0,1] and p € [0, 1], then
Uen(x,t) > 0 and vey(x,t) >0 for any (x,t) € Q.

Moreover, if uey 7 0 or Ve 7# 0 then uey > 0 or vey, > 0 in Qr, respectively.
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Proof. Assume that (ue,, vey) solves 4 with ue, # 0 for some o € [0, 1] and p € [0, 1].
We first prove that ue, > 0. Multiplying the first equation of 3, where f(a, ) is
replaced by pf(ul,vd) + (1 — o), by ug, := min{0, ue,}, integrating on Q7 and
passing to the limit in the Steklov averages (uep)n € HY(Qr_5), 6,h > 0, in the

standard way [13, p. 85], we obtain

] 19t + w40 T outy + )V, = [[ (1=

by the T-periodicity of uc, and taking into account that u;‘% ug, = 0. Hence we
obtain
// [IV(oud, +€u617)| + 1] =N (O'mu )|Vu ? <o,
T
that is

4om " p=2 -\t
// [V (oufl + euey)|* + 17 [V (ug) 2" |
T

e // [V (0w + ety + )" [V [
T

and so, in particular,

=2
J[L 19t w2 T < 0 o)
T
Since [|V(ouf}, + eue,)|? + )" "% > 0, 5 implies that
\VUC_U\Q =

a.e. in Q7. Thus

—2
[ 1w =
T
The Poincaré inequality gives

0§/|u;7|2§c/ Y

for some ¢ > 0. Integrating over (0,7"), we have

o<// |un|2<c// Vug,|? =

which, together with the boundary conditions and the fact that u, € C(Qr),
implies u, (z,t) = 0 for all (z,t) € Qr. Thus ue,(x,t) = uf (z,t) > 0 for all
(z,t) € QT Now we prove that ue, > 0 in Q7. Since u., is non-trivial, there exists
(xo,t0) €  x (0,T] such that ue,(xo,to) > 0. Let ¢ € C5°(Q) be a non-negative
function such that 0 < 9(zo) < uey(xo,t0) and, for M > 0, let z be a solution of

zt—A(ozm 4+ ez)+ Mz=0, (x,t) € Qx (to,to+T],
Z('at)|89 =0, fort € [to,t0+T]7
(5 t0) = ().

Since a — [o, K1(&, - JuZ, (€, — 11)dE + [ Ka(, )02, (€, - — 2)dé € L°(Qr), we can
choose M large enough so that, by the comparison theorem,

Uen(x,t) > 2z(x,t) for any (x,t) € Q X [to,to + T
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By the maximum principle, z(z,t) > 0 for any (x,t) € Q X [to,to + T]. Therefore,
by T-periodicity, ue,(z,t) > 0 for all (z,t) € Qr. In the same way, one can prove
that ve, # 0 implies ve, (z,t) > 0 for all (z,t) € Q7. O

Observe that if p = 0, by using the arguments of the proof of Proposition 2.1
to show that u;, = 0, it can be shown that (u,v) = G,(1,0,0) if and only if
(u,v) = (0,0).

The following result guarantees that the solutions (uey, ven) of 2 we are going to
find are not bifurcating from the trivial solution (0, 0) as e and 7 range in (0,1/2).
To this aim assume that

1 1
T//Te§a>u1 and T//Te§b>,ul (6)

and let 7y be the following positive quantity

P _ —9q_
T (N (g a— T\ T [fy, e T\ 7
min -— — —_— —_—
2m ’ 2n ’ M1 ’ M2

Here pu; is the first eigenvalue of the problem

—Az=puz, x€Q,
z=0, x € 092,

e1 is the associated positive eigenfunction such that ||e1||z2(0) = 1,
My =Kyl + ([ Kz

2_4 -2
+2" max Ve PIQIT)? (lall o + [ Kl 1 |9] + TI0) 5

and
M; :=|| K32 + || K4l 2
q—2
q

-4 2
2 mgX\Ve1\2(|Q|T)q(||b||L1 + || K5l [ + 7€)

Proposition 2.2. Assume that 6 is satisfied. If the non-trivial pair (tey, ven) solves
(u,v) = Gey (o, fluT, o) + (1= 0),9(ut,v") + (1 = 0)), for some o € [0,1], then

maX{”“enHLc’oa ||Uen||L°C} > 1.
Moreover deg ((u,v) — Tep(1,ut, v "), B,,0) =0 for all v € (0,79).

Proof. By contradiction, assume that for some o € [0,1] and r € (0,79) there
exists a pair (uep, vey) # (0,0) such that (uey,ven) = Gey(o, f(ud,vd) + (1 —

0),9(ud,v) + (1 —0)) with [Jueyll~ <7 and |[vey| L <. Assume that ue, 7 0

and take ¢ € C§°(Q2). Since by Proposition 2.1 we have ue, > 0 in Qr, we can
multiply the equation

0 fuey) = [ - [ Ko, et - mpae
(7)
+ /Q K6, 80, (6,1 — 72)d€ | ey + (1 0)
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by ¢?/uey, integrate over Q7 and pass to the limit in the Steklov averages in order
to obtain

¢2
] a1 oty + )P+ 1) F oty + )

7 Uen

//T [a¢2+(1 uJ //T¢2 V Ki(€, )2, (&t — m1)de | dudt  (8)
T e

by the T-periodicity of u.,. Moreover, a straightforward computation shows that

2 _2
— / A ;b div{[|V(cugy + 6u5n)|2 + n]pz V(oug, + €uey)}
T €N

// (u ) |V(UUZ}7 + 6u577)|2 + 77]177_2V(Uu?,’7 + €uey)
T €n

p=2 m—
= [ 190t + cuen)? 0" oz + ¢
T

Vo|* —u?

// |V Ouen + Guﬂ])‘ + 77] ; (mau )‘V¢|2

Since r < (1/2m)Y(m=1 and € < 1/2, then moul} ™' +e < mul ' +e<1/2+e<1
and

2 —2
- / ¢ div{[|V(cug, + Uen)|? + n]pTV(au:% + €euey)}

Qr Uen

< / / V(0w + euey)|? + 1" | Vo2

<27 / / IV (oul + ety 2V + (20)°F / / VP

Since 1 < 1/2 and applying the Holder inequality with s := p/(p — 2), it follows

// u div{[|V(oug, +€uen)‘ + 1 gzv(0u$+€u€n)}
T €N

<2%// |v(gug;+euﬂ,)v’*2|v¢\2+// Vol? (9)
. Qr
S R R T

Hence, combining 8 and 9, we obtain

//T ¢? [a—/ﬂKl(f,t)uzn(g,t— T1)d§—|—/ Kg(g,t)vfn(@t _72)d§] dadt
<2Lf||v¢||%p(Q)T% [//QT| on €U ] //QT V|2
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Taking ¢(z) — e1(z) in H () one has

0 <22 |Ver [y T3 [//Q v<au2;+sua,>|”] T[] var
- / / &2 [ - / K (6, 02, (6,1 — my)dé + / Ko (€ )02, (.1 mds} dudt

p=2
p—2 2 3
25 el 1 | [[ 9+ Tt = [ o
T T

+ / / A& 0 (6. =) = Kol (6,1 = moldeat.

(10)
Now we estimate the term | fo |V (oull+€ue,)|P]®=2)/P. Multiplying 7 by (oull +
€Uey), Integrating over ()7, using the T periodicity and passing to the limit in the
Steklov averages, one has

/] 9@+ ) +9)° Vo + )
g//T [a+/QK2(§,t)v3n(§,t—72)d§ Uen (udy + Uey)dadt
+(10)//QT(u27+uen)
L
) [ e oniee-n dg]m//
lallet o)+ [ [u] [ [ e o e t—Tz>d5] a
+/OT {/Quzn} [/QKQ(Qt)U?n(@t—Tz)df] dt + QT (r™ + 7).

By Holder’s inequality:

// [V (oudy + euen)l2 + 77]%|V(0u’e77 + euen)|2

<|la|l 1 (r™ 4 12) +/0T {/ m+1} {/ Ko(&, )02, (€.t — 7)de | d
+/OT [/9"2"} Uﬂ KZ(g,t)U?n(g,t—Tg)df} dt + |QT(r™ + )

lallps (r™ 4 r2) + QU Ko o™+ |Q|| Kol ot + QT (™ + 7).
Since r < 1, we obtain

// [V (ougy + euen)|2 + 77]% |V(oug, + euen)|2

<2r(llaflzr + Q[ Kl + T1€2).
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Thus
JIL 19 e < [ 190+ w7 9o + )
T T
<or(lallus + [ Kall: 12 + TI))
and
pP—2
P p—2
[ [ v+ euennp] < 2e(lalls: + [Kalls 2 + T 5.
T

The previous inequality, 10 and the Holder inequality imply

//QT ae? — juT <2°% |Ver |12, o) T3 U/QT V(o™ + etien)?
[ e 6t - ) - Kaeot)ed (6o - mdede

p—

P

p—2
p

p2—4 2 p—2
<277 ||Verl| Loy Trr 7 (llallor + 1Kzl L1 12] + TI)
+ (1Kl e + [| K2l 2)r?

p—2
P

p—2 - pZ-4 2
<re 2w mgXWellQ(\QIT)Z(IIaHLl + ([ K| 2 |2 + T(€)

+ [ Kl + 1Kz 2]
(11)

Thus 5
p=2 ael — T _
- < foT 1 M1 < r%
My
that is a contradiction. The same argument applies if v, # 0.
Let us now fix any r € (0,79). We just proved that

(HJU) 7é Gen(a,f(u+,v+) + (1 - o)7g(u+,v+) + (1 - U))?

for all (u,v) € OB, and for all o € [0, 1]. Hence the topological degree of (u,v) —
Gen(o, f(uT, o)+ (1—0),g(u™,vT)+(1—0)) is well defined in B, for all o € [0, 1].
From the homotopy invariance of the Leray-Schauder degree, we have

deg ((u,v) — Tep(1,u™,v™), B, 0)
=deg ((u,v) — Gy (0, flwt, ot +1,g(ut,v") +1),B,, 0)
and the last degree is zero since the equation
(u,v) = Gep (O, flwt ot +1,gut,v) + 1)
admits neither trivial nor non-trivial solutions in B,.. O

The next lemma is crucial to prove Proposition 2.3.

Lemma 2.3. Let K > 0 and assume that u is a non-negative periodic continuous
function such that
up — div{[|V(u™ + eu)|* + n]%V(um +eu)} < Ku, forae (x,t) € Qr

and u(-,t)|oq =0, fort € [0,T). Then there exists R > 0 and independent of ¢ and
n such that
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Proof. We follow Moser’s technique to show the stated a priori bounds. Multiplying
— div{[|V(u™ + eu)|* + n]pr?V(um +eu)} < Ku
by w1, with s > 0, and integrating over 2, we have

1 d s+2

Kllu(t)|5+2 Le+2()

Ls+2(Q) +2%Hu(t)|

4 / V(™ + ew)? + 5] TV (0™ + ew) Vst
Q
namely

KI5 ) 2 05

+(s+1) / [[V(u™ + eu)|® + n]¥(mum_1 + e)u’|Vul?.
Q
Since p > 2, m > 1 and

u DD T2 < !+ 2 Tup T < [V ) 4]

we have
— dt” u(t)| s-s;%? @ +/ (pfl)(m71)+5|vu|p < K||u(t)| 8Lt32(9)'
This implies
d .
K (s + 2)u(t) 3230 2> O3 20
" s+2 / ‘V mp=1)ts+1 |P (12)
U » )
[m(p—1) +s+1F /o
For € and 7 fixed and k= 1,2,..., setting
k
p —-p p(sk + 2) m(p—1)+sp+1
sp=2"+——+m—1, = , WEi=U v ,
b P p—1 P mp— 1) + sk + 1 b

we obtain by 12

(o 1+ 2
a0l o) T —1) ferr1p

IVwr (170 0y < K (st + 2)wi(®) 75 )

(13)
Observe that since s — +00, as k — +00, there exists kg such that ay € (1,p) for
all k > kq. By the interpolation and the Sobolev inequalities, it results

i ()l ow ) < lw (@7 @ llwr ()12 < Cllwr(I7 o) IVwr@)l 6,

for all k& > ko. Here 0 = (s — ag)/[ar(s — 1)], s > p is fixed (say s = p* if
p < n, where p* := np/(n — p)) and C is a positive constant. Using the fact that

ey = llwima (1)]$5:1 ) and defining 24y = supyeg w1 (1) | 21 (o).

one has

= pa
L“ik(ﬂ) SOHwk—l( )”L“k 1(99k ||Vwk( )”ip(Q)

[k (2)]

Ak —1
<ka " ek vak(t)HZ[),p(Q)?
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for all £ > kg. Thus, by 13,

d . .
7 [N F5 @) <K (st + 2)[wn(BlIzh, o)
sk +2 2 pok_1gky
-C DI :
o — 1) + 5 & 17 14Ol ekionhs (14)

(m(p—1)+sp+1
x (51 + 2)[wr ()%,

ﬁiak pak—l%
Tl

for all k > kq. By the positiveness of wy, it results that the map t — ||wg (t)||z’;k(m
is increasing, hence 14 implies

17»
r pakllﬁkg’“) y (15)

fue(®lzesiey < (s

for all k > ko, where ny, := (1—0;)[p—ax(1—0;)] and My, := C/[m(p—1)+ s +1]P.
By definition of xj and 15 we get

Mk
T < x5 ik
ke (Mk) ot

for all k > ko, with vy := pag_10/[p — ar(1 — 61)].

m(p—1)+sp_1+1
If 211 < 1, using the fact that zx_1 = sup;cp [[u(t)l,,_, 42" , one has
|lul|~ < 1. Now, assume x3_; > 1 and observe that there exists ko such that,
for all k > ko, np := (1 — 0x)/[p — arx(l — 0x)] < 1/(ph) and vy, < p. Here 0 :=
(s—p)/[p(s—1)]. Without loss of generality, assume ko = max{kq, ko}. Then, there
exists a positive constant A such that

K Nk
0= (G) -1+,

K Mk 2pk+1 PNk
<(e) (me3m) o

Bl
<Ap vy,

for all k£ > kg. Thus

k+1
log x, <log A+ ;_ logp + plog zp_1
k—ko—1 o k+1

<log A Z p'+ Sp 4 Z ip" Tt 4 pF ko log g,
=0 i=ko+2

<10gppk+1—(k—ko)(k0+2) (k+1)(k+2) (ko +1)(ko+2)

-0 2 2
1 _ k)*ko

+ log A% + pl—FkoJog Ty -
It follows
1-pk—ko pk+1—<k—k0><ko+2>[<k+1><k+2>7<ko+1><ko+2)] k—kq
<A TP p ¢ 2 2 Ty
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m(p=Dtsptl
Since xy, = sup;eg [|[w(t)|s, 12 © , we obtain

sup [|u(t)]| Lo () <limsup [lu(t)]]s,+2
teR k— o0

» 1_pk—ko  __pFTRotl
<lim sup {Am<P—1)+Sk+1 1-p z,;"(p*l”s’““
k—o00 0

plkt+2—(k—ko) (ko +2)] {<k+1><k+2>_<ko+1><ko+2>]
Xp O(m(p—1)+sg+1) 2 2

=: R,
where R is a positive constant independent of € and 7 as claimed. O

Next, we show that the map I — G, : {1} x L>®(Q7) x L®(Qr) — L=(Q1) %
L>(Qr) has the Leray - Schauder topological degree different from zero in the cone
of non-negative functions.

Proposition 2.3. Assume that K1(z,t), K4(z,t) > 0 for a.e. (z,t) € Qr and that
there are C1,Cy > 0 such that

[uenllZ> < €1 and |Jvey||72 < Co (16)
for all solution pairs (tey,Ven) of
(u,v) = Gey (L pf (uh,0"), pg(u™,v™)) (17)
and all e,n € (0,1/2) and p € (0,1]. Then there is a constant R > 0 such that
[wenllzoe, [venll e < R

for all solution pairs (e, veyn) of 17 and all €,n € (0,1/2) and p € (0,1]. Moreover,
one has that

deg ((u,v) — Gen(l,pf(u+,v*),pg(u*,er)),BR,O) =1.

Proof. Assume u, # 0, thus u, > 0 and v, > 0 in Q7 by Proposition 2.1.
Multiplying by ue, the first equation of 2, where f(u,v) is replaced by pf(u,v),
integrating over ) and using the Steklov averages (uey)n, d, h > 0 we obtain

p [||a||L°°(QT) + 1Kzl o (@) /ﬂ(va,);%(ﬁ,t — To)d§

Sl + AV (o l? + 1} T b f 7+ VG g
fQ(uen)i

1d
+§%log/ﬂ(“en)i2r

Since t > ||u(t)]|12(q) is continuous in [0, T'], there exist ¢; and 5 in [0, T'] such that

2 . 2
/Quen(x,tl)dx—tg[lol’r%]/guen(x,t)dx

and

2 2
to)dr = , t)dx.
/Quen(ém 2) € tfer[lgf% /Q uen(‘r ) €z
Integrating 18 between t; and ¢ and passing to the limit as h — 0 we obtain
1 max;c(o.1) [ U2, (T, t)dx
5 log ——= Lo Yo T < Tllallz= + [ K2l Cs,
mingepo,7 [, u2, (2, t)dx
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or, equivalently,

max/ n(a: t)dx < C min /Qufn(x,t)dx, (19)

tc[0,T] te[0,T7]

where C' is independent of €,7 and p. Hence, there is a constant v > 0, independent
of €,m and p, such that
2
trer[l(%)é]/ﬂuen(x,t)dm <n.
Otherwise, inequality 19 would imply that the solutions u., are unbounded in
L?(Qr) as €,n range in (0,1/2) and p in (0, 1], against our assumption 16. Of
course, an analogous inequality holds for ve,.
Now, we have

ezl < (el + WKallm e [ 22000 ) e

)

(20)
<(lallze + Y[ Kzl Lo )ten,

— div{[|(muy ™ + Ve * +1]"7 (muly ™ + O Vuey} < Kue,

where K := ||a||ze + || Kz|[z> and £ is given in 2. By Lemma 2.3 we conclude
that [|uepy||pe < Ry for some R; > 0 independent of p, n and e. Analogously,
|venllze < Ro for some constant Ry > 0. Therefore it is enough to choose R >
max{R1, R2}.
The homotopy invariance property of the Leray-Schauder degree implies that
deg ((u,v) — Ten(1,ut,0™), BR,O)
=deg ((u,v) = Gey(L, pf(u®,v™), pg(u™*,v™)), Br,0),

for any p € [0, 1]. If we take p = 0, using the fact that G, at p = 0 is the zero map,
it results

deg ((u,v) - Ten(l,u+,v+),BR,0) = deg ((u,v),BR,O) =1.

The next result is our main tool to obtain coexistence results for 1.

Theorem 2.4. Assume that Ki(x,t), K4(x,t) > 0 for a.e. (x,t) € Qr and that
there are C1,Cy > 0 such that

[tenlFe < C1 and ||vey||72 < Co (21)
for all solution pairs (Uey,Ven) of
(U,’U) = Gen(lapf<u+7v+)a pg(u+,v+)) (22)
and all e,n € (0,1/2) and p € (0,1]. If

0(C1,C2) - mln{ // eta—p — k202 // bulkgTC’l}>O7

(23)
where the non-negative constants ko, ks are such that —ky < Ko(z,t) and —kg <
Ks(x,t) for a.e. (x,t) € Qr, then problem 1 has a T-periodic non-negative solution
(u,v) with non-trivial u,v.
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Proof. By assumption 6(C7,C3) > 0 and so 6 holds. Moreover, there is R > r > 0,
independent of € and 7, such that

deg ((uav) - Gen(lvf(u+7v+)ag(u+vv+))aBR \E’I‘?O) =1,

for any €, € (0,1/2), by Proposition 2.2 and the excision property of the topological
degree.
Let us fix any €,n € (0,1/2). There is 09 = ogo(€,n) € (0, 1) such that still

deg ((u,v) = Gey(o, flut,vT) + (1 = 0),9(u™,v")+ (1 -0)),Br\ B;,0) =1

for all o € [00, 1], by the continuity of Leray—Schiuder degree. This implies that
the set of solution triples (o, u,v) € [0,1] X (Bg \ B,) such that

(u,v) = Gey (0, fF(u™,0T) + (1= 0), g(u®,vT) + (1 —0)) (24)
contains a continuum S, with the property that
Sy N [{o} x (Br\ By)] # 0 for all o € [0y, 1].

Now, all the pairs (u,v) such that (1,u,v) € S, are T-periodic solutions of 2 with
(u,v) # (0,0) and, hence, satisfy 21. Since the L?-norm is continuous with respect
to the L°°-norm and S, is a continuum, for every v > 0 there is 0, € [60,1) such
that
ull2. <Cy+v  and v)|3: < Cy+v
for all (u,v) with (o, u,v) € Sey and o € [0,,,1]. Observe that, if (o,u,v) € S, for
o < 1, then u and v are positive solutions of 24. Moreover, if v is sufficiently small,
then we still have 6(Cy + v, Cy +v) > 0.
Now, setting

LIS

p2-4 p=2
Ky =l + 25 max Ve P(UT)? (lalloa + [ Kallz |02 + TI0)

a4 2 a=2
Ky =Kl 2" max|[Ver P(QIT)E (bl + K3l + Ti) T

we can prove that, if v is sufficiently small, then

1 1 P
177 [1]7 [T6 =
]| oo, [|0]| Lo >min{[2m] , { ] ’ { (Cy +v,Cy +v) 7

2n K,

(25)

K

q

{T&(Cl +v,Cy +y)]f2} .

for all u,v such that (o,u,v) € Sey and o € [0,,,1). Indeed, let (u,v) be a solution
of 24. Arguing by contradiction, assume that ||u L~ < A, and proceeding as in the
proof of Proposition 2.2 (see 11 and recall that « > 0 since (u,v) solves 24 with
o < 1) we obtain the inequality

p—2
// efa — T < A\7® Ky +ky(Co+v).

T
Thus, the definition of 8 implies that
p—2
TO(Ch +v,Co +v) < // e%a — T —ky(Co+v) < A Ky,
T

which is a contradiction with the definition of A,. The same argument shows that
||'UHL00 Z )‘I/'
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Now, if we let 0 — 1 and v — 0, then we obtain that 2 has at least a solution
(Uen, Ven) such that ||uey||zoo, ||Venlle > Ao, since S, is a continuum and A, — Ag
asv — 0.

Finally, we show that a solution (u,v) of 1 with non-trivial u,v > 0 is obtained
as a limit of (uey, Ven) as €, — 0 since \g is independent of € and 7.

Since ey, Ve, are Holder continuous in Qr, bounded in C(Qr) uniformly in
e, > 0 and the structure conditions of [19] (see also [11]) are satisfied for the
equations of system 1, whenever €,7 € (O, %), [19, Theorem 1.2] applies to conclude
that the inequality

B
ten(1,11) — ey (w2, 12))| S T(J21 — 2|7 + [t1 — 12]?)

holds for any (z1,t1), (x2,t2) € Qp, where the constants I' > 0,8 € (0,1) are
independent of ||uey||z~. The same inequality holds for ve,. Therefore, by the
Ascoli-Arzela Theorem, a subsequence of (e, vey) converges uniformly in Qrtoa
pair (u,v) satisfying

Ao < Jullzes, [[vllpe < R.
Moreover, from 20 we have

a € . pP=2
T _ v {[IV (Ul + etey)|? + 1) "% V(U + €un)} < Ctey, (26)

where C'is a positive constant independent of € and n. Multiplying 26 by ugy + €uey,
integrating over Qr and passing to the limit in the Steklov averages (uey)n, one has

// |Vu:z;|ps//Q (Va2 4+ ) 22 [Tum

< / / (9l + ctien)? + 1] 22 [V (" + etten) 2

SC’// (u?jﬁl +eu§n)
T
<M,

(27)

and
//Q V(™ + etten) P < //Q [Vl + ctuen)? + "2 [V (" + cuuey)

SC// (ulth + eu?,) (28)
<M,

by the T-periodicity of uey, its non-negativity and its boundedness in L>(Qr).
Here M is positive and independent of € and 7. An analogous estimates hold for

Verp-
By 27, the sequences u(y, v, are uniformly bounded in LP (07T; VVO1 P (Q)) and
in L(0,T; VVO1 (), respectively. Thus, up to subsequence if necessary, (ugy, vey)

weakly converges in L (0, T Wol’p(Q)) x L1(0,T; Wy (Q)) and in C(Q)xC(Qr) to
(h,k) = (u™,v™). In particular (u™,v") € L?(0,T; W&’p(ﬂ)) x L9(0,T; Wol’q(Q)).
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We finally claim that the pair (u,v) satisfies the identities

3}
0 :// {—uaf + [Vu™[PT2Vu™ - Vi — augp

tup /Q K (6 002 (6,8 — 1) — K€, 0002(E, 1 — m}df} dudt

and

_ 022 gty v -
0—//T{ vat+|V1} [175Vo™ - Vi — bup
+U<P/Q[*K3(§,t)uz(§,t*73) +K4(£,t)vz(€,t74)]d€} dxd,

for any ¢ € CY(Qr), o(z,T) = @(z,0) for any x € Q and p(x,t) = 0 for any
(x,t) € 0Q x [0,T], that is (u,v) is a generalized solution of 1. The approach for
doing this is standard, in the sequel we report it for the reader’s convenience. By
28, there exists a positive constant M such that

// V(4 + euey) P < M and // IVl + ettey) > < M.

Thus, by the Holder inequality with r := %, one has

p—2 _p_
] 09+ ) 0Tty + ) 7
T

<M, [// |V (udy + euen) | + // IV (ugy +euﬂ7)|ﬁ
QT T
<M,

for some other positive constants M and M,. This implies that there exists H €
(Lp%l (QT))N such that [V (ul} + euey)|* + n]pr?V(u:’Z, + euey) weakly converges to
Hin (LP%I(QT))N as €,7 — 0. Now it is easy to prove that

O—//T{u%erhVchawp

(29)
Hup /Q (K (6, (€, — 1) — Ko(E, )02 (6.t — mug} dudt

for any ¢ € CYQr), p(z,T) = p(x,0) for any z € Q and p(z,t) = 0 for any
(z,t) € 8Q x [0,T] (and, by density, for any T-periodic ¢ € L?(0,T; Wol’p(Q))). It
remains to prove that for every ¢ € C'(Q)

// |vum|P*2vum~V<p:/ H- V. (30)
T Qr

To this aim consider the matrix function H(Y) := (|Y|? +7)*= Y. Then
HY) = (VP +0)T 1+ (p -2V +n) T vYT

is a positive definite matrix and, taken v € L?(0, T} VVol’p(Q))7 there exists a matrix
Y such that

0 <(H'(Y)(V(udy + €uey) — Vo), V(ugy + euey) — V)
(H(V(u?}7 + €euey)) — H(Vv), V(ul’; + €Uey) — V)
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The previous inequality is equivalent to
0< [ {1z + cua) P + 05 a; + )
T
—(|Vv]? + n)%ZVU} - V[(udy + euey) — vl

for all v € LP (O,T; Wol’p(Q)). Multiplying by uf; + €ue, the first equation of 2,
integrating over Q¢ and using the periodicity of u.,, one has

2220 m
// HV(U?;,—FGUEW)F ‘H)]pQ |v(uen+€uﬁﬁ)|2
T

://T [a_/ﬂKl(§>t)“§n(f,t—T1)df

+‘/§2K2(£at)v52n(£ut - TQ)d€:| (ug—&-l + eugn)dxdt
Thus
/ / [V + cuen)? + 1] ZV (@ + etey) - Vo

[ (0P 4 Vo i + eusy) ~ o
Qr

<// [a—/QKﬂE,t)UEn(é}t—ﬁ)d&

+/§2K2(£at)v3n(£at - Tz)dﬁ} (ulith + eu?, dadt.

Letting €,7 — 0 and using 28, we have

//T [H -Vov+ |VoP2Vv - V(u™ — v)]

S//T |:CL— A Kl(g’t)u2(§7t_Tl)d§+/QKQ(gat)U2(§,t—T2)d€:| wm L dpdt

On the other hand, take ©™ = ¢ in 29 and obtain

/ H-Vu™
Qr
-// [a - [ Kie et - nde+ [ Kaeone e a)d&} W™ dadt.
T Q Q
This implies
0< // (H — |Vv|p_2Vv) -V(u™ —v). (31)
Qr
Taking v := u™ — Ay, with A > 0 and ¢ € C1(Q7), we get
o< [[ -1V 2P van - a0) - Ve
Letting A — 0 yields

0< // (H — |[Vu™[P~2Vu™) - V.
Qr
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If in 31 we take v := u™ + \p, with A > 0, ¢ € C'(Q7) and letting again A — 0,
then

// (H — |Vu™P2Vu™) -V < 0.
T
Thus 30 holds. O

Remark 2.1. Proposition 2.2, with assumption 6, does not guarantee that both
components of a non-trivial solution (uey,ven) of the regularized problem 2 are
positive and, in fact, the proof of such a positivity is one of the main issues we
had to handle in the proof of the previous theorem with the help of the stronger
assumption 6(Cq,C2) > 0. However, if the cooperative case Ks(x,t), K3(x,t) > 0,
i.e. ky = k3 =0, is considered, then we have that

1 1
9(01,02):min{// eQa—,ul,—// 62b—ul}:90
T T ' T Qr '

and the condition €y > 0 is equivalent to 6. In particular, coexistence in the
cooperative case follows from €y > 0 and a priori bounds on (uey, vey), even if the
constants Cy,Cy are not explicitly known.

Remark 2.2. The assumption 6(Cy,Cs) > 0 is used to show 25 and, therefore,
grants the non-triviality of both the components of the non-negative T-periodic
solution (u,v) that is given by Theorem 2.4. From a biological point of view, this
hypothesis requires that the growth rates a, b of the species are sufficiently large with
respect to the terms that model the competition between them. In other words, it
reasonably states that the competitive interaction between the two species should
not prevail the growth capacity of the species if extinction has to be avoided.

However, when we proved the lower bounds 25, we used the estimate 11 for the
first equation of the system in order to show that ||u||ze(o,) was not smaller than
A, and, implicitly, we used for ||v||L~ the analogous estimate that holds for the
second equation. On the other hand, if we use the second equation for ||ul|p~ (and
the first equation for ||v||L) we obtain a different choice for A\, and, in particular,
for n. In fact, we can prove a version of Theorem 2.4 with

L 10y 1 %.C
C(C1,C'2)::mln{T//Tefa_’ul_ 1Tl7T//Te§b_'u1_ 4Tz}>0

(32)
in place of #(Cy,Cy) > 0, where 0 < K;(z,t) < k; a.e. in Qp for i = 1,4. Specifi-
cally, it turns out that

1

= =
Ay i=min 1 , S ,
2m 2n

TC(Cy +v,Co 4+ )72 [TC(Cy +v,C +v)]72
Kz/> ’ K,;

in 25, where

p—2

p2—4 2 p=2
K, =|Ka|p +272 m£LX|V€1\2(IQIT)”(IlallL1 + ([ K2l [ + TN

q—2
4 .

-4 2
K =K + 277 mﬁ‘avx\V@l\z(IQIT)q(IIbIIL1 + || K| 22 |2 + T1€)
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We observe that also the assumption ((C7,C2) > 0 has a biological meaning: it
requires that the competition inside each species does not prevail on the growth rate
of the species itself. The feasibility of the two conditions 23 and 32 depends on the
constants C7,Cy. As we will see in Section 3 there are cases, namely Theorems 3.1
and 3.3, in which one of them is never satisfied (see the next Remark 3.1).

3. A priori bounds in L?(Qr). We apply Theorem 2.4 by looking for explicit
a priori bounds in L?(Q7) for the solutions of the approximating problems 2 in
different situations. We consider two main different cases. In the first one, which we
call the “coercive case”, we assume that K;(x,t) > k; > 0 a.e. in Qr fori=1,4. In
the second one, the “non-coercive case”, we allow the non-negative functions K7, Ky
to vanish on sets with positive measure. We distinguish also between cooperative
and competitive situations by imposing sign conditions on K5, K3 and having in
mind the biological interpretation of model 1.

3.1. The coercive case.

Theorem 3.1. Assume that
1. there are _constants k;, > 0,i= 1,4, and k;,k; > 0, i = 2,3, such that
El& > /452]433 and
Ki(z,t) > k; fori=1,4 and —k; < K(z,t) < k; fori=2,3,

for a.e. (z,t) € Qr;
2. condition 23 of Theorem 2.4, that is (C1,C3) > 0, is satisfied with

Tk ko
o= TR (uanm n b||Loo)
E1E4 - k2k3 E4
Tkl E3 )
- = b oo + - o0 .
e (Wl + el

Then problem 1 has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Coy =

Proof. We just need to show that [|uey||2. < C1 and ||[vey||3. < Co for any solution
(Uen, Ven) of 22. Then, assume ue, # 0, thus ue, > 0 and v, > 0 in Qr by
Proposition 2.1. Multiplying the first equation of 2

07 [t] = [ /Q Ky (€.t (6,1 — m)dE + /Q K€, 0002, (€, — m)dE | ey

by u?,!, integrating over  and using the Steklov averages (ucy)n € H'(Qr—s),
d,h > 0, it results

Ha||L°° - /Q Kl(fvt)(uﬁn)}zz(&t - Tl)d€ + /Q K2(§?t)(v617)’2l<§’t - T2)d£

>fQ{|v[(ue?7)Zl + e(uen)h}|2 + U}%V[(Uen)ﬁn + 6(u€n)}z]v(“6n)2_l
B fQ(“en)Z

1d
—&—f—log/ Uen )L .
1o [ (ue):
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Integrating the equation 18 over [0,7T], and passing to the limit as A — 0, by the
T-periodicity of u.,, we have that

/ JollV(u, + euey) | + n*z V(u + €tiey) Vub,
Jo uen
<Tlallze = killuenli72 + E2llvey||72-

Now
19+ euc) P 5 Dy + )Vt
= [0V + )+ 01 Gty + €)= Dty Vi
z/sz(mugb]_l—ke)p 1up 2|Vu€7,|p
Zepfl/gszJQIVueﬂp

[0 ]

Setting 1, the first positive eigenvalue of the problem

2(p—1) |P

Vien”

{_ div(|V2|P~2V2) = pl2[P~2, z€Q (33)

z=0, x € 09,

(see, for example, [12]), using the Holder and the Poincaré inequalities and the fact
that p > 2, one has

2(p 2(p—1)

||u€77||L:D(Q) <|Q‘7Hu57]||L2(p D (Q)
72 2(p 1) ||P
=Q 7 ||uen
LP(Q)
—2
Q5 2(p=1)
§| | ‘Vuen ,
Hp Lr(Q)

thus

/Q [V + ctien)? + 1]V (@ + etigy) [ Vitgy |

>€;D*1 |:p :|p/ !

B 2p-1)1 Jo

>,Up€p71 { p ]p (/ up ) 2(17,?1)
Tl L2e-1) e

Since by the Jensen inequality,

2(p—1)

Viey®

p—2 2(p—1) 4

s (o) 7= (fo) 7
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then
p—2
/T JollV (Ul + euen)|” + 1] =" V(ug) + euey) Vil
Jo uén
T Aol g
Mpﬁpl{ p ]p/ (/up> g
[8] 20-11 Jo \Ja ™
Mpep ! |: p }p// up—2
€ [2(p—1) .
Thus
pp€? ! p 1"
o |5 | Mol < Tl — bl + Rl G0
The same procedure, when it is applied to the second equation of 2, leads to
pqge? ™! q 1°
o (s Il < Tl = kallals + Falluo s 65)
Hence from 34 and 35 we have
_ 1P
THCLHLOO +k2||'l}e77||%2 — L [9]] |:2(;D 1 :| HuenHLp 2
||u€7]||L2 S El i
oz < FIl  Fsllenl — o] o922
enllL2 = E4 .

These two inequalities imply that

Tos , T T
1— . L AT
(1= 282) el < (e + 20001
koks T Eg
(1= 282) boenlte < (10l + 21alo )

for any €, 7 € (0,1/2) and the desired bounds follow since koks < k k. O

As immediate consequences of the previous results we obtain the following corol-
laries for the cooperative and the competitive cases.

Corollary 3.1. Assume that
1. there are constantsk; > 0,1 = 1,4, andk; > 0, i = 2,3, such that k k, > koks
and

Ki(z,t) > k; fori=1,4 and 0 < Ki(x,t) <k; fori=2,3,

for a.e. (z,t) € Qr;
2. condition 6 holds,

then problem 1 has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Corollary 3.2. Assume that
1. there are constants k; >0, i =1,4, and k; > 0, i = 2,3, such that

Ki(z,t) > k; fori=1,4 and —k;, < K;(x,t) <0 fori=2,3,

for a.e. (z,t) € Qr;
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2. condition 23 of Theorem 2.4, that is (C1,C2) > 0, is satisfied with

T T
C = [eS] d C = b [eS]
1 ElHCLIIL and  Cs E4|| [P

then problem 1 has a non-negative T-periodic solution (u,v).

We observe that the condition koks < kqk, of Theorem 3.1 is crucial to establish
the a priori L2-bounds on the solution pairs (Uen, Ve) of 2. Roughly speaking this
condition guarantees that the terms in the equations that contribute to the growth
of the respective species do not prevail on the whole on those limiting the growth.

On the other hand, when the strict positivity of the functions K; and Ky is
relaxed, obtaining the needed a priori bounds becomes more difficult (at least with
our approach). In fact, we are able to obtain simple a priori bounds in the non-
coercive case when some sign condition is imposed on the functions Ky and K3 (weak
and strong competition, see Subsections 3.2 and 3.3), but we have to impose the
technical restriction min{n(¢—1),m(p—1)} > 3 to obtain a result like Theorem 3.1
with no sign condition on the functions Ky and K3 (and with rather complicated
constants C1, Cs, see Subsection 3.4).

3.2. The non-coercive case: weak competition.

Theorem 3.2. Assume that
1. Ki(z,t) > 0,4 =1,4 and —k; < K;(2,t) <0, i = 2,3 for a.e. (z,t) € Qr
and for some non-negative constants k;, i = 2,3;
2. condition 23 of Theorem 2./, that is 8(Cy,C3) > 0, is satisfied with

2

1 [mp—=1)+11" mp-1D-1

01:|Q|T{{(p ) } ||a||Lm}
Hp p

and

1 [n(g—1)+1]° AT
02=|Q|T{[(Q)} ||b|Loo} ,
Hq q

where p, and g are defined in 33. Then problem 1 has a T-periodic non-negative
solution (u,v) with non-trivial u,v.

Proof. We begin by finding the bound for the non-negative solutions u., of the first

. . . . . . . m(p—1)+1
equation of 22. Since, by the Hélder inequality with r := —5>"—=,

2
m(p—1)—1 _ m(p—1)+1
/ Ufndx < |Q|me=DTT </ u?:;(ﬁ 1)+1d{E> :
Q Q

and, by the Poincaré inequality,

m(p—1)+1\ P 1
I
Q Hp Jo

1 -1 17
— { [m(p )+ ]} \/ngznfl)@fl”vusﬂp

mp-—1+1 |P

Ve, *

Hp p
SCP/(muZ;_l +€)p_1|Vu6n|p
Q

€n

SCP/[|V(uZ7+€u€n)|2—|—n]p2;2(mum_l—|—6)|Vu€n|2,
Q
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where Cp, := {[m(p — 1) + 1]/p}* /u,, we obtain

2
mp-1)—-1 — 2 _ m(p—1)+1
|mm&wH0f@”“{/nvw T ey 407 (a1 4 @v%nﬂ

2/ “zn'
Q

Integrating over [0, 7] it results

m p=2 m—1 2 W
G IVU +euey)|? + 0] T (mugy T+ €)| Ve

>||ttenlI72,

Qr

by Holder’s inequality with r = %. Multiplying the first equation of 22 by

Uey, integrating in Qr and passing to the limit in the Steklov averages (ue,)n, we
obtain

—2
/y‘nvoag+amnﬁ+nFT0n¢$*+«nv%m2snwuww%mgz
T

by the T-periodicity of ., and the non-positivity of the function K,. Thus

2
luenllZ2 < TIQI (Cpllall ) =0T .

In an analogous way we obtain that

[mm}”*ﬂﬂwm}Wﬂ“

)

1
2
ImeSﬂQ{W

if v, is a solution of the second equation of 22. O

The arguments of the proof of Theorem 3.2 can be easily adapted to show the
following result for the case of a single equation with a non-coercive local term.

Corollary 3.3. Assume m > 1, p > 2 and that the function K is non-negative. If

1// 2 >0
- e2a —
T Tl M1 5

— div(|Vu™ P2 Vu™) [ /K E (6t —T)dE | u

Q
u(-,t)|oa =0, for a.e. t€(0,T),

u('7 0) = u('a T),

then the problem

has a non-trivial T-periodic solution u > 0.
3.3. The non-coercive case: strong competition.

Theorem 3.3. Assume that

1. Ki(z,t) > 0, ¢ = 1,4 and —k; < K;(z,t)
(x,t) € Qr and for some positive constants k;,

< —ki <0, 0= 2,3 for ae.
ki, i=2,3;
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2. condition 32, i.e. ((C1,C3) > 0, is satisfied with

1 —1)+1\? DT o
C1 = Tmax { [QT [ (m(p)+> ||a|Loc] Bl
Hp p ks

_ q n(qfl)fl -
Cy = Tmax{ |Q|T [1 (”(ql)ﬂ) ||b|Loo] all= {
Hq q ko

Then problem 1 has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Proof. If (tey, Ven) is a solution of 22 with ue, = 0, or respectively v, = 0, one can
argue as in the proof of Theorem 3.2 to obtain that

2
1 (n(g—1)+1\7 nla=D-1
lvenll2: < QIT [M (q) 1= ,

q
or respectively,

2
1 -1 1 p m(p—1)—1
ey < j | 2 (D EINT .
L M P

P

If wey, # 0, then ue,y > 0 and v, > 0 in Q7 by Proposition 2.1. Moreover ue, €
C(Qr) and, hence, there exists t; € [0, 7] such that

2 : 2
ti1)dr = m t)dzx.
/Quen(x, 1)dx te[ol,r%]/guen(x, )dx

Multiplying the first equation of 22 by u.,, integrating over €2 and using the Steklov
averages (Uey)p We obtain

3 [t < [lali e [ et - ] [ (uani

Hence, we have

Gl {2 / (Fe [ wenttteos = maa — i ) s} [ (wenlitothia] <0,

for t > t1, which implies that

ot / o [l —mite — o] ds}] [ (wlho. 0

< /Q (o) (2, 11 ) da

for t > t1, and, passing to the limit as h — 0 and taking t =¢; + T,
. t1+4T
exp ng/ / v?n(f,t — To)d€dt — 2T||a|| / ufn(x,tl +T)dx
t Q Q
< [ (o ti)is
Q

:/ ufn(x,tl +T)dx.
Q

Therefore we have that

nr T|lal| L
// Uezn:/ /”gn(fyt—Tz)dfdtS Mi
Qr 2 Q ko
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by the T-periodicity of ve,.
If v, # 0, then we can prove that |[ue,|%. < T||b]p~/ks in a similar way.
Finally, Remark 2.2 allows to apply Theorem 2.4 with 23 replaced by 32. O

Observe that the conditions ks > 0 and ks > 0 are essential to establish the a
priori bounds of the last theorem.

3.4. The non-coercive case: min{n(q—1),m(p —1)} > 3. In the case that
min{n(q — 1), m(p — 1)} > 3, we are able to find explicit bounds (although com-
plicated) without any assumption on the sign of the functions K5, K3, as shown in
the next result.

Theorem 3.4. Assume min{n(q —1),m(p — 1)} > 3 and that

1. Ki(z,t) >0,i=1,4 and Ki(z,t) < k;, i = 2,3 for a.e. (x,t) € Qr and for
some positive constants k;, 1 = 2,3;
2. condition 23 of Theorem 2.4, that is (C1,C2) > 0, is satisfied with

G _T{ [n[n(q e 1 [(QM,EIIaII%w)m(pfn—l

(=1 —1][m(p—-1) 1] -

, 1/2
—2 2 =TT
+ (2MZR M2 b3 ) 7T ) H ,

o :T{[ [n(q = 1) = 1Jfm(p—1) ~ 1]

(36)
(@—1) —1mp—-1)—1] -4 [(2Mq2||b||%oo)m2nl

) 1/2
-2 2 n(g—1)—1
+ (2MZRS M ol ) 70T ) ]} ,

where

m(p—1)—1 n(g—1)—1
2 2

|2

Q

M, =

{m(p— H+1

' |
} and M, =
p

[n(q—l)—i—lr'

Hp q

Hq
(37)

Then problem 1 has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Proof. Let (uey, vey) be a solution of 22. We have

w o) L s et

m(p—1)+1 |P

Ve

< [V + cwen) P+ 1% V2 + ) Vi
Q

(38)
by the Poincaré inequality. Since m > 1 and p > 2 it results

m(p—1)+1

2
2 mp-1)=1 —1)41
(/ u) < |0 /W 1,
Q Q
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The previous inequality and 38 imply

m(p—1)+1

e [m<p =E Jp (/Q “) | (39)

< / [V (ugy + €uey)|? + n]%;zV(uZ; + €Uey) Viey.
Q

Multiplying the first equation of 22 by wu.,, integrating in Q7 and passing to the
limit in the Steklov averages (uey)n, We obtain by the T-periodicity of wey,

/ / [V + ctuen)? + 1“2V (@ + ety) Vtey
T

T
T 2 2
<[ oo i ()
T - 2 % T 2 %
< [ [ (b + o [ o260 - i) dt] [ L) ] .
0 Q 0 Q
By 39 and 40 it follows
T
f ()
0 Q
T 7 2
<M, [/ (||aLoo +k2/ v?n(&t—Tg)df) dt}
0 Q
where M), is defined in 37. On the other hand,
T 2 m(p—1)—3 T
/ (/ﬁ,,) < Tmr=DFt / (/u2n>
0 Q 0 Q

by Hoélder’s inequality with r = W. Therefore, setting U = fOT( Jq u?,)? and

V= fOT( fQ vfn)Q, these last two inequalities imply

mp=1=8 A T - 2 2
U <Tm&=-0-1M, ) lallLe + ko Qven

2
] m(p—1)—1

m(p—1)+1

(NI

4
m(p—1+1 | m(p-1)+1
2

2 _
m(p—1)—1

m(p—1)—

s a4 B
<Tmtp=D=1 M= D=1 [QTHCLHzLoo i ngV
2 2 W m(p—1)—3 952 W s
<T (2M,|lallz~) +TW@4%1@A%ka VD=
thanks to the fact that min{n(¢ — 1),m(p — 1)} > 3. In an analogous way we can
show that

o CE e n(g=1)=3 N . 2
VST@MﬂWﬂJ““*+Tﬁjﬁ(M@@)““1UM3H7
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where M, is defined in 36. Hence,

71% 2
U <TG (2M2k) R [T (202 [p]|2 ) 70T
R A M(pfl)fl 2
T (q 1) 3 (2M2k U) 1L(41)1:| JrT(QMEHGHQLOQ)T(Z)A)A

2
DT R 2 VTmp-D-1
<T (2M;laf[ 7o) @7 +T[2M§k§ (2M§Hb||2Lw)n(q_l>_l] G

2
m(p—1)—1

2
[m(p—=1)—=2][n(g—=1)—1]— la—1—1
+ (T Tn(a=D-1]m(p—D-1] 2M2k;2 <2M2k3 ) (= 1)

The last inequality has the form:

4
U < a+ pURGD-1mGe-D-11

with a, 8 > 0. Since m(p — 1) > 3 the function f(U) := a+ pU e D Tm D1 is
concave, and then
U< f(U) < f(Uo) + f'(Uo)(U — V), (41)

n(g—1)—1][m(p—1)—

where Uy := /J’Wq e NG 4 Using the fact that f(Up) = a+ Uy and 41, one
has

g =)= mlp=1)=1] | btentsonon
“n(g-1)—-1mp-1)—-1 -4 '

A final application of Hélder’s inequality shows that |jue,|2, < TY/2UY? = Cy.
The argument for v, proceeds in a similar way. O

<

In the cooperative case we can ignore the explicit value of the constants in 36
and obtain the following cleaner looking corollary thanks to Remark 2.1.
Corollary 3.4. Assume that

1. min{n(¢—1),m(p—1)} > 3;
2. f(i(j?,f) >0 fori=1,4, for a.e. (x,t) € Qr, and there are positive constants
ko, k3 such that

0 < K;(z,t) < k; fori=2,3,

for a.e. (z,t) € Qr;
3. condition 6 holds,

then problem 1 has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Another consequence of Theorem 3.4 is the following corollary for the competitive
case.

Corollary 3.5. Assume that

1. min{n(q—1),m(p—1)} > 3;
2. Ki(z,t) > 0 fori = 1,4, for a.e. (x,t) € Qr, and there are non-negative
constants ko, ks such that

—k; < Ki(x,t) <0 fori=2,3,

for a.e. (z,t) € Qr;



PERIODIC DOUBLY DEGENERATE SYSTEM 29

3. condition 23 of Theorem 2.4, that is (C1,C) > 0, is satisfied with

_ [n(g —1) = 1][m(p — 1) — 1] AP
Cl_T{[n(q 1) - Hm(p—1>—11—4<2Mp||a”mo>< > } :
- [n(q— 1) = 1fm(p—1) — 1] , a2
CQ_T{Wq 1) - 1[m<p—1>—1]—4<2Mq“bllw>< > } :
where
= o [m(Pl)Jrlr andMq:|Q|% {n(ql)Jrl]q
Ky p Hq q

Then problem 1 has a non-negative T-periodic solution (u,v).

Remark 3.1. Observe that the a priori bounds Cy, C5 in Theorem 3.1 do not allow
to replace the condition 23 with 32, since

min{ klk‘i -, Elkl’i = } >1,
E1E4 - k2k3 E1E4 - k2k3

which implies that ((C1,C2) < —pq. Analogously, in Theorem 3.3 the condition 32
cannot be replaced by 23 since in this case we have that

mln{kZ,kS} >1,
ko ks

which implies that 6(Cy,Cs) < —puy. Finally, in the other cases, namely Theo-
rems 3.2 and 3.4, the constants C1, Cs allow to employ indifferently any of the two
conditions.
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