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ON HIGHER GAUSS MAPS

PIETRO DE POI AND GIOVANNA ILARDI

ABSTRACT. We prove that the general fibre of the i-th Gauss map has dimen-
sion m if and only if at the general point the (i + 1)-th fundamental form
consists of cones with vertex a fixed P~ extending a known theorem for the
usual Gauss map. We prove this via a recursive formula for expressing higher
fundamental forms. We also show some consequences of these results.

1. INTRODUCTION

Let V C PV be a projective embedded algebraic variety and P € V a point of
it; to P it is associated the i-th osculating space Tl(f )(V) C PV generated by the
(i + 1)-th infinitesimal neighbourhood (see e. g. [9, Example 11.3.2.5]); let d; be its
dimension. We recall that the i-th Gauss map v*: V --» G(d;, N) is the rational
map which associates to the general point P its ¢-th osculating space TI(DZ )(V). For
1 =1 this reduces to the usual Gauss map.

The study of the Gauss map has been rather intense, both in classical (see for
example [B], 2], [13]) and modern algebraic geometry (see for example [8], [I]).
Instead, the study of higher order Gauss map has been much more scarce; as far
as we know, we can only cite the classical paper of M. Castellani [3], reviewed in
modern form in [7], [T1] and the very recent paper [6]. Closely related results have
been obtained by R. Piene on higher dual varieties, see for example [12]. We note
moreover that a different notion of higher Gauss map has been given by F. Zak:
see for example [15].

The main basic difference between the first and higher Gauss maps is—as shown
in [3], [7] and [I2]—that the fibres of the Gauss map are (Zariski open subsets of)
linear spaces, while for higher Gauss maps this is not true in general.

In this paper, the study of higher Gauss maps is taken up further: in particular,
we analyse the infinitesimal behaviours of these maps. Surprisingly enough, it turns
out, see Theorem [B.6] that the general fibre of the i-th Gauss map has dimension m
if and only if at the general point the (i 4+ 1)-th fundamental form consists of cones
with vertex a fixed P ~! as it happens for the usual Gauss map: see [8, (2.6)].
This result is obtained by virtue of a recursive formula for expressing the (i + 1)-th
fundamental form in terms of the i-th fundamental one: see Lemma Bl This last
result is interesting in its own right: for example, we can prove immediately as a
corollary the (well-known) fact that Jacobian system of the (i + 1)-th fundamental
form is contained in the i-th fundamental form. Finally, we show some results
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that follow from the main result of the paper: in particular, as an example of the
consequences of the theorem, we study the varieties whose image of a higher Gauss
map has as image a curve, describing completely their varieties of higher osculating
spaces.

Acknowledgments. We would like to thank the anonymous referee for valuable sug-
gestions and remarks.

2. NOTATION AND PRELIMINARIES

We use notation as in [8], [9], and most of the preliminaries are taken from [4].
Let V' C PN be a projective variety of dimension k& over C that will be always
irreducible. For any point P € V we use the following notation: TVP(V) c PV is
the embedded tangent projective space to V in P and Tp(V) is the Zariski tangent
space.

As in [8], we abuse notation by identifying the embedded tangent space in PV
with the affine cone over it in CN*+1. With this convention Tp(V) = TPT(V). We
denote by G(t, N) the Grassmannian of t-planes of P¥.

To study the behaviour of V' in P, following [§] (and references [2], [6], [7] and
[10] therein), we consider the manifold F (V') of frames in V. An element of F(V)
is a Darbouz frame centred in P. This means an (N + 1)-tuple

{AO;Ala"-aAk;"-uAN}

which is a basis of CV*! such that, if 7 : CN*T1\ {0} — PV is the canonical
projection,

m(4o) = P, and 7(Ag), m(A1), ..., 7(Ax) span Tp(V).

Let this frame move in F(V); then we have the following structure equations (in
terms of the restrictions to V' of the Maurer-Cartan 1-forms w;, w; ; on F(PY)) for
the exterior derivatives of this moving frame

wy, =0 Yu >k
dAQ = Z?:O wiAi
(2.1) dA; =N JwijA; i=1,...,N

dwj = > ") _qWh AWh,j j=0,....k
dwiyjzzgzowiﬁh ANwp; t=1,...,N, j=0,...,N.

Remark 2.1. Geometrically, the frame {A;} defines a coordinate simplex in PV,
The 1-forms w;, w; ; give the rotation matrix when the coordinate simplex is infin-
itesimally displaced; in particular, modulo Ay, as dAg € TH(PY) (the cotangent

space), the 1-forms ws,...,wy give a basis for the cotangent space T5(V'), the cor-
responding w(A4;) = v; € Tp(V) give a basis for Tp(V') such that v; is tangent to
the line ApA;, and wi11 =+ =wy =0 on Tp(V).

We can define now the ¢-th fundamental form and the ¢-th osculating space at
PeV, fort>2 see |8 §1.(b) and (d)] and [4} §1]:
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Definition 2.2. Let P € V, let t > 2 be an integer and let I = (i1, ...,i) be such
that |I| < t. The t-th osculating space to V at P is the subspace Tl(f)(V) c PV

d1A
spanned by Ay and by all the derivatives —— 0
dvit - - - dvp*
If the point P € V is general, we will put

dy := dim(TF (V).

, where v1, ..., v span Tp(V).

Remark 2.3. Obviously, the “expected” dimension of the ¢-th osculating space at a
general point P for our k-dimensional variety V' € PV is the minimum among N and
ki == (k;:t) — 1; indeed, for the “general” variety, d; has this expected dimension,
but, as the next example shows, there are exceptions.

Ezample 2.4. Let us consider the so called Togliatti surface S C P°, which is a
particular projection of the del Pezzo sextic surface embedded in PS, see [14] and
[10]; it is the closure of the image of the rational map

: P? -5 PP
(x:y:2)— (2Py:ay? 2’z 22?20 y2?).
For the Togliatti surface we have do = 4: this can be easily seen from the fact
that the parametrisation of S given above, restricted to the open affine set = # 0,

satisfies the following second order partial differential equation (classically called
Laplace equation):
0%x 0%x 0%x ox ox
2 2
— — — —2u— —2v—+2x=0
“ ou2 +m}8uav v Ov? You " “"ou +ax =0,
y

where u = £, v = Z, are the affine coordinates, etc.

Example 2.5. Tt is immediate to see that for the Veronese surface Vo C P5 we have
dim T](f)(Vg) = 5 for every point P € Va: there is not a hyperplane section of V5
with a triple point.

Definition 2.6. Let ¢t > 2 and V{; C V be the quasi projective variety of points

where Tl(f )(V) has maximal dimension. The variety

Tan' (V) := U TI(Dt)(V)
PeVy

is called the variety of osculating t-spaces to V.

Remark 2.7. Obviously we have

k—14+1t k+i1—1
dtSdtl—F( . )§§Z< ; )—kt-

i=1
Following [§] we give
Definition 2.8. The t—th fundamental form of V in P is the linear system |I*| in
the projective space P(Tp(V)) = P*~1 of hypersurfaces of degree ¢ defined symbol-
ically by the equations:
d'Ay = 0.
More intrinsically, we write I as the map

It: symW (V) = NY(V)
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(CN—i-l

where N*(V) is the bundle defined locally as Nh(V) := Ty
Tp (V)

and the map I*

is defined locally on each v € Tp(V) as

d'A -t
vt dvto mod Tl(gt 1)(V).

Ezample 2.9. With an explicit calculation (or from Example [ZT1) we can show
that the third fundamental form at the general point P of the Togliatti surface
S C P5 is given by a single cubic in P(Tp(V)) = P!, while for a “general” surface
(i.e. if do = 5) of P5 the third fundamental form is the empty set; this is obviously
true for the Veronese surface Vo C P2,

We will denote the dimension of the t-th fundamental form by A;:
Ay = dim(|1Y)),
ie. [Tt = PAe,
We recall that (see [4, Corollary 1.15])
Proposition 2.10. We have that
dy =di_1 + Ay + 1,

and vice versa: if dy = di—1 + A+ 1, then the t-th fundamental form has dimension

A.

Example 2.11. For the Togliatti surface S C P5 we have that d3 = 5 and dy = 4,
and therefore Az = 0.

Analogously, for a “general” surface of P°, d3 = dy = 5, and Az = —1, i.e.
|I1I| = 0; this is true for example for the Veronese surface Vo C P5.

From now on, we will suppose that our Darboux frame
(2.2) {Ao; A1, Ak Aty -3 Adys Adptts - Adys oo Ady - AN
is such that Ag, Ay,..., Ag, span T}(DS)(V) forall s=1,...,t, with d; := k.
Definition 2.12. Let ¢ > 1. The t-th (projective) Gauss map is the rational map
AV --s G(dy, PY)
P THW).
We recall that (see for example [4, Theorem 1.18])

Theorem 2.13. The first differential of v at P is the (t+ 1)-th fundamental form
at P.
The idea of the proof is the following: we have, by the definition of ~¢, that
‘. T N
d’}/P. TPV _>TT1(D)VG(dt’]P) ),
and we recall that TT},”VG(dt’ PY) = Hom(TI(f)V, NEFH(V)); moreover if we choose

a Darboux frame as in (Z2)), we have that dAg € TpV C TS)V and

= (1)

Ip'V (t)
—7Wy

CA, P

and therefore dvt € Hom(TpV ® TI(Dt)V, NEFL V).
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Now, we remark that, in our Darboux frame, we can interpret ~' as
YH(P)=Ag A - A Ag,,
and therefore by (2.1I),
d’ﬁ; = Z (—1)dt_i+1wi)jA0 A A Al VANREIRWAN Adt A\ Aj, mod TS)V,

1<i<ds
di+1<j<N

now, a basis for TpV ® TS)V can be expressed by (Aq ® A,)a=1,...k, and
p=1,....d;

dyp(Aa ® Ay) = Z wu,j(Aa)A;j € Nlt;rl(v)
di+1<j<N
on the other hand, for the (¢ + 1)-th fundamental form we have

dA ~ (1
= S wi(Aa)4; mod TY (V).
Y diH1<GEN
3. FIBRES OF HIGHER (GAUSS MAPS
We start by writing higher fundamental forms explicitly: choose a Darboux
frame
{Aoi Avy oy Ak Aty Ay Adgyts oo Adi ey Aagi o Ax)
such that Ag, Ay, ..., Ag, span TS (V) for all s = 1,...,t, with dy ==k, TS (V) =
Tp(V) (and dy := 0). We use indices 1 < i(l),igl), e ,ig) <k=d,ds1+1<
i) <dgfors=2,...tand d +1 < it < N.
With these notations, the second fundamental form is given by the quadrics
(3.1) Vi%) = Z Ty 0 0 WyH W
OO
1 "2
with £ > k, where g,0) ;) ¢ (= q,0 i(l)_i(l)) are defined by
1 "2 2 b1
(3.2) wigl),i(f) = Z qi§1)7i;1);i(,_;)wigl),
i
which are obtained via the Cartan Lemma from
0 =dw;w = Zwign A wi(ll),i(‘)’
e
1
since w;ey = 0 on Tp(V).
The higher fundamental forms can be expressed as in the following

Lemma 3.1. The (s + 1)-th fundamental form is given by the polynomials
k
(3-3) VZEZJFD = Z qigl)

(1) W (1) W.1
TR CLU SRR

.....

with £ > s+ 1, which inductively satisfy the relations

ds k
(34) DG e@i 0 = D G 0 @
i) =dy_ 141 (D _q

Ys1
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where Q) e OTE the coefficients of the s-th fundamental form (and with the
17 eis s

natural symmetries of the indices: ¢ W e =4 _N)), and the
B B LR L . EERIL S B R

ol
basis of the induction is the second fundamental form (i.e. s = 1) for which relations

B3) and BA) are to be read as, respectively, B1) and [B2).
Proof. By the definition of TI(DS)(V), where s € {1,...,t — 1}, we have that
(3.5) dA;is-1y =0 mod TI(DS)(V)

and from (21)) we can write

N
dA,L'(sfl) = Z wi(s—l)ﬁjAj
Jj=ds—1+1
from which we deduce, by (B3)
(36) Wi(s—l))l'(s+1) = wl‘(s—l)’i(s+2) == Wi(sfl))l‘(t) = Wi(s—l)’l‘(t#»l) =0.
These equations imply that
0= dwi(sf1)1i(z) = sz'(s—l))i(s) A Wics) 50 £>s+1;

i(s)
now, by the inductive hypothesis , we have

(37) Z qigl)).”71-217)1;7;(3—1)wi(sfl),i“) = Z qi(ll),...,igl);i(@)wigl)

i(s—1) 1.21)

where ¢,y ) 1) are the coefficients of the (s — 1)-th fundamental form and
1

iy q3t

¢, ,m ) are those of the s-th fundamental form (with the convention that
1 oeels T

g0 w0 = Lif s <1, and if s = 2, B7) is just (.2) i.e. Cartan lemma used
1 oeeols T

to obtain the second fundamental form (BJ)) and then, applying relations ([B.71) to
(a linear combination of) (3.6), we deduce

2 : qigl),...,z‘iljl;i(sﬂ)wi(s*l),i(s) Awi(s),i(“ = § : qiil),,,,,igl);i(s)wigl) /\wi(s),i(“
i(s—1) §(s) i i

then, by Cartan lemma

E.( ): Gt i 400 Wi i) = E(l:) GV @i,
v is+1

and the (s 4 1)-th fundamental form is
+1
Vi = D0 am e e

S o
(1 (1
(ST Sy

d

Remark 3.2. Alternatively, we can write—for example writing back relations (34)
in 33) or by a direct computation
+1
VZEZ ) = Z Wi W;(1) G Wi(1) 5(3) *** Wils—1) () Wy(s) (6
HONIRIO)
with £ > s + 1 and the sum varies, as above, for 1 < iV <k=d;,...,ds_1 +1<
() < d
il8) < d,.
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‘We recall

Definition 3.3. Let X be the linear system of dimension d of hypersurfaces of
degreen > 1in PY (N > 1), generated by the d+1 hypersurfaces fo =0, ..., f4 = 0.
The Jacobian system J(X) of ¥ is the linear system defined by the partial derivatives
of the forms fo,..., fa:

J(E)Z(afz/al']) i:O,...,d;jZO,...,T.

Remark 3.4. Obviously, the Jacobian system J(X) does not depend on the choice
of fo,..., fq, but only on X.

Corollary 3.5. The (s+ 1)-th fundamental form is a linear system of polynomials
of degree s + 1 whose Jacobian system is contained in the s-th fundamental form.

Proof. We have, by Lemma [3.7]
(s+1)
WV Z o Ow;() 40
qi(ll),...,igl);i“) 7((11) 7,(51) .

Bw.(l) Bw.(l)
Y ISR SR 4

(3.8)

We are now able to prove the following fact (see [8, (2.6)])

Theorem 3.6. The s-th Gauss map v° (s > 1) has fibres of dimension m if and
only if at a general point P € V the forms of degree s+1 of the (s+1)-th fundamental
form |I°T1| are cones over a P™~1 C PTp(V).

Proof. We choose a Darboux frame as above, i.e.
(A0 Aty Aks Apyts ooy Adg Adgat ooy Adi oy Ay Aagys o A
such that Ag, Ay, ..., Aq, span TS (V) and indices do_1 + 1 < i) < d, for all

s=1,...,t+ 1, with d; := k, etc.
In coordinates, the s-th Gauss map * is

Y(P)=AgN---NAq,,

and therefore by [2.1)), its differential, which is the (s + 1)-th fundamental form, is
given by

dyp = Z (1) % s Ag A A A Ao A Ag, A A, mod T}(DS)V;
1<i<d,
d.A1<KG<N

therefore, since v* has fibres of dimension m if and only if dvy$ has rank k —m
(recall that P is a general point) v° has fibres of dimension m if and only if the
space

U* = (wij) 1<i<a, CTp(V)

ds+1<j<N
has dimension k—m. Dually, this space defines a subspace U C Tp(V') of dimension
m, defined by the equations
wim 0 = 0, h=1,...,8¢0>s+1.

Now, we prove that Vzgf;r D are cones with vertex P(U): let us suppose to choose a
frame such that wy,+1,...,w, form a basis for U*, that is

(3.9) (Wij) 1<i<d, = (Wmt1y--->Wk)-
ds+1<j<N
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Moreover, we choose indices 1 < j§1), e ,j,(Ll) <m,and m+1< kgl), cee k,gl) <k.
From (34]), the points of U satisfy also
(3.10) 0= Z qigl)7“.)1,;1);1.(,1)(01»(;1)71-(@ = Z qi§1)7“ (1) i([)wi;}ll,

RS
i e
h+1

which implies, for every choice of the indices as above, that

(1 (1) . = 0.
q’L(l U ‘]}(lil;l(e)

From this we infer, from (B.3]), that

+1
(3.11) V= D G @ W
bk,
that is, VZEjfl) is a cone with vertex Pm~1 = P(U).
Vice versa, let us suppose that the polynomials Vﬁf D are singular along a
P~ = P(U); by choosing our frame, we can suppose that U is defined by

w; =0, j=m+1,... )k,
or that (B3] holds. Then, we have
ds N
(3.12) 0 = dw;m) ;00 = Zwi“’%i A w0 + Z Wiy j A Wj i
i=1 j=ds+1

and w; ;) w;m j € U™ and therefore the Frobenius integrability conditions for
Wm+1, - - -, Wk are satisfied; then, from

N
d.A,L'(s) = Z wi(s)yjAj
j=ds+1
we conclude that the s-th osculating space remains constant along the leaves of the

foliation defined by w41, - - -, Wk.
O

Remark 3.7. As we recalled in the introduction, one can deduce, from Theorem 3.6,
that, for s = 1 (i.e. the usual Gauss map), the fibres of 4! are (Zariski open subsets
of) linear spaces: see [8, (2.10)]. Moreover, in [8 §3] they give a general description
of these varieties; we will pursue further this kind of description for higher s in
Subsection B.1

Ezxample 3.8. The first nontrivial example of application of the preceding theorem
with s > 2 is given by surfaces whose second Gauss map 2 has as image a curve;
this case has been studied in [3] and in [7]: they proved that the curves which are
fibres of v? are indeed contained in 3-dimensional projective spaces; by Theorem
[B.6] we deduce that the third fundamental form at the general point is given by a
perfect cube.

Let us see the following consequence of the preceding result.

Corollary 3.9. If the s-th Gauss map ° (s > 1) for a k-dimensional variety V.
has fibres of dimension m, then

k —
(313) ds+1 S ds + ( m S>7

s+1
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and the equality is reached if and only if the (s + 1)-th fundamental form |I°T| is
given by the linear system of all the cones over a P™~1 C PTp(V).

Proof. By Proposition we have to estimate the dimension A,;; of the linear
system given by the (s+1)-th fundamental form, but this, by Theorem[B.6] is formed
by degree (s+1) hypersurfaces which are cones over a P™~! in a P*~1(= P(Tp(V))).
Since the linear systems of these cones has (projective) dimension (k;?:;r ) =1 (is
equal to the complete linear system of degree (s + 1) hypersurfaces in a P*¥=m=2),
we have the assertion. (]

Example 3.10. Clearly, if m = k, then ~* is constant, |[I°71] = () and the variety is
contained in a P%.

3.1. Varieties with a curve as the image of the s-th Gauss map. Let us
start with the following

Lemma 3.11. Ifds41 = ds + 1, then dsyo < ds + 2. Moreover, if ds12 = ds + 2,
then |I5T| and |I*72| are generated by powers of the same linear form, and if
ds +1 = ds42, then our variety V is contained in Pds+2,

Proof. We apply Proposition 210 to deduce that the (s + 1)-th fundamental form
|I5T1] is generated by only one form. Call this form f; by Corollary B.H if g is
a form in [I572]) then all its partial derivatives are in [I5T1|; therefore, by Euler’s

formula
k

k
1 dg 1
9= S+2i:1wza—wi_ S+2;W1azf

a; € C,v=1,...,k, and we deduce that either g is zero or g = f¢, where ¢ is a
linear form. If ¢ = f¢, by a change of coordinates we can suppose that { = wy;
then, we have

99 _ of s+ _
89 _ af s+1| __ .

which imply that either f does not depend on w1y, but then g is the zero form, or f
is reducible of the form f = w;h. We can now proceed by induction to prove that
f=withif f = wie, then

dg _ Vi 0+1 ¢ e

g = (L Do+t o = nwio

0 9] ,

—85 = warl—af‘ = njwf(b ] = 2, ey k
J J

n,n; € C, j=1,...,k, and, as above, either ¢ does not depend on wy, but then g
is the zero form, or ¢ is reducible of the form ¢ = wi¢’.
If ¢ = 0, then we can conclude from Theorem (or, better, from Example

BI0). O

Corollary 3.12. Ifdsio = ds41 + 1 = ds + 2, then the s-th and (s + 1)-th Gauss
maps have fibres of dimension k — 1.
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Proof. By Lemma B.I1] we have that the [I°*1| and [I572| are cones over a P2
therefore, by Theorem B.6] the thesis follows. O

The case we are interested in now is the one with m = k —1 (i. e. the next after
Example B10), therefore, by BI3), (ds <)ds+1 < ds + 1; if ds41 < ds + 1, then
dsy1 = ds, but in this case we would have no elements in [I°*!|, and therefore we
would be in Example[3. 10l We deduce that dsy1 = ds+ 1, and we are in the case of
Lemma[3.11] and by Theorem [B.6] the image of the s-th Gauss map has dimension 1;
the complete description of such cases will follow from [8] (2.4)]. To use this result,
we need some notations and result: we start by recalling the notation introduced
in [8, §2(a)]; let B be an r-dimensional variety and let

f: B— G(d,N)

be a morphism; let y € B be a general point, and let S, C V (where PV = P(V))
be the (d + 1)-dimensional vector space which corresponds to f(y). Then, the
differential of f in y can be thought of

dyf: T,B — Hom(S,, N,),

where N, := Sl More explicitly, if y1,...,y, are local coordinates of B near y,

and if eg(y), ...eq(y) is a basis for the the (d + 1)-dimensional vector spaces near
Sy, we have

41 (5 ) 50 = 299 woa s,

fori=1,...,rand j =0,...d. Then, fixed w € T, B, one can define the “infinitely
near” space

S
ﬁ =Imd, f(w) C Ny,

and if we denote by [v] the class of v € V in Ny, we consider the following subspaces
of V:

Sy B Sy
Sy+—dw = {ve Viv=s+tse€ Syt e dw}
s,n .y €S, | ([0] =)[s] € 7 ker(dy, f (w))
Y dw Y S y AW
Obviously, we have

tk(dyf)=p <= dim(Sy+%):d+1+p = dim(Syﬁ%):d+1—p.

We also denote the projective subspaces of PV associated to the vector spaces just
defined by

Ppd S

d Yy . Y
PJ + T P(S, + dw)

Pd S

d Y. Yy
Py N 70 P(Sy N dw).

The case of r = 1 is completely solved in [§]; as in the cited article, with abuse
of notation we denote by y the local coordinate of B near our general point y:
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d

Proposition 3.13. [, (2.4)] With notations as above, if r = 1 and dim(P%N 5—5}) =
d—p, then there exist p curves in PN, Cy,. .., C), parametrised by y, a1,...,a, €N,
and a fized (d — Y0, a;)-dimensional subspace H C PN such that P is the span

of H together with the (a; — 1)-osculating (a; — 1)-planes TIS‘“*”(Ci) C PV, that is
H(a1—1 H(ap,—1
Pl = (T 0 (Cy),..., TS V() H).

Let us now use this result in our case: we take B as the image of the s-th Gauss

map:
7*: V = Im(y°) =: B <5 G(ds, N),

dim B = 1 and S, denotes just the ds-dimensional vector subspace Tl(f) (V) c CN+L
where y = v°(P), defined by—with notations as in the proof of Theorem B.6—S5, :=
(Ao, ..., Ad.). Moreover, by [BI2), we have that B defines also a ruled variety,
which is indeed the variety of osculating s-spaces to V: Tan®(V) := Uye B]P’ZS of
dimension dg + 1. By Corollary 312 if TJ(DS)(V) # TI(DSH)(V), the same happens
with TI(DSH)(V): we have, on B, the S;’s, which are the ds;-dimensional vector
subspaces TJ(DSH)(V) C CN*1, they define the (ruled) variety of osculating (s + 1)-
spaces to V Tan*T(V) := UlleBIP’ZS“ of dimension d; 42 such that V' C Tan®(V) C
Tan® T (V).

Since, by definition of the (s + 1) osculating space, we have that, for y € B,

Pds
ds Yy ds
Py + &y C Pyt
which implies
ds
dim(P% N —L) =d, — 1.
im( Y dy)

Then, by Proposition [3.13

Proposition 3.14. If the s-th Gauss map has dimension one, then there exists a
curve C C PN having (a — 1)-osculating (a — 1) planes P4~ := Ty(afl)(C) and a
fized PN =21 such that
ds __ ma—1 N—a—1
Pre =P, +P .

In other words, Tan®*(V), is the cone over PN=¢=1 of Tan® ' (C) (and the same
holds true for higher Gauss maps).

Clearly, one can deduce more general results on the varieties of osculating s-
spaces in the same vein as at the end of [8] §3].
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