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Abstract

Computational Inversion with Wasserstein Distances and Neural Network Induced Loss Functions

Wen Ding

This thesis presents a systematic computational investigation of loss functions in solving
inverse problems of partial differential equations. The primary efforts are spent on understanding
optimization-based computational inversion with loss functions defined with the Wasserstein metrics
and with deep learning models. The scientific contributions of the thesis can be summarized in two

directions.

In the first part of this thesis, we investigate the general impacts of different Wasserstein metrics
and the properties of the approximate solutions to inverse problems obtained by minimizing loss
functions based on such metrics. We contrast the results to those of classical computational inversion
with loss functions based on the L? and 9 ~! metric. We identify critical parameters, both in the
metrics and the inverse problems to be solved, that control the performance of the reconstruction
algorithms. We highlight the frequency disparity in the reconstructions with the Wasserstein metrics
as well as its consequences, for instance, the pre-conditioning effect, the robustness against high-
frequency noise, and the loss of resolution when data used contain random noise. We examine the
impact of mass unbalance and conduct a comparative study on the differences and important factors

of various unbalanced Wasserstein metrics.

In the second part of the thesis, we propose loss functions formed on a novel offline-online
computational strategy for coupling classical least-square computational inversion with modern
deep learning approaches for full waveform inversion (FWI) to achieve advantages that can not
be achieved with only one component. In a nutshell, we develop an offline learning strategy to
construct a robust approximation to the inverse operator and utilize it to produce a viable initial
guess and design a new loss function for the online inversion with a new dataset. We demonstrate
through both theoretical analysis and numerical simulations that our neural network induced loss

functions developed by the coupling strategy improve the loss landscape as well as computational



efficiency of FWI with reliable offline training on moderate computational resources in terms of

both the size of the training dataset and the computational cost needed.
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Chapter 1: Introduction

In this introductory chapter, we provide some background on the main topics of the thesis.
In particular, we give a brief review of classical loss functions commonly used in computational
inverse problems. We highlight the fundamental properties of these loss functions and their impact

on the solutions to the inverse problems.

1.1 Motivation

In the absence of analytical inversion formulas, most model-based inverse problems are solved
by computational minimization algorithms that minimize the mismatch between model predictions
and measured data. The choice of the objective function, often called the loss function, for the
minimization problem is of critical importance. While an ideal loss function is a convex one, it is
often impossible to have such loss functions for general nonlinear inverse problems. Loss functions
with better convexity landscapes than others can significantly improve the optimization process
when solving inverse problems.

The main objective of this thesis is to understand the effect of different loss functions on the
reconstruction results for computational inverse problems, to propose numerical methods for re-
shaping the loss landscape, and thus improve the solutions of the inverse problems in several aspects.
Our primary efforts will be the study of those loss functions based on the Wasserstein metrics that
have attracted significant attention in the computational inverse problems community in recent
years [3, 84, 74, 104, 40, 62, 85]. In addition, we will develop a deep-learning based approach
to design problem-specific loss functions for inverse problems. This is a direction that has been
extensively studied in recent years; see for instance [82, 97, 106, 69, 116] and references therein for

more details.



1.2 Computational inverse problems

Numerical solution of linear and nonlinear inverse problems is a challenging task that is needed
in many areas of science and engineering. To be specific, let us formulate an abstract inverse
problem in the infinite-dimensional setting as the general model of the inverse coefficient problems
we see in the rest of the thesis. Let Q ¢ R be a bounded domain with smooth boundary 9€Q2, S be a
Banach space of real-valued functions defined on €, and 6 : Q — R be the target function on Q
that we are interested in reconstructing from some datum g € Y. We denote by f(6) : S +— Y the

forward model that takes 6 to our measurement, that is

f(0) =g. (1.1)

The objective of the inverse problem is to solve this equation to find 6. The property of the inverse
problem depends on many factors: the property of the forward operator f, the a priori property
of the unknown 6, and the quality of the observed data g (for instance the noise in the data). The
primary computational strategy, in the absence of explicit/semi-explicit reconstruction methods, is
the one searching for the inverse solution by minimizing the mismatch between model predictions

and observed data [139]:

inf L(£(0), 8) + BR(6), (1.2)

where the loss function L : Y X Y +— R, is a non-negative function of evaluating the mismatch
between the algorithm models and the dataset, and the term SR (6) is the regularization term that
imposes some a priori constraints on the unknown 6 to be reconstructed. The classical L? least-

squares loss function performs the reconstruction by searching target quantity 6 that minimizes

2

12(p)" While the classical L? least-squares method has been

the square difference ||f(6) — g||
extremely successful in many aspects, there have been great efforts in recent years to search for
techniques to overcome some of its disadvantages in certain applications. An extremely successful

development is the invention of methods that promote sparsity, in appropriate bases, in inverse



solutions for applications in signal and image processing where sparse structures are important;
see for instance [54] and references therein for some recent overviews. The sparsity of solutions
could be forced either through regularization strategies, such as methods based on total variation
regularization in image processing [140], or through the mismatch functional, such as those based
on L! and related functionals in compressive sensing [52, 45].

There are many important factors that decide the quality of this optimization based solution
procedure for inverse problems, among which are the quality of the loss function, the regularization

mechanism (i.e. the functional R(8)), and the optimization algorithm used are three critical ones.

1.3 Loss landscape for inversion

The loss landscape associated with the inverse problem is the mismatch as a function of the
target quantities 6

15(6) = L(£(), g) . (1.3)

The loss landscape is an insightful way of visualizing the optimization problem and potentially
offering more information about the inverse problem itself and why the loss function works. Readers
can find more fascinating results of visualizing loss landscape in the context of deep learning in [83,
114, 131, 142, 50, 90, 123, 51, 56, 29, 55]. Let us emphasize that for most of the inverse problems
we are interested in, the unknown 6 is a function. Therefore it is impossible to visualize the loss
function /s(6) the same way as in the low-dimensional problems.

Ideally, we would prefer the loss landscape function to be convex. In such a case, every local
minimum is global minimum, the optimal set is convex. The problem has at most one optimal
point when the loss landscape is strictly convex. These powerful properties present valuable tools
for developing accurate and efficient algorithms for solving optimization problem. Indeed, there
are extremely fast algorithms specifically designed for convex problems; see [18] for a thorough

overview in this direction.



In many applications, the forward operator and data have the particular forms:

£(6) = (f(6: )Y,

g= (gt iiil

(1.4)

where f(6; h) : h — g is a model parameterized by 6. In this case, we have N pairs of input-output
data for the model f: {(A;, gi)}f\; |» corresponding to N different observations of the model f. An
example of such a forward model is a neural network that takes 4 as input and generate g as the

output, with 6 being the trainable parameters for the neural network. In this case, if we denote (-, -)

as L(-, -) operates on a single data point, then
N
L(£(0),8) = D 1(f(6: ), 81) (1.5)

i=1

This is the most common data framework for supervised learning problems in the machine learning

community and is also the standard framework for inverse problems with multiple datasets.

1.4 Typical loss functions

We now briefly review several classical loss functions commonly used in computational inversion
and learning. We explain those loss functions on linear inverse problems (in either finite- or infinite-

dimensional settings). More specifically, we define
f(0) = X0, (1.6)

where X € R™ is the forward operator and 6 € R? is the known. We assume that the data we have

is polluted by random noise. The inverse problem is then to reconstruct 6 in

g=X0+e,



where € is the noise. This is known as the linear regression problem. In this optimization framework,

linear regression is essentially solving the following optimization problem:

mein L(X6,g). (1.7)

X1 81

If we introduce the notations as in (1.4), thatis, X =|...| € R¥¢, and g=]...| e R", this

XN 8N
problem can be rewritten into a typical linear regression form

N

m@inz 1(x:6, gi) . (1.8)

i=1

1.4.1 The L? loss function

One of the most popular loss functions is the L? loss function given by [139]:

N
f%(f,g) = Z(ﬁ _gi)z’ f: (fl"" ’fN)T’ 8= (gl"" ’gN)T’ (19)
i=1

in the finite-dimensional case.

The linear regression problem, in the absence of regularization, under the L? loss is therefore:
min || X6 - g|13 . (1.10)
feRd

This landscape function of least-square problem can be written more explicitly as
Is(0) = (X0-g,X0-g)=0"X"X0-2g"X0+g"g. (1.11)

It is a quadratic function of 8, therefore convex. It is well-known that the solution of least square

problem is 875 = (X7 X) ' X7g, where (X7 X)~! here represents the pseudo-inverse of X7 X. Let us



assume that the singular value decomposition of X is X = USV’. We then have

0.5 = (VSUTUSVT) lvsuUTg
=vsuTg
=VS'UT (X6 + €)

=0+VS U e.
Therefore, the mean square error of the least square estimate is

MSE(é\Ls) = ||5_ 9exact||2

=US2V el

1

= > Sup!lell2.
" S
=1 "i

1 o .
When s; — 04, = — +co. Therefore intuitively speaking, the mean square error of the least square
S

4
solution is large when X has small singular values s; ~ O,.

1.4.2 The L' loss function

The L' loss function is another commonly used loss function. It is defined, in the finite-

dimensional case, as

N
G = =gl f=U s g=(g.am", (1.12)
i=1

The inversion based on the L! loss is often termed as the least absolute deviation(LAD) estimator.

It is achieved by minimizing the landscape function

N
Is(0) = X0 - glli = > IxT6 - gil. (1.13)
=1



As a consequence, the loss landscape of LAD is the sum of absolute functions, which is convex,
hence the landscape for least absolute deviation is also convex. Moreover, the loss landscape is also
a piecewise linear function.

We can formally analyze the landscape function by looking at its derivative at a given 0, assuming

that g; — 3 X;;6; # 0. This leads to [25],
J

gi — 2 Xi0;
0ls(0) ~ J
0 (D) =) T (-Xa). (1.14)
k 7 g — 2 Xi;05]
J
In order to find the optimal values, we set af;g(f) (5) = 0. With a little rearrangement of terms, we
have
X' 'Xl' 0 / Xi i
DS N S (1.15)
ij ei(6) 7 ei(0)

where ¢;(0) = |gi — 2 X; j§j| is the absolute deviation on data g;. Therefore the solution of least
J
absolute deviation satisfies

XTE(0)X0 = X"E(0)g (1.16)

where E = diag™'(e). Hence LAD can be viewed as a pre-conditioned least-square estimate, with
the pre-conditioning matrix X’ E (5) depending on the current state 6. This leads to a nonlinear,
instead of linear, system of equations. Compared to the L? based least-square estimator, LAD puts
a higher weight on items with smaller absolute deviation due to the nonlinear term E, which creates
more "incentives" for small errors to decrease down to 0. In this way, it promotes sparsity in the

solution of the problem.

1.4.3 Kernel loss functions

By kernel loss here we mean weighted L? loss functions of the form

N
Li(f.8) = ) (fi— ) Kig))’ (1.17)
i=1 j



where the positive semi-definite matrix K is the kernel matrix. When K = I is the identity matrix,
kernel losses reduce to the L? loss. We refer interested readers to [15] and references therein for
more discussions on kernel losses.

The minimization problem for linear regression under the kernel loss is of the form
min(X60 — g, K(X6 - g)). (1.18)
6eRd
Following the same procedure above, the landscape function for kernel loss can be written as
Is(0) =0"XTKX0 - 28" KX0 +g'Kg (1.19)

This landscape function is still quadratic. In fact, if we define V' as the square root of the positive
definite matrix K, that is K = VTV, then the kernel loss estimate is the equivalent to solving the

pre-conditioned least square problem:
min |[VX6 - Vg|3. (1.20)
6eR4

Here V serves as the pre-conditioner. Depending on the property of K, the problem may behave
differently from the classical least square problem. This form of weighted optimization is discussed

extensively in the literature; see for instance [39] and references therein.

1.4.4 The H! loss function

The last example of the loss function we review here is closely related to the main topic of the
thesis: loss functions based on the quadratic Wasserstein metrics. It is the 74! loss function. As we
will see later, it can also be viewed as a special case of kernel loss.

For any bounded smooth domain Q € R¢, we define the space of functions 7~ () as the dual



of usual Hilbert space 7—(01 (). The H~! norm of a function f is defined as

1310 = Sup{(fs )l € HY(Q), lull gy < 1) (1.21)

It can be shown that 74 ~! norm of f can be computed by solving a Laplacian equation [43]. More
precisely, let

||f||q,(—1(g) = ”VI/[”LZ(Q), Au = f, n Q wu= 0, on 0Q.
To illustrate the main properties of the 7{~! loss, let us use the linear regression problem for a
function 6 in the one-dimensional case. The minimization problem can be written as

min [ul|
0 (1.22)

LAXI/{:XH—g

where the matrix L, is the discretization of the one-dimensional Laplacian operator with zero

boundary condition, that is

2 -1 O 0
-1 2 -1 0

B 1
Lay = A2 |
0 -1 2 -1
0 0 -1 2

Let G be the Green’s function for the Laplacian operator in one dimension. Then G reads [42]:

_ 1 = xo)x, <
G (x.x0) = (1=xo)x,  forx < (1.23)

xo(1=x), forx>xg

Let us define G;; = Axé(iAx,ij), where (n + 1)Ax = 1. We can then show the following

result straightforwardly.



Proposition 1.4.1. GLp, = 1.

Proof. The result follows from direct algebraic calculations. We first verify that

2Gij = Gi-1,j = Gi1,j = (1.24)

2(1 = jAX)iAx? — (1 = jAX)(i — DAX? = (1 = jAX)(i+ DAX*> = 0,2 <i< j<n
2(1 —iAx)iAx? — (i = DAX?(1 —iAx) —iAx>(1 = (i+ DAx) = Ax%, 1 <i=j <n
2(1 —iAx)jAx? — (1 —iAx)(j — DAX?> = (1 —iAx)(j+ DAX*> =0,1 < j<i<n

We then check:

2Ax%(1 — Ax) = Ax*(1 = 2Ax) = Ax2,i =1
2G1; - Goy = (1.25)
2Ax2(1 — iAx) — 2Ax*(1 —iAx) = 0,i > 1

In the same manner, we can verify that

2nAx*(1 — nAx) — (n — DAx2(1 — nAx) = Ax%,i =n
2Gn,i - Gn—l,i = (126)
= 2iAx*(1 = nAx) —iAx*(1 = (n— 1)Ax) = 0,i <n

Combining the above formulas together, we have G La, = I. This finishes the proof. O

The above standard result shows that G is the inverse of La,. Therefore, the linear regression

with H~! loss is equivalent to the minimization problem
min [|GX6 — Gell3 (1.27)

which is a pre-conditioned problem to the original least square problem X6 = g. In other words,
using ! loss for linear regression is equivalent to using L? loss for the new linear regression
problem:

GX0=0Gg (1.28)

This also coincides with using the kernel loss for the original linear problem with the kernel matrix

10



K =G>
It is also easy to verify that the L? estimate of the inverse problem is also the optimal solution of

the H~! estimate.
Proposition 1.4.2. 0, is the solution of (1.28)

Proof. This can be proved using pseudo-inverse. Denote X* as the pseudo-inverse of X, then
0.5 = X*g. The solution for (1.28) is (’9\7{_1 = (GX)*Gg = X*G*Gg = X*g = 05, since G has full

rank. O

The spectral property of the matrix Lx, is well-known. We summarize this in the following

proposition.

Proposition 1.4.3. The matrix L, has eigenvalue 1, = ﬁ(l —cos(pnAx)),p=1,--- ,n, with

corresponding eigenvector u? = (sin(pﬂjA)c));?:1

Proof. Straightforward algebraic calculations show that

szLAxu’f = 2sin(pnAx) — sin(prn2Ax)
= 2sin(pnAx) — 2sin(prnAx)cos(prAx)

(1.29)
= 2sin(prAx)(1 — cos(pnAx))
=(1- cos(pﬂAx))uf
Moreover, we have
Ax?Laull = 2sin(prnAx) — sin(pr(n — 1)Ax)
= 2sin(prnAx) — sin(pr(n — 1)Ax) — sin(pr(n + 1)Ax)
= 2sin(pnrAx) — 2sin(pranAx)cos(priAx) (1.30)

= 2sin(prnAx)(1 — cos(pnAx))

= (1 = cos(prAx))ub

11



The last step is to show that

szLAxuf = 2sin(pnjAx) — sin(pn(j — 1)Ax) — sin(pr(j + 1)Ax)

= 2sin(pnjAx) — 2sin(prjAx)cos(prnAx)

(1.31)
=2sin(prjAx)(1 — cos(prnAx))
=(1- cos(p7rAx))u§.7
The conclusion therefore follows. |
The smallest eigenvalue of La, is
A = ﬁ(l — cos(mAx))
= S (37 Ax? + O (Ax*Y)) (1.32)

= 1%+ 0(Ax?)

This is clearly bounded away from zero as Ax — 0. Therefore the greatest eigenvalue of G = L;}C
is bounded, say s(G) < ﬁ when n is sufficiently large.

One heuristic understanding of L, operator is that it takes the derivative twice, while the inverse
operator G should behave similarly to integrating twice, increasing the smoothing property of data.
The kernel G will therefore smooth out the noise in the data. In particular, the high-frequency
components of the noise are damped more than the lower-frequency components. More specifically,
suppose g = X60,,.c: + €, Where € is noise, then the landscape functions for H ~1 and least square

estimate are respectively
— _ Ty T T T T
Is(0) = (X0 — g, X0 —g) = (Oexact = 0)" X" X(Oexact — 0) = 2(Oexacs —0)" X €+€ €, (1.33)
and

Is(0) = (GX0-Gg, GX0-Gg) = (Bexact—0)" (GX) GX (Oexact—60)—2(Oeract—0) (GX) e+€' €,
(1.34)

12



where € = Ge. The convexity of the two loss landscapes can be seen from the fact that the
corresponding Hessians are both positive semidefinite:

Hessian(ls;2) = X' X,
t (1.35)

Hessian(lsg1) = XTGTGX .

The following theorem implies that the singular value of Hessian(lsq,-1) is strictly less than

Hessian(lsy2), i.e. the loss landscape of [s¢,-1 is strictly "flatter” than that of [s;2.

Theorem 1.4.4. Let 0(X) be the iy, largest singular value for X. Then 0;(GX) < ﬁai(X ) when

n is sufficiently large.

Proof. By (1.32), we have that 0 (G) < —— when n is sufficiently large. The result then follows

m2-1

from the Min-Max principle for singular values:

0;(GX) = max min  ||GXulz
U:dim(U)=i ueU,||ul|»=1

< max min |G |l2]| Xull2
U:dim(U)=i ueU,||ul|r=1
=01(G) max min || Xu||>
U:dim(U)=i ueU,||ullr=1
= 01(G)oi(X)
< ai(x)
o .
n2-1"

O
Moreover, it is straightforward to see that the value of the loss function at the exact solution

Ocxacr = (X" X) ™' X"y are respectively:

lSLZ(HexaCt) = ”6”%

ls?{—l(gexact) = ”GGH% = ||€||%

(1.36)

Here one expects I5¢-1 (Oexact) < S72(Bexact) because the effect of G is similar to "taking average"

13



with respect to some moderate weight G. To be more specific, the following theorem shows that the

impact of error under H~! is approximately reduced to O (VAx)e, when noise is in effect.

Theorem 1.4.5. Assume € is i.i.d. with E(€;) =0, Var(¢) = 02, and G € R™*", Gijj = Ax@(xi,xj)

where x; = iAx. Let € = Ge. Then E||€||% = O(Ax)Ellellg

Proof. This is the direct consequence of the following algebraic calculations.

E(||€ll3)

= E(e'GTGe)

=E( Y GiiGyjeej)
i,j,k

=023, GiGyi
ik

n
2
=0 (X Gi+2 Y Gi)
b 1=ihen ¥ (1.37)

2 n n-1 n
= (‘i—ly‘(Zi(n+l—i)+2 > Y i(n+1-k))
" i=1 i=1 k=i+1
n(2+n) 2
12(1+n)2 10

2
= o E(Jlell?)

=O0()E(llell?)
= O(AX)E(ll€ll?)

O

Remark 1.4.6. Therefore, even though the exact solution of H~" estimate is identical to that
of the classical L? least-square solution, the effect of noise in the H™" loss is € < €, which is
much smaller than that of the L* loss (which is €). This fact has significant consequences in the
implementation of the optimization algorithm to solve the minimization problems. If we use the
value of the loss function as the stopping criteria, for instance use some fixed positive value 6 as
the threshold, then for some €, Ge could be very small such that ||Ge||, < 6 < ||€l||2. This means
that the same optimization algorithm will continue to run for the L? least-square, but will stop for

the minimization problem based on the " loss. Therefore inversion based on the H™" loss stops

14



prematurely, leading to less accurate final inversion result in this situation. We shall see this effect

again in Chapter 3 with Wasserstein metrics.

While the rescaling of the problem by G in the above analysis seems artificial as the rescaling
does not change the true solution of the inversion result in the absence of noise in the data used for
inversion, it has a non-trivial impact in the case when the optimization is not solved perfectly, that
is, when the loss function is not minimized to zero, or when noisy data are used in the inversion.
This can be seen in a more precise analysis of the inversion process in the Fourier domain. Let us

recall that the {~! norm can be defined in the Fourier domain as [42]:

1F g1y = € /R NF@P+e o)z, (1.38)

where f is the Fourier transform of f. This definition shows that 7{~! norm attaches a damping
factor (1 +&2)~! to each Fourier mode f (¢). Therefore the high-frequency components are reduced
by factor ~ O(£72). The higher the frequency is, the stronger the damping effect will be. We shall
see this low frequency preserving and high-frequency damping effect in the numerical experiments

as a benchmark to the Wasserstein metrics in the next chapter.

Theorem 1.4.7. Lete = ( Y Ape/>™ )L then Ge = ( Y, O()Ape/> ™ i)!
k=—00

X i=1"
=—00

Proof. LetT (k) = (ejz’rkxi);’zl, where x; = iAx, then we have

(LAxT)i — ﬁzejhrkx,: _ ejZﬂk(xf+Ax) _ ej27rk(x,~—Ax)

1 ej2nkxi(2 _ ej27rkAx _ e—j27rkAx)

- 2

(1.39)
= e/ (2 — cos(2mk Ax))

= 0(K))T;
Therefore, we have Lx, T ~ O(k?)T. This then implies that GT = O(%)T. The result then follows
directly. O

This result shows that the impact of the pre-conditioner G is to create a weight O(#) according

15



to frequency k of the Fourier mode of the noise. The factor O(%) makes the impact of high-
frequency component of € very small (but not zero). Therefore, the corresponding optimization
process becomes more stable against high-frequency noise. If we take € as the residual, that is, the
mismatch between X6 and g, it is clear that the minimization of the H ~1 1oss function will favor the
low-frequency components of the unknown 6 (because the high-frequency components of X6 — g
are suppressed with the factor 0(#)). Therefore, the inversion result, when the optimization is
stopped at a given tolerance of the loss function value 9, looks smoother than the corresponding one

from the regular L? least-square inversion. This phenomenon was analyzed in more detail in [38].

1.5 Contribution and outline of thesis

In the rest of the thesis, we study in detail two types of loss functions for computational inversion.
The main contributions of the thesis are summarized in Chapter 3 and Chapter 4.

In Chapter 3, we performed a detailed computational study on inversion with loss functions
constructed from various quadratic Wasserstein metrics. We analyze the property of the solutions to
the inverse problem with such loss functions. In particular, we compare in detail the results with
those of classical computational inversion with loss functions based on the L? and ™! metrics. We
demonstrate the frequency disparity in the reconstructions with the Wasserstein metrics as well as
its consequences. Our main contributions lie in the systematic investigation of such loss functions
in the setup of computational inversion where resolution and stability compete with each other. The
result of is chapter is documented in [33].

In Chapter 4, we propose a loss function based on deep learning for computational inversion. In
a nutshell, to invert f(6) = g, we train a neural network f; 1 (where @ denoting the set of trainable
parameters) to approximate the inverse operator £~!'. This approximate inverse is trained to focus on
the stable part of the inverse operator f. We then use this trained approximation to form a new loss

function for the inverse problem:

Isyn(0) = 16, (£(6)) - £, ()13 . (1.40)

16



The main benefit of this new loss function is that it has better convexity than its counterpart without
the operator f; !. We demonstrate with numerical simulations the feasibility of such a strategy in
solving complex inverse problems such as the full waveform inversion problem in ultrasound and

geophysical inversion. The result of this chapter is summarized in reference [34].
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Chapter 2: Review of Wasserstein Distances

As a preparation for the studies in the next chapter, we briefly review Wasserstein distances and
their properties in this chapter. Most of the introduction in this chapter can be found in standard

literature on optimal transport theory, especially the monograph [135].

2.1 Basic definitions

Wasserstein distance of two probability measure y, v, defined on metric spaces X, Y respectively,

is defined by Kantorovish’s optimal transportation problem

inf / c(x, y)dn(x,y), @1
rell(v,u) Jxxy

where IT(u,v) ={n € P(X XY);n(AXY) =u(A),n(X xB) =v(B)}

Intuitively, one can think of 7 (x, y) as a transportation plan, moving mass from density u to
density v. Then Kantorovish’s optimal transportation problem is that under the cost of c¢(x, y), what
is the lowest cost plan.

In the case where X =Y is a complete separable metric space with metric d, and ¢ = d?, the

above definition reduces to

Wo(u,v) = inf ([ dP(x.y)dn(x,y)7,1<p <o 22)
nell(v.u) Jxxy

and

Weolu,v) = inf sup d(x,y). (2.3)
(V1) (x,y)esupp(m)

When p = 1, we call it W distance, and when p = 2, we call it W, distance (which is often called

the quadratic Wasserstein distance).

18



Monge’s problem. Monge had another formulation of the optimal transport problem:

inf /Xc(x,T(x))du(x) 2.4)

v=T#u

where v = T#u if and only if T : X — Y is measurable and for any measureable set A C X,

u(A) =v(T(A)), which is equivalent to

/mmmwm:/MWMw Vo e L' (dv). 2.5)
X Y

Kantorovich’s problem can be seen as a relaxed version of Monge’s problem. If one re-
stricts m(x, y) in Kantorovich’s problem to having a special form 7 (x, y) such that dar(x,y) =

du(x)6(y = T(x)), then

/ wmwmmw=/dmumww. 2.6)
XxXY X

Therefore, Kantorovich’s problem reduces to Monge’s problem [135].

In summary, Monge’s problem is just the same as Kantorovich’s except for one thing: it is
additionally required that no mass be split. In other words, to each location x is associated with a
unique destination g, and 7 is the transportation plan. In most of the applications, important cases
are the Wasserstein distance when p > 1. The strict convexity of ¢ guarantees that if u and v are
absolutely continuous with respect to the Lebesgue measure, then there is a unique solution to the
Kantorovich problem, which turns out to be also the solution to the Monge problem [135]. That
means Kantorovich’s problem shares the same optimal transportation plan as Monge’s problem. If
the moving cost function c(x, y) has some nice properties, we have the following conclusions. First

one defines c(x, y) to be strictly convex if ¢(x,y) = d(x — y), and c¢(x) is strictly convex on R".

Theorem 2.1.1 (Optimal Transportation Theorem for a Strictly Convex Cost [135]). Let ¢ be a
strictly convex, super-linear cost on R", and let u, v be probability measures on R", such that the

total transportation cost from u to v is not always infinite. Assume moreover that u is absolutely
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continuous with respect to the Lebesgue measure. Then, there exists a unique optimal transportation
plan for the Kantorovich transportation problem, and it has the form dn(x,y) = du(x)6(y = T(x)),
where T is uniquely determined du almost everywhere by the requirements that THu = v, and
T(x) = x = Vc*(Vp(x)) for some c-concave function ¢, where c*(y) = sup x - y — c(x) is the
Legendre transform. -

Monge’s problem is well studied. It has various applications in engineering as well as computer
vision. Suppose du(x) = f(x)dx,dv(x) = g(x)dx. The change of variables formula of (2.5)
formally leads to the requirement f(x) = g(7'(x))det(VT (x)). It can be proved that the optimality

condition of 7 is equivalent to T being the gradient of some convex function u(x).

Theorem 2.1.2 ([135]). Suppose du(x) = f(x)dx, dv(x) = g(x)dx. The squared Wasserstein metric
is given by

W3 (u,v) = /X £(x)|x — Vu(x)|>dx (2.7)

where u is the solution of

det(D%u(x)) = %, xeX 2.8)

u is convex .

Benamou-Brenier minimization problem. Wasserstein distance can be defined from another
point of view: the Benamou-Brenier formula. It offers us the flow dynamic approach to solve

Kantorovich’s problem. The core idea behind this is the Benamou-Brenier minimization problem:

1 T
inf = t,x)|w(t, x)|?dtdx, 2.9
(p,w)em,g)T/Q/O p(1. 1)1, ) 2.9)
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where V(f, g) is the set of all (p, w)p<;<7 such that

p € C([0,T];w % —Pac(R"))

w € L>(dp(-,x)dr)

Uo<r<r supp(p(t,-)) is bounded
ap

3 + V- (pw) = 0 weakly(in the distributional sense)

p(1=0,x) =f(x)

p(t=T,x)=g(x).

Here the notation w * —P,.(R")) stands for the set of absolutely continuous probability measure
P,.(R"), endowed with the weak-*topology. Then the Benamou-Brenier theorem combines optimal

transport with the Benamou-Brenier minimization problem [135].

Theorem 2.1.3 (Benamou-Brenier formula [135]). Let f,g € P,.(R") be compactly supported.
Then

1 T
Wo(f,g) = inf — / / t.x)|w(t, x)|*dtdx . (2.10)
»(f, 2) o e T o ), p(t,x)|w(t,x)|

2.2 Fundamental properties

We now summarize some of the fundamental properties of the Wasserstein metrics. We focus

those that are related to our applications in the next two chapters.

2.2.1 Properties of W

We start with the quadratic Wasserstein metric. It has several properties that make it attractive
as loss function for solving inverse problems. The following theorems are from [148]. Interested

readers can find proofs and more applications in the original paper.

Theorem 2.2.1 (Convexity with respect to shift [148]). Suppose £ and g are probability density

functions on X of bounded second moment. Let T be the optimal map that g(T(A)) =f(A),YA C X.
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Iff;(x) = f(x — sn)¥Vn € R", then the optimal map from £;(x) to g(y) is Ty = T'(x — sn). Moreover,
Wg‘(fs, g) is convex with respect to the shift s.

In fact, sz(fs, g) = a + bs + cs?, where a = sz(f, g),b= 2/X n- (x = Tx)f(x)dx, c = |n|>

Theorem 2.2.2 (Convexity with respect to dilation [148]). Assume f(x) is a probability density
function and g(y) = £(A~'g) where A is a symmetric positive definite matrix. Then W22 (f,g/g) is
convex with respect to the eigenvalues A1, - - - , 1, of A.

In fact sz(f, g/<g>)= /X £(02)z7 (I - A)%zdz, where O depends on A, and A is the diagonal

matrix with diagonal element Ay, - - - , A,,.

The quadratic Wasserstein loss is also convex with respect to partial amplitude change. Consider
the problem where a profile f is derived from g, but with a decreased amplitude in part of the domain.
That is, one supposes that the domain is decomposed into Q = Q; U Q,, with Q; N Q, = @. For an
amplitude loss parameter 0 < 8 < 1, suppose that

xeQ
f£5(x) = Pela).x e @2.11)

g(X),.X € QZ

Then following results hold.

Theorem 2.2.3 (Convexity of partial amplitude change [148]). W22 (£3/15, ) is convex function of B.
Theorem 2.2.4 (Insensitivity with respect to oscillation [148]). For k > 1, consider fy(x) =
1 + sin(2rkx) on the line segment [0, 1]. Let duy(x) = fr(x)dx, and let dv(x) = dx on [0, 1], then
Wy(uk,v) =0(3),Vp > 1

Theorem 2.2.5 (Insensitivity to noise in 1-D [148]). Let g be a positive probability density function
on [0, 1] and choose 0 < ¢ < ming. Let fy(x) = g(x) + r™(x), which contains N piece piecewise

constant noise ry drawn from the uniform distribution U[—c, c]. Then EW22 (fy/fy,8) = O( #),

while EL,(fy /£y, g8) = O(1)

Let us remark that while the insensitivity result here is presented in the one-dimensional setting,

it holds in higher-dimensional settings as well.
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2.2.2  Dual formulation of W

Kantorovich’s formulation of the optimal transport problem is a linear programming problem.
In other words, one can solve Kantorovich’s problem in the discrete case by linear programming.

n m
Suppose X, Y are discrete spaces. Take u = X p;ox, = (Hi)1<i<n, v = X VjOy; = (Vj)i<j<ms
i=1 j=1

n m
where >, u =1, 3, v; = 1. Any measure 7(x,y) can be represented by a nonnegative matrix
=1 j=1
n = (m;j), where 3, m;; = v;,Vjand X m;; = u;, Vi. And the cost is represented by matrix ¢ = (c;;).
i J
In this case, the Kantorovich problem reduces to the following linear programming problem:

ianJTijCij
Tij iy

s.t.mij > ovi, j
(2.12)
Zﬂij = Vj,Vj

2T = pi, Vi
j

Linear programming has a perfect dual problem framework. Therefore the Kantorovich problem

also has a duality framework.

Theorem 2.2.6 (Kantorovich Duality [135]). Let X and Y be Polish spaces, let u € P(X) and
veP(Y),andletc: X XY — R, U {+0} be a lower semi-continuous cost function. Whenever

meP(XXY)and (¢,¢) € L (du) x L1(dv), we define

Iix] = /X cl)dn(x, )T (0.) = /X oy + /Y wdv 2.13)

Define T1(u, v) to be the set of all Borel probability measures © on X X Y such that for all
measureable subsets A C X and B C Y, n[A X Y] = u[A], n[X X B] = v[B], and define ®. to be

the set of all measurable functions (¢,v) € L (du) x L' (dv) satisfying

p(x) +¥(y) < clx,y) (2.14)
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for du-almost all x € X, dv-almostall g €Y.

Then we have

inf I[n] =supJ(o,¥). (2.15)
(p.v) @,

Moreover, the infimum on the left-hand side of (2.15) is attained. Furthermore, it does not change
the value of the supremum on the right-hand side of (2.15) if one restricts the definition of ®. to

those functions (¢, ) which are bounded and continuous.

Basically the Kantorovich duality says that the Kantorovich problem is equivalent to the dual

problem sup J (¢, ). This provides another way of interpreting the Wasserstein distance.

.

Dual formulation for W;. When c(x, y) is a metric d(x, y), the greatest possible ¢ (x) given ¥ (y)

is Y (y) = sup{c(x,y) — ¢(x)} = ¢*(y), therefore sup (f,¢) +(g.¢) < sup (£, ¢)+ (g ¢?) <
g PYED, peL! (dy)

sup (f’ ¢dd) + (g’ ¢d), where ¢dd(x) = Sup{d(-x’ y) - ¢d(y)}
gL (dp) g

Moreover, suppose ¢ (xo) +¢%(vo) = d(xo, yo), then Vx1, ¢(x1) +¢%(vo) < d(x1,yo). Therefore

¢(x1) — ¢(x0) < d(x1,y0) — d(x0,y0) < d(x1,X0) - (2.16)

Similarly —d(x1, x0) < ¢(x1) — ¢(x0), therefore |¢(xg) — ¢(x1)| < d(x0,x1), thus it is reasonable

|9 Cxo)=9(x))|

to restrict ||¢||z;p < 1, where [|@]|1ip := su 200w 1)

X05X1
Following the same argument, one has ||¢||z;, < 1, which implies that —¢4(x) < inf, {d(x,y) -

#%(y)} < —¢?(x). That is to say ¢9“(x) = —¢?(x). Combining the two conclusions, one has

sup (£,¢)+(g.¢) < sup (£,¢%) + (g ¢9) < sup (£, ¢%)+ (g, ¢ =
¢y e peL! (dp) lgllLip<1

sup  (f,—¢%) + (g, ¢%) < sup (f,¢)+ (g ¥).
lollLip<1 dYed,

(2.17)

Therefore, sup (f,—¢?) + (g, ¢%) = sup (f,¢) + (g, ) when c(x, y) is a metric. Further-

||¢||LipSl ¢,lﬂ6¢'c

more, one can replace the optimization variable with ¢¢, which can simplify the optimization even
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further that

Wl (f’ g) = sup (f’ ¢) - (g9 ¢) . (218)
P:ll@llLip<1

This is the dual norm of f — g of the Lipschitz space. Comparing this formulation to the general
duality framework, one knows in prior that 4/ = —¢ and one can restrain ||¢||z;, < 1. This is

summarized in the following result.

Theorem 2.2.7 (Kantorovich-Rubinstein theorem [135]). when the cost of the optimal transportation

for the cost c(x,y) = d(x,y), then

Wi(f.g) = sup (f-g ¢) (2.19)
lgllLip<1
where ||¢|Lip = sup |29=201,
X,y
Notice that
M A @lleip < 1} = {d < llllLip < C}, M(¢) =C¢ (2.20)
is a bijection. This gives us
sup (f-g.9)
lgllLip<C
= Ssup (f -8 C¢)
l¢llLip<1 (2.21)
=C sup (f-g.¢)
l¢llLip<1
=CW(f,g).

That implies that changing the domain of ¢ to Lipschitz-C function will only result in a rescaling
factor C, and, therefore will not change the optimization problem (and certainly not change the
optimal ¢). Fortunately, Lipschitz-C function is enough to deal with most functions one encounters
in real applications.

Another useful way to rewrite the Kantorovich-Rubinstein theorem in R”, when the distance d

is the standard Euclidean distance is converting [|@]|z;, < 1 to |[Vé||z~ < 1. Suppose ¢ € C ! then
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l¢llLip < 11is equivalent to ||[V¢|| < 1. Then the Lagrangian functional is

sup inf /(f -2)p+A1(Vo—1)+ (Vo +1). (2.22)
) 11<0,4,>0

The first-order optimality condition with respect to ¢ isf —g—VA; — VA, =0 where 1; < 0,4, > 0.
Let A = A1 + Ay, then A is a free variable, and 11, = 0. Therefore one can think 1; = 17, 1, = ™.
After the substitution the optimality condition becomes VA =f — g.

The Lagrangian at the first-order optimality point is

/ - = / Al = (1] (223)

Therefore the dual problem becomes

Wi(f, g) = inf || 4[], (2.24)

st.V-1=f-g.

This shows that W (f, g) only depends on the difference f — g. By the complementary condition

of Lagrangian multiplier, one has

A1(Vop —-1) =0,
1(Vo - 1) (2.25)
A (Vop+1)=0,
which means that
Vé=1o0on 1>0
(2.26)

Vo=-1 on 1<0.

Therefore the optimal ¢ is zig-zag function on A # 0. ¢ only changes direction when A changes
sign, which means ¢ is approximately one integral smoother than A. Since A is one time smoother
than f — g, we conclude that ¢ is also twice smoother than f — g.

This formulation is also called the dual of the dual formulation [135]. It also defines a metric.
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Theorem 2.2.8 ([135]). W, given in (2.24) defines a metric on space of probability density functions.

Proof. Obviously W (f,g) > 0, W (f,g) =0 < f = g and it is clear from definition that W, (f, g) =
Wi(g,f). It suffices to prove the triangle inequality.
Suppose Ay, 4 are optimal solution for (f, g), (g, h) respectively. Thenf —h=f-g+g—-h =

V - A9 + 41, namely, Ap + 4, is a feasible solution for (f, h). It follows that
Wit h) < [ld0+Aillz < Aol + ([l = Wi(E, g) + Wi(g, h) . (2.27)

The proof is complete. O

Intuitively, since V - 4 = f — g, we see that approximately A ~ / f — g, ie., Ais one order of
integration smoother than f — g. W; minimizes L; norm of A. Therefore solving the inverse problem
via W; dual of the dual formulation will give a smoother solution than L, minimization.

Let us recall that the 4~! norm of f — g is defined as
If = gllgr1(q) = Inf{||VP| p2(q) : =V - VP =1 —g, Plypo = 0}. (2.28)

If we think of VP as A, we see the great similarity between loss functions W, (f, g) and ||f — g||4-1,
assuming f = f(6), in terms of their smoothing property.

A slight modification of the 7~ loss is directly connected to the W, loss.

2.3 Linearization of the W, distance

It is well-known that the linearization of the W, loss leads to a weighted ! loss, assuming
that f and g have the same total mass. The rigorous derivation is documented in [135]. Here we
provide a brief explanation of this connection.

Recall from Theorem 2.1.2 that the Monge-Ampere equation for the optimal transportation plan

reads:
f(x)
g(Vu)

det(D%u(x)) = (2.29)
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Assume that f is strictly positive, and g is very close to f. This means that Vu is very close to the

identity. More precisely,
_ |)C|2 2 _ 2
u(x) = 7+ew+0(6 ), g=(1+eh+0(e))f. (2.30)
Plugging this assumption into (2.29) and keeping only first-order terms in €, one has

—AY +V(-logf) -V =h. 2.31)

If we define L = —A + V(—logf) - V, then the linearized Monge-Ampere equation is Ly = h.

Here is a useful and easily checked lemma about the operator L.

Lemma 2.3.1 ([135]). The operator L = —A+ V(-logf) - V satisfies the following integration by

parts formula, vV fi, f> € Hg,

/Lflfzdﬂ=/f1(Lf2)dﬂ:/Vf1'szd,u (2.32)
X X X

One can introduce the weighted Sobolev Space norms by analogy with normal Sobolev space

concept,

2 — 2
||u||£2(d#) - /XI/[ d/'l
11 g = S 1VulPd = [ uLudp (2.33)

i1 gy = sup{fy wvdp = VIl g = 1}

Then it is simple to check that the dual norm

lull2, :/u(L_lu)d,u. (2.34)
H=1(dw) X

If u is the solution of (2.29), then the optimal transportation plan is x — Vu = ey + O(€?). Therefore
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we have

W3 (u,v) =€ [ |Vyl*du+O(e?)
& ezwaLwd/J
=€ [ h(L™" h)du

(2.35)

— 2
- ||6h||7‘{_l(dl,t) )

where du = f(x)dx, dv = g(x)dx. Therefore, when u and v are close, the W, norm is weighted

H~!, and the weight is u.

The above calculation can be summarized as follows.

Theorem 2.3.2 (Weighted 7{~! Norm is equivalent to W, Asymptotically [107]).

Wao(p, o+ dp) = |ldullgg-1(,,) + 0(dp)

W, based on dual formulation. Using the duality framework of the original Kantorovich’s
problem of quadratic cost, one can show that W, is equivalent to the following unconstrained

optimization problem

W3 (u,v) = My~ inf / ddu + / ¢*dv (2.36)
peL (du) JRn R"

¢ is convex

where

2 2
M, = / ﬂd,ﬁ e, (2.37)
. 2 en 2

is the second moments of f and g. Equivalently, one has

2 _ o
W5 (u,v) =M (¢,1¢r,1)fecp /n odu + /Rn vdv, (2.38)
where
@ :={(¢.¢) € L' (du) x L' (dp): (x.,y) < ¢p(x) + ()} (2.39)

29



The systems (2.36) and (2.38) are simpler to work with than the Benamou-Brenier’s formula since
one only needs to store ¢(x), ¥ (y) (instead of p(x, 1), g(x, 1)) in these formulations.

By (2.36), one can rewrite W22 (f,g) =M, — inf (f,¢)+ (g, ¢*). This formulation gives a
ex

¢ is conv
x|?

lower bound for sz by assigning ¢. For example, taking ¢(x) = =-, one can find that W22(f ,8) >

M, — /Rn %d,u + /Rn %dv = 0. While the original formulation

W2(f,g) =  inf / dn(x, (2.40)
2( g) n(x,y)ell(u,v) Jr2n 2 ( y)

gives an upper bound of W22. One can take special ¢ to make general inequalities for W5.

Let us define J(f, g, ¢) = (f, ¢) + (g, ¢*), where ¢ is convex. For fixed f, g, one can find %.

(2.6%) = [, 8()¢"(y)dy

(2.41)
= Jon vcarg maxay—a(x) 8 (19 = (x))dy

Therefore, we have

8J = (£.60) + fou o maxsxy—o(x) B (06 (x))dy
= (£,60) + fon ggp) 8O (=60(V6" (3)))dy
= (£,6¢) - [, 8(V$(2))66(V$* (V¢(2))) det(V?¢(2))dz (2:42)
= [ £(X)p(x)dx — [, 8(V(x))56(x) det(V2(x))dx
= [ (F(x) — g(V4(x)) det(V2¢(x)))p(x)dlx .

Therefore % = f(x) — g(Vo(x)) det(V?>¢(x)). Thus when ¢ is the optimal solution, one should

have f(x) = g(V(x)) det(V2¢(x)), which is exactly the Monge-Ampere equation.

W3 (f.g) . . . . . . . .
%(f 2 in n-dimensional space. This dual framework gives a universal variational form of W22 in

n-dimensional space(n > 1) [23]. Suppose g is fixed, one would like to find how WZ% changes with
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W3 (f.g)

respect to f, i.e. —;

. One can take the variational form of W22:

SW2(E.g) = [, BLot(0)dx — [, ¢(0)of(0)dx — (Lo, F(x)6(x)dx + [, 8()50* (»)dy),
(2.43)

where ¢(x) = argd5 ~inf (£, ¢) + (g, ¢*), which implies (f,d¢) + (g, d¢*) = 0, since ¢ is the
A ex

cony

global minimizer. Then

2
W3 (£, g) = %ﬁ(x)dx— / ¢ (x)6f(x)dx , (2.44)
Rn

R

which is equivalent to

SWi(f.8) x|
oMy e) _ Il
= 0 (2.45)

for any dimensional space(not just one dimensional space we discussed before).
We can actually check that this formula reduces to the one obtained by the previous method in

one dimension where

M = [l - v
= [ ¢'(x) - xax (2.46)

= ().

Thus the gradient descent of W, distance boils down to finding ¢, ¢ is the solution of the

Monge-Ampere equation

f(x)
det(V? = — 2.47
AV = o s @47
or equivalently,
o) =arg il (£.0)+ (8.6, (2.48)

where ¢ is the optimal solution of the problem.
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W3 (f.g)

Equation for the derivative. If we denote by FW22 = —55— then FW22 satisfies
f(x)
NF = ———F—— — (2.49)
M g(Ve(x))

where Nf = det(V>f). The structure of this equation is similar to that of the equation for the
derivative Fy1 of H~! estimate:

LFya=f-g, (2.50)

where Lf = Af. Therefore, the main difference of W22 and H~! is that the operator changes
from Laplacian operator L = tr(V?) to the det(V?) operator, and W5 also uses relative difference

% — 1 between two signals.
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Chapter 3: Loss Functions Based on Wasserstin Distances

Wasserstein metrics based on optimal transport theory have been proposed as another type of
mismatch measures in solving computational inverse problems; see for instance [19, 36, 37, 101,
100, 146, 147] and references therein for applications in seismic imaging, [121, 79] and references
therein for mathematical imaging, and [125, 73, 58, 126] for computational inversion in machine
learning.

Numerical experiments in the aforementioned references suggest that the Wasserstein metric
has interesting properties that are attractive options for loss functions when considering solving
inverse problems. Various works have been done on optimization landscape under Wasserstein
metrics [133].

In this chapter, we study in detail the performance of such loss functions based on the Wasserstein

metrics.

3.1 Loss function based on W, distance

Let us recall that we are interested in solving the inverse problem (1.1) by minimizing the

mismatch between the model prediction f(6) and the data g. That is, to minimize the functional
_1lo Y
D(0) := Eb (f(0),g) + ER(G) (3.1)

where d?(f, g) can be any of the loss functions we introduced in Chapter 1 or the Wasserstein
distances we have introduced in Chapter 2. The functional R (6) represents the explicit regularization
that imposes additional constraints on the known to be recovered, and y is the parameter that
controls the strength of the regularization term. We assume that the functional R is twice Fréchet

differentiable.
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When f(x) > 0 and g(x) > 0 are sufficiently regular and have the same total mass in the sense
that fQ f(x)dx = fQ g(x)dx, the quadratic Wasserstein distance between f and g are given by,

following the fluid dynamics formulation of Benamou and Brenier [14],

1T
sz(f,g):})an?/O /QEP|0)|20«'X611 (3.2)

where T > 0 is given, p(t,x) and w(¢, x) satisfy, in the weak sense, the following over-determined

transport equation:

op+V-pw = 0, in (0,7] x Q
p(0,x)

p(T,x)

n-w = 0, on (0,T] x 0Q2.

in Q
fx). i (3.3)

g(x), inQ

When f(x) = f(o(x)), sz( f,g) can be viewed as a functional of ¢. This functional is minimized
when (1.1) is satisfied. Numerical experiments in [19, 36, 37, 101, 100, 146, 147, 121, 79]
suggest that the quadratic Wasserstein metric W has interesting properties that are attractive when
considering solving inverse problems.

The objective function for the minimization problem based on W loss, with additional regular-

ization, now takes the form
— 15 Y
D) = EWZ (f(9),g) + 57%(9) . (3.4)

Rationale for constrained optimization approach. The functional ®(6) in (3.1) can be min-
imized using an iterative scheme that starts with an initial guess 6y and keeps updating it until
convergence. At any iteration k before convergence, we need to evaluate the distance between f(6y)
and g, that is d(f(6¢), g), in order to evaluate the function value ®(6;) at the current step. This
could be problematic when the standard quadratic Wasserstein metric W5 is used here, because
W (£(6y), g) may not be defined when 6y is not the solution of the inverse problem. In other words,

during the iterations, f(6;) and g might not have the same total mass. Therefore, ®(6;) might not
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be finite if W5 is the metric used in (3.1). This is why in most of the previous studies on using W;
to solve inverse problems, f(6) has to be re-normalized at each iteration to have the same total
mass as g. This re-normalization process makes the analysis of the final inversion results very
complicated.

The drawback of the above approach motivates us to use a constrained optimization approach to
solve the minimization problem that avoids accurate evaluations of the metric d(f(6%), g) during
the iterations. We will formulate in Section 3.3 a constrained optimization approach to solve the

minimization problem.

3.2 Wasserstein distances with mass unbalances

The Wasserstein distance W), (f, g) from traditional optimal transport theory is only finite when
two non-negative densities f and g have the same total mass on a domain € c R”. This is an
inconvenience for some applications where such a requirement is not satisfied. The distance has
been generalized in several ways to deal with the situation that f and g do not have the same
total mass. The optimal transport theory associated with the generalized metrics is often called
unbalanced optimal transport. Here we recall several important generalizations for the purpose of
comparison in our numerical investigation.

The first generalization is the Wasserstein-Fisher-Rao metric whose fluid dynamics formulation

can be written as [108] [75][92, 86] [28, 27]:

1 rr 1 1
2 . 2 2
f, o) = inf — - - dxdt 3.5
W; wrr (£, 8) pl,?u,gT/O /Q(2P|w| +2P§) X (3.5)
where
dp+V-pw = pl(t,x), in(0,T]xQ
0,x) = f(x), in Q
p(0,x) ) 3.6)
o(T,x) = g(x), in Q
n-w = 0, on (0,7T] x 0Q2.
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The introduction of the additional dynamic source function ¢, which depends on both ¢ and x
variables, is used to absorb the mass difference between f and g such that W, wrr is finite even
when f and g have different total mass.

The second generalization we will study is proposed in [53] as a variant of the Wasserstein-
Fisher-Rao metric. Following [53], we call this metric W> yor. Its fluid dynamics formulation can

be written as:

w2 (f)—'fl "l 2dxdt THZ(tdt 3.7
rvor(fg) = inf 7 | szlwl xdt + ; 20’ ) (3.7)

where « is a given parameter, and (p, w) solves the following transport problem

op+V-pw = (), in(0,T] xQ
p(0,x) = f(x), inQ 3.8)
p(T,x) = g(x), inQ

n-o = 0, on (0,T] x 0Q.

The main difference between this formulation from the fluid dynamics formulation of W5 wgr is
that the dynamic source term ¢ in the transport equation (3.8) depends only on the time variable ¢,
not the x variable.

The third generalization is a slightly different version of W, wrr, again, following [53], we call

it generalized unnormalized optimal transport W guot

1t T r1
Wavore = inf 7 [ [ SotoPaxars [ [ Siewasar o)
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where « is a given parameter, and (p, w) solves the following transport problem

op+V-pow = ((t,x), in(0,T] xQ
0,x) = f(x), in Q
p(0,x) (x) (3.10)
p(T,x) = g(x), inQ
n-w = 0, on (0,7] X 0Q2.

The difference from W, yor is that the dynamic source term {(¢,X) in the transport equa-
tion (3.10) depends on both x, 7.

The fourth generalization we consider is the mixed relaxed quadratic Wasserstein metric intro-
duced by Benamou in [13]. The main idea here is to use a penalty term in the energy functional to
soften the mass conservation requirement of the original balanced optimal transport. The dynamic

formulation in this case is:

1 T ri B
W2, . (f,g) =inf = — 2ddt+—/ T,x) — 24 3.11
fuat®) =it 2 [ [ SplePaxai+ 8 [ o0 —gwPax  @an
where £ is a given parameter, and

op+V-pw = 0, in (0,T] x Q

p(0,x)
n-w = 0, on (0,T] x 0Q2.

f(x), inQ (3.12)

The parameter S allows us to decide how strong we want to enforce the balance between f and g.
As 8 goes to +oco, the metric returns to the original balanced W, metric.

The fifth generalization we consider is a slightly generalized version of Wy given by[77]. They
proved that Wy could also be generalized to handle different total mass. The W; unnormalized

Wasserstein metric is given by
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UWi(E(x).g0) = inf = Jo p)l@X)ldx+B o1 (x)ldx (3.13)
5.t.V-p(X)w(x) —(x) =f(x) —g(x),x € Q (3.14)

Readers can refer to [77] for more comprehensive study of unnormalized Wasserstein metric.
It 1s worth noting that UW) requires much less computational resources since it preserves the
dimension of the original problems, while W, type of Wassersetin metrics usually requires one more

dimension ¢ to tackle the problem.

3.3 Constrained optimization algorithm

We reformulate the computational inversion problem as a PDE-constrained minimization prob-

lem. We now describe the procedure in the case where the metric d is the W5 wrr metric. We solve:

1 T i y
in @ Lw,0,0) = — - 24 pl?)dxdt + ZR(6
min Ou(p.0.0.0) = 7 [ [ okl +pc)dxar+ IR0
subject to
atp‘*'V'Pw = Pf(t,x)’ IH(O,T]XQ (315)

p(0,x) = f(0(x)), inQ
p(T,x) = g(x), in Q
n-o = 0, on (0,7T] X 0Q.

Formulations for the other metrics are done in exactly the same manner. For instance, if we remove

the ¢ variable, we would have the formulation for the case of the standard W, metric. Notice that

the only free parameter is # and we need to evaluate the forward operator f(6) in each iteration.
There has been tremendous progress in the past two decades on computational methods for

PDE-constrained optimization problems such as (3.15); see for instance [5, 80] and references

38



therein for some recent overviews. This minimization problem is equivalent to the following

saddle-point problem:
inf sup L(p,w,,0,1) (3.16)
97p’w’{ /l

where the Lagrangian functional £ is defined as

T
L(p,w,,0,) = Oy, yr (0, 0, £, 0) +/0 /Q/I(a,p + V.- pw — pl)dxdt

+/0T/69/ln-a)dS(X)dt+'/Q/l(0,x)(p(O,x)—f(9))dx+/9/l(T,x)(p(T,x)—g)dx (3.17)

with A being the Lagrange multiplier for the constraints described by the transport equation and its
initial, final and boundary conditions. Note that the implicit constraint p > 0 is not incorporated in
this Lagrangian but will be imposed later in the numerical implementation.

The optimality conditions for the saddle point problem consist of three components: the forward
transport problem (3.6) resulted from the variation of £ with respect to A, the adjoint transport

problem resulted from the variation of £ with respect to (p, w):

1
OA+w-VA+/.A ﬁ(|w|2+|§|2), in (0,7] xQ

w = TV, in (0,7] x Q

¢ = T4, in (0,7] x Q (3.18)
AT.x) = 0, in Q
A(t,x) = 0, on (0,T] X 0Q

and the control problem resulted from the variation of £ with respect to 6:
ZR"(0) xal + 1 (0)[4(0,)] = 0 (3.19)

where £ (6)[1(0, x)] is understood as the adjoint of the Fréchet derivative of f at 6 in the direction
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(0, x).
As a side note, we observe that we can write down a closed equation for the adjoint variable A

by eliminating the variables w and ¢ in the equation. This leads to the following Hamilton-Jacobi

equation
1 1 .
6,/1+ﬁ|V/1|2+ﬁ/12 = 0, in(0,T] xQ
AT,x) = 0, inQ (3.20)

A(t,x) = 0, on(0,7T] x9Q.
We solve the nonlinear system of first-order optimality conditions (3.6), (3.18) and (3.19) with

a variant of Newton’s method. To present the method, we write the system abstractly into the form:

F(p,w,,,0,1) =0. (3.21)

We use ¥ to denote the u (€ {p, w, {, 6, 1}) component, including the equation for u as well as
the corresponding initial, final and boundary conditions, of . Starting with an initial guess of the

solution (pg, wo, o, 0o, 19), Newton’s method is characterized by the following iteration

(Pk+1> Wk+15 k15 Ok1, Aks1) = (Pk> Oy Lk, Ok, k) + Lk (0p, dw, 6L, 86, 64) (3.22)

where(dp, dw, 6,66, 64) is the update direction and ¢y, is the step length in the update direction

that will be determined with a line search process. The update direction is obtained by solving the

system:
7w S 7 o] (77
0 F¢ 0 0 F||dw F
0 0 7 o Ff|lec|=-|F (3.23)
o 0 o F FU| 06 il
0 Fo 74 0 F[\6a ik

where we used the notation 7' (u, v € {p, w, ¢, 0, 1}) to denote the Fréchet derivative of the F+

component of ¥ with respect to the variable v. The operators ;' as well as the functionals F*
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are all evaluated at the current iteration (pg, wg, {x, 0k, Ax). The exact forms of all the operators

involved are summarized in the Appendix A.

3.4 Insights from linearization

The quadratic Wasserstein metrics we used in this chapter are all nonlinear metrics. This makes
them not only computationally expensive to evaluate but also analytically challenging to understand.
When using these metrics to solve inverse problems, we notice that the model prediction f(6) and
the corresponding datum g are identical (or very close) to each other at the true solution 8. We now
try to understand the behavior of the metrics in this situation following an informal linearization

procedure.

3.4.1 Linearization of the Wasserstein metrics

We refer interested readers to [136, 119] for a rigorous treatment of the linearization of the W,
metric, and [59, 98, 57] for applications of such linearization in the analysis of inversion results
under the W, metric. Here we extend the analysis of [78] to the generalized metrics W2 wrr, W2, uot

and W Mixed-

Linearization of W,. We first determine the background state (that is, the case when f = g) of
the transport equations. The p and w corresponding to this case is p(¢,x) = f (which implies that
op(x,t) =0) and w = 0. When g — f is small, we have that p = f + dp and w = dw with §p and

ow small. The transport equation satisfied by dp and dw, to the first order, is:

00p+V - -fow = 0, in (0,T] xQ
op(0,x) = 0, in Q
p(0,x) (3.24)
op(T,x) = g(x)—f(x), inQ

n-dfw = 0, on (0,T] x 0Q2.
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The square of the metric is then

1 T ri1
sz(f,g):(si)néfw? /0 /Q E|5w|2f(x)dxdz+H.0.T (3.25)

where H.O.T stands for higher order terms.
The optimality condition for the system (3.24) and (3.25) gives that dw (¢, xX) = V¢(x) with ¢

the solution to the elliptic equation:
-V -fVgp = %(g —f), in Q, n-V¢ =0, on Q. (3.26)
This, in turn, means that (3.25) now becomes
W3 (f,g) = % /Q |Vo|*f(x)dx + H.O.T . (3.27)

This simple calculation shows that when g — f is sufficiently small, W, (f, g) = %Hf — g||¢{(_fll (@

This is the well-known asymptotic equivalence between W, and the .

(fax)> S€& for instance, [136]

for more technical details on this equivalence.

Linearization of W, wrr. We can linearize W, wrr in a similar way. The background solution to
the transport equation in the case of f = g is (p, w, {) = (£, 0, 0) for the W, wrr metric. When g is
sufficiently close to f, we have that p = f+ 6p, w = dw and { = 6, (dp, dw, 6{) being sufficiently
small, in an appropriate sense. The transport equation satisfied by (6p, dw, 6¢), to the first order, is

then
00p+V - -fow = fo¢, in (0,7] xQ
op(0,x) = 0, in Q
P (3.28)
op(T,x) = g(x)-f(x), inQ

n-dw = 0, on (0,T] x 0Q2.
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The square of the distance is given by

1 7 ri1
WZZ’WFR(f,g):éi)r’l(sfw? /0 /Q §(|6w|2+(6{)2)f(x)dxdt+H.0.T. (3.29)

We can then check that the optimality conditions for the system (3.28) and (3.29) imply that

dw = V¢ (x) and §¢ = ¢ with ¢ the solution to the following PDE:
1
-V -fVop +1f¢ = T(g —f), in Q, n-V¢ =0, on 0Q. (3.30)
The squared distance between f and g now becomes

1
Wivee(f.8) =5 [(T0F + @) (dx+ 1.0 @31

Therefore, the extra source term in the transport equation introduces an absorption mechanism in
the linearized setting, that is, the term f¢ in (3.30). This absorption mechanism allows the densities
f and g to have different total mass (in which case (3.30) still admits a unique bounded solution
while (3.26) does not). This simple observation showcases that W> wgr 1s asymptotically equivalent

metric, not the ;. . metric.

-1
to the H (£d)

(fdx)

Linearization of W, yor. Following the same procedure as in the W, wrr case, we have that
p=f+6p, w=0wand { =6 when g —f is small. The only difference here is that ¢ depends

only on 7, not X. The equation satisfied by (dp, dw, 6¢), to the first order, is:

00p+V - -fow = 6(1), in (0,7] x Q
6p(0,x) = 0, in Q
p(0x) (3.32)
op(T,x) = g(x)-f(x), inQ

n-dw = 0, on (0,7] x 0Q.
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The square of the metric is

T
W; uor = _ inf / / —|6w|*f(x)dxdr + / lu(é{(t))zdt+HOT (3.33)

80,6w,6¢ T

We check that the optimality conditions of the problem (3.32) and (3.33) lead to 6w = V¢(x) and
ol = % fQ ¢(x)dx with ¢ the solution to

-V -fVg + @ / P(x)dx = —(g f), Q, n-V¢ =0, on 0Q. (3.34)

Therefore, the square of the W, yor distance between f and g is given as

1
W§,U0T(f,g>=E/QIV¢|2f(x)dx+ (/ ¢(x)dx)* + H.O.T . (3.35)

2|1

This calculation implies that when f and g have the same total mass, /Q ¢(x)dx = 0. This can be
easily seen by integrating (3.34) over the spatial domain €2 using the divergence theorem and the
boundary condition. In this case, we can drop all the terms that involve /Q ¢(x)dx = 0. Therefore,
W> vot reduces to W;. This is not true for W, wrr Which does not degenerate to W5 in the case
that f and g have the same total mass. Therefore, W, yor is asymptotically equivalent to the H (fll )

metric when f and g do not have the same total mass but is asymptotically equivalent to the ﬂ(fiz )

metric if f and g do have the same total mass.

Linearization of W, gyor. Similarly as W yor, we have that p = f+ 6p, w = 6w and { = 6¢
when g — f is small. The only difference here is that 6 depends on both ¢ and x. The equation

satisfied by (0p, dw, ), to the first order, is:

06p+V - -fow = 6(t,x), in (0,T] xQ
op(0,x) = 0, in Q
p(0,x) (3.36)
op(T,x) = g(x)—f(x), inQ

n-dw = 0, on (0,T] x 0Q2.
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The square of the metric is

Wg,GUOT_épdeT / / 6w [*f(x)dxdt + / / —(64(1,x))?dxdt + HO.T . (3.37)

We check that the optimality conditions of the problem (3.36) and (3.37) implies dw = V¢(x) and
0{ = a¢ with ¢ satisfies

1
-V tVp+a¢p = ?(g —f), in Q, n-Vg¢ =0, on 0Q. (3.38)
Therefore, the square of the W, guor distance between f and g can be written as follows

1
W3 suor(f. @) = 3 /Q (|Vo|*£(x) + a¢?)dx + H.O.T . (3.39)

If we replace @ with f(x) in (3.39) and (3.38), then it returns to the same formulation (3.31)

and (3.30) for W, wrr. Therefore comparing to Wa wrr, W2, guor is asymptotically a mixed version

of H;!

(fdx) metric and L2

(dx)

the sense that it allows a non-uniform dynamic source term (z, X).

at finite @. On the other hand, W, guor is a generalization of W5 yor in

Linearization of W, \iixeq. The background transport solution for the case of f = g is again
(p,w) = (f,0). When g — f is sufficiently small, we have p =f + §p and w = dw, (dp, Sw) being

sufficiently small. To the leading order, the transport equation satisfied by (6p, dw) is

00p+V - -fow = 0, in(0,T] xQ
6p(0,x) = 0, inQ (3.40)
n-ow = 0, on(0,7T] x0Q.

The W) Mmixea cOst becomes

W§Mixed(f,g)_ 1nf —/ / —f|6w|?dxdt + = /(6p(T,x)—(g—f))zdx+H.O.T. (3.41)
’ Q
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We then check that the optimality conditions of the problem (3.40) and (3.41) lead to that Sw(?, X) =
V@ (x) where ¢ solves

1

—V-fV¢+ﬂT

1
¢ = T(g—f), in Q, n-V¢ =0, on 9Q (3.42)

The square of the metric now becomes

1 1
Warisea (. 8) = 5 /Q (|V¢|2f(x) + E¢2)dx +H.O.T. (3.43)

This simple calculation also indicates that, in this asymptotic regime, W mixed g0€s to W3 as

B — oo. However, at a finite 3, Wa Mixed is asymptotically equivalent to the ! . metric, not the

(fdx)
-1

(£dx) metric.

3.4.2 Linear inversion under the Wasserstein metrics

We briefly review the solution of a general linear inverse problem with the linearized Wasserstein
metrics, following the presentation of [40]. The linear model, or the linearization of (1.2), takes the
form:

Ab=g. (3.44)

Here we focus on the effect of the metrics in the Fourier domain. Without loss of generality,
we assume that Q = (0, 27r)d , and the real-valued functions 0, f, and g, supported on €, all have
boundary conditions of the form n - VO = 0. We then have the following Fourier representations for

those functions:

6(x)= ) 0 cos(6-x). f(0= ) T@cosE-x). g = ) EE cos(€x). (345)

£ezd £ezd gezd

To see the main effect of the metrics, we ignore the weight f in terms such as —V - fV¢ and f¢ in the
equation (3.26), (3.27) , (3.30), (3.31), (3.34), (3.35), (3.42), and (3.43). For reasonably nice f, the

factor f plays only a minor role in the Fourier domain as investigated in [107]. We also set T = 1.
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We therefore have from (3.26) that

p(x) = > $(£)cos(£ - x), with, ¢(£) = —(g-D(&).

gezd

|~f|2

This leads to the following representation of the W22 in the case of g — f being small:

Wikg) x5 Y |§|2|<g— E- D@

de

where we have thrown away the higher-order terms. In a similar manner, we find that

W8 = 3 3 sl D@L,

de

I-fl2

1 1
Wioorf.g) * 551 -DO+5 > Iérlz|(g— -0
£ezd, €40

Wicuor(t.8) ~ 5 Z | 512D,

S a+lé
and
1 —

W2 mixea (£, 8) ~ 5 (g - D&

gezd — + €

B

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

To see the impact of the metrics on the inversion in the Fourier domain, we assume further that

the operator A is diagonal in the Fourier domain, that is, the operator A has the representation

AG= > (A@)B(E) cos(é - x).

E€Z,

This assumption is not essential at all. It only simplifies the presentation below a little bit.

To invert the linear model (3.44) in the standard linearized W, metric, we seek the solution that
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minimizes

@y, (6) = WIE(O).8) = 5 " —IA@E) ~FEP

gezf

1§17

where we used the assumption that A is diagonal such that f(@) (&) = .71?9(5) = Z(g)@(g). The

optimality condition resulted from the variation of @y, (8) with respect to 0 (&) is

2@ (A©ie) -26) =

1§17

which then leads to the solution

B (6) = (A* - Zrlﬁ*l#g@).

£1?

The same derivation procedure leads to the following inversion results from the W, wrr, W2 uot

and W mixeq metrics. They are respectively:

R ) g
9W2,WFR(§) = ( 1+ |§|2 ) 1+ |§|2g(f)
R (X*Z)_IZ*E(f) when &€ =0
Mo ® ) G L5 L s, wheng 20
n
|§|2 |§|2g whe
—~ —~ 1 ~ i~
0 = (A* Al A*
W2, cuot (f) ( + |§|2 ) |§|2g(§)
and
Oy s (€) = (A A)lAr 2(£).

1
— + 1617 =+ 117
B B
Let —A be the Laplacian operator on € with the homogeneous Neumann boundary condition.

We can write the above solutions in the physical domain, respectively, as

o) = (4°(-8)"4) A (-8) g,
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-1
O (X) = (A°(-A+DTA) A" (A4 D)7 'g(x),
_ *0 -1 -1 *0 -1
s ) = (4" -8+ [)714) 4 -a+ [) g0
O g00n (X) = (A"(=A+ aI)_IA)_lA*(—A ral)'g(x),

and
1 -1 1
Woniea() = (A (-8 + 207 A7) A% A+ 2D g0,

1

where [ is the identity operator. Note again that —A + I, —A + 7

I and —A + fg are all invertible with
the homogeneous Neumann boundary condition.

The simple calculations above reveal to us the following facts about linearized inversion with
the W, metrics. First, in the ideal case when the original problem is uniquely invertible, the data
used in the inversion contains no noise, inversion results under all the W, metrics are the same and
degenerate to the classical L? based inversion results 6;2(x) = (A*A)~' A*g(x). Second, inversion
methods based on the W, metrics are “preconditioned” versions of the classical L? inversion. The
operators (=A)~!, (=A+1)7!, (—A+fQ)_l, (~A+al)~" and (—A+%1)_l are all smoothing operators
that damp the higher-frequency components of the data g before the inversion operation. The higher

the frequency is, the stronger the damping effect will be. Therefore, when high-frequency noise

present in the data, they are suppressed before the inversion.

3.5 Numerical implementations

We now present details on our implementation of the inversion methods outlined in the previous
section. The algorithms are implemented in the MATLAB software with the source codes deposited
at github !. In our numerical simulations in the next three sections, we display computational
results for the one-dimensional domain Q = [0, L] and the two-dimensional spatial domain Q =
[0, L] x [0, Ly]. The time interval for the transport equation is set as T = (0, T']. The values of L,

Ly, L, and T will be given in later in specific examples.

I'The github repository for our source codes is at https:/github.com/wending1/.
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3.5.1 Numerical discretizations

One common practice in the numerical discretization of the transport equation in the formulation

of the fluid dynamics is to introduce the variables

m=pw, and, (=pl (3.51)

so that the transport equations in the constraints of the minimization problem become linear. We
follow this idea here in our presentation. We now detail the discretization of the Wasserstein-Fisher-
Rao formulation W, wrr. The same type of discretizations are used for the W2, W yot, Wa,guor

and W3 Mixed metrics. Details of numerical discretizations are given in the Appendix A.

3.5.2 Discretization of Fréchet derivatives.

We also need to discretize the Fréchet derivatives involved in (3.23). Those operators can be
discretized using the same scheme as we just detailed. However, in our numerical implementation,
we use a discretizing-then-optimizing approach for the optimization problem. This means that we
formulate the optimization problem for each metric in the discrete setting using the discretization
schemes for the transport equation and the cost functionals, that is, (A.3) and (A.13) in dimension
one or (A.47) and (A.49) in dimension two. We then form the corresponding discrete version of the
optimality condition (3.21). The discretized versions of the operators in the equation for the Newton
update direction, (3.23), are then directly derived by taking gradients on the discrete level. To save
space, we list the discrete version of all the operators involved in the Appendix. We also point
out that in the limit when the sizes of the spatial-temporal grid Ax, Ag, At go to 0, the discretized

operators converge to their continuous correspondences given in the Appendix.

3.5.3 Newton’s iteration

The Newton iteration (3.22) is implemented using MATLAB with a cubic line search scheme [105]

to find the step length ¢} at iteration k. The standard Wolfe conditions [105] are imposed on the
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line search scheme. More precisely, let ¥(p, w,{,0,2) = ||F ||i2 be squared L? norm of the
system (3.21), px = (pr, Wk, Ck, Ok, Ak), and Spy = (6pk, Owy, 6k, 60y, 64;). We look for an £},

that solves the one-dimensional minimization problem

min‘P(pk +€k5pk), (3.52)
fk>0
and satisfies the conditions:
Y(pi + tedpi) < ¥(pi) + 1tV (pr)dpx, (3.53)
VY (pi + tdpi)opi > 2V (pr)dpi, (3.54)

where ¢; and c; are two small positive constants. Following the suggestion in [105], we take

c1 = 107 and ¢, = 0.1 in our numerical simulations in Section 3.8.

Initialization guesses. The Newton iteration needs to be started at a given initial guess (¢, wo, {o, 60, A0)-
Since 6 is the only intrinsic variable that we are interested in inverting for, we should only need
to provide the initial guess 6. The initial guess for the other variables are constructed by solving
the sub-optimization problem described by (3.5) and (3.6) with f(6) fixed at £f(8y). This way, the
different components of the initial guess (pg, wo, (o, 8o, 1) for the nonlinear iteration are consistent

with each other.

Stopping criteria. In the numerical simulations, we will compare results from the algorithms
with different W, metrics. One of the major difficulties in making a fair comparison between
different algorithms is to find a fair stopping criterion. In our simulations, we stop the iterations
if either (i) the update is sufficiently small, that is, £;||(5pk, dwy, 6k, 60k, 6A;)|| < &1 for a given
tolerance €1, or (ii) the mismatch between the model prediction and the data has decayed sufficiently,
that is ®(f(6r),g) < e,®(f(0y), g) (where 6 is the initial guess of the unknown function to be

reconstructed) for some tolerance ;. The value of the parameters £, and &, will be provided later
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when we present the simulation results.

3.5.4 General setup for simulations

We focus on three inverse problems where the data measured are non-negative so that we do
not need to perform signal normalization, an operation that could have a significant impact on the

inversion results, as is done in most of the previous studies [148, 40, 147, 146].

Inverting the Abel transform. The first inverse problem we consider is a linear problem described
by the Abel equation. For a continuous function 6 on [0, 1], the Abel transform of 6, with parameter

0 < a < 1, 1s defined as [66]:
f(s) = A0 = / (s —1)"%0(1)dt, s € [0,1]. (3.55)
0

Without loss of generality, we can assume that f(0) = 0. In our numerical simulations later, we are
interested in studying the performance of the Wasserstein metrics in inverting the Abel transform.
The discretization scheme for the Abel transform is documented in the Appendix A.2. Interested
readers are referred to [12] for more detailed discussions on equations of Abel type. Let us mention

here the simple fact that the Abel transform can be analytically inverted to find 8(¢)(with £(0) = 0):

_sin(ra) , [ df(s) 1
0(1) = = (/0 o te[0,1]. (3.56)

Inverse diffusion problem. The second example inverse problem we will computationally study
is an inverse coefficient problem for the diffusion equation in a bounded domain Q c R? (d > 1)

with smooth boundary 0Q:
-V-yVu+6u=gq, inQ, u=>b, onoQ (3.57)

where v is the diffusion coefficient and 6 is the absorption coefficient. When the coefficients and

the boundary condition g are given, we can solve the diffusion equation to find its solution u. In the
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inverse problem, we assume that we know everything else but not the absorption coefficient 6. We

are interested in reconstructing 6 from additional data of the form

£(0) = A(Q)u, €Q (3.58)

where v is the diffusion coefficient, and 6 is the absorption coefficient. When the coefficients and
the boundary condition g are given, we can solve the diffusion equation to find its solution u. In the
inverse problem, we assume that we know everything else but not the absorption coefficient 6. We

are interested in reconstructing 6 from additional data of the form

Inverse wave propagation. The third inverse problem we consider is an inverse coefficient

problem for the Helmholtz equation in a bounded domain:

Au+k*(1 +n)u+ikbu = g, inQ, u=>b, ondQ (3.59)

where k is the wave number, # is the refractive index, and 6 is the conductivity. We assume that
wave number k, the coefficients, and the domain € are arranged in such a way that the Helmholtz
equation (3.59) is uniquely solvable. In the inverse problem, we assume that we know n but not 6.

We are interested in recovering 6 from additional data of the form

£(0) = A(O)|u]?, x € Q. (3.60)

This is a simplified model for inverse problems in quantitative thermoacoustic tomography [8].
We discretize the Helmholtz model in a rectangular domain in our numerical simulations. The

discretization scheme can be found in Appendix A.2.

Generation of synthetic data. The synthetic data we use in all the numerical simulations are
generated from the forward models. We solve the forward model g = f(6;,,.) with the true

coefficients to compute the data. We add additive random noise to the data computed from
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the models to generate noisy data. More precisely, let g be the noise-free data. We generate
multipliable noisy data g® = g + h where h ~ N (0, § diag(g)) (6 being the variance of the noise).
To generate high-frequency noise, we use Fourier transform ¥ to filter out the low-frequency
components of the noise. Let & be the random noise, we generate the high-frequency noise h by
ho=F"" Xill€12é01 F (h) where F~! denote the inverse Fourier transform, yp is the characteristic
function of the set B and & denotes the cutoff frequency.

Our numerical experiments show that the time interval size does not play a significant role in
the solution process. In all the numerical experiments in the following subsections, we set 7 = 1
in the definition of the Wasserstein metrics for simplicity. We observe that 7" does not affect the
reconstruction quality (although it does affect the overall computational cost of the reconstructions).
Unless stated otherwise, we set the regularization parameter vy = 0, introduced in (3.15), in all the
simulations as our objective in this study is to study the general behavior of the Wasserstein metrics
in the inversion process, not to tune the parameters to get the best reconstruction result.

The unknown in the following section are from one of the three options 3.1

Bell shape 6. The unknown is smooth. It tests the general ability of Wasserstein metrics to solve
inverse problems.
@x-1?
0(x) = 1 +e 355, xe[0,1] (3.61)
Two scale . Unknown consists two different scales of modes, one high-frequency mode 60r
and one low-frequency mode 2. This example may be extreme, but it is a good indicator of the

separation of frequencies by Wasserstein metrics.

0(x) = 1 +0.5sin(27x) +0.05 sin(307x), x € [0, 1] (3.62)
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Discontinuous 6. The unknown is the simplest discontinuous function. It aims to test the perfor-

mances for Wasserstein metrics in discontinuous settings.

0(x) =1+ X1 2. x€[0,1] (3.63)

12

sigma
sigma
sigma
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X X X

Figure 3.1: Exact unknown shape, from left to right: bell shape, two scale shape, discontinuous
shape.

Display of optimization process. To fully display properties(especially smoothing effect and
separation of frequencies) of Wasserstein metrics, it is vital that we display target quantities
throughout the optimization process. Therefore, we organize the reconstruction results from
different algorithms and setups by their loss value: the value of the current loss function, i.e.,
loss = ®(f(6y), g) rather than simply showing the final reconstruction results. We regard the loss

value as a fair comparison between different Wasserstein metrics.

Initial guess of numerics. Unless stated otherwise, we set the initial guess of independent
variables of all the following numerical examples to be constant 1. Other related quantities are

initialized such that they are consistent.

3.6 W, does NOT regularize.

The smoothing effect of the Wasserstein metrics we have just seen should not be confused

with the smoothing effect introduced by variational regularization techniques such as Tikhonov
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regularization, which is often introduced in L? based least-squares formulation. For the linear

model (3.44), we minimize

1 ~— _ y ~ ~
©.2(0) = 5 ) 1A0E) ~EOF +3 ) (1+[EPIOE) - o€, (3.64)
gezd gezd
where 60 represents the a priori selected and y controls of the strength of imposing the a priori.

It is straightforward to verify that the minimizing ®;2(6) gives the solution

—~ ~ -1 <
02(6) = (XA +y(1+1EP) AEE) (3.65)

The insights we obtained in this section are analyzed. A nonlinear effect makes the Wasserstein

distances different from the 4! metrics [107].

3.7 Performance under noisy data

The pre-conditioning effect of the Wasserstein metrics on the inversion results has significant
consequences for inverse problems with noisy data. This was discussed in [95, 40, 148, 37, 146]
in the case of the regular W,. The same analysis carries to Wa wrr, Wa.uor and Wa mixed- Let us

assume further that the linear operator A has the symbol

AE) =) (&) =+1+I£2 6>0. (3.66)

The assumption that & > 0 means that the operator is smoothing whose inverse amplifies the
high-frequency component of the data. The inverse problem is, therefore, ill-conditioned (often
called ill-posed in the literature).

We denote by g° the data g polluted by random noise with § the noise level in the data. More
precisely, we denote by ¢ := ||g° — g|| 12(q)- We assume that g’ and g have the same total mass so

that we do not need to worry about the invertibility issue of W, inversion. We also denote by R'V%Z"
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the inversion operator under the W, metric truncated at frequency |£|., that is,

L
Rgrg:= > (A"

2 A §|2g(§) cos(£ - x)

Then the L? error in the reconstruction, defined as the L? difference between the reconstruction

from data g‘s, 'e“wz, and the true solution @, can be bounded as follows:

165, = 0ll 2y = 18, — Ow, + Ow, — Oll 120 < 105, — Owsllz2) + 110w, — Oll12(q)

= IR (& = @)l 20 + (R A = DOl 20y, (3.67)

On the other hand, it is straightforward to check that

|§1<I€le
IR (& = @)l 20 = | Z <A| DAL @ -8 cos(€ Dl
£ Kl £
3 & -8

1
=1l ) @1 o€ Wl < €1 ) e 2 - g’ < €7 llg’ - gll o)
E€lZy E€lZy §|

where the last inequality is true with the assumption that g° and g have the same total mass, and

also that
IREA = DOl =1l D, 0@ cosE - Dlpe = D, 8P
£€Zy,|E121€]c £€Zy,|E121€]c
Therefore, the reconstruction error bound (3.67) can be rewritten as

165, - Oll 20y < €176+ >0 8@ (3.68)
E€Z4,E|12|€]e

This error bound is minimized if we take |£|. ~ (57'|0(&)]).

Remark 3.7.1. The simple analysis in this section: We emphasize that one of the main differences

between Wy wrr, Wa.uot, and Wa Mixed is that Wo wrr has no free parameters in its definition. The
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mass imbalance is completely determined by f and g. In W Mixed, however, the imbalance is not
completely decided by the imbalance between £ and g. The parameter 8 allows the imposition of
mass conservation. In the solution of inverse problems, 8 should go to o to enforce that the final
solution conserves the total mass. If the total mass of £(0) and g are not the same, 6 is not the true

solution to the inverse problem. We should set the sequence By to oo as k — oo.

3.8 Numerical experiments

We now present a collection of numerical simulations to study the behavior of the Wasserstein
metrics in solving inverse problems.

Before introducing any numerical results, we first plot the loss ®(6) with respect to optimization
iterations in figure 3.2. It decays exponentially regardless of the choice of algorithms, forward

operators, and input 8 shape.

log(#)

-20
25 | T

230 F i

-35

0 500 1000 1500
iteration

Figure 3.2: Optimization Loss log(®(8)).
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3.8.1 The smoothing effect

In the first set of numerical experiments, we focus on the smoothing effect of Wasserstein metrics
as analyzed in the linearization study of Section 3.4. The Wasserstein metrics are asymptotically
equivalent to weighted 7{~' and %~ metrics. These are weaker metrics compared to the L?
metric. Therefore, inversion based on those metrics is more stable with respect to random noise
presented in the data. This is evident in the inversion formulas given in linearization analysis 3.4.2
as high-frequency modes in the data are damped by the factor (¢)~! before they pass through the

inverse operators. Effectively the reconstruction consists of several low-frequency modes.

Experiment 1. In Figure 3.3, we exhibit reconstruction results for the inverse diffusion problem
in the one-dimensional domain Q = (0, 1) with data containing 10% of random Gaussian noise.

The results show that Wasserstein metrics are less sensitive to noise than L2 loss function.

3.8.2 Frequencies disparity

Experiment 2. In the following example, we showcase that while it is excellent that the Wasser-
stein metrics stabilize the reconstructions with noisy data, they also delay the reconstruction of the
high-frequency component of the unknown. In Figure 3.4 and 3.5, we exhibit the reconstruction
of the absorption coefficient 3.62 which has a high-frequency component that is far separated
from its low-frequency component. The reconstructions show that Wasserstein metrics mainly
delay the reconstruction of the high-frequency mode of the unknown. Because Wasserstein metrics
recover low-frequency functions faster than high-frequency functions, therefore, if the function
can be approximated with low-frequency components, the Wasserstein metric will recover it with
low-frequency components as opposed to recovering with a high-frequency, noise-like function.
Thus reducing the effect of high-freugncy noises.

Moreover, we can plot the relative error of Fourier modes against optimization iterations, as in
figure 3.6. Mode 27 decays to zero after iteration 30 and stays zero after that. While the relative

error for mode 30r first increases and then decays to zero after iteration 500. This shows clearly
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Figure 3.3: Reconstructing the bell shape absorption coefficient 6 in 3.61 in the diffusion equa-
tion (3.57) in the one-dimensional domain ©Q = (0, 1). First row from left to right : the exact
L%, H™', Wy; Second row from left to right: Wo,wer, Wao,uor(= = 0.1), Wa guor(2 = 0.1); Third
row from left to right: W5 mixea(8 = 0.1), Wi, UW (B8 = 0.1). The synthetic data contains 10% of
random noise, loss value is 107> for quadratic Wasserstein metrics, loss value is 10-3 for W, and
UW; results.

that Wasserstein metrics delay the reconstruction of higher frequency components. Eventually,

Wasserstein metrics still recover high-frequency components.

3.8.3 The effect of mass imbalance

Experiment 3. The rationale for using unbalanced optimal transport is that during the iterations
before convergence, one should not expect that the model predictions match the measured data, that
is, f does not have to have the same mass as g. It’s therefore more appropriate to use unbalanced
optimal transport instead of balanced optimal transport. However, at the point of convergence, i.e.
when 6 is close to its true value, f and g should have the same mass. Therefore, the final results of
unbalanced and balanced inversion are very close.

Among the unbalanced metrics, the W, wrr metric will not degenerate to W, when f and g have
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Figure 3.4: Reconstruction of the two scale coefficient 6 given in (3.62) for Helmholtz model (3.59).
The synthetic data contains no random noise. From top to bottom: L?, H~!, W;, UW, (8 = 0.1).
From left to right: loss value for H1is5%107°,2%107°, 107; loss value for L% is 107!, 1072, 1073;
loss value for Wy, UW; is 0.002, 0.0015,5 % 1074,

the same total mass, W yot and W> guor degenerate to W, when f and g have the same total mass,
independent of the parameter . The W3 Mixed metric will reduce to W, when g goes to 0. In our
implementation, we take a sequence of parameter S (k being the iteration step of the algorithm)
that goes to decays to 0 as k increases.

In our optimization framework, mass imbalance means the constraints have an empty feasible
set, dealing with mass imbalance is equivalent to relaxing the constraints such that the feasible set is

nonempty. The dealing of imbalance is embedded into the optimization procedure. As we can see
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Figure 3.5: Reconstruction of the two scale coefficient 6 given in (3.62) for Helmholtz model (3.59).
The synthetic data contains no random noise. From top to bottom: W, W2 wrr, W2,U0T($ =
0.1), WZ,GUOT(é =0.1), WaMixed (B = 0.1). From left to right: loss value for all W, types of metrics
is 107%,2 1077, 1073,

from the results in Figure 3.7, we do not observe significant differences between reconstructions
with Wa wer, Wa,guot, Wa,uot, WaMixed and those with W5, see figure 3.7. This is expected from

the analysis in the asymptotic regime as the synthetic data we used in the inversion have the same
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Figure 3.6: The same setup as 3.4 with W gyor algorithm. Relative error for reconstructed 6
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coefficients i.e.

total mass as the model predictions with the true coefficients.

3.8.4 TImpact of penalty parameters

Experiment 4. The penalty coefficient is actually very important in W2 guot, W2,uoT, W2 Mixed
and UW; when f and g does not have the same total mass. The penalty term controls the degree to
which we enforce the dynamic source term to be as small as possible.

Intuitively speaking, the initial condition of the transport solution should start from f and end
at g, the initial constraint ensures the accuracy of the reconstruction. The dynamic source term
of W2 guor, Wa.uor offers the flexibility of enforcing this constraint. A large penalty parameter
puts a large weight on the dynamic source term, and smooths the reconstruction, making it more
difficult to reconstruct high-frequency components; Moderate penalty parameter can recover both
high and low-frequency components;. A small penalty parameter will weaken the enforcement of
initial conditions, resulting in systematic reconstruction error, even in low Fourier modes, leading to

totally wrong results. It is shown in figure 3.8 that as é decreases to 0, the ability to reconstruct
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Figure 3.7: Reconstruction of the discontinuous absorption coefficient 6 given in (3.63) for
Abel transform problem (3.55). The synthetic data contains 1% random noise. First row:
L2 H, W, Wa.wrr; Second row: W2,U0T($ =0.1), Wz,GUOT(é = 0.1); Third row: W Mmixed (B =
0.1), W, UW (B = 0.1). All quadratic Wasserstein metrics results are plotted with loss value 1077;
while Wy, UW; are plotted with loss value 1073,

high-frequency modes is stronger, but when é is too small, the reconstruction fails completely.

Figure 3.8: Reconstruction of the two scale coefficient 6 given in (3.62) for Helmholtz model
(3.59) with W guor. The synthetic data contains no random noise. From left to right: é 18
1073,107%, 1075, 1078. All plotted with loss value 107. Notice that when 1 = 1073, the plot has a

different scale in y axis from other plots.
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This phenomenon is more evident in the case of UWj, see figures 3.9. As the penalty parameter
B decreases, the high-frequency components are more and more accurate, while the low-frequency
components are compressed. Therefore the penalty parameter 8 in UW| can be used to adjust the

reconstruction sensitivity to high or low-frequency components.

Figure 3.9: Reconstruction of the two scale coefficient 8 given in (3.62) for Helmholtz equation
(3.59) with UW,. The synthetic data contains no random noise. First row: §is 1,0.5,0.1,0.05;
Second row: B is 1072,1073,1074, 1078, All plotted with relative loss value 1073.

3.8.5 Impact of initial guess

Experiment 5. It is impossible to get a fair comparison between the metrics on this since all the
convergences are local. Our initial guesses have to be close enough to the true. In our numerical tests,
we observe in general. However, the algorithms based on the W, metrics are not sensitive to initial
guesses, especially when the initial guess has high-frequency components, for instance, piecewise
constant initial guesses. This is in general our experiences in computational inverse problems;
Figure 3.10 is one typical example of a computation process from different initial guesses. And 3.11
show the impact of different initial guesses on the final reconstruction of Wasserstein metrics.
Although the path to reconstruction is different, the final results and the "speed" of reconstruction

are almost the same for piecewise and constant initial guess.
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Here we use two initial guess,constant initial guess: 6;,iiq; = 1 and piecewise initial guess

Omitiat(x) = (3.69)
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Figure 3.10: Reconstruction of the discontinuous coefficient 6 given in (3.63) for Helmholtz model
(3.59) with W, guor. The synthetic data contains 5% random noise. First row: reconstruction
process with constant initial guess; Second row: reconstruction with piecewise constant initial
guess 3.69. From left to right: initial guess, S is 1073,1074,107°,107.

3.8.6 Two dimensional simulations

Experiment 6. What we have observed in the previous numerical experiments also appears in
problems in higher-dimensional spaces. This is demonstrated in Figure 3.14 3.13 3.15 3.16 where
we show reconstruction results for the inverse diffusion problem in the two-dimensional domain

Q = [0,1] x [0,1]. The domain is covered with a uniform spatial mesh and the time interval
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t € [0,T = 1] is covered with uniform mesh intervals. Our numerical experiences show that this
phenomenon occurs independently of the exact form of the true coefficient o. Exact discretization
is in appendix A.12. We use the 2D diffusion equation as forwarding operators 3.57. Same as the

1D examples, we use similar three types of target quantities o as follows 3.12

Continuous o.
o(x,y) =1—-x(1-x)sin(6rxy)sin(2ry)e*™, (x,y) € [0,1] x [0, 1] (3.70)
Discontinuous o.
o(x,y)=1 +X(x7y)e[%’%]x[%’%], (x,y) € [0,1] x [0, 1] (3.71)
Two scale o.
o(x,y) =1+0.5sin(27x) sin(27ry) + 0.1 sin(107x) sin(107ry), (x,y) € [0,1] x [0,1] (3.72)

Our numerical experiences show that two-dimensional Wasserstein metrics are similar to one-
dimensional cases. We showcase the following three numerical examples for two-dimensional
reconstruction: Discontinuous shape with noise 3.13, the continuous case 3.14 and the two scale

cases for separation of frequencies 3.15 3.16.

3.8.7 Further discussions

Ill-conditioningness and regularity assumptions. As we have seen from the simplified analysis
of linear inverse problems in the previous section, the quality of the inversion is determined by the
combined effects of the Wasserstein metrics, the smoothing properties of the forward operators,
and the regularity assumptions we impose on the unknown to be reconstructed. When the operator
is very smooth or the unknown is assumed to be very smooth, the role of the Wasserstein is less

prominent.
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Disparity of frequencies. Due to the fact that high-frequency are damped, low-frequency compo-
nents of the model prediction and data have a larger role in the objective function. Therefore, the
gradient weighted more on the low-frequency part. The algorithm therefore matches low-frequency
information first and then matches high-frequency information. This is very different from the L?
case, where high-frequency information dominates the gradients, resulting in the algorithm trying to
match high-frequency information first. At high frequency, the objective function has lots of local

minimums. Therefore, the iteration is hard to converge.

Preservation of original solutions. Balanced mass Wasserstein distance does not change the
original solution, to be more precise, when no noise is presented in the data, the original solution is
the global minimizer for the corresponding optimization problem of the Wasserstein metric. This is
observed by our numerical experiments that after sufficient iterations, the solution generated from
Wasserstein metrics is the same as the solution generated by L? norm, see figure 3.3. If there is

noise in the data, however, Wasserstein metrics are more robust against noise.

Robustness of W, against noise. What is that we gain: robustness against noise. The most
important effect of W5 is damping or delaying of high-frequency components in the reconstruction.
So that we can control the effect of high-frequency modes as long as our numerical tests stop at an

appropriate iteration. More than often, high-frequency means noises. Thus robustness against noise.

Loss of resolution with W,. What is that we gain: robustness against noise. The most important
effect of W5 is damping or delaying of high-frequency components in the reconstruction. So that we
can control the impact of high-frequency modes as long as our numerical tests stop at an appropriate

iteration. More than often, high-frequency means noises. Thus robustness against noise.

The impact of mass imbalance. Balanced or imbalanced? On the one hand, unbalanced optimal
transport should be used since we do not have the balance of mass until the last steps of the iterations.

However, imbalanced optimal transport has a “regularization” parameter in the formulation that
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requires training in practice. On the other hand, in the end, we need mass balance since otherwise
the solution we obtained is not the true solution. Therefore, we should take the parameter S(or é) to

0.

Optimization framework. We recommend combining Wasserstein formula and the forward
problem into a single optimization framework: utilize the fluid dynamic formulation of the optimal
transport, and treat the forward operator as the constraint. Let the optimization packages worry
about the convergence and mass unbalance issue. Details of the discretization of different schemes

are in the appendix.

Computational cost. Computationally, all the W, metrics increase the problem dimension by
adding a new temporal dimension, which is more computationally expensive than the L2, and ™!
approaches. The cost among different Wasserstein metrics looks similar. Considering that 74~! has

similar reconstructing properties as W5 type of metrics, it is recommended to apply 9! approach.
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Figure 3.11: Reconstruction of the discontinuous coefficient 6 given in (3.63) for Helmholtz model
(3.59). The synthetic data contains 5% random noise. First column: reconstruction process with con-
stant 1 initial guess; Second column: reconstruction with piecewise constant initial guess 3.69. From
top to bottom: Wa, Wo,wrr, Wa,uor(2 = 0.1), Wa,guor (£ = 0.1), Wa mixea (8 = 0.1), Wy, UW, (B =
0.1). All results of quadratic Wasserstein metrics are plotted with loss value 107%; W;, UW; results
are plotted with loss value 1073

J

0



sigma

Figure 3.12: Exact shape of two dimensional unknowns. From left to right: continuous shape,
discontinuous shape, two scale shape.
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Figure 3.13: Reconstructing the discontinuous shape absorption coefficient o~ in 3.70 for the 2D
diffusion equation. First row from left to right : the exact o, L?; Second row from left to right:
H~, W,; Third row from left to right: W> wrr, WZ,UOT(é = 0.1); fourth row: Wz,GUOT(é =0.1),
WaMmixed(B = 0.1). The synthetic data contains 10% of random noise, loss value is 5 * 107° for all

results.
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Figure 3.14: Reconstructing the continuous shape absorption coefficient o~ in 3.70 for the 2D
diffusion equation. First row from left to right : the exact o, L?; Second row from left to right:
H~', W,; Third row from left to right: Wa wrr, W2,U0T(é = 0.1); fourth row: WZ,GUOT(é =0.1),
Wamixed(8B = 0.1). The synthetic data contains no of random noise, loss value is 1072 for all results.
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Figure 3.15: Reconstruction of the two scale coefficient o~ given in (3.72) the 2D diffusion equation.
The synthetic data contains no random noise. From left to right: loss value is 5 * 107%,5%1077,10°8
respectively. From top to bottom: L2, H~!.
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Figure 3.16: Reconstruction of the two scale coefficient o~ given in (3.72) the 2D diffusion equation.
The synthetic data contains no random noise. From left to right: loss value is 5% 1075, 5% 1077, 1078
respectively. From top to bottom: W, Wy wrr, WQ,UOT(é =0.1), Wz,GUOT(é =0.1), WaMixed(B =
0.1).
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Chapter 4: Neural Network Induced Loss Function

Non-linear inverse problems are usually solved after discretization by optimization or variants
thereof. While the gradient-based method converges well with an initial guess close to the true
solution or the optimization loss landscape is convex, its convergence behavior can be erratic and the
method can fail if the initial guess is far from the solution. In this chapter, we propose an approach
to design loss functions induced by a well-trained neural network, applied directly to the non-linear
operators and then obtained near convex landscapes, which are often simpler to solve.

The universal approximation theorem guarantees that neural networks can approximate any
continuous function to arbitrary accuracy with no constraint on the width and depth of the hidden
layers[31][63]. This offers a niche way of constructing landscapes in the scope of inverse problems.

This chapter is based on [35]

4.1 Convexify loss landscape by neural network

To be consistent with the setups in this chapter, we change the notation of input as m instead of
0;

Suppose m € LZ(Q), and g € Y, where Q is a smooth domain, and ¥ is some Banach space. We
apply deep learning methods to train a neural network, denoted by f; I(.), with @ denoting the set
of parameters of the neural networks, to approximate the inverse operator f~!. A training process

based on the L2 loss function can be formulated as:

ae®

N

~ . . 1 =

@ = argmin £(e) with £(a) := D lmy =1 @) )
j=1

where © represents the space of parameters of the network. The training dataset is generated

synthetically: for each data point (g;,m;), g; is generated by evaluating the forward operator
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f(m;).

The neural network induced loss function is

loss(a,b) = |[f5' (a) —f;(b)niz(m,a,b €0 (4.1)

Under the neural network induced loss function, we seek to solve for following pre-conditioned

nonlinear inverse problem

£1(f(m)) = £'(%) (4.2)

And the corresponding landscape function for neural network induced loss function is of the

following form

Isnn(m) = 651 (£(m) = £ (@117 (4.3)
When the neural network can perfectly approximate f~!, i.e. /f\él =f"! we have

Isyy(m) = ||f'1(f(m)) - f_l(g)”%;(g)

= ”m - f_l(g)”iz(g)

(4.4)

The loss landscape [syy(m) is convex, in fact, a quadratic functional of m. When the learning is
not perfect but sufficiently accurate, /sy (m) still has an advantageous landscape. This is given in

the following result.

Lemma 4.1.1. Let/fél :g e Y — m e L*(Q) be an approximation to £~' with Fréchet derivative

at g given as d’f\é 'g). Assume that

sup [ (£(m)) — ml| o) < € (4.5)
and
A=1+ sup ||df§1 [g] ”.E(Y;LZ(Q)) < 400 (46)
g
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for some € > 0 and g° = £(mg) + & for some & with ||8||y sufficiently small. Then we have that
I8! (£0m) = 5" (@)l 20 — = moll 2y | < 2¢ + All8lly @7
Proof. We denote by r(m) = fail (f(m)) — m. We then have, by Taylor’s theorem, that
' (2°) = 15! (F(mo) + 6) = mo +r(mo) + df' [£(m0)](8) + 0(8),

. ool 2
where lim —

500 Toly = (. We therefore have
.

£ (F(m)) — £ (%) = m — mo +r(m) — r(mo) — df5' [£(m0)] (8) + 0(8) .
We can now use the triangle inequality to conclude that

IE! (E(m)) — £ (@)1 12() — llm = moll 20y

< |lr(m) = r(mo) - df"[£(m0)](8) + 0(8) |12

< Nlr(m)ll 20 + Ir(mo)ll 2qy + dE [£(mo)1 (8) 1l 2 () + l0(&) Il 20
<2e+ Aoy

(4.8)

where the last step comes from the assumptions in (4.5) and (4.6). The proof is complete. O

This result says that if the noise level § in data g° is sufficiently small and the Fréchet derivative
of fél is bounded, then the loss landscape /sy y(m) under neural network induced loss function
behaves similarly to the quadratic functional ||m — ’f};l (g2) ||i2 @ provided that the training process
for ’f};l is accurate enough. Therefore, the loss landscape under the neural network is approximately
quadratic functional with error only depending on the neural network itself and the noise level
in the dataset. It is clear that we can replace the strong assumption on the accuracy of /f};l,
sup IE=1 (£(m)) — mll 2 < €. with the weaker assumption |[E=! (F(m)) — mll2q) < €llmll 2(q).
in which case the 2€ term in the bound (4.7) will be replaced by €(||m||.2(q) + llmoll;2(q))- The

conclusion still holds.
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Due to the smoothing property of the forward operator, the stability of the trained inverse
operator, measured by the boundedness of its Fréchet derivative, is enough to ensure the accuracy
of the neural network reconstruction. Therefore, if we could train network approximations with

such stability properties, they have good generalization capabilities in the output space.

Lemma 4.1.2. Let m, mg € C*(Q) N [m, m] for some 0 < m < m < +co. Then, when lm—moll12q)

is sufficiently small, there exists a constant ¢ such that
5" (£0m)) ~ £ (£0m0)) | 20 < ellm = moll 20 (4.9)

Proof. The map m +— g := f(m) is Fréchet differentiable with the derivative at m in direction m

denoted as df[m](m). By Taylor’s theorem, we have

£ (£(m)) = £ (£(mo) + df [mo] (m — mo) + o(m — my))

=1 (£(mo)) + dE ' [£(mo)] (dE[mo] (m — mg)) + & (m — mo),

lotm=mo)lly _ 13y 100020

where lim = (0. We therefore have

m—my ”m_mOHLZ(Q) m—mo ”m_mO”LZ(Q)

B! (£(m)) =15 (£(mo)) = dE;' [ (mo)](dE[mo] (m = mo)) + 3(m — mo) .

The bound in (4.9) then follows from the assumption (4.6). |

When the class of input variable is sufficiently nice, for instance, when each m can be represented
with a small number of Fourier coefficients in a narrow frequency band, one can hope that accurate
training is achievable. When this is the case, Lemma 4.1.1 and Lemma 4.1.2 ensure that the learned

model can be utilized to facilitate the new loss landscape.
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4.2 Numerical methods

We list two numerical methods for solving the inverse problems with neural network induced

loss functions.

4.2.1 Gradient descent iteration

Modern deep learning softwares such as pytorch and tensorflow have developed efficient auto
differentiation algorithms [11]. With the help of those algorithms, we can compute gradient of

inverse operator, i.e. df(gl [g] both efficiently and accurately. Due to the chain rule, we have that

Olsyn(m)

o = (& (£0m)) ~ 17 (g) 3 [£(m) | df [m] (4.10)

where df[m] represents the gradient of forward operator f at direction of m. We can solve the
inverse problem by minimizing the landscape function with gradient descent or gradient-based
algorithms such as ADAM [72]

4.2.2 Neumann series iteration

When an accurate training of f~! is not available, we can train a good approximation to the
inverse, that is, when the operator 7 — /f;l o f is not zero but small in an appropriate operator
norm, the inverse problem (4.2) can be solved by using Neumann series. More precisely, we can
rewrite (4.2) as

m — K(m) =/f};l(g5), K ::I—/f};1 of

whose solution can be expressed in a Neumann series as
= (I -K)7 6 (e) =) K (G (@) (4.11)
=0

The better the approximation /f; is to f~!, the faster the series converges.
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4.3 Case study: full wave inversion

Full waveform inversion (FWI) refers to the process of extracting information on physical
parameters of wave equations from data related to the solutions to the wave equations [4, 17, 19, 21,
26,37,41,91, 99, 109, 110, 111, 122, 132, 134, 137]. In seismic imaging, this is manifested as the
problem of reconstructing the speed distribution of seismic waves in the interior of the Earth from
measured wave field data on the earth surface. The sources of the measured waves could come either
from nature, such as earthquakes or from geophysical exploration activities by humankind, such
as air guns and seismic vibrators. We refer interested readers to [22, 48, 103, 138] and references
therein for overviews on the recent development in the field of FWI for geophysical applications.
While the term FWI was mainly coined in the seismic imaging community, FWI also has a wide
range of applications in other imaging applications, such as in medical ultrasound imaging [7, 16,
60, 67, 81, 93, 96, 141]. From the practical point of view, the main difference between geophysical
and medical FWI is that the quality of the dataset collected in medical applications, both in terms of
the variety of source-detector configurations can be arranged and in terms of the frequency contents
of the incident sources, is much richer than that of the geophysical FWI dataset.

For the sake of concreteness, let us consider the simplest model of acoustic wave propagation in

a heterogeneous medium Q with wave speed field m(x) > 0. The wave field u solves

1 2
Z—O—Z”—Au - 0, in (0,+00) X Q
m*(x) 6%t (4.12)

0
- h(t,x), on (0,+0c0) X IQ

on

with an appropriate initial condition. Here, n is the unit outward normal vector of the domain bound-
ary at x € 0Q. The data that we measure is time traces of the solution to the wave equation (4.12)

at a set of detector locations, say I' C R4, for a period of time, say 7', that is,

g = u(t,x)|orxr - (4.13)
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The objective of FWI in this setting is to recover the unknown wave speed field m in the wave
equation (4.12) from the measured data u(t, X)|(o,7)xr collected in a multi-source multi-detector
configuration. This is a challenging inverse problem that has rich mathematical and computational
content. The main computational strategy, due to the lack of explicit/semi-explicit reconstruction
methods, in solving the FWI inverse problem as well as many other model-based inverse problems,
is the classical L? least-squares formulations where we search for the inverse solution by minimizing

the L? mismatch between model predictions and observed data. To formulate this more precisely,

Ny
s=1’

we assume that we collect data from Ny acoustic sources {A,} ., and we denote by f(m; hy) the

forward model that takes m to the corresponding wave field data g; (1 < s < Nj). Then the inverse

problem of reconstructing m from measured data g° aims at solving the following operator equation:

f(m) =g° (4.14)

where
f(m; hy) g

f(m) :=| f(m;h,) | and g° :=|g°

f(m;hy,) g%

The superscript 6 denotes the fact that the datum g is polluted by measurement noise. The classical
L? least-squares method performs the reconstruction by searching for m that minimizes the mismatch

functional (with the possibility of adding a regularization term):

Y(m) = %Hf(m) (4.15)

0112
~ &l oy -

This challenging numerical optimization problem has been extensively studied in the past three
decades. Many novel methods have been developed to address two of the main challenges: (i) the

high computational cost needed to reconstruct high-resolution images of m, and (ii) the abundance
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of local minimizers (due to the non-convexity of the least-squares functional) that trap iterative re-
construction algorithms; see for instance [22, 48, 120] for a detailed explanation of those challenges
among others.

In recent years, there has been great interest in the FWI community to use deep learning tech-
niques based on neural networks to replace the classical least-squares based inversion methods [1,
6, 30, 44, 46, 64, 68, 70, 89, 94, 117, 127, 128, 129, 130, 143, 145, 149, 150, 151]. Assume that we

are given a set of sampled data

{g) = (g1 gyt g SomyHly (4.16)

where {m; }?’: , are a set of N velocity profiles sampled from a given distribution and {g; };\':1 are the
corresponding wave field predictions generated from N sources {hs}i\’:“1 with the model g = f(m).
Deep learning methods try to train a neural network, denoted by f,!(g), with & denoting the set of
parameters (that is, the weight matrices and the bias vectors) of the neural networks, that represents

the inverse operator f~!. A training process based on the L? loss functional can be formulated as:

N

_ . . 1 )

@ = argmin £(a) with £(a) = 5 Z Iy = £ ()12,
ae® ]=1

where O represents the network’s space of parameters, a regularization term can be added to the
loss function £(a) to help stabilize the training process. The number of samples N needs to be
large enough in order for £(«) to be a good approximation to the expectation of the mismatch over
the distribution: E,, [|lm — £, (g(m)) ||i2 ( Q)]. Many other loss functions can be used, but we will
not dive into this direction. Note that since we know, the forward operator f and are only interested
in learning its inverse operator, the datasets used in the training process are synthetic: for each data
point (g;,m;), g; is constructed by solving the wave equation (4.12) with the given speed field m
and evaluate (4.13).

Numerical experiments, such as those documented in [6, 70, 89, 127, 143, 145, 149, 150, 151],

showed that, with sufficiently large training datasets, it is possible to train highly accurate inverse
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operators that can be used to directly map measured wave field data into the velocity field. This,
together with the recent success in learning inverse operators for other inverse problems (see for
instance [2, 10, 20, 47, 113, 124] for some examples) has led many to believe, probably overly
optimistically, that one can completely replace classical computational inversion with offline deep
learning.

Despite the tremendous success in deep learning for FWI, it is still computational challenging
to train a once-for-all inverse machine f;!. First, with the aim of reconstructing high-resolution
images of the velocity field m(x), the size of the neural networks to be constructed as a discrete
representation of £ ! is prohibitively large. Second, it is well known that f : m + g is a smoothing
operator (between appropriate spaces; see for instance [66] and references therein for more precise
mathematical characterization of the statement). The inverse operator is therefore de-smoothing.
Learning such operators requires the ability to capture precisely high-frequency information in
the training data, and this is very hard to do in the training process as deep neural networks tend
to capture low-frequency components of the data much more efficiently than the high-frequency
components [112, 118, 144]. On top of the above, the inverse operator f,! we learned from model-
generated data very often has limited generalization, making it challenging to apply the operator to
new measured datasets.

In this chapter, we propose an offline-online computational strategy for coupling classical least-
squares based computational inversion with deep learning based approaches for FWI to achieve
advantages that can not be achieved with only one of the components. Roughly speaking, we utilize
offline trained approximate inverse of the operator f to pre-condition online least-squares based
numerical reconstructions. Instead of pursuing high-quality training of highly accurate inverse
operators, we train neural networks that only capture the main features in the velocity field. This
relaxes dramatically the requirement on both the size of the dataset and the computational resources
needed in the training process, and the trained model is more generalizable to other classes of
velocity models. Meanwhile, the offline trained approximate inverse is sufficient as a nonlinear

pre-conditioner to improve the speed of convergence of the classical least-squares based FWI
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numerical reconstruction in the online stage of the inversion.

The rest of this chapter is organized as follows. We first describe the proposed coupling strategy
in Section 4.4 in the abstract setting. We then present some preliminary understanding of the training
and reconstruction stage of the method in Section 4.5. In Section 4.6 we discuss the details of the
implementation of the strategy. Extensive numerical simulations are presented in Section 4.7 to

demonstrate the performance of the learning-inversion coupling.

4.4 Coupling learning with FWI

Our main objective here is to couple the deep learning based image reconstruction approach
with the classical least-squares based image reconstruction method for FWI. More precisely, we
utilize the approximate inverse we learned with neural networks to construct a new loss function for

least-squares based FWI reconstruction from measured data.

4.4.1 Robust offline learning of main features

In the offline learning stage, we use deep learning to train an approximate inverse of the operator
f. As we outlined in the previous section, our main argument is that the learning process can only
be performed reliably on a small number of dominant features of the velocity field. First, resolving
all details of the velocity field requires over-sized neural networks that demand an exceedingly large
amount of training data, not to mention that such networks are computationally formidable to train
reliably. Second, large neural networks or large sizes display serious frequency bias in picking
up frequency contents in the training datasets [144], making it inefficient to fit high-frequency
components of the velocity field. Despite all the challenges in resolving high-frequency features, it
has been shown in different scenarios that learning low-frequency components of the velocity profile
can be done in a robust manner [88, 115, 129]. This means that if we take the Fourier representation,
the lower Fourier modes of the inverse operator can be learned stably. This good low-frequency
approximate inverse is our main interest in the learning stage (even though an accurate inverse itself

would be better if one can realistically have it).
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Let 9 be the feature map we selected, and m the corresponding feature vector, that is,
M:m(x) e M— meM,

where M C L?(Q) is the class of velocity field that we are interested in and M is the space of the
feature vectors. Motivated by the analysis of weighted optimization in [38, 39], we train a network,
which we still denote as f;! : g — m, using the synthetic dataset (4.16), through the optimization

problem

N
1 2
G = argmi ith = o> e (-2 )| 4.17
@ = argmin £(2) with £(a) ZN; pe(m—1(g))| (4.17)
where the weight vector u is selected to weigh the loss heavily on the features we are interested in
while damping the features that are hard to learn stably. The ® is used to denote the componentwise
product between the vectors involved. The selection of the feature vectors as well as the weighting

vector p will be discussed in Section 4.7 in more detail. For the purpose of illustrating the main

idea, let us point out that one example is to think of (4.17) as the equivalence of

@ =argmins o> [ { [ utx=y) om0 - @) )ay) dx

in the Fourier domain, i.e. when the features we use are Fourier modes, with u being the Fourier
transform of the kernel u(x). If we take u to be a smoothing kernel, such as a Gaussian kernel,
p will decay fast with the increase of the frequency. In such a case, the learning problem (4.17)
focuses on the lower Fourier modes of the velocity field m.

Weighted optimization schemes of the form (4.17) with weight u to emphasize dominant
features in the learning problems have been extensively studied in the learning and inverse problems
community; see [39] and references therein. When the feature we selected are Fourier basis, it has
been shown that the correct selection of the weight y in the training scheme can lead to more robust
learning results for a class of models f;! following certain distributions, sometimes at the expense

of learning accuracy, with better generalization capabilities [39]. This is the main motivation for us
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to adopt this strategy for our purpose in this research.

4.4.2 New loss function for online inversion

In the online reconstructions stage, we utilize the approximate inverse we trained to construct a
new loss function for FWI image reconstruction from given noisy data g°. More precisely, instead

of solving the problem (4.14), we aim to solve the modified model

£ (Em)) =£'(g%) (4.18)

where

fail ::EIR_IOfaZI: g—m

is the learned approximate to f~! (while fél : g — mis the learned representation in ).

The least-squares formulation for the reconstruction problem now takes the form

m = argmin ®(m) , (4.19)
meM
with
Dm) = 51T (£0m)) ~ T (€)1 )+ IO (1 @ M) (4.20)
P @ LXQ " 9 L2(Q)

The last term in the objective functional is a Tikhonov regularization functional that imposes a
smoothness constraint on the target velocity field. This smoothness constraint is selected such that
it is consistent with the training process. The natural initial guess for any iterative solution scheme
for this minimization problem is mg := fgl (g%).

Let us emphasize that there is a significant difference between the L? loss function ®(m) we
introduced in (4.20), ignoring the regularization term, and the standard L? loss function ¥ (m)
defined in (4.15). Our loss function ®(m) measures the mismatch between the approximations of
the predicted velocity field and the true velocity field corresponding to the measured data, while

the standard loss function ¥ (m) measures the mismatch between predicted wave field data with
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measured wave field data. In other words, our loss function works on the parameter space (also
called the model space in the FWI literature, that is, the space of the velocity field) while the
standard loss function is defined on the signal space (that is the space of wave field signals at
the detectors). With reasonably-trained /fél the functional ®(m) has advantageous landscape for

optimization purpose as we will demonstrate in the numerical simulations in Section 4.7.

4.4.3 The benefits of the coupling approach

The offline-online coupling scheme we proposed allowed us to focus on training a robust
approximate inverse instead of the exact inverse. This makes the learning process more stable
and also requires less computational resources (in terms of the amount of data, the size of the
network, and the computational cost for optimization) than training an accurate inverse. Moreover,
the sacrifice in accuracy brings better generalizability for the learned approximate inverse. On the
computational side, the trained approximate inverse serves as a “preconditioner” for the inversion
process. It can not only provide a good initial guess for the reconstruction but also simplify the
landscape of the optimization problem.

We finish this section with the following remark. In the ideal case when all the operators
involved are invertible as they should be, the solution to (4.18) is identical to the solution to (4.14),
assuming that g indeed lives in the range of f. Therefore, our formulation does not change the true
solution to the original inverse problem. However, as we will see, the new formulation utilizes the
result of learning to facilitate the FWI reconstruction in terms of saving computational cost as well

as making the optimization landscape more desirable.

4.5 Formal understanding of the coupling

We now attempt to gain a more systematic understanding of the coupling strategy. As we have
argued in the previous sections, it is computationally challenging to train neural networks that
are accurate approximations of the inverse operator and are very generalizable at the same time.

However, there is certainly some dominant information in the inverse operator that we could extract
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with learning and this is the approximate inverse that we are interested in constructing.

4.5.1 Elements of network training

Due to the fact that the training data we have are generated from exactly the same operator we
are trying to represent with the neural network, the learning process we have is much more under
control than those purely data-driven learning problems in applications. Here we highlight a few
critical issues in the learning process without getting into the details of the implementation of the

learning algorithm.

Sampling training data. To learn the inverse operator, we need to pay attention to both its input
space and its output space. While our focus will be on learning the low-frequency component of
the inverse operator, we want the training data to include as much high-frequency information as
possible to gain generalization capability in the input space. Let K¢ be the frequency range for
the network output that we are interested in recovering and Kj, the frequency range of the velocity

fields that generated the wavefield data. We construct the training dataset as

{m; (%), = £m; (x) + 7 ()}

where m ;(x) are selected such that ¥ (m;) (k) = 0 Vk € Koy, and 7 (m) (k) # 0 Vk € K\ Koy
(F (m) denoting the Fourier transform of m). In other words, we train the network with input wave-
field data having richer frequency content of the velocity field than the output velocity field. This
construction enriches the frequency content of the input data but does not increase the computational
cost of the training process.

The well-known result on the differentiability of the data g with respect to m, quoted in the
proposition below, indicates that the input space of the inverse operator, i.e., the range of the forward
operator, is quantitatively smoother than the output space (the velocity space) that we are working
with. Therefore, a well-trained network approximation should have good interpolation ability

in applications when the space of velocity field we are interested in working with is sufficiently
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smooth.

Proposition 4.5.1 ( [9, 32, 66]). Let Q be a smooth domain and h(t,X) be the restriction of a C'
function on 0. Assume further that m € C*(Q) N [m, m] for some 0 < m < m < +co. Then the

map: £(m) : m —> g is Fréchet differentiable at any m € C*(Q) N [m,m].

The result is standard. We refer interested readers to [9, 32, 66] and references therein for more
precise formulations of it in different scenarios. This result also ensures that if we can train a stable

network, then the learning quality is guaranteed; see Lemma 4.1.2 below.

Network training error. Our main objective of this work is to focus the learning process on the
low-frequency content of the output of the inverse operator. We do this with the weighted optimiza-
tion scheme (4.17) by selecting weight u that heavily penalizes the low-frequency component of
the mismatch of true data and the network prediction. The impact of such weighting schemes on the
learning results have been analyzed extensively; see [38, 39] and reference therein. We illustrate
this in an extremely simplified setting. Let F := (f71)"(m() be the linearization of £~! at m( for a
one-dimensional medium. Assume that the learning loss function £ («) in (4.17) is minimized to

the order of &2 in the training process. Then on the leading order, the trained F satisfies
p® (m-FG) ~ O(e),

where m = [my, - - - ,my] is the matrix whose columns are vectors of the Fourier coefficients of the
training velocity samples {m }?’:1, G =[g1, -, gn] is a matrix whose columns are vectors of the
input data, and O(¢) is a diagonal matrix of size order €. The trained linearized inverse operator,

when applied to a new input data g°, gives the result
Fg’ ~ (m- ' ®0(s))GH(GGY) g’ .

The nature of u indicates that the relative error in the learned output is more significant in the

high-frequency Fourier modes.
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4.5.2 Computational simplifications

The reconstruction stage of the coupling can be greatly simplified when the training of the neural
network approximation is sufficiently accurate.

First, the coupling method will degenerate into a deep learning based method when we have
confidence in our ability to train an accurate deep neural network representation of the inverse
operator in FWI. Indeed, when fgl = £, that is, fél is exactly the inverse, the reconstruction

step (4.19) simplifies to

—~ 1 -~ 0%
= aremin - ||m — £=' (g%)]? + = ||Vm||? ,
i = argmin 5l =T (&) 72 g * 519l g

assuming, only for the sake of simplifying the notation, that the weighting operator u(x —y) is
taken as an integral operator such that g~ (k) = k. This gives a fast inversion for the new data and
immediately leads to the optimal selection of the regularization parameter when the regularization
term is not too complicated. In this case, we simply did a post-process on the deep learning

reconstruction given by the operator /fél The solutions to this are explicitly given as
m=(7+y8) ' ().

where 7 is the identity and A is the Laplacian operator. Therefore, m is simply a smoothed version
of the result produced by the trained neural network, fwil (g°). The exact form of the smoothing
effect depends on the selection of pu.

Second, training of inverse operator f~! of FWI may be difficult due to computational or
analytical reasons. Fortunately, even if we do not possess an accurate training of f~!, we can
still gain something by using Neumann series, as we discussed above 4.2.2. However, Neumann
series do require we can train a fairly good approximation to the inverse, that is, when the operator
I - fg o £ is not zero but small in an appropriate operator norm. For the training we had, see more

discussion in Section 4.7, a few terms of the Neumann series often provide sufficient accuracy for
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the reconstruction.

Let us emphasize that by the informal analysis in Section 4.5.1, the error in the learning implies
roughly that |F (m — K(m)) (k)| ~ {(K)|lm||;2(q) with £(K) large for large |K|. Due to the fact that
the operator norm of 7 — K is bounded below by maxy £ (k), this means that the convergence speed
of the Neumann series is controlled by the worst training error in the (high-frequency) Fourier

modes.

4.5.3 Utilizing learning outside of training domain

It is essential to point out that the weight y in the weighted training scheme (4.17) should be
selected to emphasize the low-frequency components of the output and penalize the high-frequency
components. It should not altogether remove the high-frequency components. If it does, then the
high-frequency components of the velocity field in the reconstruction stage can not be recovered with
the optimization problem (4.19). This is an obvious yet important observation that we summarize

as a lemma to emphasize it.

Lemma 4.5.2. Let ?5:1 be such that for any m, ?'[fafl(f(m))](k) = 0 V|K| > ko, and m be
reconstructed from (4.19) with a gradient-based iterative scheme or the Neumann series method

in (4.11). Then F[ii] (k) = 0 V|K| > ko.

Proof. Under the assumption on /fél it is straightforward to check that  (mg)(k) = 0 (mg :=
fwil(gé)) VIk| > ko, and F(K/mg)(k) = 0 V|k| > ko, for any j > 1. Therefore ¥ (in)(k) = 0
V|k| > ko. Let m, be the £-th iteration of a gradient based iterative scheme, then ¥ (r(m))(k) = 0
(r(m) =15 (f(m)) ~T="(g%)) VIK| > ko. This leads to the fact that T(dd)[mg] (6m))(k) = 0 for

any om. Therefore, F (me41) (k) = 0 V|Kk| > k¢. The rest of the proof follows from an induction. O

For any velocity field that can be written as mj; + 6m with m;, the prediction of the trained
neural network and dm outside of the range of the neural network but either has a small amplitude
(compared to that of m) or has large amplitude by small support compared to the size of the domain

(in which case ém is very localized), we can recover 6m with an additional linearized reconstruction
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step. We linearize the inverse problem around the network prediction fél (g°). The reconstruction
can be performed with a classical migration scheme or equivalently by minimizing the following
quadratic approximation to the functional (4.20):

2

1
Wo(m) = 5 |[fms) + dflmy ) (m = my) - & sl @2

[L2((0.T]xI)]Ns

where my, := f-1(g°).

4.6 Computational implementation

We now provide some details on the implementation of the coupling framework we outlined in
the previous section. For computational simplicity, we focus on the implementation in two spatial

dimensions even though the methodology itself is independent of the dimension of the problem.

4.6.1 Computational setup

0 ® | 1 * | | e | | e , | e 0 ® ® e o e ° ® e ® e ° ® @

0 L 0 L

Figure 4.1: The two-dimensional computational domain Q = (0, L) X (—H, 0) for wave propagation.
Periodic boundary conditions are imposed on the left and right boundaries. In geophysical appli-
cations, sources and detectors are placed on the top boundary (left) while in medical ultrasound
applications, sources (red dots) and detectors (blue triangles) can be placed on both the top and the
bottom boundaries (right).

For the purpose of being concrete, we first describe briefly the geometrical setting under which
we implement the learning and reconstruction algorithms. Let x = (x,z). The computational

domain of interests is Q = (0, L) X (—H,0). We impose periodic boundary conditions on the left

and right boundaries of the domain. Probing sources and detectors are placed on the top and bottom
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boundaries I'; = (0, L) X {0} and ', = (0, L) X {—H}, depending on the exact applications we have
in mind. In geophysical applications, source and detectors are both placed on the top boundary while
in medical ultrasound type of applications, source and detectors could be placed on the opposite
sides; see Figure 4.1 for an illustration. Under this setup, the wave equation (4.12) with a source

h(t, x) on the top boundary and a reflective bottom boundary takes the form

#%_M _ o, in (0,7]x 9,
u(0,x,z) = %(O,x, z) = 0, (x,z) € (0,L) x (-H,0),
u(t,0,z) = u(t,L,z), (t,z) € (0,T] x(-H,0), (4.22)
Z—Z(t,x, -H) = 0, (t,x) € (0,T] x (0, L),

0
So(x.0) = h(tx), (%) € (0.7]x (0.L).
Z
Similar equations can be written down for other types of source-detector configurations.

4.6.2 The neural network for learning

With the above computational setup, we can generate the training dataset (4.16) by solving
the wave equation (4.22) with given source functions. We will describe in detail how the training

dataset is generated, including the spatial-temporal discretization of the wave equation (4.22).

Recovered
Signal
Do (Eq(g))
Input Encoder (E,) Latent
Signal g Variable

Predicted
velocity
field m

Figure 4.2: Network flow for learning the approximate inverse operator. Training objective is to
select @ such that g = D, (E,(g)) and m = P,(E,(g)) for every datum pair (g, m).
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We construct an autoencoder network scheme to represent the inverse operator. The learning
architecture contains three significant substructures: an encoder network E,, a decoder network
D,, and an additional predictor network P, ; see Figure 4.2 for an illustration of the network flow.
More information on the training process and the construction of the encoder, the decoder and the
predictor is documented in Appendix B. The encoder-decoder substructure is trained to regenerate
the input data, while the predictor reads the latent variable to predict velocity field m. In terms of

the input-output data, the network training aims at finding the network parameter « such that
g = Da(Ea(gj)) and mj; = Pa/(Ea(gj))’ I<j<N. (4.23)

This is done by a minimization algorithm that minimizes a combined ¢'-£? loss function with the ¢!
loss for the encoder-decoder substructure while 2 for the encoder-predictor substructure. More
precisely, we train the network by solving

@ = argmin £ (),
ac®

with (4.24)

~ | < 1 <
L) = lej lgj ~ Da(Ealg)lle + 5 ]Z; i ® (m; = Pa(Ea(g))II;

While the ¢! loss for the encoder-decoder substructure is standard in the learning literature, the
second part of the loss function is simply what we introduced in (4.17). Once the training is

performed, the approximated inverse is taken as
-1 ._
fa - Pa O Ea .

Let us emphasize that the primary motivation for us to adopt this autoencoder framework, instead
of directly training a network for f;, is to take advantage of the commonly observed capability

of autoencoders to identify lower dimension features from high-dimensional input data. That is,
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very often, one can train the autoencoder such that the latent variable E, (g) contains most of the
valuable information in g but has a much lower dimension than g. This lowers the dimension of the
predictor network and therefore makes it easier to train the overall network. Moreover, the weighted
optimization we used in the encoder-predictor substructure further stabilizes the learning process by

focusing on matching the lower-frequency components of the output.

4.6.3 Learning-assisted FWI inversion

We tested two different algorithms to implement the pre-conditioned FWI reconstruction method,

that is, the solution to the least-squares optimization problem (4.19).

Quasi-Newton method with adjoint state. We implemented a quasi-Newton method based on the
BFGS gradient update rule [49] for the numerical reconstruction. This BFGS optimization algorithm
itself is standard, so we will not describe it in detail here. The algorithm requires the gradient of the
loss function ®(m) defined in (4.20). We evaluate the gradient with a standard adjoint state method.
The procedure is documented in Algor 1 . The main complication that the learning stage brings into
the adjoint state calculation is that we will need the transpose of the gradient of the neural network
with respect to its input. This imposes restrictive accuracy requirements on the training of the neural
network in the sense that we need the network to learn not only the map from measurement to the

velocity field but also the derivative of the operator.

Neumann series method. The Neumann series method based on (4.11) is more training friendly
since it does not require the adjoint operator of the learned approximate inverse fél We implemented

a J-term truncated Neumann series approximation
-
i = Z K/ (E'(g)) . (4.25)

Jj=0

The computational procedure is summarized in Algorithm 2 in Appendix B.
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4.7 Numerical experiments

We now present some numerical simulations to illustrate some of the main characteristics of the
proposed framework of coupling deep learning with model-based FWI reconstruction. We fix the
computational domain to be Q = [0, 1] x [—1, 0], thatis, L = H = 1. In this proof-of-concept study,
we use acoustic source functions that can generate data at all frequencies. We leave it as future
work to consider the situation where low-frequency wavefield data are impossible to measure in

applications such as seismic imaging.

4.7.1 Velocity feature models

In this work, we consider two different feature models for the output velocity field of the neural

network.

Generalized Fourier feature model. In the first model, we represent m(x) as linear combinations
of the Laplace-Neumann eigenfunctions on the computational domain Q. To be precise, let (Ak, ¢k)

(k = (kyx, k;) € Ny X Np) be the eigenpair of the eigenvalue problem:
-Ap =Adp, in Q, n-Vo=0, on 0Q.

where n(x) is the unit outward normal vector of the domain boundary at x € Q. Then Ay =
(kym)? + (k.m)?, and

¢k (x,z) = cos(kymx) cos(k,mz) .

In our numerical simulations, we take
M

mx) = > mk) e(x.2), (4.26)

ky,kz=0

for some given M. The generation of the random coefficients m(k) will be described in detail in

the next section.
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Gaussian mixture model. The second feature model we take is the Gaussian mixture model.
More precisely, we represent m(x) as a superposition of Gaussian functions:

1
M
- = (x—x{)FE ! (x—xf)
m(x) = m0+che 2 Rl S 4.27)
k=1

With a small number of highly localized Gaussians, successful reconstruction of such a model
could provide inside on source locating problems in seismic applications [24]. This is the primary

motivation for us to consider this model.

4.7.2 Learning dataset generation

To generate training data, we generate a set of velocity fields and then solve the wave equation

model (4.22) with source functions {4 S}ivzsl to get the corresponding wave field data at the detectors.

Generating velocity fields. We first construct a set of N random velocity fields {m; };\’:1 using the
representation (4.26) or (4.27). We do this by randomly choosing the coefficients {m (k) }xen,x,
from the uniform distribution ¢/[—-0.5, 0.5] when considering the model (4.26) and the coefficients
¢y from U|0, 5], Xg from U(-H,0) x U(0, L), (Zx);j from U[0,0.2] + 0.1 and mo = 10 when
using the model (4.27). To mimic the frequency content of realistic velocity fields, we force the

coefficient m(k) in the random Fourier model (4.26) to decay asymptotically as

m(k) ~ m(K)[(ky + 1) (k, + D], forlarge || = /k2 + k2 (4.28)

with S > 0 given in the concrete examples later.
To make sure that the velocity fields we generated are physically meaningful, we rescale them
so that the velocity lives in a range [m,m] (0 < m < m < +o0). The linear rescaling is done through

the operation
m-m mm* — mm,
m(x) « ——m(x) + ———, (4.29)

m* — m, m* —m,
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where m* := m)?xm(x) and m, := m;'nm(x).

In Figure 4.3 we show typical samples of the velocity field generated from the aforementioned
process. The top panel of Figure 4.3 shows the surface plots of 4 different randomly generated
velocity fields using the model (4.26) with M = 4. The bottom panel presents the surface plots of
4 random realizations of the velocity field given by the model (4.27) with M = 2. Random noise
at different levels will be added to the sampled velocity fields to study the generalization of the

learning scheme we have. The exact level of noise will be given later in concrete examples.
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Figure 4.3: Random samples of the velocity field for training of the neural networks. Top row:
velocity fields generated from (4.27) with M = 4; bottom row: velocity fields generated from (4.26)
with M = 2.

o o N ® o

Finite difference scheme for the wave equation. We use the time-domain stagger-grid finite
difference scheme that adopts a second-order in both the time and the spatial directions to solve the
wave equation (4.22). Precisely, the discretization is performed with elements over the Cartesian
grids formed by (xi,z;) = (kAx,lAz),k,l = 0,1,...,K with Ax = L/K and Az = H/K. The
receivers are equally placed at the bottom surface, coinciding with the grid points, as documented
in the right panel of Figure 4.1, namely, there are K + 1 receivers for each velocity model. We then
record the wave signal starting at time 7y and take another shot every jAr until the termination time
T, here, j is a positive integer and At is the uniform time step size for the forward wave solver. As

an example for illustration, we take

~(x-0.6)2 —(x-0.3)2

h(t,x) =e 001  — ¢~ 001 (4.30)
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L H K At to j T
I 1 50 00005 0 20 0.5

Table 4.1: Values of parameters in the spatial and temporal discretization of the wave equation and
the time node of the recorded wave signal.

to be the top source in (4.22) and present the recorded time series wave signals in Figure 4.4.
Table 4.1 summarizes the parameters we used to generate these wavefield signals.

Figure 4.4, from the left panel to the right panel, shows the time series wave signals at the bottom
surface generated from the velocity model satisfying (4.27) with M = 2, and the velocity model
satisfying (4.26) with M = 4, respectively; from the top panel to the bottom panel are the wave
signals without noise, with 10% multiplication Gaussian noise, and with 10% additive Gaussian
noise, respectively.

Last, we note that to obtain a reliable learning dataset, one needs to guarantee the stability of the
time integrator when solving (4.22). Recall that the second order time-domain stagger-grid finite

difference forward wave solver is stable under the following CFL condition

As < min{Ax, Az}
T V2Zmaxy{m(x)}

(4.31)

To guarantee the stability of the forward solver for all velocity samples, we force

min{Ax, Az}
V2 maxy{7(x)}

At =At" <

where m is used in the scaling (4.29), for the data generation of the offline training stage. In this

work, we set At* = 0.0005 as shown in Table 4.1 based on our setting.

4.7.3 Training and testing performance

We now present a systematic numerical exploration of the training and testing performance of
the offline training stage. Given that the training and application of the Gaussian mixture velocity

model (4.27) with a small amount of Gaussians functions is exceptionally successful (due to the
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Figure 4.4: The left panel presents time series wave signals at the bottom surface generated from a velocity
model satisfying (4.27) with M = 4, while the right panel shows time series wave signals at the bottom
surface generated from a velocity model constructed by (4.26) with M = 2. From the top to the bottom
are time series wave signals without noise, with 10% multiplication Gaussian noise and with 10% additive
Gaussian noise, respectively.

smallness of the parameter space) according to our numerical experience, we will focus on the

training of the generalized Fourier velocity model (4.26).

Training dataset size. We first emphasize that the training results we show in this section are
obtained on a very small dataset in the following sense. The number of data points in the artificial
dataset {g;, m; }?':1 is small with N = 10°. Moreover, for each m j» we collect the wavefield from
N = 3 illumination sources and Ny = 51 detectors. Those source-detector pairs are a subset of the
source-detector pairs for the dataset we used in the reconstruction step. Moreover, at each detector,
we use only data at 51 time steps out of the 1000 time steps in the numerical solutions. This small

dataset is used so that we can handle the computational cost of the training process with our limited
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computing resources. It is also intentionally done to demonstrate that one can train reasonable
approximate inverse with a significantly smaller dataset if one is willing to sacrifice a little of the

training accuracy.

Training-testing dataset split. We perform a standard training validation cycle on the neural
network approximate inverse. Before the training process starts, we randomly split the artificial
dataset of N = 10° data points into a training dataset and a testing dataset. The training dataset takes
80% of the original dataset, while the test dataset takes the rest 20% of the data points. The training
dataset and the validation dataset have no intersection, namely, no data points in the validation set

are present in the training dataset.

Random Fourier velocity model: case of non-decaying coefficients

We start with the most challenging scenario where we train the neural network to approximate
the inverse operator for the velocity model (4.26) with randomly generated Fourier coefficients
without any decay requirement on the coefficients, that is, we set the decay rate g = 0 in (4.28).
This is a highly challenging case because the effective parameter space of this class of velocity
models grows exponentially with respect to the number of Fourier models we have in the model.
Ideally, one would need an exponentially large training dataset in order to have reasonable training
results. However, due to the smooth property of the map f : m — g, we demonstrate below that
with a relatively small dataset and a very limited number of source-detector pairs and time shots,
our training result is fairly encouraging.

In Figure 4.5, we show three randomly selected velocity fields (m) from the testing dataset,
the corresponding neural network predictions (m = fél (f(m))), and the error in the prediction
(m — m). The largest number of Fourier modes allowed in these learning processes is 10, meaning
that O < ky, k; < 9 in the velocity model (4.26). The training output is a 10 X 10 matrix containing
the content of m(k) in (4.26). The output space is therefore 100-dimensional. A naive visual

inspection of the results in Figure 4.5 shows that the training process is quite successful as the

102



Figure 4.5: Three randomly selected velocity fields from the testing dataset: 5 X 5 coefficients
Fourier model, 8 x 8 coefficients Fourier model, 10 x 10 coefficients Fourier model. All true cases
have decay rate 5 = 0 (column 1), the corresponding predictions by the trained neural network
(column 2), the error of the prediction (column 3), and the error in the neural network prediction
(m(x)) in the Fourier domain (m(k) — m(K)) (column 4).

testing errors seem to be pretty reasonable, especially given that our training dataset is fairly small
(0.8 x 10° data points to be precise). While it is expected that when the number of Fourier modes
allowed in the velocity model is huge, the validation error will be sufficiently large if we keep the
training sample size, we do observe that validation error is quite small in general for cases when less
than 10 X 10 Fourier modes are pursued in the learning process. Increasing computational power
would certainly improve training quality.

Let us remark that our training results indeed show that we have better accuracy in learning the
low-frequency components of the inverse operator, as we discussed in the previous sections of the
work. In the right column of Figure 4.5, we provide the Fourier coefficients of the errors in the
network prediction. In all velocity fields, we see larger errors in the higher-frequency components

of the network velocity recovery. This is a universal phenomenon that we observed over the testing

dataset.
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Figure 4.6: Training and validation loss curves for a typical learning experiment. Very similar
curves are observed for each of the learning experiments we performed.

To dive a little more into the training quality and the optimization landscape after applying
our neural network pre-conditioner, we offer in Figure 4.6 the training-validation loss curves for
a typical learning experiment. We observe very similar curves for training and validating with
the velocity model (4.26) with different total numbers of Fourier modes. We measure the training
accuracy quantitatively with the size of the operator 7 — /f;l o f. More precisely, we evaluate the

three main quantities for a data point (g, m) in the testing dataset:

(1) The error in the network prediction of Fourier modes of m:
Am(k) :=m(k) — £>' o f(m).

(i1) The landscape of the classical functional ¥ (m) evaluated along a line in the direction of a given

Fourier mode of m, ¢y, passing through two different points m = f~!(g) and mye = /fél (g):

Wo(hik) := llg = F(mo + hew) T2 o yepyyos M0 = O(m), O € {1, T o).
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(iii) The landscape under our pre-conditioner, the new mismatch function ®(m) evaluated as in (ii):
O (k) = [[E7' (8) ~ " o £(mo + hpw) ]2 mo=0(m), O e{I, T of}.

When a perfect learning is performed, we would have Am(k) = 5, W7 (h;k) = W5 ,(h; k), and
@y (h; k) = Dp (h;Kk) for any (g,m) in the training dataset, and Am(k) small, W7 (/; k) ~
‘Pfélof(h; k), and @y (h;k) = de;Of(h; k) for any (g, m) in the testing dataset.

In Figure 4.7, we show plots of Am(k) (left column), W7 (h; k) (red line) and W5, (k) (blue
line) (middle column), and @ (/;K) (red line) and S Of(k) (blue line) (right column), for four
randomly selected (g, m) pairs in the testing dataset. Shown are results for k = (2,3) and k = (1, 1).
Very similar behavior are observed along other coordinates gy.

The plots in Figure 4.7 provide a quantitative description of the accuracy of the trained network.
They clearly indicates that the trained /fgl is indeed a good approximation to f~'. Moreover, a
comparison of the second column and the third column gives the impression that along with the
coordinates we plotted, the new objective functional ® in (4.20) has a much better landscape than
the classical W in (4.15). This is what we observed in other coordinates that are not shown here
as well. Therefore, the trained neural network fa: I can work as a nonlinear pre-conditioner to
improve convexify of the optimization landscape. Moreover, the plots provided a good indication
that the trained network is fairly generalizable in the following sense. The Fourier coefficients
(including M5 3) and my 1) shown in the plots) in the training dataset are all randomly drawn in
the interval [—0.5,0.5]. Here in the plots, we consider the coefficient values in the range [—1, 1].
The agreement of the red and blue lines outside of the training value range [—0.5,0.5], that is, in
the range [—1,—0.5) U (0.5, 1], suggests that the trained neural network can be used in a region of

coefficient values that is far larger than its training domain.
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Figure 4.7: Plots of Am(K) (first column), Wp (%; k) (second column), and ®¢ (/; k) (third column)
for four different (g, m) pairs in the testing dataset. The velocity model for rows 1-2 has M = 4 and
that for the plots in rows 3-4 has M = 7.
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Random Fourier velocity model: case of decaying coefficients

While training the neural network for an approximate inverse /f; on a large space of velocity
field is extremely useful for generalization purposes, it also poses significant challenges when
the number of Fourier modes included in the model gets very large. Not only will we need an
exponentially larger training dataset, but also the training process takes exponentially growing
computational power. This is what we observed in our numerical experiments. In this section,
we show some training-validation results for the velocity model (4.26) with decaying Fourier
coefficients following the pattern we imposed in (4.28). We present results from two different cases:
the slow decay case with § = 1/2 and the fast decay case with 8 = 1.

In Figure 4.8, we show typical validation results on five randomly selected velocity profiles
in the testing dataset. The top two rows are the results for the training of the velocity model with
B = 0, the third row is the case of 8 = 1/2 while the bottom two rows are for the case of 8 = 1.
In both cases, the training is successful, as can be seen from the relatively small errors in the
predictions. Plots of the functionals W7 and W, ; show similar patterns as those in Figure 4.7. We
omit those to space. Moreover, prediction errors in the Fourier domain display very similar behavior
as observed in the previous subsection: the error is higher for high-frequency components and lower
for low-frequency components.

To study the generalization capability of the learned network, we validate the learning with on
dataset generated from a different velocity model, which is considered the case where training and
testing data samples are from different classes. In Figure 4.9, we train a neural network to recover
the first 10 x 10 Fourier coefficient of the velocity field and validate the trained neural network on a
dataset generated from velocity models that contain 20 X 20 random Fourier modes. The decay rate
in this particular case is 8 = 1 but similar results are observed for 8 = 1/2 as well. The validation

results demonstrate that the trained network is reasonably generalizable in our considered setting.
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Figure 4.8: Validation results on four specific velocity fields in the testing dataset. Row 1 is the
results for 8 Fourier velocity model with 8 = 0, Row 2 is the results for 10 Fourier velocity model
with 8 = 0, row 3 is the results for 10 Fourier velocity model with 8 = 1/2, row 4 is the results
for 10 Fourier velocity model with 8 = 1 while row 5 is are results for 20 Fourier velocity model
with 8 = 1. From left to right are: the true velocity field, neural network prediction, the error of the
prediction, and the error of the prediction in the Fourier domain.

Mesh-based velocity model

In the last training-validation numerical experiment, we demonstrate that the phenomena
observed in the previous subsections are not particularly due to the Fourier parameterization of the

velocity field in (4.26) that we used. Indeed, the results are more related to our method of training.
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Figure 4.9: The instance of validation of learning results in a different class of velocity models for
the case of 8 = 1. Shown from left to right are: the true velocity field, the neural network prediction,
the error in the prediction, and the error in the Fourier domain.

Figure 4.10: Out-of-domain validation of a training result with mesh-based velocity representation.
Shown from left to right are: the true velocity field, the network prediction, and the error in the
prediction.

Here we perform the same type of training on a neural network whose output is the velocity field
represented on a 51 X 51 uniform mesh on the domain €. The output space is therefore much larger
compared to the training in the case of the random Fourier velocity model. However, after projecting
into the Fourier space, the training result has almost identical properties to what we observed in the
random Fourier model. In Figure 4.10, we show the out-of-domain validation result for the training.
The velocity fields that generated the training dataset have 10 X 10 Fourier modes while the velocity
fields in the validation dataset have 20 X 20 Fourier modes (but represented on a 51 X 51 uniform
mesh), both generated with 8 = 1. The relatively small validation errors indicate that the training is
fairly successful and reasonably generalizable. The computational cost, in this case, is much larger
than those in the previous subsections since the neural network has a larger size due to the increased

size of the network output.
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4.7.4 Learning-assisted FWI reconstruction

In this section, we present inversion results for some simulated datasets to verify the efficiency
and stability of the proposed coupling method. All simulations on the inversion stage are conducted

on a quadcore Intel Core 17 with 16 GB RAM.

Convexity of the new loss function

Lemma 4.1.1 indicates that if we have relatively accurate training, the new loss function for

2

12()° mq being

our coupled reconstruction scheme behaves similarly to the functional |[m — mgl|
the true solution. Figure 4.7 provided some evidence of this in the training of the random Fourier
model. In the one coefficient case, plots in Figure 4.7 clearly show that the new loss function is
almost convex. We now present some numerical evidence in the case of the Gaussian mixture
velocity model. In particular, we are interested in seeking convexity with respect to the location of a

Gaussian perturbation. More precisely, the velocity field m(x) is set to be a single Gaussian model

with M = 11in (4.27), that is,

Clie Tyl ol
m(x) = mgy + cje 23X I (x%)

Xl — (XI,ZI),
0 oo (4.32)

X =

where the background velocity mg, the amplitude ¢, and the variance o are fixed to be
(mg, cy,01) = (10,5,0.1). We then present the objective functions W (m) and ®(m) (y = 0) with
respect to the location (x(l), z(l)) in Figure 4.11. The setting of the offline training stage for generating
fél is the same as those in Section 4.7.2.

Figure 4.11 presents the landscapes of objective functions W(m) and ®(m) (y = 0) with fixed
(mo, c1,01). In particular, we set (x(l), z(l)) = (0.5, -0.5) as the ground true velocity model which

generates the wave signal g. From Figure 4.11, we observe that, (i) the classical loss function ¥ (m)
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is not a convex function, and its landscape shows that the optimization can be easily trapped into a
local minimum if the initial model is not carefully chosen; (ii) the new loss function ®(m) (y = 0)
for the proposed coupling method becomes more convex which is consistent with Lemma 4.1.1.
In addition, we note that when the initial model is close enough to the exact model (located at the
convex region of the misfit function), the global minimum is guaranteed and one can also expect a
fast convergence. In fact, a good initial model under the setting of the proposed coupling scheme
can be easily obtained by adding a small perturbation to ’fél (g) as indicated by Neumann series

(4.11).
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(a) Landscape of ¥ (m) (b) Landscape of ®(m)

Figure 4.11: The landscape of the classical (left) and new (right) objective functions for the location of a
Gaussian perturbation of the velocity field.

Inversion for the velocity model (4.27) with M = 2

The first inversion example is performed to recover the following mixed Gaussian velocity

model (4.27) with M = 2 and mq = 10,

2 2
- o; 0
m(x) =10+ Y cpe 3B ybo (kb o= , (4.33)
k=1 0 o7}

We use the same offline training settings as those for the mixed Gaussian wave signal generation in

Section 4.7.2 to construct fgl for the online inversion stage. However, to generate versatile wave

1 2

signals at the bottom surface to recover the features {c1, c2, o1, 02, Xo» x%, z(l), zo}, we enforce three

111



different top sources h;(x),i = 1,2, 3 with

_ (x-0.8)2 _ (x-0.2)2 _ (x-0.4)2 _ (x=0.7)2
hi(x) =e 001 —¢e 00T | hy(x)=e 001 — g 00l
and
_ (x-0.6) _ (x-0.3)2
hi(x) = e 001 — e~ 00

rather than one single external top source in Section 4.7.2.

For the inversion stage, we implement a J-term truncated Neumann series approximation (4.25)
to obtain the reconstructed velocity image. Note that J = 1 corresponds to the reconstructed velocity
image from the offline training stage. We also add the Gaussian noise with zeros mean and 10%
standard derivation to test the stability of the proposed coupling scheme. Figure 4.12 presents
the reconstructed images. Precisely, the first three columns show the surface plots of the exact
velocity field, the neural network prediction velocity field from the offline training stage, and the
reconstructed velocity field with J = 20 from the online inversion stage, while the last column
displays the difference between the exact velocity field (first column) and the reconstructed velocity
field (third column). From the top row to the bottom row of Figure 4.12, we present the results
from the noise-free wave signal, the wave signal with 10% multiplication Gaussian noise, and
the wave signal with 10% additive Gaussian noise, respectively. We see that the online inversion
stage improves the accuracy of the reconstructions for all cases. Table 4.2 lists the L?/L® errors
on the velocity field for the entire computational domain, as well as the CPU time for various
implementations with different values of J. There, we note that for the wave signals without noise
and with 10% multiplication Gaussian noise, both L and L™ reconstruction errors dropped by a
factor ~ 10* within 30 seconds; for the wave signal with 10% additive Gaussian noise, it seems
that there is no improvement to add more Neumann terms in (4.25) once the L? error reduces to
5.89 x 1073 and L™ error reduces to 4.28 x 1072; for this type of the situation, we can use the
reconstruction from adding Neumann terms as an initial guess for a gradient-based optimization

scheme to further improve the resolution of the reconstruction, see Section 4.6.3.
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Figure 4.12: The reconstructed velocity images for the mixed Gaussian (4.33). From left to right are the
ground true velocity field, the reconstructed velocity field with J = 1, the reconstructed velocity field with
J = 20, and the difference between the ground true velocity field and the reconstructed velocity field with
J =20 (first column - third column ). From top to bottom are the results from the noise-free wave signal, the
wave signal with 10% multiplication Gaussian noise, and the wave signal with 10% additive Gaussian noise.
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Inversion for the velocity model (4.26) with M =4

For the second inversion example, we work on reconstructing the features of the following

velocity model

m(x) = Z m(K) cos(kymx) cos(k,mz), k= (ky, k) (4.34)
ki ,kz=0
with 8 = 0 in (4.28), namely, we don’t consider any decay on the coefficients for this example. In
addition, we use the same training settings as those in Section 4.7.2 for the Fourier wave signal
generation. But for the external top sources /;(x), we choose them to be the same as the sources in
Section 4.7.4 to generate resourceful training samples for the construction of /f;l
For the online inversion stage, we also implement a J-term truncated Neumann series approxi-

mation (4.25) to recover the velocity model. To test the stability of the proposed coupled scheme,

113



no noise 10% multiplicative noise 10% additive noise

L? L® CPU L? L® CPU L? L® CPU
J error error time(s) error error time(s) error error time(s)
1 1.48e-01 1.12e-00 0 2.54e-01 1.98e-00 0 2.60e-01  1.60e-00 0
20 1.10e-04 1.11e-03 6.83 1.71e-03  1.39e-02 6.71 5.79¢-03  4.27e-02 6.89
40 3.21e-06 2.60e-05 13.80 4.84e-05 5.48e-04 13.60 5.88¢-03 4.28e-02 13.38
60 3.09¢-06 2.4le-05 2034 578e-06 4.38¢-05 2097 5.89¢-03 4.28¢-02 20.51
80 2.86e-06 2.66e-05 27.74 4.63e-06 4.36e-05 28.52 5.89e-03 4.28e-02 27.56

Table 4.2: L?/L* reconstruction errors, and the CPU time for the inversion stage with different J-term
truncated Neumann series approximation, as well as different noise level/form for the reconstruction of the
mixed Gaussian (4.33).

no noise 10% multiplicative noise 10% additive noise
L? L> CPU L? L> CPU L? L> CPU
J error error time(s) error error time(s) error error time(s)

1 1.78e-01 8.46e-01 0 1.79e-00  7.25e-00 0 2.64e-01  1.16e-00 0
20 8.52e-04 4.90e-03 6.08 1.23e-02 6.97e-02  5.81 7.13e-03  3.70e-02  5.87
40 1.49e-05 8.4le-05 11.15 4.93e-03 2.76e-02 11.24  1.69e-03 9.26e-03  11.73
60 2.60e-07 1.53e-06 17.97 3.06e-03 1.71e-02 17.42 6.81e-04 3.77e-03 17.67
80 2.16e-08 1.34e-07 22774 2.19e-03 1.22e-02  23.25 2.05e-04 1.12¢-03  23.13

Table 4.3: L?/L* reconstruction errors, and the CPU time for the inversion stage with different J-term
truncated Neumann series approximation, as well as different noise level/form for the reconstruction of the
Fourier model (4.34).

as in Section 4.7.4, we add the Gaussian noise with zeros mean and 10% standard derivation to
the wave signals. Figure 4.13 presents the surface plots of the reconstructed velocity images with
J =20, as well as the surface plots for the difference between the reconstructed image and the
ground true velocity model. The layout of Figure 4.13 is the same as the one in Figure 4.12. We
observe that the training prediction is stable with respect to the noise, see the second column of
Figure 4.13 and L?/L* errors when J = 1 in Table 4.3. In addition, we note that the inversion stage
can significantly improve the accuracy of the reconstruction. For the data without noise, the errors
dropped by a factor ~ 107 within 30 seconds; even for the data with 10% Gaussian noise, the errors

also dropped by a factor ~ 10° within 30 seconds.
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Figure 4.13: The reconstructed velocity images for the general Fourier type (4.26) with M = 4. From
top to bottom are for the velocity reconstruction without noise, with 10% multiplication Gaussian noise,
with 10% additive Gaussian noise, respectively. While from left to right are the ground true velocity field,
the reconstructed velocity field from the neural network in the offline training stage, and the reconstructed
velocity image with J = 20, error for the reconstructed velocity image with J = 20, respectively.
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Inversion for the velocity model (4.26) with M =7

For the third example, we consider a velocity model which contains 8 Fourier modes in each

direction, namely,
7

m(x,z) = Z m(K) cos(k,mx) cos(k,nz). (4.35)
kv kz=0

The spatial and temporal discretization, as well as the rules for data generation, the choice of the
top source h;(x) are the same as the example in Section 4.7.4.

For the inversion stage, we again implement a J-term truncated Neumann series approxima-
tion (4.25) to obtain the reconstructed velocity image. Figure 4.14 presents the surface plots of the
reconstructed velocity images with various values of J in the online inversion stage. Precisely, each
row of Figure 4.14 corresponds to one velocity model; from left to right are the ground true velocity
field, the reconstructed velocity image with J = 1, the reconstructed velocity image with J = 20,

and the reconstructed velocity image with J = 50, respectively. We note that the online inversion
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stage improves the accuracy of the reconstruction for all cases, which verifies the effectiveness of
the proposed coupling scheme.

12 12 12 12
11 11 1 1
10 10 10 10
9 9 9
8 8 8
7 7 7
6 6 6
11 o 1 1
10 10 10
9 9 9
8 8 8
7 7 7
6 6 6
5 5 5
12 12
11 11
1 1
10 10
10 10
9 R 0 9
8 s 8
7 E 7
6 s 6
5 5 5

Figure 4.14: The reconstructed velocity images for the Fourier model (4.35). Each row corresponds to the
reconstruction of one velocity field. From left to right are the ground true velocity field, the reconstructed
velocity field with J = 1, the reconstructed velocity field with J = 20, and the reconstructed velocity field
with J = 50, respectively.
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Inversion for the velocity model outside of the training domain

We test the proposed coupling scheme on a velocity model outside the training domain in
the last example. Precisely, the design of the offline training stage is the same as the one in
Section 4.7.4, namely, we focus on learning the first 5 Fourier modes in each direction during the

training. However, our goal in this example is to reconstruct the following velocity model,

8.4, (x,z) € [0.22,0.74] x [-0.52,-0.5],
m(x,z) = . (62 €[0,1]x[-1,0], (4.36)

7.6, otherwise,

which is apparently outside of the training domain containing many high-frequency components. To
reconstruct (4.36), we first implement the J-term truncated Neumann series approximation (4.11)

with J = 20 to obtain the low frequency part of the velocity model (4.36), then use it as the initial
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guess of a quasi-Newton algorithm based on the BFGS gradient update rule to minimize (4.15). In
addition, to recover the high-frequency components of the velocity field, except the 51 receivers
at the bottom surface in the training stage, we place another 51 receivers at the top surface when
minimizing (4.15), and enforce 7 different top sources h;(x),i = 1,2---,7 with hy, hy, h3 being

the same as the top sources in the training stage, and

_ (x=0.7)2 _ (x-0.2)2 _ (x-0.3)2 _ (x-0.9)2
ha(x) =e 001 —¢ 001 | hs(x)=e 00T — ¢ 00

_ (x=0.2)2 _ (x-0.5)2 _ (x=0.1)2 _ (x-0.6)2
he(x) = e 00T —¢e™ 001 | hy(x)=e 00T — ¢ 00

Figure 4.15 presents the surface plots of the reconstructed velocity images with both noise-free
data and the data with Gaussian noises. Precisely, the top row shows the reconstructed velocity
from noise-free data, the middle row displays the reconstructed velocity from the data with 10%
multiplication Gaussian noise, and the bottom row presents the reconstructed velocity from the
data with 10% additive Gaussian noise; while from the left to the right columns are the ground true
velocity field, the reconstructed velocity image with J = 1, the reconstructed velocity image with
J = 20 (initial guess), and the reconstructed velocity image by minimizing (4.15), respectively. We
note that adding several terms to the Neumann series approximation can lead to a relatively good
reconstruction for the low-frequency components of the velocity field (4.36) for all cases (noise-free
data and the data with Gaussian noise) by comparing the reconstruction results in column 2 and
column 3. Then solving an extra classical minimization problem as documented in Section 4.5.3

helps grab the high-frequency components of the velocity field as shown in the last column.
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Figure 4.15: The reconstructed velocity images for the velocity model (4.36). From top to bottom are the
reconstruction with noise-free signal, the signal with 10% multiplication Gaussian noise, and the signal
with 10% additive Gaussian noise, respectively. From left to right are the ground true velocity field, the
reconstructed velocity field with J = 1, the reconstructed velocity field with J = 20, and the reconstructed
velocity field by minimizing (4.15), respectively.
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Chapter 5: Concluding Remarks

In this thesis, we analyze different loss functions for solving inverse problems and demonstrate
via numerical simulations that improvement can be achieved by modifying some traditional loss
functions.

In the third chapter, we performed a systematic computational study on the performance of
different Wasserstein metrics as loss functions in the computational solution of linear and nonlinear
inverse problems. We highlighted the similarities and differences between the inverse solutions from
those metrics and compared them to inversion results from the classical L? least-squares formulation.
While it is true that in general inversions based on the Wasserstein metrics are computationally
more expensive, they do offer some advantages. These inversions are much more robust to the
random noise, especially high-frequency noise, in the data used for the inversions. This is true for
the Wasserstein metrics in both balanced and unbalanced optimal transport theory. Secondly, these

inversions are more robust to the initial guess we choose to start the iterative inversion algorithms.

In the fourth chapter, we presented an approach to design loss functions from an offline-online
computational strategy for coupling deep learning methods with classical model-based iterative
reconstruction schemes for the FWI problem. The main advantage of the coupling lies in two
aspects. First, the coupling requires much less rigorous training for the learning part than a purely
learning based approach. This makes learning the approximate inverse operator much more realistic
with limited computational resources. Second, offline learning can still significantly reduce the
online reconstruction with new datasets when used as a nonlinear pre-conditioner. The numerical
simulations we performed demonstrated the feasibility of such a coupled approach. Moreover, the
loss landscape under neural network-induced loss function is indeed more convex compared to the

classical L? loss landscape. There are many essential issues in the current direction that need to be
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more rigorously investigated. One particular aspect is to develop a mathematical characterization of
the training error in the learning process and study its impact on the reconstruction step. A second
aspect is to improve the learning algorithm to learn more features in the inverse operator. As we
reasoned in this chapter, it is incredibly challenging to learn all the details in the inverse operator.
However, we believe one could do much better than the numerical experiments in this chapter,
where we pursue only a very small number of features in the learning process. Searching for better
feature models for the velocity field and the time traces of the wave field is also an essential task

with the potential to significantly improve the performance of the learning procedure.

This thesis only touches a small portion of what we believe to be an important area of computa-
tional inversion and learning: to construct loss functions to improve the computational efficiency
as well as computational results of the inversion and learning process. We mainly focus on the
formulation of ideas and computational demonstration of the effectiveness of the ideas. We have
only limited mathematical understanding on them. Our future goal is to develop more systematical

mathematical characterizations on the properties of the loss functions we proposed in this thesis.
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Appendix A: Discretization of Wasserstein Distances

In this appendix, we document the schemes we used in the discretization of the problems we

discussed in Chapter 3 on computaitonal inversion with Wasserstein metrics.

A.1 Mesh Discretization in one spatial dimension.
In one-dimensional case, Q = (0, L). We use uniform spatial and temporal grids with N, = 100
and N; = 100 respectively:

O=xp<x1<---<xy, =L, x; = jAx

O=to<ty<---<itn, =T, t; = jAt

where Ax = NLX and Ar = Nl, Let X be the density variable p or the source variable £, and Y be the

m(= pw) variable. We use staggered grids for X and Y. We define:

In + et

X +X +1 +l
X;l_'_% = X(%, tn), and an - Y(.Xj, 5 )
Discretize p and m as
no_ Xj +Xj+1
Piy =P=— ) (A1)
nty _ In + Int1
mj = mix, =) (A2)
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We discretize the transport problem as

n+l n n+i n+i
— 2 _ 2
’Dj+% pj+%+ j+ T B é,n+%
At Ax J+3’
0 _
= L1
Pivy = Jik (A3)
N, _ 1
Pl 83
1 1
n+t n+s
m, > =0 m, - =0,

A.2 Discretization of the forward problems

When solving inverse problem, the initial data f is computed by evaluating the forward model

f(0). The discretization of the forward model f will be discussed in this section when we specify

the exact form of f.

A.2.1 Abel Transform

The following integral transform relationship, known as the Abel transform, exists between two

functions f(x) and 6(¢) for0 < a < 1,

_ [T 00
f(x)—/0 (x—t)“dt

0(1) = sin(ﬂﬂa) (/t df (s) 1 p f(0)

s
ds (t-s)l-@ -

)

The measure is f. Given f, one would like to find 8 such that f = Abel(6).
Let f; = f(*55%1), 6; = 6(x;), then

-1

g ‘(M)IQZU—(/M»Q

k=0

&A

Here we take @ = 0.9
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A.2.2 Helmholtz Equation

Au+ k*(1 +n(x))u +ikd(x)u = g, in Q (A.4)

u(x) = b(x), on 0Q (A.5)

The measure is f(68) = A(0(x))|u(x)|?, in Q, where A(6(x)) = 1 or 6. The inverse problem
can be formulated as given k, n(x), ¢(x), b(x), g, one seeks 0(x) such that g = A(6(x))|u(x)|?
Let u; = u(*5%4),60; = 0(x;),n; = n(x;),q: = q(x;),bo = b(xo),by-1 = b(xy,), then the

discrete Helmholtz equation is

Ujvl —2uj+uj_1
Ax2
forjE{l,"' ,Nx_l}

+k2(1+nj)uj+ik9juj=qj (A.6)

uo = bo,un -1 =by-1 (A7)

Notice that u; is complex.

Simulation parameters ¢(x) = xe* +xsin(2ax)i — li,bg=1+2i,by_1 =2+ 1i,k=1,n=1

A.2.3 Diffusion Equation

=V -y(x)Vu(x) + 0(x)u(x) = q(x), in Q (A.8)

u(x) =b(x), on 0Q (A.9)

The measure is £f(0) = A(0(x))u(x), in Q, where A(6(x)) =1 or 6.
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Now, for simplicity, we assume y(x) is constant within the region Q. Therefore the inverse
problem can be formulated as given y(x) =y, b(x), g, one seeks 6(x) such that g = A(6(x))u(x)
Let u; = u(%), qi = q(xi), bo = b(x0), bn-1 = b(xn,), then the discrete Diffusion equation

18

Uip] —2U; +U;_q
—y-L ijz ! 1 0uj=q; (A.10)

forje{l,--- ,Ny-2}

up = bo,un .1 =bn_1 (A.11)
Simulation parameters ¢(x) =3xe*+1,y=0.1,bg=1,by_1 =2

A.3 Solving Inverse Problem Using Wasserstein-Fisher-Rao Metric

A.3.1 Discretization of Wasserstein-Fisher-Rao Metric

The continuous version of the Wasserstein-Fisher-Rao problem will be

inf L [T [ m, &
inf 7 Jy Jo 3 * pdxdt

st.pr+V-m=/¢

p(0,x) = po(x)

W3 g (P0, 1) = 1 (A.12)
p(T,x) = p1(x)
p=0
m-n=0o0ndQ

When needed, the cost functional is evaluated by a trapezoidal scheme for the integration. More
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precisely, the functional @y, ., 1s discretized as

1 1 n+i
A Ap MmNl (m;&z)z + (m;filz)z 2(§j+f)2
P i (0, £,6) = == T (A.13)
=0 n= 1 tp T
Jj=0 n=0 pj+% ]+% J+3 J+3

Discretized problem formulation

min (DWz,WFRAX,Al(p’ m, {)
e ] 1
p'?“ —p" n+y n+x
st J+% 1+% n m; —n; _ §n+%
. . - l
At Ax ]+7
0
= X 1
1N (A.14)
= X 1
n
P, >0
Jj+3
1
n+s
2 _
my, * =0
1
n+s
2 _
my =0

1 1ol
We emphasize that the source term ¢ '.Hf now represents pn:% I n:,z due to the change of variable
Jt3 Jt3 Jt35

+2

introduced in (3.51). The implicit constraint p;?+1 > (0 will be imposed in the optimization procedure.
2

A.3.2 Solving Inverse Abel Transform with Wasserstein-Fisher-Rao Metric

Notice that g represents the data.
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min Oy, e ar.ar (0, m, ()
m,p,¢,0.f ’
n+l _ n n+l n+d
i L ir L m. 2-m. 2 1
Jtz U3 g+ " n+3
S.r. + =C(.
At Ax §]+%
0 —f
pj+% J
N, _
Piey T8 (A.15)
>0
Pj+%
1
n+3
2 _
my * = 0
1
}’H'E _
My =0
1 6
fi=(Ax)'"* Yy —*—
Y ( ) kgo (]_(k"'%))a

A.3.3 Solving Inverse Helmholtz Equation with Wasserstein-Fisher-Rao Metric

min q)Wz WFRA)C,AZ (,0, m, ()
m,p,{,0,uf ’
n+l _ n n+l n+l
o1 i P + migmy * {n+%
ol —_ .1
At Ax j+l
0 =f
pj_'_% j
N[ _ .
pj.,.l =8j
d Pj+% 2z (A.16)
1
nty _
my * = 0
1
n+s
2
my =0
w+k2(1+n.)u.+ik9.u. — g
Ax2 jIuj Ui =4,
uog = bo,un,—1 =bn_1
fi = (Re(u ‘)2 +Im(u ~)2)0‘
= J J J
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Or

min q)WZ,WFR Ax,At (p,m, Q)
m,p,¢,0,uf

n+l _ n n+l ned
il Pl m. 2-m, 2 1

J+ J+ +1 j
s.t. > z 4 L =72
2

At

N _ o

2

", 20
Jt3

e}

1
f’H—E
0

1
I’H—i — 0
Ny

Re(uj+l)_2RZiZj)+Re(uj_l) +k2(1+ nj)Re(u;) — k6;Im(u;)

= Re(q;)

Intae) 2D  2(1 4 ;) Im(u) + k6 Re (u)

=0

m

m

=Im(q;)
up = bo,un,—1 =bn-1

fj = (Re(uj)z + Im(uj)z)éj
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A.3.4 Solving Inverse Diffusion Equation with Wasserstein-Fisher-Rao Metric

min (DWQ,WFRM,At(p’ m, {)
m,p,{,0,uf
1 1
p'f+1 —p" nty oty
otz ty MM T éﬂ+%
. . - . 1
At Ax j+i
0 =f.
pj+% J
Ny _ .
pj+% gj
P2 (A.18)
1
n+x
2 _
my, * =0
1
n+s
2 _
My =0
uj+1—2uj+uj_1 L )
uo = bo,un,—1 = by-1
fj = ujej

A.4 Wasserstein-UOT Metric

For two non-negative densities pg, o1 on a domain Q C R”, and given parameter a, the

Wasserstein-UOT is obtained by optimizing

2 _ 1 T m? |Q|§2
W2,U0T(p0’ pl) - plgfé’T _/0 ./S-'Z % + 2 dt

st.p+V-m=¢

p(0,x) = po(x)

(A.19)
p(T,x) =p1(x)
p=0
m-n=0ono0Q
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A.4.1 Discretization of Wasserstein-UOT Metric
Define

1 1
No—1 N;=1 (55,7722 n+342
NG (my ?)7+ (m

1 j+1
By, yor Ax. At(p, m. {) = 7 AxAr Z Z —
j=0 n=0 pj+% +pj+%

Then the discretized version of 1D Wasserstein-UOT Metric is

miI} q)Wz,UOTAx,At (0,m, )

m,p
’?"’11 — " mn+%_mn+% |
gf, 2ty el = "3
e At Ax -
0

p]_'_% = pO(xj-}.%)

N _
p]+% _pl(xj.'.%)

>0
Py
1
n+s
2
m, =0
1
n+sx
2
my =0

A.5 Wasserstein-GUOT Metric

N—1 1

O 1QI(0"2)?
At;T (A.20)
(A21)

For two non-negative densities pg, o1 on a domain Q C R”, and given parameter «, the

Wasserstein-GUOT is obtained by optimizing

st.ps+V-m=¢_
p(0,x) = po(x)
p(T.x) = p1(x)

p =0

m-n=0ondQ
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A.5.1 Discretization of Wasserstein-GUOT Metric

Define

n+i n+i n+% 2
N,—1 N, -1 (mj 2)2+ (m 2)2 ) (§J+%)

1 i+1
Dy, quorAx, At(p,m, ) = ﬁMAt Z Z n+]l 5 (A.23)
. _ n 2
j=0 n=0 pj+% +pj+l
Then the discretized version of 1D Wasserstein-GUOT Metric is
min (DW2,GUOTAX,A1‘ (,0, m, {)
e 1 1 1
PR "I 2 1
Jt+ Jt+ +1 n+

St ZAt 2 + J 5 J - é/]+%2

0
pj+1 - pO(x]+l)

N; A.24
pj 1 = P1 (xj+l) ( )

n
pj+% >0

n+d
m, =0

n+i
m Nxz =0
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A.5.2 Solving Inverse Abel Transform with Wasserstein-GUOT Metric

Discretized problem formulation for Abel transform, given g as the data, try to find 6, such that

g = Abel(0)

min ®W2 GUOTAx,At(P, m, 5)
m,p,l,0.f ?
n+1 n 1 1
_p n+2 Tl+2
5.t ity T th +mj+1 I éﬂ+%
0 =f.
pj+% J
Ny
P. 1 =8j
Pl J (A.25)
" >0
Pl
1
}’H’E _
my * = 0
1
n+s
2 _
my * = 0
el 6
= - — Tk
= (A0 2 Gy

A.5.3 Solving Inverse Helmholtz Equation with Wasserstein-GUOT Metric

Discretized formulation for Helmholtz Equation
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N p’rréi,lg{u’f Dy, suorax,ac(p.m, )
nal _ el el
i I
Pra =1
P =8
Pin =0
mn+% =0
) mnN_;% 0 (A.26)
Re("‘f”)_ZRAe)E;”)J“Re(“H) +k*(1+nj)Re(u;) — kO;Im(u;)
= Re(q;)
Im(u_i+1)—2111;4]‘)”"’(”-"‘1) +k2(1+n;)Im(u;) + k6;Re(u;)
=1Im(q;)
uo = bo,un.—1 = by-1
f; = (Re(u;)* + Im(u;)?)6;

A.5.4 Solving Inverse Diffusion Equation with Wasserstein-GUOT Metric

The following is the discretized formulation for Diffusion Equation
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Discretization of Balanced Wasserstein Metric

The continuous version of the problem will be

p.m,0,u

st.pr+V-m=0
p(0,x) = po(x)

W3 (po, p1) =

p(T,x) = p1(x)

p=>0

m-n=0o0n0Q

Discretized problem formulation
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min q)Wz,GUOTAx,At (P, m, Z:)
m,p,¢,0,uf
n+l _ on n+l n+ld
4 iy Fid +mj+12‘mj ’ §"+%
S.rl. =(.
Al Ax j+l
0
p, .=t
sy
N;
P..1=8j
i+
>0
Pj+%
1
n+s
m, > =0
1
n+s
2
my * = 0
uj+1—2uj+uj,1 L )
-yt Ojuj =q;
up = bo,uy,—1 = by-y
f; =u;6;

A.6 Solving Inverse Problem Using Balanced Wasserstein Distance

inf %fonQ ’;L;dxdt

(A.27)

(A.28)



where

1
Dy, ax,a (0, m) = ﬁAxAt Z

min Oy, ac A (p, M)
m,p
n+l _ on n+l n+l
S R P T BT
Jt+ Jt+ 1
2 PR o M B

S.r. ; Ax

0 _
Py = PO;L)
3N (A.29)
p]+% —pl(qu.%)

p" =0

1
Jt3

n+t
2
mg
n+l
m

=0
Ny, =0

Ny—1N,—1 (mrg)Z + (m'? )2
J j+l
n n+l (A.30)

.t
J+s  Uj+s

=0 n=0 P

A.6.2 Solving Inverse Abel Transform with Balanced Optimal Transport

min D, (0, 1)
m,p,0.f

n+l _ n 1

1
p o nty g
PR L O Y )
: At Ax
0
p, =1t
s
Ny
P..1-8j
Jt3 (A.31)
no>0
Pl
1
n+s
2
my * = 0
1
n+s
2
my > = 0

= (MY
/ k=0 (]._(k"'%))n
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A.6.3 Solving Inverse Helmholtz Equation with Balanced Optimal Transport

mlglén q)WzAx,At(p’ m)
,P,0,U,
1 1
p7+l —p" nty nty
L SO W) B
S.t. ; + Ax =

Y (A.32)

RelW) ZREIRW) 1 k2(1 4 nj)Re(uz) — k6 Im ()

= Re(q;)

Im(ujp)=2Im(uj)+Im(u;j_y)

e +k2(1+nj)lm(uj)+k9jRe(uj)

=Im(q;)

up = bo,un,—1 =bn-1

fj = (Re(uj)z + Im(uj)z)éj
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A.6.4 Solving Inverse Diffusion Equation with Balanced Optimal Transport

min (I)WzAx,Al(p’ m)
m,p,0,u,
P - ey n+d
Jt3 Jty

g m
s.t. I + A =0

_ Ujrl —2uj+uj_1

Ax2 +9jbtj:q]'

uo = bo,un -1 =bn-1

szujgj

A.7 Solving Inverse Problem Using Relaxed Quadratic Wasserstein Metric

A.7.1 Discretization of Relaxed Quadratic Wasserstein Metric

The continuous version of the relaxed quadratic Wasserstein metric is

W227Mlxed(p07p]) =9

erl T |m)? B 2
inf(} [, ;' didx+4 [ 1p(T.2) - p1 (0) )
st.p+V-m=0

p(0,x) = po(x)

p=>0

m-n=0onodQ

Discretized problem formulation
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(A.34)



rgigl Dy, earr.ar (0, M, p1)
’ n+l _,n nelpel
1P o om 2w, 2
7ty I3 2 S R
s.t. I + A =0
0
= X, 1
>0
P].+%
1
n+§ _
my * = 0
1
n+>
2
my =0
where
1 1
Ne—1 Ny=1 (,,"7722 n+3\2 -1
1 o )T )" N, 2
¢W2,mixedAxaAt(p’m’f) = _AXAI n n+l + —A)C Z (p 1 ‘f])
2T Jo +p 2 - Jt3
j=0 n=0 J+% ,]+% j=0

A.7.2  Solving Inverse Abel Transform with Relaxed Quadratic Wasserstein Metric

min (I)WZ,mixed Ax,At (p’ m, f)
m,p.,0,
n+l _ on n+l n+d
s Did My
5.t A7 + v =0
0 _g.
pj+% g
n A.36
P >0 ( )
J*+3
nty _
my * =0
1
nty _
My =0
alst 6
f. — A_x - —k
Y ( ) kgo (]_(k"'%))a
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A.7.3 Solving Inverse Helmholtz Equation with Relaxed Quadratic Wasserstein Metric

mg}g},t,f Dy, vearr,ar (0, m, T)
o, T o
p?+% =8
P20
ek
<mx%:0 (A.37)
ReQp)2REGIRAGD 4 j2(1 + nj)Re(ug) — k6O Im(uj)
= Re(q;)
’m(uj+1)—2121;4]%1,,,(”_],71) + k(1 +nj)Im(u;) + k6;Re(u;)
=1Im(q;)
uo = bo, un,—1 = by_1
£, = (Re(u;)? + Im(u,)?)8;

A.7.4 Solving Inverse Diffusion Equation with Relaxed Quadratic Wasserstein Metric

IR P s e (0, 1, )
1 1
p"+1 _p" n+y n+y
s, LI M g
e At Ax -
0
P..1=8j
i+
Pt =0
Jt3
o (A.38)
my * =
1
n+s
2
my =0
u_,~+1—2uj+uj_1 L .
—Y——Fpo — tOjuj=gq;
uo = bo,un.—1 = bn_1
f; =u;6;
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A.8 Solving Inverse Problem Using W, Wasserstein Metric

A.8.1 Discretization of W; Wasserstein Metric

The continuous version of the relaxed quadratic Wasserstein metric is

inf [, Im(x)|dx

Wit g) = (A.39)
st.V-m=f-g
Discretized problem formulation
min @y, A, (m)
P (A.40)
st =1 - g
where
Ny—1
Dy, ac(m) = Ax " |m;] (A41)
j=0
A.9 Solving Inverse Problem Using UW; Wasserstein Metric
A.9.1 Discretization of UW;| Wasserstein Metric
The continuous version of the relaxed quadratic Wasserstein metric is
inf |, lm(x)[| + Bl|{]|ldx
Uw,(f,g)=y ™ o (A42)
st.V-m-7=f-g
Discretized problem formulation
min @yw, ax(m, {)
mp (A.43)
S.l.% — §j+% = fj -8
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where
Ny—1

Duwac(m, ) = Ax D Imjl+BIZ,4] (A44)
j=0

A.10 Solving Inverse Problem Using > Norm

Nx-1
minjAx 3 (f; - g)*
J:

(A.45)
s.t. Discrete forward problem
A.11 Solving Inverse Problem Using 7{~! Norm
. ! Nx—1 5
min 5, Zo (Pjs1—Pj)
u j:
s.t. — —Pjﬂ_iié-”)jfl =g; —fj
3 Py=0 (A.46)
Py =0
s.t. Discrete forward problem

A.12 Discretization in two spatial dimensions.

In the two-dimensional case with Q = (0, L,) x (0, L,), we also use a uniform structured
temporal-spatial grid. Let N; = 10, N, = 50 and N,, = 50 be the number of intervals in the 7, x and

y variables respectively, then the grid (#;, x;, yx) is defined as
ti=iAt, 0<i<N; xj=jAx, 0<j <Ny vk =kAy, 0<k <N,

where At = +-, Ax = L—j‘c and Ay = ~.

I
Nf’
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We again use staggered grids for (p, {) and m = (m,, m,) to discretize them as

Xi+Xit1 Vit Y+l x,+x,+1 YitYVj+l 1y +1p4

n
= t
pi+%,j+% p( 2 ’ 2 b n), §l+ ’J+ g( 2 ] 2 )
n+l yj+yj+1 Iy + 11
( x) 2 = mx(xi’ > s ) )
n+y Xi + Xit1 In + In+l
(m y>l+ =y (L
This gives the following discretization scheme for the transport equation:
n+d n+d n+l n+l
P'.Hll . 1_p’.11 .1 (mx) 2< 1_(mx)_ ,21 ( y) 12 —( y) 12 1
i+5.]+5 i+5.]+5 + 1+l,]+§ Lj+y + l+2 1+2 J — §n+§
At Ax Ay i+3.j+3
0
1
’Oi+%,j+2 f;"'z’f"'z
P vl sl
j 1j+£ i+3,j+5
1
n+l n+s
— O 2 — 0
( x>0 +2 ( X)NXJ"'
1
n+2 I’l+7
m ny 0.
( y)z+ O ( y)i+%,Ny
A.12.1 Diffusion equation in 2D
In 2D simulation, we mainly use diffusion equation as an example.
_ (”[—1,j+ui+l,j_2ui,j + ui,j—l+ui,j+l_2ui,j) +0; i = qi
Ax2 Ay? ij%ij ]
uo,j = (by,);j
un,,j = (bn,);
uip = (by,)i
Ny = (bny)i
Jij = uijbi;

Where g(x,y) = 1 +3xe*”, and other parameters by, = by, = by, = by, =1,y =0.1
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A.12.2  Solving Inverse Diffusion Equation with Mixed Relaxed Quadratic Wasserstein Metric in

2D
The discrete version of the cost functional in this case, following the trapezoidal rule for spatial

and temporal integration, takes the form
Nt—l Nx—l Ny_l

(DZD,Wz,mixedAx,Ay,At(p’ n, f) = %AXA)]AI Z Z 2
n=0 =0 j=0

n+d n+d n+d n+
((mx). 2+ ((mx) 2 )4((my) 7 )P +((my) 7 )
Lj+y l+1,J+z i+5,] L+z,j+1 + (A49)

pi+%,j+% 1+§,j+%
Ny—1Ny—1
B S N, 2
AxAy ¥ X (p) ., —fij)
i=0 j=0 2:/%2

The discrete problem for inverse diffusion equation would be
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min Dyp w, Ay, m,f)
m,p,0.f,u

S.L.

n+t

1 1 1
1 n+x n+x n+x
pfl+1 -p" 1.1 (myx). 2A 1_(mx). A2] (my) 124 _(m)’)A 12A
i+5,]+5 l+1,]+§ L,j+y L+§,]+l i+75,]

(my)
(my)

(my)

Wio e j=2u; 5 w1+ a1 —2U; _
—( e + A7 ) +bijui;=qi;

N. j+1 =0
xJt3
A.50)
ntd (
=0
2’0
n+i
+ Ny

=0

uo,j = (bxo);
un,.j = (bnx);
uio = (byo)i
Ny = (bay)i
Jij = uijbi;

A.12.3 Solving Inverse Diffusion Equation with Wasserstein-Fisher-Rao Metric in 2D

The discrete version of the cost functional for W wrr, following the trapezoidal rule for spatial

and temporal integration, takes the form

N,—1 Ny—1Ny—-1

q)ZDWZWFRAXAyAt(p’m {) = leAyAt > Z
n=0 =0 j=0

1 n+d n+l
((m x) 1)2+((mx) o 1)2+((my) P2 H((my) P2

i+5,] t+2 Jj+l

s + (A.51)

Wl TP
M RAN 212

l
—1 Ny—1Ny-1 (§ )2

N\»—

n

o

1 2,J+2
T
n=0 i=0 j=0 % '+% i+%,j+%
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The discrete problem for inverse diffusion equation would be adding the 2D diffusion equation

into the constraints.

min (DZD,WQ,WFRAX,Ay,At (P, m, g)
m,p,0.f.u,l
1 L1 1 1
n+ 5 n+x n+
pr—ll . 1_,0{11 1 (mx) . 2 _(mx) 21 (my)< 12< _(my), 12, 1
i+5.]+5 i+5.J+5 t+1,]+2 Lj+y 1+§,]+1 i+5,]

+ =
At Ax Ay §l+2’-/+_

s.t.

p(-)l o = 8ij

l+§,]+§

N+1
P :fi,j

b ek
Py 20
(my)
(my)
(my) 1

(my)’”'z _

n+2

0,5 +2
n+2

NX, +2
n+2

(A.52)

Mi—l,j+ui+1,j—214i,j ui j-1+ug je1=2u; _
( Al + A2 ) +0ijuij=qi;

uo.; = (bxo);
un,.j = (bnx);
uio = (byo)i
uiN, = (bny)i

Jij = wi ;0

A.12.4 Solving Inverse Diffusion Equation with Wasserstein-GUOT Metric in 2D

The discrete version of the cost functional for W> guor, following the trapezoidal rule for spatial

and temporal integration, takes the form
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N;—1 Ny—1Ny—1

DD s guorAvAy, Az(P,m ()= 3 AxAyAt Y Y Y
n=0 i=0 ;=0
)

ntk +1
((mx) 1)2+((mx) 1)2+((my) : )2+(( my) 12
i+5.]

n n+l
pi+l LR

3:J+5 z+2 JJ+
—1 Ny—1Ny-1

L AxAyAt oy
y ;O Xl

(A.53)

Bl—

The discrete problem for inverse diffusion equation would be adding the 2D diffusion equation

into the constraints.

min ~ ®2p w, gyorAv.ay.a(0, M, )
m,p,0.f,u,d
! pel

1 +1
n+x 5 n+
o e (my) > (mx) o m)"E )"
+1,j+~5 +1 z+7,]+1 i+5,] n+x
Ay ’]+_

i+%,]+2 l+j,j+% i+1,j 2 i,]

S.r. N

Do —
+
1
U\

I\)

pj+; >0

I’l+2 _
(m x>0]+ =
(my)

(my) 1

(my)

I’l+
2
Ny, +
xJ (A.54)
l’l+2
n+2
2’N)

ut—l,j+u1+1,j_2ui,j Ui j—1+u; _[+]_2Ml J
( Ax2 + Ayz ) + 0 L] ul,] qi,].

=0

uo,; = (bxo);
un,.j = (bnx);
uio = (byo)i
uin, = (bny);

Jij = uijbi;
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A.12.5 Solving Inverse Diffusion Equation with Wasserstein-UOT Metric in 2D

The discrete version of the cost functional for W5 yor, following the trapezoidal rule for spatial

and temporal integration, takes the form

1 Ny=1 Ny—1 Ny—1
Dop Wy voravay.al(p,m, ) = spAxAyAr 3, Y X

n=0 i=0 j=0
1 1 1 1
nty o n+5 2 nty o n+s 2
+ + ) +
T N T (ASS)
n n+l
pi+%,_;‘+%+pi+%,j+%
N:—1
LA 5 (£
2a 0
n=

The discrete problem for inverse diffusion equation would be adding the 2D diffusion equation

into the constraints.
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min  ®2p w, yorax.ayac(0, M, )
m,p,0,8u,l

1 n+d

P N (" (mx) "2
z+2 gty gty + i+1 J+
At Ax

1 1
n+x5 n+5
1 (my). 12A —(my) 12A
> i+5,j+1 i+7.] n+l
+ A = { 2
y

S.z.

0 _
P 1.1 = 8ij

l+§,_]+§

Nt+l _ f .

i+t j+l 0
2:J%7

P
Py 20
(my)
(m)
(my) i
(my)..1

ui—l,j+ui+l,j_2ui,j Ui j—1+i j+1=2U; _
—( A2 + A2 )+ 0ijui; = qi;j

n+2

0,j +2

i’l+2

’”2 (A.56)

n+2

}’l+2

uo.; = (bx0);
un,.j = (bnx);
uio = (byo)i
uiN, = (Dny)i

Jij = ui ;0

A.12.6 Solving Inverse Diffusion Equation with Balanced Wasserstein Metric in 2D

The discrete version of the cost functional for W5, following the trapezoidal rule for spatial and

temporal integration, takes the form

N;—1 Ny—1Ny-1
Dop wravaya(pom) = 3-AxAYAL 3 Y Y

n=0 =0 j=0
1 ntd n+d A.57
((mx) 1)2+((mx) » 1)2+((my) : )2+((my) P ( )
JJ+ 2 1+j,j+l
n n+l
EERENE

The discrete problem for inverse diffusion equation would be adding the 2D diffusion equation

into the constraints.
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min  Drp w,Ax,Ay.a (0, 1)

(be)j

UN,.j = (bNx)j

Uo,j =

uio = (byo)i
uin, = (bny)i

Jij = uijbi;

m,p,0.f,u
n+l1 n "+1 % n+d
P .1 . 17P. 1 .1 (mX)A _(mX) 1 (m)) _(my) 1
l+2 J+y i+5,]+5 l+1,j+2 ]+§ L+l i+ _
s.t. A + = + 5 =0
0
P11~ 8ij
i+%,j+% J
Ny+1
p.f o =1
i+3,j+% J
pj+1 =
n+i
2
1y =
n+i
2
SN
X’
. (A.58)
n+2
(m y)
n+l
(my) 2N =0
Ny
Uittt =205, Ui -1+ e —2U _
—( A2 + AV )+ 0 jui; = qi;

A.12.7 Solving Inverse Diffusion Equation with UW| Metric in 2D

The discrete version of the cost functional for UWj, following the trapezoidal rule for spatial

and temporal integration, takes the form

N,—1Ny-1

Dop.uwiavay(m, ) = AxAy 3 3

=0 j=0

(A.59)

(G T B P B [ P R (I I VR Pt

The discrete problem for inverse diffusion equation would be adding the 2D diffusion equation

into the constraints.
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min_ Drp yw, ax.ay(m, )

m,0.f,u,l A
(mo),, ;'+l_(mX)i j+i (my);,1 ;'+1_(my)i+l j (A.60)
It AW) 2 2 =f  —o
s.t. Ax + Ay §i+%,]‘+% — ) gl,./
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Appendix B: Neural Network structure and Training

B.1 Network structure

For the sake of reproducibility of our research, we provide here the structures of the encoder,

decoder and predictor networks we used in the encoder-decoder-predictor training framework

described in Section 4.6.2; see Figure B.1.

‘ Decoder ResNet block input 1

Deconvolutional layer

Batch

Encoder

19p0d2(J

Predictor

Figure B.1: Network structures of the encoder, decoder and predictor networks.

The different layers of the networks are all standard as indicated by their names. In our
implementation, the input of the neural network is the a N; X Ng X N, tensor representing the
solution of (4.22) for Ny sources, at N; detector points {xd}gjl, and on N, time instances {¢; }jv:’ E
u(ty, X3 hg),i=1,--- N, j=1,--- ,Ng,and s = 1,--- , Ny. The network outputs the recovered
input (from the decoder and the reconstructed velocity field from the predictor. When the output
velocity field is represented with the Fourier basis, the output of the predictor is an M X M matrix
whose ij-element is m(k;, k;) (0 < k;, k; < M).

Besides the sizes of the network input (that is, the input of the encoder) and the network output
(that is, the output of the predictor), the key parameters of the overall network are: (i) the size

of the latent variables, and (ii) the number of ResNet blocks in each of the sub-networks (n, n
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and n3). In our implementation, we tested the network structure with different numbers of ResNet
blocks. The training results are not sensitive to the selection of such numbers (which controls the
size of the overall network). In the numerical simulations presented in this chapter, we use n; = 10,
ny =5 and n3 = 10. The computational code we used for the numerical simulations in this chapter,

implemented using Python, are deposited at https://github.com/wending1/FWI_Deep_Learning.

B.2 Neural Network Training

The network training is achieved with the Adam optimizer [71]. The learning rate is initially set
to be 5 x 107%, and decays by a factor of 1.2 for every 5 epoch. The batch size is chosen to be 128.
We stop the training after 50 epoch.

The detail structures of the encoder (left), decoder (middle) and predictor (right) are illustrated
in Figure B.1. The encoder includes convolutional layers [76], batch normalization layers [65],
Mish activation layers [102], average pooling layers [87], and n; = encoder ResNet blocks [61].
See left diagram of Figure B.1 for the detailed structure. The decoder contains de-convolutional
layers, batch normalization layers, Mish layers, average pooling layers, and n, decoder ResNet
blocks. The predictor includes convolutional layers, batch normalization layers, Mish activation
layers, average pooling layers, and n3 predictor ResNet blocks as well as fully connected layer to
make velocity field prediction. The middle and right diagrams of Figure B.1 present the detailed

structures of the decoder and the predictor.

B.3 Loss function for training neural networks

Given training data set { g,-}f.i , corresponding velocity {m,-}fi , and trainable parameters set a.
Denote the encoder, decoder, predictor as E,, D,, P,. The neural network utilizes different loss

functions (I, [;) for encoder-decoderand velocity prediction. The total training loss is the sum of
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two individual losses

N
Loss(@) = = " h(Da(Ea(8)),80) + b (Pa(Ea(g)) m) ®.1)
i=1

* g; is the input datum; D, (E,(g;)) is the recovered datum.

* m; is the true velocity field that generated g; by 4.22.

P,(E,(gi)) is the predicted velocity field; P o E is the pre-conditioner ]”;1.

[1(x,X) = ||Jx — X||1, is the L, loss between input datum and recovered datum.

[r(x,X) = ||x — X||» is the L; loss between predicted and actual velocity field/parameters.

B.4 Adjoint state gradient calculation

We summarize here the calculation of the Fréchet derive of the objective function ®(m) defined
in (4.20) with respect to the velocity field m.

Following Proposition 4.5.1, the Fréchet differentiability of the map f(m) with respect to m is
well-established under reasonable assumptions on the smoothness of the domain, the regularity of
the incident wave source & and the regularity of the velocity field m. With the assumption we have
on the differentiability of the trained network fél, the Fréchet differentiability of ®(m) in (4.20) is
ensured.

To simplify the notation, we denote by
r(m) = £ (£(m)) - 17" (") (B.2)

the data residual and I' C Q the subset of the boundary of the domain where acoustic data are
measured. To be concrete, we take the regularization functional to be the H I semi-norm of the

unknown m. We also assume that the velocity is known on the boundary of the domain so that
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the perturbation ém|sq = 0. This assumption simplified the calculations below but is by no means
essential.

Taking the derivative of ®(m) with respect to m in the direction 6m, we have

O (m)[6m] = /Q r(m)(?;)’(f(m))[f'(m) [5m]]dx+y /Q Vim - Vomdx. (B.3)

Let (fél)’* : L*(Q) — L*((0,T] x T') be the adjoint of the operator (fél)'(f(m)). Using the

assumption that ém|sq = 0, we can then write the above result as

T —
@' (m)[6m] :/0 /F(fa_l)'*[r(m)]f’(m)[ém] dS(X)dt—y/Q(Am)éde. (B.4)

This can be written into the following form with the adjoint operator of £ (m), £* : L2((0, T]xT")
L*(Q):
@ (m)[5m] = / £ [(f;)’* [r(m)]]am dx —y / (Am)5m dx. (B.5)
Q Q
The adjoint operator f’* can be found in the standard way. We document the calculation for the

specific two-dimensional setup we have as follows.

For the wave equation (4.22), we can formally differentiate u with respect to m to have that u’

solves sy s o
o AW = 25— in (0,7]xQ
u'(0,x,2) = 5(;;/ (0,x,z) = 0, (x,z) € (0,L) x (—H,0)
w'(1,0,z7) = u'(t,L,2), (t,z) € (0,T] x (=H,0) (B.6)
(?;;I(t,x,—H) = 0, (t,x) € (0,T] x (0, L)
(Z(t,x,O) = 0, (1,x) € (0,T] x (0, L)
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Let us define the adjoint problem

1 0*w )
— Aw = 0, in (0,7] xQ
ow
w(T,x,z) = E(T,x, z) = 0, (x,z) € (0,L) x (—H,0)
w(t,0,2) =w(t,L,z) = 0, (t,z) € (0,T] x (—=H,0)
ow ow (B.7)
_(Z,O,Z)'i‘—(t,L,Z) = Oa (I,Z) € (O,T] X(_H,O)
0x 5 ox
a_w(ta-x’_H) = 0’ (l,X) € (O’T] X(O’L)
Z
ow

5, (650 = (E17"[r(m)]. (1.x) € (0,T] % (0,L)

We can then multiply the equation for u’ by w and the equation for w by u’ and use integration

by part to show that

@ (m) [6m] :—/ 2 (/Ora—wa—”dz)amdx—yfg(m)amdx. (B.8)

Qm® at ot

Ny
s=1’

When the data in the inversion are collected from Ny different incoming sources {4} the
forward map f(m) and the data g° defined in (4.14). Let u; (1 < s < Nj) be solution to (4.22)
with source &g, and wy be the solution to the adjoint equation (B.7) with the s-th component of
(fgl)'* [r(m)], here

r(m) = £ (F(m)) - £ ("), (B.9)

then derivative of ®(m) can be computed as

, 2 & T Ow, Oug
& (m)[65m] =-/95(Z T dt)émdx—y/Q(Am)émdx. (B.10)
s=1

The computational procedure is summarized in Algorithm 1. The main difference between the
calculation here and the adjoint calculation for a standard FWI gradient calculation is that we need
to use the network /f;l to backpropagate the data into the velocity field in Line 5 of Algorithm 1 to
compute the residual, and then use the adjoint of the network operator (transpose of the gradient in

the discrete case), (?&Tl)'*, to map the residual r(m) to the source of the adjoint wave equation in
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Algorithm 1 Gradient Calculation with Adjoint State

: for s =1to Ny do
Solve (4.22) with h for u,
Evaluate the f(m; hy) component of f(m)

. Evaluate r(m) according to (B.9) with the network /fél

1
2
3
4
5: Evaluate (f;)'* [r(m)] with the neural network
6: for s =1to Ny do _

7 Solve (B.7) with the s-th component of (fél)’* [r(m)] as the source term for w
8

: Evaluate @’ (m) according to (B.10)

Line 6.

B.5 Inversion with truncated Neumann series

The truncated Neumann series reconstruction (4.11) can be implemented with only the forward
wave simulation and the learned neural network (without the need for the gradient of the learned
operator). Let us define

J-1
mo:=13'(g%), Ry:= ZKj (mo) ,
Jj=0
with K defined in (4.11). We can then verify that
-1 R
Rys(mo) = (I+K )" K7)(mo) = mo + KRy (mo) = mo + Ry (mo) ~ £ (F(Rs(mo))) . (B.11)

J=0

This leads to the computational procedure summarized in Algorithm 2. The main difference between

Algorithm 2 Reconstruction with J-Term Truncated Neumann Series

1: Evaluate mg := /t:él (g°) with the learned neural network
2: Set m «— my;

3forj=1toj=J-1do

4: for s = 1to N do

5 Solve (4.22) with (m, hy) for uy

6: Evaluate the f(m; hy) component of f(m)
7

Update m «— mo+m —fail(f(m))

the calculation here and the adjoint calculation for a standard FWI gradient calculation is that we
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only need to evaluate the network /f;l to project the data back into the velocity field to compute the

residual my —f; (f(m)), and update the current result m.
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