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Abstract

Recently the strings and the string number of self-maps were used in the computation of the algebraic
entropy of special group endomorphisms. We introduce two special kinds of strings, and their relative string
numbers. We show that a dichotomy holds for all these three string numbers; in fact, they admit only zero and
infinity as values on group endomorphisms.

1 Introduction

The left Bernoulli shift and the two-sided Bernoulli shift are relevant examples for both ergodic theory and
topological dynamics, while the right Bernoulli shift is fundamental for the theory of algebraic entropy (see
Section 1.2, and for more details and properties see [5]). We start giving their definitions. Let K be an abelian
group.

(a) The two-sided Bernoulli shift ‘B of the group K is defined by

B ((Tn)nez) = (Tn-1)nez, for (zn)nez € K.
(b) The right Bernoulli shift Bx and the left Bernoulli shift k8 of the group K" are defined respectively by
Bk (x1,x2,x3,...) = (0,21, 22,...) and xfB(x0,x1,%2,...) = (z1,T2,T3,...).

Moreover, let 82 = Br @, BE = Bk [xay and kBP = kB [ av be the respective restrictions on the direct
sums.

The next definition given in [3] is inspired by these classical notions of shift. For every set I', every self-map
X : T — T and for every abelian group K, the generalized shift o of the direct product K is the endomorphism

oy : K — KU defined by (z;)ier — (TA@i))ier-

The name of the generalized shifts comes from the fact that they generalize in an obvious sense the Bernoulli
shifts; indeed, the left and the two-sided Bernoulli shifts are generalized shifts, while the right Bernoulli shift
can be well approximated by a generalized shift of the same algebraic entropy (see [2]). In [2] the restriction
ai‘? = o [pm: KO o @ of ox to the direct sum KT was considered. Since K™ is a ox-invariant
subgroup of K" if and only if A is a finite-to-one self-map of T' (that is, A™!(x) is finite for every = € I'), one
has to add this hypothesis in order to study af? as an endomorphism of K.

Other basic concepts related to dynamical arguments are the following. For a set I', a selffmap A\ : ' = T
and z € T" the orbit of z for A is O(z) = {\"(z) : n € N}.

Definition 1.1. Let I' be a set and A : I' = I' a self-map.



(a) An element x € I' is a periodic point of A if there exists an integer n € Ny such that A" (z) = z. We
will denote by Per(X) the set of all periodic points of A. Moreover, A is said to be locally periodic if every
x € T is a periodic point of A (i.e., Per(A\) = I'). Finally, A is said to be periodic if there exists n € Ny
such that \"(x) = z for every z € T.

(b) An element z € T is a quasi-periodic point of X if there exist n < m in N such that A" (z) = A" (z). We will
denote by QPer(A) the set of all quasi-periodic points of A. Moreover, X is said to be locally quasi-periodic
if every x € I is a quasi-periodic point of A (i.e., I' = QPer())). Finally, A is said to be quasi-periodic if
there exist n < m in N such that A" = \™.

1.1 The string numbers

The notion of string given in item (b) of the following definition was introduced in [2] in order to compute the
algebraic entropy of the generalized shifts. We give first in item (a) a weaker concept, that will be used in the
paper, and in item (c) we define a special class of strings which, after iterations of the map, “form a loop”.

Definition 1.2. Let I" be a set and A : I' — IT" a self-map. A sequence S = {Zp}nen C T is
(a) a pseudostring of X if A(x,) = zn—1 for every n € Ny (z¢ is called first term);
(b) a string of X\ if S is a pseudostring such that the x,’s are pairwise distinct elements;
(c) a singular string of X if S is a string of A such that xo € QPer(\).
Note that a string S such that there exists k € Ny with A\*(z9) € S is a singular string. Clearly, a string S
of A in T is singular if and only if S C QPer()).
Considering an endomorphism of an abelian group, instead of a self-map of a set, it is possibile to introduce
also the following special kind of singular strings.
Definition 1.3. If T is an abelian group and A : ' — I' is an endomorphism, a string S = {xn }nen is
(d) a null string, if o # 0 and A\*(zo) = 0 for some k € N,

In [2] a cardinal function was defined to measure the number of pairwise disjoint strings of a self-map; indeed,
a precise formula for the algebraic entropy of a generalized shift af? was found, making use of the string number
of A\ and its properties (see Section 1.2 for the precise formula). We recall the definition of string number in
(b’), while in (c¢’) and (d) we introduce similar cardinal functions that measure the number of pairwise disjoint
non-singular strings of a self-map and the number of pairwise disjoint null strings of a group endomorphism
respectively. In general we call these three cardinal functions “string numbers”.

Definition 1.4. Let I" be a set and A : ' = I" a self-map. Let
(b") s(X\) =sup{|F|: F is a family of pairwise disjoint strings of X in T'}, the string number of X;
(c') ns(\) =sup{|F|: F is a family of pairwise disjoint non-singular strings of A in '}, the non-singular string
number of \;
(d") so(A) =sup{|F|: F is a family of pairwise disjoint null strings of A in '}, the null string number of \, if
T" is an abelian group and A an endomorphism of T'.
As for the algebraic entropy, we want these string numbers to have values in NU{co}; so, when the suprema

in these definitions are infinite, we impose that they equal oo, with the usual convention that a + co = oo for
every a € NU {oo}.

The aim of this paper is to study the properties of these three cardinal functions, the relations among them,
and to measure their values for endomorphisms of abelian groups.

It is easy to observe that s(\) > max{ns(}), so(\)}, for a group endomorphism A. More precisely, Theorem
3.15 shows the following relation among the three string numbers:

s(A) = ns(A) + so(A). (1.1)

The following Theorem A characterizes the group endomorphisms admitting some string. It gives an affir-
mative answer to [2, Problem 6.6(a)], which asked whether s(A) > 0 implies s(\) = oo for any endomorphism
A of abelian groups.

It will be shown in Section 2.1 that surjectivity is not a relevant restriction in the study of the string
numbers. Indeed, for a set I' and a self-map A : I’ — I" we construct the maximum subset sc(\) of I on which
the restriction of X is surjective, namely, the surjective core of A; moreover, all the strings of A are contained in
the surjective core of A (see Proposition 2.3).

Theorem A. Let G be an abelian group and ¢ € End(G). The following conditions are equivalent:



(i) s(p) > 0;
(ii) s(p) =
(i1) sc(p) € Per(p).

The following corollary characterizes the surjective group endomorphisms of finite string number, showing
that these are exactly the locally periodic ones.

Corollary. Let G be an abelian group and ¢ € End(G) surjective. The following conditions are equivalent:
(i) s(p) =0;
(it) s(p) < oo;
(i) G = Per(yp). O
Since a locally periodic endomorphism of a finitely generated abelian group is periodic, we obtain the

following nice characterization of periodic endomorphisms of finitely generated abelian groups, which answers
a question of Zanolin and Corvaja.

Let G be a finitely generated abelian group and ¢ € End(G) surjective. Then s(¢) = 0 if and only if
© 1s periodic.

In other words, if ¢ is not periodic, then ¢ admits infinitely many strings.

Theorems A™ and A™* in the sequel are the counterpart of Theorem A for the non-singular string number
and the null string number respectively.

Theorem A*. Let G be an abelian group and ¢ € End(G). The following conditions are equivalent:
(1) ns(p) > 0;
(it) ns(p) = oo;
(i1i) sc(p) € QPer(p).
Analogously to the Corollary of Theorem A, we give the following consequence of Theorem A* for surjective
group endomorphisms ¢, showing that ns(¢) = 0 if and only if ¢ is locally quasi-periodic.
Corollary. Let G be an abelian group and ¢ € End(G) surjective. The following conditions are equivalent:
(i) ns(p) = 0;
(13) ns(p) < co;
(i) G = QPer(yp). O
To a certain extent, the next theorem goes in the opposite direction with respect to Theorem A*, since the
null strings are necessarily singular. For an abelian group G and ¢ € End(G), let keroo ¢ = (U, ¢y ker(¢™) be

the hyperkernel of ¢. The null strings S of ¢ are precisely the strings of ¢ contained in kerss ¢ (see Lemma
3.5).

Theorem A**. Let G be an abelian group and ¢ € End(G). The following conditions are equivalent:
(i) so(p) >0;
(ii) s0() = oo;
(#i3) sc(p) Nkerss p # 0.
If ¢ is surjective, then sc(p) = G, hence sc(¢) Nkeres o = G Nkerss ¢ = keros . This gives the following
corollary of Theorem A**.
Corollary. Let G be an abelian group and ¢ € End(G) surjective. The following conditions are equivalent:
(i) so(p) =0;
(ii) s0() < oo;
(%) @ is injective. O



1.2 Algebraic entropy and string numbers

The strings and the string number arose in [2] in the computation of the algebraic entropy of generalized shifts.
Here we recall the definition of algebraic entropy, given by Adler, Konheim and McAndrew [1] and Weiss [9],
and compare the basic properties of the algebraic entropy with the properties of the string numbers.

Let G be an abelian group and F' a finite subgroup of G; for an endomorphism ¢ : G — G and a positive
integer n, let Tn(p, F) = F 4+ o(F) + ...+ ¢" ' (F) be the n-th o-trajectory of F with respect to ¢. The
algebraic entropy of ¢ with respect to F' is

n—o00 n

and the algebraic entropy of ¢ is

ent(¢) = sup{H (¢, F) : F is a finite subgroup of G}.

First we recall the precise formula found in [2] for the algebraic entropy of a generalized shift 0'§B KM
K® with A: ' — I a finite-to-one self-map of T, that is,

ent(c¥) = s(\) - log | K]|.

Moreover, in [8] the algebraic entropy of a generalized shift o of the direct product K I' was computed, and
also in this case the string number played a central role.

The following are the basic properties of the algebraic entropy.
Fact 1.5. [5, 9] Let G be an abelian group and ¢ € End(G).

(A) (Conjugation by isomorphism) If ¢ is conjugated to an endomorphism ¢ : H — H, of another abelian
group H, by an isomorphism, then ent(p) = ent(1)).

(B) (Logarithmic law) For every non-negative integer k, ent(¢*) = k - ent(p). If ¢ is an automorphism, then
ent(o®) = |k| - ent(¢) for every integer k.

(C) (Addition Theorem) If G is torsion and H is a p-invariant subgroup of G, then ent(¢) = ent(p [z )+ent(®),
where ¥ : G/H — G/H is the endomorphism induced by .

(D) (Continuity for direct limits) If G is direct limit of ¢-invariant subgroups {G; : ¢ € I}, then ent(p) =
Supc; ent( [c,).

(E) (Uniqueness) The algebraic entropy of the endomorphisms of the torsion abelian groups is characterized
as the unique collection h = {hg : G torsion abelian group} of functions hg : End(G) — R4 that satisfy
(A), (B), (C), (D) and hy, ) (ﬂgp)) = log |Z(p)| for every prime p.

Some of these basic properties of the algebraic entropy have counterparts for the string numbers; indeed,
the string numbers are stable under taking conjugation by group isomorphisms (see Lemma 2.8), and also a
logarithmic law holds for the string numbers (see Corollary 4.6).

Note that the validity of the Addition Theorem for a cardinal function implies monotonicity of the cardinal
function for endomorphisms ¢ of abelian groups G under taking restrictions ¢ [g to @-invariant subgroups
H and under taking induced maps @ on quotients G/H. The string numbers are monotone under taking
restrictions to invariant subgroups (see Lemma 2.9). Moreover, the string number and the non-singular string
number are monotone under taking the induced map @ on the quotient G/H if ¢ is surjective (see Theorem
4.9), while the null string number fails to have this property (see Example 3.25). In general, all the three string
numbers do not obey this monotonicity law (see Example 4.10 for the string number and the non-singular string
number), and so the Addition Theorem holds for none of the string numbers (see also Example 3.17).

Furthermore, it is proved in [5] that for torsion abelian groups the condition of local quasi-periodicity
in item (iii) of the Corollary of Theorem A* is equivalent to ent(¢) = 0, and so we have the following new
characterization of surjective group endomorphisms of algebraic entropy zero in terms of the non-singular string
number.

Corollary. Let G be a torsion abelian group and ¢ € End(G) surjective. The following conditions are equiva-
lent:

(i) ns(p) = 0;
(i3) ns(p) < co;
(ii3) ent(p) = 0. O



Note that this corollary does not imply ns(¢) = ent(¢) for surjective endomorphisms of torsion abelian
groups — see the last row of Table 1.1 below. Nevertheless, if G is a torsion abelian group and ¢ € End(G) is
surjective, then

s(p) = ns(p) > ent(p).

Finally, the string numbers of the Bernoulli shifts are quite different from the algebraic entropy of the
Bernoulli shifts; we calculate the values of the string numbers of the Bernoulli shifts in Example 3.26, while for
the values of the algebraic entropy we refer to [5]. We collect this information in Table 1.1, where we add also
the values of the adjoint algebraic entropy on the Bernoulli shifts. The adjoint algebraic entropy was defined
in [4] substituting in the definition of the algebraic entropy the family of all finite subgroups with the family of
finite-index subgroups. We give the precise definition: if N is a finite-index subgroup of an abehan group G,
¢ € End(G), and n is a positive integer, the n-th ¢-cotrajectory of N is Cn(p, N) = = 1Nm Ap—nFin - Lhe
adjoint algebraic entropy of ¢ with respect to N is

H*((p7 N) — hm lOglct’fl(%%]\])l7

n—oo n

and the adjoint algebraic entropy of ¢ is
ent*(p) = sup{H"(p, N) : N < G, G/N finite}.

Theorems A, A* and A™* show that there is a dichotomy for the values of the three string numbers, which
can be either zero or infinity. Since the same dichotomy holds for the values of the adjoint algebraic entropy,
it is worthwhile to compare each of the string numbers also with the adjoint algebraic entropy.

s(=) mns(=) so(=) | ent(=) ent™(—)
6% 0 0 0 log | K| )
kB% 00 0 00 0 o)
Bk 00 00 0 log | K| )

Table 1.1: values on Bernoulli shifts

In analogy with what is done for the algebraic entropy in [5] and for the adjoint algebraic entropy in [4], we
introduce the following notions of string numbers of an abelian group, noting that in this case it is sufficient to
distinguish between value zero and value infinity, in view of Theorems A, A* and A**.

Definition 1.6. Let G be an abelian group.
(b") The string number of G is s(G) = sup{s(¢) : ¢ € End(G)}.
(") The non-singular string number of G is ns(G) = sup{ns(y) : ¢ € End(G)}.
(d") The null string number of G is so(G) = sup{so(¢) : ¢ € End(G)}.
We leave open the following problem, which will be discussed in [6].

Problem 1.7. Describe the abelian groups G that have s(G) = 0 (respectively, ns(G) =0, so(G) = 0).
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2 General properties

2.1 The surjective core of a self-map

For every self-map X\ : I' — I" of a set I' one can be interested in those restrictions of A that are surjective. In
other words, one can consider A-invariant subsets A of I' such that the restriction A [a: A — A is surjective.
Such non-empty subsets A need not exist, as the following example shows. This example motivates also the
second part of Lemma 2.2.

Example 2.1. Let A : N — N be defined by A(n) =n+1 for every n € N. Then A [a: A — A is not surjective
for every non-empty A-invariant subset A of N.



Nevertheless, something is easy to prove right away: there exists a biggest such A (that can be empty), that
we denote by sc(A) and call surjective core of A. We denote by A*° the restriction of A to sc(A). In the following
lemma we give a constructive proof of the existence of the surjective core of a self-map.

Lemma 2.2. Let T be a set and A : T — T a self-map. The surjective core sc(\) of A ewxists.
IfT is a group and X € End(I"), then sc(X) is a subgroup of I', hence it is not empty.

Proof. We define by transfinite induction a transfinite decreasing chain. Let \°(T) =T. If a = f+1is a
successor ordinal, then A*(I") = A(A\?(I)), if a is a limit ordinal, then A*(T") = Ns<a M(T'). Since this is a
decreasing chain of subsets, it stabilizes, that is, there exists ao such that A?(I') = A*0(I") for every 8 > ao.
We define sc(A\) = A*°(T'); it is easy to check that this works. Obviously, if ' is a group and A € End(T"), then
sc(A) is a subgroup of I', so it cannot be empty. O

The next result permits to reduce the study of the string numbers to the case of surjective endomorphisms.

Proposition 2.3. LetT be a set and A : T' = T a self-map. Then s(A) = s(A*°) and ns(A\) = ns(A*°); moreover,
if I is an abelian group and A € End(T"), then so(A) = so(A%).

Proof. We show by transfinite induction that if S is a string of A, then S is contained in A*(T") for every cardinal
a, and this implies that S is contained in sc(A). If o = 0, clearly S C I'. Assume that o = 8+ 1 is a successor
ordinal and that S C M\*(T"); since S C A(S), it follows that S C A(A\?(T")) = A*(I"). If « is a limit cardinal and
S C AA(I) for every B < a, then S C A\*(T"). Hence S C sc(\). O

We give now an example of calculation of the surjective core of a specific group endomorphism.

Example 2.4. Let p be a prime, let G be an abelian group, and let u, € End(G) be the multiplication by p,
that is, the endomorphism of G defined by up(z) = pz for every = € G.

(a) The surjective core of p, is dp(G), the maximum p-divisible subgroup of G. By Proposition 2.3, if
dp(G) =0 (i.e., G is p-reduced), then s(up) = 0.

(b) By (a), if G is an abelian p-group, then the surjective core of u, is exactly d(G), the maximum divisible
subgroup of G; so, if G is reduced, then s(u,) = 0.

(¢c) By (a), if G is a torsion-free abelian group, then the surjective core of u, is precisely p“G; so, if p*G = 0,
then s(pp) = 0.

The left Bernoulli shift is surjective and the two-sided Bernoulli shift is an automorphism, so their surjective
cores coincide with their domains. In the following example we consider the right Bernoulli shift, which is not
surjective, and which turns out to have trivial surjective core.

Example 2.5. Let K = Z(p) for some prime p, and consider the right Bernoulli shift B;‘? KM o g
(a) Then sc(B8E) = 0.
(b) Consider the subgroup H = {2 = (Tn)nen : D ,cyTn = 0} of K™ Then the endomorphism Bi :
K®™/H — K™ /H induced by B2 is the identity. Therefore sc(By) = K™ /H.

Item (b) of this example shows that the projection on the quotient of the surjective core of a group endo-
morphism can be strictly contained in the surjective core of the endomorphism induced on the quotient.

2.2 Basic properties of strings and of string numbers

The following lemma is a useful criterion in order to verify whether two (pseudo)strings are disjoint.

Lemma 2.6. Let G be an abelian group, ¢ € End(G), S = {zn}nen and S’ = {yn }nen two pseudostrings of ¢
in G. Then S and S’ are disjoint if and only if zo ¢ S' and yo & S.

Proof. If the pseudostrings S and S’ are disjoint, it follows immediately that o ¢ S’ and yo ¢ S. Viceversa,
suppose that S and S’ meet non trivially. So x, = yi for some n,k € N. If n < k, then x9 = p"(z,) =
" (Yr) = Yb—n € S’. If k < mn, then yo = gpk(yk) = Apk(a:n) =Tnh_r €S. O

Let G be an abelian group, ¢ € End(G), H a e-invariant subgroup of G, S = {xn}nen a pseudostring
of ¢ and m : G — G/H the canonical projection. Then m(S) = {m(zn)}nen is a pseudostring of P, where
©:G/H — G/H is the endomorphism induced by ¢.

Lemma 2.7. Let G be an abelian group, ¢ € End(G), H a p-invariant subgroup of G, # : G — G/H the
canonical projection and ¢ : G/H — G/H the endomorphism induced by ¢. Let S = {xyn }nen and S" = {yn fnen
be two pseudostrings of .



(a) If w(S) = {7 (xn) }nen is a string of @, then S is a string of ¢.
(b) If 7(S)N7(S") =0, then SNS" =0. O

Lemma 2.8. Let I and A be two sets, and & : T' — A a bijection. Let A : T — T and n: A — A be self-maps
such that X = £€7'n&. Then s(\) = s(n) and ns(\) = ns(n); if T and A are abelian groups, & is an isomorphism,

and X and n are endomorphisms, then so(\) = so(n). O
Lemma 2.9. Let T be a set, \: ' = T' a self-map and A a A-invariant subset of I'. Then s(\) > s(\ [a) and
ns(A) > ns(A [a); if T is an abelian group, A € End(I") and A a subgroup of T, also so(A\) > so(A [a)- O

The following lemma gives an easy criterion in order to verify whether a pseudostring contains a string,
namely, it suffices to see that it is infinite.

Lemma 2.10. Let I" be a set, A : I' = ' a self-map and S = {xn}nen a pseudostring of A. If S is infinite,
then S contains a string, and is itself a string when X is injective.

Proof. If S itself is not a string, there exist n < m in N such that x, = x,,. Therefore z,, is a periodic point
of A of order m — n. Since S is infinite, there exists a maximal m € N such that z,, is a periodic point of A.
Then zmt1 € O(xm), and so S’ = {Zn }n>m is a string contained in S. O

Lemma 2.11. Let A1, Ay be sets, \i : Ai = A; self-maps fori=1,2, T = A1 x Ay and A = A1 X A\2. Then:
(a) s(A) =0 if and only if s(A1) = s(A2) =0;
(b) ns(\) =0 if and only if ns(A1) = ns(A2) = 0.

If T is an abelian group, A1, A2 subgroups of I' and X € End(T"), then
(c) so(X) =0 if and only if so(A1) = so(A2) = 0.

Proof. (a) If s(A) =0, then s(A1) = s(A2) = 0 by Lemma 2.9.

Assume that s(A) > 0. Let S = {x,, }nen be a string of X\. For every n € Nlet &, = (x5, 22), where zp, € Ay
and 22 € Ap. Then S := {x; }nen and Se := {x2},en are pseudostrings of A1 and A2 respectively. Assume
that S1 and S2 contains no string. Then S; and S2 are finite by Lemma 2.10. It follows that S C S; x S5 is
finite, and hence S cannot be a string, which is a contradiction. Consequently either S; or S2 contains a string,
that is either s(A1) > 0 or s(A2) > 0.

(b) If ns(A) = 0, then ns(A1) = ns(A2) = 0 by Lemma 2.9.

Assume that ns(\) > 0. Let S = {» }nen be a non-singular string of X. For every n € N let x, = (z},2),
where 22 € A; and 22 € Ay. Then S; := {x#}ngN and S = {x%}neN are pseudostrings of A1 and A2
respectively. We show that either S; or Sz is a non-singular string. To this aim, let 21, = \"*(x}) and

z%, = N'(x3) for every n € N and z,, = (z},22) for every n € Z; moreover, assume by contradiction that

zl = xi and z2 = 22 for some non-positive integers a < b and ¢ < d. Assume without loss of generality
that @ < ¢ and let m = (b — a)(d — ¢), which is positive; then x4 = Tq—m, against the hypothesis that S is
a non-singular string. This proves that either Si or S is a non-singular string, that is, either ns(A1) > 0 or

ns(iz) > 0.

(c) If so(A) =0, then so(A1) = so(A2) = 0 by Lemma 2.9.

Assume that so(A) > 0. Let S = {2, }nen be a null string of A. For every n € N let 2, = (2}, x2), where
zh € Ay and 22 € As. Then S1 := {2} }nen and So := {22 },en are pseudostrings of A\; and A2 respectively.
By the argument in the proof of (a) either S1 or Ss contains a string. Suppose that Si contains a string. Since

A™(x3) = 0 for some m € Ny, S is a null string and so so(A1) > 0. Analogously, if Sz contains a string, then
So()\z) > 0. O

The next result shows that for an injective self-map every string is non-singular, so its string number
coincides with its non-singular string number.

Proposition 2.12. Let I" be a set and A : T' = T" a self-map. If X is injective and S is a string of A, then S is
non-singular. In particular, s(\) = ns(A). O



2.3 Periodicity and string numbers

In the next result we see that a quasi-periodic self-map has no strings.
Lemma 2.13. Let I" be a set and A : T' = T’ a self-map. If X is quasi-periodic, then s(\) = 0. O

Since a periodic map is quasi-periodic, it follows that a periodic map has no strings. So first examples
of group endomorphisms of string number zero are the endomorphism O¢ and the identity idg of an abelian
group G. Note that in Lemma 2.13 the quasi-periodicity of A cannot be replaced by local quasi-periodicity (see
Remark 2.15).

In item (a) of the following result we show that the string number of a self-map A is zero in case A is locally
periodic; then also the non-singular string number is zero. But in item (b) we see that the non-singular string
number of X is zero also under the weaker hypothesis that A is locally quasi-periodic.

Proposition 2.14. Let T be a set and A : T' = T' a self-map.
(a) If X is locally periodic, then s(\) = 0.
(b) If X is locally quasi-periodic, then ns(\) = 0.

Proof. (a) For every x € T let m, € N1 be the minimum natural number such that A™* (z) = z. If A(z) = A(y)
for some z,y € T, then x = A™*™¥(z) = A"*™¥(y) = y and this proves that X\ is injective. Moreover,
A(A™=71(z)) = z, that shows that X is surjective. Then O(z) = {z, A(z),...,A™ " 1(z)} and A™"(z) € O(x)
for every n € N. Since A is injective, each pseudostring of A has to be contained in a single O(x) for some x € T.
We have seen that O(x) is finite, hence all the pseudostrings are finite and they cannot be strings.

(b) is clear. O

Remark 2.15. If ¢ is a locally quasi-periodic group endomorphism, it may happen that ¢ has strings (see
Example 3.19). These strings are necessarily singular, since ¢ cannot admit any non-singular string in view of
Proposition 2.14(b).

The next corollary of Proposition 2.14 gives a sufficient condition for u, to have no strings.

Corollary 2.16. If G is a torsion abelian group and d,(t,(G)) = 0 for some prime p, then s(up) = 0.

Proof. Since G is torsion, G = P, t»(G). By Proposition 2.3 and Example 2.4(a), s(up) = s(tp [4,(c))- Since
dp(tp(G)) = 0 by hypothesis,
dp(G) = dp(tp(G)) ® @tq(G) = @tq(G)-
a#p q#p

Therefore, it suffices to prove that u, is locally periodic in order to apply Proposition 2.14(a) to up ld,(c)- Let
z € dp(G), and consider the finite subgroup F' = (z) of G of size m € Ni. Since F' is pp-invariant and it is
finite, pup [F: F — F' is quasi-periodic. Since m is coprime with p, pup [r: F — F is an automorphism, and so
it is locally periodic. Then p, : dp(G) — dp(G) is locally periodic. Hence apply Propositions 2.3 and 2.14(a)
to conclude that s(ip) = s(pp [a,(q)) = 0. O

Example 2.4(a) shows that d,(G) = 0 implies s(up) = 0 for an abelian group G and a prime p. This
implication cannot be reverted; consider for example, for a prime ¢ different from p, the group G = Z(q)(N)
(or G = Z(¢*)), which is a torsion abelian group with d,(G) = G, while dp(t,(G)) = 0 implies s(yp) = 0 by
Corollary 2.16.

In the following theorem item (a) is the equivalence between (i) and (iii) in Theorem A, and item (b) is the
equivalence between (i) and (iii) in Theorem A*.

Theorem 2.17. Let G be an abelian group and ¢ € End(G) surjective. Then every element x of G is contained
as the first term in a pseudostring of p. Furthermore, if x is not periodic, then every pseudostring S = {Zn }nen
with xo = = is a string. Consequently:

(a) s(p) =0 if and only if sc(p) = Per(p);
(b) ns(p) =0 if and only if sc(p) C QPer(p).

Proof. Since ¢ is surjective, there exists a pseudostring S = {zn }nen with 2o = z . Assume that z, = z,, for
some n < m in N. Then z,,—, = x. This means that z is a periodic point of .

(a) By Proposition 2.3 s(¢) = s(¢*). Assume that sc(¢) 2 Per(y). Then there exists a non-periodic
z € sc(p). By the first part of the theorem there exists a string of ¢° with x as first term. In particular
s(¢*°) > 0. Suppose now that sc(p) = Per(¢). Then ¢*° is locally periodic and so s(¢**) = 0 by Proposition
2.14(a).



(b) By Proposition 2.3 ns(¢) = ns(¢*). Assume that sc(¢) € QPer(¢). Then there exists = € sc(p)
non-quasi-periodic; in particular z is non-periodic. By the first part of the theorem there exists a string S of
©*¢ with z as first element. Since z is non-quasi-periodic, S is non-singular, and hence ns(¢*) > 0. Suppose
now that sc(¢) C Per(yp). Then ¢*¢ is locally quasi-periodic and so ns(¢*®) = 0 by Proposition 2.14(b). O

Going in the opposite direction with respect to Corollary 2.16, the following consequence of Theorem 2.17
produces strings of up.
Corollary 2.18. Let G be an abelian group and p a prime. If dp(G) € t(G), then s(up) > 0.

Proof. The restriction pp [4,(c): dp(G) — dp(G) is surjective by Example 2.4(a). Since d,(G) € t(G), there
exists z € dp(G) with = € ¢(G). Since Per(up) C t(G), Theorem 2.17(a) yields s(up) > 0. O

3 From one to infinitely many strings

3.1 Garlands and fans

Our aim in this section is, starting from a string of a group endomorphisms ¢, to construct infinitely many
strings of . We propose two constructions.

We leave without proof the following easy lemma.

Lemma 3.1. Let G be an abelian group, ¢ € End(G) and let S = {zn}nen be a pseudostring of ¢ in G. For
every k € Ny,
Sk :={Tn + Ttk tnen and S := {ZTn + ... + Tntk frnen

are pseudostrings of ¢. Furthermore, for every a € N
aS = {axn tnen

is a pseudostring of p. O
Definition 3.2. Let G be an abelian group, ¢ € End(G) and let S = {z, }nen be a pseudostring of ¢ in G.
(a) The garland of S is G(S) = {Sk}ren, -
(b) The convez garland of S is G*(S) = {S} }ren.
(c) The (ax)-fan of S, with {ax}ren an infinite sequence of pairwise distinct integers, is Fa,)(S) = {axS}ren.

If the elements of G(S) (respectively, G*(S), F(a,)(S)) are pairwise disjoint strings we say that the garland
(respectively, the convex garland, the fan) is proper. If the elements of G(S) are non-singular strings (respec-
tively, null strings), we say that G(S) is a non-singular garland (respectively, a null garland); and analogously
for G*(S) and F,,)(S).

Let S = {xn}nen be a pseudostring of an endomorphism ¢ of an abelian group G; moreover, consider
G(S) = {Sk}tren,, G*(S) = {Sitren, and F(,,)(S) = {arS}ren for an infinite sequence of pairwise distinct
integers {ar}ren. If H < G and 7 : G — G/H is the canonical projection, let 7(G(S)) = {m(Sk)}ren, ,
m(G7(5)) = {m(Sp) tren, and m(F(ay)(S)) = {m(arS)}ren-

Lemma 3.3. Let G be an abelian group, ¢ € End(G), H a p-invariant subgroup of G and w : G — G/H
the canonical projection. If S = {xn}nen is a pseudostring of ¢ in G, and {ak}ren is a sequence of pairwise
distinct integers, then:

(a) 7(G(5)) = G(x(5)),
(b) m(G*(8)) = G (n(5)), and
(¢) 7(Fan)(9)) = Frap) (7(5):
Assume that S is a string;
(a) if G(n(S)) is proper, then G(S) is proper;
(b) if G*(w(S)) is proper, then G*(S) is proper;
(¢c) if Fla,)(w(S)) is proper, then Fq,)(S) is proper.

Proof. The first part is clear, while the second part follows from Lemma 2.7. O



3.2 Relations among the string numbers, and proof of Theorem A**
The hyperkernel of a group endomorphism has the following easy to prove property, which in some sense permits
to reduce the computation of the null string number to injective group endomorphisms.

Lemma 3.4. Let G be an abelian group and ¢ € End(G). Then the endomorphism @ : G/ keros o — G/ kerss ¢
induced by ¢ is injective. O

Moreover, one can easily prove that kero ¢ < QPer(¢), and more precisely that QPer(¢) = Per(p)+kers ¢.
The next lemma characterizes the null strings of a group endomorphism. The proof is clear.

Lemma 3.5. Let G be a an abelian group, ¢ € End(G) and S a string of ¢. Then S is a null string of ¢ if
and only if S C kereo . In particular, so(p) = (¢ [keras o) = 50(¢ [keras »)- O

This lemma has an obvious consequence on the null string number of injective group endomorphisms:
Corollary 3.6. Let G be an abelian group and ¢ € End(G). If ¢ is injective, then so(¢) = 0. O
The following lemma is easy to prove and gives a useful characterization of non-singular strings.

Lemma 3.7. Let T be a set, A\ : T' = T a self-map and S a string of A\. Then S is non-singular if and only if
SN QPer(N) = 0. O

This lemma has the following immediate consequence for group endomorphisms, since every null string is
singular.

Corollary 3.8. Let G be an abelian group and ¢ € End(G). A non-singular string of ¢ and a null string of ¢
are always disjoint. O

Using only Corollary 3.8 it is possible to prove the following inequality involving the three string numbers.
By making use of Proposition 3.10, Theorem 3.15 will show that in fact the equality holds.

Theorem 3.9. Let G be an abelian group and ¢ € End(G). Then s(p) > ns(p) + so(p).

Proof. If s(¢) = 0 there is nothing to prove. The obvious inequalities s(¢) > ns(¢) and s(¢) > so(p) settle the
case when at least one of ns(p) and so(y) is either 0 or co. Suppose that 0 < ns(¢) < co and 0 < so(p) < 0;
let S = {Si}tier and 8’ = {S}} e be respectively the families of pairwise disjoint non-singular strings and null
strings witnessing this. By Corollary 3.8, S; NS} = () for every ¢ € I and j € J. Therefore SUS' is a family of
pairwise disjoint strings witnessing s(p) > ns(p) + so(p). O

Proposition 3.10. Let G be an abelian group and ¢ € End(G). If ¢ admits a singular string, then ¢ admits
a null string. In particular, if s(¢) > 0 and ns(¢) =0, then so(p) > 0.

Proof. Let S = {xn}nen be a singular string of ¢ in G. Define z_,, = ¢"(xo) for every n € N. There exists a
greatest b € Z such that z, = z, for some a < b in Z. Then S’ = {yn nen, Where yn = Tatnt1 — Totniy1 for
every n € N, is a null string. Indeed, ©(yn) = ©(Tat+n+1) — @(Tbtn+1) = Tatn — Totn = Yn—1 for every n € N4;
moreover, if there exist [ < m in N such that y; = ym, then Teti41 — Toti+1 = Tatm+1 — To+m+1- Applying

@'t we have that Zaqm—; = Topm—_1, in contradiction with the choice of b, since m — I > 0. This shows that S’
is a string of ¢. To conclude that S’ is a null string note that yo = za+1 — Zp+1 and ©(yo) = P(Tat+1 — To41) =
Ta — Tp = 0. O

Example 3.19 will show that the conjunction of s(¢) = co and ns(¢) = 0 may occur (in this case, so(p) =
s(p) = 00). In fact, in the hypothesis of the example, if S = {zn }nen is a string, then there exists n € N4 such
that ¢™(zo) = 0. Such a string is a null string, so in particular singular.

The following proposition gives a sufficient condition for the existence of a null string.
Proposition 3.11. Let G be an abelian group and ¢ € End(G). If ¢ is non-injective and surjective, then
50(4,0) > 0.

Proof. As ¢ is non-injective, there exists o # 0 in G such that ¢(z0) = 0. Now define S = {xn}nen by
induction, using the fact that ¢ is surjective. To show that S is a null string, it remains to prove that S is a
string. If , = z,, for some n < m in N, then zo = Zm_n and 0 @(Tm—n) = 0 implies m = n. O

Recall that a Hopfian group is a group for which every surjective endomorphism is an isomorphism. (Equiv-
alently, a group is Hopfian if and only if it is not isomorphic to any of its proper quotients.) Since Proposition
3.11 implies that having null string number zero is a sufficient condition for a surjective group endomorphism
to be an automorphism, we get the following

Corollary 3.12. Let G be an abelian group. If so(¢) = 0 for every ¢ € End(G), then G is Hopfian. O
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It is worth asking whether the converse implication of this corollary holds. So we leave open the following
problem.

Question 3.13. If G is a Hopfian abelian group, is it true that every ¢ € End(G) has so(p) =072

The next proposition shows in particular that so(¢) > 0 implies so(¢) = oo for any endomorphism ¢ of an
abelian group G. This allows us to prove Theorem A**.

Proposition 3.14. Let G be an abelian group and ¢ € End(G). If ¢ admits a null string S = {xn }nen, then
G(S) 1is proper and null.

Proof. Suppose without loss of generality that ¢(z0) = 0. Consider the garland G(S) = {Sk}ren, of S. We
show first that Sy is a string for every & € Ni. To this end let k¥ € N} and by contradiction suppose that
there exist n < m in N such that @, + Tpik = Tm + Tm4k. From this relation we obtain, applying ¢™*, that
zo = 0, a contradiction. We verify now that the S) are pairwise disjoint strings. By Lemma 2.6, it suffices to
fix k € N4 and to prove that xo + x & S; for every i # k in Ny. By contradiction suppose that there exists
n € N4 such that o + 2k = n + Tnyj. Since zo # x, as n > 0, we have k # n + j. Let ¢ = max{k,n + j};
applying ¢*, we obtain zo = 0, a contradiction. O

We can now prove the equality in Equation (1.1).

Theorem 3.15. Let G be an abelian group and let ¢ € End(G). Then s(p) = ns(p) + so(p).

Proof. By Theorem 3.9, s(¢) > ns(¢) + so(e). We have to prove that equality holds. If s(¢) = 0 we are done.
Assume that s(¢) > 0. By Proposition 3.10, either ns(¢) > 0 or so(¢) > 0. If so(p) > 0, then so(p) = oo by
Proposition 3.14 and so we get the desired equality. So suppose that so(¢) = 0. Let S be a string of . If S is
singular, then Proposition 3.10 implies the existence of a null string, against our assumption. Then S has to
be non-singular. This shows that s(¢) = ns(p). O

Now we can prove Theorem A™*.

Proof of Theorem A**. (i)=-(ii) follows Proposition 3.14, and (ii)=-(i) is trivial.
(i)=(iii) For each null string S of ¢ in G the ¢-invariant subgroup H generated by S (i.e., the subgroup of
G generated by (J, oy ¢"(5)) satisfies o(H) = H, so H < sc(yp), and H < kereo 0. Then sc(p) Nkerss ¢ # 0.

(iii)=-(i) Let H = sc(p) Nkeroo ¢ # 0. Then ¢(H) = H, because z € H implies that x = ¢(y) for some
y € sc(yp), and y € ker p since x € kerss ¢, so that y € H. Take now any « € H \ {0} and build a pseudostring
S = {xn}nen of ¢ in H with zo = z, using the fact that ¢(H) = H. Then S is a string since z¢o = z,, for some
n € N would imply " (z0) # 0 for every k € Ny, against the hypothesis that zo € kers, . Moreover, S is a
null string as ¢*(x0) = 0 for some k € N, since xo € kereo . O

3.3 Examples

One can see that no endomorphism of Z has strings:

Example 3.16. Let ¢ € End(Z). Then ¢ = u, for some a € Z. Since for every = € Z, z is not divisible by a
infinitely many times, every pseudostring of ¢ is finite, so that it cannot be a string; hence s(p) = 0.

The situation is quite different if we consider non-cyclic free abelian groups:
Example 3.17. Let G = Z ® Z, and let ¢ € End(G) be defined by ¢(e1) = (e1) and ¢p(e2) = e1 + ez, where
e1 = (1,0) and e2 = (0, 1).
(a) Then ns(p) = oo (so also s(p) = 00).
Indeed, let S = {(1,1),(0,1),(=1,1),...,(—n,1),...}. It is easy to see that S is a non-singular string and
that the fan Fyy(S), for the sequence {k}ren = N, is proper and non-singular.
(b) Moreover, the p-invariant subgroup H = Per(p) of G satisfies s(p ) = 0 = s(p) (so also ns(¢ [#) =
0 = ns(2).
Indeed, s(¢ [#) = 0 by Proposition 2.14(a). Moreover, Per(¢) = (e1) = Z & {0} and G/Per(p) = Z. The

endomorphism % : G/Per(¢) — G/Per(y) induced by ¢ is exactly idg/per(y), because @(e2) € ea+Per(yp);
hence also s(p) = 0.

(c) Finally, since ¢ is injective, so(¢) = 0 by Corollary 3.6.
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Observe that (a) and (b) of Example 3.17 imply that the counterpart of the Addition Theorem (see Fact
1.5(C)) for s(—) and ns(—) fails spectacularly.

In the next example we see that every non-periodic endomorphism of Q has infinitely many (non-singular)
strings.
Example 3.18. Let G = Q and ¢ € End(G) = Q. Note that the only periodic endomorphisms of Q are Og
and +idg, which have no strings by Lemma 2.13. Assume that ¢ # Og,idg. Then s(¢) = ns(p) = oo, while
so(¢) = 0 by Corollary 3.6.

Indeed, ¢ is the multiplication by some r € Q\ {0, £1}. Consider the string S = {T%}%N and let {pk }ren
be a sequence of distinct primes coprime with the numerator and with the denominator of 7. Then F(;,)(S) is
proper and non-singular.

In the following example we see that a locally quasi-periodic endomorphism ¢ may have strings, even if they
have to be singular strings in view of Proposition 2.14(b).

Example 3.19. Let p be a fixed prime and Z(p>°) the Priifer group, with generators ¢,, = p% +Z, for n € N4.
Consider p, € End(Z(p™)).
(a) Then p, is locally quasi-periodic.
Indeed, for & € Z(p*), there exists n € Ny such that o(x) = p", and so p, () = 0.

(b) Moreover, so(up) = 00, and so in particular s(u,) = co.
Indeed, it is easy to see that S = {cn}nen, is a null string of u,. By Proposition 3.14 the garland
G(S) = {Sk}ren, is proper and null.
(c) It is possible to verify that also G*(S) is proper. On the other hand, for any sequence {ax }ren of pairwise
distinct natural numbers, F(,,(S5) is not proper.
Actually, mS is a string only if p? fm, while mS and kS are disjoint for m, k € Z coprime to p and such
that m #Z k mod p.
Now one can prove the following result, which gives a condition equivalent to s(up) = 0. It was inspired by
Example 2.4(a), and a consequence is that the implications in Example 2.4(b,c) can be reverted, as shown by
Corollary 3.21.

Theorem 3.20. Let G be an abelian group and p a prime. Then s(up) = 0 if and only if dp,(G) C t(G) and
dp(tp(G)) = 0.

Proof. 1f d,(G) € t(G), then s(up) > 0 by Corollary 2.18. If dy(t,(G)) # 0, then t,(G) contains a subgroup H
isomorphic to Z(p*), and s(pp [m#) > 0 by Example 3.19. By Lemma 2.9, s(pp) > 0 as well. If d,(G) C ¢(G),
and d,(tp(G)) = 0, by Example 2.4(a), Lemma 2.9 and Corollary 2.16, s(up) = s(ip [a,(c)) = s(ip [1(c)) =
0. O

Corollary 3.21. (a) If G is an abelian p-group, then s(up) = 0 if and only if G is reduced.

(b) If G is a torsion-free abelian group, then s(up) = 0 if and only if p*G = 0. O

Corollary 3.22. Let p be a prime, and let G be a p-divisible abelian group. Then s(up) = 0 if and only if G
is torsion and t,(G) = 0.

Proof. Assume that s(up) = 0. By Theorem 3.20, this implies dp(G) C ¢(G) a (p(G)) 0 Since
dp(G) = G, it follows that G = ¢(G) = @,tp(G), and also G = d (G) d ( ( ) @ @ (G). So
tp(G) = dp(tp(G)) = 0. Suppose now that G = ¢(G) and ¢,(G) = 0. By Theorem 3.20, s(up) = O

To complete the description of the values of the string numbers on p,, the following lemma concerns torsion-
free abelian groups.

Lemma 3.23. If G is a torsion-free abelian group, then so(up) =0 and s(pp) = ns(pp)-

Proof. If p, admits a null string S = {z }nen, then S C ¢(G) = 0. This shows that so(up) = 0. By Theorem
3.15, s(up) = ns(pp).- 0

Example 3.24. Let p and g be distinct primes. Corollary 3.21(b) implies s(up) = 0 on J,. Moreover,
ns(pp) = s(pp) = oo and so(pp) = 0 for J, in view of Lemma 3.23, Corollary 3.22 and Corollary 3.6. Finally,
s(up) = 0 for Z(¢*) by Corollary 3.22.

The first part of the next example shows that the monotonicity of the null string number under taking
induced endomorphisms on quotients does not hold. So in particular the Addition Theorem fails for the null
string number.
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Example 3.25. Let p be a prime and consider p, : Q — Q. Then so(up) = 0 by Example 3.18. Consider
now fi, : Q/Z — Q/Z induced by pp, which is still the multiplication by p. Since Q/Z > Z(p>), and
so0(f, lz@pee)) = 0o by Example 3.19, it follows that so(f,) = co by Lemma 2.9.

Moreover, for Q/Z, s(up) = oo for the same reason as above. Furthermore, ns(u,) = 0, because Q/Z =
D, Z(p™), and ns(up) = 0 for Z(p™) by Example 3.19, while ns(up) = 0 on Z(¢™) for every prime g different
from p in view of Example 3.24.

We summarize in the following table the values, calculated in this section, of the string numbers of u,, for
different abelian groups and p a prime. To have oo in all three columns, it suffices to take Q @ Z(p™), for p a
prime, and apply Lemma 2.9.

3
»
—~
I
N

po | (=) s0(=)

Z
Q
Z(p™)

N

3
gogodge
R ooocooy o

0
0
)
0
00
0
0

Table 3.1: values on the multiplication by a prime p

In the following example we calculate the string number of the Bernoulli shifts, since they are fundamental
examples in algebraic, but also topological and ergodic entropy theory.

Example 3.26. Let K be a non-trivial abelian group.

(a) First we prove that s(3%2) = 0 (and so ns(8E) = s0(8%) = 0).
In fact, for every z € K™ & #£ 0, there exists m € N such that (BE)"™(z) is empty and so B2 cannot
have any string in K™,
For an alternative proof, note that sc(3%2) = 0 by Example 2.5, and hence s(8%) = 0 by Proposition 2.3.

(b) We verify now that s(x8%) = so(x3%) = 0o and ns(x3%) = 0.
Since xA? is surjective and non-injective, by Proposition 3.11 it admits a null string S and by Proposition
3.14 G(S) is proper and each Sk € G(S) is a null string. Then s(Kﬂ®) = sO(K5®) = oo. Moreover, for
each = € K™ there exists n € Ny such that (x3%)"(x) = 0 and so every string of x3% is a null string.
In particular, ns(x3%) = 0.

(c) Finally, s(8%) = ns(1BL) = 0o and s0(*8%) = 0.
The group K@ can be written also as K& = @iez K; with K; = K for all ¢ € Z. Let z be a non-zero
element of K and for each i € Z let g; € @, K: be such that supp(g:;) = {i} and the i-eth entry of
g; is exactly . Then Bi(gl) = git1 for every i € Z. Then S = {g_;}ien is a string of BE in DB,z K.
It is clear that G*(S) = {Si}ren, is proper, looking at the supports of the elements of each Sj. Hence
s('8%) = oo. Moreover, these strings are non-singular and so s('8%) = ns(‘8%) = co. By Corollary 3.6,
S0 (tﬁi‘?) =0.

We conclude this series of examples with the calculation of the string number of a generalized shift.

Example 3.27. Let I" be a set, and A : I' — T a self-map. Following [8], an infinite orbit of A in I is an infinite
sequence of distinct elements A = {an }newn such that A(an) = an+1 for every n € N. Moreover,

o(X) = sup{|F| : F is a family of pairwise disjoint infinite orbits of A in T'}.

Assume that X is surjective and A7 (4) is finite for every i € T'. Let K be a non-trivial finite abelian group
and consider the generalized shift 0';‘? KD 5 KM Then
0 if and only if o(X) =0,
oo if and only if o(\) > 0.

To verify this result, first assume that o(A) > 0. Then there exists an infinite orbit A = {an}nen of A in

I. Define B = AU,cy, A "(a0); then B O X\(B) U™ '(B). By [8, Proposition 6.2] K% is oP-invariant
b

and oY [ = 0r15. By Lemma 2.9 s(of) > s(0f [m)) = s(oa,). So it suffices to prove that s(oxj,) is
infinite. To this end, let  be a non-zero element of K. For every n € N let z,, be the element of K such that
supp(zn) = {an} and the a,-th entry of z, is exactly z. In particular the z,’s are pairwise distinct elements of
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G. Since A is M-invariant, it is possible to consider A [4: A — A, which is injective. Therefore o, (zn) = Tn-1
for every n € Ny. Consequently S = {zn}nen is a string of ox;,. Then G*(S) is proper: it suffices to look
at the supports of the elements of the S; € G*(S). In particular, s(A [4) = oo, and so by Lemma 2.9 also
s$(A) = 0.

Suppose now that s(¢f) > 0 and let S = {zn}nen be a string of 6¥. Let F = supp(zo). By [2, Claim
4.2(a)] supp((6¥)™(x5)) = A" "(supp(zn)) for every n € N. But (0F)"(¥n) = w0 and X is surjective; then
A"(F) = supp(zn) for every n € N. If there exists m € N such that A™(F) C FU... U™ }(F), then
Tn € KFOOATTHE) g every n € N, and so S C KFU-OATHE) which s not possible because S is infinite
while K7V (E) g finite, Consequently \*(F) € FU...UX""}(F) for every n € N. It follows that
L =2, A*(F) is infinite. But L = U, U {z. 05 (2),..., (0F)"(2)}, and F is finite, hence there exists
x € F such that A = [J07 {z, A(x),...,A\"(z)} = O(=) is infinite; in particular the elements of A are all
distinct, so that A is an infinite orbit of A, that is, o(A) > 0.

4 Theorems A and A*

4.1 The case of free abelian groups

We can generalize Example 3.17 in the following way:

Theorem 4.1. Let {pn}nen be the sequence of all primes in increasing order. Let G be a torsion-free abelian
group such that (), .y Une,, pnG = 0. If ¢ € End(G) admits a string S, then there exists an infinite sequence
of pairwise distinct primes {qr }ren such that Fq,)(S) is proper.

Proof. First we show that the hypothesis implies that

(%) for every z € G \ {0}, there exists an infinite sequence of pairwise distinct primes {qx}ren, such that
q ¢ G for all | # k in N.

Let z € G\ {0}. Then z € G\,,en Unern PnG = Upnen Nz (G \ pnG), and so there exists m € N such that
x & ppG for every n > m. For k € N let gy = pr+m- Then for [ # k in N one has gz ¢ ¢xG; indeed, since
(q1,98) =1, gmz € qxG would imply z € gxG. Then {gx }ren is the sequence required in (x).

Let S = {Zn }nen be a string of ¢, and let {gx }ren be the infinite sequence of pairwise distinct primes given
by () for x = x. Consider F(4,)(S) = {qxS}ren. Since G is torsion-free, each g S is a string of . Moreover,
the Sk’s are pairwise disjoint because gmzo ¢ qxG for all m # k in N and hence Lemma 2.6 applies. O

The following corollary is a consequence of Theorem 4.1 and it shows in particular that an endomorphism
 of a free abelian group admits a string precisely when it admits infinitely many strings, i.e., s(¢) > 0 implies
5() = oo
Corollary 4.2. Let G be a free abelian group and ¢ € End(G). If there exists a string S = {xn}
there exists an infinite sequence of distinct primes {px}ren such that F,,)(S) is proper.

nen Of v, then

Proof. We verify that G satisfes the hypothesis of Theorem 4.1. Fix a basis B of G and « € G \ {0}. Then
x =y, kibs, for some b; € B and k; € Z\ {0}. Hence, x € pG for some prime p if and only if p|k; for all 4.
This proves that z € pG only for finitely many primes p, and so the hypothesis of Theorem 4.1 is satisfied. [

4.2 The string number of an injective endomorphism

In this section we prove Theorem A for injective group endomorphisms in Proposition 4.5. We start with two
technical results, which will be applied in its proof.

Lemma 4.3. Let G be an infinite finitely generated abelian group, ¢ € End(G) injective, and S = {zn }nen
a string of ¢. Then there exists an infinite sequence {ax}ren of pairwise distinct natural numbers such that
Flay) (S) is proper.

Proof. Since G is finitely generated, G = F @ t(G) where F is a free abelian group and ¢(G) is finite. One
can write in a unique way , = tn + ¢, with ¢, € ¢(G) and ¢, € F. Since G is finitely generated, there
exists m € Ny such that mt(G) = 0, and so mG = mF, which is a p-invariant subgroup of G. Then
mS = {mzy,}nen = {Mmcn}nen, because mi, = 0 for every n € N. We verify that mS is a string. In fact,
assume that mS is not a string. By Lemma 2.10 mS is finite. Since mc, = mcpy implies ¢, = ¢, because F' is
free, also {cn }nen is finite. So we have the injection S < ¢(G) X {¢n}nen of S in a finite set, a contradiction.
This proves that mS is a string of ¢ [ma in the free abelian group mG. Now apply Corollary 4.2 to find
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an infinite sequence of pairwise distinct primes {gx}ren such that F,,)(kS) is a proper fan of ¢ [mg. Let
ar = qem for every k € Ny. Then F,,)(S) = F(q,)(mS), and so this is a proper fan of ¢. O

The next proposition is a powerful tool which applies in the proof of Proposition 4.5.

Proposition 4.4. Let G be an abelian group, ¢ € End(Q) injective, and S = {xn }nen a string of ¢. If there
exist k < h in N4 such that
xh€i$0+<$1,...7xk>7 (4.1)

then there exists an infinite sequence of pairwise distinct integers {ax}ren such that F(q,)(S) is proper.
Proof. We prove that the subgroup H = (S) is p-invariant and finitely generated. Since S is infinite, Lemma

4.3 can be applied to H and ¢ [g to conclude the proof.
To prove that H is ¢-invariant it suffices to check that ¢(zo) € (S). This follows immediately from that

fact that zo = *xp + a1x1 + ... + axzr for some integers ai,...,akr, according to our hypothesis. Now we
show that S C (xo,...,zp), and this implies that H = (S) is finitely generated. To this end we prove by
induction that x, € (zo,...,zp) for every n > h. For n = h this is obvious. Assume now that n > h and

@(Tn) = Tn-1 € (zo,...,zn). Then (4.1) yields

P(an) € (o, ..., xn-1) = (p(1),..., (1)) = p({z1,. .., Zn)).
By the injectivity of ¢ we conclude that z,, € (zo,...,zn). O

The next proposition proves, as a byproduct, the equivalence between (i) and (ii) of Theorem A in case the
group endomorphism is injective. In more details, given a string of an injective group endomorphism, it states
that at least one between the garland or a fan is proper; in both cases, from one string it produces infinitely
many pairwise disjoint strings.

Proposition 4.5. Let G be an infinite abelian group, ¢ € End(G) injective, and S = {xn}, oy a string of o.
Then

(i) either G(S) is proper, or

(i) there exists an infinite sequence {ax}ren of pairwise distinct natural numbers such that F(q,(S) is proper.

Proof. Consider the garland G(S) = {Sk }ken-

CASE 1. Assume that Si is not a string for some £k € N. Then z; + j4x = Zjta + Tjtatr for some
j €N, a € Ni. Applying ¢’ we find xo + o = T4 + Tark. In particular z41x € 2o + (T1,...,Tatrr—1) and so
Proposition 4.4 gives (ii).

CASE 2. Suppose that there exist [ < m in N such that S; and S, have non-trivial intersection. As x; # T,
one has xo + x; # o + Tm. So we have two cases.

(a) If zo + 21 = xj + Tj4m with j > 0, then, since m > I, we get Tj4m € xo + (T1,...,Tj4+m—1), and so
Proposition 4.4 yields (ii).

(b) If o + xm = zj +xj41 with j > 0, then j 41 # m, otherwise zo = z;, a contradiction. If 41 > m, then
Tit1 € o+ (T1,...,Tj41-1); if j+1 < m, then xm € —x0 + (21, .. .,mmfl). In both these cases Proposition
4.4 gives again (ii).

CAsE 3. If neither Case 1 nor Case 2 occur, then we have (i). O

Now we prove Theorem A and Theorem A*.

Proof of Theorem A*. (i)=-(ii) Let S = {@y }nen be a non-singular string of ¢ in G. Consider 3 : G/ keroo ¢ —
G/kers ¢. By Lemma 3.4 $ is injective. So we can apply Proposition 4.5. If G(S + kero ¢) is proper then
G(S) is proper too by Lemma 3.3(a). Otherwise there exists an infinite sequence of pairwise distinct integers
{ar}ren such that F,, (S + keros ) is proper. Then F(,,)(S) is proper as well by Lemma 3.3(c).

(ii)=-(i) is trivial and (i)<(iii) is Theorem 2.17(a). O

Proof of Theorem A. (i)=-(ii) Since s(p) > 0, by Theorem 3.15 either ns(¢) > 0 or so(p) > 0. If ns(p) > 0,
then ns(¢) = oo by Theorem A*. If so(¢) > 0, then so(¢) = co by Proposition 3.14.

(if)=-(i) is trivial and (i)<>(iii) is Theorem 2.17(b). O
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4.3 Consequences of Theorems A, A* and A**

The following corollary of Theorems A, A* and A™* is a logarithmic law for the string numbers. This is a
typical property of the algebraic entropy (see Fact 1.5(B)).

Corollary 4.6. Let G be an abelian group and ¢ € End(G). Then s(¢®) = ks(p), ns(o®) = kns(p) and
s0(0") = kso(p) for every k € N4 O

The following is an immediate consequence of Lemma 2.11 and Theorems A, A* and A™*. It is a weak
version of the Addition Theorem (see Fact 1.5(C)), even if we saw that the Addition Theorem does not hold in
full generality for the three string numbers.

Corollary 4.7. Let G be an abelian group, ¢ € End(G). Let G1,G2 be p-invariant subgroups of G such that
G =G1 X G, and let o1 = ¢ [q,,p2 = ¢ [G,- Then:

(a) s(p) = s(p1) + s(p2);
(b) ns(p) = ns(p1) + ns(p2);
(c) so(p) = so(p1) + so(p2)- O
As another consequence of Theorems A and A* we find the following relation between the string number
and the non-singular string number.

Corollary 4.8. Let G be an abelian group and p € End(G) surjective. Then s(¢) = ns(p) if and only if either
G # QPer(p) or G = Per(y).

Proof. If G = QPer(p) > Per(y), then s(¢) = oo and ns(p) = 0 by the Corollaries of Theorem A and Theorem
A*. Assume now that s(p) > ns(p); by Theorem A and A* it follows that s(¢) = co and ns(p) = 0. By the
corollaries of Theorem A and Theorem A*, G = QPer(p) > Per(y). O

We have already seen that monotonicity under taking restrictions to invariant subgroups is always available
for the string numbers. Example 3.25 shows that the null string number is not monotone under taking induced
endomorphisms on quotients, even for surjective endomorphisms. The next theorem shows that instead the
string number and the non-singular string number are monotone under taking endomorphisms induced on a
quotient by a surjective endomorphism.

Theorem 4.9. Let G be an abelian group, ¢ € End(G) surjective, H a p-invariant subgroup of G and @ :
G/H — G/H the endomorphism induced by ¢. Then s(¢) > s(®) and ns(p) > ns(p).

Proof. By Theorems A and A" it suffices to prove that s(¢) = 0 implies s(@) = 0 and that ns(¢) = 0 implies
ns(@) = 0. Since ¢ is surjective, P is surjective as well. By the Corollary of Theorem A, s(¢) = 0 if and only if
G = Per(yp). Then G/H = Per(), that is, s(¢) = 0 by the same corollary. By the Corollary of Theorem A*,
ns(p) = 0 if and only if G = QPer(y). Then G/H = QPer(p), that is, ns(@) = 0 by the same corollary. O

Example 4.10 shows that this monotonicity law is not satisfied by arbitrary group endomorphisms.
Example 4.10. Let p be a prime and consider J,. Then Z is dense in Jp, and J,/Z = Q9@ EB#F Z(g*). By
Example 3.24 s(up) = 0, while Theorem 3.20 yields s(fi,,) = oo, where 7, : J,/Z — I, /Z.

If now we consider the quotient Q) of J,/Z (so it is also a quotient of J,), then the endomorphism
T, QY — QY induced by g, is still the multiplication by p. Therefore, ns(fi,) = s(f,) = oo, while
ns(up) = s(pp) = 0 by Corollary 3.21(b). Note that so(7z,) = so(ip) = 0 by Corollary 3.6.

Nevertheless, we leave open the following question.

Problem 4.11. Describe the endomorphisms ¢ of abelian groups G and the p-invariant subgroups H of G,
such that s(p) > s(@) (respectively, ns(p) > ns(p)), where ¢ : G/H — G/H is the endomorphism induced by
©.
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