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Abstract: Viscoelastic (VE) damper exhibits significant mechanical nonlinearity under dynamic loads 9 

due to variations in the temperature, excitation frequency, and the occurrence of large strains. However, 10 

in the existing research literature, such nonlinearity is barely considered, and its effects on the aseismic 11 

behaviours of viscoelasticlly damped structure (referred to as VE structures) are also unclear. In this 12 

paper, a modified equivalent fractional Kelvin model is established to depict the mechanical 13 

nonlinearity of VE damper with the introduction of internal variable parameters. Through the 14 

comparison with the existing mathematical models for the performance of an individual VE damper, 15 

it is found that the proposed model has a high prediction accuracy, especially in the large-strain 16 

working condition. To incorporate the effects of real-time change of the mechanical properties of VE 17 

dampers on the seismic responses of structures equipped with such dampers, an approximate method 18 

is devised for the numerical calculations. Two representative VE structure with proportionally and non-19 

proportionally damped system are analysed with consideration of the time-varying mechanical 20 

nonlinearity of VE dampers. The discrepancy between the seismic responses of the VE structure with 21 

and without considering the nonlinearity is discussed. The results indicate that the mechanical 22 

nonlinearity of VE dampers could introduce a negative effect on the actual seismic resistance capacity 23 

of a VE structure, leading potentially to the structure not meeting the design requirements of codes 24 
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when the mechanical nonlinearity occurs. The study concludes that it is necessary to take the 25 

mechanical nonlinearity into account in the design and performance evaluation of VE structures.  26 

 27 

Keywords：VE damper; Mechanical nonlinearity; Mathematic model of VE damper; Seismic analysis; 28 

VE structure 29 

 30 

1 Introduction 31 

In early applications, VE damper was more often applied in the wind vibration control of the high-rise 32 

structures and showed remarkable control effects [1]. With the frequent occurrence of strong 33 

earthquakes causing enormous damage, studies on the application of VE dampers for structure were 34 

carried out in the seismic regions in the last few decades [2, 3]. 35 

Under different work environments, such as different ambient temperature or excitation frequency, 36 

changes may occur in the complex network-chain structure, leading to a strong nonlinearity in the 37 

mechanical behaviour of VE material. Studies by many researchers have revealed the variation of 38 

mechanical properties of VE dampers with temperature and frequency [4, 5]. Besides, when deformed, 39 

the molecular chain structure formed between internal molecular chains will be stretched, compressed, 40 

or even destroyed, thus exhibiting different configurations, and make the performance of VE material 41 

show a strong strain dependency [6, 7].  42 

Although the development of VE damper in building structures has advanced, the normal working 43 

strain range is often limited in practice. It has been suggested in [2] that the maximum strain of VE 44 

damper should not exceed 100%, while the design maximum damper strains have been recommended 45 

to be only in the range of 60%-70% [8, 9]. Other researches concerning the performance of VE damper 46 
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mostly focused on the frequency- and temperature-dependence problems encountered in the low strain 47 

phase [4, 10], whereas VE damper tends to exhibit large VE nonlinearity when the strain exceeds 100% 48 

[11]. However, there has been much less research on strain dependence of VE damper in the 49 

experimental studies as compared with other two factors.  50 

Most of the existing mathematical models therefore only reflect the sensitivity of temperature and 51 

frequency on the performance of VE damper [4, 12, 13], models that are capable of describing the 52 

strain-dependence of VE damper are relatively few [14, 15]. Among them, the model proposed in [16] 53 

was based on the direct regression fitting of experimental results with a limited applicability for general 54 

large strain conditions. Models proposed in [15] and [14] involved very complex expressions with 55 

several coefficients, and required numerous test data. The use of finite element models, on the other 56 

hand, is computationally costly for large-scale structural modelling and analysis [17]. 57 

Due to the lack of test data under large-strain state and suitable mathematical model of VE damper, the 58 

mechanical nonlinearity of the VE damper system is usually ignored in the dynamic analysis of VE 59 

structures. For example, as an earlier study on the seismic response of VE structures, [18] assumed 60 

that the equivalent stiffness and equivalent damping of VE dampers in structure remain constant, and 61 

the design procedure proposed did not consider the effects of nonlinearity either. Many follow-up 62 

studies with reference to this method also completely ignored this factor [8, 10, 19]. In other papers 63 

focusing on the dynamic characteristics of VE structures, this influence factor is also rarely considered 64 

[4, 9].  65 

Although ignoring the mechanical nonlinearity helps simplify the calculation process and brings 66 

convenience to the practical application of VE damper, it also introduces errors in the analysis results, 67 

leading to some unpredictable risks to the safety of structures. In addition, in the collapse analysis or 68 

pushover analysis of damped structures, large displacement often occurs. Coupled with the coupling 69 

effect of temperature and loading frequency, the viscoelastic dampers equipped in structure may show 70 
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complex mechanical characteristics, and ultimately affect its damping effect in the structural level. 71 

Therefore, it is of practical significance to study the nonlinear mechanical performance of viscoelastic 72 

damper, as well as its effects on the seismic responses of viscoelastically damped structure. At present, 73 

there are only a few studies in the literature that involved such nonlinearity. For example, [20] found 74 

that the dynamic properties of a system were significantly influenced by the nonlinearity of the VE 75 

damper for seismic events. [21] presented a method to model the nonlinear responses of VE structures 76 

with a proposed extended recursive parameter model. In this way, the mechanical nonlinearity is 77 

considered, but considerable computing resource is required due to the complex calculation process. 78 

Moreover, no study has been reported emphasizing on the change of the seismic responses of VE 79 

structures caused by mechanical nonlinearity. 80 

The main purpose of this paper is to present a mathematical model with simple expressions to describe 81 

the nonlinear mechanical behaviour of VE dampers, and develop an approximate procedure to consider 82 

such mechanical nonlinearities in the dynamic analysis of VE structures. The effects of mechanical 83 

nonlinearity on the seismic responses of VE structure are then discussed with some concluding remarks 84 

being given. 85 

2 Mathematical model of VE damper 86 

2.1 Model establishment 87 

The fractional Kelvin model, which is obtained by replacing the dashpot with a fractional element, as 88 

shown in Fig. 1, is one of the simplest forms of the fractional model.  89 

In the above model, the elasticity of VE material is expressed by the spring, and the viscosity is 90 

described through the fractional element, which can be described as [22]  91 

��� = � + ��	 cos
�� 2⁄ �� = ��	 sin
�� 2⁄ �� + ��	 cos
�� 2⁄ � 
1� 92 
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where ��  and �  are the storage modulus and loss factor respectively. �  and �  are material 93 

coefficients of VE material corresponding to the spring element and viscosity element, �  is the 94 

excitation frequency, � is the order of the fraction with the value of 0 ≤ � ≤1. Moreover, studies 95 

have revealed that the effect of temperature on VE material can be equivalently considered as that of 96 

frequency [23, 24], which can be expressed as 97 

���
�, �� = ��
����, ����
�, �� = �
����, ��� 
2� 98 

where �  are the target temperature,  �� = 10 �!
� �"� #$!$%
� �"�&⁄  [4], is the temperature 99 

transformation coefficient. ��  is the reference temperature and ��  is the corresponding circular 100 

frequency.  101 

For polymer materials, the molecular chains in the matrix can be roughly assumed as elastic network 102 

chain and free network chain [25]. Elastic network chains refer to the molecular chains with complex 103 

network structure, and has a strong correlation with the elastic properties of the matrix. The free 104 

network chains are mainly those with weak interaction, non-cross-linking chains, and the side chains, 105 

which contribute to the viscosity of the matrix [26]. During the deformation process, the input energy 106 

can be consumed by the deformation and inner friction of molecular chains. However, once the 107 

deformation gets large, the chemical bonds between the molecular chains can be destroyed, 108 

dismounting the elastic network chain structure, as shown in Fig. 2. As a result, the number of elastic 109 

network chains will decrease with the increase of free network chains.  110 

To describe these changes inside molecular chains of VE material at large strain, we here introduce 111 

two new inner variables, '�  and  '! , to make an amendment to �  and �  for considering the 112 

variation of elasticity and viscosity of VE material simply, which is  113 

�� = ��'�� = ��'! 
3� 114 
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Where �� and �� are the reference constants at ��. '� and '! are two correction factors that are 115 

used for reflecting changes of the number of elastic network chains and free network chains as well as 116 

their influences on the mechanical behaviours of VE material. To simplify the calculation, a linear 117 

relationship is adopted here to represent the correlations between the correction factors and the 118 

maximum strain max
γ  [23, 24] given by equation (4). 119 

�'� = 1 − *�
+,-. − +��'! = 1 + *!
+,-. − +�� 
4� 120 

Where *�  and *!  are two modified coefficients corresponding to '�  and '! , +�  is a reference 121 

strain beyond which the effect of strain on the elasticity and viscosity becomes significant. For typical 122 

VE material 0
γ  is around 1.0 [11]. Substituting equation (2)-(4) with +� = 1 into equation (1) yields: 123 

0�� = ��11 − *�
+,-. − 1�2 + ��11 + *!
+,-. − 1�2���	 cos
�� 2⁄ �
� = ��11 + *!
+,-. − 1�2���	 sin
�� 2⁄ ���11 − *�
+,-. − 1�2 + ��11 + *!
+,-. − 1�2���	 cos
�� 2⁄ � 
5� 124 

Equation (5) is the modified equivalent fractional Kelvin model with six independent coefficients, 125 

��, ��, ��, *�, *!, �. 126 

2.2 Experimental evaluation of mechanical properties on VE dampers 127 

A series of experiments have been carried out on three identical VE dampers under different strain, 128 

temperature, and frequency conditions. The VE damper specimens were classical sandwich-type 129 

samples consisting of two VE material layers with 10mm thickness for each layer, and the area of the 130 

VE material layer was 3000 mm2. The actual test setup is shown in Fig. 3. 131 

The experiment protocols are listed in Table 1. All specimens were subjected to sinusoidal loads. To 132 

avoid the probable damage caused by continuously loading under multiple conditions, the 133 

experimental specimens were divided into two groups for specific working conditions. Group 1 was 134 

used for the identification of model parameters, and group 2 was employed for model validation.  135 
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Fig. 4 shows the measured hysteresis curves of VE dampers under different strain conditions. The 136 

hysteretic curves exhibit a standard elliptic shape when strains are less than 50%, and this indicates 137 

that the mechanical properties of the damper are basically in the viscoelastic linear stage. As the strain 138 

approaches 100%, the slope of the hysteretic curve begins to change, the VE damper begins to behave 139 

in a nonlinear viscoelasticity manner. With further increase of the strain, the nonlinear viscoelasticity 140 

characteristics of VE damper become more pronounced, indicating that the VE damper has entered an 141 

abnormal working region. The shape of the hysteretic curve has changed from an ellipse to an inverse 142 

S-shaped curve.  143 

The storage modules �� and loss factor � are often employed for a quantitative description of the 144 

stiffness and energy dissipation of VE materials, calculated by 145 

�� = 4�ℎ676869� 
6� 146 

� = 4!4� 
7� 147 

where 4�  and 4!  are the corresponding force at the maximum displacement 9�  and zero 148 

displacement respectively, 76  is the number of VE layers, 86  and ℎ6  are the shear area and 149 

thickness of the VE layer. For the tested VE damper specimens, the corresponding �� and � under 150 

different strains are calculated and the results are shown in Table 2 and Fig. 5.  151 

It can be seen that the mechanical properties of VE dampers show a trend of degradation with increase 152 

of the strain, and the degradation rate of the two indicators in the normal working region is much lower 153 

than that in the abnormal working region. �� and � have a reduction of 13.8 % and 17.9% with the 154 

maximum strain increasing from 50% to 100%, while the reduction values increased to 61.2% and 155 

29.8% with max maximum strain raising from 150% to 200%. This is because the previous damage 156 

generated inside the VE material is accumulated in the damage process of the molecular chain structure, 157 
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and aggravates the later damage process afterward. Therefore, the whole degradation process of the 158 

energy dissipation capacity of VE material exhibits acceleration, and this also suggests that the strain 159 

state has a remarkable effect on the mechanical properties of the VE damper.  160 

From the experiments, it was also observed that shear failure occurred to the material layer when the 161 

strain was very large, leading to the destruction of the VE damper, as shown in Fig. 6. 162 

2.3 Model parameter determination and model validation 163 

The coefficients of the proposed model were determined by MATLAB with the genetic algorithm. The 164 

objective function <! used in the fitting process is set as 165 

<! = = 
��,>?@1�A, �A, +B?CA , D2 − ��,EFGEA �!HIJKI,L
AM� + = 
�>?@1�A, �A, +B?CA , D2 − �EFGEA �!HIJKI,N

AM� 
8� 166 

Where �A , �A , +B?CA  , ��,EFGEA  , ��,EFGEA  , are the test values of the measured excitation frequencies, 167 

ambient temperatures, storage modulus and loss factor, respectively, and the superscript i represents 168 

the ith test value. ��,>?@1�A, �A , +B?CA , D2 and ��,>?@
�A, �A, +A, D� are the corresponding calculations 169 

of the proposed model for storage modulus and loss factor. 7PQRP,� and 7PQRP,! are the test number of 170 

the storage modulus and loss factor. D is the vector of the undetermined parameters of the proposed 171 

model, which is. 172 

D = 
��, ��, ��, *�, *!, ��S 
9� 173 

Following the above procedure, the parameters of three models for the test VE damper specimens were 174 

determined, as shown in Table 3. 175 

To illustrate the accuracy of the proposed model, the model with the identified parameter values is 176 

used to predict the test results for the 2nd group of specimens. For comparison, the equivalent fractional 177 

kelvin model and the equivalent standard solid model [4, 27] (hereinafter referred to as Model 1 and 178 
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Model 2) are also employed to perform the respective predictions. The calculation results of three 179 

models are listed in Table 4. 180 

Fig. 7 (a), (d) presents the predicted results of three models under different strains. It can be seen that 181 

the prediction accuracy of the proposed model under different strain states is better than these of model 182 

1 and model 2 overall, and its relative errors are within the 20% as compared to 57.1% and 49.7% for 183 

model 1 and 2, respectively. Besides, with the strain reaching the abnormal working region, model 1 184 

and model 2 tend to show increased prediction errors; the maximum prediction error for �� and � 185 

respectively reaches 59.4% and 39.4% for model 1, 49.7% and 47.8% for model 2, and reduces to18.3% 186 

and 19.0% using the proposed modified model.  187 

Fig. 7 (b), (e) and Fig. 7 (c), (f) show the comparison of results under different frequencies and 188 

temperatures. It can be seen that all these three models approximately show similar prediction accuracy 189 

under different frequencies with errors all within a limit of 20%, the prediction accuracy of these three 190 

models for �� is better than that for �, and this is because the magnitude of loss factor is smaller than 191 

that of storage modulus, therefore � tends to be more sensitive to the prediction error. As for the 192 

effects of temperature, all three models predict very well the storage modulus ��, while the proposed 193 

model exhibits the best prediction accuracy for the loss factor �, especially under low-temperature 194 

conditions.  195 

3 Approximate method for considering mechanical nonlinearity in seismic analysis 196 

of VE structures  197 

For a dynamic system, the equation of motion can be written as  198 

UVW + XGVY + ZGV = −U[VW\ 
10� 199 

After installing the VE damper system, the equation of motion is modified as 200 
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UVW + 
XG + X]�VY + 
ZG + Z]�V = −U[VW\ 
11� 201 

where U is the mass matrix; V, VY , and VW  are systematic displacement, velocity, and acceleration; 202 

XG and ZG are the modal damping matrix and stiffness matrix of the system; [ is the unit vector; VW\ 203 

is the ground motion acceleration; X]  and Z]  are the equivalent damping matrix and equivalent 204 

stiffness matrix of VE dampers respectively, which can be determined by the equivalent model [18].  205 

Taking the effects of excitation frequency, strain amplitude and working temperature into consideration, 206 

the equivalent model can be rewritten as 207 

⎩⎨
⎧Z] = 7686ℎ6 �
�, �, +,-.�

X] = Z]� �
�, �, +,-.� 
12� 208 

For a general situation, �, �, and +,-. may change constantly during the dynamic response, so X] 209 

and Z] need to be determined accordingly, and the VE dynamic system represented by equation (11) 210 

can then be solved by the time-stepping method. For seismic response analysis, because the duration 211 

of an earthquake is short, the temperature of VE damper can be assumed as constant in the loading 212 

process. To consider the strain dependency, the maximum strain of VE damper that has been reached 213 

up to the j th integration step is taken for the calculation in the j+1 th integration step, thus equation (12) 214 

can be written in the numerical form as  215 

⎩⎪⎨
⎪⎧Z]b%� = 7686ℎ6 ��b%�
�, �, +,-.b �

X]b%� = Z]b%�� �b%�
�, �, +,-.b � 
13� 216 

where the superscript represents the corresponding integration step. After a small initial strain of VE 217 

damper is given, X] and Z] of VE damper at each integration step can be calculated by iteration.  218 



 

11 

 

The seismic wave usually exhibits a time-varying characteristic of frequency, the instantaneous 219 

frequency (IF) is adopted here to describe the characteristics of seismic frequency. For signal c
d�, 220 

the time-frequency ridge efA
d�  refers to the peak frequency at each time in its time-frequency 221 

distribution �4gG
d, e�, as  222 

efA
d� = arg#max�4gG
d, e�& 
14� 223 

On the time-frequency surface, the energy of the signal is always concentrated along with the IF. The 224 

corresponding frequency of the time-frequency ridge of the signal is equal to or approximately equal 225 

to the IF of the signal itself [28, 29]. Generally speaking, a signal can be regarded as the superposition 226 

of several main components with particular frequency parameters, and the signal component with high 227 

energy often plays a dominant role in the change of whole signal. Therefore, the IF of the time-228 

frequency ridge of the signal component with the highest energy can approximately be taken as the 229 

parameter to describe the frequency of the target signal.  230 

To identify the IF, the Wavelet transformation (WT) method is often employed, expressed in a general 231 

form as [30] 232 

m�G
n, o� = 1√o q c
d�r∗
d − no �%t
 t ud 
15� 233 

where r is mother wavelet function; 
∗
 means conjugate; and a and n are scale parameter and shift 234 

parameters. The WT method is adopted here to obtain the time-frequency characteristics of the seismic 235 

ground motion, and the IF of the ground motion signal is then traced [31, 32]. 236 

The Wavelet analysis toolbox of MATLAB is used to analyse the time-frequency contents. For the 237 

1940 El Centro wave, its IF is calculated as shown in the red line in Fig. 8. It can be seen that the IF 238 

of the El Centro wave changes all the time within a range of 0~10Hz. 239 
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When the IF of the seismic load is determined, the effects of the seismic frequency on the dynamic 240 

properties of VE dampers can be considered by substituting the corresponding frequency into Equation 241 

(11) at each integration step. Equation (13) is then updated to 242 

⎩⎪⎨
⎪⎧Z]b%� = 7686ℎ6 ��b%�
�, �b%�, +,-.b �

X]b%� = Z]b%��b%� �b%�
�, �b%�, +,-.b � 
16� 243 

Based on the proposed method, dependences between the performance of VE dampers in the structure 244 

and temperature, strain, frequency can be approximately taken into account in the calculation process, 245 

and the seismic response of VE structure considering mechanical nonlinearity can be calculated 246 

through equation (5), (11) and (16) by iteration.  247 

4 Effects of mechanical nonlinearity on the seismic responses of VE structures 248 

To quantitatively study the influence of mechanical nonlinearity on the seismic response of a VE 249 

damped system, two different VE shear frames are taken to conduct the numerical analysis, as shown 250 

in Fig. 9, which represent the proportionally damped case and non-proportionally damped case, 251 

respectively.  252 

4.1 The proportionally damped frame 253 

The proportionally damped frame is a flexible moment-resistant frame with a uniform story height of 254 

2.7m. The stiffness and mass of VE structure are assumed to be k =1.8×103 KN/m and m = 6000 kg 255 

respectively. Fig. 10 (a) shows the first three mode shapes and natural frequencies. For simplification, 256 

the Rayleigh damping is employed in the following analysis with assuming that the first and third 257 

modal damping ratios are 2%.  258 

In engineering, the mechanical nonlinearity is often ignored for the convenience of calculation, X] 259 

and Z]  with fixed values measured at nominal strain and frequency are determined as the stiffness 260 
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contribution and damping contribution of the VE dampers in the design and analysis process [4, 13]. 261 

To reveal the difference of the seismic responses of VE structure with and without considering such 262 

mechanical nonlinearity, the nominal design temperature, the nominal design frequency, and the 263 

nominal design strain of the VE dampers are set as 18oC, 0.79 Hz, and 0.2 with the shear layer of 264 

0.001m for the VE damper in the following numerical examples. The 1st order modal damping ratio is 265 

designed as 12.5% for the VE damped structures. Three earthquake ground motions, namely El Centro, 266 

Taft, and an artificial earthquake, are selected as the seismic excitation and the Wilson-θ method is 267 

employed for the numerical integration in this paper. To make the numerical results comparable, the 268 

maximum accelerations of the three records are adjusted to 3.0m/s2.  269 

Fig. 11 show the displacement and acceleration response time histories of the above three structure 270 

scenarios at the roof level under different earthquake ground motions. Fig. 12 present a comparison of 271 

the lateral displacement envelope and the inter-story drift envelope, respectively. The corresponding 272 

maximum structural responses are listed in Table 5. 273 

It can be seen from Fig. 11 that the maximum roof displacement and acceleration under different 274 

earthquake excitations are reduced considerably by installing the VE damper system. Under the El 275 

Centro ground motion, the maximum roof displacement and acceleration of the uncontrolled structure 276 

are 20.92 mm and 4.87 m/s2, while the corresponding VE structure (when ignoring the viscoelastic 277 

nonlinear effect) are only 2.42 mm and 0.85 m/s2, respectively, with the reduction rate of 88.4% and 278 

82.5%. Besides, the story drift and the lateral displacement of the uncontrolled structure are also far 279 

greater than those of the VE structure, as shown in Fig. 12. The maximum story drift of the uncontrolled 280 

structure is 0.6%, which exceeds the limitation of 0.4% in the current code [33]. After adding the VE 281 

dampers, the value is reduced to 0.08% with a reduced rate of about 85%. Similar trend can be observed 282 

under the other two earthquakes.  283 
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Comparing the seismic responses of VE structure with and without considering the mechanical 284 

nonlinearity, it can be found that ignoring the nonlinearity results in a marked underestimation of the 285 

seismic response for the VE structure. The maximum roof displacement of the VE structure without 286 

considering the mechanical nonlinearity under El Centro, Taft, and the artificial earthquake ground 287 

motions are 7.09 mm, 4.61 mm, and 4.04 mm, respectively, whereas the corresponding structural 288 

responses considering the mechanical nonlinearity are 2.42 mm, 4.05 mm, and 2.79 mm. In other 289 

words, without considering the mechanical nonlinearity leads to an underestimation of the roof 290 

displacement of 65.9%, 12.1%, and 30.9% under the three ground motions, respectively. Regarding 291 

the roof acceleration, the underestimation becomes 63.4%, 59.2% and 60.4%, respectively. In terms of 292 

the lateral displacement envelope and story drift envelope of the VE structure, the comparative trend 293 

is similar. The maximum lateral drift is found to be 0.090%, 0.074% and 0.059% for El Centro, Taft, 294 

and the artificial ground motions without considering the mechanical nonlinearity, and 0.14%, 0.09%, 295 

and 0.08% with considering the nonlinearity. This suggests that the maximum story drift may not 296 

actually meet the design requirements when the mechanical nonlinearity is taken into account in some 297 

cases, even if it was satisfied in the design process without considering the mechanical nonlinearity. 298 

As mentioned in Section 3, due to the dynamic characteristics of ground motions, the strain and 299 

frequency of the VE damper change constantly during the loading process. Taking VE damper at the 300 

first floor as an example, Fig. 15 (a) shows the time histories of the damping force in the VE damper 301 

at the first floor, and Table 7 lists its corresponding Max damping force. It can be observed that, in 302 

most cases, the force in the VE damper computed without considering the nonlinearity is greater than 303 

that when the nonlinearity is taken into account. The max damping forces of VE damper in 1floor are 304 

12.72 KN, 9.08 KN, and 8.68 KN under El Centro, Taft, and the artificial earthquake ground motions 305 

when neglecting nonlinearity, and change to 12.26 KN, 7.27 KN, and 7.32 KN after considering 306 

nonlinearity, with the average change rate of 13.1%. Fig. 16 (a) presents the hysteresis curves of VE 307 

damper under three earthquake ground motions, respectively. As can be seen, the actual strain 308 
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experienced by the VE damper constantly changes, leading to the considerable variation of the energy-309 

dissipation capacity and stiffness of VE damper. In other words, ignoring the nonlinear characteristics 310 

of the VE dampers could lead to serious misestimation of the structural resistance, resulting in unsafe 311 

design. 312 

4.2 The non-proportionally damped frame 313 

The non-proportionally damped frame is a ten-story steel frame with VE dampers installed in eight 314 

floors at the bottom of the structure, shown in Fig. 9 (b). The structural information of this steel frame 315 

is form in [34]’ study. The nominal design frequency of VE dampers are set as 0.46 Hz according to 316 

the mode information of the structure, the 1st order modal damping ratio is designed as 9.09% with 317 

other design parameters keeping consistent with that in Section 4.1. Besides, the same earthquake 318 

ground motions and numerical integration strategy are employed here. The first three mode shapes and 319 

natural frequencies are shown in Fig. 10 (b). 320 

Fig. 13 exhibits the roof displacement and roof acceleration response time histories of the non-321 

proportionally damped structure under three earthquake ground motions. Fig. 14 present the lateral 322 

displacement envelope and the inter-story drift envelope at three structure scenarios, respectively. The 323 

corresponding maximum structural responses are listed in Table 6.  324 

As can be seen from Fig. 13 and Fig. 14, the installation of VE dampers significantly reduces the 325 

seismic responses of the non-proportionally damped structure. Taking the El Centro case as an example, 326 

the maximum roof displacement and acceleration of the uncontrolled structure are reduced from 12.50 327 

mm and 2.10 m/s2 to 3.36 mm and 0.40 m/s2 (when ignoring the viscoelastic nonlinear effect) by 328 

installing the VE damping system, respectively, with the reduction rate of 73.1% and 81.0%. Regarding 329 

the story drift and the lateral displacement, the reduced rates has been reduced by 80.7%, suggesting 330 

that the VE damper system possesses excellent vibration-control capacity.  331 
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Besides, it can be concluded that the influence of the mechanical nonlinearity of VE dampers on the 332 

seismic responses of the non-proportionally damped frame is similar to that of the proportionally 333 

damped frame. The maximum roof displacement of the non-proportionally damped VE structure 334 

without considering the mechanical nonlinearity under El Centro, Taft, and the artificial earthquake 335 

ground motions are 3.36 mm, 2.41 mm, and 1.36 mm, respectively, whereas the corresponding 336 

structural responses considering the mechanical nonlinearity are 5.30 mm, 3.93 mm, and 2.35 mm. 337 

Namely, neglecting such mechanical nonlinearity leads to the underestimation of the structural 338 

responses by 36.6%, 38.6%, and 42.1% under above three earthquakes. In terms of the roof 339 

acceleration, the underestimation becomes 39.4%, 50.0% and 51.4%, respectively. Moreover, it can 340 

also be observed that the maximum lateral drift changes from 0.074%, 0.041% and 0.032% to 0.123%, 341 

0.085%, and 0.070% after considering the mechanical nonlinearity under El Centro, Taft, and the 342 

artificial ground motions. As for the lateral displacement envelope, the comparative trend is similar. It 343 

can be concluded from the above analysis that the influence of such mechanical nonlinearity on the 344 

structural seismic response of proportionally and non-proportionally damped system is similar, that is, 345 

the structural responses increases can be underestimated when the mechanical nonlinearity is not 346 

considered, which is not safe to the performance evaluate of the structure.  347 

Fig. 15 (b) and Fig. 16 (b) show the time histories of the damping force and the hysteresis curves of 348 

the VE damper at the first floor, Table 7 lists the corresponding max damping force. As can be seen, 349 

the influence of the mechanical nonlinearity on the mechanical behaviour of VE dampers in the non-350 

proportionally damped case is similar to that of proportionally damped case. The max damping forces 351 

of VE damper in 1floor are 24.19 KN, 15.01 KN, and 17.63 KN under El Centro, Taft, and the artificial 352 

earthquake ground motions when neglecting nonlinearity, and change to 15.90 KN, 11.75 KN, and 353 

12.24 KN after considering nonlinearity, with the average change rate of 28.9%. The damping capacity 354 

of the VE damper can be significantly overestimated by neglecting the nonlinearity in both the 355 

proportional and non-proportionally damped frames. 356 
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5 Concluding remarks 357 

In this paper, a modified equivalent fractional Kelvin model is proposed to represent the mechanical 358 

nonlinearity of VE damper. The model parameters are determined experimentally and comparatively. 359 

The effects of mechanical nonlinearity on the seismic responses of VE structure are discussed. The 360 

following conclusions are made:  361 

(1) Verification suggests that the proposed model is capable of describing the energy dissipation and 362 

stiffness characteristics of VE damper in a wide temperature and frequency range, and it also has a 363 

high prediction accuracy under large strains.  364 

(2) Experiments on VE dampers showed that with the increase of strain level, the damage accumulation 365 

accelerated due to the irreversible damage of the molecular chain structure, the energy dissipation 366 

capacity and stiffness of VE damper showed a degradation trend, and the degradation rate tends to be 367 

higher in the normal working stage than that in the larger strain stage.  368 

(3) An approximate method for calculating the seismic responses of VE structure with considering the 369 

mechanical nonlinearity of the VE damper system is proposed. The seismic responses of the 370 

representative VE structures with and without considering such nonlinearity are then calculated and 371 

compared in the proportionally and non-proportionally damped cases, respectively. The comparative 372 

results demonstrate that the peak seismic responses of a VE structure tend to be markedly 373 

underestimated when the mechanical nonlinearity of VE damper is ignored.  374 

(4) Although the quantitative effects may vary for different characteristics of structures and the seismic 375 

excitations, it may be generally concluded that the mechanical nonlinearity plays a significant role in 376 

the performance of VE dampers, and consequently affects the seismic response of structures equipped 377 

with VE dampers. It is therefore deemed necessary to consider the mechanical nonlinearity of VE 378 
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dampers in the design and performance evaluation of the VE structures, especially in the large-strain 379 

conditions. 380 
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Figures 

  

Fig. 1. Schematic of the fractional Kelvin model 

 

 

 



 

 

  

Fig. 2. Illustration of molecular chains inside VE material during deformation 
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Fig. 3. Test setup for VE damper specimens 

 



 

 

 

Fig. 4. Hysteresis curves of VE damper under different strain stages 
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Fig. 5. vw and x at different strains 
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Fig. 6. Failure of VE dampers 
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(d)                   (e)                       (f) 

Fig. 7. Normalized prediction of vw and x. (a) and (d) under different strains; (b) and (c) under different 

frequencies; (a) and (d) under different temperatures 

 



 

 

 

Fig. 8. IF of El Centro wave estimated by WT method 

 

 



 

 

  

Fig. 9. VE damper structure. (a) The proportionally damped case; (b) The non-proportionally damped case. 

 



 

 

 

(a)                           (b) 

Fig. 10. First three mode shapes and natural frequencies of two numerical structures. (a) The proportionally 

damped case; (b) The non-proportionally damped case. 
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Fig. 11. Time histories of structural responses of the proportionally damped frame at roof. (a) roof 

displacement; (b) roof acceleration. 
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Fig. 12. Lateral structural response envelope of the proportionally damped frame. (a) Lateral displacement 

envelope; (b) Lateral drift envelope. 
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Fig. 13 Time histories of structural responses of the proportionally damped frame at roof. (a) roof 

displacement; (b) roof acceleration.
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Fig. 14 Lateral structural response envelope of the non-proportionally damped frame. (a) Lateral 

displacement envelope; (b) Lateral drift envelope.
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Fig. 15 Time histories of damping force of VE damper in 1floor. (a) the proportionally damped frame; (b) the 

non-proportionally damped frame. 
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Fig. 16 Hysteresis curves VE damper in 1floor. (a) the proportionally damped frame; (b) the non-

proportionally damped frame. 



 

 

Tables 

Table 1 Experiment protocol 

Test group + �(Hz) �(oC) 

1 

30% 0.5,1, 2, 4, 6, 8 15 

30%, 50%, 70%, 90%, 110%, 

 130%, 150%, 170%, 190%,  
0.5 24 

40% 0.5 
0, 10, 20,  

30, 40, 50 

2 

15% 0.5,1, 2, 4, 6, 8 28 

20%, 40%, 60%, 80%, 100%, 

 120%, 140%, 160%, 180%,200% 
0.5 24 

40% 1.0 
0, 10, 20,  

30, 40, 50 

 

Table 2 Storage modulus and loss factor of the VE damper under different strains 

Strain Storage modulus ��(KPa) Loss factor � 

30% 826 0.176 

50% 745 0.169 

100% 642 0.151 

150% 593 0.124 

180% 531 0.106 

200% 230 0.087 

 

Table 3 Parameters of three models 

Model List  Model Parameters 

Proposed model �� = 467.6, �� = 4.0, �� = 195.4, *� = 0.175, *! = −0.367, � = 0.307 

Model 1 �� = 0.237, �� = 1910.538, �� = 1032.843, � = 0.142 

Model 2 �� = 0.318, �� = 4.082, �� = 4.145, �� = 0.008, z = 1.417, u = 0.002 

 



 

 

Table 4a Calculation results of three models at different strains 

Strain 
Storage modulus ��( KPa) Loss factor � 

Test data 
Proposed  

model 
Model 1 Model 2 Test data 

Proposed  

model 
Model 1 Model 2 

20% 923  759  720  676  0.177  0.155  0.152  0.161  

40% 826  730  720  676  0.176  0.152  0.152  0.161  

60% 745  700  720  676  0.169  0.149  0.152  0.161  

80% 686  671  720  676  0.163  0.146  0.152  0.161  

100% 587  642  720  676  0.176  0.142  0.152  0.161  

120% 628  613  720  676  0.142  0.138  0.152  0.161  

140% 611  584  720  676  0.126  0.133  0.152  0.161  

160% 593  555  720  676  0.124  0.128  0.152  0.161  

180% 558  526  720  676  0.123  0.123  0.152  0.161  

200% 452  496  720  676  0.109  0.116  0.152  0.161  

Table 4b Calculation results of three models at different frequencies 

Frequency 

ω (Hz) 

Storage modulus ��( KPa) Loss factor � 

Test data 
Proposed  

model 
Model 1 Model 2 Test data 

Proposed  

model 
Model 1 Model 2 

0.5 735  736  703  631  0.134  0.141  0.150  0.161  

1.0 774  783  751  787  0.139  0.164  0.155  0.161  

2.0 828  841  804  894  0.172  0.189  0.160  0.161  

4.0 877  913  863  947  0.195  0.215  0.164  0.160  

6.0 888  963  900  963  0.207  0.231  0.167  0.160  

8.0 917  1002  927  970  0.228  0.243  0.168  0.160  

Table 4c Calculation results of three models at different temperatures 

Temperature 

(oC) 

Storage modulus ��( KPa) Loss factor � 

Test data 
Proposed  

model 
Model 1 Model 2 Test data 

Proposed  

model 
Model 1 Model 2 

0 1350  1175  888  948  0.346  0.293  0.166  0.160  

10 965  959  837  913  0.289  0.241  0.162  0.161  

20 832  821  788  854  0.191  0.194  0.158  0.161  

30 709  730  742  768  0.139  0.153  0.154  0.161  

40 623  669  697  663  0.121  0.119  0.149  0.161  

50 588  628  655  560  0.120  0.093  0.144  0.161  

 

Table 5 Maximum structural responses of the proportionally damped frame 

 
Roof displacement (mm) Roof acceleration (m/s2) Drift (10-3) 

El Centro Taft Artificial El Centro Taft Artificial El Centro Taft Artificial 

Uncontrolled structure 20.92  15.86  12.41  4.87  3.11  3.02  6.01 3.82 3.70 

Consider nonlinearity 7.09  4.61  4.04  2.32  1.30  1.34  1.35 0.92 0.79 

Neglect nonlinearity 2.42  4.05  2.79  0.85  0.53  0.53  0.89 0.74 0.59 

 

 

Table 6 Maximum structural responses of the non-proportionally damped frame 

 
Roof displacement (mm) Roof acceleration (m/s2) Drift (10-3) 

El Centro Taft Artificial El Centro Taft Artificial El Centro Taft Artificial 

Uncontrolled structure 12.50 11.83 9.37 2.10 1.93 1.20 3.84 3.57 2.23 

Consider nonlinearity 5.30 3.93 2.35 0.66 0.46 0.37 1.23 0.85 0.70 

Neglect nonlinearity 3.36 2.41 1.36 0.40 0.23 0.18 0.74 0.41 0.32 

 



 

 

Table 7 Max damping force of VE damper in 1floor.  

Max damping force (KN) 
The proportionally damped frame The non-proportionally damped frame 

El Centro Taft Artificial El Centro Taft Artificial 

Consider nonlinearity 12.26  7.27  7.32  15.90  11.75  12.24  

Neglect nonlinearity 12.72  9.08  8.68  24.19  15.01  17.63  
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