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Abstract

The motion of N particles interacting by a smooth repelling potential and confined
to a compact d-dimensional region is proved to be, under mild conditions, non-ergodic
for all sufficiently large energies. Specifically, choreographic solutions, for which all
particles follow approximately the same path close to an elliptic periodic orbit of the
single-particle system, are proved to be KAM stable in the high energy limit. Finally,
it is proved that the motion of N repelling particles in a rectangular box is non-ergodic
at high energies for a generic choice of interacting potential: there exists a KAM-stable
periodic motion by which the particles move fast only in one direction, each on its own
path, yet in synchrony with all the other parallel moving particles. Thus, we prove
that for smooth interaction potentials the Boltzmann ergodic hypothesis fails for a
finite number of particles even in the high energy limit at which the smooth system

appears to be very close to the Boltzmann hard-sphere gas.
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1 Introduction

Can a large number N of repelling particles moving rapidly in a d (> 2)-dimensional domain
D, remain forever bounded away from each other? We prove that such stable motion that
avoids collisions occurs with positive probability. Borrowing the terminology from Celestial
Mechanics [31, [10, @, 6], the solutions we construct are of a choreographic type, i.e., the
particles move essentially synchronously along the same path (or, along a family of parallel
paths) with nearly constant phase shifts between them. It follows that systems of repelling

particles are not ergodic, and have, in fact, KAM-stable states. In other words, for this class



of N-particle systems, the ergodic hypothesis of Boltzmann fails for any finite /N in the high
energy limit.

Establishing ergodicity of the Liouville measure (the Lebesgue measure restricted to a
constant level of the Hamiltonian in the phase space) is a long-standing problem for conser-
vative many-particle systems. The question is related to principal issues of the foundation
of statistical mechanics, see e.g. [4, 24]. Classical statistical mechanics is based on the
assumption, sometimes called Gibbs postulate, that macroscopic quantities describing the
state of a large system of microscopic particles are averages over the Liouville measure in
the phase space (the so-called micro-canonical ensemble). This postulate is supported by
an overwhelming experimental evidence; the question is whether it can be inferred from
the Hamiltonian formulation of dynamics by logical reasoning. Are there general properties
of the Hamiltonian dynamics which make a general, yet finite system choose the Liouvile
measure over all other invariant measures?

The ergodicty of the Liouville measure could be such a property!} However, by Kolmogorov-
Arnold-Moser theorem, the ergodicity is violated for an open set of smooth Hamiltonians -
for example, it is violated for energy levels near any non-degenerate minimum or maximum
of the Hamiltonian function. Therefore, one cannot simply postulate ergodicity - it has to be
justified by certain additional properties of the class of systems under consideration. Below
we summarize some of the relevant works on the N-particle problem: proving ergodicity
within the Sinai program of studying the (billiard) dynamics of the gas of hard balls, or,
on the contrary, proving non-ergodicity by studying the emergence of stability islands. As
we mentioned, at low energy, near local minima of the potential (i.e., near “ground states”)
one expects, by KAM theory, that the system will be generically non-ergodic. Therefore,
the mathematical question is to study ergodic properties of many-particle systems at high

energies.

Hard spheres in a container: The idea going back to Boltzmann is that one can
neglect the interactions between particles when the potential energy of the interaction is
much smaller than their kinetic energy. This means that in the gas of sufficiently energetic
particles, the particles motion is essentially free except for the short instances when the
distance between some particles becomes small enough to create a strong repulsion force
resulting in the fast change of the momenta. In the limit, one obtains the Boltzmann gas of

N-hard spheres of diameter p, which interact only via momentarily elastic collisions and are

'One may argue that macroscopic quantities are, in fact, time-averages, so they are indeed equal to the
averages over the Liouville measure for a full-measure set of initial conditions when the Liouville measure is
ergodic, by Birkhoff-Khinchin theorem.



confined to a d-dimensional container of the characteristic size L such that Np? < L¢. This
provides a universal model for any system of N particles in such a container for large values
of the kinetic energy per particle, irrespective of the precise form of the repelling interaction
potential.

Thus, proving the ergodicity of the Boltzmann gas — the Boltzmann-Sinai ergodic con-
jecture — is a corner-stone problem in the foundations of statistical mechanics. The Sinai
program [46], 47, 48] was inspired by ideas of Krylov [26] and culminated in a series of works
[41], 42], [43], [8, 44]. By this program, the ergodicity of the Boltzmann gas is inferred from
the characteristic “Krylov-Sinai” instability of the elastic collision of spheres (or any con-
vex bodies) in R? for d > 2: a small change in the momentum of the particle increases
exponentially with the number of collisions. One can view the N-particle hard-sphere gas
in d dimensions as a billiard in an Nd-dimensional domain [49]. The pair-wise collisions of
the spheres correspond to boundaries of the domain — Krylov-Sinai instability means that
these boundaries are (semi)-dispersing, which, for hard spheres moving on a flat torus or
in a rectangular box, implies the hyperbolicity of the dynamics [8 [44] 41] and leads to the
ergodicity of the Liouville measure [42), [43].

The Sinai program has led to seminal works in dynamical systems theory — it was one
of the main sources for the development of ergodic theory of smooth dynamical systems,
the theory of billiards and of general dynamical systems with singularities [21], 5], 11|, 23].
However, it has also revealed the inherent difficulties in relating the Boltzmann gas dynamics
to the problem of the ergodicity of multi-particle systems.

A well-recognized difficulty is the strong dependence of the hard-sphere dynamics on
the container shape, see [6, 27, 25]. When the container boundary has a convex piece, the
Nd-dimensional billiard representing the hard-spheres gas acquires a non-dispersing (focus-
ing) boundary component, which makes the establishment of the hyperbolicity problematic.
Notably, even in the case of a concave container, the ergodicity of the Boltzmann gas has
been established only in a quite special geometrical set-up, for spheres of a sufficiently large
diameter p [7].

The grander problem is the singularity of the hard-sphere system: the interaction po-
tential jumps from zero to infinity when the distance between particles becomes equal to p.
The Boltzmann gas serves as a universal limit of smooth multi-particle systems. Since this
limit is singular, the question of which of its dynamical and statistical properties survive a

regularization must be addressed.

Smooth billiard-like Hamiltonians provide a natural regularization of billiard dy-

namics. Such a Hamiltonian H is the sum of the kinetic energy term (a positive-definite



quadratic function of momenta) and a steep potential V' (¢; ) associated with a billiard do-
main D C RY The potential is a smooth function of ¢ € D and it also depends on a
small parameter ¢ (the inverse steepness), so that when & — 0, the potential vanishes in the
interior of D while staying bounded from below on the billiard boundary 9D.

For example, in the present paper, we consider N-particle systems with a smooth inter-
action potential W which tends to 400 when the distance between the particles approaches
p; the particles are confined to an open bounded d-dimensional region by a smooth potential
V' which gets infinite on the boundary of this region. When we restrict the system to the
energy surface H = %N h and scale the momenta by VA (so the energy is scaled by h), we
obtain a billiard-like system with the steep potential §(V + W), where § = 1/h; see the
precise setup in Section The limit § — 0 for the fixed value of the rescaled energy
H = %N corresponds to the high energy limit of the unscaled system.

In [37, 52, 40, 5I], we described a large class of billiard-like Hamiltonians with steep
potentials that satisfy some natural growth and smoothness conditions. We proved for this
class that the limit billiard dynamics which are represented by regular orbits — i.e., those
which hit the billiard boundary 0D away of its singularities and at angles away from zero —
persist for sufficiently small §. Namely, near the regular orbits, the local return maps of the
smooth Hamiltonian flows to cross-sections that are bounded away from 0D tend with all
derivatives to those of the billiard as ¢ — 0 [37, 40, 51]. This implies that regular uniformly-
hyperbolic sets and KAM-nondegenerate elliptic orbits of the billiard persist for sufficiently
small ¢ in the smooth billiard-like system [37, [40].

On the other hand, we also showed that the regularization of dispersing billiards changes
drastically their dynamics near singular orbits, such as orbits which are tangent to 0D or
which enter corner points in dD. Namely, the inherent hyperbolic structure of dispersing
billiards cannot survive the reqularization [51] 40]. In particular, singular periodic orbits of
dispersing billiards give rise to stable periodic motions — hence to non-ergodic behavior — in
the smooth system at arbitrarily small . Indeed, we proved, under quite general conditions,
the loss of ergodicity due to the regularization for two-dimensional dispersing billiards [52} [51]
and also for billiards with specific types of corners in any dimension [36, B38]. Applying
this logic to the billiard that represents the Boltzmann gas, one concludes that the same
dispersing geometry that creates the Krylov-Sinai instability of the colliding spheres is also
responsible for the destruction of the associated hyperbolic structure — when the hard-spheres
model is replaced by a more realistic model of particles interacting via a smooth potential.
It is thus natural to conjecture that orbits of the system of N hard spheres which undergo
sufficiently many instances of brushing (zero angle) collisions between the spheres or end at

multi-collision points (simultaneous collisions of more than 2 particles) can produce islands of



stability of the corresponding system of N smoothly interacting particles at sufficiently high
energy (see, e.g., discussion in [38]). However, proving the non-ergodicity of the N-particle
problem in this fashion was not realized yet.

In this paper, we explore a new and different mechanism of the ergodicity loss of the
hard-spheres system due to the smoothing. We establish the existence and stability of chore-
ographic solutions for which highly-energetic particles, placed on the same periodic path or
parallel paths, never come close to collisions. One can find such motions in the hard-spheres
system as well (just take the diameter p small enough to ensure the spheres on the same
path do not overlap and let them move with the same speed). However, they are unstable,
as small discrepancies in the speed eventually lead to collisions of the spheres. As we show, if
the speed of the synchronous motion of the particles is sufficiently high, a generic smoothing
of the repulsive interaction potential stabilizes such type of solutions for some discrete set of

particles phases.

The N-body problem of Celestial Mechanics has much in common with the N-particle
problem discussed here, with the difference that the N-body problem usually refers to attract-
ing interactions. In both cases, the pairwise interaction decays at large distances, whereas, at
very small distances, the interaction potential is singular (see e.g. [15]). The full character-
ization of the mixed phase space dynamics for N > 3 is intractable due to non-integrability
122,130, 50, 1§]. Thus, finding special type of solutions, in particular KAM-stable periodic mo-
tions, is an achievement for such problems [3 [12] 13| B34 45]. Choreographic solutions for the
N-body problem were found by fixing the phase shift between the bodies to be constant and
utilizing symmetries to establish that such solutions minimize the action [54} 10}, 9, [32, [33], [17].
The avoidance of collisions for the attracting potential case follows from the observation that
the action becomes infinite for sufficiently strong singularities (in particular, the Newtonian
potential is not included). Numerically, the choreographic solutions with small N were found
by continuation schemes also for the Newtonian potential [9 B35] and for the Lennard-Jones
potential [16]. In these works, the choreographic solution is not induced by an external field,
it is a genuine outcome of the particles interaction. Here, we propose to study choreographic
solutions that follow a path dictated by a common background potential that governs the
uncoupled dynamics. The method we use for proving the existence and stability of choreo-
graphic solutions is based on averaging. While we mostly focus on repelling potentials, the

case of attracting potentials is covered by our scheme too, see Remarks [I] and [2] in Section 2]

The paper is ordered as follows. In Section [2] we list our main results regarding the

existence and stability of choreography-type solutions in a system of N interacting particles in



a common background potential. We consider four different settings. Theorem [I|states that
such KAM-stable motion exists in the case of IV identical, weakly interacting particles when
the particles are subject to a smooth background potential which admits a non-degenerate
elliptic periodic orbit. Theorem [2| states that under some additional conditions the same
result applies when the interaction potential is repelling - i.e. it diverges to +oo when
the particles get close to each other. Theorem |3| states that the same result applies in the
high energy limit for interacting particles with a repelling interaction potential when the
background potential is billiard-like and the limiting billiard admits a KAM non-degenerate
periodic orbit. Finally, Theorems |4| and [5| state that under some explicit non-degeneracy
conditions there exist KAM-stable periodic motions of N repelling particles in a rectangular
box. Sections contain the proofs of these theorems. Following the discussion section,
the appendix establishes, by applying the results of [39], the existence of KAM-tori in Fermi-

Pasta-Ulam type chains, which naturally arise in the averaging of identical particles systems.

2 Setup and Main results

By a particle, we mean a d degrees of freedom, autonomous Hamiltonian system with a

Hamiltonian function Hy(q,p), i.e.,

G=0,Ho(q,p), p=—-0,Ho(q,p),  (g,p) € R*. (1)

Let this system have, at a certain energy value Hy = E*, an elliptic periodic orbit L* with
period T' = Z—g Let the equation of L* be (q,p) = (¢*(wot), p*(wot)) where (¢*, p*) are some
2m-periodic functions.

Consider the system of N identical particles, each controlled by the same Hamiltonian
Hy, and allow the particles to interact with each other. We define the system of interacting

particles by the Hamiltonian

H= Y Hd"™,p™)+6 > W™ —q¢™) (2)
n=1,...,N n,m=1,....IN
n#m

where (¢, p™) are the coordinates and momenta of the n-th particle, § > 0 is a small
coupling parameter, and W is the interaction potential. We assume that the particles are
identical, so the interaction potential is the same for any pair of particles; similar results
hold true also when the pairwise interaction potentials vary from pair to pair. Note that in

we sum over each pair twice and take the interaction to depend only on the difference



between the particles coordinates. With this choice, the potential is translation invariant
and even. Such properties are natural from a physical point of view, yet, mathematically,
they make the question of genericity more delicate. The proofs of Theorems [l - |4] do not
use these properties (rather, overcome them) so these theorems remain valid for arbitrary
pair-wise interaction potential.

For 9 = 0, Hamiltonian describes the motion of N non-interacting particles. It has
“choreography” type solutions, for which each particle moves along the same periodic path

L* with a given phase shift:
L*(0) = {¢™ = ¢*(wot + 8™), p™ =p*(wet+6™), n=1,...,N} (3)

for an arbitrary set of fixed phases § = (01, ..., 0N)) € TV. Below, we formulate conditions
which ensure that for sufficiently small 6 > 0 choreographic motions persist for all time: the
particles, modulo small oscillations, perpetually orbit L* with the same frequency and with
certain individual phase shifts 6.

The “equilibrium phases” 6 are found as minima of the interaction potential averaged over
the synchronous collective motion of the particles along L*. We first perform the averaging
for the case of uniformly bounded, smooth (C'*°) potential W; after that we generalize the
results to the case of repelling potentials, i.e., those which tend to +o0o as ¢™ — ¢™ — 0.
Then we consider high-energy particles in a container of a generic shape. This corresponds
to the single-particle Hamiltonian Hy depending on ¢ in a singular way — the limit motion
is a billiard in the domain where the particles are confined. The singularity in Hy requires
amendments to the averaging procedure and, also, additional conditions on the interaction
potential for the persistence of choreographic motions along an elliptic periodic orbit of
the billiard. Finally, we consider the special case of interacting high-energy particles in a
rectangular box. The limit billiard does not have elliptic orbits in this case, however we show
that a generic repelling interaction stabilizes choreographic motions along parabolic periodic

orbits in the box.

2.1 Local assumptions on the single-particle system

First, we impose non-degeneracy conditions on the periodic orbit L* of the one-particle sys-
tem . We call these conditions single-particle (SP) assumptions. Recall that elliptic orbits
exist in families parameterized by energy E = Hy(q,p). Thus, by the assumption that the
one-particle system has at energy E* an elliptic periodic orbit L*, it follows that it has a
smooth family (q,p) = (¢(t, E), p(t, E')) of elliptic periodic orbits L(E) such that the energy
value E = E* corresponds to the original periodic orbit L* = L(E*).



SP1: Acceleration assumption. The period of L(E) decreases with energy.

Note that this assumption holds for billiard-like potentials [37, 40l [51], geodesic flows,
and other settings where higher energy corresponds to a higher speed of the motion along

the same (or almost the same) path in the configuration space.

Let us introduce symplectic coordinates (Iy,6,z) where Iy € R, § € S' = R!'/27Z,
z € R¥4=1 such that the surface filled by the periodic orbits L(E) is given by z = O.
Moreover, we choose (I, 8) such that they give action-angle variables for system ([1]) restricted
to the surface z = 0. This means that on any of the periodic orbits L(E) that foliate this
surface the value of I stays constant and equal to the signed area between L(FE) and L(E*)
(and the variable 6 is symplectic conjugate to Iy). Thus, the Hamiltonian restricted to this

surface is a function of [y only and the frequency of the periodic orbit L(E*) is equal to
wo = 01, Ho (1o, 0,0)|my=p~-
Thus, Assumption SP1 reads as

a = 81010H0(]0,9,0)\H0:E* > 0. (4)

27

Let the multiplier of L* be e a0 . T a1

SP2: Non-resonance assumption. The frequencies w = (wy, . ..,wq_1) are not in a strong
resonance:
d—1
mowoy + Z m;w; 7é 0 (5)
j=1
d—1
for every integer my and every integer vector (my, ..., mg_1) such that 1 < Z |m;| < 4.
j=1

By this assumption, system can be brought to Birkhoff normal form up to fourth

2This is done as follows: one first straightens this surface by a smooth coordinate transformation which
is not necessarily symplectic; this transformation may change the symplectic form — then one brings the
symplectic form back to the standard form by a smooth transformation which leaves the surface z = 0
invariant.

3Recall that the multipliers of the periodic orbit L* are defined as follows. Consider a restriction of the
system to the (2d — 1)-dimensional energy level Hy = E*, take a (2d — 2)-dimensional cross-section to L*
in this energy level, and consider the Poincaré map (the map defined by the orbits of the system) on the
cross-section. The intersection point of the periodic orbit with the cross-section is a fixed point of the map.
The eigenvalues of the linearization matrix of the Poincaré map at this point are called the multipliers of
L*. Since L* is elliptic, all its multipliers are not real and lie on the unit circle.



(a) (b)

Figure 1: (a) An elliptic periodic orbit of a 2 degrees of freedom system on the fixed energy
level Hy = E*. The elliptic periodic orbit L* (red curve) is surrounded by KAM tori - the
blue curves correspond to the intersection of these tori with a transverse cross-section. The
pink curve shows the projection of L* to the two-dimensional configuration space - here the
projected curve has a single self-intersection point. (b) Theorem [If shows that for a generic
smooth interaction potential, any number of weakly interacting particles can orbit the same
path in the configuration space. Theorem [2] shows that the multi-particle choreography is
KAM-stable also for repelling potentials.

10



order [3]. Namely, in a sufficiently small neighborhood of L* one can perform a symplectic

coordinate transformation

(Q>p) = (Cj([o, ‘9? 2)7]3([07 97 Z))

where (I, 0, 2) € R x S' x R*4~1) such that the Hamiltonian Hy takes the form
1
Ho(Iy,0,2) = E* + wl + 5JTAI + g(I, 0, 2), (6)

where g(Iy,0,2) = go(lo) + g1(lo)] + O(||z["|lo] + [|2]1°) with go = O(L5), g1 = O(3).
Here we use the notation z = (z1,...,24_1) where z; = (z;,y;) € R% I = (Iy,I), where
I = (I,...,14-1) and I; = %ij denote the actions in the directions transverse to the orbit
L* j=1,...,d— 1. We think of I as a column vector, the frequency vector, w, is the row

vector with components wg, wy, . ..,wq_1, and A is a symmetric d x d matrix with constant

a b
AZ(bT A)’ @)

where a is a scalar (it is given by and is strictly positive by Assumption SP1), b € R4!

coefficients. We denote

.....

The system of differential equations defined by the Hamiltonian @ has the form

Iy = o(|I]7/?), 9:w0+a10+2?: b;I; + O(I?),
iy = (w; + bl + SV ag 1) vy + O(12),
gy = —(wj +blo + YTy aigly) 4+ O(),  j=1,....d~1

To the main order, the motion is a nonlinear rotation — the rotation of the phase 6 corre-
sponds to the motion along the orbit L* (the circle I = 0 in these coordinates), and the
rotation of (x;,y,) describes the transverse oscillations. The frequencies of the oscillations

depend on the actions Iy, ..., I; 1, and we assume that this dependence is non-degenerate:

SP3: Twist assumption. The orbit L* satisfies the twist condition and the iso-energetic

twist condition:

a b
det A = det . 0 8
(w A) ; 0
and
0 Wo w
det A, =det | wy a b | #0, (9)
ol bt A

11



where @ = (wy,...,Wq_1).

This completes the list of assumptions on the single-particle motion, assuring that L* is
surrounded by KAM tori.

2.2 Conditions on the coupling potential

Next, we impose a non-degeneracy condition on the coupling potential in the multi-particle
system . We call such conditions Interacting Particles (IP) assumptions. Consider the
motion of N uncoupled particles over the same periodic orbit L*, as given by , and

introduce the averaged interaction potential

UOW,. 0™ = 3" Wayg(0™ — 0, (10)
n,m=1,....N
n#m
where
1 /7
Wal}g(e(n) — 9(’")) =T / W(q* (wot + 9(")) — ¢ (wot + Q(m)))dt. (11)
0

Note that U is invariant under translations: U801, ... 0™M) = U@OD +¢,..., 00 + ¢) for
any constant c¢. As U is a continuous function on the torus T, it must have a point of
minimum. By the translation invariance, the minima of U form lines in T%:

o) =6 L n=1,... N (12)
We take any such line; by varying ¢, we can always make 97(,3” +...F 9%\2 =0in . Intro-
duce coordinates (¢, 1, ...,1¥y_1) in a small neighborhood of this line on TV such that ¢ =
L (0 +---+6™)) and the transformation () — 0}713”, o, 0N — 07(”]\;)1) = (0,1, UN—1)
is linear and, up to the factor \/Lﬁ, orthogonal. In the new coordinates, the line of minima is

the line ¢ = 0 and the averaged potential U is independent of ¢, so we denote

U) = U0V (0,9),...,00 (p,9)). (13)

We show in Section [3| that for small d, the evolution of phases of interacting particles moving
along the path L* is, to the main order, governed by the potential U. We are looking for

stable motions, therefore, we make the following assumption on the interaction potential.

IP1: KAM assumption. The local minimum of U(¢) at the origin is non-degenerate;

12



A~

namely, the eigenvalues of the Hessian matrix <aijkU are strictly positive, so

)j,k:l,...,Nl
the origin is an elliptic equilibrium point for the system defined by the Hamiltonian

a N
H=_——J+U JeRN L 14
e UW), € (14)
Moreover, in any neighborhood of the equilibrium this system has KAM-tori.

In view of the symmetries of U (1) we explain this assumption in more details. The

A~

eigenvalues of the Hessian matrix <@¢j¢kU are the squares of the frequencies

) e

of the small oscillations near the equilibriunjfkgéﬁﬁgal}ation of the phases. The existence
of KAM-tori (by definition they form a set of positive measure) is, for example, achieved
when there are no resonances up to order four between the frequencies of small oscillations,
and the corresponding Birkhoff normal form satisfies the twist condition. This is a natural
requirement for a generic potential U.

However, since we consider the system of identical particles, the averaged potential U =
Yom 4n Wang (0 — 6™)) is symmetric with respect to any permutation of the phases 6 (in
particular, since the sum is made over all pairs of different phases, we can always think
of Wy, as an even function). If the line of minimum of U is not preserved by the
symmetry, then, as in the general case, the absence of small resonances and twist suffice for
the existence of KAM tori. On the other hand, when the line is symmetric with respect
to some permutation of phases, the potential U inherits this symmetry, which may lead to
resonances. In this case, the question of the existence of KAM-tori in system ({14]) cannot be
reduced to the standard genericity assumptions and has to be specially addressed.

A natural exampl is given by the equidistant distribution of phases: #(™ = 2r%. It
is easy to see that the gradient of U vanishes for this choice of 6’s and, moreover, U in-
deed has a minimum at such configuration if, for example, the second derivative of Wy,
is positive at the points 27%, j = 1,...,N — 1 (which is natural for repelling forces).
The corresponding line of minima is symmetric with respect to the cyclic permuta-
tion (M), ..., 0M) s (0@ ... 0N 9M): this is responsible for the unavoidable creation
of strong resonances between the frequencies of small oscillations in system , similarly
to the Fermi-Pasta-Ulam (FPU) chain, see Appendix [A] In this case one cannot bring the
system to the Birkhoff normal form. Yet, as explained in Appendix [A] one can generalize
the theory that Rink built for the FPU [39] and show that system has KAM-tori near

the minimum of U for a generic pairwise interaction potential Wawg (i-e., Assumption IP1

4A simpler example is the symmetric configuration #1) = ... = #(N) (all the particles are at the sOame
point), yet it is not very relevant in our setting — we are interested in the case of repelling potentials, so
having all particles glued together for all time should not give a minimum of the averaged potential.

13



holds generically for the minimum line of U corresponding to the equidistant distribution
of phases). The genericity assumption may be checked by calculating the coefficients of the
Rink normal form. Thus, even though Assumption IP1 could be difficult to check in general
(system has (N — 1) degrees of freedom, which can be arbitrarily large), it is not very

restrictive.

2.3 Choreographic solutions of smooth multi-particle systems

The next theorem establishes the existence of KAM-stable choreographic solutions in the
multi-particle system near L*(0,,:,), the choreographic solution of the uncoupled
system, where 6,,;, is a minimum of the averaged potential. For a positive measure set of
initial conditions, all particles follow approximately the same path with the phase difference

between particles n and m remaining close to 07(:271 - 0%}1 for all time.

Theorem 1. Consider the system (@ where the single-particle system has a periodic orbit
L* satisfying the acceleration (SP1), no-resonance (SP2), and twist (SP3) assumptions, and
let the C*°-smooth bounded pairwise interaction potential W (q) be such that its averaged
interaction potential U admits a minimum satisfying the KAM Assumption (IP1). Then,
for all sufficiently small § > 0, system (@ admits a positive measure set of initial conditions
corresponding to quasi-periodic solutions which satisfy, uniformly for all time t,

(@™ (1), p™ () = (¢" (@t + 0 ), p*(wt + 6 ) + O(6YY), n=1,...,N,  (15)

with some constant @ (which may depend on initial conditions) such that @ = wy + O(5Y/?).
The theorem is proven in Section [3

Remark 1. The conclusion of Theorem [I] about the existence of a positive measure set of
quasiperiodic choreographic motions also holds near non-degenerate mazima of U , provided
the acceleration assumption SP1 is reversed to deceleration, i.e., if the period of L* increases
with energy (as is the case near homoclinic loops, see Figure . Indeed, the quasiperiodic
choreographic solutions remain such if we reverse the direction of time. This corresponds
to changing the sign of the Hamiltonian (2)), i.e., of both Hy and W. The change of the
sign of Hy makes the period of L* grow with energy (so the coefficient a in becomes
negative, cf. ), while changing the sign of W makes a minimum of the averaged potential

a maximum.
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2.4 Choreographic solutions for repelling coupling potentials

As the single-particle system @ near the elliptic orbit is nearly-integrable, the multi-particle
system near the set of choreographic solutions is also nearly-integrable for small §.
Therefore, the existence of KAM-tori established by the above theorem is not surprising.
However, this result admits a generalization to systems with singularities, where the concept
of near-integrability is not automatically applicable.

The simplest case corresponds to a singularity in the interaction potential.

Definition 2.1. We call a potential W(q) repelling, if it is smooth and bounded from
below for all ||¢|| > p > 0 and W (g) — +o0 as ||¢]| = p. For ||¢|| < p, the function W is

infinite.

Note that the repulsion assumption is made only for small distances, at large distances
the potential may be attracting (e.g. the theory applies to the Lennard-Jones potential). If
the pairwise interaction potential W in satisfies this definition, the perturbation term
>, 4m W (g™ — ¢™) can become large for arbitrary small § - this occurs if ¢ gets suffi-
ciently close to ¢™ for some n # m. In particular, the averaged potential Wawg In 1} may
have singularities when two particles moving on the same path L* collide. When p = 0, this
happens when two phases are identical (§(™ = (™) for some m # n) or when the orbit L*
has self-crossings in the g-space, see |1 (i.e., ¢*(0™) = ¢*(9™)) for some #™) #£ (™). If the
dimension d of the g-space is larger than 2, then a typical periodic orbit has no self-crossings.
However, the existence of self-crossings is a robust phenomenon when d = 2, or, in higher
dimensions, when there are certain symmetries.

In general, we define the collision set ©, C TV as the set of all initial phases (61, ... ()
for which the motion of uncoupled particles along the same path L* (see ) leads to a

collision at a certain time t,:
O, = {(6W, ..., 0" | ||l¢" (wotet+0"™)—q* (wot+0"™)|| < p for some n # m and some t, € [0,T]}.

The collision set is closed. For p = 0, it is, typically, a union of codimension-1 hypersurfaces
in TV, whereas for p > 0 this set has a non-empty interior, see Figure . For too large p it
coincides with the torus. For (1), ... #™) outside the collision set, the averaged potential
U@eW»,...,0M) is well-defined and is a smooth function, bounded from below. Therefore,
if O, is not the whole torus T, then U attains a finite minimum.

IP2: No-collision assumption. There exists a minimum line (of the form (139)) of the
averaged potential U(H(l), . 0N which is collision free, i.e., this line does not intersect

the collision set ©,.
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Figure 2: A two-particle system for an orbit with one self-intersection (a-c) and averaged
potential U for the case of no self-intersection (d). (a) The collision set for p = 0: dashed
blue line corresponds to the two particles coalescing, 811 = #(): the dashed green and brown
lines correspond to the two possible collisions at the intersection point, (1) = 0(2) 4+ 0. and
01 = 9 — @, respectively. (b) The two particles on the self-intersecting curve. (c) The
averaged potential is infinite at the collision set. Provided the collision set does not include
0. = m, it must have at least 3 minima (it may attain additional minima points). As the
averaged potential is even, 7 must be an extremal point, here a minimum. (d) If there is no
self-crossing, the only singularity of U is at the blue line, so, if U has a single minimum, it
must be at § = 7. It is also possible that § = 7 is a maximum of U (dashed curve), and then
non-symmetric minima must exist.

16



If p = 0 and the elliptic periodic orbit (¢*(wot), p*(wot)) of has no self-intersection
points, then Assumption IP2 automatically holds for any repelling potential and for any
minimum line of U. Indeed, in this case the set O, is exactly the set where at least two
phases are equal. Then, at least two particles on the path L* have the same coordinate ¢
for all time, hence the corresponding integrand in is infinite on the whole interval [0, T,
making the average potential U infinite everywhere on ©.. This cannot be a minimum of U.

In order to conclude the same when L* has self-crossings or when p > 0, it is enough to

have the repelling interaction sufficiently strong. For example:

Lemma 2.2. If the pairwise interaction potential W satisfies, for ||q|| > p, the growth
condition

Ch
Wi(q) > —— —
@ =

with some constants C 2, then the no-collision assumption IP2 holds, unless the collision set

02, 01 > O, (16)

coincides with the whole torus TN.

Proof. 1t is enough to show that the averaged potential U is infinite for all (9(1), e ,0(”))
from the collision set ©,. If (1), ... () € O, then for some n # m either ||¢* (wot +60) —
¢ (wot + 0T™)|| < p for all ¢, or there exists a value of ¢ = ¢, such that ||¢*(wot. + 0)) —
¢ (wote + ™) = p and ||g* (wot + ™) — g*(wot + 6T™)|| > p when ¢ approaches t.. In the
first case, an integrand in (|10 is infinite on the whole interval [0, 7], thus making U infinite.
In the second case, since the derivative %q* (wot + 0) is bounded, the distance between the
particles decays at least linearly in (¢ —t,), so the integrand W (q* (wot +60™) — ¢* (wot +600™))
grows, by , proportionally to (¢ —t,)~! or faster, hence the integral diverges, i.e., U

is infinite in this case as well. O

There can, however, be cases when ©, = TV and Assumption IP2 does not hold. For
example, if the system is reversible, then there can exist orbits (like period-2 orbits in
billiards) for which ¢*(wot) = ¢*(2m — wpt) for all ¢. In this case, collisions are unavoidable
even for p = 0. Note, however, that generically, since the orbit L* is elliptic, around it one
can find resonant periodic orbits with at most finitely many self-crossings, and the previous
remarks apply for sufficiently small p.

The following result generalizes Theorem [1|to the case of repelling interaction potentials.

Theorem 2. Consider system @ where the single-particle system has a periodic orbit L*
satisfying Assumptions SP1,SP2,SP3, and the C*°-smooth, repelling potential W (q) is such
that its averaged interaction potential U admits a minimum satisfying the KAM assumption

IP1 and the mo-collision assumption IP2. Then, for all sufficiently small §, the system
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admits a positive measure set of initial conditions corresponding to quasi-periodic solutions

as in Theorem .

Proof. By Assumption IP2, we have that the uncoupled particles moving by the path L*
(see (3)) stay away from collisions, i.e., the distances ||g*(wot + 9,(:”1) q" (wot + Gmm)H stay

bounded away from p for any m # n and for all ¢. Therefore,
W (g" (wot + 0iny) — 4" (wot + O5rin)) < K (17)

for some constant K.
Replace the potential W by smooth and everywhere bounded potential W which co-
incides with W when W < K + 1. The corresponding averaged potential U coincides

with U in a neighborhood of (0, ... 63y = (g1~ gN)y i e Ueut has the same min-
imum (07(7“)“, . ,97(71]\2) By Theorem I the multi-particle system with potential W<t

has a positive measure set of quasiperiodic solutions for which ¢(t) remains O(5'/4)-close
to ¢* (@t + 08)), . g* (@t + 0Y)) where @ = wy + O(67/%). For sufficiently small 4, these

solutions correspond to particles which stay away from each other for all times (because,
for all times, ¢*(wot + "

mm) are bounded away from each other, thus, the same is true for

q*(wt+ Qmm)). Hence, for such solutions, if ¢ is small enough, the potential W is bounded by
(17), so W< coincides with V. Thus, they are also solutions of system with the original
potential W. O

Remark 2. The result stays true if we reverse time, as in Remark [I] of Theorem [I] This
means that we can replace the repelling potential W by a potential which attracting, i.e.,
bounded from above and tending to —oo as particles come close to each other. Then, The-
orem [2| implies that a positive measure set of quasiperiodic choreographic motions exists
with phases close to the mazimum of the averaged potential U (if it satisfies IP1 and IP2),
provided the elliptic orbit L* of the single-particle system satisfies the non-degeneracy as-
sumptions SP2 and SP3, and the acceleration assumption SP1 is reversed to deceleration,
see Figure

2.5 High-energy particles in a bounded domain

Next, we apply the above methodology to the case of a system of repelling particles which are
confined in a bounded domain. Let D C R¢ be a domain with a smooth (C*) or piecewise

smooth boundary D (in the piecewise smooth case, we call the points where 0D is smooth
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Figure 3: Accelerating and decelerating families of elliptic orbits coexist near homoclinic loops
to a saddle-center. Consider a product system of a Duffing oscillator (a) and a center (b). Then,
in the vicinity of the homoclinic loop to the saddle-center there exist three families of periodic
orbits corresponding to (g2, p2) = 0. For the family of periodic orbits which are outside the
separatrix (red curve in the (g, p1) space) the period decreases with energy, whereas for the two
families of periodic orbits which are inside the separtrix (blue curves in the (g1, p;1) space) the
period decreases with energy. By Theorem [I]and Remark [T} for a smooth interaction potential,
choreographic solutions exist near the averaged potential minima lines for any fixed outer orbit,
and near the potential maxima lines for any given inner orbit. For smooth potentials, both
types of lines must exist. Similar conclusions apply to singular potentials, where here, when the
potential is repelling (red curve in (c¢)) a minimum line must exist, whereas, when the potential
is attracting (blue curve in (c¢)) a maximum line must exist, see Remark



non-singular). A particle confined in D is described by the Hamiltonian:

H =" +V(q),

P?
2
where the potential V' (¢) is a C*°-function defined in the interior of D and tending to 400
on 0D (here, if the particle is a ball of a finite diameter p, the domain D is the set of
all possible positions of the ball center). When the growth of V' at the approach to 0D
is reasonably regular, the high-energy motion limits to the billiard in D, as described in
[40, 37]. In order to simplify the analysis of the transition to the billiard limit, we restrict
the class of confining potentials by assuming a power-law growth of V' near 0D (we use the

notation BD for assumptions we make on the single particle confined in the bounded domain).

BD1: Power-law growth assumption. Given any compact subset of the non-singular

part of 0D, in a small neighborhood of this set the potential V is given by
(18)

where o > 0, and the C'*° function () measures the distance to the boundary of D, 1i.e.,
Q(q)|qeop = 0 and VQ(q) # 0; we also choose the sign of Q) such that Q(q) > 0 inside the

domain D.

When we consider N mutually repelling particles moving in the potential field V', their

motion is described by the Hamiltonian

H = ZN [M + V(q("))] + Y W™ —¢™), (19)

where (q(”),p(”)) are coordinates and momenta of the n-th particle and W is a repelling
potential, as in Definition (note that we do not assume that the interaction potential is
small here).

We consider a limit of large energy per particle, namely, we study the behavior at the
energy level H((¢™M, pM), ... (g™, pW)
V/2h, so the Hamiltonian transforms to

)) = Nh for large h. We scale the momenta p™ to

(r™)? (n) (n) _ (m)
H= 3 [T wavam]ve 5w - (20)
n=1,...,.N n,m=1,....N
n#Em
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where § = ﬁ (the inverse temperature). Now, the goal is to study the behavior on the fixed
energy level H = £ in the limit § — 0*.
System (20]) is similar to system . However, here the single-particle system

Hoa.:0) = &+ V(). @1

depends on 4 in a singular way. The formal limit of the potential energy term as § — 0T
is the billiard potential, which is zero inside D and infinite at the boundary of D. The
corresponding dynamical system, the billiard in the domain D [I1], is not smooth, so our
Theorems (1| and [2| cannot be directly applied. However, the method we used there can
be carried over to this case as well, with the help of an enhanced version of our theory of
billiard-like potentials [37), 40)].

Recall that the billiard dynamics can be viewed as a motion of a particle along straight
segments with speed 1, interrupted by jumps in momenta as the particle reflects from the
boundary. The jumps are defined by the elastic reflection law, with the angle of incidence
equal to the angle of reflection. Equivalently, the dynamics are determined by the billiard
map, which records the position and the angle of reflection at impacts. The dynamics of
the smooth system at small 6 can be quite different from the dynamics of the formal billiard
limit. Still, this formal limit provides good approximation for regular billiard orbits, which
are defined as orbits for which all impact points are bounded away from singularities of the
billiard boundary, and all the impact angles are bounded away from zero [37, 40, [51].

Thus, let L* = {(¢*(wot), p*(wot))} denote a regular periodic orbit of the billiard in D,
which hits the billiard boundary at points M?!,..., M* (we call them impact points, to
distinguish from multi-particle collision points). Let t!,...#* be the impact moments or
time, i.e., M7 = q*(wot’), j = 1,...,k*. The functions ¢* and p* are 2m-periodic. As this is
a billiard orbit, p* is a piece-wise constant function of time, with the jumps of p* happening
at t =t/ mod2w, j = 1,...,k*. The energy conservation implies that ||p*|| stays constant:

2™ oquals the length of L*. The function ¢*

lp*|l = 1; thus, the frequency wy is such that o
is continuous and piece-wise linear, since d%q* = p* when t # t/ mod2m, j = 1,...,k*. The
regularity of the orbit L* means that the boundary of D is smooth at each of the points M’
and the vectors p*(wgt/ £0) are not tangent to the boundary of D at M7, j =1,...,k*. The
impact points M?!, ..., M*¥ comprise a periodic orbit of the billiard map Bp: each of them
is a fixed point of the billiard return map (Bp)* . Since the impact points are non-singular
and the impacts are non-tangent, this map is smooth in a small neighborhood of any of the
impact points.

BD2: Elliptic orbit assumption. The regular billiard periodic orbit L* is elliptic and
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Figure 4: Stable periodic orbit in a convex billiard table (L*) and a nearby stable periodic
orbit (L) for the smooth billiard-like potential at high energy (5 = 37, see )

KAM-nondegenerate. Namely, the point M' is a KAM-nondegenerate elliptic periodic point
of the billiard map. This means that two conditions are fulfilled. First, the multipliers

(exp(iii—’gwl), . ,exp(j:z'i—zwd,l)) (the eigenvalues of the derivative of (Bp)* at the point
d—1

M%) are non-resonant up to order 4, namely mowy + ijwj # 0 for all integer my and
j=1

d—1
mi,...,mqg_1 such that 1 < Z |m;| < 4. This implies that the Birkhoff normal form for
j=
(Bp)*" in the action-angle coordinates (I, ®) € R¥™t x T4 near My is given by (I, ®)

(I, ®), where

_ _ 2
T=I+o0(l), d=0+—&+QI+o(l), (22)
Wo
with constant © = (wy,...,w4_1) and wy = é—’:v where |L*| is the length of L*. The second

KAM-nondegeneracy condition (the twist condition) is

det(£2) # 0. (23)

The existence of a periodic orbit satisfying this assumption holds true for an open set of
billiards; for convex billiards in the plane this assumption is also open and dense [14].

The billiard return map (Bp)*" is smoothly conjugate (by the billiard flow) to the return
map to any small cross-section to L* chosen in the interior of D. As shown in [51} 37)], in
the limit 6 — +0, the return map of the smooth flow of on such cross-section tends, in
C*°, to the return map of the billiard flow. Thus, up to a change of coordinates, the billiard
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return map describes the limit of the smooth dynamics defined by . In particular, with
Assumptions BD1 and BD2, the single-particle system has, for all sufficiently small 9, a
KAM-nondegenerate elliptic periodic orbit Lj in the energy level Hy = %, which is close to L*.

Now, we consider the product of N billiard flows in D, with the invariant set as in :
¢ =g (wot +0™), p" =p*(wot +6™),  n=1,...,N. (24)

The projection of this invariant set to the Nd-dimensional configuration space is an N-
dimensional torus (continuous, but only piece-wise smooth). The averaged potential on this
torus is defined as in ((10)):

1 T
v, e = S / W (g (wot +0™) — g (wot +0))dt. (25
n,m=1,...,.N 0

n#m

We assume that there exists a line ((12)) of minima of U:
o) =6 L n=1,... N, (26)

which satisfies the KAM assumption IP1 of Section and the no-collision assumption P2
of Section [2.4]

The KAM assumption requires a sufficient smoothness of the averaged potential, which
does not, a priori, hold for billiard orbits because ¢*(¢) is not smooth at the impact points.
In general, the non-smoothness of the system at 6 = 0 can make the averaging procedure
invalid and lead to dynamics different from those in the smooth case. However, we show
that these issues do not materialize (e.g. we prove the smoothness of the averaged potential,
see Lemma if the non-interacting particles moving along the same billiard trajectory L*
with the phase shifts 97(2” never hit the billiard boundary simultaneously:

IP3: Non-simultaneous impacts assumption. The impacts of ¢*(wot + 0")) with the
billiard boundary do not happen simultaneously, namely, if wot + 67(;2-)” = wot! (mod 27) for

some j, then wyt + i) # wot® (mod 2 ) for all k and all m # n:

min

o) g wo(t! — %) mod 2. (27)

man min
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For convenience, we can always assume (by redefining ¢ in ) that

N
> ol =o; (28)
n=1
by a shift of time, we can also achieve that
00 Lt/ forall m=1,...,N, j=1,.k" (29)

Theorem 3. Consider N repelling particles that are confined to a region D by a trapping
potential satisfying the power-law assumption BD1. Assume that the billiard table D has a
reqular elliptic periodic orbit L* which satisfies the elliptic orbit assumption BD2, and that
the averaged interaction potential has a minima line satisfying the KAM assumption IP1,
the no-collision assumption IP2, and the non-simultaneous impacts assumption IP3. Then,
for all sufficiently high values of the energy-per-particle h, the N-particle system (@ has
a positive measure set of initial conditions corresponding to quasi-periodic solutions as in
Theorem with w = QTﬁ(l + 0noo(1)). In particular, this system is not ergodic for all
sufficiently high energies.

The proof is in Section [d It is an empirical fact that Hamiltonian systems with low
number of degrees of freedom have elliptic periodic orbits easily, unless the system is specially
prepared to have a (partially) hyperbolic structure on every energy level. Therefore, a
common belief (and a challenging conjecture to prove) is that a generic Hamiltonian system
without the uniform partially-hyperbolic structure possesses a non-degenerate elliptic orbit.
The billiard counterpart of such claim would be that a generic billiard which is not of the
dispersing or defocusing type [53] has a non-degenerate elliptic orbit. Currently, no methods
are known for proving such conjecture in any reasonable regularity class. But, once we accept
this conjecture for systems with low number of degrees of freedom, Theorem |3| implies that
the gas of any number of repelling particles confined in a domain with a sufficiently smooth

boundary is generically non-ergodic for all sufficiently high temperatures.

2.6 Particles in a rectangular box

The single-particle billiard in a rectangular box has no elliptic periodic orbits: it is an
integrable system (with partial oscillatory motions parallel to different coordinate axes inde-
pendent of each other), so the periodic orbits are parabolic. The orbits of the same period
go in several continuous (d — 1)-parameter families; the orbits in the same family can be dis-

tinguished by the phase differences between the partial oscillations or by the coordinates of
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q*a

Figure 5: In a rectangular box, synchronized parallel motion by which all particles move
vertically and hit the boundary simultaneously is KAM-stable under the conditions of Theorem
Bl Less ordered parallel motion, by which all particles have the same period yet each particle
turns at a different moment, is KAM-stable under the conditions of Theorem

the impact points. Namely, if the box sizes are (Iy,...,[;) and the conserved kinetic energies
of the corresponding partial oscillations are F; = %p?, then the frequencies of the partial
oscillations are 2#%, and the single-particle motion is periodic if and only if the ratio of
each two of these frequencies is a rational number. Thus, we have a discrete set of possible
choices of partial energies, for which the motion with any initial point (¢, ..., ¢gs) in the box
is periodic with the same period (for any choice of the signs of p;).

While similar computations can be performed for any of these families, we choose the
simplest one, where all the particles move strictly along one of the coordinate axes, i.e., the
family is given by the equation p; = ... = pg_1 = 0. We call such oscillations vertical; the
particle moves up for a half of the period and it moves down for the other half. When the
energy is fixed, different periodic orbits in this family are distinguished by the values of the
“horizontal” coordinates (qi, . .., ¢q—1), which do not change with time. In the same spirit as
before, one can place any number of non-interacting particles on this family (each particle
with the same kinetic energy, but on its own path, i.e., with different values of the horizontal
coordinates). The difference with the previous cases is that we now allow the particles to
spread over a continuous family and not over just one orbit. If the particle energy is high
enough, switching the repulsion between the particles on makes only a small perturbation of
the fast vertical motion. We show below that the slow evolution of the horizontal degrees of
freedom and the differences between the phases of the vertical oscillations are governed, to
the main order, by the averaged potential; its non-degenerate minima correspond to elliptic

orbits of the multi-particle system.
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Note that we have only one fast degree of freedom for the entire multi-particle system
in this setting (the sum of the phases of the vertical oscillations). This makes the averaging
procedure simpler than in the previous cases. However, the non-simultaneous impacts as-
sumption IP3, which is crucial for justification of the averaging in Theorem [3] can be violated
for the family of vertically oscillating particles for an open set of repelling potentials (see
below). We therefore develop a different approach for the case of simultaneous impacts.

Let us describe the assumptions we impose on the system in the box.

Box1: Separability assumption. The single-particle Hamiltonian is given by

d

Holg,p) = (5 + Vila:), (30)
with .
Vilg:) = XA a>0 (31)

where the C™ function @QQ; measures the distance to the box boundary in the i-th coordinate

direction, i.e., Q;(0) =0, Q;(l;) =0, Q.(0) > 0, Qi(l;) <0, and Q;(g;) > 0 for ¢; € (0,1;).

Finally assume that the potential is symmetm’cﬂ in the vertical direction: Q4(la—qq) = Qa(qq)-
Thus, the N-particle Hamiltonian has the form

DD T e |+ > W™ =g, (32)
n=1,...,N i=1 n,m=1,....IN
n#m

where W is a repelling potential, C* for ||¢™ — ¢™)|| > p (see Definition [2.1)).

We consider the limit of large energy per particle, and look for motions which are fast
only in the last coordinate. Namely, we study the behavior at the energy level H = Nh for
a fixed NV and large h where most of the particles” energy is at the vertical motion. We scale

the vertical momenta pén) by v2h, and the Hamiltonian transforms to

+0 Z W (g™ —

nm=1,....N
n#m

H— Z [(pfl;) + 8Vi(g

’I’Lil,...7

1B Z [ +Vi(g™)

n=1,...,N i=1

33)

(
where § = 2h; as in section , we study the behavior on the fixed energy level H = % in
the limit § — 0.

In the limit 6 = 0, the Hamiltonian describes N independent vertical, constant speed,

5This symmetry assumption appears to be non-essential. It is not used at all in Theorem |4 We include
it here as it is natural and makes some notations and computations in the proof of Theorem [5 simpler.
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saw-tooth motions. Setting all the particles to have the same speed \pfi")| = 1 in the limit
0 = 0, and choosing the vertical size of the box l; = 7, we obtain the limiting family of
solutions in the form ql(n) (t) = constant for i = 1,...,d — 1 and qc(ln) (t) = ¢*(t + ™)) where

q* is the 2m-periodic saw-tooth function:

. t, for t € [0, ],
q(t) = o (34)
2 —t, for t € [m, 27].

Denote the horizontal coordinates of the n—th particle by £ (so £ = ({%n), o 755171)1) =

(q@, . ,qgi)l)). Define the averaged potential,
d—1
U0, = > Wag(0™ — 0 e —glmy 1 3™ Nyl (35)
nm=1,...N n=1,....N i=1
n#m
where )
1 ™
Wag = 5 / W(q"(s +0™) = q"(s + 0"), €™ — £)ds, (36)
0

and 0 = (AW, ... 00y ¢ = (¢M M g™ e Let |6 — ¢ > p for
every n # m. We establish in Section 5| (see Lemma that the averaged potential is
C*®-smooth if 61 £ 9™ mod 7 for every n # m. Moreover, we also show that under the
parity assumption Box4 below, the averaged potential is, along with all its derivatives with
respect to &, at least C?-smooth function of 6 even if 8 = (™) mod = for some, or all,
n#m.

Since V; and W,,, are bounded from below, the averaged potential U(6,£) must have a
minimum line

0" =6 +e, =g (37)

min?

where ¢ is an arbitrary constant. Like in Section , we can introduce coordinates (¢, 1, ) in
a small neighborhood of this line such that ¢ = & (61 4 ---+6™)) and the coordinates ¢ =
Q) ) — (Q(m) _ Q(m))'

(1, ...,%n_1) are linear combinations of the phase differences (6 — ") im
Since the averaged potential U depends only on the differences of the phases, we obtain that

it is independent of ¢, so, as in , we set

U0, =U(1,€).

Box2: Non-degenerate minimum assumption. The minimum of the averaged potential
(n) _ ¢(m)

U corresponds to || — €™\ > p for all n # m. The Hessian matriz of U at the minimum
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¥ =0,& = &nin 1S non-degenerate, and all its eigenvalues are simple.

The condition ||£7(:i)n —57(71”:31]\ > p means that the particles stay away from each other, each
on its own path. This assumption is fulfilled automatically when, for example, W satisfies
. Indeed, then, by Lemma the minimum of the averaged potential cannot correspond
to collisions, yet, two particles on the same vertical path collide unavoidably.

The non-degeneracy of the Hessian is a generic condition, implying that (¢ = 0,£ = &nin)

corresponds to the elliptic equilibrium of the Hamiltonian
2 ~
H= L% 0,9, (39)

where J and p¢ denote the conjugate momenta to ¢ and &, respectively.

Let us first consider the case of non-simultaneous tmpacts motion at which 07(7?2)” # 07(:;31
mod 7 for all n # m (a particle impacts to the boundary happen exactly at each half-period,
so this condition, obviously, means that no two particles hit the boundary simultaneously).
By Lemma the averaged potential near the minimum is C'*°-smooth, so we impose the
following genericity condition (which involves the Taylor expansion up to order 4).

Box3: KAM assumption (the case of non-simultaneous impacts). The local min-
imum of U at (¥ = 0, = &nin) is KAM-non-degenerate: the corresponding elliptic equi-
librium of the Hamultonian system @ has no resonances up to order 4 and its Birkhoff

normal form satisfies the twist condition.

Theorem 4. Consider N repelling particles that are confined to a box by a trapping potential
satisfying the separability assumption Boxl. Let the averaged interaction potential have a
minima line, corresponding to non-simultaneous impacts and satisfying the nondegeneracy
assumptions Boz2 and Box3. Then, for all sufficiently high values h of the energy per particle,
the N-particle system (@ has a non-degenerate elliptic periodic orbit accompanied by a
positive measure set of quasi-periodic solutions. In particular, for this set of initial conditions,
each particle stays bounded away from all other particles for all time, so the system is not

ergodic.

The assumption of non-simultaneous impacts is generic when the interaction potential
has no special symmetries. However, for the most natural class of potentials which depend
only on the Euclidian distance between particles, there is an inherit symmetry which can
lock the impacts to become simultaneous. Such potentials satisfy
Box4: Parity assumption. The repelling interaction potential W s even in qz(n) — ql-(m)
foreachi=1,...,d.

In this case, the average potential U is an even function of (8™ — ™)  for any pair of
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n and m. It is also 27-periodic in (#™ — ™). We conclude that if Box4 is satisfied, then
Uem™ —om o =u@™ — ™ ) and U@O™ — 00 — 7)) = U(m — (0™ — 0™, ). (39)

It follows that the first derivative of U with respect to 6 vanishes when 8 = (™) mod  for
all m and n. Therefore, when the parity assumption holds, there can exist minima of U for
which all the particles hit the boundary walls simultaneously (each half-period, some particles
hit g = 0 while, at the same time, the others hit g; = 7); moreover, this simultaneous impacts
property can persist for small perturbations of the potential W within the class of potentials
satisfying Assumption Box4. The non-simultaneous impacts assumption, which is crucial for
the averaged procedure we use in Theorems [3 and [4, does not hold for such minima. We,
therefore, consider this case separately.

First note that the averaged potential U in the simultaneous impact case is not, in general,
C3-smooth with respect to 6 (see Lemma . Hence, there cannot be a direct analogue
of the KAM-nondegeneracy assumption Box3, which involves derivatives of U up to order
4 (recall that the twist condition on quadratic terms in the action variables corresponds
to algebraic relation between the Taylor coefficients of the Hamiltonian up to order 4 [3]).
Instead of assumption Box3 which is formulated in terms of the Hamiltonian system (38]),

we formulate KAM nondegeneracy assumption in terms of the two auxiliary Hamiltonians:

2

p
Hg(p§7 5) - ES + U(emzm 5), (40)
and
n=1,...N n,m=1,...,.N
n#m

where 9,,,, = Hﬁgm - 07,:';1 mod 27 is either 0 or 7, and

{ 82W (0 mm - ngT)L) for ﬁnm = 07
Ynm =

_%ZTVZ(m&(vZ)n - r(nwzlab for ¥ =,

82W( gmm fmm) fOr ﬁnm = 07

902 for ¥, = 7.

rSman mwn

The quadratic part of the potential in H coincides with the quadratic term of the Taylor
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expansion of U(0,&nin) at 0 = 0., (see Lemma . Due to the simultaneous impacts
property, by redefining the constant ¢ in , if necessary, we can always make 97(7;?” =0
mod 7. Then, by , the averaged potential U is an even function of (6 — 0,,:,), so the
Hessian of U is block-diagonal: the derivatives 392—55 vanish at the minimum with simul-
taneous impacts. Therefore, the non-degenerate minimum assumption Box2 implies that
both U(8min, &) and U (1, &min) have non-degenerate minima (at & = &, and at ¢ = 0,
respectively). We conclude that, under Assumption Box2, Hamiltonian has an elliptic
equilibrium at § = &in, pe = 0, and Hamiltonian has a family of elliptic periodic orbits
o) = (97(:1-)” +wt(n=1,...,N), ]p§1)| =...= |p((iN)\ = w = const. This is a relative equilib-
rium, i.e., it becomes an equilibrium when we go to translation invariant (.J,)-coordinates,
like in Section . Denote the reduced Hamiltonian of by H%Y(J, ).

Box5: KAM assumption (the case of simultaneous impacts). Let a nondegenerate
(n) _ p(m)

minimum line of U satisfy 0,,; = 0, mod 7 for all m and n. Assume that at the local
minimum of U at (¥ = 0,& = &nin) the frequencies of small oscillations have no resonances
up to order 4. Furthermore, assume that the elliptic equilibrium of Hg at pe = 0,§ = &min
and the elliptic equilibrium of H?C at (J,4) = 0 are KAM-non-degenerate, i.e. their Birkhoff

normal forms satisfy the twist condition.

Theorem 5. Consider N repelling particles that are confined to a box by a trapping potential
satisfying the separability assumption Boxl with a > 6. Assume the parity assumption Box4
holds. Assume the averaged interaction potential U has a minima line with simultaneous
impacts and let it satisfy the non-degeneracy assumptions of Box2 and Boxb. Then, for
all sufficiently high values of the energy per particle, the N -particle system @ has a non-
degenerate elliptic periodic orbit accompanied by a positive measure set of quasi-periodic
solutions. In particular, for this set of initial conditions, each particle stays bounded away

from all other particles for all time, so the system is not ergodic.

Thus, the gas of any number of highly-energetic repelling particles confined to a rectan-

gular box by a sufficiently steep potential is, generically, non-ergodic.

3 Smooth N-particle systems.

We present here the proof of Theorem [I] Its outline is as follows. First, we consider the N-
particle system near L*(6,,:,), the choreographic periodic orbit of the uncoupled system,
and scale the action coordinates by 6/2. Then we average, i.e. we make a change of
coordinates, after which the angle-dependent terms become O(6%4), see Lemma 3.1, Next,

we show that near a line of minima, the Poincaré map of the system is O(6%/4)-close to the
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flow map of the Hamiltonian system of a specific form (55) (Lemma . We need to take
O(1/5"/?) iterates of the return map. In Lemma [3.3] we establish that taking O(1/5/?)
iterates of any map which is O(6%*) close to the return map of system leads to a map
which is O(6'/%) close to the time-1 map for the Hamiltonian (58| near the origin. In Lemma
3.4 we prove that the Hamiltonian admits a positive measure set of KAM tori. By
Lemma [3.3] one infers the results of Theorem [1| from the KAM theorem.

Proof. Recall that (¢, p™) denotes the coordinates and conjugate momenta of the n-
th particle, n = 1,..., N. We apply the same symplectic transformation that brings the
single-particle system to the normal form (@ to each of the N particles, namely, we let
(¢™, p™) = ((j([é"), O™ ) H(IM ) (M), As for the single particle case, this change
of coordinates is smooth and preserves the standard symplectic form. In these coordinates
the N-particle system takes the form:

N

1
H = Z[w](”) + 5[(”)14](”) + g(Ién),H(”),Z("))]—i—
" (42)
+6 Y WG, 0™ M) — g(I5™ o, ),
n#Em

(n)

Z(n> 2 4 :
where we denote 1™ = (I{™, 1= %, LI = @) We will look at the motion of

the particles near the periodic trajectory L*. Namely, we will write
Q15" 6, 2) = ¢ (6) + O( 5" | + ||="])- (43)
Since the pairwise interaction potential W is smooth,

W (G(I", 6%, ) = G(Ig™, 60, 20m)) = W (g (6™) — q*(6™))+

" . (44)
FOI |+ 12 4 15|+ [|20™1).

We restrict our attention to the region of the phase space where the actions 1™ are of
order 61/2. For that, we scale the variables (™ to §1/4 and the variables I{" to 6%/, i.c., we

make a replacement z(™ — §1/42(") I(()") — 61/21(§n). With this scaling, we have
W= W(g (0) — ¢ (6)) + O(""),
(see ) and so, by @, the remainder terms in , g, satisfy

g(1g" 6™, =) = O(8°/*).
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The motion in the rescaled variables is described by the rescaled Hamiltonian

.....

= S IO 6N AL £ 825D W (0) — g7 (60) + O,
(45)

We now average the Hamiltonian with respect to the motion along the periodic orbit.

H,, =6&2 H((él/zl(") g 51/ N)

Lemma 3.1. There exists a smooth symplectic change of coordinates which brings the Hamil-

tonian to the form

H

N N
D w4523 %I(")A[W + 02000, .. 0M)) £ 0634, (46)
n=1

n=1
where the averaged potential U is given by @)

Proof. Recall that the (non-averaged) interaction potential

wew, . ..,6W) = Z W (g (6™) — ¢*(8'™))

n#Em

is 2m-periodic in each of the variables 8, n = 1,..., N. Therefore, we can write its Fourier

expansion:

W(e(l)v cee 70(N)) = Z Z wk1,kz,n,mei(kle(n)+k29(m>)' (47)
n#Fm  (ki,ko)€Z?

The function W is of class C™, so the Fourier coefficients w decay fast as ki grow. In

particular, the series

wEHW, . .0 Z Z _Whkikamm (ki 60 +k260m)) (48)

nm ky ka0 & o(k1 + k2)
is absolutely convergent, and the sum is a C™ function of 41, ... 8V). By construction,
w0(89(1)\1/ —+ ...+ 39(1\1)\1/) = V~V - U, (49)

where

Z Z i (k100 +-k20(™) Z Z ik(6(m) —g(m)
U= wkl,kg,n,mel( ! 2 ) = 'wk,—k:,n,meZ ( )

n#m ki+ka=0 n#m k€EZ

Substituting in and integrating over time shows that the above U is indeed the
averaged potential given by .
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Now, we perform a symplectic coordinate change
I 1Y — 620,V n=1,...N (50)

(all other variables remain unchanged). The first term in the Hamiltonian (45),

N N d-1
Zwl(”) = wo(fél) +-oo 4t IéN)) + Z ijlj(»n),
n=1 n=1 j=1

after substituting , produces, by , the additional term —&/ 2(W — U). Substituting
in the O(8'/?) terms leads only to O(d) corrections. Hence, the Hamiltonian takes the
required form ({46]). H

Now, as explained in Section [2| we utilize the translation symmetry of the averaged
potential U(9W, ... ™)) and introduce the collective phase ¢ = + (01 + --- + M) and
coordinates ¢ = (¢1,...,1¥n_1) which measure small deviations of the longitudinal motion
from the line of minima defined by 0,,,;,. The precise definition of the coordinates v is as
follows. We choose an (N x N) orthogonal matrix R such that its first row is =< (1,...,1),

VN
and define
o) — ol

1
(p,9)" = —=R : : (51)
\/N o) _ pN)
By construction, the second and further rows of R are all orthogonal to (1,...,1), which

implies that ¥ = 0 for every point of the line . Notice that while ¢ is an angle (the
O(8%/*) term in (46)) is periodic in (), the variables 1, correspond to small deviations from
the minimum and we do not define them globally (so they are not angular variables). In the
new coordinates the averaged potential U is independent of ¢, and is given by U (¢) of .

Next, we define conjugate momenta (P, Ji, ..., JJy_1) corresponding to the variables (¢, ):
M

(p,J)" =vNR| : |. (52)
7

In particular,

33



Since the first row of the orthogonal matrix R is \/Lﬁ (1,...,1), it follows that
1 P

e (%t

N—-1
= — Roi1ndm))-
0 \/N mz:l +1, ))

This transformation (8(()1), o ,GSN), I(gl), ce I(()N)) — (p, 1, P, J) is defined by the generating
function v/N (¢, )R, ..., IS)T so it is symplectic.

Therefore, we can perform this transformation in the Hamiltonian function directly.
As a result, we obtain the new Hamiltonian (recall that the matrix A in is given by

(7)):

H=wP+ YN S wr+
24 J2 N N-1 d—1 n N d—1 -~ n) r(n
+51/2( a% + anl \/Lﬁ(\/% + Zm:l Ryt nIm) Zj:l bj]g(' ) + % En:l Zi,j:l aij[g( )Ii( )>+

+8V20 (1) + O(8%/4).

(53)
n)\2 (n)y2 (n)y2
~ z €T —+ N
Denoting & = (wy, .. .,wg_1), [™ = (Ifn), o ,Igi)l)T (recall that I;n) = ( ]2 ) = (z;7) 5 ") ),

and R, = (Rop, ..., Ry,) ", the Hamiltonian recasts as

H(P,J, .. {2"} o a1,
= P+ T @10+ 812 (o B+ o SO (S + REDBI® + S0, F0AT0) +
+6Y2U (1) + O(8%4).
(54)
Note that ¢ = OpH = wy + O(6'/2) > 0 in this system. Therefore, the Poincaré return map
from the hypersurface ¢ = 0 to ¢ = 27 (i.e., to itself) is well-defined.

Lemma 3.2. The Poincaré return map for system restricted to the energy level H = h

is O(83%/*)-close to the time-2= map of the system

wo

J==0"20,0(), =082 (% + = S0l ((I™)R,),

(55)
P =Wy g = ol =1 d -1 n=1,...,N),
where - o
Qj = wOLN(bJ — wiow]') + wof/N(R:;J)bj + AjI(n)—
(56)

d—1 N a m
- wDLN Zl:l Zm:l(wjbl + bjwz - w_owle)]l( );
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here b; stands for the j-th element of the vector b, and 121]» for the j-th row of the matrix A.

Proof. The system of differential equations defined by Hamiltonian is

P =0(81),
O =wy+ 02 (& P+N2n1 ) + O(6%/4),

J = =82 0,U() + 0(5*/),
§ =082 (§T + 5 0 (bIM)R,) 4+ O(%4),

i) =00 H = Qm)m-+O®Wﬂ
@” —8WH— QW 0@y (j=1,....d—1;n=1,...,N),

where QU = 25— ). 4 §1/2(
J artm
theorem to (b4)), we can express P as a function of all other variables on the energy level

H=h

f( ~ T RIJ)b; + A;1™). Applying the inverse function

P=—(h—-0Y) IM™)+0(5?
womzl (512,

We substitute this expression into (57)) and choose ¢/wy as the new time variable (i.e., we

divide J, 1), ig.")? and y§") to ¢/wp). One can see that the result is O(6%4)-close to system

. Since the sought Poincaré map is the time—i—7r map in the new time, we immediately
0
obtain the lemma. O

Lemma 3.3. Let K = Lﬁ—?ﬂj and v = (v1,...,V4-1), where v; = QW{Kﬂ} 7=1,...,d—
1. Then, for all small b, the K -th iteration of any map which is O(6%*)-close to the tzme——
map of system (5 , is O(0'/4)-close to the time-1 map of the flow defined by the Hamzltoman

- h a al
A= r00)+ —— +(+ —(b— —& 14
2N \/N ; ( WON( Wo )) 1
(58)
TR
Z I A 3 Z Z [™giem.
n=1 m=1
where the symmetric matriz S is given by
S=—(@b+bTe — LoTw), (59)

Wy N wWo
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namely

1 :
Sj = WON(wjbz—l-wzb —w—owlw]) g l=1...,d—1.
Proof. Denote (xg."),y](-")) = /21 J(")(cos ¢§-"),sin gbg-n)). For system , the actions I () _
224 ()2
% are constants of motion. So, for this system, the tlme—— map (J, 0, I p ,(b )

(J, 1, _jn,gbj y(i=1,....d—1;n=1,...,N) is given by

J=J =252 9,U() + 0(),
b= 0+ 282 (50 + 2 TN (IR, +00),
(60)
7(n) _ 7(n)
[j( )— [j( ), (n)
gn) n 27 2m §1/2 n
ij = ¢j + w—ow]' + w—oé / Qj +O(5)

This map is O(§'/?)-close to an isometry (a rigid rotation of the variables (z ;n),yj( )))
When iterating such maps, a small error added at each iteration will propagate linearly as
long as the number of iterations is of order 1/ §'/2. Since K = O ( 50 /2), it follows that the
K-th iteration of any map which is 0(53/4) close to the tlme-—g map of the flow of is
O(K§%**)-close to the time-K 2* map of (5 , i.e., O(6Y*)-close to the K-th iteration of .

Thus, to prove the lemma, it is enough to show that the K-th iteration of is O(0'/4)-
close to the time-1 map of (in fact we prove that it is O(§'/2)-close). We do this by

moving to a rotating coordinate frame. Denote

Aj:i{KﬁJ, vy = 2K (22— \;)

K wWo wo

(note that these are the same v; as in the statement of the lemma). The rotating coordinate

frame corresponds to the new variables:
(n) )y _ 4
a; (k) = @5 (k) — 2mk A,

i.e., at each iteration of the map we subtract 27); from gbgn). This brings the map
to the form:

(61)
n) _ 7(n)
j( )_ ]j( )’ (n)
a" = o + % (v + V) + 0(9)
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(we use here that & = 2—251/2 + O(0)). This is a near-identity map which is O(é)-close to

the time-+ map of the system

K
J=-0,0(v),
b=+ o 3L (IR,
[( » (62)

Therefore, the K-th iteration of the map is O(K6)- (i.e., O(6'/?)-) close to the time-1
map of this system. Returning to the non-rotating phases ¢§") does not change the K-th
iteration of the map: since K'A; are integers by construction, qﬁﬁ»n) coincides, after the K-th
iteration, with a§-n)

It remains to note that system 1) with Q§") defined by indeed corresponds to the

Hamiltonian 1} (where oc§.n) are the angular variables conjugate to the actions / j(”)) O]

modulo 27, for all j.

We show next that the twist Assumption SP2 and the KAM assumption IP1 imply:

Lemma 3.4. At h = 0, the system (@ (corresponding to the Hamiltonian (@) has a

positive measure set of KAM tori near its equilibrium at the origin.

Proof. First, we make a change of coordinates which decouples the (J, 1) and (f , ) degrees
of freedom in . We achieve this goal by replacing

VN L, .
J—J— = bI™R, 63
— . ;( )Ry, (63)

where R, = (Rap, ..., Ryn). Then, the right-hand side of the equation for w will be inde-
pendent of T (i.e., independent of (z,y)). In order to make this a symplectic transformation,

we write it as
d—1

N
Z IRy, j=1,...,N—1

n=1 =1

@\3

and also transform the a-variables:

n ~(n N
al():al()_‘_blTijRj-H,na l:17-"7d_17 n:17N

The simplecticity of the transformation (J, W, 1 ,a) ( Jop = 1 =1 ,&) follows be-
cause it is defined by the generating function Z YT+ £ SN S l(") Riy1n); +

SN 1ma).
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Performing this change of variables directly in the Hamiltonian (58) at h = 0, the new

Hamiltonian is (omitting the tilde signs)

, A 2 N

n=1

(64)

f")A[ ——ZZI(”S[

n=1m=1

1
2

uMz

This is the sum of the Hamiltonian that depends only on J and v and describes oscil-

lations around the equilibrium at (J = 0,1 = 0), and the Hamiltonian

N ) N 2 1 N NN
H; = QO bR, —N AT 1™8g1m) 65
=g (Sern) 53 p 2 2 S

which depends only on I variables and describes rotations of the phases a. By the KAM
Assumption IP1, the Hamiltonian has a positive measure set of KAM tori near the zero
equilibrium. This means we only need to check that the Hamiltonian H; also has a positive

set of KAM tori near the origin, which is proved next, in Lemma m
Lemma 3.5. The Hamiltonian H; of @ satisfies the twist condition.

Proof. This condition is the requirement that the matrix of second derivatives of H; with

respect to I ](n) is non-degenerate, i.e., the quadratic form

) N 2 1 N NN
-5 (Z(bl("))Rn) +35 > 1WA — 5 > 1tsitm (66)
n=1

n=1 n=1 m=1

is non-degenerate. This is equivalent to the non-degeneracy of the quadratic form

a 1 N 2 L N TR
4 L pIR, |+ 1§ jmAfm L ) g fom)
AV SCLTARE) AN 9 s

n=1 n=1 m=1

where we added the dummy variables J = (J1,..., Jy_1)". Replacing

(note that this is the inverse of (63))), and omitting the tilde sign, we obtain the quadratic

\3
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form

N N N
o fz (bI™)(RTJ) + Zf<">Af<”> _ %Z 3 jgim
n:l n=1 m=1

Proving its non-degeneracy amounts to showing the non-vanishing of the determinant of the

following matrix

~ 0
1 1
0 0 TNR b NRNb
0 ... %
L pTR A-Ss -8 -S
M= v i (67)
: -5 A-S -5 -S
1 3T pT A
ﬁb Ry -5 ... =S A-S
Let us show that
1 N—1
det M = — — ( det A) det A,. (68)
wi \ N

so, by the single particle twist Assumption, SP3,
det M # 0,

which will prove the lemma and the theorem.

Recall that R,,’s in the expression are the columns of an orthogonal matrix R without
its first row. The first row of R equals to \/Lﬁ (1,...,1). Hence, it follows from R'R = id
that

RTR. — —1/N if m#n, (69)
Tl 1=1/N i m=n,
and since RR" = id
Ri+...+ Ry=0. (70)

Subtract the last column in formula from each other column, except for the first one.
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The resulting matrix

1 0

N

0 0| Fr(Br—R)b 5B = Rn)b... ... JpBb

0 ... &

1 1 TpT A

bR A 0 -9
: 0 A 0 -
: 0 0 A —S
1 3T pT A A 1

JRUTRY —A . —A A—5§

has the same determinant as M. We again get a matrix with the same determinant when,

in the last formula, we add all rows, except for the first one, to the last row. The result is

L 0
0 0 \/LN(Rl—RN)b \/LN(RQ—RN)I)... \/LNRNb
0 ... & A
b R! A 0 ... =S
: 0 A 0 -3
b Ry, 0 0 A -S
0 0 ... 0 A-NS

Note that the utmost left bottom block in this matrix equals to \/LﬁbT(Rl + ...+ Ry)" and
is zero by ([70).

Next, for each n = 1,..., N — 1 we multiply the first row in this formula by ‘/TNbTRZ
and subtract the result from the (n 4 1)-th row (so we do not change the first and the last
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rows). By , this gives us the block-triangular matrix

. 0
0 0 (B —Ry)b  F(Ro—Ry)b ... ... = Ryb
0 ... &
0 A—1pTp 0 ce e =S+ LT
0 A-LTp 0 o =S+ LT
: 0 A-21bTp —S+ Lo
0 0 o0 A-NS

By construction, its determinant equals to the determinant of M, which gives
a\N-1 S| .
det M = (N) det(A — ZbTB)N! det(A — NS).
a

Now, formula follows, since

a b a 0 1 L ~ 1 4
det A = det (bT A)zdet (bT A—%bﬂ)) (0 ]>:adet(A—ab b),

and, by ,

—% Wo (21
~ ~ 1 a
—wi det(A—NS) = —wj det(A—— (@7 b+b" @ —id;TcD)) =det| 0 a b
w W R
’ ’ 0 0 A+%(@7T—=ph)g
0
w? ~ w2
_f wo w —70 Wo w
= det 0 a b = det 0 a b =
0 bT_i_in(AT o;obT) A—}-%((DT %bT)A ~T wpT T A
0 a
0 wo w
=det| wy a b | =detA,
o7 b7 A

]

This completes the proof of Lemma , showing that the Hamiltonian system has
a positive measure set of KAM tori.
Now, the claim of Theorem [I]follows. Indeed, as KAM-tori persist at small perturbations,
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Lemmas and imply that system (54)) also has a positive measure set of KAM-tori on
every energy level H = h with small h. Since the system defined by is smoothly conju-
gate to the original N-particle system (42) near L*(0,.:,), with a scaling factor O(§'/*), the
KAM theory implies that there are quasi-periodic orbits that are O(5'/4)-close to L*(fpnin).

By , on such tori, the return time to the cross-section ¢ = 0 is O(6"/?)-close to 22, Tt

2
w

follows that the averaged return time,
Theorem [1

is also O(0'/?)-close to 2%, completing the proof of

4 Mutually repelling particles in a container

The motion of mutually repelling particles confined in a bounded domain D is described by
the Hamiltonian . In the limit of high energy per particle (i.e. for § = 5- — 0), one can
view the system as a set of weakly interacting particles in a steep billiard-like potential as
described by , with the single-particle dynamics governed by .

The singularity of the single-particle system at 6 = 0 makes the proof of Theorem (3| more
involved than for Theorem [I} The outline of the proof is as follows. In Section [4.1], we study
the single-particle system in the small ¢ limit. Recall that this system has an elliptic
periodic orbit for 6 = 0, and hence, by assumptions Box1 and Box2, this orbit persists
also for sufficiently small §. By studying the singular behavior near impacts, we construct
a transformation to action-angle coordinates near this periodic orbit, with a singularity of
the transformation near the billiard boundary. We prove that the Hamiltonian expressed in
these coordinates has a smooth limit at § = 0 (see Section [4.1.3). We then show that for
all sufficiently small § > 0 this periodic orbit satisfies Assumptions SP1-SP3 (Lemma {4.4)).
In Section [4.2] we study the multi-particle dynamics. Here, using the analysis of Section
[4.1] we show that the return map to a cross-section at which all particles are away from the
billiards’ boundary is not singular at § = 0 and is 0(5'/?)-close to the return map of a certain
truncated system (system , see Lemma . We then analyze the return map of the
truncated system by averaging (Lemma . Due to the singular nature of the impacts, we
use the pair-wise structure of the interaction terms and not the Fourier expansion which was
used in Lemma . We then establish that the return map of the truncated system is
close to that of the truncated averaged system . This system is of the same form as the
truncated averaged system considered in Section (3| (cf. ), with the only difference that
the coefficients now depend on §. Since the dependence of the coefficients is non-singular

(continuous) for all § > 0, we can conclude the proof as in Theorem [I}
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4.1 A single particle at high energy.

Here we study the solutions of for small §. Away from the boundary, 6V (¢) is uniformly
small, so the trajectories follow closely the corresponding billiard trajectories. Near the

billiard boundary, a more precise analysis is needed.

4.1.1 The boundary layer dynamics

By the boundary layer, we mean a sufficiently small neighborhood of the boundary of D
where we have V(q) = 1/Q(q)*, with Q(¢) measuring the distance to the boundary of D
(see Assumption BD1).

Lemma 4.1. Take a small neighborhood of a regular point M € OD. Then, one can define
functions q, P, Qimpact, tin sSuch that the following holds. Given any initial condition (qo, po)
which is close to a regular impact (i.e., qo is in the small neighborhood of M but is bounded
away from 0D, and py - VQ(M) is negative and bounded away from zero), the trajectory
(q(t,qo,p0),P(t,q0,p0)) of (qo,po) can be written, in the boundary layer, in the following

form:
q(t,90,P0) = Gimpact + 0/*G(ts, g0, 103 5), 71)
p(tuq(bp(]) :ﬁ(tmqo;po;(s)v
where ty denotes the rescaled time
t— tzn ) ; 5
ty = (0, p0i9) (72)

51/04

The functions p,q depend smoothly on (ts,qo,po) and, along with the derivatives, depend
continuously on & for all § > 0: the function p, along with the derivatives, is uniformly

bounded and uniformly continuous for all t; and 6 > 0, and the function § is given by

ts
q(ts, g0, 05 6) = G(0, g0, po; 9) +/ p(u, qo, po; 0)du, (73)
0

where (0, qo, po;0) depends continuously on &, along with the derivatives, for all § > 0.
The function Gimpact(qo, Po) is smooth and independent of 0, and is determined by the billiard

mmpact event:
Qimpact(q07p0) € aD (74)

The function t;,(qo, po; 0) depends smoothly on (qo,po) and, along with the derivatives, de-
pends continuously on d for all & > 0. In the limit 6 — 0, the trajectory approaches the
billiard trajectory, i.e.,

Qo + tinDo = Qimpact for 0 =0, (75)
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and

lim p(ts, g0, Po; 0) = po, t‘l_iglooﬁ(ts? 0, 00;0) = po — 2(po - )7 (76)

ts——o0

(the billiard reflection law) where 71 is the outer normal to 0D at the impact point ¢impact(qo, Po; 0).

Proof. We follow the strategy of [37, [5I]. Put the origin of the coordinate system at the
point M, and let ¢ denote coordinates corresponding to directions tangent to the boundary
at the origin, and the ¢, -coordinate axis be orthogonal to the boundary at M. So, near the

origin, we can write
Q(q,q1) = g + Olqf + q2). (77)

The equation of motion for the single-particle Hamiltonian are

d,. d,
w4l =P 4L =D, (78)
d, _ V)@ d,.  _ adV,.Q
atlll — Qo+l dth- - TQotL -

We take a small 7 > 0 and consider an O(n)-neighborhood of M. In this region, ¢ =
O(n), and VQ(q) = (V|Q,V.1Q)s = (O(n),1 4+ O(n)). Then, we see that the value of p;
monotonically increases with time and the change in p is much smaller than the change of
p1 (because dp)/dp. = O(n) which is small). Since the range of possible values of p, is
bounded by the energy conservation, it follows that pj is an almost conserved quantity (can
change at most by O(n)).

Take a sufficiently large constant K. Define the outer boundary layer as the region
§Y*K < Q(q) < n (in particular, we consider sufficiently small § so that §/* < 7). For
sufficiently small 9, the initial value gg belongs to this region. In this outer layer, the value
of the potential energy & is small of order O(K %), so the maximal possible change in the
kinetic energy is O(K ~“) as long as the trajectory stays in the layer. Thus, the velocity vector
p = ¢ remains almost constant, p(t) = pg+ O(K~*+1n), by the approximate conservation of
the kinetic energy and of p|. It follows that the trajectory is close to a straight line (i.e., to the
billiard trajectory) and ¢(t) moves inward, towards the impact. Therefore, there exists some
time, ti,(go, o; 9) = O(n) at which the trajectory crosses the surface Sk s : Q(q) = 6Y/*K.

Let us obtain more precise estimates for (q(t),p(t)) for t < t¢;,. On this time interval,
L —VQ(q) p=pi(t)+O0(n) = pi(0) + O(KX~ +n) < 0. Hence, we can choose @ as a
new time. In fact, it is more convenient to choose s = §~/“Q as the new rescaled time, so

the equations become:

dg  _ §l/a_p
p ot
.« q
@ = 57T Fap) (79)
da 51/04 1
ds fla,p)’
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Figure 6: Boundary layers near impact for small §. The outer boundary layer lies between the
level sets Q =1 and Q = K6%/® whereas the inner layer is defined by Q < K§'/*.
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where s € [K,5~'/*n]. The solution of this system of integral equations is obtained by the
contraction mapping principle: the integrands are bounded with all derivatives with respect
to ¢, p and the integration intervals are small (of order O(n) in the first and third equations
and O(K ~%) in the second equation). It follows that, for any fixed sy, s in the outer boundary
layer, we have smooth dependence of (g, p,t) on (qo, po), for all small §, including the limit
0 = 0. The smoothness with respect to sg, s follows from the system , as s is bounded
away from zero.

We denote the solution of this system by (¢ (s, qo, po; ), p"™ (s, qo, Po; 8), t™ (s, qo, Po; 9))-
Note that (¢ (s, o, Po; ), P™ (S0, o> Po; 9), 1™ (S0, G0, Po, t0;9)) = (qo, Po,0). Since the time
tin corresponds to the time instance the trajectory hits the cross-section Sk, i.e., it corre-
sponds to s = §~/*Q = K, we obtain that

tin(qo, po; ) = t"™ (K, qo, Po; 6)-
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We also define
Gin (G0, P03 6) = ¢"" (K, qo, po; 8,

i.e., the point where the orbit of (go, po) hits Sks: Q(q) = K6/, As we have shown, these
are smooth functions of (qg, po), uniformly for all § > 0.

Introducing the rescaled time t, by formula 1) we find that %ts = %;72 = W,
which is bounded with all derivatives and is bounded away from zero. Hence, s(ts, qo, po; d)

is a smooth function of its arguments for all 6 > 0 (large s corresponds to approaching the
outer boundary of the boundary layer, where t; — —o00). Therefore, in the outer boundary

layer, the function
B(ts, qo, po; 0) = ™ (s(ts, qo. P03 ), 4o Po; 0) (81)

is a smooth function of its arguments. Since ¢ = p, and q(tin, o, Po) = Gin, We have

t ts
Q(t7 q07p0) = Qin + / ﬁ(tm 4o, Po; 6)dt = qimpact + (an - Qimpact> + 51/01/ ﬁ(ua 4o, Po; 5)du
tin 0
Note that g;, is the point on Sk s, i.e., Q(¢in) = K6Y«, We also have Q(Gimpact) = 0 (see
(74)), hence Q(gin) — Q(Gimpact) = K5/, Since the gradient of Q is bounded away from
zero, it follows that (i, — Gimpact) is /¢ times a smooth function of (qg,py), continuously

depending on ¢ > 0 with all derivatives. Hence it can be incorporated into ¢ :

ts
g(t& 4o, Po; 5) = 5—1/0&(%” - qimpact) + / ﬁ(ua 4o, Po; 5)du
0

As we see, the claim of the lemma, including formulas ,, follows for the initial segment

of the orbit (i.e., as long as it stays in the outer layer).

Let us now prove formula . By , , , we have

_671/0%1'71

4o + pOtin(qmpO; 5) = Qimpact + 0(51/04) + 51/a / (ﬁ(tsa qo; Po; 5) - pO)dts
0

This implies because the last term in the above formula tends to zero, along with all
derivatives, as 0 — 0. Indeed, by and by the second equation of we have

P(ts, 0, po; 0) —po = O(s™%), (82)
along with derivatives up to any given order. So, since % = %% is uniformly bounded with

derivatives (by and the third equation of (79)), we have that (recall that sq is bounded

46



by né~1/9):

§Y°0(sp™) = 0(0), a <1,
o dt,
gl / (B(t5, g0, po; 6) = po) =ds = 4 6'/°O(In(so)) = O(6'/* Iné), a=1, (83)
K
O(6"®), a>1,

as required.

Next, we study the trajectory in the inner layer Q(q) < /K. Here, p, changes rapidly,
so the trajectory quickly exits this inner layer, intersects the surface Sk s again, and returns
back to the outer layer. After the rescaling ¢ = 6 /%(q — i), ts = 0~ Y(t — t;,), the
Hamiltonian becomes

2
Hy =5 +Q(2,0)™ (84)

where

B in 51/04—
Q(g.5) = Lt 070) (55)

Note that Q(g,d) is a smooth function of ¢ with bounded derivatives for all § > 0. By

construction, the inner layer is given by K > Q > H, Ve S0 (where Hy is the conserved

energy, see (84])).
The rescaled system, as given by the Hamiltonian , is

dq _ dpy _ aV@Q dp. _ aV.Q
dt P, dt, Qo+l dt Qo+’

(86)

where V|Q = V| Q = O(||gin]| + 0/*) and V,Q = V.Q = 1+ O(K§"/*) > 0. Since Q
is uniformly bounded in the inner layer, it follows that %p | is positive and bounded away
from zero. By the conservation of energy, p, cannot grow unbounded, hence the orbit must
leave the inner layer in a finite time, which we denote ¢, ,,. This time is bounded for all
small § > 0 (so the unscaled passage time is of order O(6'/%)).

The system is well-defined at 6 = 0, so the solution on any finite interval of the
integration time ¢, is a smooth function of the initial conditions and parameters, continuously
depending on ¢ for all small 6 > 0. Note that the initial condition at ¢, = 0 is ¢ = 0,
p = p"™ (K, qo,po;0); the right-hand side also depends smoothly on the value of ¢;,, which
is a smooth function of gy, pg. Thus, we have a smooth dependence on ¢q, py and the scaled
time t, for all small § > 0, i.e., the claim of the lemma continues to hold as long as the
solution is in the inner layer.

Let us show that the exit time ¢;,,: is a smooth function of the initial conditions and

parameters of the system, i.e., it is a smooth function of ¢g and py. This moment of time
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corresponds to arriving at the cross-section Sk : Q = K, so we just need to show that d%@
is bounded away from zero. To do that, note that since the time in the boundary layer is
bounded, the change in pj is small, of order O(V|Q) = O(||gin|| + 6'/*). Since the energy
is conserved and the value of Q at the entrance and the exit from the boundary layer is
the same, the kinetic energy %(pﬁ + p?%) is also the same. Hence |p, | at the moment of exit
is O(||gin|| + 6Y/%)-close to the value of [p, | at the moment of entrance, so it is O(K~®)-close
to |poL| by (the sign of p; must change since the orbit is going away from the billiard
boundary now). It follows that

d -
Q=V.Q" pL+VQ-py = —por + Ollginll + 677 + =) > 0

is bounded away from zero, as required.
As 5 o depends smoothly on gy and pg for all § > 0, the values of ¢ = gou: and p = Pou
at the moment of exiting the inner layer also depend smoothly on ¢y and py. Note that we

have just shown that
Pout = <p0H> _pOJ_) + O(H%n” + 51/& + Kﬁa)' (87)

Once the trajectory crosses Sk s towards the outer boundary layer (i.e., p; > 0 now), we
can again use the integral equations to establish the smooth dependence on the initial
conditions (Gout, Pout) - hence on (qo, po) - and the scaled time. So, the solutions in this final
segment also satisfy the claim of the lemma.

It remains to establish the reflection law . For a given initial condition, we choose
the origin of coordinates to be the billiard impact point. The billiard reflection law then is

that p| remains the same and p, changes sign. By , we have that

P = (poy|, por) + O(K™)

before entering the inner layer and, taking into account the change in p in the inner layer,

as given by we find that in the limit 6 — 0

p = (po, —por) + O(K ™)

after exiting the inner layer (we have ¢;, — 0 as § — 0 because we put the coordinate origin
at the billiard impact point ¢impeet = lims_,0 ¢in). Thus, except for the bounded interval of
the rescaled time ¢4 for which the orbit is in the inner layer, the deviation from the billiard

reflection law is bounded by O(K~*) as § — 0. Since K can be chosen as large as we want,

48



and the result cannot depend on K, this means that the deviation from the billiard law in

the limit 0 = 0 is zero, i.e., the billiard reflection law is approached indeed. n

4.1.2 Flow-box coordinates in the boundary layer
Consider a billiard trajectory near a regular impact point M € dD.

Lemma 4.2. One can choose cross-sections S; and S5 in the phase space such that the
billiard trajectory intersects, transversely, the cross-section Sy before the impact (at a point
(qb, b)) and the cross-section S after the impact, and the following holds. For all (qo, po) €
S5 the impact time t;,(qo, po; ) of Lemma is constant and equal to t;,(q), py; ) > 0,
and the flight time from S5 to Sy is constant for the orbits of system and equals to
2tin(qh, D03 0). Such cross-sections are bounded away from the billiard boundary and depend
continuously on &. The Poincaré map Sy — Si by the orbits of the system tends, with all
derivatives, to the Poincaré map Sy — Si by the billiard flow.

Proof. For the billiard flow, the function ¢;,(qo, po; 0) satisfies Q(qo + po - tin) = 0. Since the
impact at point M is regular, we have py - VQ(qo) # 0, hence the equation ¢;,(q,p;0) =
tin(qh, pb; 0) defines a smooth hypersurface, which is the cross-section Sy . By the continuous
dependence of t;,(q,p;d) and its derivatives on 6, the equation t;,(q,p;0) = tin(qh, Pp;9)
defines a smooth hypersurface, which is the cross-section Sj .

To satisfy the lemma, we must choose S§ as the image of S5 by the time-2¢;, flow map.

Therefore, by Lemma , the cross-section S; consists of the points (g, p) satisfying

q= qimpact + 51/&6(&”571/0(’ 4o, Po; 6)7 p= pv(tinéil/aa 4o, Po; 5)7 (88>

where (qo, po) is in Sy . Formula defines the Poincaré map S; — Si. By ,

tin(sil/a
4 = Gimpact + Dtin + O(6/%) 4 5/ / (p(u, go, po; 9) — p)du.
0

As in Lemma[4.1] it follows (similar to (83))) that the last term in this formula tends to zero
as 6 — 0, along with all derivatives with respect to (qo, po). Therefore, ¢ and p in have
a well-defined limit as 6 — 0, and S tends to Sy, the time-2t;, image of Sy by the billiard
flow. For regular impacts, Sy is a well-defined smooth hypersurface and is bounded away

from the boundary. By continuity, the same is true for Sj for all small § > 0. O

Next, we introduce flow-box coordinates [I] for the union of trajectory segments that are
close to the billiard trajectory (¢*,p*) in the boundary layer. Precisely, let Us denote the
union of the segments of trajectories of system that cross S5 at t = 0 and correspond
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to an open time-interval containing the flight-time interval [0, 2¢;,] (at 6 = 0, we take Uy as

the union of the corresponding billiard trajectories).

Lemma 4.3. In Us, one can make a symplectic change of coordinates (q,p) — (1,E,P) €
R'xR'xR%™2, such that (1, &) is the symplectic time-energy pair, T = 0 at Sy andT(q,p;0) =

2t;, at Sy, and the system in Us acquires the form

The coordinate transformation is smooth and depends continuously on o, along with the
derivatives, for 6 > 0. Moreover, uniformly for all 6 > 0, the variable q depends C*-
smoothly on (E,P) for every fixed T, and it depends continuously on T and 0, along with all
derivatives with respect to (€,P).

Away from the billiard boundary (in particular, near Sy and Sy ), the transition maps

between the coordinates (q,p) and (1,E€,P) are smooth, and depend on § continuously, in

C, forall o > 0.

Proof. We use the standard flow-box construction: Given a point in Us, we take the value
of the Hamiltonian (21)) at this point and define & as this value minus %; we define 7 as
the time it takes a trajectory of system to reach this point from S5 . The coordinates
P are taken constant along the trajectory and, hence, equal to the coordinates P of the
intersection point of the trajectory with S5 . One can choose coordinates P on S5 such that
the resulting coordinate system (7, &, P) is symplectic in Us [I]. Formula is immediate
from the construction (recall that the energy & is conserved).

Let us examine the regularity of the coordinate transformation in the limit § — 0.
Away from the billiard boundary, the flow of has a regular limit (the billiard flow). It
follows that if we remove from Us the points whose g-component belongs to a given small
neighborhood of the boundary, then the resulting set will have two connected components
for all sufficiently small 4. One component is comprised by trajectory pieces that intersect
S5, and the other by pieces that intersect Sy . It is immediate by construction that in the
first connected component the flow-box coordinate transformation is regular up to 6 = 0, as
required.

For each point of the second component, one has well-defined (for all § > 0) correspon-
dence between the (g, p) coordinates of the point and the flow-box coordinates (7', &', P’),
where (£/,P’) are the coordinates of the intersection of the orbit of the point with S§ and
7' is the time the orbit needs to arrive to S;. We have 7 = 2t;, — 7/, so since t;, is a

constant, it follows that to establish the regularity of the transformation (¢, p) — (7,&,P) in
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the second connected component, we just need to show the regularity of the transformation
(&', P") = (&€,P) for the points on the cross-section Sy only.

It remains to note that the coordinates (£,P) stay constant along a trajectory, so for
any point on Sj the correspondence (£,P) — (€', P') defines the Poincaré map S; — S;
whose regularity for all 6 > 0, is established by Lemma 4.2

We have shown the regularity of the flow-box coordinates away from the billiard boundary.
Now, to finish the lemma, we discuss the dependence of ¢ on the flow-box coordinates. Since

7 is the time variable and (£, P) give the initial conditions on the cross-section Sy ;, we can

write as

T —= tzn
51/

q = Qimpact + 51/04@( 757 P? 5) (90>

Since the value of t;, is independent of (£,P) € Ss;» the required regularity of ¢ follows
immediately from Lemma [4.1] O

4.1.3 The periodic orbit Lj

Choose, near each regular impact point M7, j = 1,... k*, of the billiard orbit L*, the cross-
sections Sy and ngj as in Lemma The cross-sections depend continuously on 6 and
stay bounded away from the billiard boundary. Therefore, in a neighborhood of the piece
of L* between the consecutive cross-sections S;j and ng 1)
0 — 0 and the motion tends to the constant speed motion, as in the billiard. Hence, for the
orbits of system the flight time from ng to Sj 4, tends to the billiard flight time and
tends to the corresponding Poincaré map of the billiard flow,

the potential tends to zero as

the Poincaré map ngj — S5 41
along with the derivatives with respect to the initial conditions.

By Lemma the same is true for the Poincaré map and the flight time between S
and ng (the flight time does not depend on initial conditions and equals to 2t;,, so it tends
to the billiard flight time by Lemma . Thus, we obtain that the return map to Sy, for
the flow is C" close, for all r, to the return map of the billiard flow (the return map is
the composition of the Poincaré maps Sy, — S5 and S5, — S511 nea s fr j=1,...,k%).
Also, the return time to Ssy 18 C" close to the return time for the billiard flow.

By Assumption BD2, the intersection point of L* with Sy, is a non-degenerate non-
resonant (up to order 4) elliptic fixed point of the billiard return map at the energy level
H = % (this corresponds to the motion with the speed 1). Such fixed points persist at small
perturbations, so the return map to Sy, also has a KAM-non-degenerate elliptic fixed point
at the energy level to H = £ for all small §.

This gives us an elliptic periodic orbit L} of system such that L3NSy, tends to L*NSy
as 0 — 0. By the continuous dependence of the return time on ¢, the period of L tends to the
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period of the billiard orbit L*. Recall that we use the notation L* = (¢*(wot), p*(wot), where

Wo = 2”| and (¢*,p*) are 2m-periodic functions, ¢* is continuous and piece-wise linear, and

T
p*is d‘iscontinuous and piece-wise constant. We denote L} = (¢ (wo(0)t), pi(wo(d)t) for some
smooth 2m-periodic functions (¢, pj). Here, wy(d) — wy as § — 0, and (g%, p5) — (¢%,p*),
with derivatives, if ¢* stays away from the billiard boundary. Since ¢; is uniformly Lipshitz
and the time spent in the boundary layer is small, it follows that ¢ — ¢* in C° for all .

The same holds true in every energy level close to H = % The billiard has a periodic
orbit L*(E) in the energy level H = E which follows the same path as L* in the ¢- space,
with the speed ||p|| = v2E and period T(E) = \‘/LTJ By the same arguments as above, the
system for all sufficiently small § has an elliptic periodic orbit L}(E) in the energy level
H = E, and the family of the orbits L;(E) approaches L*(E) as 6 — 0. In particular, the
period T5(E) tends to T'(FE) along with derivatives with respect to E (because the return
time to Sy, tends to the billiard return time with derivatives with respect to the initial
conditions).

For every & > 0, for each impact point M7, j = 1,...,k*, let us choose the region U ; as
in Lemma (i.e., this region consists of the orbits of that connect the cross-sections
S5, and ngj). Since L* is regular periodic orbit, its impacts are distinct, so the regions Us ;
do not overlap for different j. Let U° be a sufficiently small, yet independent of §, open
neighborhood of the part of L§ which is not covered by the union of Us ;.

We use (g, p) as coordinates in U°; note that for the points (¢, p) € U°, the g-component is
bounded away from the billiard boundary. In U ;, we use the flow-box coordinates (7, &, P);
given by Lemma [£.3] We restrict the freedom in the choice of the flow-box coordinates by
the requirement that (£,P); = 0 on the periodic orbit Lj.

Thus, we have covered a neighborhood of L} by a system of coordinate charts for all § > 0.
The overlap region between U° and U ; near the cross-sections Ss; and ngj stays bounded
away from the billiard boundary. Therefore, by Lemma the transition map between
the (g, p)-coordinates in U and the flow-box coordinates in Us; in the overlap region is
symplectic, depends continuously on ¢, and has a well-defined limit, in C*°, as § — 0.

In other words, we have introduced the structure of a smooth symplectic manifold in the
neighborhood of L} for 0 > 0, and this structure has a regular limit at 6 = 0. The equations

of motion also have a regular limit in these coordinates: in U° the equations converge to

q=p, p=0
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at 0 = 0, and in U;; the equations are the same for all ¢:

The elliptic periodic orbit L} tends, as 6 — 0, to the billiard periodic orbit L* = L§,
which is a smooth curve in these coordinates (for every 6 > 0, the curve L} has the same
equation (£,P) = 0 in the flow-box coordinates). As in Section [2.1], we can introduce action-
angle coordinates near Lj for all 6 > 0, with the resulting Hamiltonian as in @, yet here

the coefficients depend (continuously) on 4:
1 1 -
Hy(I1y,0, z;0) = 5 +w(d)] + 5] A + g(1y, 0, 2;0), (91)

where g = go(1o;6) + g1(Io; )1 + O(||[[*| o] + ||2]°) with go = O(I), g1 = O(I3) (see
notations after @) We stress that the symplectic transformation between the action-angle
coordinates (Iy,0,z) and the energy-time coordinates (7,&,P) defined in the near-impact
regions, Us j, is smooth for all § > 0.

Similar to Section [2.1| we denote the relation between the action-angle coordinates and
the (g, p)-coordinates as (q,p) = (¢(lo, 0, 2),p(lo, 0, 2)). Away from the billiard boundary,
i.e., in U°, this coordinate transformation is well-defined in the limit § = 0. However, near
the impacts (in the regions U ;) the relation between (g, p) and the action-angle coordinates
acquires singularities at § = 0.

The periodic orbit L} corresponds to (o, z) = 0. We have 6 = wo(0) on L}, ie., 0 =
wp(0)t. Thus, in our notations, L} = (¢;(0),p5(0)) = (¢(0,6,0),p(0,60,0)). On L}, equation
near the j-th impact point, where for § = 0 the impact occurs at ;, becomes

* j oz 0 — 0,
g5 (0) = M7 + 6"/ (W) ) (92)

where g; 5 has all derivatives bounded, see Lemma . So, near impacts, the k-th derivative
of ¢;(0) is of order 61/,

Like in Section [3| we will also perform the scaling z — 6/4z, Iy — 6'/2I;. In the scaled
variables, the motion in a small neighborhood of L} is described by the scaled single-particle

Hamiltonian

1 1
Hoyeut = 6711 (Ho«sl/?zm 0,5"12:6) - 5) = W@ + S8 PTTAG) + 0. (93)
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Note that away from the billiard boundary, we have
G(0"215,8,0'2) — 5(0) = O(8""), (94)

with all derivatives with respect to 6 and the scaled variables z and I. Note also that the
scaling of Iy and z induces the scaling (€, P) — (6Y/2€,5/4P) for the flow-box coordinates
near impacts; the scaled energy £ equals to Hpgseq in (93)). Recall that the symplectic
transformation between the unscaled (1,0, z) and (7, &, P) is smooth for all § > 0. By ,
scaling Iy and &€ by 0'/? remains a smooth transformation in the limit 6 = 0. Similarly,
since P depends smoothly on (6'/21y,0'/*2) and vanishes at the origin, it follows that its
scaling by 6'/4 also remains smooth in this limit. Therefore, we conclude that the symplectic
transformation between the scaled (I, 0, z) and the scaled (7, &, P) is smooth for all § > 0.

4.1.4 Conditions SP1-SP3 for the orbit Lj.

Lemma 4.4. Under Assumptions BD1 and BD2 on the billiard orbit, the periodic orbit L}
satisfies Assumptions SP1-SP3 for all sufficiently small 6 > 0.

Proof. For the family L*(E) of billiard periodic orbits that follow, with the speed ||p|| = V2FE,
|L*|
V2E
energy E. Since for small § the period of Lj(E) is close to the period of L*(E) with the

derivatives with respect to E (see Section |4.1.3)), the period of Lj(E) also decreases with E,

i.e., Assumption SP1 is verified.

the same path as L{ in the ¢- space, the period T'(E) equals to . It decreases with the

By the closeness of the return maps near Lj and Lj, the multipliers of L} are close to
the multipliers of Lj. Hence, by assumption BD2, there are no low-order resonances for all
small ¢, i.e., assumption SP2 is satisfied.

The twist assumption SP3 for the orbit Lj is an open condition on coefficients of system
(91). Because of the continuity in §, it is enough to check this condition at § = 0. We
evaluate the necessary coefficients of at 0 = 0 by analyzing the return map near L§ =
(Ip =0,z =0).

The system of differential equations defined by the Hamiltonian is, in restriction to
the energy level Hy = F close to E = %, given by

wolp = B — 1 — &l + 0(1?),

0 = wo + (aly + bI) + O(I?),

tj = (w; + bilo + (AD); + O(13))y; + O(l|=|1°| To| + ||2]|*),

g; = —(wj + bilo + (AD); + OUD))z; + O(l=l*| o] + |I2I1*) (G =1,...,d=1),
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where all the coefficients are taken at 6 = 0. Recall the notation: I = (ly, 1), z; = (z;,y;),

I . _fa b ,
Iy =525, w= (wo,w), A= (bT A), see Sectlon

For each value of E, the line (z,y) = 0 (equivalently I = 0) corresponds to a periodic

orbit. Its period equals to the travel time from 6 = 0 to § = 27, i.e.,

T(5) = 5y =T at 2 0B - )
wo+a—=+O((E—3)?) “o wo

wo

_1
The linear part of the system for (z;,y;) is rotation with the frequency w;(E) = w; —I—bjEw—O2 +

O((E — $)?). It follows that the linearization of the return map (z,y) — (z,y) at the fixed

point (x,y) = 0 is the rotation of (x;,y;), 7 =1,...,d — 1, by the angle

L L o(E - L), (96)

Wo Wo wo 2

System at 0 = 0 describes the billiard flow, so its return map is the return map of
a billiard flow. The billiard flow is invariant with respect to the energy and time scaling, in
particular the return map at the energy level £ = % is conjugate to the return map at any
E by the scaling (¢,p) — (¢, p/v2E). The conjugacy implies that the rotation angles Ajin
are independent of E. Therefore,
w;a

Now, at £ = % we rewrite system |D as

(AD))y; + O(1),
iy = —(w; = 2ol + (ADa; + Ol (i=1L.....d=1)

The return map (6 = 0) — (6 = 2n) for this system coincides, up to O(]|z||*)-terms with the

(nonlinear) rotation of (z;,y;), j =1...,d — 1, to the angles
27 bj . - Aa
—(w; — —wl + (Al),).
o (w; wow + (Al);)

Thus, the map coincides, up to O(f %)-terms, with the normal form where the action-
angle coordinates (I;, ®,) are introduced such that (x;,y;) = 1/21;(cos(®;),sin(P,)), and the
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matrix {2 is given by

27, . wib 27, - aw;Wr
Qi = — (A — Iy =" (A, — —
jk Wo( Jk W ) WO( Jk wg )

We have det 2 # 0 by Assumption BD2. This implies that conditions and @ of As-
sumption SP3 are satisfied. Indeed, using , we find

~ 1
det A = adet(A — =b"b) = adet(;u—OQ) # 0,
a

T
and
~ (JJ2

0 %)) w —Jal 0 0 9

W,
det A, =det | wy a Lo | =det wo a 2o | =-detA#0.

wo wo a

T 2t A of 4ot A
wo wo

4.2 Multi-particle system

Now we analyze the multi-particle system near the minimal line of the averaged
interaction potential U of . We have established that for all small 6 > 0 the single-
particle Hamiltonian can be brought to the form . In these variables the multi-particle

system is of the form

N
n 1 nT n n n n n m
H=>" {w((S)I( D I AT ) g(I{M, 0™ 2 >;5)}+5 > W(g™—q™), (98)

n=1 nm=1,....N
n#Em
where, as 6 — 0, the dependence ¢ = Q(Ién)ﬁ(”),z(")) becomes singular near impacts,

as described in Section .1} This singularity is quite mild in the flow-box coordinates
(7", £ PM): we have, uniformly for all § > 0, continuous dependence of ¢™ on (7™, £ P™)
and, for every fixed value of 7™, smooth dependence on (£, P() see Lemma .

Let us make the scaling 2™ — §1/42("), Ién) — 51/2](371)‘ By , we obtain the scaled
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version of :

o =072 H((@ 21,00, 84:0) )

.....

1 T
_ E (n) 1/2 = 7(n) (n) 3/4

15172 Z W(q(51/2j((]n), 0(71)7 51/4z(n)> . q(él/QIém), e(m)’ 51/4Z(m)))'

n#m

As we consider a neighborhood of the minimal line which satisfies the collision-free
Assumption IP2, we can assume that W is bounded with its derivatives (as in Theorem [2).

Therefore, away from the impacts,
WIS, 01, 2™ — G(Ig™ 0™, 2™M)) = W (g3 (0™ 6) — g3(0"™);6)) + O(3"/),

see ((94]).
Thus, when all the particles stay away from the billiard boundary, the Hamiltonian ((99)

is O(0%/*)-close, with all derivatives, to the truncated Hamiltonian

Hyn = 3 (0)1) + 62 37 21T A@) I 4 52 3 W (g5 (60)55) — g5(059)). (100)

n n#Em

Note that we cannot claim the same near impacts, so there we need a more accurate com-

parison of systems and ((100)).
We consider the Hamiltonians and ([L00]) close to the line

*
ﬁ min

= (I =0,0™ = o)

min

+¢,2" =0),1, n,c€ S,

the phase space image of the minima line , i.e. the solution curve in action angle

coordinates). Take the codimension-one hypersurface

N
So: > 0" =0 mod 2m. (101)

n=1

By , in the neighborhood
of this intersection point, all ¢ are bounded away from the billiard boundary. As ¢ =
< SV 000 = wo(8) + O(6'/2) # 0, the hyper-surface (101)) is transverse to the flows of
both Hamiltonians and . Now we show that despite the fact that we can guarantee

the closeness of these Hamiltonians to each other only away from the billiard boundary, their

By , this surface intersects the line £* . at § = o™

min min*

Poincaré return maps to the cross-section (101)) are sufficiently close to each other.

57



Lemma 4.5. When Assumption IP3 (non-simultaneous impacts) is satisfied, the Poincaré
return map of system (@) to the cross-section ZnN:1 0™ = 0 is o(6Y/?)-close, along with all
derivatives, to the corresponding return map of the truncated system .

Proof. We take several cross-sections >, : % ZnN:I 0 =c,, 0=c1 <cy<...<cg=2m,
and consider the return map of the flow of to 2o as a composition of the maps from

each consecutive cross-section to the next one (intermediate Poincaré maps). We show that

*
man

each of these maps is well defined in the neighborhood of £ . and is sufficiently close to

the corresponding map for ({100)).

In a small neighborhood of £ .., by the non-simultaneous impacts Assumption IP3, when
¢"™ is close to an impact with the billiard boundary for particle n, all the other particles
stay away from the billiard boundary. Therefore, we can choose the cross-sections ¥, in

such a way that when the phase point travels between ., and X either all the particles

Chi1)
are bounded away from the billiard boundary, or one particle gets close to a regular impact
while all the other particles stay away from the boundary. In the first case, systems and
are uniformly O(0%/*)-close in C" for any  in the region of the phase space between
these cross-sections. Since the flight time between the cross-sections is bounded, this implies
that the corresponding intermediate Poincaré maps are also O(5%/4)-close, as required.

It remains to consider the second case, when one of the particles gets close to an impact.
Let it be particle ng. Let the cross-sections before and after the impact be ¥, and %, ,
and let the value of ¢ on these cross-sections stay at a distance of order 7 > 0 from the
impact for all small 6. Let us show that the map X, — X, by system is O(no'/?)

close, in C" for any r, to the corresponding map by the system

]:Iscal = Z |:W(5)I(n) + 51/2%](71)—'—14(5)](”) + 0(53/4)

:_51/2 Z W(q(élﬂlén)’0(n)761/4z(n)> - d<51/2[ém)79(m)751/4Z(m))) (102)

n,m#ng
n#m

(i.e., we switched off the interaction with the particle ng), and, similarly, the map 3., — %, ,,

by system (100]) is O(n6*/?)-close, in C™ for any 7, to the corresponding map by the system

A~ n 1 n) T n *n(n *(n(m
Htmnzz{ww)ﬂ R A O >>] +642 Y W(gs(0™) = g5(0").  (103)
n n,m#ng

n#m

Indeed, since the particle ny between X, and X is close to impact, we can use the

Ck+1

scaled flow-box coordinates (7("0) (o) P(o)) for the ng-th particle. As explained at the
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end of section m the transformation between the scaled (7("0) £(0) P(m0)) coordinates
and the scaled (9("0),Ién°),z(”0)) is non-singular in the limit § = 0. We use the notation
(1 =70 & = glo) P = Pplo) X = {(Ié”)ﬁ(n),z(”))}n#no) in the layer between 3., and
)3

Ck+1°

The Hamiltonian in these scaled coordinates can be schematically written as
Hiyeqp = € + Hi(X;0) + 02 Hy(1,6Y2€, 6Y4P, X} 5), (104)
and the Hamiltonian is given by
Hoewr = € + Hi(X;6). (105)
Here H; is the Hamiltonian of the subsystem corresponding to all the particles but ny:

Hy=)Y [w((S)I(”) + 51/2%1@”14(5)1(@ + O(6%Y)

n#ng
+ 51/2 Z W((i((slﬂlén), G(n)’ 51/42(11)) _ qA(él/QIO(m)’ 9(m)7 51/4Z(m))).
n,m#ng
n#m

Since these particles stay away of impacts, H; is C" for any fixed r, uniformly for all small
0 > 0. The term H, describes the interaction of the particle ng with the rest of the particlesﬂ:

Hy =2 W(q(r,0"%,8"4P) — g(8"2I§"™ 0™, §'/42(m)))

m#n

where we denote q(7, /2, §/4P) = Q(51/2Ién0), f(no) §1/42(m0)) By Lemma H, is a C
function of (6'/2€,8/4P, X) and depends continuously, in C*°, on 7 and § > 0. Moreover,
as long as ¢(™) stays away from the billiard boundary, H, depends smoothly on 7 as well,
for all & > 0.

Since Y., and X

cross-sections

cn1 Stay bounded away from the impact, one obtains that near these

d
ET = agHscal = 1 —f- O((S)

uniformly for all 6 > 0, i.e., it stays bounded away from zero. Hence, hypersurfaces of
constant 7 are cross-sections to the flow of H,., for all § > 0; the same is true for the flow of
Hu. Thus, we choose constant-7 cross-sections, Y} and X close to X, and, respectively,
Vg

and ]:Iscal are 0(51/2)—Close in C" in between Y., and X} and in between X, and X

Because all these cross-sections are bounded away from impacts, the flows of H,.y

Ck+1

6Recall that for the convenience of notation each term W (¢(™ — ¢("™)) appears twice in the double sum

in .
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is O(n), the flight times between the
are also bounded by O(n), so the

for any r. Since the flight time from X, and X

Ck+4+1
cross-sections Y., and X} and between X7, and X,
corresponding maps for H,., and [:Iscal between these cross-sections are 0(7)51/ 2)-close.

We are left to show that the maps from X} to X7, for system (104 (Hseq) and system
(105) (Hgear) on any given energy level are O(nd'/?)-close in C™ for any r. The equations of

motion defined by (104)) on the energy level Hy. = E are given by

=14 620 H,,
7.) — 51/2{73,1‘]2},
X = {X7 Hl} + 51/2{X7 H2}7

where {-, -} are the Poisson brackets in the (P, X) space. To have the equations in a closed

form, we substitute the energy &£ of particle (ng) by its expression which can be found from

(104) by the implicit function theorem:
E=F — H\(X;6) — 6'Y2H,(1,6Y2E,6Y*P, X 6) = E — H\(X;6) — 82 Hy(7,6Y*P, X 6),

where H; is continuous in 7 and C*®-smooth in 6/4P, X uniformly for all 7 and § > 0.

Choosing 7 as the time variable, we obtain a non-autonomous system of the form

d . d

—P =0 —X ={X,H,} +0(5"?

dTP ( )7 dr { ) 1} + ( )>

where the right-hand sides are continuous in the new time 7 and C* in P, X for all small
§ > 0. The right-hand side of this system is O(6/2)-close with all derivatives with respect
to P, X, to

d . d
—P = — X =1{X H
dTP 07 dr { ) 1}7

which is the system ([105)) restricted to any constant energy level. The constant-A7 maps of
these systems are therefore O(A76'/?)-close in C" for any 7. This is what we need since AT,
the flight time from ¥J to X7, is O(n).
This proves that the Poincaré map ., — X, for the Hamiltonian H.q of @ is
O(1d'/?)-close, in C" for any r, to the corresponding map for the Hamiltonian H,.y of @
Next we show that the corresponding maps for systems and are also O(né'/?)-

close in C” for any r. Here, we do not use the flow-box coordinates and instead of showing

the O(nd'/?)-closeness of the Poincaré maps between constant-7 cross-sections we show the
O(ndé'/?)-closeness of the Poincaré maps between constant-6(") cross-sections, %¢ before
impact and %¢ 41 after impact. Recall that only the particle ny is near impact for the

flow between %, — ¥ Hence the flows of (100) and (103) between ¥, and ¥} and

Ck+1"
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between XY, and X are O(§Y/?)-close, with derivatives, for all § > 0. Since the flight
time between these cross-sections is bounded by 7, the difference between the corresponding
Poincaré maps for systems ((100]) and is O(nd'/?) small. So we need to examine only the
flow between ©¢ and X¢_ ;. As explained in Section [4.1.3] the terms W (qz (™) — gz (6™™))
in Hyppp of and I:Itmn of are C'*° functions of all the variables if n,m # ng.
The terms W (g5 (0M)) — ¢5(0™)) with m # ng in are C* functions of ™ uniformly

for all #™) and § > 0. Restricting the flow to a constant energy level and choosing #(")

Ck+1

as a new time variable, the right-hand sides of the corresponding non-autonomous systems
obtained from (100)) and (103)) are O(3'/2)-close with derivatives with all the variables but
0™o). This implies the O(nd'/?)-closeness of their constant-0) maps, which implies the

required 0(7761/ %)-closeness of the maps ¥, — X for the Hamiltonians Hy,,, and ]:Itmn.

Chi1

Because there is no dependence on the g-coordinates of the particle ng in equations
and , and this is the only source of singularity at 6 = 0 (all the other particles are
away from the impacts), the Hamiltonians H,. and H,., are O(83/*)-close in C" for any
r. Therefore, their Poincaré maps are also O(6%4)-close. This, finally, proves that the maps
Yep — Loy, by system and system are O(n6'/?)-close.

Taking the composition of the Poincaré maps from each consecutive cross-section to the
next one, we obtain that the return maps to 3, for systems and are O(nd'/?)-
close, in C" for any r. Since n can be taken as small as we want, we can also allow it to go

sufficiently slowly to zero as 6 — 0, thus completing the proof of the lemma. O

We now evaluate the Poincaré map for the truncated system (100). We average the
truncated Hamiltonian Hy,.,, with respect to the motion along the periodic orbit Lj to
establish an analogue of Lemma[3.1], but, due to the loss of smoothness at impacts, the proof
is different — we utilize explicitly the pairwise structure of the interaction potential instead
of using the Fourier expansion of Lemma |3.1}

First, we introduce the following terminology:

Definition 4.6. A function G of (([él), ANIO) (IéN), o), z(N))> is called weakly reg-
ular if it is C* at 0 > 0 and satisfies the following conditions (i) and (ii) in the limit 6 — 0:

(i) When all q(")(I(()"), 6™ 2 stay bounded away from the billiard boundary, the func-
tion G is of class C* for all 4 > 0 and depends continuously, in C'*°, on § > 0;

(i) When exactly one of the particles is in the billiard boundary layer, i.e., for some
no, q(”O)(IénO),Q(”O),Z(”O)) is near an impact point, the function G is C°° with respect to
(I(n0) 2(m0)) and ({[én),e("),z(”)}n;éno) for each fixed ) and all § > 0, and it depends
continuously, as a C* function of ("), 2("0)) and ({Ié"), 0™, 2}, 2n0), on 00 and § > 0.

In particular, since we showed that if the particle ng is close to impact g:(0™)) depends
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continuously on 6™ the functions W (g:(0™) — ¢:(0"™)) in (100)) are weakly regular. Note
that we do not consider the case when there are more than one particle in the boundary

layer because it is not possible by the non-simultaneous impacts assumption IP3.

Lemma 4.7. There exists a weakly regular, symplectic change of coordinates which brings
the truncated Hamiltonian to the form

N N
n ]' n n
H=> w@)I™+67>" 51( VAOG)I™ + 6120 (0W ... W) §) + 6*/*G. (106)

n=1 n=1

Here G is a weakly regular function, and the averaged potential is given by:

UOW, ... 0™58) = 37 Wy (00 — 0075 5), (107)

where
27

Wy (0™ — 0™ 6) = o
T

W (g;(s + 0™ — gj(s + 0"™))ds. (108)
All the derivatives of Wy, with respect to 6 depend continuously on & for small § > 0.

Proof. Let (u,v) = ($(6"™ 4 6(™), 16 — (™)), Define

Wo(u, v;ug,d) = - 15) [/u W(gs(s+v) —q5(s —v))ds — (u — ug)Wapg(20;9) |, (109)

so Wo(u, —v;ug, ) = Yo(u, v;up,0). It follows from (108) and the 27-periodicity of ¢; that

Uo(u + 27, v;ug, ) = Yo(u, v; ug, d). (110)
Let
1
YEW, . 0N, 6 g \I’o 9(m1 4 gima)y, §(Q(m1) — 024y, 6). (111)
mi1F#Emse

For positive 4, it is identical to the function of Section . Consider the symplectic

coordinate change (its smoothness properties in the limit § — 0 are discussed below)
I — 1 — 61720, n=1,...,N. (112)

By (110), the right-hand side does not change when we add 27 to all phases 81, ... 00,

i.e., this is indeed a well-defined coordinate transformation in a neighborhood of L7 ... Dif-
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ferentiating ([109)), we obtain

wo(8)0, T = wWo(8)Dgemy ¥ + wo(8)Dgemy ¥ = W (g2 (0™) — 5 (0"™)) — Wy (8™ — 6™ 5).

As gV =3, ., DuWo(2(60) 460, 1(9™) — 9(m)); g, §), the transformation (112) makes
N N | 1 1
E (n) E (n) _ 51/2 E Z(pn) (m)y Z(pn) _ g(m)y.
2 WO((;)I(] — 2 wo(é)(lo ) m7énau\1}0(2(9 + 6 ), 2(6 0 ),UO,é)

so it brings the Hamiltonian (100]) to the required form ((106]).

We need to show that one can choose 1y such that the expression
Ligm 4 gomy Legm _ gom)
89<n)\110(§(9 +9 ),5(9 —0 ),UO,5>

in the formula for the coordinate transformation (112 is weakly regular for all n and m. Let
i, 0) = [ WG (s +0) = a3 — v))ds.
uo

Lemma 4.8. For ugy chosen such that (ug £ %((95;2)” - Q&ﬁ%))/wo are bounded away from

the impact moments t/ for all m, n, and j, the function \Ill(e(n)gg(m), e(n)_29<m)

s U, 0) and its

derivatives with respect to 8 0 are weakly reqular.

Proof. Let us divide the interval of integration to subintervals [uj, u;+1],7 = 0,...,J such

() o(m) :
G240, on each sub-interval

that the following holds: the last interval is [uj,u;11 =
at most one of the particles is in the boundary layer (i.e., for all s in each sub-interval,
either g}(s + (0™ — (™)), or ¢i(s — 3(8™ — ™)), or both are outside the boundary
layer); and all end points but the last one are at a finite distance from the impact points:
(u; £ %(95:2” - 9%%))/% are bounded away from the impact moments for j =0,...,J.

Such choice of sufficiently small intervals is possible: because we consider §™ and (™
close to (97(;?” and 6,(:;3“ the non-simultaneous impacts assumption IP3 implies that §(") — (™)
can not get close to wy(t! — t*) for n # m, hence it is impossible that s; + (6 — ™) and
S9 — %(9(”) — 0 get simultaneously close to the impact phases wot? and wyt”® if s; and s,
belong to the same small interval.

By construction,

g 4 gm) gn) _ g(m) J o) _ g(m)
5 y 9 ;Uo,é) :Z\Pl(Uj+1,T;Uj,5). (113)

J=0

\111(
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For all j < J, we show that Uy (u;q, w ;uj,0) is C for all small 6 > 0 (hence it is
g(n)_g(M))
2

weakly regular, and its derivatives are Weakly regular as well). Indeed, if both ¢} (s+
are not in the boundary layer, for all s from the integration interval [u;,u;;1], then the
integrand W (g (s + W) — qi(s — w; 9)) is a C'* function for all § > 0 and the
claim follows. If, say, the first term, g5 (s + w) is in the boundary layer for some value

of s € (uj,u;.1), then we shift the integration interval by 1(6™ — (™)) to establish

g — gim) wj 1+ (O —ptm)y
G 1,0) :/ W(g;(s") — g;(s' — (0™ — 0™™)))ds". (114)
2 uj+5 (0 —00m))

The term g} (s’ — (0™ —6(™))) is away from the billiard boundary for the integration interval,
¢;(s') is away from the boundary layer at the limits of integration. Therefore, the integrand
Wi(qi(s') — qi(s' — (8™ — ™)) is a C°-function of §™ and §™) uniformly continuous in
C®™ for all ¢ and all § > 0. Moreover, it is C* in s also near the limits of integration. It
immediately follows that ¥, given by - is '™ as required. Similarly, if the second term,
q*<8 o 9<n)_29<m))
establish the same smoothness result.

For the last segment, since u;.; = w, and v = M, if both 6™ /wy and
H(m)/wo are bounded away from the impact moments, the same arguments as above show
that \Ill(w, %(0(”) —0™): 45, §) are smooth as required. On the other hand, if, say, the
particle n is in the boundary layer (and hence the particle m is not in the boundary layer)
we write the integral in the form of (114):

is near an impact, we shift the integration interval by —%(9(”) — 0™ and

gn) _ g(m) o)

Ui (g1, ———5—; U, 0) =/ W(gs(s') = g5(s" = (6" = 6"™)))ds'. (115)
2 ug+3 (00 —g(m))

As above, we have that W (g:(s') — ¢i(s' — (0™ — 6™))) is a C>-function of ™ and 6™

uniformly continuous in C* for all s’ and all § > 0. Moreover, it is C'™ in s also near the

lower limit of integration. The upper limit of integration does not depend on 6™, so we

conclude that the integral is C*° with respect to 8™ i.e., ¥; and Jyem ¥, given by (115)) are

weakly regular, and

By U1 (g1, L2500 005, 8) = W (gz(0™) — g (60™))

2
AW (g3 50 =0)) =5y — 50 —0)
2 oy WGE(S) = G55 — (8 — 00))) 0y g (s — (6 — 60))ds

is also weakly regular since s’ — (0™ — (™) is away from impact along this integration
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interval. The similar weakly regularity results hold true if the particle m, and not the
particle n, is in the boundary layer.

Thus, all the terms in are weakly regular, along with the derivatives with respect
to 8™ and 9™ which gives the lemma. O

Note that by the periodicity of g5,

pn) _ g(m)

1
Wy (0™ — 00 6) = 5 i(uo + 27, up, 50, (116)
m

and so the right-hand side does not depend on wug. In particular we can choose ug as needed
for Lemma , so the average potential W,,, is weakly regular. Since we can always shift
both ™ and ™ away from the impacts, the weak regularity of the average potential W,
means that it is is C* for all small 6 > 0.

Now, by Lemma we obtain that since

1 _
qu(“av;and) = —\I/1<U,UO,’U;5) - : uoWavg(Zv;5>7
wo wo
the transformation (112 is also weakly regular. O

Like in Lemma , omitting the weakly regular O(6%*)-term in the Hamiltonian (106)

results only in O(6%4) corrections to the return map to an interior cross-section near £

*
mn’

Thus, the return map for the truncated averaged Hamiltonian

N N
H(1,0) = 3 w(@) 1) + 6123 %I(”)A@)I(”) + 82000, oM, 5) (117)
n=1 n=1

near L%, is 0(3"/?)-close the return map for the scaled Hamiltonian (99).

This Hamiltonian has the same form as the truncated Hamiltonian of . The parame-
ters w(d), A(6), and the averaged potential U (61, ... 8W):§) depend continuously on § and
satisfy, for all small § > 0, the non-degeneracy assumptions as in Theorem [I} So we finish
the proof of Theorem [3]in the same way as in Theorem [T, Namely, applying Lemma [3.2]
we find that the Poincaré return map for system is O(0%/*)-close, with all derivatives,

to the time-2% map for system . Hence, the return map for is 0(6/?)-close to the

wo

time—i—g map for system . Now, the same arguments as in Lemma show that if we

make O(671/2) iterations of the Poincaré map of , the result is o(1)s_0-close to the time-1
map for the Hamiltonian (58)). The latter map has, by Lemma , a positive measure set of
invariant KAM tori, hence so does the rescaled system , as well as the original system
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5 Gas in a rectangular box

Here we study the motion near the family of fast vertical periodic orbits in a box, proving

Theorem [4] (the non-simultaneous impacts case, see Sections , and and Theorem
(the simultaneous impacts case, Sections , and .

5.1 Action-angle coordinates near vertical periodic orbits.

Since the single-particle degrees of freedom decouple, and only the vertical direction dynamics
are fast and billiard-like, the single-particle theory developed in Section |4.1| applies to the
one-dimensional vertical motion, where ¢ = ¢; € R' and the billiard corresponds to a particle
bouncing between the end points of the interval [0, 7]. At positive §, the vertical motion of

a single particle is described by the Hamiltonian

p?
Hy = 5 + 0Va(q) =

2
AN (118)

+
Qalq)

see (30), (31). One can introduce action-angle variables (I, 6) for this system. The periodic

orbit that lies in the energy level H = % is denoted as ¢ = ¢;(f); it tends to the saw-tooth

as 0 — 0. The vertical action [ is a one-to-one, smooth function of the vertical energy

and is a constant of motion. Thus, the single-particle vertical motion is governed by

Pl OO 5 autr,6:0)— & = (@) + Sa@)P+O(Y), TR (119)

This is analogous to formula of Section [4.1| but, contrary to the multidimensional single-
particle theory, there are no z-variables nor the corresponding P-variables.

Using the action-angle coordinates in the vertical direction, the multi-particle Hamilto-

nian takes the following form:

N d—1 (pén)>2 "
H=D HaI™:0)+3 3 [ Ve
n=1 n=1,...,N i=1
(120)
+9 Z W (Ga(I™, 0 8) — Ga(IT™, 0™ 5), ¢ — ¢tmy);
n,m=1,...,.N
n#m

recall that(¢, pe) denote the non-vertical coordinates: fi(n) = ql("), pg”i) = pgn),z’ =1,...,d—

I, n=1,...N.
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Scaling the vertical actions as ¢'/2] and dividing the Hamiltonian by /2, we obtain

N o ) N 1 ( d—1 (pé@))z -
— n 1/2 n)\2 X (1
Hocat = 3 ()™ +9 Z<§a(5)(1 ) +Z[—2 +Vilg; >>+0<6>
n=1 n=1 =1 (121)
+012 T WG(0P T, 0%;8) — a(dV 210, 61;.6), €0 — £,
n,m=1,....N
n#m

Below, we establish the existence of an elliptic periodic orbit for system (121]) by com-
paring it with the averaged system defined by the Hamiltonian

N d—1 (n)\2
1 /)
n) | §1/2 n)\2 ()
Zw I+ Z(§a<5><ﬂ DY +Vi(§ >>
= - i (122)
02N W (0™ — 0 ) — M1 5) + 5G(0,1,€, p; ).
n,m=1,....\N
n#m

This is an analogue of the averaged system (106)) (just the higher order terms are of order &
and not of order §%* as in ) Here W,,, is the pairwise interaction potential averaged
over the vertical oscillations in the system where the interaction between particles is switched

off (see (120))):

The vertical oscillations at I(™ = 0 correspond to the choreographic solution (cf. ):

L (0,€) = {¢" ., = €™, 4} = i (wot+0™), P, ) = 0,p8” = pi(wot+0™) Y. (123)

Thus,

1 2w
Wang (0 = 00,600 — £ 6) = — / W (g5 (s +0") = g5(s+0), 6™ — ™)ds. (124)
0

We denote the potential of the averaged system ((122)) by

N d-1
Us(0.6) = Y Wag(0™ — 00 £ — gy £33 " y(el” (125)
n,m=1,....N n=1 i=1

so Up(6,8) = U(6,&) of . The regularity properties of the potential Us and of the
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correction term dG in (122)) in the limit 6 — 0, and their influence on the dynamics, are

evaluated differently in the case of non-simultaneous and simultaneous impacts.

5.2 The non-simultaneous impacts case

The proof of Theorem [ is, essentially, the same as for Theorem [3| - we just do not have
here the fast variables z but, instead, have slow variables ¢ (which, in fact, makes the
situation simpler). As in Lemma [4.5 of Section [1.2] in the case where the impacts are non-
simultaneous, the Poincaré map for the Hamiltonian is 0(6'/?)-close to the Poincaré

map for the truncated Hamiltonian Hy,,:

3 Y (1 d—1 (p(@))z
Hirun = > wo(6)1) +6Y/2 3~ <§a(5)<z<n>)2 + 30 | ) )
+677 3 Wgs(0™) — g5 (8"), €M — ¢t).
n,m=1,....N
n#Em

As in Lemma {4.7], we average the truncated Hamiltonian Hy,,, by performing the symplectic

coordinate transformation defined by the §'/2-time map for the Hamiltonian ¥ defined as in

(111)), where ¥y is defined as in ((109)), i.e.,

\11(0(1)7 . ’Q(N)’ 5(1)’ o ,f(N); g, 8) = Z @O(%(g(m1)+9(m2))’ %(9(m1)_9(m2))’ f(m1)_€(m2); ug, ),
mi#£me

(127)

where
1 u
Vo (u, v, w;ug,0) = e {/ Wi(gs(s+v) —q5(s —v),w;0)ds — (u — ug) Wang (20, w; 5) | .
0 wo

The only difference with Section [4.2] is that now ¥ also depends on the ¢ variables. The
same computations as in Lemma [£.7] show that the resulting near-identity transformation
(1™, pé")) — (I, pé")) —0Y2(0pm, e ) W is weakly regular and brings the truncated Hamil-
tonian to the averaged form , where the error term 0G is weakly regular (see
Definition ; the potential W, is a C*° function and depends continuously on ¢, along
with all derivatives, for al § > 0.

Like in Theorem [3| since no more than one particle can be near the box boundary at
any given moment of time (this is the non-simultaneous impacts assumption), the weak
regularity of G implies that omitting the dG terms in the averaged system results only

in O(6)-corrections to the Poincaré return map. Thus, we obtain that the Poincaré return
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map of the original system (121]) is 0(§'/?)-close to the Poincaré return map for the system

N N d—1 ;, (n)\2
1 (Pei )
_ (n) 1/2 - (n)\2 £ 1/2 128
H ;%(5)1 +6 ;(2a(5)(1 ) +;—2 )+5 Us(0,€) (128)

where Us(6,€) is defined by (125)). Since Us(6,&) and all its derivatives depend on § con-
tinuously, the non-degeneracy assumption Box2 implies that the minimal line at 6 = 0 is
non-degenerate and persists for small §. So, we introduce local normal coordinates near this
line:

O™, 1™) — (o, 9, P, J),

in the same way as in ,. By the translation invariance of Us, it is independent of ¢:

Us(0,€) = Us(,€). (129)

The potential Us has a non-degenerate minimum at (¢ = 0,& = &,,;n). The Hamiltonian H

of (128) becomes

HUP 0. 06,6, 650) = an(0)P + 8 G0 al0) P+ Sa)? + B L b, 9). (0
2N 2N 2
This Hamiltonian is similar to that in but it is simpler, as there is only one fast degree
of freedom (¢, P). Moreover, H is independent of ¢, so P is an integral which controls the
period of the fast motion.

With this simplification in mind, let us follow the same procedure as is applied in Section
to Hamiltonian and compute the Poincaré return map from ¢ = 0 to ¢ = 27. Since
the flight time depends only on P, the restriction of this map onto a fixed level of P is a
constant-time map for the Hamiltonian (130)) or, equivalently, an O(§'/?)-time map for the

Hamiltonian
Hp(J, 0, pe, £:0) = ga(8)J* + % + Us(1,€). (131)

Thus, as in Lemma [4.5] the Poincaré map of is 0(0'/?)-close to the O(6/?)-time map
for the Hamiltonian . Since Ug(w, ¢) depends continuously on § with all derivatives, it
follows from the non-degeneracy assumption Box2 and the KAM non-degeneracy assump-
tion Box3 that the Hamiltonian has a KAM-non-degenerate elliptic fixed point near
(J, Y, pe, &) = (0,0,0,&:,) with a positive measure set of KAM tori around it. Hence the
Poincaré map of the Hamiltonian also has such elliptic fixed point, proving Theorem
4
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5.3 Smoothness properties of the averaged potential

Before proceeding to the proof of Theorem 5| (the case of simultaneous impacts) we investigate
regularity properties of the averaged potential W, in (124]). We start with the case § = 0,
i.e., let the function ¢* in (124)) be the billiard’s saw-tooth solution ([34]).

Lemma 5.1. Provided ||£™ —&™)|| > p, the averaged potential along the saw-tooth solution,
Wawg of (@), is C for ™ — 0™ £ 0 mod 7. Under the parity assumption Boz4, at the
singularities 0 —0™ =0 mod =, the potential Wawg s C%-smooth, yet it is not C* smooth

n general.

Proof. Setting the shorthand notation ¥ = 0 — (™ and ¢ = £M™ — ¢ and using the
periodicity of ¢*, the averaged potential of becomes

1 27
Wans0.0) = 5= [ W(a(6) = (s +9).0)ds
By , for ¢ € (0, ),
27 Wong(0,¢) = [ W(=0,0)ds + [T, W(2s — 27 +9,()ds

+ [TTVW, Qds + [T W (4w — 25 — 9, C)ds
= (7 = 9)(W(=9,¢) + W(¥,())
+ [T ,(W(2s =21 +9,¢) + W(—2s 4 27 — 9,())ds

(132)

so for [|C]| > p it is C* for ¥ € (0, 7). Now, recall that W,.,(¢J, () is an even function, so its
extension to ¥ € (—m,0) is simply Wy (¥, () = Waye(—10, —(), hence it is C* for all ¥ away
from the matching points ¥ = 0 mod 7.

It remains to prove the C2-smoothness at the matching points. By the periodicity and

the parity assumption Box4,
Wavg(ﬂa O = Wavg<_197 Q) = Wavg(27T =, C)»

so it is enough to verify only that the first derivatives of Wy, in (132) vanish at 9 = 0, 7.
By the parity assumption the interaction potential W is even in 9, so ((132]) becomes

2 Waug(9,() =2(m =)W, () +2 [, W(2s — 21 + 9, ()ds

9 (133)
= 20 W (0, C) + 2 [ (W (—2u + 9,¢) — W(9,))du.
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Therefore,

0 0 1[0 J, 0
%Wavg(ﬁa C) = %W(ﬁa C) + _/0 %(W(_2u + 797 C) - W(ﬁv C))du = (1 - ;>_W(797 C)a

™

S0 a%Wavg(ﬁ; ()|v=o0r = 0, as required.

Differentiating further, we find

0> 9, 0 10
WWavg(ﬁ, ¢)=(1- ;)WWW,C) - ;a—ﬁw(ﬁ,o- (134)
Next, we obtain
o3 9. 03 2 02
wWavg(ﬁu ¢)=(1- ;)ww(&@ - ;WWW?C),
SO %Wavg(67<)’ﬁ~>0,ﬂ' = —%;—;W(ﬁ,()]lgﬁom. Generically, these values do not vanish, so

the even extension of I,,, to negative ¥ cannot be C? (i.e., it is only piecewise smooth). [J

Let us now consider the case of § > 0. As in the lemma above, we use the notation

9 =0 — 9 and ¢ = £ — ¢l

Lemma 5.2. Away from ¥ =0 mod 7, the averaged potential We,, (0, ;0) is C*®-close, for
small 6 to the saw-tooth averaged potential W, (0, C;0).

When the parity assumption Box4 is satisfied, the averaged potential near 9 =0 mod m
is C?-close t0 Wawy(9,(;0), along with the derivatives with respect to (. The higher order
deriwatives with respect to v do not, in general, have a continuous limit near the singular

values ¥ =0 mod 7w as 6 — 0. The following estimates hold true:

86_1;3W‘1U9<19? C; 5) = 0(1)7
ZiWaug(0,(;0) = O(6~
%Wavg<ﬁ’ (; 6) = 0(5_

differentiation with respect to ¢ does not affect these estimates:

8i+k
DOk

Wang(9,C:0) = O(5~ ),  i=3,4,5; k>0.

Proof. In order to establish the regularity for ¥ # 0 mod 7 (i.e., for non-simultaneous

impacts), we take ¥ € (0,7) and let n > 0 be a sufficiently small number so that n <
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min(J, 7 — ). By the periodicity of g5, we write (124) as

2 W (9,G;8) = [ W (g5 (s) — q:;<s +0),Q)ds
= (f” P [T [P [ W g (s) — a3(s + 1), C)ds
=7 T (g (s >—q5<s+ﬂ> ds+f”+"w (g(s — ) — g3(s), ¢)ds

+f2“ﬂfi,7”w 5(s) = g3 (s +19), C)ds +f§:t? "W (q5(s — 0) — g(s),C)ds.

The function ¢j is C*° for all 6 > 0 when its argument is bounded away from 0 mod 7, so
every integral in this sum is C*° function of ¥ for all 4 > 0 (this is an explicit version of a
similar statement in Lemma. Similarly, one proves the regularity of W, for ¥ € (m, 27).

Let us now examine the case where ¥ is close to 0 or m. We have

27
27 Wawg(V, (3 0) :/0 Wi(g5(s) —q5(s +9),0Q)ds := S(9,(;0,m) + R(V,¢;6,m),  (135)

where S, the “singular part”, corresponds to the integration intervals with both particles

n-close to impacts:

SW.Gom = [ W)~ G+ 0. 0ds+ [ W) — s+ 0).0ds, (130)

and R, the “regular part”, corresponds to the integration intervals for which both particles

are at a distance larger than n from impacts:
T—n 2m—n
ROGon) = [ Wiagis) = gils +0).Cds+ [ Wlai(s) — gils +9),C)ds. (137
U U

For small 7, and ¢ close to 0 (both particles have the same phase) or 7 (the anti-phase
state), the term R(¥,(;0,n) is C™ for all § > 0. Thus, we need to evaluate the singular
term, S, and its derivatives. Recall that ¢i(s) — ¢;(s) in C°, so S converges in C° to the
billiard limit S(¥, (;0,7n). We will show that up to order 3 the derivatives of S are uniformly
bounded for all small §. This proves, by compactness argument, the C%-closeness of S and,
hence, of Wo,,, to their C° limits at 6 = 0, as claimed.

So, to prove the lemma, we only need to estimate the derivatives of S. In order to do
this, we use formula for ¢f, where the first impact is at M' : ¢ = 0 (this corresponds
to #; = 0) and the second impact is at M? : ¢ = 7 (this corresponds to 6y = 7). Recall
that ¢j is the periodic orbit in the energy level H = % of the system (|118). Since this
system has one degree of freedom and is reversible, the periodic orbit g5 (6) is even and 27-

periodic. Moreover, by the symmetry of the potential V;(q) (see Assumption Box1), we have
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q;(0) = ¢;(m — 0). Thus, we may write (92)) as

0
* _ sl/as o
q5(0) =675 (—wo(é)él/a) near 6 =0, .
* 1/a~ 0—m 0 ( )
G(0)=m—07%; (—wo(é)al/a) near 6 = .

where §5(-) is an even function with bounded derivatives (uniformly for all 6 > 0). By (118])

d * * d * *
E% = DPs> Epé = _5‘/4(%)'

Therefore, if we denote

- 0 o _d .
P <w0(6)5l/a> BT 159
(see (7T) and (©2)), then
aél—i—l/a 1 o
5o - (VG = — — ( +051/a). 140
P = Qe 40T = g g T )

Notice that by Lemma [4.T] the behavior of ¢ is asymptotically linear at large u:
() = [u + o(u), (141)
SO
By (w) = O(lu[ %), k=1 (142)

Note also that the frequency wy of the vertical oscillations tends to that of the billiard motion,
ie.,
wo(0) = 1. (143)

Now we can return to analyze the behavior of the singular term S. For ¢ close to 0, using
formulas ((138) and that W is even, we write ([136] as

n

7 T+ 9
s.Gin = ([ + [ Wit =it 0. Qs =2 [ W (8005 -8 a . ) s

o [ end®) s e 9
= 2w /a/ 1 1A ) /ozq(;(u) Y /aqg(u—l- 1/0[)’ ¢ | du.
—n/(wod@) wod
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Similarly, near ¥ = 7, we have

gt = (f -+ [ W) = it 0). s

1/~ 1/a~ s+iv—m 1/a = 1/~ s—2r+7
/Wé/ 51/(1) 5/QJ(W>_ d8—|—/ W7T—5/ ( 51/(1) (S/ (W
/(o) 9 —
= 2w051/a/ ) |74 <7T — 61/0‘@6(“) — 51/ s(u+ 51/a) <> ds.
—n/(wode)

These two formulas can be written in a unified way:

n/(woda)

&&c&mzzm&m/

—n/(wod @)

)
1/a~ 1/a ~
W(oié/ Q5(u)—5/ qa(u+m), C) du,

where one chooses 0 = 0, ¥ =¥ and the plus sign in front of 6'/%Gs(u) in the case of ¥ close
to zero, and 0 = 7, ¥ = ¥ — 7 and the minus sign in front of §'/Gs(u) in the case of 1 close
to .

The first derivative of S with respect to ¥ is

P /@08 gy J J
i 1/a/ L S VL s Y
57 S(9,¢;6,m) = =20 st 4 <J 0G5 (u) — 0% qs(u + woél/a)’ q PJ(U‘FwOél/Q)dU,

where ps is the derivative of gs (see (139)), so it is bounded with all derivatives by Lemma
. Since the integrand is bounded (along with all derivatives with respect to (), it follows
that % = O(n), along with its derivatives with respect to (.

Next, we check the second derivative:

[

25(0,¢16,m) = 2wy'oVe fn/ wf)fa a;q (0 % 872G (u) — 67/ (u + — — 00, €) ps(u+ ) 2du
— wod e oz o ~ j
—2w;y! sz/(zoaé)) 6612/(0 + 6% Gs(u) — 0G5 (u + " 51/a) Q) ps(u+ cuo(;’;l/a)du.

As before, the first line of the right-hand side is O(n). Since ' decays as |u| ="' (see (142)),
the integral in the second line is uniformly convergent. Thus, ?)275 is uniformly bounded for

all small §. The same is true for its derivatives with respect to (.
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Differentiating further, we obtain that

D59, ¢;6,m) = —2uwy 26w f”“““"” PW (0 6Y2G5(u) — 0V Gs(u+ —27), €) Pslu+ —7z)*du

—n/ (w06 %)
w 6!1 2 ax~ . ~ ~
+6w02fn/( :0 5 aan(U + 61/ (u) — 0G5 (u + 57m), €) Palu + Hrm)Bs(u + e )du
_1 w 6a o~ o
—2wg %6 a fi/ﬂ f}om B 4 6Y/Gs (u) — 0V Gs(u+ —57m), Q) Py(u+ oo )du.
(144)

As above, the first term in the right-hand side is O(7n). Integrating the last term by parts,

we obtain

2:5,(9,¢;6,m) = (
2w fn/ wosa )8q (a:|:51/aq6( ) — 3G (u + —wog/a>, ¢) (2ps(u + —wo(;i/a) + ps(u)) ps(u + —wofl/a)du

1
—= oy a -~ dor
267 [%—zv(o £ Y5 (u) = 65w+ i), Q) Byl )]

Since p decays as |u|~*"", all the terms here are uniformly bounded, i.e., % 193 S(9,¢;6,n) is
uniformly bounded, with all its (-derivatives.

Similarly, differentiating ((144)) and integrating by parts, we obtain:

289, ¢56,m) = 208 [VE00) B (g §lagy(u) — §Vogs(u+ ), €) sl t - (;l/a>4du

—n/(wod)
— wi 5a @ @ 9 -
—12uw; 3 fﬁ/ 205 )) Bang (51/ o+ qs(u) — S Gs(u + = 61/&) ¢) ps(u + —wogl/a )2]?:5(“ + —w061/& )du

_1 wi 6a o ax~ 9

+6wy 2w fn;/ 205 ))a;q (0 £ oY/ Gs(u) — &/ Gs(u + 51/a) ¢) (Ps(u+ ;i/a))zdu
1

_1 wpd @ ar~ @ 9 ~ ~ 9

+2uwy 30 fﬂr/]/z 5 ))682;[/(0' + 5Y°Gs(u) — G5 (u + " 51/a) ¢) (3ps(u+ 51%) + ps(u)) pi(u + —wogl/“ )du
19

n/(wod @)
=)l n/(wod )

—2wy %6 [aW(Ui5l/a%( ) — 51/06@76(“"‘0@5%)70 p(g(u—i-

As before, the first term is O(n). By (142)), we have pj(u) ~ 1/|ul*™ and pj(u) ~ 1/[u|**?
at large |u|. This implies that the integrals in the 2-4 lines are uniformly bounded, so the
second line is O(1) and the third and fourth lines are O(6~#). The fifth line is of order
O(5~20") = O(8). So the fourth order derivative with respect to ¥ diverges, along with its
derivatives with respect to (, at most as O(é‘é), in agreement with the claim of the lemma.

Namely

o <79<M)—2w636“ff,/7;;jj;)‘”’5;v< 03 (u) = 6 G u + ). O)

(145)
X(B(B5 (u + opz ) + (3Ps(u + 57 % Po(u))Bf (u + 27w))du + O(1).

Finally, we evaluate the fifth derivative, using the same procedure as above (i.e., twice
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differentiating ((144)), integrating by parts, and using the estimate ({142]) for the decay of the

derivatives of p at large |ul):

woda) o5 o ~ j
L25(0,G:0,1) = —2ui 6% [V00%) B (2 500G ) — 8+ ), ) ol i)

_ w&a o a 9
""20“’04[177/;/ 0 1) GuL (o 4 6Y/°Gs(u) — 6V 96(U+w51/a> Q) p u+w51/a) pé(u+w51/a)du

5) o0t

5 (

30w 15 fig;’;j;) G (£ 0G5 (w) — 8/ G5 (u+ i) €) Bolu+ i) (5w + i)
—20wy 0= fi’;;“ii;:) 8;;" (o & 6Y%Gs(u) — 6 Gs(u + " 51/&)7 () Ps(u+ 5A1/a)2pg(u + 51/a)du
#2078 U] G o 00 0) = 0G0+ ). ©) B0 PR+ )
2t [V B (5 50 ) — 6t o), C) (Ao i) = B ()
2 5 (Ao 4 () — 8 Gsu+ i), ) Y+
=0(67+)

This completes the proof of the lemma. O

Lemma 5.3. Under the parity assumption, the second derivative of the averaged potential

satisfies
D 1000(0,:0) = 2 (0,¢) W G0 = w0 ()
8&2 avg\‘vs S - an ) ) 8192 avg URES) - T ™
The fourth derivative satisfies
2 Waug(0,(50) = — 7% Q4(0)K () ZH(0,¢) (1+ o(1)s-0),
(147)
i Wag(7,G:0) = 675 QuO)K (@) ZH(m,¢) (14 0(1)s-0),
where - L2
K(a):/ e dg > 0. (148)
91/a q2a+2 1_%

q

Proof. Since W,yy(19,¢;8) tends to the billiard limit in C? as § — 0, formulas are
just given by . So, in order to prove , we only need to calculate the fourth order
derivative. As shown in Lemma , the derivatives of the regular part (R in (135))) are
uniformly bounded for all 6 > 0, and the fourth order derivative of W,,, at 0 and = is
dominated by the derivative of S. It follows from at ¥ = 0 (hence, ¥ = 0 and o = 0)
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that

am(ﬁg5mbo—z%5mﬁm7 .W”“”B%WP+MMWW@»M+OO)

n/ ( 0da)
— —2u%5% 4 ) )+ 8 S (0,5 ()]
Since pj decays sufficiently fast by (142),
23S0, G 0,m) o0 = =2 %= (0, 0) [ (B5(w))*du + O(1). (149)
Using N , .
[ e = o [ du o), (150)
where (Go(u), po(u)) is the solution of the limit of the Hamiltonian system ((118)), namely
7> 1
BN CAONE

at H = 1. Choosing symmetric parameterization of the time u (so po(0) = 0, hence §o(0) =
21/ /Q"(0)), we obtain

T am2 e ~—20-2 d 2041 T a2 2
/ Go(u) 20 w=2/ G2 2 _ o0y / 21— Zag
—o0 21/2/Q",(0) Po 21/ q
> ~/ 2 / 2 oo 2 2 2
| i =2qu00* [ g 1= Zaao.
—00 21 «

Finally, by ({149), and since wy(0) = 1,

d gs—t 82 e —20—2 _3 -1
S50 G 8 oo = 158 (0.0 Qu0)® [ " \[1= Zdgtofs4),

and ((147) follows at ¥ = 0.
When ¥ = 7 (hence, J=0and o =7 in (145])), equation (145 gives

SO

—Tl/ WO5a)

-—2wa%¥"*f%;2;2)6ﬁvwr<><3< ()2 +2 ps(u)p

— 2T 57l 82W fﬂ/ WO5
0 a)

= 2wy 35_l82 (7T O ( 0( ))?du+ O(1).

am(ﬂ(én%—%m%"fme)ﬁKW—Q&M%W))((())+2m()()MU+O()
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Jdu + O(1)

~/! (
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The last line differs from ([149) only by a factor, so (147) follows at ¥ = . [

The above results allow us to characterize the behavior of the averaged potential U(6, &; 0)
defined by ((125). It is given by Lemma that U(0,&;0) depends on 6 > 0 continuously
with the derivatives up to order 2. Therefore, by the non-degenerate minimum assumption

Box2, it has a non-degenerate minimum line near the line for all small 4:
0 = (0 T €7 =0,

Lemma 5.4. The potential U(0,&;9) has the following expansion near the minimum line:

N n—1
U0, €min(8):6) = D" Aum(8)(0T — 0™ — ) — 6\))?
n=2 m=1 (151)
+ 07w K(@)Q(0) B (8) (01 — ™ — i) — gyt

where Ypm(6) and Bum(6) tend, as 6 — 0, to Vnm and, respectively, Bnm defined by ; the

positive coefficient K(«) is given by @, and the dots stand for sixth and higher order
(m))

min

terms of the expansion in powers of (0™ — ™) — 95,2?” -0

Proof. By , the derivatives of U(6,£;6) with respect to 8™ are given by the sum over
the corresponding derivatives of W, (0™ — 0™ () — £m): §) The second derivatives tend
to those of W,y (0™ — ™) ¢ — ¢ 0) by Lemma , so the values of ~,,, follow from
Lemma Since Wy (¥, ;0) is even and 27-periodic in ¢, the third order derivatives
with respect to ¢ vanish at ¥ =0 mod 7, whereas the fourth order derivatives are given by

Lemma [5.3] which determines the values of (,,,,. n

5.4 The simultaneous impacts case

Since the billiard choreographic solution in the case of simultaneous impacts satisfies, for
(n) _ pm)

any pair of particles, 6,.. —6,... = 0 mod 7, the averaged potential in the limit 6 = 0 is
not, in general C*® smooth, as explained in Section . Therefore, the limit o = 0 is singular
in this case. Indeed, we estimated the derivatives of the averaged potential up to order 5
and showed that starting with order 4 they tend to infinity as § — 0.

To deal with this difficulty, we prove Theorem [5| by using different arguments from those
used to prove Theorems [3] and [l In Sections [5.4.1] and [5.4.2] we bring the system to the
averaged form and estimate the correction term 6G. In Section we bring the

truncated averaged system to a Birkhoff normal form; the coefficients of the 4-th order terms

in the normal form diverge as § — 0, nevertheless we show that it has a KAM non-degenerate
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elliptic periodic orbit for all small 4 > 0. In Section we estimate the difference between
the Birkhoff normal form for the full and truncated systems and, under the requirement

a > 6 show that the full system has an elliptic periodic orbit surrounded by KAM tori.

5.4.1 Expansion near the orbit L*(6,¢) of the uncoupled system.

Lemma 5.5. In the case of simultaneous-impacts, provided o > 2 and ||€™ — &M > p for
all n # m, the expansion of the scaled Hamiltonian near L*(0,&) of is of the

form

(n)y2
o) +%<s§”>>]>

H=> wy()I™+572)" (%a(5)(1("))2 + z_:

n=1 i=1

) "~ i (152)
62T W(g(0™) — g (0™), 6 — €M) 1 5G(1,0,€:6),
=1 N

n,m=1,...,

where the derivatives of §G which include exactly k differentiations with respect to 6 are
bounded by O(5*~F/<).

Proof. In the box case, for a > 2, the expansion can be improved to
Ga(6Y21,0;0) = q;(0) + 0Y/°Gq(6, ;) (153)

where derivatives of G4 which include exactly k differentiations with respect to 6 are bounded
by O(67%/). Indeed, since I = 0 corresponds to the periodic orbit L3, we have that
G(0,0,0) = q;(#). Away from impacts G4(6%/%I,0;9) is a uniformly smooth function of
(61/21,0), so follows immediately. Near impacts, as the vertical dynamics are one-
dimensional, equation becomes, in the scaled coordinates (recall that here there are no

P variables):

T(0Y21,0;8) — tin(0)
§l/a

Ga(6"°1,0,6) = Gimpact + 0§ LE(6V21);6),

where ¢impact 1s either 0 or 7. Since (7, £) are smooth functions of (0, I), we can expand the

above expression at [ =0 :

Ga(6Y%1,0,0) = 3 (0) + 6Y/21G4(0, 6711, ).

1/a

Each derivative with respect to 6 generates a 0~/ factor whereas each derivative with

respect to I generates a §'/271/ factor. Hence, for a > 2, the derivatives of G4 = IG4 which
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include exactly k derivatives with respect to @ are bounded by O(67%/%), as claimed.

Since ||£™ — £M)|| > p for all n # m, the interaction potential W at any point along L*
is smooth, so, plugging (153)) in the interaction term of (121)) gives

W (Ga(8Y210 0 §)—Ga(3Y210™ 90 §), € —gtm)y = W (g5 (0™) — gz (8T™), €™ —£m)) -

+(51/2C;d(9(n)7 gim) §1/21m) §1/21m) e(n) _ elm), 5),

where derivatives of G which include exactly k derivatives with respect to 8™ or 8™ are of
order 6%/ Hence, 1) becomes of the required form 1) where G is the sum of such
functions Gy and regular terms coming from the O((6'/21()3) terms of (119). O

5.4.2 Regularity of averaging

We average the Hamiltonian ((152)) by using the same transformation (111)) as in the non-
simultaneous impacts case. To this aim, we establish that W of (111]) and its derivatives have
the correct regularity as 6 — 0. We first show that

0,060 — 755) = [ Wlags £ o) — gils — ), € —€Myds  (154)

satisfies the following result (the weak regularity of Lemma is replaced by weaker es-
timates on the derivatives, thus allowing both particles to visit simultaneously the impact

regions):

Lemma 5.6. Provided ||¢™ —¢M™)|| > p, the derivatives of the function \111(9("”59%) : uo,e(n)g@(m) L€M) —

M) §) which include k > 0 differentiations with respect to 07 0 are of order §~*=D/e,

Proof. Since ||¢™ —¢0™)|| > p, and the ¢ variables are fixed along the integration interval, W
is smooth and bounded function of its arguments. So all the derivatives with respect to £ are
bounded. When both particles are away from impacts (i.e. when the argument of ¢f is away
from {0, 7}), all the derivatives of ¢f are bounded. Otherwise, by , the k-th derivative
of qi(6) is of order 6~F=1/ 5o, the same property is shared by W (g} (s + 9<n);9(m)> —qi(s—

w% £ — ¢m) and its integral, U;. O

By (116]), the function W,,, has the same regularity properties as ¥;. Now perform the
transformation defined by ¥(; ) of (111)): (I(”),pén)) — (I(”),pén))—élﬂ(@e(n), e ). Notice

that here (as opposed to the non-simultaneous impacts case) we apply the transormation

to the non-truncated Hamiltonian (152) (i.e. we do not drop the correction term 0G).
Though we formally obtain the same averaged system 1) now the 6G term includes the

transformed 0G term. The derivatives with respect to & and I of the 6G term remain of
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order § whereas its derivatives which include exactly k differentiations with respect to #(™,
n=1,...,N, are of order §'"*/_ In particular, for & > 6 the correction term §G in 1}

and its derivatives up to order 3 are o(5%/2).

5.4.3 Normal form of the truncated averaged system.

Let us study now the truncation of system , namely the system for the case of
simultaneous impacts. This system is translation-invariant (the Hamiltonian does not change
when the same constant is added to all ™). By Lemma , the potential Us (0, €) in
has, even for the simultaneous impacts case, a C? limit at § = 0. By the non-degeneracy
assumption Box2, the potential U has a non-degenerate line of minima for all small §. This
line corresponds to an elliptic periodic orbitﬂ of system . Our goal here is to establish
the KAM-nondegeneracy of it. This amounts to bringing the Poincaré map near the periodic
orbit to the 4-th order Birkhoff normal form (Lemma [5.8 below) and verification of the twist
condition (Lemma [5.9).

We introduce local normal coordinates (8™, I™) — (¢,4, P,J) near the periodic orbit
in the same way as in ,. Here ¢ = %(9(1) + ...+ 60W)) and P is symplectically
conjugate to . The variables ¢ vary near zero and are linear combinations of ((9(") —
07(7?2-)”) — (o) — 97(;;21)), n,m = 1,..., N; the variables J are symplectically conjugate to 1
and also vary near zero. As in Section , the Poincaré return map of at the level of
fixed P, equals to the O(6'/?)-map of the flow defined by the Hamiltonian

pi

Hp(J,,pg,€50) = 500017 + %% + Uy(0,), (155

2N

where Uy is the reduced potential of . This Hamiltonian is exactly of the same form as

Hp of , yet, the regularity properties of the reduced potential U5(1/J, €) are different in
the simultaneous impacts case.

By the parity assumption Box4, W, (0 — 0™ ¢M) — ¢(m):5) is even and 27-periodic

in 6, so the phase differences along the minimum line remain locked at 6 = 0 mod ,

n=1,...,N, for all small . Therefore, as v is a linear function of #(™ — (™) — 07(7?2-)” - 07(;;%,

the reduced potential is even in ):

Us(1,€) = Us(—4,€). (156)

"This orbit is translation invariant, i.e., it is a relative equilibrium.

81



By this symmetry,

gt
WUIS(waf)'ib:O,&:gmm =0 for odd j. (157)

In particular, %ﬁg(w,f)mzoizgmin =0, so at ©p = 0,§ = &,un the quadratic part of the
Hamiltonian (155)) is block-diagonal. Therefore, the expansion of the Hamiltonian (155)) up

to order four terms is of the form

Hyjer = H (2, p; )+ Hy (0, J; )+ HY* (8, 23 0)+-H (23 0)+ Hj (23 )+ H{ (1, 23 6) 46 HY (1:),

(158)
where, hereafter, 2 = £ — &in, P = D¢, and H; denotes a homogeneous polynomial of order
j. By Lemma [5.4] the coefficients of H; are uniformly bounded for all § > 0.

Define the z-Hamiltonian:
H*(z,p;0) = p; + Ug(O,émm +2) = H;(2,p;0) + Hi(2,0) + H; (2;6) + O(z%), (159)
and the #-Hamiltonian:
H(¢, J;0) = %aﬁ + Us (4, Emin) = HE (1, J38) + 62 H (13 8) + ..., (160)

where, hereafter, the dots stand for terms of order 5 and higher (with coefficients that may
diverge as 0 — 0). Then the Hamiltonian ((155]) is of the form

Hp = H*(2,p;0) + H°(¢, J;6) + Hy* (¢, 2:.6) + HY (4, 20) + .., (161)

where, by the symmetry ¢» — —1 (see ([156))), the polynomials Hgi(¢, 2z;d) have only mono-
mials which are quadratic in .

Denote the fourth order Birkhoff normal form of the Hamiltonian ([159) near the fixed
point at the origin by H} (2, p;0) and the Birkhoff normal form of the Hamiltonian
by H (1, J;d). Recall that in such normal forms all the terms up to order 4 are resonant —
all non-resonant terms up to order 4 are eliminated by a sequence of symplectic coordinate
transformations. Each of these transformations is a time-1 map of a certain polynomial
Hamiltonian whose coefficients depend smoothly on the coefficients of the 4-jet of the original
system, see e.g. Chapter 7 of [3]. It is a well-known fact that the normalizing transformations
can be chosen such that the linear symmetries of the system are preserved. In particular,

the symmetry (¢, J) — —(1, J) survives the transformations we describe below.

Lemma 5.7. There exists a symplectic transformation which depends continuously on d > 0
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and brings the Hamiltonian H® of to the normal form
Hip (4, 7:0) = Hy (0, J:8) + 6"« K(@)H{(¢, J;6) + ..., (162)

where I:I,‘Z are homogeneous polynomials of (1, J) of degree k (k = 2,4) with bounded coef-
ficients depending continuously on 6. The polynomials 1512974 have a limit at 6 = 0 such that

the normal form of the Hamiltonian H* of Assumption Box5 is
HYw(, J) = Hy (0, J;0) + H{ (W, J;0) + .. . (163)

Proof. The normal form transformation we are going to describe is a composition of sev-
eral symplectic transformations. First, we do a linear transformation which diagonalizes
the quadratic part of the #-Hamiltonian . By Lemma the quadratic part of the
Hamiltonian ([160)) is, in the limit 6 = 0, identical to the quadratic part of H%°. Therefore,
by Assumption Box2, all the frequencies are distinct for small §; hence the quadratic part of
(160)) is indeed symplectically diagonalizable and the limit of the diagonalizing transforma-
tion at & = 0 also diagonalizes the quadratic part of H%°. Since the transformation is linear,
it does not introduce third order terms.

Thus, the Hamiltonian becomes HY (1, J; 8) = HY(p, J;8) + 6« K(a)HY (v, J; 8) +
..., where HY(1, J;0) coincides with the 4-th order terms of H*" after the diagonalization.
Next, we do a symplectic transformation in order to eliminate all non-resonant fourth order
terms, i.e., to bring the f-Hamiltonian to its normal form H% .. It is well-known (see [3],
Chapter 7) that such normalizing transformation does not alter the resonant terms of order 4
or lower, hence, HY(¢, J; 6) is obtained from H 9(x, J;0) by throwing away the non-resonant
terms. It follows that even though the normalizing transformation does not have a limitﬂ
at 6 = 0, the term ﬁf(w, J;d) has a limit, equal to the resonant part of I:IZ(@/J, J;0), so the

lemma follows. [l

Lemma 5.8. The Birkhoff normal form of the reduced Hamiltonian 15 the sum of the
normal forms of the Hamiltonians and with bounded corrections of order 4 which
vanish at (J,v¢) = 0:

Hyp = Hip(z,p:0) + Hp(, J30) + HYY (1, J;0) H3P (2,p;0) + HY (1, J:0) + ... . (164)

8The transformation is the time-1 map, (1, J) — (¢, J) 4+~ K (a)(0;S, —8,5) +O((¢, J)*), of a Hamil-
tonian flow defined by the Hamilton function 6~ = K (a)S (¢, J;8), where S is a fourth-degree homogeneous
polynomial with bounded coefficients which solves the equation {HY,S} = H{ — HY. The normalizing
transformation for H%? is the time-1 map for the Hamiltonian S(¢, .J;0).
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Proof. Consider the symplectic transformation which brings the Hamiltonian H* = Hj(z, p; 0)+
H3(z;0) + Hj(z;6) + ... to its Birkhoff normal form up to order 4:

Hip(2,p;0) = Hi(2,p;0) + Hi (2,p;0) + ... . (165)

Since, by Lemma [5.2] the coefficients of all monomials in H* up to order 4 have well-defined
finite limits as 6 — 0, this transformation also has a well-defined finite limit. Applying this
transformation to Hp of (155]) (equivalently, to (161))), we obtain, in the new coordinates,

Hp = H;(2,p;0) + Hi (2,p;6) + HY(, J;6) + HY (¢, 2, p; 6)

3 166
+HZ (Y, 2,p;0) + 0~ YHE (3 0) + .. ., (166)

where all monomials in I:Igj(@b, z,p;0) are quadratic in ¢ (because of the symmetry ¢ —
—1). Since all the terms in ngw,z, p;0) are non-resonant by Assumption Box5 (as at
the minimum of U , the frequencies have no resonances of third order), they remain non-
resonant for small §. Therefore, there exists a symplectic transformation (z,p) — (z,p) +
Oo((v, )%, (v, J) — (¥, J) + O((2,p)) - (b, J) which eliminates the cubic terms and brings

the Hamiltonian Hp to the form

VHp = H; (2, p; 0)+Hj (2, p; )+ H3 (1, J; )+ H (0, J, 2, p; )+ H{ (v, J; 8)+6 > HY(¢; 6)+. ..,
(167)
where H{*(1, J, z, p;0) is a sum of monomials quadratic in (1, J)? and (z,p)?%.
Now, we apply to Hp the transformation of Lemma which brings the Hamiltonian
HE (4, J;6) + 0~ Y*H{(1); §) + ... to its Birkhoff normal form. This brings Hp to the form
(164), with some of the 4th order terms in HY”, H;?, and HY” possibly non-resonant. All
such non-resonant terms are eliminated by a symplectic transformation without changing all

other terms up of order four or less. O

Because there are no resonances up to order 4 by Assumption Box5, the 4-jets of the

Birkhoff normal forms depend only on actions. Namely, we introduce actions

L, = 5(27 +p3), j=1,...N(d—1),

(168)

Then
H%p =w. ()L +I'B.(0), +...,

H]eVF = w¢(6)Iw + 5_1/QK(05)[$B¢(5)[¢ =+ ... s
where, by Lemmas [5.2| and [5.7| w,(9), wy(6), B.(0), By(0) all are continuous functions with
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bounded limits at § = 0. By Assumption Box5, the determinants of B,(0) and By(0) are
NON-ZEro.
Moreover, by Lemma , the Hamiltonian va’% is of the form

HY% = wy(0)1y + I By(0) Iy + ... .
Also, by Lemma , the Birkhoff normal form Hyp of (155]) is given by
Hyp = Hyp+ Hyp + O(| L+ 11sl) - T+ -

Lemma 5.9. The Birkhoff normal form of the Hamiltonian 15 non-degenerate.

Proof. We need to check that the twist condition for Hyp is satisfied. Indeed,

2 B. (6 1 B.(§ 1
gy _ [P0 o) ey B0 o)
O(1) 67Y*K(a)By(8) +O(1) O(64*) By (8) + O(8Y/*)
= 072N K ()M (|B:(0)] - | By (0)] + O(6Y/%)).
(169)
Since the determinants |B,(0)| and |By(d)| are bounded away from zero for all sufficiently

small §, we have det(agj%” ) # 0, i.e. the twist condition is satisfied, so Hyp is non-

degenerate. O]

5.4.4 Normal form of the full system.

We have shown that the truncation of system , namely system for the case of
simultaneous impacts, has a stable KAM non-degenerate elliptic periodic orbit for all § > 0.
To complete the proof of Theorem [F, we need to show that the periodic orbit persists in the
full system (122)), which includes the error term §G, and also remains KAM-non-degenerate.
This is non-trivial, as both the normal form and the error term 6G diverge in C* as § — 0.
While the persistence of the periodic orbit follows from the C? regularity of the normal form
and the error term, the KAM non-degeneracy is established by revisiting the normal form
computation of Section [5.4.3| applied to the full system.

Rewriting with the use of the coordinates (P, ¢, J, ¢, pe, &) of , we obtain the

perturbed Hamiltonian:

2 ~
H(P7 2 Jawupfa 57 5) = wUP + 61/2(ﬁap2 + ﬁajg =+ % + U(s(w?f))

[ (170)
‘|‘5G(P7 @, Ja 77b7p§7 5’ 5)
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The corresponding system is:

7 —w0+—a51/2P+5 G( L@, L), pe, &5 0),
]? :—68¢G(P,g0, J, ), pe, €;0),

= Lad 2]+ 6LG(P @,J@D,pgf'(s)

J

3

171
(51/2 9 Ug(i/J §) — 059-G (P, J, 1, pe, & 0), T
:51/2]7 +58é( prjvafagﬂé)v
pf 51/2 9 U5(w 5) ( y @, J7¢>p5753 5)

Restricting to a given energy level (so P is determined by all other variables) and using

@ = 620 as a new time:

W = ad + 6Y2G(@, )1, pe. §6),
. _W_OWUJW §) = 6272 Ga(@, J, 0, pe, §;6), (172)
j_é = p§+51/2G3(()07 J7w7p§7£75)7

ddLg - _wloins(w 5) 51/2G4<@7 vaap§7£75)7

where %Gi(gﬁ, J b, pe, & 6) = O(67%), see the end of Section [5.4.2 The reduced system

(172) is a fast-oscillating non-autonomous Hamiltonian system with the Hamilton function

Hreduced(@a Ja va& gu 6) = 2Nwo CLJ2 + 2150 + W_IOU5<¢7 g) + 51/2G5(@7 J7 1/}7p§7 57 6)

Wie)+ (173)
= w_OHP(Jaw7p§>£75> +9 / G5(907 J7w7pf7€;5)7

where Hp is the Hamiltonian . As above, (G5 is a function with bounded derivatives
with respect to J, p¢, §, whereas making k differentiations of G5 with respect to 1 introduces
a factor of O(é‘k/ “). Now, as apposed to , H, quceq 18 a periodic function of the time
variable @, with the period 2wd§'/2.

Lemma 5.10. Provided that o > 6, the system has a KAM-nondegenerate elliptic

periodic orbit.

Proof. As we mentioned in Section [5.4.3] due to the non-resonance assumption of Box2 and
the continuous dependence of the quadratic part of the Hamiltonian Hp(J, 9, pe, €;0) on 0,
the truncated system has a non-resonant elliptic fixed point at the origin. Since for o >
4 the perturbation to , i.e. the term 0/2G5 in the Hamiltonian , is C%-small, the
system has, for all small §, an elliptic periodic orbit (J, ¢, pe, &) = (ﬁ‘éXp(@; ) where
X,(;0) is a continuous bounded function for all § > 0. Let (J, 4, pe, &) = 62~ X, (5;0)+ X
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Then
H (3. X:0) := Hreauoea02 ™ X, (:0) + X;6) = Hp(X:0) + Go(@. X:0),  (174)
where the non-autonomous term Gy is given by
Gol(@,X;8) = Hp(03 ™% X,(;0) + X;8) — Hp(X;8) + 02 Gs(,02 2 X, (;6) + X3 0).

Next we show that if @ > 6, the term Gg(p, X;9) and its derivatives with respect to X
including up to 3 derivatives with respect to 1 are small, while its 4th derivatives with

respect to 1 are o(61/%):

8k+l

a¢k8(J, Pe, g)l

Q=

Gs=0(527%), k=0,1,2,34. (175)

Indeed, first recall that a%kGf) is 0(5_5), so for @ > 6 the term 02Gs gives a correct

contribution to the estimates ((175). Next, by Lagrange formula,
1
Hp (5572 X,(9,0) + X;0) — Hp(X;8) = 6275 X,(;0) - / VHp(X + 5022 X, (%;0); 6)ds.
0

Recall that by Lemma the potential Ug(w, €), hence the Hamiltonian Hp, has bounded
derivatives up to order 3, yet its fourth derivatives with respect to v are of order 5~ and its

fifth derivatives are of order 6. Hence, by (176, aiw(Hp(éé_iXp(gb; 0)+X;0)—Hp(X;9)))
for k =0,1,2 is of order O((S%’i), whereas for k = 3 the derivatives are of order 5%’2, and
for k£ = 4 they are of order ¢ %_%, all in agreement with 1)

In order to align with the notations of Section [5.4.3], we denote hereafter the coordinates

of X by (., p,2). Then, by (I6T) and (T74)

H(p, X;0) = H;(2,p;0) + Hj(2;0) + Hi(2;0) + H3 (¢, J; ) + H5* (1, 2; )

) ; ‘ (176)
+H{? (1, 2;0) + 6~V H(¢;6) + Gs(p, X; 6),

where the functions H; of are homogeneous polynomials of degree j with bounded
coefficients (continuous in §) and H§% (1, z; ) have only monomials quadratic in ).

Recall that Hp was brought to its normal form by a sequence of coordinate transforma-
tions described in Lemma [5.8, Next, we apply similar transformation to the full Hamilto-
nian H(p, X;0) of . The difference is that H is periodic in time @, so the normalizing
transformations are also periodic in ¢. It is well-known that one can make the coordinate

transformations such that the resulting Hamiltonian will become autonomous up to any
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given order in X, i.e. such a transformation corresponds to averaging to any given order [3].
Our goal is to bring H(p, X;0) to an autonomous normal form up to order 4 and compare
it with the 4-th order normal form Hypg (see ) of the autonomous Hamiltonian Hp.
Since the period is small, of order §'/2, there are no additional resonant terms due to the
dependence on . Still, one needs to check that the singular terms in do not destroy
the twist condition.
Let us make the linear symplectic transformations which bring the Hamiltonians HY (1, J; §)

and HZ(z,p;6) to the diagonal form HY(1, J;d) and Hj(z,p;d) as in and , re-
spectively. Applying these transformations to , we obtain a new Hamiltonian

H(p, X;0) = Hj(2,p;8) + Hj (2, 6) + Hi (2,p;0) + H (4, J; 8) + HY (4, J, 2, p; 6)
HH (4, J, 2,p30) + 6V HI (4, J58) + G (@, X5 0),

(177)
where H; are different functions from those in , yet they keep the same structure - they
are homogeneous polynomials of degree j with bounded coefficients (continuous in ¢), and
ng have only monomials quadratic in (¢, J). Note also that since the linear normalizing
transformations have bounded coefficients for all 6 > 0, the derivatives of the function G~
are of the same order as the derivatives of Gg, as given by .

Since X = 0 is a periodic orbit of the Hamiltonian H(p, X;J), it follows that the expan-
sion of G7(@, X;0) in powers of X starts with quadratic terms. Moreover, the terms of the
expansion which are independent of (¢, J) are of order §*/2, the terms linear in (1, J) are of
order 6*/271/ and so on, e.g. the 4-th order terms in (v, J) are O(6Y/24%), i.e., o(67/%)
since a > 6. Therefore, expanding G, in powers of X we can rewrite as

H(p,X;0) = Hi(z,p;0) + HY (4, J; ) + HE*(@,, J, 2, p; 6)
+H;(p,2,p;0) + HZ (@, 0, J, 2,p;6) + Hy (@, z,p;0) + Hy? (@, 1), J, z,p;6)  (178)
+O Y HY (5,4, J;0) + ..,

where, hereafter, the dots stand for the terms of order higher than 4 (i.e., they are irrelevant
for our purposes). The terms H ; are homogeneous polynomials of X of degree j with periodic
in @ coeflicients, continuous and bounded for all § > 0. Moreover, ﬁgz is 0(5%_%)—01086 to
zero. The polynomials H $ and H 7 are the cubic and, respectively quartic part of H(p, X;0)
at (1, J) = 0, so they are O(6'/?)-close to Hj,(z,p;6) of . The polynomial H¢ is
O(82 = )-close to HY* of (indeed, it has a linear in (¢, J) part which is O(62«)-close
to zero, since HY* has no linear part in v, a quadratic in (¢, J) part which is 0(5%_%)—
close to HY?, and the cubic in (¢, J) part is, again, O((S%_%)—CIOSG to zero). Similarly, the

polynomials H?* and H! are 0(5%’%)—01086 to HY* and HY, respectively. Since a > 6, all
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these corrections are small, i.e., they vanish at § = 0.

Since HY* = O(5'/272/), the @-periodic, linear symplectic transformation of the variables
X which diagonailzes the quadratic part (HZ + HE(v,J;6) + HY*) of H and makes the
quadratic part independent of @ is O(62 & )-close to identity: X — (Id + 62~ M(p;6))X,
for some periodic in @ matrix M, continuous and bounded for all § > 0.

After this transformation, the Hamiltonian becomes

H(p,X;8) = H3(2,p;0) + H3 (¢, J;0) + H3(p, 2,p:6) + HY (9,0, J, 2,01 0) + Hi (7, 2,p: )
FHE (@0, J, 2,p;0) + 5V H (@90, J;6) + ...,

(179)
where f[f and ﬁg are 0(5%’3)—01086 to ﬁf and, respectively, ﬁg ; the new homogeneous
third degree polynomials ﬁg and f[gz acquire O(d %’5)-corrections in comparison with ﬁg
and ng of 1} and the new homogeneous fourth degree polynomials f];f, ]:Ifz, and ]:If
acquire 0(5%_%)—corrections. It is only important for us that these corrections vanish at
0 =0.

Next, we follow the same steps as in Lemma [5.8f We make a periodic in ¢, sym-
plectic transformation of the (z,p)-coordinates which brings the Hamiltonian IAJQZ(Z, p;0) +
Hg(gb,z,p; J) + F[j(@,z,p; ) to its Birkhoff normal form, independent of @ up to order 4
(recall that no new resonances can be created here by the @-dependence because the fre-
quency is large). This Hamiltonian is close to the z-Hamiltonian of , therefore the
resulting normal form H X p(2,p;0) is close to the normal form Hf ., see ; in particular,
ﬁf\,F = Flz(z,p; J) +ﬁ4(z,p; ) does not contain cubic terms, its quadratic and quartic terms
ﬁQZA depend only on the actions I, (see ), and their limit as § — 0 coincides with the
limit of H3 4.

After this transformation Hamiltonian ((177)) becomes

H(p, X;8) = H;(2,p;0) + Hi (2,p;6) + HY (4, J;6) + HY* (@9, J, z,p; §)

70z ( = 1/a 170/ = (180)
+H (2, 1p, J, 2,p;0) + 6V HY (@, 4, J;6) + ...,

where the modified functions f[gA have the same structure as before and are close to their
counterparts in . Since the third order terms in the Hamiltonian are all non-resonant
(by Assumption Box 5 and by the fact that the period in ¢ is small), they are eliminated
by a normalizing symplectic transformation of X, which equals to the identity plus higher

order ¢-dependent terms and is close to that employed in Lemma (the transformation
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from ([{166|) to (167))). The Hamiltonian (180 becomes

H(p,X;0) = Hi(z,p;0) + Hi (¢, 2,p;6) + HY (1, J; 5)

- et (181)
+H4z(95,¢, Ja Zap; 5) + 6_ /aH4(957¢> J> 5) + R

where 1:14, the fourth-degree polynoimials in X, are close to their counterparts in
(note that applying the transformation to the singular term, 6=/ af[f of 1) introduces
additional singularities but only to the terms of order 5 or higher in (181])).

The last step is to bring the 4-th order terms to the autonomous normal form. This
is done by a symplectic transformation and the result is equivalent to throwing away the
non-resonant 4-th order terms and taking the average of the resonant ones over ¢. Since all
terms H in (181)) coincide with their counterparts in at 0 = 0, we immediately obtain
that the resulting 4-th order Birkhoff normal form of the Hamiltonian is

Hypy = H3(2,p;6) + Hi (2,p;0) + H) (¢, J;6) + 0 VK (o) H{ (), J; 6) + H{* (¥, J, 2, p; 6),
(182)
where H f(;é) have bounded coefficients, and, as 6 — 0 they approach the corresponding
terms of . Hence, the KAM-nondegeneracy of the elliptic orbit of the system at
X = 0 follows from Lemma [5.9] O

This completes the proof of Theorem
The divergence as § — 0 of the terms or order 5 and higher in X does not alter the KAM
nondegeneracy result, yet, it implies that quantitative estimates regarding the size of the

stability island require analysis of the asymptotic d-dependence of such terms.

6 Discussion

While the lack of ergodicity in Hamiltonian systems is expected, here we found a specific
mechanism for breaking the ergodicity, which persists for arbitrarily high energy for any finite
number of particles that interact by repelling forces. We constructed coherent states of the
multi-particle gas that correspond to collision-free choreographic solutions which are stabi-
lized at high energies. We have also built similar solutions for systems of weakly interacting
particles and systems of attracting particles.

Let us list several future research directions.

Non-ergodicity of the gas of repelling particles in containers of dispersive
geometry. We have established the existence of KAM-stable choreographic solutions for

generic multi-particle systems in containers that support a stable periodic billiard motion
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of one particle. Conjecturally, this includes any generic container with a sufficiently smooth
convex boundary. Yet, there are open classes of billiards with piece-wise smooth boundaries
which do not allow for stable single-particle motions — the main example is given by dispersive
billiards whose boundary is built of strictly concave smooth pieces. We propose that it
should be possible to apply our method for finding KAM-stable choreographies for such
containers as well. Indeed, smoothing the billiard potential destroys the hyperbolic structure
of the dispersive billiard, and there are several known mechanisms for creating elliptic, KAM
non-degenerate periodic motions of a single particle in the billiard-like Hamiltonian at
arbitrary small § for the case of dispersive d(> 2)-dimensional containers [511 52], 36, 38]. It is
conjectured that such islands appear for dispersive billiard-like Hamiltonians generically [51].
The phase space volume of the islands in these cases vanishes with ¢, yet, its scaling with
0 is known, and depends on the asymptotic behavior of the container smoothing potential,
V', near the boundary. Our techniques imply that such stability islands of the single particle
motion can produce also choreographic solutions of the N particle system provided the
perturbations induced by the interaction potential, W, are much smaller than the islands
size. Hence, the results regarding the existence of KAM-stable choreographic solutions in
containers that support stable motion can probably be extended to any container.
Physical relevance of the coherent states. Under which conditions can the con-
structed choreographic solutions be observed in realistic multi-particle systems? General
estimates on the probability for an initial condition to belong to a KAM-torus of a Hamilto-
nian system with N-degrees of freedom are quite pessimistic even for small N [12] [13], but
examples of such systems where stability islands are well-noticeable are also known [2] 45],
e.g. in numerical experiments of [38] the islands are seen for N as large as 20. Therefore,
Nekhoreshev-type estimates on the life time of the coherent states are, probably, most rel-
evant for the physical realizability question. Sufficiently long living (i.e., effectively stable)
coherent states can be of direct interest when N is not very large. For example, for a gas
in a three-dimensional rectangular box, the construction of N < (l;l5)/p* particles moving
vertically in synchrony, as in Theorem [5, corresponds to pulsating fronts. For a gas in a
convex container, the states of N < |L*|/p particles constructed in Theorem |3| corresponds
to rings of current of a specific non-trivial spatial form. For each such state, the effective
stability imposes limitations on N and the parameters of the system. Additional classes of
choreographic solutions may allow to study coherent states with a larger number of particles.
Multi-path choreographic solutions provide such a class. When the single-particle
system is non-integrable and has an elliptic periodic orbit, it has, typically, infinitely many
elliptic orbits (e.g. around an elliptic periodic orbit there are typically many resonant elliptic

orbits, around which there are secondary resonances, and so on [3]). Similarly, near a
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homoclinic loop to a saddle center of a non-integrable system many stable periodic orbits
co-exist [29], 28]. When the corresponding periodic paths in the configuration space do not
intersect, one can obtain KAM-stable motions of repelling particles along several such paths:
the particles on the same path must have the same frequency to avoid collisions, but the
particles on different paths may have different frequencies. When the paths do intersect,
one needs the frequencies of the motion along the different paths to be in resonance. This
condition is not actually restrictive: given any finite set of elliptic orbits with arbitrary
periods, one can tune the partial energies such that for every two paths the ratio of the
periods would become rational. For particles in the billiard this is done just by normalizing
the motion speed for each path by the path length.

Choreographies in the box. The billiard in the box is integrable, and therefore we
build choreographic multi-particle regimes based on families of parabolic periodic solutions
(instead of elliptic orbits). We have considered only one of such families in this paper, of
parallel vertical motion, but there are many types of them, for example, diamond shaped
orbits. In our construction of Section [f] to avoid collisions, a single particle sits on each
periodic path. However, for other types of parabolic families, such as diamond shape orbits
in a d > 3 box, many particles may occupy the same path and parallel paths without any
collisions. In particular, it may be possible to create KAM-stable choreographic motions of
N o (I/p)? particles in a three-dimensional box of characteristic size [. Similar solutions
can be built for particles in ellipsoidal billiard, and for other systems of weakly-interacting
particles whose individual dynamics is integrable.

Dynamics of the averaged system. We have shown that the stable choreographic
motions are controlled by effective potentials defined on the torus corresponding to the set
of phases of the individual particles. Our main result only refers to the fact that near the
minimum of such potential the dynamics are, generically, KAM stable. However, one may
also ask a question of the global dynamics: can the averaged system be completely integrable,
or can one find additional stable motions far from the minimum of the potential? Various
types of KAM-stable solutions of the averaged system should generate new types of non-
trivial coherent states which may depend differently on physical parameters and be relevant
for a larger variety of physical settings than the dynamically simplest types of choreographies
we found here. Also, as explained in Appendix [A] in the particular case of the equidistant
particles’ phases, our effective potentials share the same symmetries as the potentials of the
classical Fermi-Pasta-Ulam chains, yet they form a larger class, and it may be interesting to
study this broader class of systems.

Solid coherent states in a high temperature gas. In this paper, we operate in the

limit where the motion along the periodic orbit is faster than the oscillations of the phase
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differences between the particles. For highly energetic particles in a container, if the non-
averaged interaction potential has a minimum (like the Lennard-Jones potential), one can
think of an opposite limit where the frequencies w of the small oscillations of the particles
near this minimum are much faster than the frequency of the periodic billiard-like motion
of the center of mass: w > ‘é—fh (the kinetic energy of the center-of-mass motion can still be
much larger than the energy of the fast but small oscillations of the particles: I < h/w). It
may be interesting to study whether this can also lead to stable choreographic motions of
molecules.

Large N limit. As one can see, different types of coherent states can correspond to
different scaling of the number of particles as a function of the size of the container. In
general, when considering the limit N — oo, one should also decide how the parameters
of the system (the system size [, the energy per particle h, effective particle diameter p,
etc.) scale with N: different types of scalings correspond to different physical situations.
Determining which type of scalings correspond to various stable coherent states is the key

for resolving the question of the realizability of such states in physically relevant settings.
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Appendix

A Choreographic solutions with equidistant phases.

The evolution of the phases of the choreographic solutions is described, in the first-order

approximation, by the averaged Hamiltonian
1
H= 5(10)2 +U(#), (0,1) € TV xRY, (183)

see Lemma (here we scale Iy such that a = 1 in the matrix A of (46), see (7))). The

averaged potential U is given by

Uew,...,6M) = W (0 — 90,
n,m=1,....IN
n#m

93



where W,,4 is an even, 27-periodic function defined by .

System is a generalization of the classical Fermi-Pasta-Ulam chain: the difference
is that in the FPU we have only m =n + 1 mod N in the sum describing the potential U,
i.e., the interaction between the phases 6 is short-range, while in our case all phases typically
interact with each other. Like in the FPU, any uniformly distributed particle configuration

0 = 0.4, where

27
(2 1) _ _ pn(N N) _
00 —00) = ... =07 — 01 = 0L, +2w—9§q>_ﬁ

=0

is an equilibrium of system 1} Indeed, it is always an extremum of U since %be .

for each n:
(00 — 0y =S W, (22 =0
Q(n |€f“1 Z CL’UQ - )_ avg(ﬁ ) — Y,
m#n k=1
where the last equality follows because W, is an odd and 27-periodic function.

Such configurations form a line of extrema of U (parameterized by the choice of 02?). It

is a line of minima of U when the Hessian matrix at 6 = 0., is positive semi-definite. We

have
0°U —Wp () =, for n#m
2o o) = <ot v (184)
> o1 Wi (357) = uo = SVl for n=m.

Note that the numbers u;, satisty up = u_p = uy_x because Wé’vg is even and 2m-periodic.

The Hessian matrix (184)) is a circulant matrix, so its eigenvectors are the Fourier modes

217 47y 2(N —1)5
v; = (1,exp(i%),exp(z’%‘7), . ,exp(i%)), j=0,...,N—1
The corresponding eigenvalues are:
21y 4Ty 2mj(N — 2 2rj(N —1
Aj = upt+uy exp(zwj)jtuz exp(1 Nj)—l— Aun_gexp(i %)—i—u;v 1 exp(i %),
ie.,
2mj A
N=2 Y uycos( TJ) — 1)+ (=1 = Duy (185)
1<k<N/2
(we take uy/2 = 0 in this formula when N is odd).
As we see, \g = 0, which is due to the translational symmetry of the Hamiltonian

(183). When all other A; are strictly positive, the line of uniformly distributed particles’

configurations consists of minima of the potential U. This happens, for example, when
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up < 0 for all & # 0, i.e., when W,,, is a convex function, which is consistent with the
repelling nature of the interaction.
The frequencies of small oscillations around the line of minima are equal to /\;. It

follows from ((185)) that
Aj = AN—j

for all 1 < 7 < N/2. Hence, the standard non-resonance assumption on the interaction
potential breaks at § = 6,,. In particular, adding a small perturbation to (183) (without
breaking the translational symmetry) would result, in general, in the destruction of the
ellipticity.

Yet, we show next that the KAM Assumption IP1 still holds generically. Notice that
the resonance relations are due to the discrete symmetries of the potential near 6 = 0.,.
Namely, the system in a small neighborhood of the minima line is symmetric with respect to
the transformations 7 : § — §"*+1 (where n is taken mod N) and S : §(™ — g+,
The maps S and T generate the so-called N-th dihedral group. This is the same group
of symmetries as in the FPU. The normal form theory for the FPU was built by Rink
[39]. In fact, he derived the normal form near an equilibrium of a general S, T-symmetric
Hamiltonian provided the Hamiltonian has no additional resonances. His work applies to our
Hamiltonian (even though the interactions here are for all particle pairs whereas in [39] the
FPU chain with only nearest neighbors interactions was considered). Indeed, notice that for
any prescribed sequence ug, k = 1,..., N —1 there is a smooth even and 27-periodic potential
Wy satisfying Wé’vg(zﬁk) = wuy, S0, generically, for our system, no additional independent
resonance relations appear.

The symmetric Rink normal form is given by Theorem 8.2 in [39] and for odd N is written
as follows:

1
HRz’nk = Z \/ )\j (Ij + 5 Z (C;kajak + C]bkbjbk) (186)

1<y NS

whereas for even N

Hpe = Y V/Aj a5 +% > C;kajak+% Y. Chbbe+ Y Cdidy_;—cjex_)).
1<y 1<k<S 1< k< 1<

(187)

The terms a, b, ¢, d are quadratic functions, so the normal form is of order 4 (the C’s are

constant coefficients such that C%, = Cy, * € {a,b,c,d}). The transition to the normal form

is done as follows. First, one makes a linear symplectic coordinate transformation which
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diagonalizes the quadratic part of the Hamiltonian near (6 = 6.4, Iy = 0). One defines

for 1<j<N/2:

Zj:\/%é i ™ i/ (6"
AN-j = — \/% i:le—%%”ug") — i/ (0™ —60)Y)
s = zimji R A (O

and, if N is even :

I 4 iy/x; (6™

ol
Il
~
WE
T

NAn
2

[\]

1

1
N:__E I = in/N (07 — 6))
<7 V2N — :

Zﬁ

cf. [39], formulas (7.2),(7.3). By the translational invariance of the average potential U, the
Hamiltonian (183) in these coordinates is the sum of the term ﬁ nN:1<[én))2 and a function

which depends only on (z;, ;) with j = 1,..., N —1. This function is the Hamiltonian of the

system reduced by the translation symmetry group (0 +— 6™ + ¢, c€ R',n=1,...,N).
Since (z,() = 0 is an equilibrium of the reduced system, the Taylor expansion of the reduced
Hamiltonian at zero starts with quadratic terms — these terms coincide with the quadratic
part of Hgi,, in (186[) and (187), i.e., with Zléjé% v/Aj aj. Next, one does a symplectic

transformation (identity plus terms of the second order and higher) of the variables (z;, (;),

j=1,...,N — 1, which brings the reduced Hamiltonian to the form which coincides with
the normal forms or up to terms of order 5. It is a standard fact that this system
has KAM-tori if the normal form has KAM-tori in an arbitrarily small neighborhood of zero,
so we further focus on finding KAM-tori in the normal forms.

In the new variables (z, () the functions a,b,c,d in Hg;,, are given by

aj =i(z;GG — 2n—jCN—j), bj = i(2;(j + 2n—jCNn—j),

1 —1
;= (zjan—j + XiGin—y),  dj= W('ijN—j
J

ey

— XiGiCn—j);
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for1 <j< %; we also have, for even NV,

oy =gy
Note that a, b, ¢, d are real and satisfy
ai=b;+c +d2, (188)

see [39], formulas (8.6),(8.7). The coefficients C in Hginy, are polynomials of the coefficients
of the original Hamiltonian depending rationally on \/)\_j One can check that a generic
potential U corresponds to a generic choice of C's.

For odd N, the normal form is completely integrable and generically has KAM tori
[39]. This gives us that the the KAM assumption IP1 is fulfilled generically for system ([183))
for odd N. Let us consider the case of even N. By [39], Corollary 9.3, the (N — 1) degrees of
freedom system has a number of quadratic integrals in involution: a;, j =1,..., % and
b, —b

y 1<75< %. This set is incomplete; while the normal form Hg;,, for the nearest-
neighbor FPU chain with an even N has additional integrals and is completely integrable

Y
[19, 20], it is not known whether this normal form is completely integrable for a generic
choice of coefficients C' and A in ({187]), or for a general choice of the potential U in ([183)).
However, the restriction of (187) to the invariant subspace {a, = 0,1 < s < %} is
completely integrable: since by, ¢, and dg all vanish for 1 < s < % by 1' the restricted

Hamiltonian is given by

1 1
H = Z \/)\_j a; + 5 Z C’;kajak + 5 Z Cjbkbjbk,

N_ N N_:1.oN N_:1._N
T<IST T <hk<m T <hk<5

and the quadratic functions a; (% <j< %) and b; (% <j< %) give a complete set of its
integrals. The restricted Hamiltonian has the same structure as the completely integrable
normal form ((186)). So, in the same way as it was done in [39] for system ([186]), one establishes
that for a generic choice of non-zero values of the integrals a; (§ < j < %) and b; (§ < j <
%) the corresponding joint level set of these integrals is a KAM-torus 7 of the restricted
system. Moreover, these integrals a; and b; are the action variables (see formula (9.3) in
[39]). The dynamics in a small neighborhood of such torus are described, in the main
approximation, by the Hamiltonian (187 averaged over the angle variables conjugate to the
actions. The only terms in 1} that depend on these angle variables are d N

with 7 < %; let us show that their averaged values are zero.

; and cy

Indeed, by the ergodicity of the flow on the invariant torus 7, we can replace the averaging
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over the angle variables by the time averaging. Due to the commutation relations (see formula

(9.1) in [39])
{bka cm} - 2dm(Skma {bk7 dm} = _Qdma {(Ik, Cm} = {ak, dm} - Oa

where {, -} is the Poisson bracket and dy, is the Kronecker delta, we have that for £ < m <
N

2
d d
Ecm = {Cma HRznk} = _Qm dma Edm = {dm7 HRznk} = Qm Cm,

where

Q=2 Y Cp.b

Dk<t
For a generic choice of the actions by (% < k< %
hence ¢, and d,, perform harmonic oscillations and their time-average is zero. Thus, the

averaged system ({187 is

1 1
H = Z \/)\_jaj+§ Z C'J‘-Lkajak+§ Z C]l-)kbjbk.

IS ISES 1< k<

), the frequencies €2, are all non-zero,

This system has the same structure as and is completely integrable (the integrals are a;
and b;). It follows that the invariant torus 7 is normally elliptic. As in [39], one checks that a
generic Liouville torus of this systems satisfies the twist condition, hence 7 is surrounded by
KAM-tori and these tori persist when we proceed from the averaged system to the original

system Hpg;ni in a neighborhood of 7.
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